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The A-Category and A-Cone Length of a Map

Martin Arkowitz, Donald Stanley and Je�rey Strom

Abstract. For any collection A of spaces we de�ne two numerical invari-
ants of maps: LA(f), the A-category of f , and LA(f), the A-cone length
of f . These invariants are de�ned axiomatically, and our �rst results give
equivalent constructive de�nitions in terms of mapping cone decompositions.
We show that if A is the collection of all spaces, then LA(f) is the cate-
gory of f as de�ned by Fadell and Husseini and LA(f) is the cone length of
f as de�ned by Marcum. By specializing to the maps ��!X and X �!�

we obtain four invariants of spaces, including catA(X) = LA(��!X) and
clA(X) = LA(��!X). Each of these four invariants has its own axiomatic
and constructive de�nitions. We compare catA(X) and clA(X) with similar
invariants de�ned by Scheerer and Tanr�e. We conclude by giving lower bounds
for these invariants in terms of cohomology.

1. Introduction

The category of a topological space was introduced in the 1930's by Lusternik
and Schnirelmann [L-S] and shown to be a lower bound for the number of critical
points of a smooth function on a manifold. Fox collected and extended the known
results on L-S category in his encyclopedic 1941 paper [Fo]. Among other things,
he gave an axiomatic de�nition of the category of a space. Later, G. Whitehead
[Wh1] introduced a homotopy invariant de�nition by means of deformations of the
diagonal map. Subsequently, Ganea [G1] gave a characterization of category in
terms of the existence of sections of certain �brations. Since then there has been a
great deal of research on category (see the surveys of James [J1, J2] and Lemaire
[Le]) and on the related notion of cone length [G1, C1, C3]. Several authors have
generalized the category and cone length of a space to that of a map [Mar, C1]. In
addition, the category and cone length of a space with respect to a �xed collection
of spaces A have also been studied [S-T1].

In this paper we simultaneously generalize both of these notions by de�ning
the category and cone length of a map f relative to a collection A, denoted LA(f)
and LA(f) and called the A-category and A-cone length of f , respectively. We
begin in Section 2 by giving two sets of simple axioms which may be satis�ed by
integer valued functions of maps. Then LA(f) is de�ned to be the maximum of
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all functions which satisfy one set of axioms and LA(f) is similarly de�ned for the
other set. In Section 3 we show that LA(f) and LA(f) can be characterized as
the length of the shortest appropriate A-decomposition of f . Thus, for example,
LA(f) is the smallest integer n such that f has a homotopy factorization of the
form X = X0

j0
�!X1

j1
�! � � �

jn�1
�!Xn � Y , where each ji is part of a mapping cone

sequence Li�!Xi
ji
�!Xi+1 with Li 2 A. Section 4 is devoted to proving that

LA(f) is the category of a map f as de�ned by Fadell and Husseini [Fa, F-H] and
Cornea [C2], and that LA(f) is the cone length of the map f as de�ned by Marcum
[Mar] when A is the collection of all spaces. The latter de�nition of the category
of a map is di�erent from the one given by Fox [Fo] and studied by Berstein and
Ganea in [B-G]. By taking f to be the map ��!X , we obtain the A-category of
X and the A-cone length of X , and by taking f to be X �!� we obtain two more
invariants, the A-kitegory of X , which is new, and the A-killing length of X , which
was considered in [A-S1, A-M-S]. When A is the collection of all spaces, the
�rst two invariants coincide with the standard notions. All four of these numerical
invariants of spaces have characterizations in terms of suitable A-decompositions
of minimal length. In addition, we give axioms which uniquely determine each of
these invariants. In Section 6 we establish order relations among the A-category, A-
cone length, A-kitegory, and A-killing length of a space and give examples to show
that the inequalities can be strict. We end the section by comparing our notions
of A-category and A-cone length of a space with those introduced by Scheerer and
Tanr�e [S-T1]. We conclude the paper in Section 7 by giving some lower bounds for
LA(f) and LA(f) in terms of the cohomology rings of X and Y .

In [S-T2] Scheerer and Tanr�e have given a very general approach to Lusternik-
Schnirelmann type invariants. Their invariants are de�ned for a pair of maps with
the same target, and are indexed by certain constructions on maps. Our invariants
LA(f) and LA(f) can be obtained as a suitable specialization of their de�nition.
This is discussed in some detail in Section 6.

In a subsequent paper [A-S-S] we will study the A-category and A-cone length
of maps with regard to homotopy pushouts, products and �brations.

For the remainder of this section, we give our notation and terminology. All
topological spaces are based and connected, and have the based homotopy type of
well-pointed based spaces [May, p. 56]. All maps and homotopies preserve base
points. We will distinguish notationally between a map f : X �!Y and its homo-
topy class � = [f ] 2 [X;Y ]. We write f ' g to indicate that f is homotopic to g.
We let � denote the base point of a space or a space consisting of a single point. In
addition to standard notation, we use � for same homotopy type, 0 : X �!Y for
the constant map and id : X �!X for the identity map.

We would like to thank the referee for several very helpful comments.

2. Axioms

In this section we give the axiomatic de�nition of the two invariants LA and
LA. We begin with some basic de�nitions.

Definition 2.1. Given maps f : X �!Y and f 0 : X 0�!Y 0.
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(1) We say that f 0 dominates f (or that f is a retract of f 0) if there is a
homotopy commutative diagram

X
i //

f

��

X 0

f 0

��

r // X

f

��
Y

j // Y 0 s // Y

such that ri ' id and sj ' id.
(2) If in addition ir ' id and js ' id, we say that (i; j) is a homotopy

equivalence from f to f 0 (and that (r; s) is a homotopy equivalence from
f 0 to f). Then f and f 0 are called homotopy equivalent.

Definition 2.2. By a collection A is meant a collection of spaces such that
(1) � 2 A, (2) if A 2 A and A � B, then B 2 A. A collection A is closed under
suspension if �A = f�A jA 2 Ag � A.

Examples of collections we shall consider are the following: (i) A = fall spacesg,
(ii) A = S, the collection consisting of all (�nite or in�nite) wedges of spheres (of
dimension � 0) and �, (iii) A =M, the collection consisting of all wedges of Moore
spaces, (iv) A = �, the collection of all suspensions and (v) A = P , the collection
of wedges of �nite complexes.

2.3 A-Cone Axioms Let A be a collection. A function `A which assigns to
each map f an integer 0 � `A(f) �1 is said to satisfy the A-cone axioms if

(1) (Homotopy Axiom) If f ' g, then `A(f) = `A(g);
(2) (Normalization Axiom) `A(id) = 0;
(3) (Composition Axiom) `A(f Æ g) � `A(f) + `A(g);
(4) (Mapping Cone Axiom) If A�!X

f
�!Y is a mapping cone sequence with

A 2 A, then `A(f) � 1;
(5) (Equivalence Axiom) If f is homotopy equivalent to g, then `A(f) = `A(g).

2.4 A-Category Axioms A function `A which assigns to each map f an
integer 0 � `A(f) � 1 is said to satisfy the A-category axioms if (1), (2), (3)
and (4) of the A-cone axioms and the following axiom hold

(50) (Domination Axiom) If f is dominated by f 0, then `A(f) � `A(f
0).

Clearly if `A satis�es the A-category axioms, then `A satis�es the A-cone ax-
ioms.

Remark 2.5. It is possible to slightly change and reduce the number of A-
cone axioms and obtain a more streamlined set of axioms. For example, we could
introduce the axiom

(20) If h is a homotopy equivalence, then lA(h) = 0.

Then clearly the A-cone axioms are equivalent to (1), (20), (3) and (4). We have
chosen the axioms as given in (2.3) to emphasize the relation between these axioms
and the A-category axioms.

Definition 2.6. Let A be a collection. The A-cone length LA is the maxi-
mum of all functions `A satisfying the A-cone axioms, i.e.,

LA(f) = maxf`A(f) j `A satis�es (1)� (5)g:
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Similarly, the A-category of f is

LA(f) = maxf`A(f) j `A satis�es (1)� (4) and (50)g:

Clearly LA satis�es the A-cone axioms and LA satis�es the A-category axioms.
Since the A-category axioms are stronger than the A-cone axioms, we have

(2.7) LA(f) � LA(f)
for any map f . Moreover, if B � A, then

LA(f) � LB(f) and LA(f) � LB(f):

Thus Lfall spacesg(f) � LA(f) and Lfall spacesg(f) � LA(f) for any collection A and
any map f . In the next section we give alternate characterizations of LA(f) and
LA(f) which will be useful in computing these numbers.

3. A-Decompositions

We will see that the axiomatic de�nitions in (2.6) are quite useful and serve to
focus on the characteristic properties of LA and LA. For calculations, however, it
is convenient to have a constructive de�nition for these invariants. We develop this
approach in this section. We begin with some de�nitions.

Definition 3.1. Given a collection A and a map f : X �!Y . An A-cone
decomposition of f of length n is a homotopy commutative diagram

X0
j0 // X1

j1 // � � �
jn�2 // Xn�1

jn�1 // Xn

fn

��
X

f // Y

s

OO

in which fn is a homotopy equivalence with homotopy inverse s and each map ji is
part of a mapping cone sequence

Ai
//Xi

ji //Xi+1

with Ai 2 A. Thus fnjn�1 � � � j0 ' f , sf ' jn�1 � � � j0, fns ' id and sfn ' id. The
homotopy commutative diagram above is an A-category decomposition of f of
length n if s is simply a homotopy section of fn. Explicitly, fnjn�1 � � � j0 ' f ,
sf ' jn�1 � � � j0 and fns ' id, but sfn need not be homotopic to the identity.

Remark 3.2. In an A-category decomposition of a map f with notation as
above, f is dominated by jn�1 � � � j0.

Remark 3.3. We discuss brie
y the existence of A-cone decompositions (and
hence of A-category decompositions) for certain collections A.

(1) If (Y;X) is a �nite dimensional relative CW complex [Wh2], then Y is
obtained from X by repeatedly attaching cells. Thus we obtain an S-
cone decomposition of X ,! Y . This clearly extends to arbitrary maps
f : X �!Y .

(2) If X and Y are simply-connected �nite dimensional complexes, then we
obtain an M-cone decomposition of f from the homology decomposition
of f [Hil].

Lemma 3.4. If f has an A-category decomposition of length n and f dominates
g, then g has an A-category decomposition of length n.
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Proof. We have a homotopy commutative diagram

X 0 i //

g

��

X
r //

f

��

X 0

g

��
Y 0

j
// Y s

// Y 0

with ri ' id and sj ' id, and an A-category decomposition of f with length n:

L0

�0

��

L1

�1

��
X0

j0 // X1
j1 // � � �

jn�1 // Xn

fn

��
X

f // Y

�

OO

with Li 2 A and fn� ' id. Consider

L0
�0 //

id

��

X0 = X

r

��
/.-,()*+I

j0 // X1

�1

��
L0

r�0 // X 0
0

j00

// X 0
1

where X 0
0 = X 0 and X 0

1 is de�ned as the homotopy pushout of the square I with
auxilliary maps j00 and �1. ThusX

0
1 is the mapping cone of r�0 so we have a mapping

cone sequence L0
r�0// X 0

0

j00 // X 0
1 . Furthermore, there is a map g1 : X

0
1�!Y making

the following diagram commute

X0
j0 //

r

��
/.-,()*+I

X1

fnjn�1���j1 //

�1

��

Y

s

��
X 0
0

j00 //

g

88X 0
1

g1 // Y 0:

For the next step, we consider

L1
�1 //

id

��

X1

�1

��
76540123II

j1 // X2

�2

��
L1

�1�1 // X 0
1

j01

// X 0
2;

where II is a homotopy pushout which de�nes X 0
2. We then obtain g2 : X

0
2�!Y 0

such that g2j
0
1 ' g1 and g2�2 ' sfnjn�1 � � � j2. We continue in this way and

end up with X 0
n as the mapping cone of �n�1�n�1, a map �n : Xn�!X 0

n and a
map gn : X 0

n�!Y 0 such that gnj
0
n�1 ' gn�1 and gn�n ' sfn. De�ne a section
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�0 : Y 0�!X 0
n as the composition Y 0 j

�!Y
�
�!Xn

�n�!X 0
n Then gn�

0 ' id and
�0g ' �n�jg ' �n�fi ' �n(jn�1 � � � j0)i ' (j0n�1 � � � j

0
0)ri ' j0n�1 � � � j

0
0. Thus

X 0
0

j00 // X 0
1

j01 // � � �
j0
n�2 // X 0

n�1

j0
n�1 // X 0

n

gn

��
X 0

g // Y 0

�0

OO

is an A-category decomposition of g of length n. �

Lemma 3.5. Let g : X �!Y and f : Y �!Z.

(1) If g has an A-category decomposition of length k and f has an A-category
decomposition of length l, then f Æ g has an A-category decomposition of
length k + l.

(2) If g has an A-cone decomposition of length k and f has an A-cone de-
composition of length l, then f Æ g has an A-cone decomposition of length
k + l.

Proof. We prove the �rst assertion. Let

R0

�0

��

R1

�1

��
X0

i0 // X1
i1 // � � �

ik�1 // Xk

gk

��
X

g // Y

�

OO
and

S0

�0

��

S1

�1

��
Y0

j0 // Y1
j1 // � � �

jl�1 // Yl

fl

��
Y

f // Z

�

OO

be A-category decompositions of g and f , respectively. Consider the diagram

S0
�0 //

id

��

Y0 = Y

�

��
/.-,()*+I

j0 // Y1

�1

��
S0

��0 // Xk
ik

// Xk+1

where Xk+1 is de�ned as the homotopy pushout in I with auxilliary maps ik and
�1. Note that there is a mapping cone sequence S0

��0
�!Xk

ik�!Xk+1. Now de�ne
�k+1 : Xk+1�!Z by the diagram

Y0 = Y
j0 //

�

��
/.-,()*+I

Y1
fljl�1���j1

''OOOOOOOOOOOOOO

�1

��
Xk

ik //

fgk

88Xk+1
�k+1 // Z:

Continuing, we obtain a mapping cone sequence Sl�1�!Xk+l�1
ik+l�1
�! Xk+l, a ho-

motopy pushout square which de�nesXk+l and a map �k+l : Xk+l�!Z. Induction
on r shows that �k+rik+r�1 � � � ik ' fgk for 1 � r � l. Since fgkik�1 � � � i0 ' fg,



THE A-CATEGORY AND A-CONE LENGTH OF A MAP 7

these maps all �t into a decomposition

X0
i0 // X1

i1 // � � �
ik�1 // Xk

ik // Xk+1
ik+1 // � � �

ik+l�1// Xk+l

�k+l

��
X

fg // Z;

�

UU

where the section � of �k+l is the composition Z
�
�!Yl

�l�!Xk+l.
To prove the second assertion of Lemma 3.5, we repeat the previous proof with

the added assumption that � and � are homotopy inverses for gk and fl respectively.
From the homotopy pushout square I, we have that �1 is a homotopy equivalence.
We continue as before and �nd that each �i is a homotopy equivalence. Thus � is
a homotopy equivalence. This completes the proof. �

Definition 3.6. Let A be a collection and f : X �!Y a map. We de�ne an
integer VA(f), 0 � VA(f) � 1, as follows: If f is a homotopy equivalence, set
VA(f) = 0. If f has no A-category decomposition, set VA(f) = 1. Otherwise,
VA(f) is the integer n such that there is an A-category decomposition of length n

but none of length < n. The integer VA(f) is similarly de�ned with `A-category
decomposition' replaced by `A-cone decomposition.'

We next show that the A-category decomposition length of f , that is, the
integer VA(f), is equal to the A-category length of f , and a similar result with
`A-cone' replacing `A-category.' These results are in the spirit of [S-T2, Thm. 2.5]
in which Scheerer and Tanr�e characterize their invariant by axioms. Their axioms
do not specialize to our axioms (2.3) and (2.4), though they are similar.

Theorem 3.7. Let A be a collection and f : X �!Y a map. Then

(1) LA(f) = VA(f); that is, LA(f) is the smallest n such that f has an
A-category decomposition of length n.

(2) LA(f) = VA(f); that is, LA(f) is the smallest n such that f has an A-cone
decomposition of length n.

Proof. We prove the assertion about LA(f) by �rst showing that LA(f) �
VA(f). Suppose VA(f) = n <1, and let

X0
j0 // X1

j1 // � � �
jn�2 // Xn�1

jn�1 // Xn

fn

��
X

f // Y

s

OO

be an A-category decomposition of f with length n. By Remark 3.2, f is dominated
by jn�1 � � � j0. Therefore

LA(f) � LA(jn�1 � � � j0) � LA(jn�1) + � � �+ LA(j0) � n

by the Domination Axiom, the Composition Axiom, and the Mapping Cone Axiom,
respectively. Thus LA(f) � VA(f).

Next suppose LA(f) = n. Lemmas 3.5 and 3.4 imply that VA(f) satis�es the
A-category axioms (2.3), and hence VA(f) � n. The proof of the second part is
similar. �
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4. Comparison with Other Notions of Cone Length and Category

Many authors have studied notions of category and cone length similar to ours,
so we now consider the relationships of our invariants LA and LA to previously
de�ned concepts. In the case A = fall spacesg, Marcum has used the characteriza-
tion of LA in Theorem 3.7 as a de�nition of the cone length of a map [Mar]. This
approach and a variation of it has also been given by Cornea [C1].

We next recall the de�nition of cat(f), the category of a map f : X �!Y , as
introduced by Fadell and Husseini [Fa, F-H] and rede�ned in terms of sections
of �brations by Cornea in [C2]. We note that these authors have denoted this as
cat(Y;X), but we prefer cat(f) since it clearly depends on the map f and not only
on the spaces X and Y . This is di�erent from the concept described in [Fo, B-G]
and [J1, Sec. 7]. One inductively de�nes a sequence of �brations

Fn(f)
in //Gn(f)

pn //Y

by the following method, known as the Ganea construction [G2]. Let jn+1 :
Cin �!Y be the obvious extension of pn to the mapping cone Cin of in, and de-
�ne pn+1 : Gn+1(f)�!Y to be the result of converting jn+1 to a �bration. Thus
Gn+1 � Cin and Fn+1(f) is the �ber of pn+1 (i.e., the homotopy �ber of jn+1).
The induction begins with G0(f) � X , p0 the usual �ber map equivalent to f and
F0(f) the �ber of p (i.e., the homotopy �ber of f). Thus there is a diagram

X

f

��

G0(f)

p0

��

j0 // G1(f)

p1

��

j1 // � � �
jn�1 // Gn(f)

pn

��

jn // � � �

Y Y Y � � � Y � � � :

We denote the inclusion jn�1 � � � j0 by �n : X �!Gn(f) and say cat(f) � n if there
is a section s : Y �!Gn(f) of pn such that sf ' �n.

Proposition 4.1. If A = fall spacesg, then LA(f) = cat(f) for every f :
X �!Y .

Proof. We �rst show that cat(f) satis�es the A-category axioms with A =
fall spacesg. Clearly cat is homotopy invariant and cat(id) = 0. We now establish
the Composition Axiom. Consider f : X �!Y and g : Y �!Z with cat(f) = k

and cat(g) = l. Thus the �ber map pk : Gk(f)�!Y has a section s and an
inclusion �k : X �!Gk(f) with sf ' �k; likewise, the �ber map p0l : Gl(g)�!Z

has a section s0 and an inclusion �0l : Y �!Gl(g) such that s0g ' �0l. There is also
a �ber map p00k : Gk(g Æ f)�!Z with inclusion �00k : X �!Gk(g Æ f). We obtain
(by l applications of the Ganea construction) the �ber map bpl : Gl(p

00
k)�!Z with

inclusion b�l : Gk(g Æ f)�!Gl(p
00
k). Clearly Gl(p

00
k) = Gk+l(g Æ f), and we have

homotopy commutative diagrams

Gl(p
00
k)

bpl ""EE
EE

EE
EE

E
Gk+l(g Æ f)

p00
k+lzztttttttttt

Z

X
�00
k //

�00
k+l

��

Gk(g Æ f)

b�l

��
Gk+l(g Æ f) Gl(p

00
k):
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Thus we have the diagram

X

f

��

�k

((QQQQQQQQQQQQQQ �00
k

''
Y

s //

g

��

Gk(f)
pk

oo
g // Gk(g Æ f)

p00
k

��
b�l

{{xxxxxxxxxxxxxxxxxxxx

Z

s0

��

Z

Gl(g)

p0
l

OO


 // Gl(p
00
k) Gk+l(g Æ f)

p00
k+l

OO

where g and 
 are induced by

X
id //

f

��

X

gÆf

��
Y

g // Z

and

Y

g

��

s // Gk(f)
g // Gk(g Æ f)

p00
k

��
Z

id // Z;

respectively. Then a long but straightforward calculation shows that the desired
section of p00k+l : Gk+l(g Æ f)�!Z is the composition Z

s0

�!Gl(g)


�!Gk+l(g Æ f).

This establishes the Composition Axiom.
Next we prove the Mapping Cone Axiom for cat(f). Let A

i
�!X

f
�!Y be

a mapping cone sequence. We must show that cat(f) � 1. There is a map g :
A�!F0(f) such that i0g = ki:

A
i //

g

��

X
f //

� k

��

Y

s

��
F0(f)

i0 // G0(f)
j0 // G1(f)

and hence a map s : Y �!G1(f) such that the above diagram commutes. We will
see that a modi�cation of s is the desired section of p1 : G1(f)�!Y . The mapping
cone sequence A

i
�!X

f
�!Y yields an action of [�A; Y ] on [Y; Y ] denoted by expo-

nentiation [Hil, Ch. 15]. Now [p1s] 2 [Y; Y ] and f�[p1s] = [f ] = f�[id]. Therefore
there is an � 2 [�A; Y ] such that [p1s]

� = [id]. But (p1)� : [�A;G1(f)]�! [�A; Y ]
is onto since the Ganea �bration splits after looping [G2, Prop. 1.5], and so � =
(p1)�� for some � 2 [�A;G1(f)]. Then (p1)�([s]

�) = [p1s]
(p1)�� = [id], and

[s]�[f ] = f�[s]� = f�[s] = [j0]. Therefore there is a map s0 in the homotopy
class [s]� which is a section of p1, and s0f ' �1.

Finally we establish the Domination Axiom. Suppose g dominates f , so we
have the homotopy commutative diagram

X
i //

f

��

X 0

g

��

r // X

f

��
Y

j // Y 0 s // Y
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with ri ' id and sj ' id. Suppose cat(g) � n. Then we have a homotopy
commutative diagram

Gn(f)
� //

pn

��

Gn(g)
� //

p0
n

��

Gn(f)

pn

��
Y

j // Y 0 s //

�0

OO

Y

X
i //

f

OO

X 0 r //

g

OO

X

f

OO

where �0 is the section of p0n and � and � are induced by (i; j) and (r; s), respectively.
Then � = ��0j is clearly a section of pn compatible with f . Thus there is a map
s0 ' � which is a section of pn with s0f ' �f ' �n.

Since cat(f) satis�es the A-category axioms, cat(f) � LA(f) for every map f .
For the reverse inequality, we assume that cat(f) = n. Thus the sequence of

mapping cone sequences Fi(f)�!Gi(f)
ji
�!Gi+1(f), 0 � i < n, is an A-category

decomposition of f with length n. By Theorem 3.7, LA(f) � n = cat(f), and this
completes the proof. �

Remark 4.2. When A = fall spacesg, Marcum has established the Composi-
tion Axiom for LA(f) [Mar]. In this case Cornea has given the Composition and
Domination Axioms as properties of LA(f) = cat(f) [C2].

The following is the analogue of a known result for spaces [Ta, Section 5].

Proposition 4.3. For any collection A and map f : X �!Y , LA(f) � n if
and only if f is dominated by a map g such that LA(g) � n.

Proof. If f is dominated by a map g with LA(g) � n, then LA(f) � LA(g) �
LA(g) � n.

Conversely, if LA(f) � n, then f has an A-category decomposition of length n

X0
i0 // X1

i1 // � � �
in�2 // Xn�1

in�1 // Xn

fn

��
X

f // Y:

s

OO

Let g = in�1 � � � i0 : X0�!Xn. Then the same decomposition is an A-cone decom-
position of g. By Remark 3.2, g dominates f . �

The following corollary is useful to prove results about LA.

Corollary 4.4. If LA(f) = n, then f is dominated by a map g with LA(g) =
n. Furthermore, we can choose g with the same domain as f .

5. Numerical Invariants of Spaces

In this section we consider LA(f) and LA(f) for special maps f in order to
obtain invariants of spaces.

Definition 5.1. For any collection A and space X , de�ne

(1) the A-cone length of X by clA(X) = LA(��!X),
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(2) the A-killing length of X by klA(X) = LA(X �!�),
(3) the A-category of X by catA(X) = LA(��!X),
(4) the A-kitegory of X by kitA(X) = LA(X �!�).

Remark 5.2. (1) Let A = fall spacesg. Then catA(X) is the ordinary
(reduced) category of X and clA(X) is the cone length of X as studied by
Ganea, Cornea, Stanley and many others, denoted cat(X) and cl(X), re-
spectively. On the other hand, the mapping cone sequenceX �!X �!CX ,
where CX � � is the cone on X , with X 2 A shows that klA(X) =
kitA(X) = 1 when A = fall spacesg.

(2) Since LA(f) � LA(f), we have catA(X) � clA(X) and kitA(X) � klA(X)
for any collection A. We will see in the next section that if A is closed
under suspension, then klA(X) � clA(X) and kitA(X) � catA(X). (Note:
the latter inequality is the source of the notation `kit', since kittens are
smaller than cats. The term `kittygory' was used �rst by Freyd in another
context [Fr].)

(3) The A-killing length was considered in [A-S1]. Let ZA(X) � [X;X ] be
the subsemigroup consisting of all homotopy classes � = [f ] 2 [X;X ] such
that f� = 0 : [A;X ] ! [A;X ] for every A 2 A. It was proved in [A-S1,
Thm. 3.3] that the nilpotency of the semigroup ZA(X) is bounded above
by klA(X).

We �rst show that each of the four invariants of spaces has a characterization
in terms of decompositions.

Definition 5.3. Let A be a collection and consider a sequence of mapping
cone sequences

Ai
//Xi

ji //Xi+1 ; 0 � i < n

with Ai 2 A. If X0 = � and Xn � X , we have a clA-decomposition of X with
length n. If X0 = � and X is dominated by Xn, we have a catA-decomposition
of X with length n. If X0 = X and Xn � �, we have a klA-decomposition
of X with length n. If X0 = X and X is dominated by �, we have a kitA-
decomposition of X with length n.

The n mapping cone sequences in De�nition 5.3 form a kitA-decomposition of
X of length n if and only if X0 = X and jn�1 � � � j0 ' 0.

Definition 5.4. The length of a minimal catA-decomposition of X is
de�ned as follows: It is 0 if X � � and is 1 if X has no catA-decomposition.
Otherwise, it is the integer n such that X has a catA-decomposition of length n

but none of length less than n. Similar de�nitions hold for clA, klA and kitA.

The following proposition is an immediate consequence of Theorem 3.7.

Proposition 5.5. If A is a collection and X is a space, then

(1) catA(X) is the length of a minimal catA-decomposition of X ;
(2) clA(X) is the length of a minimal clA-decomposition of X ;
(3) klA(X) is the length of a minimal klA-decomposition of X ;
(4) kitA(X) is the length of a minimal kitA-decomposition of X .
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We next show that the four invariants can be characterized by axioms.
Let A be a collection and let cA be a function which assigns to every space X

an integer 0 � cA(X) � 1. We consider the following axioms.

(1) cA(�) = 0
(2) If X and Y have the same homotopy type, then cA(X) = cA(Y ).
(20) If X is dominated by Y , then cA(X) � cA(Y ).
(3) If A�!X �!Y is a mapping cone sequence with A 2 A, then cA(Y ) �

cA(X) + 1.
(30) If A�!X �!Y is a mapping cone sequence with A 2 A, then cA(X) �

cA(Y ) + 1.

Proposition 5.6. (1) clA(X) is the maximum of all cA satisfying Ax-
ioms (1), (2) and (3);

(2) catA(X) is the maximum of all cA satisfying Axioms (1), (20) and (3);
(3) klA(X) is the maximum of all cA satisfying Axioms (1), (2) and (30);
(4) kitA(X) is the maximum of all cA satisfying Axioms (1), (20) and (30).

The proof closely follows the arguments given in Section 3, and hence is omitted.

Remark 5.7. An axiomatic treatment of the category and the cone length of
a space relative to a collection A has been given by Scheerer-Tanr�e [S-T1]. Their
axioms are similar to ours, but are not equivalent, as we shall see in the next section.

The above axioms are useful in focusing on the basic properties of these invari-
ants. However they can also be used to establish some elementary inequalities for
these invariants. We illustrate this by giving an axiomatic proof of G. Whitehead's
theorem on the nilpotency of the group [X;G] when G is a group-like space. Recall
that if � is a group, then nil� is the smallest integer n � 1 such that all (n+1)-fold
commutators of the form [:::[[x1; x2]; x3]; :::; xn+1] are trivial. We set nil� = 0 if �
is the trivial group. The following result was originally proved in [Wh1].

Theorem 5.8. If X is any space and G is a group-like space, then nil[X;G] �
catX .

Proof. By Proposition 5.6 it suÆces to show that the function nil [X;G] satis-
�es the cat axioms, where G is a �xed group-like space. Clearly Axioms (1) and (20)
hold. We prove (3). Let A�!X �!Y be a mapping cone sequence and consider
part of the Puppe sequence

[�A;G]
Æ
�! [Y;G]�! [X;G]:

It is well known that the image of Æ is in the center of [Y;G]. From this it follows
that nil [Y;G] � nil [X;G] + 1: �

6. Properties of the Invariants of Spaces

In the �rst part of this section we consider the ordering of the invariants catA,
clA, klA and kitA. In the second part we compare catA and clA to the analogous
invariants which were studied by Scheerer-Tanr�e [S-T1].

Proposition 6.1. For any collection A, kl�A(X) � clA(X) and kit�A(X) �
catA(X).
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Proof. We only prove the second inequality since the �rst is similar. Suppose
catA(X) = n with catA-decomposition Ai�!Xi�!Xi+1, 0 � i < n, where Ai 2
A, X0 = � and X is dominated by Xn. For i = 1; : : : ; n, let ki : Xi�!Xn be the
composition Xi�!Xi+1�! � � � �!Xn and de�ne X(i) to be the mapping cone
of ki. Then we have a mapping cone sequence �Ai�!X(i)�!X(i+1). Clearly
X(0) = Xn and X(n) � �, and so kl�A(Xn) � n. Therefore

kit�A(X) � kit�A(Xn) � kl�A(Xn) � n = catA(X):

�

The �rst inequality of Proposition 6.1 was proved in [A-S1]; a stable version
was proved in [Ch].

Thus if A is a collection which is closed under suspension, then by Remark 5.2
and Proposition 6.1 the inequalities between the four invariants can be represented
by a square

(6.2)

clA(X)

ssssssssss

JJJJJJJJJ

catA(X)

KKKKKKKKKK
klA(X)

ttttttttt

kitA(X)

where the lower number is less than or equal to the higher number. We next show
that each of the inequalities in (6.2) can be strict.

First observe that if X is a co-H-space which is not a suspension, then cat(X) =
1 < 2 � cl(X). More generally, Stanley [St] has given examples of spaces X(n)
with cat(X(n)) = n and cl(X(n)) = n+ 1.

Next let S be the collection of wedges of spheres and let X = Sn1 � � � � � Snr ,
r � 3. If k is the smallest integer such that r � 2k�1, then it was shown in [A-M-S,
Prop. 6.2] that klS(X) = k. The standard cone decomposition of X together with
the fact that catS(X) � cat(X) = r imply that catS(X) = clS(X) = r. Thus
klS(X) = k < r = clS(X) and kitS(X) � klS(X) = k < r = catS(X). Of course
these inequalities hold if A = fall spacesg and X is any space with cat(X) > 1,
since kitA(X) � klA(X) � 1 in this case.

Finally we discuss the inequality kitA(X) � klA(X). Consider the collection
A = � of all suspensions and let X be a simply-connected co-H-space which does
not have the homotopy type of a suspension. Then X is a homotopy retract of some
suspension X 0 [Hil, p. 209] so there are maps i : X ! X 0 and r : X 0 ! X such
that ri ' id. Then there is a mapping cone sequence X 0 r

�!X
j
�!C, with C the

mapping cone of r. Clearly j ' 0, so kit�(X) � 1. But if kl�(X) � 1, there would
be a mapping cone sequence A

r
�!X

j
�!� with A a suspension. Hence X � A,

contradicting the fact that X does not have the homotopy type of a suspension.
Thus kl�(X) > 1, so kit�(X) < kl�(X). As long as all of the spaces involved are
simply connected, this kind of example will work for collections A which are not
closed under retracts.

As mentioned in the introduction, Scheerer and Tanr�e have developed a very
general framework for category type invariants [S-T2]. This includes the invariants
we studied here as well as those studied in [S-T1] as special cases, as we now
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describe. If A is a collection of spaces and f : X �!Y is a map, then we may form
the collection KA(f) consisting of all f : Cj �!Y , where j : A�!X is a map with

A 2 A, f Æ j ' 0 and f an extension of f . The correspondence f 7! K(f) is a
construction in the sense of [S-T2], and in the notation of [S-T2], LA(f) can be
identi�ed

LA(f) = (KA; id)�cat(f):

It can be shown that this coincides with the invariant K(GA)�cat(f) in [S-T2,
Rem. 3.4]. Scheerer and Tanr�e also identify A�cat(X) from [S-T1] in terms of
their more general setup, namely, A�cat(X) = (K(GA); GA(X))�cat(idX ; idX).
Similar considerations hold for LA(f) and A�cl(X). The main theorems in [S-T2]
characterize these invariants by simple properties that are similar to, but not the
same as, our axioms. No relationship between our catA(X) and their A�cat(X)
seems to follow immediately from the results of [S-T1, S-T2]. We obtain a rela-
tionship next, as well as a relation between clA(X) and A�cl(X).

For any collection A and space X , A{cat(X) and A{cl(X) have been de�ned
in [S-T1]. (The latter is denoted A�Cat(X) in [S-T1].) Let us set

A�fcat(X) =

(
0 if X � �
A�cat(X) + 1 if X 6� �:

and de�ne A{ecl(X) similarly. It is proved in [S-T1] that �{fcat(X) = cat(X) and

�{ecl(X) = cl(X). That is, if A = fall spacesg, then catA(X) = �A� fcat(X) and

clA(X) = �A�ecl(X) by Proposition 4.1.
It is reasonable to then ask if these latter equalities hold for any collection A.

Proposition 6.3. If A is a collection which is closed under suspension, then

catA(X) � �A� fcat(X) and clA(X) � �A�ecl(X):

Proof. We prove the proposition for cat { the proof for cl is similar. De�ne

fcatA(X) =

(
0 if X � �;
catA(X)� 1 if X 6� �:

Then we must show fcatA(X) � �A � cat(X). Since �A � cat is the maximum
of all functions which satisfy the Scheerer-Tanr�e axioms for �A [S-T1, Thm. 1,

Sect. 2], it suÆces to show that fcatA satis�es these axioms. That is, we must

show: (1) If X 2 �A, then fcatA(X) = 0. (2) If X is dominated by Y , thenfcatA(X) � fcatA(Y ). (3) If X ! Y ! Z is a mapping cone sequence with X 2 �A,

then fcatA(Z) � fcatA(Y ) + 1.
The proof of this is straightforward and hence omitted. �

It is possible to give an example of a collection A and a space X such that each
inequality in Proposition 6.3 is strict, and so equality does not hold in general. We
present an example only for cone length.

Example 6.4. Let A = fSk; Sl _Sl j k � 2n� 1; l � n� 1g and X = Sn�Sn.

We sketch the argument that clA(X) � 2 < �A � ecl(X). The two mapping cone
sequences

Sn�1 _ Sn�1�!C �!Sn _ Sn and S2n�1
W
�!Sn _ Sn�!Sn � Sn;
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where C is the cone on Sn�1 _ Sn�1 and W is the Whitehead product, yields

clA(X) � 2. Since �A�ecl(X) = �A�cl(X)+ 1, it suÆces to show �A�cl(X) > 1.
If �A�cl(X) � 1 then one can show (using an argument similar to the proof of
Theorem 3.7) that there is a mapping cone sequence A�!B�!X with A;B 2
�A. The exact homology sequence of the mapping cone sequence implies that
Hn(B) �= Z� Z, and so B = Sn _ Sn. Again applying the homology sequence, we
conclude that H2n�1(A) �= Z, which is impossible. Therefore �A�cl(X) > 1.

There is however an important case when equality does hold in Proposition 6.3.
Let S = S0 be the collection of wedges of spheres of dimension � 0 and S1 be the
collection of wedges of spheres of dimension � 1 so that �S0 = S1. We �rst prove
a lemma.

Lemma 6.5. Suppose clS0(X) � n. Then there are mapping cone sequences
Li�!Xi�!Xi+1, 0 � i < n, such that L0 2 S0, X0 = �, Xn � X and Li 2 S1
for i � 1.

Proof. The proof is by induction on n. When n = 0 there is nothing to prove.
Suppose the lemma is true for n � 1. Since clS0(X) � n, there are mapping cone
sequencesMi�!X 0

i �!X 0
i+1, 0 � i < n, such that Mi 2 S0, X

0
0 = � and X 0

n � X .
Consider the nth mapping cone sequence

Mn�1 = Ln�1 _ S
0 _ � � � _ S0

f //X 0
n�1

//X 0
n

where Ln�1 2 S1. Since X
0
n�1 is connected, f jS

0 _ � � � _ S0 ' 0. Let f 0 = f jLn�1 :
Ln�1 ! X 0

n�1. Then X
0
n = Cf 0_S

1_� � �_S1 and we have a mapping cone sequence

Ln�1
i1f

0

//X 0
n�1 _ S1 _ � � � _ S1 //X 0

n ;

with i1 : X
0
n�1 ! X 0

n�1_S
1_ � � �_S1 the inclusion. But we have that clS0(X

0
n�1_

S1 _ � � � _ S1) � clS0(X
0
n�1) � n � 1. By induction there exist mapping cone

sequences Li�!Xi�!Xi+1, 0 � i < n � 1, with L0 2 S0, Li 2 S1 for i � 1,
X0 = � and Xn�1 � X 0

n�1 _ S1 _ � � � _ S1. This proves the lemma. �

Proposition 6.6. catS0(X) = S1�fcat(X) and clS0(X) = S1�ecl(X):

Proof. We prove the result for cone length. By Proposition 6.3 it suÆces to
show

S1�ecl(X) � clS0(X):

If X � � or if clS0(X) = 1, this is clearly true. Now suppose clS0(X) = n

with 0 < n < 1. We must show S1�cl(X) � n � 1. By Lemma 6.5 there exist
mapping cone sequences Li�!Xi�!Xi+1, 0 � i < n, L0 2 S0, Li 2 S1 for i � 1,
X0 = � and Xn � X . But L0�!X0�!X1 shows that X1 � �L0 2 S1. By the
Scheerer-Tanr�e axioms,

S1�cl(X) = S1�cl(Xn) � S1�cl(Xn�1) + 1 � � � � � S1�cl(X1) + n� 1 = n� 1:

�

Remark 6.7. In [A-S-S] we have proved that ifA is any collection that is closed
under wedges and joins, then catA(X � Y ) � catA(X) + catA(Y ). By Proposition
6.6 this implies S1�cat(X�Y ) � S1�cat(X)+S1�cat(Y ). This answers a question
in [S-T1, Sect. 7, Question 8].
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7. Cohomological Lower Bounds

Recall that the cup length of a space X , denoted [�length(X), is the length

of the largest nonzero cup product in eH�(X ;R) for any commutative ring R. The

n-fold reduced diagonal b�n : X �!X(n) from X to the n-fold smash product X(n)

of X with itself is the composite of the diagonal map �n : X �!Xn with the
quotient map Xn�!X(n). The weak category of a space X , denoted wcat(X),

is the greatest integer n for which b�n is not homotopic to the constant map.
In the special case A = fall spacesg, the following theorem is stated without

proof by Cornea [C2, p. 68], and the corresponding statement for homology can be
found in [F-H]. We omit the proof.

Theorem 7.1. Let A be a collection and let f : X �!Y induce the homomor-

phism f� : eH�(Y ;R)�! eH�(X ;R) of reduced cohomology with coeÆcients in the

commutative ring R. If LA(f) � n, then (ker(f�))( eH�(Y ;R))n = 0, and so

minfn j (ker(f�))( eH�(Y ;R))n = 0g � LA(f) � LA(f):

The following corollary is useful for applications.

Corollary 7.2. If A is any collection and f : X �!Y , then

[�length(Y ) � [�length(X) + LA(f):

Proof. Let k = [�length(X) and n = LA(f). Suppose y1; : : : ; yn+k+1 2eH�(Y ;R) are any n + k + 1 elements. We must show y1 � � � yn+k+1 = 0. Now
f�(y1 � � � yk+1) = f�(y1) � � � f

�(yk+1) = 0, so y1 � � � yk+1 2 ker(f�). On the other

hand, yk+2 � � � yn+k+1 2 ( eH�(Y ;R))n. By Theorem 7.1, y1 � � � yn+k+1 = 0. �

When f : ��!Y , Corollary 7.2 yields the well-known inequality [�length(Y ) �
cat(Y ). However, when f : X �!�, we obtain no information from Corollary 7.2.
To obtain lower bounds for kitA and klA, we prove the following.

Proposition 7.3. Let A be a collection with the property that each A 2 A
has wcat(A) � 1. Then

[�length(X) � wcat(X) � 2kitA(X) � 1 � 2klA(X) � 1

for every space X .

Proof. The �rst inequality is well-known [B-G], and the last follows from
kitA(X) � klA(X). Therefore we only need to prove wcat(X) � 2kitA(X) � 1.

We proceed by induction on kitA(X). If kitA(X) = 0, then X is contractible,
and the result follows. Assume that the inequality holds for all spaces with kitA <

m, and that kitA(X) = m. Consider the �rst mapping cone sequence in a minimal
kitA-decomposition ofX , L0

j
�!X

p
�!X1. Then there is a homotopy commutative

diagram

L0
b�2 //

j

��

L0 ^ L0

j^j

��
X

b�2 // X ^X:

Since L0 2 A, it follows that b�2 ' 0 : L0�!L0 ^ L0, and so b�2j ' 0. Thus there

is a Æ : X1�!X ^X such that Æp ' b�2. Hence we have a homotopy commutative
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diagram

X

p

&&MMMMMMMMMMMMMMM
b�2 // X ^X

b�2m�1 // (X ^X)(2
m�1)

X1

b�2m�1 //

Æ

OO

X
(2m�1)
1 :

Æ(2
m�1)

OO

Since kitA(X1) � m � 1, we have b�2m�1 ' 0 : X1�!X
(2m�1)
1 . Therefore b�2m =b�2m�1

b�2 ' 0 : X �!X2m , and so wcat(X) � 2m � 1. �

The result wcat(X) � 2kl�(X) � 1 was proved in [A-S2] by a similar method.
Since wcat(X) � cat(X) � catA(X), it might be conjectured that catA(X) is
bounded above by 2kitA(X) � 1 for any collection A as in Proposition 7.3. The
following example shows that this is not the case for A = S.

Example 7.4. Let A be a 2-dimensional, noncontractible acyclic complex.
Such a space may be constructed from a perfect group G, such as the one de-
scribed in [Hig], which has a presentation with the same number of generators as
relations. If A is obtained from a wedge of circles by attaching a 2-cell for each
relation, then �1(A) = G and A is acyclic. For any such space A, A ^ A � �,
but n � cat(An) � catS(A

n) for each n [G-H, Th. 1.1]. Write B =
W
nA

n, and
conclude that catS(B) is in�nite since B dominates An for each n. We claim that
kitS(B) = 1.

For this, it is enough to show that kitS(A
n) = 1 for each n. We do this by

induction on the intermediate wedges

Tk(A
n) = f(x1; : : : ; xn) j at least n� k of the xi = �g � An:

When k = 1, we obtain the usual wedge, and when k = n � 1 we obtain the fat
wedge.

Since A is 2-dimensional there is a mapping cone sequence
W
S1�!A�!

W
S2.

Since [A;
W
S2] �=

L
H2(A;Z) = 0, we see, using the comment following De�nition

5.3, that kitA(A) = 1, and the same is true for T1(A
n) for each n. We assume

kitS(Tk(A
n)) = 1.

For each k there is a mapping cone sequence

Tk(A
n)�!Tk+1(A

n)�!
_

A(k+1) � �:

The argument used to prove Theorem 3.4 in [A-S1] shows that kitA is subad-
ditive on mapping cone sequences (see also [A-S-S]). Thus kitS(Tk+1(A

n)) �
kitS(Tk(A

n)) + kitS(�) = 1. This completes the example.

The space A could be constructed equally well by removing a point from a non-
simply connected manifold which is a homology 3-sphere. Also, the space B is an
example of a space with in�nite category and weak category 1. Felix, Halperin and
Thomas have constructed a simply-connected space with this property in [F-H-T,
p. 432].

Finally we mention that even in spaces with small cup length, cohomology can
sometimes reveal useful lower bounds. This result is stated in [C1, p. 377] and
[S-T1] for Steenrod squares.
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Proposition 7.5. Suppose that there are cohomology operations �1; �2; : : : ; �n
and an element u 2 H�(X) (with any coeÆcients) such that �1 Æ � � � Æ �n(u) 6= 0.
Then klS(X) > n.

Proof. We work by induction on klS(X). If klS(X) = 0, then X �
W
Sn�

and clearly every cohomology operation acts trivially on H�(X). Now assume the
result is known for all spaces with klS < n and suppose klS(X) = n. Then there
is a mapping cone sequence

W
Sn�

i
�!X

q
�!K with klS(K) < n. Let u 2 H�(X)

and consider the class t = �n(u). By the inductive hypothesis, i�(t) = �n(i
�u) = 0,

so there is a class v 2 H�(K) such that q�(v) = t. Therefore �1 � � � �n�1(t) =
�1 � � � �n�1(q

�(v)) = q�(�1 � � � �n(v)) = 0. �

This result generalizes in two ways. Our proof works equally well for any
cohomology theory and for any collection A such for any A 2 A, every operation �

acts trivially on H�(A).

References

[A-M-S] M. Arkowitz, K. Maruyama and D. Stanley, The semigroup of self homotopy classes

which induce zero on homotopy groups, Kyushu J. Math. (to appear).
[A-S-S] M. Arkowitz, D. Stanley and J. Strom, The category and cone length of push-outs,

products and �brations (in preparation).
[A-S1] M. Arkowitz and J. Strom, Homotopy classes that are trivial mod F , Alg. and Geom.

Topology 1 (2001), 381-409.
[A-S2] M. Arkowitz and J. Strom, Nearly trivial homotopy classes between �nite complexes,

Topology and its Applications (to appear).
[B-G] I. Berstein and T. Ganea, The category of a map and a cohomology class, Fund. Math.

50 (1961/1962), 265{279.
[Ch] D. Christensen, Ideals in triangulated categories: phantoms, ghosts and skeleta, Adv.

Math. 136 (1998), 284{339.
[C1] O. Cornea, Strong LS category equals cone-length, Topology 34 (1995), 377{381.
[C2] O. Cornea, Some properties of the relative Lusternik-Schnirelmann category, Stable and

unstable homotopy (Toronto, ON, 1996), 67{72, Fields Inst. Commun., 19, AMS, Prov-
idence, RI, 1998.

[C3] O. Cornea, Cone length and Lusternik-Schnirelmann category, Topology 33 (1994), 95{
111.

[Fa] E. Fadell, Lectures in Cohomological Index Theories of G-spaces with Applications to

Critical Point Theory, Racconta di Seminari, Universit�a della Callabria, (1985).
[F-H] E. Fadell and S. Husseini, Relative category, products and coproducts, Rend. Sem. Mat.

Fis. Milano 64 (1996), 99-115.
[F-H-T] Y. F�elix, S. Halperin and J.-C. Thomas, Rational Homotopy Theory, GTM 205, Springer-

Verlag, New York (2001).
[Fo] R. Fox, On the Lusternik-Schnirelmann category, Ann. Math. (2) 42 (1941), 333{370.
[Fr] P. Freyd, Abelian Categories, Harper's Series in Modern Math., Harper and Row, 1964.
[G1] T. Ganea, Lusternik-Schnirelmann category and strong category, Ill. J. Math. 11 (1967),

417{427.
[G2] T. Ganea, A generalization of the homology and homotopy suspension, Comment. Math.

Helv. 39 (1965), 295{322.
[G-H] T. Ganea and P. Hilton, On the decomposition of spaces in Cartesian products and

unions, Proc. Camb. Phil. Soc. 55 (1959), 248{256.
[Hig] G. Higman A �nitely generated in�nite simple group, J. London Math. Soc. 26 (1951),

61{64.

[Hil] P. Hilton, Homotopy Theory and Duality, Notes on Math. and its Applications, Gordon
and Breach, 1965.

[J1] I. M. James, On category, in the sense of Lusternik and Schnirelmann, Topology 17

(1978), 331{348.



THE A-CATEGORY AND A-CONE LENGTH OF A MAP 19

[J2] I. M. James, Lusternik-Schnirelmann category, Handbook of Algebraic Topology, Elsevier
Science, Amsterdam (1995), 1293{1309.

[Le] J.-M. Lemaire, Lusternik-Schnirelmann category: an introduction, SLNM 1183,
Springer-Verlag, Berlin (1986), 259{276.

[L-S] L. Lusternik and L. Schnirelmann, M�ethodes Topologiques dan les pr�oblemes variation-

nels, Herman, Paris (1934).
[Mar] H. Marcum, Cone length of the exterior join, Glasgow Math. J. 40 (1998), 445-461.
[May] J. P. May, A concise course in algebraic topology Chicago Lectures in Mathematics.

University of Chicago Press, Chicago, IL, 1999.
[S-T1] H. Scheerer and D. Tanr�e, Variation zum Konzept der Lusternik-Schnirelmann Kate-

gorie, Math. Nachr. 207 (1999), 183-194.
[S-T2] H. Scheerer and D. Tanr�e, Kaleidoscoping Lusternik-Schnirelmann category type invari-

ants. Cohomological methods in homotopy theory (Bellaterra, 1998), 397{407, Progr.
Math., 196, Birkhuser, Basel, 2001.

[St] D. Stanley, Spaces of Lusternik-Schnirelmann category n and cone length n+1, Topology
39 (2000), 985-1019.

[Ta] F. Takens, The Lusternik-Schnirelman categories of a product space, Composito Math.
22 (1970), 175-180.

[Wh1] G. W.Whitehead, On mappings into group-like spaces. Comment. Math. Helv. 28 (1954),

320{328.
[Wh2] G. W. Whitehead, Elements of Homotopy Theory, Graduate Texts in Mathematics 61,

Springer-Verlag, 1978.

Department of Mathematics, Dartmouth College, Hanover NH 03755 U. S. A.

E-mail address: Martin.Arkowitz@Dartmouth.edu

University of Alberta, Edmonton, AB T6G 2G1 CANADA

E-mail address: sirius1.math.ualberta.ca

Department of Mathematics, Dartmouth College, Hanover NH 03755 U. S. A.

E-mail address: Jeffrey.Strom@Dartmouth.edu


