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ABSTRACT. For a based space X, we consider the group &€, (X) of all self homotopy
classes a of X such that ax =id : m;(X) — m;(X), for all 4 < n, where n < oo, and the
group Eq(X) of all a such that Qa = id. Analogously, we study the semigroups Z, (X)
and Zq(X) defined by replacing ‘id’ by ‘0’ above. There is a chain of containments of
the €-groups and the Z-semigroups, and we discuss examples for which the containment
is proper. We then obtain various conditions on X which ensure that the £-groups and
the Z-semigroups are equal. When X is a group-like space, we derive lower bounds for
the order of these groups and their localizations. In the last section we make specific

calculations for the €-groups and Z-groups of certain low dimensional Lie groups.

1. INTRODUCTION

Let X and Y be topological spaces with base point. A major objective of homotopy theory
is to investigate and understand the set [X, Y] of homotopy classes of based maps from X to
Y. Typically, one restricts the spaces in order to put more structure on the sets [X,Y]. In
this paper we consider the case X =Y, so that there is a binary operation in [X, X] obtained
from composing homotopy classes. We study certain subgroups and subsemigroups of [X, X].
More specifically, we consider the monoid [X, X] and its group of units £(X). Then (X)) is
the group of homotopy classes of homotopy equivalences X — X. Define subgroups £q(X)
and €4, (X) of E(X) by

Ea(X) = {ae€é(X), Qa=id} and
Eun(X) = {ae€l(X), ap =id: m;(X) = m(X), for all i <n},

where (2 is the loop-space functor, ay is the induced homomorphism of homotopy groups and

id is the identity homomorphism. Furthermore, we allow n = oo, that is,

Esoo(X) ={a € &(X), ag =id : m(X) — m(X), for all i}.
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In addition, if X is a CW-complex of dimension n, define the subgroup €4 (X) of £(X) by
€4 (X) = E4n(X). Then there is a chain of subgroups of £(X):

(1.1) €a(X) C Epoo(X) C Ex(X).

We refer to them collectively as €-groups. They have been studied extensively (for some of
the references, see [AC, AL1, AL2, AM, AS1, AS3, D, DZ, FM, M1, M4, M5, O3, P, Ts]).
We also define subsets of [X,Y] by

Zo(X,Y) = {a€[X,Y], Qa=0} and
Zun(X)Y) = {a€[X,Y], agp =0:m(X) - m(Y) for all i < n},

where n < co. When X = Y we obtain subsemigroups of [X, X] by setting Zq(X) =
Zo(X,X) and Zun(X) = Zyn(X,X). When X is a CW-complex of dimension n, we define
Z24(X) = Z4n(X). Then we have a chain of subsemigroups of [X, X]:

(1.2) Za(X) C Zyoo(X) C Zy(X).

These semigroups have also been widely studied [AMS, AS1, AS2, M1, M2, M3]. We refer to
them collectively as Z-semigroups.

It is natural to ask if there are spaces X for which containments in (1.1) and (1.2) are
proper. Several known results show that three of the four inclusions can be proper, and we
complete the answer to this question by giving an example in Proposition 2.1 which shows
that the fourth inclusion can be proper. The full result is stated as Proposition 2.1. Most of
the spaces which serve as examples are finite complexes. However, the only known space X for
which €q(X) C E400(X) is an infinite-dimensional complex. The obvious analogy between
the Z-groups and the corresponding €-groups and the fact that there is a finite complex X
with 20(X) C 244 (X) have led us to make the following conjecture, which also appears in
[P, p.680].

Conjecture 1.1. There is a finite-dimensional CW-complex X such that Eq(X) C Exoo(X).

When the space X is group-like, this analogy is more precise, for there is a bijection between
the Z-groups and the corresponding E-groups (Proposition 3.1). On the other hand, finite-
dimensional group-like spaces are strongly related to products of odd-dimensional spheres, for
which g = €400 (Corollary 2.8). Thus we make the following additional conjecture, which
is supported by the calculations of §4.
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Conjecture 1.2. If X is a finite-dimensional group-like space, then Eq(X) = E400(X).

After discussing the examples mentioned above, we consider in §2 the general problem
of determining when the &-groups are all equal and when the Z-semigroups are all equal.
We first present an alternate characterization of €q(X) and Zq(X). Our main result in
§2 (Theorem 2.13) is that the £-groups of X are equal and the Z-semigroups are equal if
X is a product of spheres and projective spaces. We then consider localization and show
that the &-groups and Z-semigroups are equal for a rational space and for a group-like space
localized at a regular prime. In §3 we obtain lower bounds for the order of the localizations
of the E-groups and Z-groups of a group-like space. We further specialize to Lie groups in
84 and give conditions which are equivalent to the triviality of an €-group or a Z-group. We
conclude the paper by explicitly calculating these groups for low-dimensional Lie groups such

as U(2), 5! x SO(3),SU(3),Sp(2), S* x SO(3) and SO(4).

We end this section by describing our notation and assumptions. Each space is to be
connected, based and have the homotopy type of a based CW-complex. All maps and homo-
topies are to preserve the base point, which is denoted *. We do not distinguish notationally
between a map and its homotopy class. A nilpotent space is one such that the fundamental
group is nilpotent and which acts nilpotently on the higher homotopy groups [HMR, p.62].
The identity map of X is denoted idx or simply id and the constant mapis0: X —» Y. A
space X is a co-H-space if there is a map ¢ : X — X V X (the wedge of X with itself) whose
composition with each of the two projections XVX — X isidy. If f: X Y andg:Y - X
are such that gf = idx then X is a retract of Y; g is called a retraction of f and f is called a
section of g. A space is group-like if it satisfies all the axioms of a group up to homotopy [W,
p.118]. A map f: X — Y induces functions f, : [4,X] — [A,Y] and f*: [Y,B] — [X, B]
by composition, for all A and B. The homomorphism of homotopy groups m,(X) — m,(Y)
induced by f is denoted fx or fz,. The standard notation of homotopy theory will be used:
‘=’ for same homotopy type, ‘¥’ for (reduced) suspension, ‘Q?’ for loop-space, ‘V’ for wedge
and ‘A’ for smashed product. The natural isomorphism between [£X,Y] and [X, QY] is called
the adjoint isomorphism. Finally nil G denotes the nilpotency (class) of the group G, and ‘=’

denotes isomorphism of groups or Lie groups.
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2. EQUALITY OF THE E-GROUPS AND Z-SEMIGROUPS

We begin this section by discussing CW-complexes X for which the inequalities in (1.1) and
(1.2) are strict containments. We then turn our attention to proving results which guarantee
that the containments of (1.1) and (1.2) are actually equalities. The bulk of this work is done
in subsection 2.2, where we are concerned with results that are valid for general spaces. These
results can be localized, and in the third subsection we study in more detail spaces that have

been localized; of particular interest here are some special properties of group-like spaces.

2.1. Proper Containment. Our first result gives examples showing that the containments

in (1.1) and (1.2) can be proper. All of these except (4) are already known.

Proposition 2.1.

(1) There is an infinite-dimensional CW-complex X such that Eq(X) C Exoo(X).
(2) There is a finite compler X such that €400 (X) C Ex(X).
(3) There is a finite compler X such that 2o(X) C Zpoo(X).
(4) There is a finite complex X such that Zyoo(X) C 24(X).

All of these spaces can be chosen to be simply-connected.

Proof. For (1), the example can be found in [FM]; an example for (2) is given in [AM, Cor.
4.13 or Prop. 6.3]; and examples for (3) can be found in [AS1] or [AS2, p. 395].

We now turn our attention to part (4). Let 2 : S" ! — S"~! be the map of degree 2,
M = S™"! Uy e™ a Moore space of type (Zy,n — 1) and X = S™V M, where n > 3. Let
g : M — S™ collapse S™! to a point. Let ps : X — M be the projection and i; : S* = X
the injection, and set a = i;gps : X — X. We will show that a, = 0 for all r <n, and that
Qgnt1 7 0.

For the first assertion, it suffices to show that gz, = 0 : m.(M) — m,.(S™) for r < n. For
r < n, this is obvious because 7.(S™) = 0. For r = n, we have 7, (M) = Z5 by the Hurewicz
theorem, so gx, is a homomorphism Z, — Z, which must also be trivial.

We show augpi1 # 0 by showing gun41 # 0. The Blakers-Massey Theorem [W, p.368],

applied to the cofiber sequence S"~! % M % S7=1 yields the exact sequence

n41 245
T (M) 225 1 (87) 2 (S71) — 7, (87 )

Since m,(S™"™!) = Zs, and 24, is multiplication by 2, we have Ker 24, = m,(S™!). Thus

Q#n+1 18 onto Zs, and hence is non-zero. Therefore a ¢ Zgo0(X). O
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2.2. General Results. In this subsection, we find conditions that are sufficient to guarantee
that the inclusions in (1.1) and (1.2) are equalities. These results will be applied to products
of spheres and projective spaces and will play a role in the calculations of §4.

We begin with a simple, but useful, observation.

Remark 2.2. Let ¢ : W — X, where W is a wedge of spheres with dim(W) < N. Then
(1) if f € E4n(X) then fod = ¢ and
(2) if f € Zun(X) then fop=0.

Now we give an alternate characterization of £q and Zg.

Proposition 2.3. For any two spaces X and Y,

Ea(X)
2a(X,Y)

{a € &(X), a, =id: [ZA, X] = [EA, X] for every space A} and
{a € [X,Y], a. =0:[2A4,X] = [EA,Y] for every space A}.

Proof. We only prove the statement for g, since the proof for Zq is analogous. Let a €
€o(X) and B € [ZA, X]. Let B : A — QX be the adjoint of 3. Then (Qa) o 3 = 3, since
Qa = id. Taking the adjoint gives a o = f.

Next let @ € E(X) be such that a, = id : [EA, X] — [EA, X] for every space A. Let
A =0QX and let p: ¥QX — X be the canonical map. Then a o p = p. By taking adjoints

we obtain Qa = idox. O

Using Proposition 2.3, we can give short proofs (and some easy generalizations) of some
results of Pavesi¢ on £q which were originally proved by spectral sequence arguments [P].
The first of these concerns co-H-spaces. The second one, Corollary 2.8, concerns products of

spheres. The third one deals with rational spaces, and appears below in Proposition 2.17.
Corollary 2.4. [P, Cor.3.1] If X is a co-H-space, then Eq(X) = {id} and Zq(X) = {0}.

Proof. We will just prove the result for £q; the proof for Zg is analogous. Since X is a
co-H-space, X is a retract of some suspension ¥ A [Hi, p.209]. Therefore there are maps
i: X —>YAandr:¥YA — X such that roi =idy. If f € Eq(X), then for = f.(r) =r by
Proposition 2.3. Applying i to both sides, we get f =idx. O

Remark 2.5. One possible approach to Conjecture 1.1 would be to find a finite co-H-space
X such that E40(X) # {id} (cf.[P, p.680]).
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Next we consider when €4 = €q and Zy = Zq for certain products of spaces. For this we

will make use of the following lemma, which may be of independent interest.

Lemma 2.6. Let f,g: A1 X---x A, = X be two maps, let j: A;V---VA, — Ay x---x A,
be the canonical inclusion and consider the conditions

(1) foj=goj and

(2) Qf =Qg.
Then (1) implies (2). Furthermore, if each A; is a co-H-space, then (2) implies (1).
Proof. Assume (1) and let V. = A; V---V A, and P = A; x --- x A,. Consider the ho-
momorphism j, : [EQP, V] — [EQP, P] and the canonical map p € [EQP, P]. Since j. is
easily seen to be onto, there is 8 € [EQP, V] such that j o § = p. By taking adjoints we get
Qj 00 = p = idgp. From hypothesis (1) we have (Qf) o (€2j) = (Qg) o (), so

Qf = Qf oidgp = (Qf 0 Qj) 00 = (Qg 0 Q) 0 6 = Qg.

Thus (2) holds.
Now assume that each A; is a co-H-space and that Qf = g. We claim that f|4, = ¢

Aj

for each i. For this we use the commutative diagram

£ NQf=20g
YQA; QP Y¥Ox
] | |
Ji fi 9
A; P X

where j; is the inclusion of the i*® factor. The section s exists because A; is a co-H-space [Hi,
p-209]. Now
foji=poXQfoXQjios=poXflgoXQjos=goj;
which proves (1). O
Lemma 2.6 has several corollaries. The first is well-known.
Corollary 2.7. Ifq: Ay x -+ x A, = AL A--- N A, is the projection, then Qq = 0.
Proof. Since goj =0=00j, Lemma 2.6 shows that Qg ~ Q(0) = 0. O

Pavesi¢ [P, Thm. 3.6] has proved €q(S* x S') = €4(S* x S'). Using Lemma 2.6 we can

easily generalize this to arbitrary finite products of spheres.
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Corollary 2.8. Let X = St x ... x S* and write N = max{ky,...,k.}. Then

€a(X) = &po(X) = &x(X) = Eun(X) and
20(X) = Zpoo(X) = Zx(X) = Zxn(X).

Proof. We will only prove £q(X) = Exn(X). Let j: Skt v ... v Sk XU If f € Exn(X),
then foj = j =idoj by Remark 2.2. Therefore Lemma 2.6 shows that Qf ~ Q(id) =id. O

In order to further generalize Corollary 2.8, we give a definition.

Definition 2.9. For a space X, we say m.(X) is spherically generated in dimensions
< N if there is a wedge of spheres W with dim(W) < N and a map ¢ : W — X such that
¢y (W) —= mp(X) is surjective for all k.

Proposition 2.10. Let X and Y be spaces. Assume that m.(X) is spherically generated in
dimensions < N and that m.(Y') is spherically generated in dimensions < M. Then

(1) €poo(X) = Exn(X) and Zyoo(X) = 2N (X),

(2) m(X xY) is spherically generated in dimensions < max(M,N) and

(3) m.(S™) is spherically generated in dimensions < n, and w.(FP"~1) is spherically

generated in dimensions < nd — 1, where d = 1,2 or 4 according as F = R,C or H.

Proof. Welet f € E4xn(X) and a € 7, (X) for some n and show that foa = a. Since m,(X)
is spherically generated in dimensions < N, there is an wedge of spheres W of dimension
< N and a map ¢ : W — X such that ¢4, is surjective for all i. Thus o = ¢ () for some
B € m,(W). Using Remark 2.2, we have f o ¢ = ¢ because dim(W) < N. Therefore

fa(a) = fu(d4(B)) = (fod)x(B) = px(B) = a,

which completes the proof of the first assertion of (1). The proof of the second assertion is
similar.

For (2), observe that if W and V are wedges of spheres and W — X and V — Y are maps
which induce surjections on homotopy groups, then the composite WVV - W xV — X xY
is also surjective on homotopy groups.

In (3), only the statements about the projective spaces require proof. We begin with the
fibration sequence

8§

o PN

. _0> andfl —p> QFPn_l Sdfl 0 Sndfl _p> Fpn_l.
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where s is a section of QFP"~! — S?=1 Then we have the well-known homotopy equivalence

QSnd—1 x §4-1 = QFP" ! determined by Qp and s [G], and so
’/Tk(IFPnil) = kal(QFPnil) = Im(Qp#) S7) Im(s#)

Now let j : S < FP™ ! be the inclusion of the lowest dimensional cell. Since jxq, and hence

(QF)#a—1, is surjective, there is a lift A in the diagram

—

nse
N l
Sdfl /4S> QFPn_l.

From this it follows that Im(sy) C Im(Qj), and so mg—1 (QFP?™!) 22 Im(Qpx) + Im(2x)
(the sum may not be direct). Therefore 7 (FP" 1) = Im(p4) + Im(j#), and hence the map
(4,p) : S¢v S™~1 — FP"~! determined by j and p is surjective on all homotopy groups. O

Remark 2.11. There are other interesting spaces X for which 7, (X) is spherically generated
in dimensions < N for some N. One important case occurs when X is the orbit space S™/G
of a free action of a finite group G on S™, (n > 1). Examples of such actions can be found
in [Wo, Chap. 6]. Another important case consists of spaces of the form S*"+3 /N (S1), where
N(S') is the normalizer of S* in S? and the action is the restriction of the standard one of

S?% on $4*+3 [Br, Chap. III].
Now we turn our attention to analogous properties of the following collection of spaces:
A ={X|XQX = a finite or countably infinite wedge of spheres}.

Proposition 2.12. Let X and Y be spaces such that X,Y € A. Then
(1) Zo(X) = Zpoo(X) and Eo(X) = Exoo(X) (cf. [AS1, Prop.5.1]),
(2) X xY €A and
(3) S",FP" € A foralln>1 and F=R C or H.

Proof. (1) Suppose A : \/ S™ — QX is a homotopy equivalence, and let f € Zuoo(X).
Write p : ¥QX — X for the canonical map. Then fopo A =0, and so f op = 0. By taking
adjoints we find that Qf = 0. The second assertion of (1) is similarly proved.

(2) Clearly (X xY) = Q(X) x (V). For any spaces A and B, we have £(A x B) =
SAVEBVY(AA B) by [Hi, 11.10] and so

S(Q(X) x Q(Y)) = TQ(X) VIQY) V (8Q(X) A QY)).
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Then (2) follows.
(3) Since XS™ has the homotopy type of a wedge of spheres according to [J], S™ € A.
Also QFP" = §%1 x QS§(»+1d=1 where d = 1,2 or 4, according as F = R,C or H, as noted

earlier. The result follows from the decomposition for (A x B) used in (2). O
We now put all of these results together.

Theorem 2.13. Let X = X; X X5 x---x X,. where each X; is either a sphere or a projective
space FP" with F = R,C or H and r,n > 1. Let N = 3 + max{dim(X;)}. Then

8Q(X) = E#OO(X) = E#N(X) and
Zo(X) Lyoo(X) = Zypn(X).

Proof. Since each X; is in A by Proposition 2.12(3), so is the product X by Proposition

2.12(2). Now Proposition 2.12(1) shows that Eo(X) = E400(X) and Zo(X) = Zpeo(X).
Analogously, each 7, (X;) is spherically generated in dimensions < dim(X;) + 3 by Propo-
sition 2.10(3), so m.(X) is spherically generated in dimensions < N by Proposition 2.10(2).
Hence Proposition 2.10(1) applies to show that €x00 (X) = Exn(X) and Ly (X) = Zan(X).
a

Remark 2.14. Generally, N < dim(X), where N the number in the previous theorem. This
is the case, for example, if either there are at least 4 spaces in the product, or if there are
at least 2 factors with dimension at least 3. Furthermore, the term ‘3 + max{dim(X;)}’
can be replaced with ‘1 + max{dim(X;)}’ if no X; is equal to HP™; it can be replaced with
‘0 + max{dim(X;)}’ if none of the factors is HP"™ or CP".

The latter special case of this remark will be used in the following sections, so we state it

as a separate corollary.

Corollary 2.15. If each X; is either a sphere or a real projective space, then the product
X=Xy x--x X, (r>1) satisfies

Ea(X) = Eup(X) = €
Za(X) Zpo(X) = Zu(X).
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2.3. Localized Spaces. We now turn to results that are specific to p-local spaces or to
rational spaces (for details on localization, see [HMR]). We write A — A for rationalization
of groups or spaces and A — A(,) for localization of groups or spaces at a prime p.

To begin, we observe that many of the above results are true p-locally.

Remark 2.16. The proofs of all of the results of §2.2 are valid for p-local spaces, where p is

either a prime number or zero.

Proposition 2.17. (Cf. [P, Cor.3.2]) If X is the rationalization of a finite nilpotent CW-
complex, then Eq(X) = E400(X) and Za(X) = Zpoo(X).

Proof. In fact, since XQ2X is the suspension of a rational space, it is homotopy equivalent to a
wedge of rational spheres [He, p. 167]. Therefore, we apply the rational version of Proposition

2.12, and the proposition is proved. O

We next consider group-like spaces, which enjoy special localization properties. In par-
ticular, since group-like spaces are nilpotent, they can be localized. Furthermore, if a finite
complex X is group-like, then for any sufficiently large prime number p, X, = Sfpl) X--xS é;‘)

[K, p.73]. Such primes are called regular for X.

Corollary 2.18. Let X be a finite group-like complex of dimension N and p a reqular prime
fOT X. Then EQ(X(p)) = E#N(X(p)) and Z,Q(X(p)) = Z’#N(X(p))'

Proof. If p is regular, then X, = Sé“pl) X oee X S&‘). Now apply (the p-local version of)
Corollary 2.8. O

We conclude this section with a general discussion of localization and the €-groups and
Z-semigroups. Let p denote either 0 or a prime number and let X be a finite nilpotent
CW-complex of dimension N. Then the groups €4(X) and €4 (X) are nilpotent [DZ], so
they may be localized. On the other hand, localization of spaces defines a homomorphism
E4(X) = Exn(X(p)). It is known (see [M4] and [M1, Thm. 2.7]) that these homomorphisms
are in fact p-localization homomorphisms. Furthermore, if X is an Hop-space (i.e., X(g) is an
H-space), then €x00(X) = €x00(X(p)) is also p-localization [M1, Cor. 2.10].

If, in addition, X is a group-like space, then the sets Zq(X), Zx0o(X) and Z4(X) have a
nilpotent group structure obtained from the additive nilpotent group [X, X] [W, p. 464], and

so they may be localized. It has been proved that the natural maps

2u(X) = Zun(Xp)  and  Zpoo(X) = Zgoo(X(p)
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are also p-localization homomorphisms [M1, Lem. 1.6 and Cor. 1.7].

This discussion suggests the following questions.

Question 2.19. Let X be a finite nilpotent complez, and let p be a prime number or zero.

(1) Is the natural map €q(X) — Eq(X(y)) p-localization?
(2) If X is also group-like, is the natural map Zq(X) — Z2q(X(p)) p-localization?

3. GROUPLIKE SPACES

In this section we consider group-like spaces in more detail. In the first subsection, we
establish a close link between the Z-groups and the €-groups for group-like spaces. We then
use commutator subgroups to give lower bounds for the order of some of these groups and
their localizations.

Throughout this section, X denotes a finite group-like complex and so X is a nilpotent

space and the additive group [X, X] is nilpotent.

3.1. Z and & for Grouplike Spaces. As was mentioned in the introduction, there is a
strong analogy between the E-groups and the Z-groups when X is group-like. In this case,
Q: [X,X] — [QX,0X] is a homomorphism of groups. Thus Zq(X) = Q71(0) = KerQ is a
subgroup of [X, X] and £q(X) = Q7!(id) is a coset of Ker Q of the group [X, X]. Similarly,
we obtain homomorphisms
ro t [X,X] = @D Hom (m4 (X), mi (X))
k<n

and we deduce that Zu,(X) = ker(r,) is a subgroup and €4, (X) is a coset of Zyun(X).
Furthermore, since r,, factors through r,, for m < n and r, factors through Q for all n < oo,

we have the following proposition.

Proposition 3.1. If X is group-like, then the function a — id + « defines bijections Oq and
0, making the diagram
Zo(X) Zgpn (X) - Zgpm (X))
o -
Ca(X) e (X)) > &y (X)

commautative for each m <n < oco.
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Remark 3.2. Proposition 3.1 has been observed by several people (e.g., [M1, p.51] and
[AS3, p.693]). It follows from Theorem 4.3(2) that Oq : Zo(X) — €q(X) is not necessarily

a homomorphism.

3.2. Grouplike Spaces and Commutators. Commutators feature prominently in this sec-
tion, so we adopt the notation H(X) = [X, X] in order to avoid possible confusion of [X, X]
with the commutator subgroup of X, when X is a topological group.

We begin by establishing our notation for commutators. If T" is a group and if A, B C T,
then we write [A, B] for the subgroup of I' generated by all commutators [a,b] = a b tab

with a € A and b € B. The lower central series of I is the sequence of subgroups
r=r®or®os...or® okt 5...

defined by setting I'") = T and ' = [[',T=Y] for i > 2. If k is the smallest integer such
that T(*+1) = {id} for some k, then T is nilpotent with nilpotency &, written nilT' = k.

In what follows, we write |S| to denote the number of elements of a set S.

Lemma 3.3. Let I" be a nilpotent group with nill’ = k, and let p be a prime number or 0.
Then

(1) [T > 251,

(2) IfT is a p-local group, then |T®)| > pF—1;

(3) If T is a finitely-generated infinite nilpotent group, then I'(,) is infinite.

Proof. (1) Since the case k =1 is trivial, we assume k > 2. Then we have

(1) 2 D... (k) (k+1) —
I 2T® ... 1M Qe = 1,

By [HMR, Cor.2.6 and Thm.2.7], the groups I'¥ /T(i+1) are nontrivial for 2 < i < k. Tt
follows that [I'® /T(+D| > 2 for 2 <4 < k, and so [['?)| > 2k,

Assertion (2) follows from the same argument because the nontrivial groups I'(¥ /T(+1)
are p-local and so they must have at least p elements each.

We prove (3) by induction on the nilpotency of T'. If nilT" = 1, then I is abelian. Hence
L) = T'® Zp), and so I'(,) is infinite. Suppose that the result is true for all groups with
nilpotency < k. Let nill' = k and let I*) = [F,F(kfl)] and consider the exact sequence
1-T® 5T - T/T® 1, with T*®) and T/T®) both finitely-generated and of nilpotency

at most k — 1. This gives rise to an exact sequence 1 — (")), — T'(,) = (I/T®)) ) — 1
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of p-localized groups [HMR, p.12]. If T is infinite, either T(®) or I'/T'®) is infinite. By the
inductive hypothesis, at least one of (I'®)),) or (I'/T™"), must be infinite and thus T, is
infinite. O

Our next lemma establishes the link between commutators and Zq(G) (and therefore, by

Proposition 3.1, with £q(G)).
Lemma 3.4. If X is a group-like space, then H (X)) C Zg(X).

Proof. If f,g € H(X), we have Q[f, g] = [2f, Qg] = 0, because QX is homotopy-commutative.
Therefore, [f,g] € Za(X), and since (X)) is the subgroup generated by these commuta-
tors, we have H (X)) C Ker(Q) = Zo(X). a

Proposition 3.5. Let X be a finite group-like complex, and p be a prime number. Then

(1) () [2Za(X) | > p 7ot

)
(b) |€a(X) ()| > prit ¥ Ee L,
(€) |2o(X)| > 2uilH(X)—L,
(2) [Za(X(p)| > pr1HO e -1,

Proof. (1)(a) We have 3(X)®?) C 2q(X) by Lemma 3.4, and so by [HMR, Ch.I, Thm. 2.7],
(H(X)(p)® = (H(X)P) () C (Za(X))(p)- Then by Lemma 3.3(2), we have p! 7(X)w -1 <
|(FH(X) )P < 2a(X) ).

(1)(b) This does not follow immediately from (1)(a) since there is only a bijection, not
necessarily an isomorphism, between £q(X) and Zo(X). If Zq(X) is infinite, so is Eq(X)
by Proposition 3.1. Therefore by Lemma 3.3(3), €q(X)(,) is infinite, and the inequality
holds. If Zq(X) is finite, so is €q(X), and both nilpotent groups have the same order.
But the p-localization of a finite, nilpotent group is its unique p-Sylow subgroup. Therefore
1€ (X)(p)| = 1Za(X)p |, and the result now follows from (1)(a).

(1)(c) We assume without loss of generality that Zq(X) is finite. The result then follows
form Lemma 3.3(1).

(2) Since H(X) () = H(X(,)) by [BK, Prop. 5.3], we have [Zq(X(,))| > |(1H(X)(p))(2)| >

p" ()@ ~1 by Lemmas 3.4 and 3.3. O

Remark 3.6. (1) By (1.2) and subsection 2.3, the results of Proposition 3.5 immediately
provide lower bounds for the order of: Zuco(X)(p) = Zpoo(X(p)), Z#(X)(p) and Lpeo(X).
By (1.1) and subsection 2.3, this is also true with & replacing Z.
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(2) The inequalities in Proposition 3.5(1)(a) and (1)(b) can be strict: 3H(Sp(2))s) is com-
mutative by [MO, Thm. 2] and €q(Sp(2))s) = 2a(Sp(2))s) = Z3 by Theorem 4.3.

4. LiIE GROUPS

In this final section we specialize further and study Lie groups. Our first theorem gives
the equivalence of several statements including the triviality of the Z-semigroups and the
E-groups. We then give explicit computations for some low-dimensional Lie groups.

Throughout this section, G denotes a compact Lie group. This implies, in particular, that
G is a finite nilpotent complex.

We shall need the following lemma in Theorem 4.2.

Lemma 4.1. If X; and X5 € {S1,83,S0(3)} and q : X1 x Xo — X; A X» is the projection
inducing q¢* : [X1 A X2, X1 X Xo] = [X1 x Xa, X1 x X2], then

ZQ(Xl X X2) = Z’#OO(XI X X2) = Z#(Xl X X2) = Im(q*) = [Xl /\XQ,Xl X XQ]

Proof. First of all, the exact sequence

5

0 — [X1 A Xo, X1 X Xo] > H(X1 % Xa) ——> [X1 V X, X3 X Xo] —— 0
shows that Im(q*) = [X; A X3, X1 x X>]. Since SO(3) = RP3, we know
Z;Q(Xl X X2) = Z#m(Xl X Xz) = Z;#(Xl X Xz)

by Corollary 2.15. Since Q¢ = 0 by Corollary 2.7, we clearly have Im(q*) C Zq(X; x Xb).
For the reverse containment, let f € Z4(X; x X»). We claim that f is in Im(g*). In every
case, X1 X X5 has one of St x S S x S3 or S® x S% as a covering space (depending on
dim(X; x X»)); fix a covering map p : S® x S® — X x X,. Since fy; = 0, there is a lift fin
the diagram
Se x Sb
P <
X ><X2/4f>X1 x Xo.

Since p is a covering, pg : T (S® X S°) — 7. (X1 x X>) is injective, and so f#n = 0 for all n.
We next show that f|x,vx, = 0. It is well-known that [RP3,S'] = H'(RP3;Z) = 0 and
[RP3, 5% = H3(RP3;7Z) = Z, generated by the quotient map RP?® — RP?/RP? = S3. This
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map, and all of its nonzero multiples, is nontrivial on 3. , f x; = 0if X = RP3.

Clearly, if X; is a sphere (i = 1 or 2 or both), then f|x, = 0. Therefore f € Im(q*) as

claimed. O

The next theorem shows the equivalence of several statements about Lie groups G, most
of which have been previously proved elsewhere. We denote the torus of dimension n by 7™,

n > 1, and let T° be the trivial group.

Theorem 4.2. The following statements are equivalent:

(1) Za(G) = {0} (or, equivalently, Eq(G) = {id}).

(2) Zuoo(G) = {0} (or, equivalently, €40 (G) = {id}).

(3) 24(GQ) = {0} (or, equivalently, Ex(G) = {id}).

(4) The left distibutive law holds in H(G): ao(b+¢) =aob+aoc for a,b,c € H(G).
(5) G is isomorphic to one of T™ (n > 0), S® or SO(3).

(6) H(G) is commutative and G is not isomorphic to T™ x S3 (n = 1,2).

Proof. In [KO, Thm.1.1], it is proved that (2), (4), (5) and (6) are equivalent. Obviously
(3) implies (2) and (2) implies (1). Therefore it suffices to show that (5) implies (3) and (1)
implies (5).

To prove that (5) implies (3), let G be T™, S or SO(3), and let k be 1 or 3 accord-
ing to whether or not G is T". Then the map f +— fup induces isomorphisms H(G) =
Hom(7 (G), 7 (G)) (see [KO, Prop.4.1] for SO(3)). Hence Zxx(G) = {0}. Since Z4(T™) =
Z41(T™), we have 24 (G) = {0}.

We conclude by showing that (1) implies (5), that is, if G 2 T", S? or SO(3), then £q(G) #
{id}. First suppose G 2 T", T™ xS (m = 1,2), 5 or SO(3). Then H(G) is not commutative
by [KO, Thm.1.1], so that £q(G) # {id} by Proposition 3.5(1b). Next suppose that G =

T™ x S3 with m = 1,2. The following square is commutative

-
3

e(S x $3) - &(S' x S' x §%)

o |

E(Q(S! x 8§3)) ———— E(N(S" x S x §3)),

where ¢, and i/ are the injective homomorphisms defined by i/ (f) = ids: x f and i/(f) =

idgst x f. Hence to show Eq(T™ x S3) nontrivial for m = 1,2, it suffices to prove that
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a(S" x %) # {id}. But |€0(S! x S%)] = |2a(S! x 83)| = |m4(S" x S%)] = 2 by Lemma 4.1,

and so the proof is complete. O

We conclude with some concrete calculations for low-dimensional Lie Groups.

Theorem 4.3.

(1) If G is isomorphic to one of S* x S, U(2), S x SO(3), SU(3), Sp(2) or S® x S3,
then £q(G) = E400(Q) = E4(G) = 20(G) = Z4(G) = 24(G), and this common
group is explicitly given as follows:

Zo if G=S'xS%or U(2), Zo® 7y if G =S xSO(3),
Zyo it G = SU(3), Tio® Zya if G283 x 83,
Zi2o if G = Sp(2).

(2) If G is isomorphic to S® x SO(3) or SO(4), then

™
]
)
I
9e]
3
2
)
I
9e]

#(G) =~ My (Z3)2 and
2a(G) = 2pe0(G) = 24(G) = (Za)* @ (Zs)?,

where My is the noncommutative group of order 28 defined in [03].

Proof. First we make the elementary observation that the groups in question depend only on
the homotopy type of G, and not on its structure as a Lie group.

(1) We begin by considering the groups S* x S and U(2). Since they are homeomorphic, it
suffices to prove the result for S' x S3. Lemma 4.1 shows that the Z-groups are all isomorphic
to m4(S® x St) = 14(S?) 2 Zy. The result for the E-groups now follows from Proposition 3.1.

Now consider G = S! x SO(3). Since SO(3) is homeomorphic to RP?, we have €q(G) =
E400(G) = E4(G) and 2q(G) = Lo (G) = Zx(G) by Corollary 2.15. By Lemma 4.1, these
latter groups are isomorphic to ¢*[S' A RP3,S! x RP3] where ¢ : ST x RP?® — St A RP? is
the quotient map. It is known that ¢*[S! A RP?, S! x RP?] = Z, ® Z, by [03, Prop.3.1]. To
complete the proof for G = S x SO(3) it suffices to show that Oq : 2o(G) — €a(G) is a
homomorphism. This follows from the methods in the proof of [03, Prop.3.1] and is similar
to the proof below that Ogq : Zo(S? x S?) — £q(S® x S?3) is a homomorphism.

For G = SU(3), let ¢ : G — S® be the quotient map obtained by collapsing the 7-
skeleton. Recall from [MT] that 73(G) =2 Zj12 and from [MO] that ¢* : 73(G) — H(G) is
a monomorphism whose image is generated by a commutator, and so Im(¢*) C Zq(G). On

the other hand, it follows from [MO, Thm.5.1] that Z4.(G) C Im(g*), and so Zq(G) =
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Z#oo(G) = Im(¢*) = Z12. Also, by [M?], Z#OO(G) = Z#(G) Hence Eq(G) = 8#OO(G) =
&4 (G). By [MO, Prop.7.2(2)], the composite of

75(G) —> T (g) = Zepoo(G) —Z> E4poo(G)

is an isomorphism of groups. Hence Ex0o(G) =2 7m3(G) and the assertion for G = SU(3)
follows.

Let G = Sp(2), and consider the quotient map ¢ : G — S0, It is known that ¢* : 710(G) —
H(Q) is injective, that 24(G) = Lo (G) [M2] and that 240 (G) = Im(g*). Thus we have

2a(G) C Zxo0o(G) = 24(G) = Im(g") = mo(G),

and so the statement about the Z—groups will be verified once we show that Im(¢*) C Zq(G).
The reduced diagonal d : G — G A G is the composition of the diagonal A : G — G x G and
the quotient map p: G x G — G A G. Since Qp = 0 by Corollary 2.7, it follows that Qd = 0.
Let v = ' o g, where 7 is a generator of m19(G) = Z129. By the proof of [M2, Thm.3.3], v
factors as
G —%ana——>a

for some map . Since Qd = 0, we have v € Zq(G), and so Im(¢*) C Zq(G). For the
E-groups, we now have that £q(G) = Ex00(G) = Ex(G). By [MO, Prop. 7.2(1)], the bijection
O : 2400(G) = E400(G) is a homomorphism, and so it is an isomorphism. Hence the
assertion for G = Sp(2) follows.

Let G = S3 x §3. By Lemma 4.1, Zq(G) = Z400(G) = 24(G) and €q(Q) = €400 (Q) =
€4(G). Furthermore, 2q(G) = Im(q*) = m6(G) = Z12®Z12, where ¢ : S?x 5% — S3AS? is the
quotient map. To complete the proof we show that the bijection Ouo : Lo (G) = Ex0o(G)
defined by O (a) = id + a is a homomorphism. For k = 1,2, let i : S® — S® x S3 and py, :
S3x 5% — S2 be the standard inclusions and projections, respectively. Write ¢ : $3 x §3 — §3
for the commutator map; then ¢ = [p1,p2]. It is known that 24 (G) = Z12 @ Z12 and that

ay, = i, o ¢ are generators [?]. We first prove ay o (id + a;) = oy, for k,1 = 1,2. Now

co(id+ai) = [pi,p2]o (id + iy o [p1,p2])
= [p1o(id+iy o [p1,p2]),p2 o (id + i1 o [p1, p2])]
= [p1 + [p1,p2], p2]

which we write in multiplicative notation as [pi[p1, p2], p2]. But

[p1[p1, P2, p2] = pi([p1, 2], p2]py [p1, 2] = [p1,p2] = c.
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and so co (id + a;) = ¢. Similarly, co (id + 1) = ¢. It follows that ay o (id + o) =
ig oco (id + ay) = ix o ¢ = ay and, more generally, ay o (id + a;)™ = «ay, for any n > 0. We
now prove by induction on n > 0 that (0(a))” = ©(nay). The result is trivial for n =0 or

n = 1. For the inductive step, we have
(O(ar))™ = O(ax) o O(ay)"
= (id + ag) o O(ay)™ !
= (id+ (n — )ag) + ap(id + a)"
=(id+ (n — Dag) + ag
=id + nay,
= O(nay).
Hence, for any nonnegative integers ni,ns, we have
O(a1)™ 0 O(a2)™ = (1 +n1ay) o (1 4+ naas)
=1+ nsas +njag o (1 + noas)
=1+ nsas +ni(a o (1 + az)™)
=1+ nsas +njaq

= O(n2as + niay).

Similarly O(as2)™ o O(aq)™ = O(ni1a; + naas), and so

O(ar)™ o O(az)™ O(n2a2 + n1aq)

9(”1&1 + TLQCKQ)

= O(az)" 0 O(a)™
since Zyoo(G) =2 Z12 ® Z12 is an abelian group. Now we have

O((myiay + maas) + (n1ay + noas)) = O(ag)™ ™ 0 Oay)™2 "2
= 0(a1)™ 0 BO(a1)™ 0 O(az)™? o O(as)"™
= 0(a1)™ 0 BO(az)™ 0 O(a1)™ 0 O(az)"™

= O(miay + maas) o O(niaq + naaa),

which proves that © is a homomorphism.
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(2) The groups S® x SO(3) and SO(4) are homeomorphic to S* x RP?, so it suffices to

verify the statement (2) for the space S* x RP?. In fact, we know that

20(S? x RP?) = 245, (S® x RP?) = 24(S® x RP?) = [S® ARP?, S% x RP?]

by Lemma 4.1. To identify this latter group we calculate

[S? ARP?, S x RP?*] = [S3 ARP?,S%] x [S® A RP?, RP?|
(Z/12)® (Z/4)*) x (Z/12) @ (Z/4)*)

1

by [02]. This completes the proof for Z.

Therefore, by Proposition 3.1, we know that £q(G) = €400 (G) = E4(G). Since it is known
[03] that €400 (G) & My & (Z3)?, the proof of (2), and hence of Theorem 4.3, is complete. O
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