FILTERED SPECTRA ARISING FROM PERMUTATIVE
CATEGORIES

GREGORY ARONE AND KATHRYN LESH

ABSTRACT. Given a special I'-category C satisfying some mild hypotheses, we
construct a sequence of spectra interpolating between the spectrum associated
to C and the Eilenberg-Mac Lane spectrum HZ. Examples of categories to
which our construction applies are: the category of finite sets, the category
of finite-dimensional vector spaces, and the category of finitely-generated free
modules over a reasonable ring. In the case of finite sets, our construction
recovers the filtration of HZ by symmetric powers of the sphere spectrum. In
the case of finite-dimensional complex vector spaces, we obtain an apparently
new sequence of spectra, {A,}, that interpolate between bu and HZ. We
think of A,, as a “bu-analogue” of Sp™(S) and describe far-reaching formal
similarities between the two sequences of spectra. For instance, in both cases
the mth subquotient is contractible unless m is a power of a prime, and in
vi-periodic homotopy the filtration has only k& + 2 nontrivial terms. There is
an intriguing relationship between the bu-analogues of symmetric powers and
Weiss’s orthogonal calculus, parallel to the not yet completely understood rela-
tionship between the symmetric powers of spheres and the Goodwillie calculus
of homotopy functors. We conjecture that the sequence { Ay, }, when rewritten
in a suitable chain complex form, gives rise to a minimal projective resolution
of the connected cover of bu. This conjecture is the bu-analogue of a theorem
of Kuhn and Priddy about the symmetric power filtration. The calculus of
functors provides substantial supporting evidence for the conjecture.

1. INTRODUCTION

In this paper we define and investigate a filtration on spectra that arise from
the application of Segal’s infinite loop space machine to certain permutative cate-
gories. The input to our construction is an “augmented” permutative category C
(Definition 2.1), and the output is a sequence of spectra interpolating between the
spectrum associated to C and the Eilenberg-Mac Lane spectrum HZ. Examples of
categories to which the construction applies are: the category of finite sets, the
category of finite-dimensional vector spaces over a field, the category of finitely-
generated free modules over a ring satisfying the dimension invariance property,
and the category of finitely-generated free groups. The motivating example is the
category of finite sets, to which Segal’s infinite loop space machine associates the
sphere spectrum, S. For this example, the construction turns out to give the sym-
metric power filtration,

S =Sp'(S) = Sp*(S) = -+ = Sp™(S) ~HZ,
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which interpolates between the sphere spectrum S and the infinite symmetric power
Sp™(S) ~ HZ. The example of finite sets was studied extensively by the second
author in [11, 12], and this paper is, among other things, a generalization of that
work. In effect, we show that Lesh’s model for the symmetric power filtration can
be generalized by lifting the group-theoretic constructions of [12] to a categorical
level.

Throughout the paper, we work with a (possibly topological) permutative cate-
gory C that happens to be a disjoint union of small categories, C = [],, C,,. We call
C,, the “nth component” of C. Let A be the spectrum associated to C.

The first part of the paper gives a general categorical construction of a sequence
of spectra that interpolate between A and HZ. In Construction 3.8, we define
inductively a sequence of permutative categories

(11) C:K0C—>K1C—)"'—)’COOC2ZZO,

each of which, like C itself, is a disjoint union of components indexed by nonnegative
integers. The category K,,,C is obtained from KC,,,—_1C by using a suitable homotopy
pushout in the category of permutative categories to “kill” the mth component of
K.m—1C, which is denoted K, _1C,, and is the bottom nontrivial component. The
category Ko.C is defined as the colimit, and the nerve of each component of K,,C
is contractible, so |KC| =~ Z>o.

After applying Segal’s infinite loop space machine to the sequence (1.1), we
obtain a sequence of spectra

(1.2) A=4 - A4 - - A ~HZ,

where A,, is the spectrum associated to K,,,C. We observe in Theorem 3.9 that the
inductive definition of KC,,C leads to the expression of A,, as a homotopy pushout:

ZOO(BICm_lcm)+ —_— Am_1
(1.3) A, >~ hocolim l

S
Thus it follows that we have a formula for the subquotients,

Am/Am,1 ~ EOOE(B’Cmflcm)

In particular, it is a basic property of our construction that the subquotients
A, [A,—1 are always suspension spectra.

In the middle part of the paper, which is the most technical portion, we consider
the spaces BK,,—1C,, that appear in (1.3). Because of the inductive definition
of the categories K,,,C, the classifying space BK,,—1Cp, is not easy to analyze in
general. However, by making two sets of simplifying assumptions, we can identify
these spaces in more concrete terms.

The first simplification allows us to construct models for the categories IC,,,C that
are not inductively defined, but rather are obtained by filtering a single large com-
binatorial construction. We consider categories C that have an underlying “mono-
genic” category B, meaning that B is generated under coproducts by a single ob-
ject g, the generator (Definition 4.1). We assume that C is a suitable category of
“admissible” isomorphisms of B (Definition 4.2), and we also call C “monogenic.”
The categories of finite sets, finite-dimensional vector spaces, finitely-generated
free modules and finitely-generated free groups are all monogenic. We also as-
sume that the underlying category B satisfies an axiom that we call the Injectivity
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Axiom (Axiom 5.1). Roughly speaking, the axiom says that the canonical map
from the coproduct to the product is injective. The categories of finite sets, finite-
dimensional vector spaces, and finitely-generated free modules satisfy the Injectivity
Axiom, but the category of free groups does not. The assumption of an underly-
ing monogenic category that satisfies the Injectivity Axiom allows us to introduce a
combinatorially-defined permutative category F.,C with a filtration by permutative
categories F,,,C (Definition 4.5). These categories model the permutative categories
K.C in the sense that F,,,C and K,,,C are related by a chain of monoidal functors
each of which induces an equivalence of classifying spaces (Theorem 7.1).

The second simplification uses further assumptions on C to show that the cat-
egory Fp,C, which models K,,,C, can be described as a union of orbit categories,
generalizing the description in [12]. More concretely, if g denotes the generator of
the monogenic category C and g™ denotes its n-fold coproduct with itself, we con-
sider the groups G,, = Autc(g™). We define a collection of “standard” subgroups
‘H(G,) (Definition 8.1), which correspond in an appropriate sense to partial parti-
tions of g". We filter this collection by collections H,,(G,), which correspond to
partitions whose “blocks” have size no larger than m. In the symmetric group case,
the filtration corresponds to orbit length and was called the “complexity filtration”
in [12].

The following theorem is the main technical result of the middle part of the
paper; it expresses the ['-space BK,,C in terms of the classifying spaces of the
collections H,,(G})- (See Section 8.)

Theorem 8.2. Let C be a monogenic category satisfying Axioms 5.1, 8.5, and 8.7.
Then BKy,C is monoidally equivalent to 1], BH»(Gr).

The conclusion of the theorem holds for the category of finite sets (with minor
fiddling—see Corollary 8.4 and its proof), the category of finite-dimensional vector
spaces, and the category of finitely-generated free modules over an integral domain
in which 2 # 0. On the other hand, the category of free groups does not satisfy
any of our additional axioms. Thus, Construction 3.8 produces a filtration of the
“K-theory of free groups” spectrum as in (1.2), but Theorem 8.2 does not apply.

Combining Theorem 8.2 with (1.3), we obtain the following corollary. In the
case of finite sets, it essentially recovers [12], Theorem 1.2.

Corollary 8.3. Given a category C as in Theorem 8.2, let R,, be the collection
Hin—1(Gn), and let € : ¥°(BRy, )+ — S be induced by the map BR, — x. Then

Y®(BRm)+ — Am—1
Ay, =~ hocolim el

S
Corollary 8.3 allows us to show that in the example of finite sets, we obtain the
same filtration as that studied by the second author in [12], and we recover the
filtration from S° to HZ by symmetric powers of the sphere spectrum.

Corollary 8.4. Let Ay — Ay — ... be the sequence of spectra resulting from the
application of Construction 3.8 to the category of finite sets and isomorphisms.
Then Ay, ~ Sp™(S).

The middle part of the paper is indispensable for the applications, but otherwise
is probably rather tedious. Onme reason for this is that we worked quite hard to
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achieve sufficient generality to include the case of algebraic K -theory in Theorem 8.2
and Corollary 8.3, though we do not establish any further results about it at present.
For now we confine ourselves to the remark that our filtration is reminiscent of, but
not identical to, the rank filtration studied by J. Rognes in [17].

The remainder of the paper is devoted to a detailed study of the example of finite-
dimensional complex vector spaces and unitary isomorphisms, which gives rise to
a filtration of the connective complex K-theory spectrum, bu. Our construction
gives a sequence of spectra—new, as far as we can tell—interpolating between bu
and HZ:

(1.4) bu=Ay > A —» - > A ~HZ.

From here to the end of the introduction, we use A4,, to refer specifically to the
mth spectrum in (1.4), the unitary case. In view of Corollary 8.4, we think of A,,
as a “bu-analogue” of Sp™(S), terminology that will be further justified below.

Perhaps the most interesting point made in this paper is that the sequence {4,,}
has a striking similarity to the sequence {Sp™(S)}, a similarity that goes consid-
erably beyond the formal consequences of the general construction. The following
facts about symmetric powers of spheres are the most relevant in describing the
similarity. The notation X refers to the unreduced suspension of a space X. The
notation Xj . denotes the based homotopy orbits of a based G-action on X, i.e.,
XBG = (EG Xa X)/(EG Xa *)

e There is an equivalence of spectra

(1.5) Sp™(8)/Sp™H(S) = (Pl A S™)js,.»

where Py, is the category of proper, nontrivial partitions of the set m. ([2],
Theorem 1.14)

e Let p be a prime. The successive quotients Sp™(S)/Sp™ *(S) are trivial
at p except when m = p* for some k, and rationally trivial for m > 2.
(This goes back at least to Nakaoka in the fifties, but also follows from [2],
Theorems 8 and 1.14.)

e Let p be a prime, k¥ > 0 an integer, and let L(k) be the p-completion of
nk Sppk(S)/ Sppk_1 (S). Then L(k) is a wedge summand of a suspension
spectrum. ([14])

e If K(n) denotes the nth Morava K-theory, then

K(n).Sp” (8)/Sp”" ' (8) =0
for n < k. Moreover, the p-completion of the sequence
S = Sp'(S) = SpP(S) — Sp¥ (S) = -+ — Sp™(S) ~ HZ
terminates at Sppk(S) in vg-periodic homotopy. (An explicit reference for

this statement is hard to find, but it is folklore knowledge among experts.)

The following four theorems summarize some of our main results about the
filtration (1.4) of bu, each analogous to one of the points above about the symmetric
powers of spheres.

Theorem 9.5. There is an equivalence of spectra
A [Am-1 = Z¥S(|Lm|* A S*™ )7y

where L, is the category of proper direct-sum decompositions of C™ .
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Theorem 9.7. Let p be a prime. The successive quotients Ay, [Am—1 are trivial at
p except when m = p* for some k > 1, and are rationally trivial for m > 2.

Because of Theorem 9.7 and its analogue for symmetric powers, we will often
work at a prime p and study Sp””c (S)/ Spl”ki1 (S) and A x /Apk-1. Welet T'(k) denote
the p-completion of E*(k“)Apk [Aps-1, which turns out to be the bu-analogue of
L(k), and we write I'y, for an irreducible subgroup of the unitary group U (p*) that
is described in Section 10.

Theorem 11.1. The spectrum T(k) is a wedge summand of the suspension spec-
trum E"O(Sz”k)ﬁrk.

Theorem 11.3. Let p be a prime and let K(n) denote the nth Morava K -theory.
Then K(n).(Apx /Ap—1) =0 for n < k, and the sequence bu = Ag — Ay — A, —
Ay = oo = Ay ~ HZ terminates at A,x in vy-periodic homotopy.

To further pursue the analogies between the symmetric powers of spheres and
the spectra A,,, we need to bring the Goodwillie-Weiss calculus of functors into the
picture. It turns out that just as the symmetric power filtration is related to the
Goodwillie tower of the identity, so the bu-analogue is related to the Weiss tower
of the functor V — BU(V).

We recall that it was shown in [3] that the Goodwillie tower of the identity
functor, evaluated at S' and completed at a prime p, has the layers
(1.6) D, Td(S") = 0% map (51 AP, zoospk)hE

Pk
and the tower converges to S' up to p-completion. Similarly, the Weiss tower for
V — BU(V), evaluated at V' = C and completed at p, has the layers
(1.7) D, BU(C) = Q™ map (|£pk 12, 220 gadyk A 52p’“) )
hU (p*)
and the tower converges to BU(1) up to p-completion. To shorten notation, we set
DI, = D, 1d(S")
DU, = D, BU(C).

It turns out that the infinite loop spaces of the subquotients of our filtration
actually appear (up to a shift) as the layers in the Goodwillie and Weiss towers, as
described in Theorem 11.2.

Theorem 11.2. For all k > 0, there are homotopy equivalences
B¥1 DI}, ~ Q®°L(k)
B 1 DU, ~ Q®°T(k).

The first part of the theorem is not new. It is proved in [2] using equations (1.5),
(1.6), and a self-duality result for |P,.|°. The proof of the second part of the
theorem follows a similar plan, depending on Theorem 9.5, equation (1.7), and a
self-duality result for |£,x|° (Corollary 10.2). The self-duality results for |P,»|* and
|£,x | follow in turn from the relationships of these complexes to Tits buildings for
the general linear group and the symplectic group, respectively.

We close the paper with a series of conjectures that are based on the interaction
of our construction and the calculus of functors. In the example of finite sets, the
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conjectures relate the Goodwillie tower of the identity functor, the symmetric pow-
ers of the sphere spectrum, and the Whitehead conjecture (now a theorem of Kuhn,
and Kuhn and Priddy). In the example of finite-dimensional complex vector spaces
and unitary isomorphisms, the conjectures relate the Weiss tower for V' +— BU(V),
the spectra A,x, and a “bu-Whitehead conjecture.” An interpretation of our con-
jectures is that our construction provides “minimal projective resolutions” of HZ
and bu{0) (the fiber of the map bu — HZ), respectively. (For HZ, this consequence
is the main theorem of [7] and [9].) We further conjecture that the Taylor and
Weiss towers themselves provide the contracting homotopies to establish acyclicity.

The remainder of the paper is organized as follows.

The first part of the paper sets up our general categorical construction. In
Section 2, we recall Thomason’s construction of homotopy colimits of permutative
categories and discuss two models for homotopy pushouts. Section 3 introduces
our main construction, which associates with a suitable permutative category C a
sequence of permutative categories KC,,C.

In the middle part of the paper, we do the main technical work for identifying
the spectra resulting from our construction. In Section 4, we construct a sequence
of combinatorially defined categories F,,C, and in Sections 5, 6, and 7 we show
them to be equivalent, under mild hypotheses, to the sequence K,,C. In Section 8,
we show that under further hypotheses, the categories F,,C can be interpreted
in group-theoretic terms, in the style of [12]. We also observe that if C is the
category of finite sets then we recover the constructions of [12]. In particular, the
sequence F,,,C gives rise to the filtration of the Eilenberg-Mac Lane spectrum HZ
by symmetric powers of spheres.

In the last part of the paper, we focus our attention on the specific example of
finite-dimensional complex vector spaces and its relationship with the example of
finite sets. In Section 9, we describe the subquotients of our filtration in the unitary
case in terms of the complex of direct-sum decompositions of a complex vector space
introduced in [1]. Section 10 relates the complex of direct-sum decompositions to
the symplectic Tits building, and uses this to establish a shifted self-duality result
for the complex of direct-sum decompositions. In Section 11 we use this self-duality
to show that the subquotients in our sequence of spectra are equivalent, up to a
suitable shift, to the layers in certain Taylor towers. Finally, in Section 12 we
give our conjectures on the relationship of the Taylor towers to our construction.
We conjecture that the Taylor towers provide contracting homotopies to a “chain
complex of spectra” that one obtains from our filtration, and we suggest a bu-
analogue of the Whitehead Conjecture.

We would like to thank the referee for a careful reading of this paper.

Notation:

If n is a nonnegative integer, we write n for the set {1,2,...,n}.

If P is a poset, then we write |P| for its geometric realization, i.e., the nerve of
P regarded as a category. If C is a category, we write either BC or |C| for its nerve,
depending on context. We also use the letter B to indicate delooping.

If C and D are categories, we write C ~ D and say that the categories are weakly
equivalent if there exists a chain of functors beginning at C and ending at D, possibly
going in both directions, such that the functors induce weak equivalences of spaces
on the nerves.
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If F:C — Dis a functor and D is an object of D, we write C | D for the
category over D: objects are pairs (C, f) where f is a morphism F(C) — D in
D, and morphisms are commuting triangles. We use repeatedly the result that
if |C | D] is contractible for every object D in D, then |F| induces a homotopy
equivalence of nerves ([16], Theorem B).

Throughout the paper, when we refer to a subgroup of a Lie group, we always
mean a closed subgroup.

2. HOMOTOPY COLIMITS OF PERMUTATIVE CATEGORIES

In this section, we recall Thomason’s construction of homotopy colimits of di-
agrams of permutative categories [20]. Our goal is to present a slightly simplified
version of his model of the homotopy pushout for use in our construction in Sec-
tion 3. We also compare this construction with the bar construction, which will be
needed in Section 7.

Throughout the paper, we restrict ourselves to “augmented” categories, as spec-
ified in the following definition. Let Z > indicate the symmetric monoidal category
whose objects are nonnegative integers with only identity morphisms, with addi-
tion as the monoidal operation. We use the term “monoidal functor” to mean “lax
monoidal functor” in the sense of [20].

Definition 2.1. Let C be a symmetric monoidal category. An augmentation of C
is a monoidal functor € : C — Z>o. We write C, for the full subcategory of C whose
objects are in € !(n), and we call C,, the nth component of C. We will say that C
is reduced if Cy consists only of the zero object and the identity morphism.

We note that if C is augmented, then it is a disjoint union C = [],,+,C». Exam-
ples of reduced augmented symmetric monoidal categories are the category of finite
sets, with the augmentation given by cardinality, the category of finite-dimensional
vector spaces over a field, with the augmentation given by dimension, the cat-
egory of free modules over a ring possessing the dimension invariance property,
with augmentation given by the dimension, and the category of free groups, with
augmentation given by the number of generators.

Recall that a symmetric monoidal category is called “permutative” if the unit
and associativity isomorphisms are actually identity morphisms. Any symmetric
monoidal category is equivalent to a permutative category; for example, take the
equivalent category that has just one object in each isomorphism class. For rea-
sons of convenience, we will always work with permutative, rather than symmetric
monoidal, categories. From now on, we assume unless otherwise stated that our
categories are permutative, augmented, and reduced.

The nerve of a permutative category group-completes to an infinite loop space,
and hence there is an associated spectrum. We will be interested in looking at
homotopy pushouts of spectra arising in this manner, and we would like to have
a categorical model for this pushout. In other words, we would like to have a
homotopy pushout of permutative categories that corresponds to the homotopy
pushout of spectra. Such a homotopy colimit was constructed by Thomason in
[20].} For the reader’s convenience, we recall the general definition.

LThis construction should not be confused with another, more elementary homotopy colimit
of categories considered by Thomason in an earlier paper (the so-called “lax colimit”). The more
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Definition 2.2 ([20], Construction 3.22). Let F' be a functor from a small category
L to the category of permutative categories. Then hocolim F' is defined to be the
following category.
e The objects of hocolim F' have the form [(Ly, X1),..., (L, Xp)] where n is
a positive integer, L; is an object of £ for i =1,...,n, and X; is an object
of F(L;) fori=1,...,n.
e A morphism « : [(L1,X1),...,(Ln, Xp)] = (LY, X1),..., (L0, X])] is
given by the following data: (i) a surjection a : n — m, (ii) for each
1 <i <mn, amorphism f; : L; — L’a(i) in £, and (iii) for each 1 < j < m,
a morphism ;¢ ,-1(;) Bi(Xi) = Xj in F(L}).

In Thomason’s words, it is “painful but straightforward” to check that this de-
fines a category. There is a monoidal structure on hocolim F', given on objects by
concatenation, and it makes hocolim F into a permutative category.

We will use a slightly simplified version of this construction for a homotopy
pushout square. Let A, B, and C be augmented permutative categories, and assume
that A — B and A — C are monoidal functors that preserve the augmentation.

Definition 2.3. Given a diagram
A——C

(2.1) l
B

of augmented, permutative categories, we define the augmented permutative cate-
gory B® 4 C as follows.
(1) Objects consist of an object in B, an object in C, and a list of objects in A,
i.e., a nonnegative integer n and a map f : nU{b,c} — Obj(A) UObj(B)U
Obj(C) such that f(b) € Obj(B), f(c) € Obj(C), and f(i) € Obj(A) for all
1 EN.
(2) If [B;Ai1,...,An;C] and [B'; AY, ..., A};C'] are defined by maps f and
f', respectively, then morphisms [B; A4,...,A,;C] = [B'; Af,..., A};C']
consist of:
e a surjective map g : nU {b,c} = kU {b,c} such that b — b and ¢ — ¢;
e for all j € kU {b,c}, a morphism

Daeg-1(j)f () = f'(5)-
(3) The symmetric monoidal product [B; A:,...,A,;C] & [B'; Af,..., A}; C']

is given by [B @ B'; Ay,..., A, AL, ... AL C e O]
(4) The augmentation is defined by

€lB; Ar,..., A3 O] = €(B) + e(Ar) + - + e(Ay) +¢(O).

Proposition 2.4. The diagram
A— C

l !

B —— B®aC

elementary homotopy colimit corresponds to a homotopy colimit of spaces, while the homotopy
colimit that we are interested in corresponds to a homotopy colimit of spectra.
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passes (upon application of Segal’s construction) to a homotopy pushout diagram of
spectra.

Proof. Let D denote the category resulting from applying Thomason’s hocolim
construction to (2.1); upon application of Segal’s construction, the square

A— C

Lo

B —— D
passes to a homotopy pushout diagram of spectra by [20], Theorem 4.1. Up to iso-
morphism, a typical object of D has the form [By,..., Bg; A1,..., An; C1, ..., Cyl,
and there is a monoidal retraction D — B ® 4 C by

[Bl,---,Bk;Al,---,Am;Cl,---,Cn]'—>[Bl@"'@Bk;Al,---,Am;cl@"‘@Cn]

that is compatible with the inclusions of B and C. Since the over-category D |
[B; A1,...,Anm; C] has [B; Ay, ..., Ap; C] with the identity map as a terminal ob-
ject, and so has contractible nerve, we know that D and B ® 4 C have equivalent
nerves. Therefore D and B® 4C give rise to the same spectrum upon the application
of Segal’s construction, which completes the proof. a

The attraction of Thomason’s pushout is that it keeps one in the category of
permutative categories, without introducing a simplicial dimension with each ap-
plication. It is ideally suited for our general construction in Section 3. The analysis
of specific examples, however, will involve the combinatorial model that we intro-
duce in Section 4, and to establish the relationship of the model to our construction,
we will need to use a different model for the pushout, namely the bar construction.
Given a pushout diagram as in (2.1), the bar construction is defined to be the sim-
plicial permutative category [q] — B x A% x C, with the evident face and degeneracy
maps. Taking nerves degree-wise, one obtains a simplicial I'-space, which we denote
Bar (B, A,C); taking geometric realization, one again obtains a I-space.

We may also consider the version of the bar construction in which there are only
face maps, but no degeneracy maps. Thus we represent the bar construction via
the contravariant functor [¢] — B x A? x C where [q] ranges over the category of
standard ordered sets and injective maps that are monotonic increasing.

Proposition 2.5. There is an augmentation-preserving monoidal functor
f :hocolimy; B x AT xC = B®4C,

where hocolim is the Thomason homotopy colimit of the face maps in the bar con-
struction. This functor induces a homotopy equivalence of I'-spaces

|f| : |Bar (B, A,C)| = [B®4C]|.

Proof. There is an obvious inclusion functor f; : B x A2 x C = B®4 C. This
functor is monoidal, meaning that it is lax monoidal in the sense of [20], page
1593, and therefore it passes to a I'map of I'-spaces upon realization. For an
injective monotonic map « : [q] — [¢'], which corresponds to a face map 9, :
Bx A7 x C — B x A? x C, there is a natural transformation fo = fq0 0a.
These natural transformations satisfy the conditions of [20], Proposition 3.21, and
therefore the functors f, assemble to a monoidal functor, which we denote f:

f :hocolim; Bx A xC = B®4C.
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The geometric realization of this homotopy colimit is I'-equivalent to | Bar (B, A4, C) |,
and so we have a Gamma map |f| : | Bar (B, A4,C)| = |[B®4C]|.

To prove that |f| is a homotopy equivalence, one may mimic Thomason’s proofs
of his main theorems. Namely, one first proves that f is an equivalence when the
diagram B < A — C is a diagram of free permutative categories and free functors,
in which case it is a straightforward calculation. For the general case, one uses the
fact that permutative categories have canonical free resolutions. O

3. THE GENERAL CONSTRUCTION OF THE FILTRATION

In this section, we use the homotopy pushouts of Section 2 to construct a fil-
tration on a general augmented permutative category C with associated spectrum
A. The result is a sequence of augmented permutative categories and monoidal
functors,

C:K0C—>K1C—)"'—)’COOC2Z20,
and when we apply Segal’s infinite loop space machine, we obtain a sequence of
spectra
A=A4y—- A —»---—>HZ.

The filtration is obtained by “killing” the components of C, one at a time. To
set this up, we begin with a definition and then recall some technical results that
we will need.

Definition 3.1. Let C be a small category. The free unital permutative category on
C, denoted Free(C), is the category whose objects are (n, f) where n is a positive
integer and f : n — Obj(C). There are morphisms from (n, f) to (k,g) only if
n = k; a morphism (n, f) = (n,g) is given by (i) an isomorphism o : n — n, and
(ii) for each i € n, a morphism f(i) — g(o4) in C. In addition, there is a unit object
0.

In brief
Free(C) := H C13,.
n>0
The following lemma and proposition are routine.

Lemma 3.2.
(1) Free(C) is a permutative category.
(2) Given a permutative category D and a functor F : C — D, there is a unique
extension of F' to a monoidal functor Free(C) — D.

Proposition 3.3 ([20], Lemma 2.5). The spectrum associated to the symmetric
monoidal category Free(C) is T°BCy.

Given an augmented permutative category C whose mth component is C,,, we
want to construct an augmented permutative category that will play the role of
the quotient of C by C,,. To this end, endow Free(C,,) with the augmentation
e(n, f) = mn, so that the functor Free(C,,) — C extending the inclusion is aug-
mentation preserving. Let S denote the category of finite sets and isomorphisms.
There is a natural projection Free(C,,) — S, and in order for the projection to
preserve augmentation, we endow S with the augmentation €(S) = m/|S| and call
the resulting augmented category S,,. Recall that the tensor product of categories
is defined in Definition 2.3.
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Definition 3.4. The homotopy cofiber of the map Free(C,,) — C, is the augmented
permutative category C//Cp, := Spm ®pree(C,) C-

We think of C//C,, as “the category obtained from C by killing the mth compo-
nent.” This is justified by the following lemma.

Lemma 3.5. The inclusion functor C — C//C,, is an isomorphism on components
of augmentation less than m. The mth component of C//Cy, has contractible nerve.

Proof. Let D = C//Cpp,- We already know that D is an augmented permutative
category. Objects in D have one of the following forms:
e D =[n;(ny, f1), (n2, f2), ..., (nk, fr); C], where each n; is a positive integer,
fi is a map from n; to the objects of C,,,, and C' is an arbitrary object in C;
e D = [n;0; C], where 0 is the unit object in Free(C,,) and C is an arbitrary
object in C.

Suppose that i < m; we must prove that C; =2 D;. For an object D to have aug-
mentation %, it must have the second form and also have n = 0, because otherwise
a nonzero multiple of m would be contributed to the augmentation of D. Thus
such an object must have the form [0; 0; C], where ¢(C') = 4. The full subcategory
of such objects is isomorphic to C;.

We must also show that |D,,| ~ *. There are three types of objects of D that
have augmentation equal to m.

(1) [1;0;0], since 1 € S,,, has augmentation m;

(2) [0; (1,1~ C);0], where C € C,,, and so has augmentation m. We will, until
the end of this proof, denote such an object more simply as [0; C'; 0];

(3) [0;0;C], where C € Cy,.

There are five types of morphisms, which we categorize by the type of the object
in the target.

(1) (a) [1;0;0] has only the identity self-map; it has no morphisms to objects
of other types.
(b) For each object C' € C,,, there is a unique morphism

[0; C; 0] — [1;0;0].

(2) For each morphism C' — C' in C,,, there is a morphism
[0;C;0] — [0;C"; 0]

(3) For each morphism C' — C' in Cp,, there are morphisms
[0;C;0] = [0;0; C"]
[0;0;CT — [0;0; C"].

We define the following subcategories of D,,. Let DL, be the full subcategory of
objects of the form [1;0;0] or [0; C; 0], let D2, be the full subcategory of objects of
the form [0; C;0] or [0;0;C'], and let D.? = DL N D2, be the full subcategory of
objects of the form [0; C’; 0]. The nerve of D,, is the union of the nerve of D}, and

the nerve of D2,. Since the inclusion |D}?| < |DL, | is a cofibration, it follows that
there is a homotopy pushout square

Dp | —— Dyl

| !

D5l —— |Dil-
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Contractibility of |D,,| now follows from two claims: |D),| is contractible, and the
map |D}?| — |D?,| is a homotopy equivalence. For the first claim, note that D}, has
[1;0;0] as a final object. For the second claim, consider the functor ¥ : D2, — DL?
defined on objects by ¥([0; C;0]) = [0; C; 0] and ¥([0;0; C]) = [0; C;0]. To define ¥
on morphisms, send morphisms of type (2) or (3) to the corresponding morphisms
of type (2). Then ¥ provides a homotopy inverse to the inclusion |D}?| — |D2Z,|. O

Definition 3.6. We say that an augmented permutative category C is “m-reduced”
if C is reduced and |C;| ~ * for i < m.

We have the following corollary.
Corollary 3.7. If C is (m — 1)-reduced, then C//Cy, is m-reduced.

Construction 3.8. Let C be a reduced augmented permutative category with
associated spectrum A. We define a sequence of permutative categories C,,,C in-
ductively, beginning with o = C. Once K,;,—1C has been defined, let &, —1Cp,
be the mth component of K,,—1C, and define X,,C = K,,—1C//Kyu—1Cp,. It follows
immediately from Corollary 3.7 and induction that K,,C is m-reduced. There are
inclusion functors ,,—1C — K,,,C. Letting Ko,C be the colimit of the construction,
we obtain a sequence

C=KoC = KiC == KoC ~Z>o,

and when we apply Segal’s infinite loop space machine, we obtain a sequence of
spectra
A=A4 - A —»---—>HZ.

This is our filtration of the spectrum A associated to C. Strictly speaking, it
is a relative filtration interpolating between A and HZ. The following theorem
follows immediately from the definition of the categories K,,C, Proposition 2.4, and
Proposition 3.3.

Theorem 3.9. Let ¥°(BK,,—1Cm)+ — Am—1 be induced by extending the in-
clusion Kp—1Crmy = Kim—1C to a functor Free(Kp—1Cn) — Km—1C. Let the map
€:X°(BKm-1Cm)+ — S be induced by the map BK;—1Cp, — *. Then

EOO(BICmflcm)+ e Am,1
Ay, =~ hocolim el

S

Thus by construction the subquotient A, /A,—1 is equivalent to Z°XBK,,_1Cp,
and so the subquotients of our filtration are suspension spectra.

4. BLOWING UP C TO FsC

In this section, we begin the development of a simplified combinatorial model
for the sequence of categories described in Construction 3.8. In the case that C is
a “monogenic” category (Definition 4.1), we embed C in a much larger category
FC that is monoidally equivalent to Z>o. Then in Sections 5, 6, and 7, we prove
that if C satisfies a mild condition (Axiom 5.1), then a certain filtration of FoC
models Construction 3.8, with our main goal being Theorem 7.1. In Section 8 we
show that further assumptions allow us to recast our combinatorial description in
group-theoretic terms, as in [12].
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Our goal in this section is to define the category FoC and to study the morphism
spaces, both through examples and by proving Lemma 4.12, which says that F..C
can be thought of as a category of epimorphisms. We will use a category C that
consists of isomorphisms of an underlying category B that is itself generated under
coproducts by a single object, as detailed in the following definition.

Definition 4.1. Let B be a (possibly topological) category with strictly associative
coproduct.

(1) We call B pointed if it has a zero object, 0, that is both initial and final.

(2) We call a pointed category B monogenic if it has an object g (the generator)
such that the objects of B consist of 0 and the coproducts of g with itself
n times for n = 1,2,3.... In this case, we write g" for the objects of B,
where g means the zero object, and we give B the permutative structure
arising from the coproduct. We require that a monogenic category B have
the property of “dimension invariance,” namely that ¢"" = ¢” implies n = r.

We will be particularly interested in the category of finite-dimensional complex
vector spaces (generated by C). Other examples of interest are the category of finite
pointed sets (generated by 1), the category of finitely-generated free modules over
a ring R that has the property of dimension invariance (generated by R), and the
category of finitely-generated free groups (generated by Z). In each case, we force
the coproducts to be strictly associative by taking the equivalent category that has
only one object in each isomorphism class.

We need to consider certain subcategories of isomorphisms in 5.

Definition 4.2. Let B be a monogenic category. A category of admissible isomor-
phisms in B is a subcategory C satisfying the following conditions.

(1) Obj(C) = Obj(B).

(2) Morphisms in C are isomorphisms in B, and C is closed under inverses.

(3) All the automorphisms of ¢g” induced by permutations are in C.

(4) Let f: A— B and g : C — D be morphisms in B. Then f and g are both
in C if and only if the morphism f & g: A®dC - B® D isin C.

We call the morphisms of C the C-admissible isomorphisms in B. We give the cate-
gory C the permutative structure inherited from B and the augmentation e(g™) = n.
By abuse of terminology, we also call C a monogenic category.

For the remainder of this section, let B be a monogenic category, as above, and
let C be a subcategory of admissible isomorphisms. In most specific cases that we
consider in this paper, C is the full subcategory of isomorphisms of B. The only
exception is the category of real or complex vector spaces. In this case, we endow
the vector spaces with a positive-definite inner product and let C be the category
of isometric isomorphisms.

The category C is a category of isomorphisms, in other words a groupoid, and
since each isomorphism class of C has just one object, we can write C as a disjoint
union of groups, namely ], Autc(g™). We use the notation G, for the (possi-
bly topological) group Autc(g™). For example, in the case that B is the category
of finite-dimensional complex vector spaces and C consists of the unitary isomor-
phisms, we have G,, = U(n), and C = ][, U(n), the disjoint union of unitary
groups.
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Although the category F,C will be constructed out of isomorphisms in C, we will
also need some of the structure of the underlying category B. We follow Waldhausen
for the definition of cofibration.

Definition 4.3. A morphism i : V. — W in B is a C-cofibration if there exists
an object V' and a C-admissible isomorphism V & V' =, W such that i is the
composite V=V ®0 - VeV’ ZW. A subobject of W € Obj(B) is an equivalence
class of cofibrations V' — W under the equivalence relation of precomposition by a
C-admissible isomorphism.

Typically, the category C will be clear from context, and we simply refer to
“cofibrations in B.” We often use the notation V' — W for a cofibration.

Remark 4.4. The group Aute(W) acts transitively on the set (or space) of cofi-
brations V < W in the following sense: if i1,42 are two cofibrations from V" to W,
then there exists an element 7 € Aute (W) such that is = 70145

In the case of finite-dimensional real or complex vector spaces, the cofibrations
are linear isometric inclusions, and the subobjects correspond, as one expects, to
vector subspaces. In the case of finite sets, cofibrations are simply inclusions, and
a subobject is the same as a subset. In the case of finitely-generated free mod-
ules, cofibrations are Quillen’s “admissible monomorphisms,” and two admissible
monomorphisms represent the same subobject if and only if they have the same
image, in the usual sense of the word.

The following definition gives the combinatorial construction that we will filter
to obtain combinatorial models for the categories KC,,,C defined in Construction 3.8.
We will work extensively with this construction in Sections 5-8.

Definition 4.5. Let B and C be as above. The reduced, augmented, permutative
category FooC is defined as follows.

(1) Objects of FooC have the form [n;nq,...,n:], where n and ¢ are nonnegative
integers, and nq,...,n; are positive integers. The augmentation is given by
e([nsmy,...,ne]) =n+ > n;.

(2) There are morphisms [n;ny,...,n: — [r;r1,...,r,] only between objects
with the same augmentation. A morphism [f] is given by an equivalence
class of the following data.

(a) A function ay :t — u.
(b) A C-admissible isomorphism

f:9"®g" @ Dg" =>g gt D---Dg™

such that
(i) for 1 < j < u, the composite

Bica-1(jy9" 29" Bg" B DY g B BB
factors as a composite
Qica-1(H9" =97 =g gt D Dg™
where the first map is a C-cofibration and the second map is the

standard inclusion;
(i) if we define e; =7; — > e -1(5)

g o g"egr P Dgt g DD D g™

n;, then the composite
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factors through the composite of a C-admissible isomorphism
O :g" > g"Dgr @ - g and a coproduct of the identity on
g" with u cofibrations in B,

gr@gel @...@ge“ (_)gr@grl @...@gru_
We call e; the jth excess of f, and when necessary for specificity,

we also use the notation e(r;), or even e[s(r;).
We give the name compatible with ay to isomorphisms

g9 e byt g By BBy
satisfying 2(b)(i) and 2(b)(ii). A morphism in FoC from [n;ny,. .., n
to [r;ry,...,ry] consists of a function ay together with an equivalence
class of C-admissible isomorphisms that are compatible with ay. The
equivalence relation is given by the action of []G,, on the set of C-
admissible isomorphisms g" ® g™ & - - B g > g Bgr D - D g,
where, as usual, G, = Autc(g"7).

(3) The monoidal structure on F(C) is defined by

[nyng, ..., n ®[ryr, ... r] = 4rng .o, ngr, .y,
with [0; 0] as the unit.

In general, we think of an object [n;ny,...,n:] of FuC as representing the ob-
ject gntmattne tooether with a partial partition into “disjoint” or “orthogonal”
subobjects of dimensions ny,...,ns. Once a piece is split off into the partition, we
remember only its dimension. We think of g™ as the “free” part of the object. A
morphism between two objects can combine split-off subobjects (Condition 2(b)(i)),
and possibly enlarge them to larger split-off subobjects by taking a further subob-
ject from the free part to combine into a larger subobject (Condition 2(b)(ii)).

We think of F.C as a model for HZ, which is justified by the following easy
proposition.

Proposition 4.6. The augmentation € : FooC — Z>q induces a homotopy equiva-
lence of classifying spaces.

Proof. The full subcategory of FooC consisting of objects of augmentation n has
[0; ] as a terminal object. O

Filtering Fo, according to the following definition gives us combinatorially de-
fined categories that turn out to be models for the inductively defined categories
KmC and are easier to analyze.

Definition 4.7. Let F,,,C be the full subcategory of F,,C whose objects are of the
form [n;ny,...,ns] such that n; < m for all 4. (There is no restriction on n.)

It is clear that each F,,C is a monoidal augmented subcategory of F.C, and
that there are monoidal inclusion functors F,,—1C — F,C. Our goal in subsequent
sections is to prove that under suitable assumptions, the classifying space of the
category F,,,C is ['-equivalent to that of the category KC,,,C (Theorem 7.1). We will
prove it by showing that the categories F,, 1C and F,,C are related in the same
way as K,,—1C and KC,,C are. It will follow that the sequence of spectra arising
from the sequence of categories FoC = C — F1C — F>C — ... is equivalent to the
filtration A = A9 - Ay — As ... given by Construction 3.8.
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We conclude this section by giving examples of morphism sets in F,, and we
describe the relationship of our construction to an idea of Neil Strickland.

Remark 4.8. Note that because of the compatibility condition, a morphism [f] is
completely determined by the map oy and the equivalence class of the isomorphism
O : g" = g" D g D - @ g, where two such isomorphisms give rise to the
same morphism in F,C exactly when they are in the same orbit of the group
G, x - - x G,, acting by postcomposition.

Examples 4.9. Suppose we take B to be the category of finite-dimensional complex
vector spaces C"* and isometric inclusions, so that C =[], U(n).

(1) The object [n;0] has automorphisms given by G,, = Aut¢(C"), which in
this case is U(n), and there are no morphisms [m; ] — [n; 0] if n # m. In
fact, in general we have an embedding of the category C in Fo,C as the full
subcategory with objects [m; 0], that is, as FoC.

(2) Consider the space of morphisms [f] : [3;1,2] — [1;2,3], which has three
connected components, corresponding to three possible functions ay. (See
Remark 4.11 about the topology we put on F,,C when C is a topological
category.)

If af(1) =1 and ayr(2) = 2, then we need an equivalence class of iso-
metric isomorphisms

fCoCaeC-sCaCaC
under the action of U(2) x U(3). Since a(1) = 1, the map f is a cofibration
from C' on the left to C? on the right, and the choice of cofibration is
immaterial because of the equivalence relation. Similar consequences follow

from «(2) = 2, so the equivalence class of f is actually determined by what
happens on C?, i.e., by the equivalence classes of isomorphisms
9;:C - C oC oC

under the action of U(1) x U(1) on the last two factors. Thus we obtain
U(3)/(U(1) x U(1)) for this connected component of the morphism space.

There are two more connected components, corresponding to a(l) =
2 and a(2) = 1, and a(l) = a(2) = 2. Each of these components is
homeomorphic to U(3)/U(2).

Altogether, Morph x_.([3;1,2],[1;2, 3]) is homeomorphic to the space of
U (6)-equivariant maps from U(6)/(U(1) x U(2)) to U(6)/(U(2) x U(3)).
We will see in Section 8 that this is a part of a general theorem.

(3) Consider the endomorphisms [f] of [4;1,1,1,5,5], an object of augmenta-
tion 17. The function oy must consist of an element of X3 x ¥, permuting
the 1’s and the 5’s, and the values eq,...,e5 are all zero. Similar consid-
erations to those above tell us that endomorphisms of [4;1,1,1,5,5] are
all automorphisms, and correspond to elements of U(4) x X3 x X5. This
is related to the fact that the Weyl group in U(17) of U(1)® x U(5)? is
U(4) X 23 X 22.

Example 4.10. Let B be the category of finite pointed sets and C the subcategory

of isomorphisms of B. Let M be the full subcategory of F,,C with objects of

the form [0;nq,...,nk]. The nerves of M and F.C are equivalent as I'-spaces.

Indeed, the functor FooC — M that sends [n;nq,...,ng] to [0;1,...,1,n1,...,n4]
——
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induces a homotopy inverse to the map of classifying spaces induced by the inclusion
M = FoC.

The category M can be interpreted as a category of “sets with multiplicities,”
a definition proposed by Neil Strickland. A set with multiplicities is a finite set
where every element is assigned a positive integer as its multiplicity. A morphism
f S — T is a map of sets such that for every ¢t € T, the multiplicities of the
elements of f~1(¢) add up to the multiplicity of ¢£. The category M is isomorphic
to the category of sets with multiplicities, with [0;71,...,n.] corresponding to the
set with k elements, of multiplicities nq,...,n,. Similarly, the category F,,C of
Definition 4.7 is equivalent to the category of sets with muliplicities at most m.

Remark 4.11. Notice that the morphism set

Morphz_c([n;n1, ..., 0, [r5r1, .00 7))
is a subset of

n+ni+---+ne
)

Morphc (g gr+r1+---+ru)1_[ G'r‘j = Gr+r1+---+ru /(H G’l”j )

If B is a topological category, i.e., if G, is a topological group, then we make F.C a
topological category as well, by endowing Morphr_.([n;n1, ..., 1, [r57r1, .., 74])
with the subspace topology. Notice that if we set G = Gpiny+-tn, = Grartetry s
Gn, =Gpy X---x Gy, and G, = G, X --- x G, then there is an inclusion of
subspaces

Morphr_c([n;n1, -, ng, [Fi 71, -+ 7)) € mapg (GG, G/Gr) = (G]Gr) ™

In Section 8, we will see that under some further assumptions on C, this inclusion
is in fact an isomorphism, in other words F,,C can be identified with a union of
orbit categories.

We close this section with Lemma 4.12, which can be interpreted to say that
FoolC is a “category of epimorphisms.”

Lemma 4.12. Suppose we are given a diagram

[nyng,...,n L [P0,y ]
m|
[k‘;kl,. . ,k‘l]
in FooC. Then there exists at most one morphism [p] : [r;r1,...,ry] = [k k1, ..., ki

in FooC such that [p] o [f] = [h].

Proof. Suppose there exists a morphism [p] in FoC such that [p]o[f] = [h]. We can
choose representative isomorphisms p, f, and h in C for [p], [f], and [h], respectively,
such that po f = h. The choice of p is determined by the choices of f and h, since
all three maps are isomorphisms in C. However, it is conceivable that picking
new representatives f; and hy of [f] and [h], respectively, will lead to a new map
p1 = hyo f1_1 with [p] # [p1]. Thus we need to show that if f; and hy are any other
representatives of [f] and [h], and if p; has the property that p; o fi = hy, then
[p1] = [p].

We begin with h;. By definition, [h1] = [h] if and only if there exists 7 €
G, X+ -+ x Gy, such that hy = Toh, in which case we also have hyo f~! = Toho f~1.
Thus [hy o f~1] = [ho f71], that is, [p1] = [p]-
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Finally, suppose [fi] = [f], and let p; = ho f; . There exists 0 € G, x-+-x G,
such that fi; = oo f. Because of Remark 4.4 and Condition 2(b)(i) of Definition 4.5,
we know that there exists 7 € Gy, X --- X Gy, such that poo~! = 7 0op. Thus
pL= hofl_1 =hofloo ! =poo~t=r1o0p, and therefore [p] = [p1]. g

5. TECHNICAL LEMMAS ON MORPHISMS IN F,.C

In this section, we establish technical lemmas about decompositions of mor-
phisms in Fo,C that are used in later sections of the paper. The category C
is assumed to be a category of admissible isomorphisms of an underlying mono-
genic category B, as in Section 4. The first decomposition result of this section
is Lemma 5.4, which says that a morphism in F,,C that looks like the coproduct
of two morphisms is in fact a coproduct of two morphisms in F,,C. The main
results are Lemma 5.6, which gives a particular type of coproduct decomposition
of a morphism in Fo,C, and Lemma 5.9, which is a weak naturality result for the
construction of Lemma 5.6.

We need an assumption on the coproduct in B, and a resulting lemma and
corollary that will be used in the proofs of the decomposition lemmas that comprise
the rest of the section. Since B is assumed to be pointed, we have a projection
m4:AB B — A®0 = A with the property that the composite A < A® B — A is
the identity, and that the composite B < A ® B — A is the null map. Similarly,
there is a projection 7g : A® B — B.

We assume the following axiom on the coproduct in B for the remainder of the

paper.

Axiom 5.1 (Injectivity Axiom). The pointed category B has the property that if
[ :A—=>Ca@Dsatisfy rgcof=ncof andrpo f=npof’ then f=f"

The axiom means, essentially, that the canonical map B ® C — B x C from
the coproduct in B to the product is an injection (provided these notions make
sense in B). The axiom is satisfied by the categories of finite pointed sets, finitely-
generated vector spaces, and finitely-generated free modules. However, the category
of finitely-generated free groups does not satisfy the axiom, and therefore nothing
we do from here on has any relevance to this example. In fact, the reason we
mentioned the example of free groups is to show that not every reasonable-looking
monogenic category satisfies our additional axioms.

The most important immediate consequence of the Injectivity Axiom is the fol-
lowing lemma.

Lemma 5.2. Let f : A® B — C & D have the property that A — A& B —
C®D —>Dand B—>A®B— C®D — C are null. Then f is the coproduct of
two maps f' : A— C and f" : B — D.

Proof. Let f' be the composite A =+ A® B — C ® D — C and let f" be the
composite B < A®B —- C® D — D. To compare f with f' @ f"”, we first
compose with projection to C,

A4eB 2% cap

/| !

¢ceD —— C,
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and note that both ways around the square are f' on A and null on B. Likewise,
when we replace the lower right corner with D, we find that both ways around the
square are null on A and f” on B. This concludes the proof, by the Injectivity
Axiom. O

Corollary 5.3. A morphism f: A — C @& D has the property that the composite
A— C®D — D is null if and only if f factors through the inclusion C — C & D.

The first decomposition lemma of this section, Lemma 5.4, is actually in service
of Lemma 5.9, and has to do with recognizing a morphism of F,C as a coproduct of
two other morphisms in Fo,C. Here is the setting. Let A = [a;n1, ..., 0, k1, ..., ki
and B = [b;r1,...,7y,l1,...,1;] be objects of FxC, and let [f] : A — B be a
morphism in FC. Let n, denote the sequence nq,...,n, and define k,, 7o, and
l, similarly. Define g™ = g™ @ --- & g™, and define g*-, ¢", and g¢'* similarly.
Suppose given integers n, k, r, and [ such that a = n+k and b = r + 1, and suppose
that a representative f of [f] factors as a coproduct in the following sense: there are
C-admissible isomorphisms f1, fa, h, and b’ in B such that the following diagram
comimutes,

ga @ gn. @ gk. f } gb @ gT‘. @ gl.

(5.1) hlg h’lg

" @& g™) @ (¢ @ gh) L2 (rage)e (¢ ),

where the vertical arrows use C-admissible isomorphisms h : ¢ — ¢" @ ¢g* and
h':g® — g" @ g, together with with the identity on the g"*, g¥, g", and g'* and
the commutativity isomorphisms of 5.

Lemma 5.4. The maps fi1 and f2 satisfy the conditions of Definition 4.5 to rep-
resent morphisms in FsoC, namely [fi] : [n;ne] = [r;7e] and [f2] : [k; ko] — [I51s],
respectively.

Proof. We need to check Conditions 2(b)(i) and 2(b)(ii) in Definition 4.5 in order
to know that fi and f» actually do represent morphisms in Fo,C. We concentrate
our attention on fi, the proof for f, being exactly analogous.

Condition 2(b)(i) is essentially inherited from f itself. We know that fi & f»
restricted to g™ is null into ¢', and thus f also has this property. Likewise, f
restricted to gF* is null into g"*. It follows from Condition 2(b)(i) for f that the
set map ay :t+i¢ — u+j is in fact the coproduct of two maps ay, : ¢t = u and
ay, - i — j. Likewise, the necessary factoring property in Condition 2(b)(i) for f
follows from the corresponding factoring property for f.

Now for the real issue. We need to produce a map 6y, that satisfies Condi-
tion 2(b)(ii) for fi;. Suppose that we are given a representative isomorphism

ef D9t — gb @ge(rl) D @ge(ru) @ge(ll) @...@ge(lj)_
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Consider the following sequence of morphisms, where all of the maps are either
cofibrations or C-admissible isomorphisms.

3 h™t
g" @ g = g9°

>~ |0
BB gD @ e ger) @ ge) @y @ gells)
=~ | h'oid
B @@ g @ gel) @ ... g gells)

Cc

(9" @ g™) & (g" ®g*) on (9”@ g™) @ (¢ @ g")
(The map c uses the identity on g” and g', cofibrations g¢(r) s g™ etc., and
the commutativity isomorphisms of the coproduct in the category B, while the left
vertical inclusion is the standard inclusion.) Following g™ counterclockwise from
the top left to the bottom right shows that g™ is null into ¢' @ g'*, and since ¢ is the
coproduct of cofibrations and isomorphisms, this means that g™ followed clockwise
from top left to bottom right is actually null into ¢g' @ ¢¢) @ --- @ ¢°(9) in the

domain of ¢ as well. Thus f; restricted to g" factors as
gn N gr @ge(rl) @ @ge(ru) N gr @gr.,

and we define the first of these maps to be 8¢, . Following parallel reasoning for fs,
we find that f» restricted to ¢g* factors as

¢ g g @@ gl gl gl

and we define the first of these maps to be ,. Finally, when restricted to g" @ g*,
the composite (h' ®id)offoh~! is a C-admissible isomorphism. Thus by Lemma 5.2
and Condition (4) of Definition 4.2, the maps 0y, and 6y, are both C-admissible
isomorphisms, as required, which finishes the proof. a

Our main goal for this section is a construction to decompose a morphism of
FoolC into a coproduct of two other morphisms once given a decomposition of the
target. In fact, we do not establish this in complete generality, for the sake of ease
of notation, but only in the special case that we will need in later sections, namely
the case where one summand (Rp below) has no “free” component.

Let [f] : N = [n;n1,...,n¢] = R = [r;r1,...,ry] be a morphism in F,,C with

an associated isomorphism 0; : g" = g" ® (@?jfgef). Let AU B be a partition
of the set u, and let e = EjEB ej. If j1 < -+ < jy are the elements of A, let
r4 denote the sequence 7;,,...,7; ,, and define ¢g"* = g"i1 @ .- @ g"w . Define
rp and g"® similarly, and define R4 = [r;ra] and Rp = [0;rp]. We make similar
.- Ma~1l(a) "ot l(B) — .
definitions for Mo i(ay Mariy 90 and g *f 7. Let Ny =[n — e,na;1(A)]
and Np = [e;na;1(3)].
The isomorphism 6 gives us a commuting diagram as follows.
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Diagram 5.5.

gneggnl@_‘_@gm }gT‘@gT‘l@_‘_@gT‘u

r ) e; najl(A) . €; na?l(B) ds r ra rB
9" @ (Djeag”) ®g @ |(®jerg®) &g —— (9"@g™) By
—_——— ————
gn—e g
Here the left vertical arrow uses #; and the commutativity isomorphisms for the
coproduct in the category B, the right vertical arrow uses only the commutativity
isomorphisms in B, and dy is defined to make the diagram commute.
Lemma 5.6. The isomorphism dy in Diagram 5.5 splits as the coproduct of two

isomorphisms fa : g""°¢ EBgnafl(A) = g"® g™ and fg : ¢° EBgnafl(B) — g"B
that satisfy the conditions of Definition 4.5 to represent, respectively, morphisms
[fa] : Na = R4 and [fg] : Ng = Rp in FooC. Further, [fa] and [fB] fit into a
commutative diagram

N Y R
gl gl
[fal®[fB]

Ny4® Np ———— RA D Rp,
where the vertical isomorphisms are represented by the vertical maps in Diagram 5.5.

Proof. The restriction of ds to g" ¢ @ g"=""4 is null into the components g"#, and
likewise d; restricted to g¢ ® gn'“"fl(B) is null into the components g"4. Thus by
Lemma 5.2, we find that dy is the coproduct of morphisms f4 : g"7¢ @ g"a"') —
g™ and fg:g°® g"=""® — ¢"B. Since dy is a C-admissible isomorphism, Con-
dition (4) of Definition 4.2 tells us that each of f4 and fp are C-admissible iso-
morphisms. By construction, they satisfy the conditions of Definition 4.5, which

finishes the proof of the lemma. O

It is important to keep in mind in the discussion above that the choice of f; is not
unique. In fact, the difficulty in using the construction of Lemma 5.6 stems from the
fact that the isomorphism N 2 N4®Np in Lemma 5.6 is not canonical, but depends
in an essential way on the particular choice used for 6;. The existence of choices
means that the decomposition will not be natural in a strict sense. Fortunately, for
everything that we need to do, we only need to know that compatible choices can
be made so that appropriate diagrams commute. To be more precise, suppose that
we have a commutative diagram in F.C,

N'=[n";nf,...,n}] L R =1[r'sri,...,rl]
(5.2) [p]l [Q]l
N:[n;nla"'ant] L R:[T;le"')ru]a

and suppose that AU B is a partition of u. Let A" = a;'(A) and let B' = o, '(B).
We would like the construction of Lemma 5.6, applied to [f] and to [f'], to yield a
commutative diagram as follows.
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Diagram 5.7.

N 2 NNy, D g 2 g

[p]l [p410[ps] l [74]®[g5] l [d l

N = NyeN; L2 paR, —2 4 R

(Here the composite across the top row should be [f'] and the composite across the
bottom row should be [f].)

However, that turns out to be false, for essentially trivial reasons, unless we make
the additional assumption that ep,(r;) = 0 for j € B. Hence we will make this
assumption as a hypothesis in the lemma below. The construction of Lemma 5.6
gives us a commuting diagram as follows, where the top square comes from applying
the lemma to [f'], and the bottom square comes from applying it to [f].

Diagram 5.8.

’

v ¢’ "ozl an) ¢ Masimn | T @y ' ' '
g @ (@jeA’g J‘) ®g © (@jeB’g f) bg 7 EE— (gr 699“’) ©g'e
N - L X ,

gn’—e’ gel
o Tg Tg
gn’EBgnIlEBEBgn;r L} grl@g""i@...@gr;’
Pl ql
gn@gm@...@gnt —)f g"@gﬁ@...@gru
Cgfl%’ %l
n_ —1 n —1
7@ (@jeag?)og 7P| @ |(@epg) g T ™| LEE T (gragray @y
N————— N———
gn—e ge

The naturality result we need for the use of Lemma 5.6 is that the corners of
this diagram form a square that is the coproduct of two squares in FoC.

Lemma 5.9. Assuming that er,(r;) = 0 for j € B, the map cy, opo c;flr is the
coproduct of two C-admissible isomorphisms in B,

n'—e' n‘;_/l("") n—e a4
pat|g” g T 5 g e g ]

B {ge' @gn;?m} - [ge @gn“71(3)] ,
and pa and pp represent morphisms in FooC,
[pa] :[n' — e';n'a;’l(A,)] —[n—e na;l(A)]
[pB] :[e';n'a;ll(B,)] - [e;najl(B)].

The morphism [pa] @ [pp] makes Diagram 5.7 commute.
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Proof. Combining the assumption that « : v’ — u is a coproduct of two maps
agy 1 B' = B and a4, : A’ — A with the assumption that ¢ is a C-admissible iso-
morphism satisfying the conditions of Definition 4.5, together with the assumption
that efg)(r;) = 0 for j € B, we know that the composition from the top right corner
of Diagram 5.8 to the bottom right corner is the coproduct of a C-admissible isomor-
phism ¢p : g”%’ — g"B with a C-admissible isomorphism g4 : g"l @griﬂ — g " Dgm.
We can abstract from Diagram 5.8 the following.

Diagram 5.10.

! !

-1
CopOPOCy

r n;—l(A') ' n;_l(B’) f _ "a-lea) " -1(B)
gn e@g 5t @ge@g 5 —>|:gne@g ¥ ]@[ge@g I

The bottom arrow is the same as going around Diagram 5.8 counterclockwise
from bottom left to top left, and therefore is the coproduct of two C-admissible iso-
morphisms p4 and pp as stated in the lemma, and p4 and pp represent morphisms
in FooC by Lemma 5.4. O

6. FACTORING MORPHISMS IN F,,,C

In this section and the next, B is a monogenic category satisfying Axiom 5.1,
and C is a subcategory of admissible isomorphisms. Recall that F,,,C is the full
subcategory of FC whose objects are of the form [n;n1,...,nt] where n; < m for
all . Our goal in this middle part of the paper is Theorem 7.1, which establishes
that F,,,C and the category /IC,,,C defined in Construction 3.8 are linked by a chain
of monoidal functors that induce homotopy equivalences on classifying spaces. By
definition, FoC = C = KoC, and we will show in Section 7 that F,,C is related to
Fm—1C in the same way that C,,,C is related to K,,—1C, namely by a homotopy
pushout. The desired conclusion will follow by induction.

This section is entirely in service of Section 7 and establishes two technical
results. We begin with a definition involving two types of morphisms in F,,C
that, it turns out, need to be tweezed apart in order to analyze BF,,C. We then
establish Lemma 6.2, a technical tool about factoring arbitrary morphisms in F,,C
into a composite of these two kinds of morphisms. Finally, we apply Lemma 6.2 to
prove Proposition 6.3, which shows the equivalence of the nerves of two categories
of chains in F,,,C. These results will be used in Section 7.

Definition 6.1.

(1) We say that a morphism [n;ny,...,n¢] = [r;r1,...,7] in F,C creates no
components of augmentation m if the number of values equal to m in the
lists ny,...,ns and rq,...,r, is the same.

(2) We say that a morphism [n;ny,...,ny = [r;r1,..., 1] in FpC creates only

components of augmentation m if the associated map of sets « : t — u has
the property that every element of {j € u | r; < m} has a single preimage
under a, and ny-1j) = ;.

(3) We write F,,C for the subcategory of F,,,C consisting of morphisms that
only create components of augmentation m.
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Note that F/,C is not a full subcategory of F,,,C, but it is a monoidal subcategory.

Lemma 6.2. Let N = [n;nq,...,n] and R = [r;ry,...,7y,] be objects in Fy,,C.

(1) A morphism N — R can be factored as a composite N - R' — R in Fp,C
such that N — R' creates only components of augmentation m and R’ — R
creates no components of augmentation m. The object R' is unique up to
isomorphism.

(2) Given a commutative diagram

N =[n;ny,...,n L) R=1[r;r1,...,ry]
(6.1) [p]l [Q]l
(]

K:[k,k‘l,,kz] _— L:[l,ll,,l]]

such that the vertical maps create no components of augmentation m, and
given factoringg N - R' — R and K — L' — L as in (1) of [f] and [h],
respectively, there exists a unique morphism R' — L' to expand (6.1) to a
commuting ladder

N y R v R
o | al|
K , I , L,

and R' — L' creates no components of augmentation m.

Proof. The uniqueness of the object R’ up to isomorphism is immediate from Def-
inition 6.1. We will use Lemma 5.6 and Lemma 5.9 to construct the factoring and
to address the compatibility with commutative diagrams.

Let B={s € u|r; =m}, and let A = u — B. Then using Lemma 5.6 (and
expanding its diagram slightly), we have a diagram

N [f] R

o

l id id l
NA@NB%NA@RB[&RA@RB

Then by construction, id ® [fp] creates only components of augmentation m, while
[fa] ® id creates no components of augmentation m, and we define R’ = N4y ® Rp
and factor [f] by going counterclockwise around the diagram from N to R.
Further, suppose given a commutative diagram (6.1) where the vertical mor-
phisms create no components of augmentation m. Let D = {s € j | [, = m}, and
let C = j — D. Because [q] creates no components of augmentation m, we know
that o, is a one-to-one correspondence from B to D, and clearly for s € B we have
Ts = la,(s), since both are m by hypothesis. Thus (6.1) satisfies the conditions of
Lemma 5.9, and given fixed isomorphisms N &2 Ny & Np and K 2 Ko & Kp,
we get morphisms in FC between the pieces, namely [psa] : N4 — K¢ and
[pB] : Ng — Kp. Then the following diagram establishes the existence of a map
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R' — L' that satisfies the lemma.

N [f] R

IR
IR

R/
id® —N— Pid
NAEBNB—D;B] Ns® Rp HA]—>RAEBRB

[pa]®[p5] [pA]@[‘ID]l/ lac]®lap]
Ke® Kp o) Kc@Lp hal®id Lo ® Lp
——
LI
h
K [ L
Finally, the uniqueness of R’ — L’ follows from Lemma 4.12. O

The second technical result of this section is in aid of the analysis of a certain
bisimplicial set in Section 7. Let Z4(F,,,C) be the category whose objects are g¢-
chains Ny =+ --- = N, in F,C, and whose morphisms are commuting ladders

M, y M, y M,
I I I
No y N y N,

where the vertical maps create no components of augmentation m. Let Z,(F,,C) be
the full subcategory of =, (F,,C) where the horizontal maps create only components
of augmentation m. We consider bisimplicial sets in Section 7 whose levels are the
nerves of these categories, and we will need the following proposition.

Proposition 6.3. The inclusion functor Z4(F,,C) — Z4(FnC) induces a weak
equivalence of classifying spaces.

Proof. Fix a chain Ny — --- = Ny, call it v, in F,,,C; it is sufficient to prove that
the over-category =, (F;,C) | v has contractible nerve. To prove this, we construct
a chain 7' that we assert is a terminal object in Z,(F,,C) | 7.

The chain 4" is defined inductively. We begin by factoring Ny — N; as in
Lemma 6.2(1) to obtain No — N{ — N;, where Ny — N| creates only components
of augmentation m, and N{ — N; creates no components of augmentation m.
Once Nj is defined, we consider the composite N; — N; = N;;1 and define N{
by factoring N — N;i1 as Nj — N; ; — Ni; using Lemma 6.2. Here N; —
Ny, creates only components of augmentation m, and N;,; — Njy; creates no
components of augmentation m. The construction gives us a g-chain ' in =, (F7,C)
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and a commuting ladder mapping 7' to v:

No > Ny > N > > N,
62 ! ! ! !
Np > N1 > Ny > . > Nq.
We assert that (6.2) is terminal in Z,(F],C) | v. For suppose that
MO Emm— M1 > MQ > ... ” Mq
NO Emm— N1 > N2 > ... ” Nq,

is another object in =,(F,.C) | . Thus the morphisms M; — M;;; create only
components of augmentation m. As a result, if we apply the same construction to
My — My — My — --- — M, that we applied to -y, we can choose M| = M; for
all . Then the ladder

My —— M| y M) > M,

Ny —— N > NJj > N,
that results from Lemma 6.2 (2) is actually a ladder

MO Emm— M1 > MQ > ... ” Mq

Ny —— N > NJj > N,

Uniqueness of the vertical maps follows from Lemma 4.12, which finishes the proof.
O

7. LINKING THE COMBINATORIAL MODEL TO CONSTRUCTION 3.8

This section builds on the work of Sections 5 and 6 to establish the following
theorem, which relates the combinatorial construction of Section 4 to Construc-
tion 3.8.

Theorem 7.1. Let B be a monogenic category satisfying Aziom 5.1, and let C be
a subcategory of admissible isomorphisms. Then K,,C and F,,C are linked by a
chain of monoidal functors, each of which induces a homotopy equivalence of clas-
sifying spaces. In particular, the associated spectra of K,,,C and Fp,C are homotopy
equivalent.

Corollary 7.2. Let C be either the category of finite sets, or the category of finite-
dimensional vector spaces, or the category of finitely-generated free modules over a
ring satisfying the dimension invariance property. Let Ay — Ay — --- — HZ be
the sequence of spectra (1.2) associated with C. Then there is an equivalence

Am/Am,1 ~ EOOEB}—mflcm
Proof of Corollary 7.2. All the categories named in the corollary satisfy the as-

sumptions of Theorem 7.1. It follows from the proof of the theorem that if C is
one of the categories named in the corollary, then F,,C satisfies, up to homotopy of
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classifying spaces, the same inductive formula as K,,C. In other words, there is a
chain of monoidal functors, each one inducing a homotopy equivalence of classifying
spaces, connecting F,,,C and Fy, 1€ @Free(Fn_1Cm) Sm- On the level of spectra, this
translates to the assertion that there is a homotopy pushout square

EOO(Bfmflcm)Jr E— Am,1

l !

S — An

The corollary follows. O

The general strategy for proving Theorem 7.1 is to show that F,,C is related
to Fm—1C in the same way that K,,C is related to K,,—1C. Specifically, we will
show that BF,,C is equivalent to the geometric realization of the bar construc-
tion Bar(Fp,—1C, Free(Fr—1Cm),Sm). It will then follow by Proposition 2.5 and
induction that BF,,C is equivalent to B/C,,C.

We analyze BF,,C by introducing a bisimplicial set that we can study in the two
different simplicial directions. Let £"(F,,C) be the bisimplicial set whose (p, q)-
simplices consist of diagrams in F,,,C of the form

C[)’o > e > Cqu

l !
l !

Cp’[) > . > Cp7q,

where the vertical maps do not create components of augmentation m. Then
E" (FmC) is the bisimplicial set of a I'-bicategory, and its realization, diag(E" (F,,C)),
is a I'-space.

Lemma 7.3. There is a I'-equivalence BF,,,C ~ diag(E" (FnC)).

Proof. The proof is exactly as in the proof of Lemma 3.1 of [11]. Namely, for each p,
there is an equivalence £"(F;,C)p.« ~ BF,C, and it is in fact a [-equivalence. O

We still need to slim down £ (F,,C) a little bit. The goal is to tweeze apart the
morphisms that create only components of augmentation m from those that cre-
ate no components of augmentation m. Although an arbitrary morphism in F,,C
is neither of these, we proved in Lemma 6.2 that an arbitrary morphism can be
factored into a composition of these two types of morphisms. Let £"(F],C) be the
sub-bisimplicial set of £"(F,,C) consisting of (p, ¢)-simplices where the horizontal
morphisms create only new components of augmentation m. Recall that Z,(F},C)
is the category whose objects are ¢-chains in F],C (i.e., chains of morphisms that
create only components of augmentation m), with morphisms consisting of com-
muting ladders where the morphisms between the chains create no new components
of augmentation m.

Proposition 7.4. £"(F] C).q = E"(FmC)s,q is a weak equivalence.
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Proof. The simplicial sets £"(F),C)+,q and £"(F,C)+,q are , respectively, the nerves
of the categories Z4(F,,C) and E,(FnC). The result follows from Proposition 6.3.
g

Our task is now to identify the bisimplicial set £"(F),C), whose (p, ¢)-simplices
consist of diagrams where the horizontal maps create only components of augmen-
tation m and the vertical maps create no components of augmentation m. Let
Fm—1Cm denote the full subcategory of F,,,_1C consisting of objects with augmen-
tation exactly m. We assert in Proposition 7.8, below, that £ (F/,C) can actually
be identified as the bar construction Bar (Fp,—1C, Free(Fn—1Cm), Sm) up to weak
equivalence. Since E"(F,,C). 4 is the nerve of Z,(F),C), our strategy for proving
this is to construct a functor

fq : Fm—1C X (Free(fmflcm))q X Spm — Eq(frlnC)

that gives an equivalence on nerves. Notice that the domain of ¢, is given by the
g-simplices of the bar construction. The functors £, assemble to a map

Bar (F,,—1C, Free(F,—1C), Sm) = E"(F),0),

which, by Proposition 7.8, induces an equivalence of geometric realizations.
We need two auxiliary functors. For a nonnegative integer n, let nm indicate
the object [0;m,...,m], and note that this gives an embedding of S,, as a full
————

n times
subcategory of F,,C. Also note that because F,,_1C is a permutative category,

there is a functor p : Free(Fpm—1Cm) — Fm—1C taking (k, f) to the monoidal
product of the objects f(1),..., f(k).
To define &;, we must take an object in Fp,—1C X (Free(Fp—1Ci))? x Sp and
obtain a g-chain from it. The data supplied are:
e an object C' € Fp,_1C,
e a list of objects (n4, f1), ..., (ng, fy) in Free(F,,_1Cy,), and
e a set s. o

The functor &, takes these data to the following ¢-chain:

Coplng, fi) ®- & ung fo) ®sm

— C@M(ﬂ)fl) b --- EB/J’(nlI*l)qul) EBﬂmEB sm

— Cdnmmd - dngmodsm.
Remark 7.5. Notice that this g-chain is the coproduct of ¢ +2 others: the identity
g-chain on C, the identity g-chain on sm, and the g-chains formed by taking the
morphism p(n;, fi) = n; m and lengthening it to a g-chain by precomposing with
q — ¢ identity maps and postcomposing with ¢ — 1 identity maps. Writing a chain
in Z4(F,,C) in the form just preceding this remark exhibits it as an object in the
image of &,.
Examples 7.6.

(1) If ¢ = 0, then & takes an object of Fp,—1C x S;, and gives a O-chain in

F/.C. The pair consisting of [n;nq,...,n:] and the set s goes to the 0-chain
[nsny, ..., ne,m, ... ,m].
—_——

s times
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(2) If ¢ = 1, then & takes an object of Fy,,—1C x Free(Fp,—1Cp) X Sy, and gives
a 1-chain in F],C. The given data are [n;nq,...,ns] with each n; <m —1,
an object (C1,...,C) in Free(F,,—1Cpm), and a set s. Note that since each
object C; has augmentation m, there is a unique morphism C; — [0;m] in
FmC. This input data gives the 1-chain

i, ] © (CL @ - @® Ci) @ [O;m, ..., m]
——
s times
— [nyna,...,m] @ | [O;m]&---B[0;m] | & [0;m,...,m].
~ ~ b N—_——
k times s times

Effectively, we are taking the monoidal product of the identity maps on the
outer ends with the unique maps C; — [0;m] in the middle.

Our goal is to establish that &, induces an equivalence of nerves (Proposition 7.8).
Our first step is to establish a special case. Let ¢ be the restriction of & to
Free(Fpm—1Cm). Objects in the image of ¢ have the form [f] : N = [n;nq,...,n —
[0;m,...,m] where N € F,,_1C, i.e., each n; < m — 1. Let D denote the full
subcategory of Z1 (F,C) consisting of all objects having this form.

Proposition 7.7. The functor v : Free(F,—1Cp) — D induces a weak equivalence
of nerves.

Proof. Since ¢ is an embedding, it is sufficient to show that the image of + contains
at least one object in every isomorphism class and is a full subcategory of D. Let

[f]: N =[n;nq,...,n; — [0;m,...,m] be a typical object of D, and consider the
——
canonical decomposition [0;m,...,m] =[0;m] ® - -- @ [0;m]. From Lemma 5.6, we
obtain a decomposition
N i, [0;m,...,m)]
[®f;]

N&---®dN, —= [0;m]®---P[0;m)]
where Ny, ..., N, are in F,;,_1C. This diagram establishes that [f] is isomorphic to
an object in the image of ¢, namely the chain in the bottom row.
We must still show the the image of ¢ is a full subcategory of D. Suppose that

Df:
N ®---®N), i) [0;m] @ --- P [0;m)]

l l

N1 - DNy o7, [0;m] & -+ D [0;m]
is an arbitrary morphism between objects (the rows) in the image of . The right
vertical map is necessarily an isomorphism, given by a permutation of the u sum-
mands, say ¢ € ¥,. Thus by using the given decompositions on the right of the
diagram as input to Lemma 5.9, we find that the left vertical map must be the co-
product of morphisms N; — N, in Fy,,1C, i.e., is a morphism in Free(F,,—1C),
as required. a
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Proposition 7.8. The functor & : Fi—1C X (Free(Fn—1Cm))? X Sm — Z4(F.C)
induces a weak equivalence of nerves.

Proof. As in the proof of Proposition 7.7, since ¢, is an embedding, we show that
every object in =4 (F7,C) is isomorphic to one in the image of £;, and that the image
of &, is a full subcategory of Z,(F;,C).

Let us consider a typical chain of Z,(F,,C),

(7.1) No s Ny 5 In N,

Thus we are assuming that the maps fi,..., f; create only components of augmen-
tation m. We write N; = [n4;n41,...,ni]. Our strategy is to decompose N, as
a coproduct by grouping ng,1,. .., n4,, into blocks T_y, Ty, ..., Ty, and then to use
Lemma 5.6 to decompose (7.1) as a coproduct of chains. This will show that (7.1)
is isomorphic to a chain in the image of £, by Remark 7.5.

To determine the blocks, we group all the elements of ng 1,...,n4,, that are less
than m together into a block 7_;. The remaining blocks Ty, ...,7T; hold all the
elements ny ; such that n, ; = m. To determine which block an element n, ; goes
into, we look back in the chain to see how many “preimages” of n, ; are also m.
(Since we are in F,,,C, once n; ; = m we also know its “image” Nitt,ap,,, () = M
because the image value cannot decrease but also cannot be more than m.) To be
precise, we partition ¢, as follows:

Ty = {j €ty | ng, <m}
To ={j €ty | Ik € tg s.t. o =m and (ay, ...az)(k) = j}
Tv={jety—To |3k €tyst nip=mand (ay,...ap)(k) =j}

Tq_l = {] S t_q— (TO U--- UTq_Q) | dk € tq_l s.t. Ng—1,k =M and Oéfq(k‘) :]}
Ty ={j €ty | ng; =m, but Ak € t4—1 st. ng_1, =m and ay, (k) = j}

Thus T, labels the components of augmentation m in N, that are newly created
by the map N,—1 — N,, while T;,_; labels those that were created by the map
N,—2 = Ny_1, etc. Corresponding to this partition of ¢,, we decompose N, into
the coproduct of ¢ + 2 objects T_1(Ny), To(Ny), - .., Ty(Ng) namely:

T(N): [nq;nT—l] .]:_1
e [0;n7;] 0<j<gq

(The notation nt; for a sequence is carried over from Section 5.) Then N, &
T_1(Ng)®To(Ny) P ---dTy(Ny), and we can apply Lemma 5.6 to decompose Ny_1
into Ny_1 = T_1(Ny—1)®To(Ng—1)®- - -®Ty(Ny—1), and the map f, as a coproduct
of ¢ +2 morphisms f, ;) : Tj(Ny—1) = T;(N,). Note that the summands T};(N, 1)
are defined by the decomposition of N, and the map f;, rather than by conditions
like those that define T;(N,), though in fact a similar list of conditions holds.

We make one observation about the maps f(, ;) before we continue. By hypoth-
esis, f; : Ng—1 — N, creates only components of augmentation m, and as a conse-
quence, f(4,_1) is an isomorphism. Further f, o), .., f(4,¢—1) are isomorphisms by
construction, each one being an isomorphism of objects of the type [0;m,...,m].
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Thus at the possible cost of altering the left vertical isomorphism in the diagram

Ny_i — N,

| |

S Tj(Nymr) 202 g1 Ty(N,),

we can even take fi, _1), f(4,0),- -, f(g,q—1) to be identity maps. This leaves f(, 4
as the only interesting morphism in the coproduct, having the form of a morphism
in the category D studied in Proposition 7.7.

Our next task is to indicate how this procedure will be iterated to decompose
the entire chain Ng -+ Ny — .-+ = N, into a coproduct of ¢ + 2 chains, each of
which is easily analyzed. Let h;_1 = f;0 f;—1, and decompose N,_» as a coproduct
of summands T;(N,2) by using hy—1 : Ny—» = N, = ®j__,T;(N,) and applying
Lemma 5.6:

~ «|

Dhg—1,5)
@?:—1Tj(Nq—2) @?:71Tj(Nq)-
In this case, the same analysis as before allows us to take h¢,_1 _1), h—1,0)s -,
h(q—1,4—2) to be the identity maps, while h(,_1 ,_1) and h(,_1 ), like f(,q), have
the form of morphisms in the category D.
There is a commutative diagram

hq—
Ny s _temty N,

ol

Ny 1oy N,

and we have decompositions of all of the terms,

Dh(g—1,5)

@?:—1Tj(Nq—2) ®§:—1TJ’(NQ)

®f(q.)

@5:_1Tj(Nq71) — EBq’:—lTj (Ng).-

By Lemma 5.9, we can fill in to create a commuting square with a morphism
®I_ Tj(Ny—2) = ®}— ,Tj(Ny—1) that is a coproduct of ¢ + 2 morphisms, say
fla—1,) : Tj(Ng—2) = Tj(Ny—1). Further, since we have chosen h(,_1,_1), h(4-1,0),
ooy hg—1,g—2) and fg,—1)5 fig,0)5 -5 fg,q—2) to be identity maps, we know that
fa—1,-1)> fla=1,0)5 - - - » fg—1,4—2) are likewise identity maps. Considering f(,_1,4-1),
we see that it has the form of a morphism in D, while f(,_; 4) is an isomorphism
(because N,_» — Ny_1 creates only components of augmentation m), and thus by
an adjustment in the isomorphism N, o = EB‘]J.:_ITJ- (Ng—2), we can choose f(,_1,q)
to be the identity map.
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After iterating this procedure ¢ + 1 times, we have a commuting ladder

Ny _h, N, P ey N,

Df(1,; Df(2,; ®f(q.i
O | Tj(No) —=5 @l |\ Tj(N) —=2 ... —5 0l Tj(N,).

where the top row is the original chain (7.1), and the bottom row is a coproduct of
chains

(72) T,(No) =2 T;(N) 0y T(N,).

For 1 < j <gq, we have T;(No) = --- = T;(N;—1) and Tj(N;) = - -- = T;(Ny), and

the maps f(1 j), .-+, fj—1,5) and f(j41,5), - - -5 fiq,j) are identity maps, while f; ;) is

a morphism in D. For j = —1,0, we have T;(No) = --- = T}j(Ny), and all of f, j),
-+, f(q,j) are identity maps.

Recall that our goal was to show that the chain No — Ny — -+ — N, is isomor-
phic to a chain in the image of &, : F,,,—1C x (Free(Fy—1Cm))? X S — Z4(F),0).
From the proof of Proposition 7.7, we know that T;(N;_1) — T;(NN;) is isomorphic
to an object in the image of ¢, so we replace T;(N;_1), if necessary, with an object
that is actually in the image of Free(F,,—1Cp,) under u. Then as a preimage (up
to isomorphism) for Ng — N; — -+ = N, in Fpp—1C x (Free(Fn—1Cim))? X Sp,
under &;, we take the object that in the F,,_;C-coordinate is T_1(Ny), in the
(Free(F,,—1Cm))"-coordinate is T1(Ny), ..., T,(N,), and in the S,,-coordinate
is To(N4). (Here we abuse notation by regarding Tp(N,), which has the form
[0;m, ..., m], as identified with a set of the appropriate cardinality.)

To conclude the proof, we consider a morphism between chains in Z,(F,,C):

LCEN

7l e fa

N , NI . y N
(7.3) l l l
No Ly Ny 24 T2y,

Because the vertical morphisms create no components of augmentation m, the
decompositions of Ny and N, must be compatible under N, — N, and so (7.3)
must actually be isomorphic to the coproduct of morphisms between chains

T;(Ny) — T;(Ny) > .. > Tj(Ny)

Tj(Ng) — TJ(Nl) > . > Tj(Nq),
no matter what choices are made at the various stages of the construction. The
proposition follows. a

The proof of Theorem 7.1 now follows easily.

Proof of Theorem 7.1. We argue by induction on m. Clearly F7,C = C = KyC.
Assume for the inductive hypothesis that there is an augmented weak equivalence
Fin-1C ~ Kp—1C. Tt follows from Lemma 7.3, Proposition 7.4, and Proposition 7.8
that there is a chain of monoidal functors inducing a weak equivalence of I'-spaces

|FmC| ~ | Bar (Fp—1C, Free(Fpm—1Cm), Sm) |-
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By Proposition 2.5, it follows that there is a chain of monoidal functors, inducing
a equivalence of I'-spaces

|.7:mC| ~ |.7:m—lc ®Free(.7:m71cm) Sm|

The weak equivalence F,, 1C ~ K,,_1C of the inductive hypothesis restricts to a
weak equivalence Fp, 1Cp ~ Kpy—1Cr,. It follows that

fmflc ®Free(}—m_1cm) Sm ~ K:mflc ®Free(l€m_1cm) Sm = K:mc
So, we have obtained a chain of weak equivalences, via monoidal functors,

Fl ~ K,C.

8. ORBIT CATEGORIES

In this section we make additional assumptions, over and above those made in
Sections 4 and 5, that allow us to relate the subquotients of our filtration to certain
classifying spaces of collections of subgroups, a group-theoretic construction. This
relates the current work to the program of [11] and [12] and allows us to establish
that our construction gives the symmetric powers of spheres when applied to finite
pointed sets. We continue the notation of the previous sections: B is a monogenic
category satisfying Axiom 5.1 (Injectivity Axiom), and C is a category of admissible
isomorphisms in B. Recall that GG, denotes the group of automorphisms of g™ in C.

Definition 8.1. Let N = n+ nq + --- + n;. The identification gV = ¢ ® g™ &
.-+ @ g™ defines an inclusion of groups

Gpy XX Gy, = Gy,

and we define a standard subgroup of G to be a subgroup conjugate to the image of
such an inclusion. We say that the standard subgroup G, x - -+ x G, has filtration
mifny,...,ns < m.

Recall that a “collection” H of subgroups of a group G is a set of subgroups that
is closed under conjugation [5]. The classifying space BH of the collection is the
nerve of the category whose objects are orbits G/H for H € ‘H and whose maps
are G-equivariant maps. For example, for a fixed n, the set of standard subgroups
of G,, of filtration m is a collection, which we denote H,,(Gr), and we denote its
classifying space BH., (G).

The additional assumptions for this section are detailed below as Axioms 8.5
and 8.7, and the goal of the section is the following theorem and its corollaries,
which relate Construction 3.8 to group-theoretic constructions. The main technical
tool in the proofs is Proposition 8.9.

Theorem 8.2. Let C be a monogenic category satisfying Axioms 5.1, 8.5, and 8.7.
Then BKy,C is monoidally equivalent to 1], BH»(Gr).

Corollary 8.3. Given a category C as in Theorem 8.2, let R,, be the collection
Hin—1(Gn), and let € : X°(BRy, )+ — S be induced by the map BR, — x. Then

EOO(BRm)+ — Amfl
A, ~ hocolim el

S
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Corollary 8.4. Let Ay — A1 — ... be the sequence of spectra resulting from the
application of Construction 3.8 to the category of finite sets and isomorphisms.
Then A, ~ Sp™(S).

To prove these results, we need to identify the set of morphisms
[n;nla"'ant] - [r;rla"'aru]

in FooC as a certain set of equivariant maps in an orbit category of the groups Gy,
where N =n +ny +--- 4+ ns. The first additional assumption that we need on the
underlying category B has to do with the morphism sets.

Axiom 8.5 (Fixed Point Axiom). The pointed category B satisfies the property
that given two objects U,V € B, the only element of Morphg(U, V') that is fixed
under the action of Aute (V) is the null map, U — 0 — V.

The axiom clearly holds for the category of finite-dimensional vector spaces over
the real or complex numbers and isometric maps. It does not quite hold for the
category of finite pointed sets, because if V' is the set with one non-basepoint
element, then Aute(V) is the trivial group, so any morphism U — V is invariant
under the automorphisms of V. However, the axiom does hold if V is a set with
more than one element, and the main conclusions that we wish to draw do hold for
the category of finite sets. (See the proof of Corollary 8.4.) Similarly, for a general
ring R, the category of free R-modules may not satisfy Axiom 8.5 if, for example,
GL;(R) is the trivial group. However, the axiom is satisfied if R is an integral
domain in which 2 # 0.

We require one last property of the categories B and C, which we assume for the
remainder of this section, along with Axioms 5.1 and 8.5. In order to set it out, we
need the following definitions.

Definition 8.6. Let i : U — V&V’ be a representative cofibration for a subobject
Uof VeV inB.

(1) We say that the subobject U is invariant under Aute(V) if for all o €
Aute(V), there exists 7 € Aute(U) such that i o7 = (o @ idy) 0.

(2) We say that U contains V if there exists an object V"', a C-admissible
isomorphism U — V & V", and a cofibration V"' < V' such that ¢ factors
as a composite U 2V V"' VaV.

(3) We say that U is contained in V' if i factors as a composite of a cofibration
U < V' with the standard inclusion V' — V & V",

Axiom 8.7 (Invariance Axiom). The category B satisfies the property that if
i:U <= V&V is a subobject that is invariant under Aut¢(V), then either U
contains V or U is contained in V.

The categories of finite pointed sets and finite-dimensional real and complex
vector spaces satisfy the Invariance Axiom. The case of free R-modules deserves its
own lemma. (Our thanks to Bill Dwyer for a helpful conversation on this subject.)

Lemma 8.8. If R is an integral domain with 2 # 0, then the category of finitely-
generated free modules over R satisfies Axiom 8.7.

Proof. Let U be a subobject of V @& V' that is invariant under the action of GL(V').
There is an isomorphism i : UdU’' — V@V’ where U,U’,V, V' are free R-modules.



FILTERED SPECTRA 35

We assume that 7(U) is invariant under GL(V') and is not contained in V', and we
prove that i(U) contains V.

We first assert that if » € R is nonzero and (rv,0) € i(U), then (v,0) € i(U).
For suppose that (rv,0) = i(u,0), and suppose that (v,0) has preimage (a,b) under
the isomorphism i. Since i(ra,rb) = (rv,0) = i(u,0), we have (ra,rb) = (u,0) and
thus rb = 0. Since r # 0 and V is a free module over the domain R, this tells us
that b = 0, and it follows that (v,0) = i(a,0) € i(U).

Our next step is to prove that i(U) contains an element of the form (v,0) with
v # 0. Since i(U) is not contained in V', it contains an element of the form (v,v")
with v # 0. By invariance under GL(V), we know #(U) contains (—v,v"), and
therefore also (2v,0). Then (v,0) € V Ni(U) by the previous argument, since 2 is
nonzero in R.

Since V is a finitely-generated free R-module, we can choose a basis for V' and
write v = (r1,...,r,) where r1,...,r, € R. Since v # 0, suppose that r; # 0. By
invariance of i(U) under GL(V'), we also know (ry,rs +7r1,...,7r,) € VNi(U), and
50 (0,71,0,...,0) € VNi(U). But r; # 0, so we find that (0,1,0...,0) € VNi(U).
Since all permutations of the standard basis elements of V' are in GL(V), we find
that all of the standard basis elements of V are in i(U), and we conclude that i(U)
contains all of V', as required. g

This completes the new assumptions that we need to make on the categories
B and C. We need more notation in order to describe how the category FooC is
supposed to correspond to an orbit category. Given an object [n;ni,...,n: of
Foolylet N =n+mny +---4+ng let Gp, = Gy, X - X Gy, and let OxC be
the category whose objects are orbit spaces G/G,, for some [n;nq,...,n:], with
morphisms being G n-equivariant maps. That is, if r,r,...,r, are integers with
N+ny+--4+ng=r—+ry+- - +ry, and G = Gn+n1+~~~+ni = G’r‘+r1+---+7‘u7 then
G/G,, and G/G,, are two objects of O C and

Morphy_ ¢ (G/Gn,,G/G,.) = mapg(G/Gn,,G/G:,).

Similarly, let O,,C be the full subcategory of OC whose objects are orbit spaces
G/G,, wheren; <mforall 1 <i<t.
Recall from Remark 4.11 that

Morphz c([n;n1,...,n¢, 7571, .., 74]) C mapg(G/Gn,,G/G,).

It follows that for every m, including m = oo, there is a natural functor F,,C —
OnC sending [n;nq,...,n¢] to G/G,, and inducing the above inclusion on mor-
phisms. Further, O C is a symmetric monoidal category, with product given by
inducing up the product of two orbits, as in [11], and the functors F,,C = OpC
are monoidal.

Proposition 8.9. Let B be a monogenic category that satisfies Axzioms 5.1, 8.5
and 8.7, and let C be a subcategory of admissible isomorphisms. The functor Foo,C —
OooC sending [n;ny,...,n to Gy /Gy, induces a bijection on morphism sets.

Proof. We only need to show that the map on morphism sets is surjective. Suppose
we have objects [n;ny,...,n¢ and [r;ry, ..., ry] withn+ni+- - +ng =r+ri+-- -+
Ty, and let G = Gpinyt--tn,- We show that an element of map,(G/G,,,G/G:,)
comes from a morphism

[nsng,..,ne = [r571, .07
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in Fool.
Choose an element in mapg (G /G, ,G/Gy,) & (G/G,,)%; suppose it is repre-
sented by an isomorphism in G, say

frg"og" @09 2 g D9 O D g

(Throughout this proof “isomorphism” means “C-admissible isomorphism.”) The
element f € G conjugates G, into G,,, and so has the property that if ¢ € G,,,
then there exists ¢ € GG, such that the following diagram commutes:

gn@gm@...@gm L} gf‘@gf‘l@...@gru

(8.1) % d{

gn@gm@...@gm f )gr@gﬁ@...@gm_

On the other hand, a morphism [n;ny,...,n:] — [r;71,...,7,] is an equivalence
class of isomorphisms
g”@g”l@...@g”t _)gr@grl @___@gru

under the action of [] Aut(g™). We need to do three things:

(1) find an appropriate function «a : t — u;

(2) establish that f is compatible with «, i.e., for each j € u, the restriction
f Bigantjd™ factors through the inclusion g"7 < ¢g" ® g™ @ --- B g";

(3) establish that f|s~ factorsas ¢” = ¢" @ g  B---Pg°™ = ¢g" Dy H---Hg™™.

We begin by constructing an appropriate a. Consider f~1: g"@ g ®---Dg"™ —
g PG ®---Dg™, and fix j € u. The restriction of f~1 to g7 — ¢g"Dg" B---Bg™
is a cofibration, and we define f~!(g"7) to be the corresponding subobject of g" ®
g™t @ --- @ g™. Note that the subobject f~!(g"#) is not dependent on the specific
representative f, since any other representative is of the form ¢ o f for ¢ € G,,,
and the indeterminacy is taken care of in the equivalence relation of cofibrations
that defines a subobject. Furthermore, because f conjugates G, into G,.,, we see
that f=!(¢g") is invariant under the action of [] Aut(g™), as expressed by (8.1).

We now consider ¢ = 1,...,¢ one element at a time, and decide whether or not
each one will be in a~!(j). Beginning with i = 1, we know that f~!(g"7) is invariant
under Aut(g™). We apply Axiom 8.7, and one of two things can happen.

e The first possibility is that f~1(g"/) contains g™. In this case, there exists
an isomorphism h : g™ =2 g™ § g"’1 and a direct sum of of the identity map
on g™ with another cofibration

GG gD (DG DD g™)

such that f_1|g"j factors through the sum. We define a(1) = j, accepting
1 as an element of a1 (5).

To iterate, we need to show that the subobject defined by g™ < ¢" @
g™ @ --- d g™ is still invariant under the action of any element i €
H§:2 Aut(g™). Let ¢ be the element corresponding to 1 that is given
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by (8.1), say with component ¢; : g"7 — ¢"7. We have a commuting dia-
gram

=

g Mg —— g B ("D BB g™

¢,i% wl%

g = g ey —— gr e (g ey e g™,

~

1R

Invariance will now follow once we show that h¢;h~! is the coproduct of
the identity map on ¢™ with an isomorphism on g™ . This last follows
from a calculation using Lemma 5.2; the input for the lemma is provided
by going clockwise around the diagram instead and using the fact that if
the composite of a map with a cofibration is null, then the original map is
null as well.

e The second possibility is that f=!(g") is contained in g" ® g™ & --- ® g™.
This gives us a cofibration g"i < g" @ g2 @ - - P g™ through which f~! g7
factors, and again, this is invariant under szz Aut(g™). Observe that this
implies that the composite

grj%gr@grlga_“@gru_)gngagnl@_“@gnt_>gn1
is null. In this case, we reject 1 as an element of a=!(j).

We iterate this procedure ¢ times, each time accepting or discarding ¢ as an
element of a~'(j). After we have completed the ¢ iterations, we define e; = r; —
Yica-1(j) i and we have an isomorphism (; : "1 = g™t © - D g™ @ g% and
a cofibration ¢g¢ < ¢g™ such that f71|g7‘j is the composition of (; with the direct
sum of the natural inclusions on g™t & ---® g™ and a cofibration g%/ < ¢g". Note
that we do not yet know that « is a well-defined function, since it is not obvious
that the sets a~'(j) are disjoint for different j, nor that each i € t is in one of the
sets a~!(j). We will check these below.

Our next step is to prove that f—!|, factors through ¢", for which we need
Axiom 8.5. We assert that for each i, the composite morphism g" — ¢g" ® ¢"* &
<o @ g™ — g™ is invariant under Aut(¢g™), and therefore is null by Axiom 8.5.
This follows from diagram (8.1), since no ¢ € G,, has any effect on ¢g", and thus
any element ¢ € G, must fix the actual morphism ¢" — g" & g™ & --- & g™, and
not just the subobject it defines. Therefore, by applying Corollary 5.3 we find that
[ty factors through g™ < ¢g" ® g™ & --- P g™.

The result of the preceding constructions is that we have a commuting diagram

TR E - Bg —— gD [Djew ((Bica—1(5)9™) © 99)]

[ k
grelgm d - dg™] —— [(Bjeuyg?) B 97| @ [Bjcu (Bica—1(j9™)] -

The top row is an isomorphism, since for each j, the map ¢g"i — (D;cq-1(;)9™) ©g
is an isomorphism by construction. The right vertical map is an isomorphism
because it simply reshuffles and reassociates the terms. Thus the bottom row is
also an isomorphism, and, by construction, it is the coproduct of two maps (with
the association shown), each of which is therefore an isomorphism by Condition (4)
in Definition 4.2. We are immediately entitled to conclude that f|,~ factors as
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=2 DD DG =g  Dgt DD g™, the third condition we needed in
order for f to represent a morphism in FC.

Finally, to check that « is indeed a well-defined function and that f is compatible
with a, we consider the other summand of the bottom row of the diagram,

(8.2) (Bica-11)9") ® - & (Bica-1(w9™) > g™ & - D g™,

which is also an isomorphism by Condition (4) in Definition 4.2. Notice that this
map is a coproduct of natural inclusions of summands, though it is in principle
possible for some of the summands to appear on the left more than once, while
others might not appear at all. In fact, in order to know that « is a well-defined
function ¢ — u, we need to prove precisely this does not happen, that is, we need to
know that a=1(1),...,a7" (u) is actually a partition of t. We assert that the union
of a1(1),...,a~!(u) is t, which is to say that every n; appears on the left of (8.2),
because otherwise the isomorphism (8.2) would factor through a proper subobject
of g" @ --- @ g™, which would have lower dimension, violating the assumption
of invariance of dimension in B. The proof is concluded by noting that the total
dimension on each side of the isomorphism must be the same, and so each n; can
only appear once on the left side, establishing that the sets a~!(j) are disjoint for
different values of j. O

The proofs of Theorem 8.2 and Corollaries 8.3 and 8.4 follow easily.

Proof of Theorem 8.2. The functor FooC — OsC is a monomorphism on objects,
and every object of Oy C is isomorphic to one of the form G/G,,. By Proposi-
tion 8.9, the image of FooC — O C is a full subcategory of O C. O

Proof of Corollary 8.3. By Theorem 3.9, we have a diagram
ZOO(BICm_lcm)+ e Am_1
Ay, =~ hocolim el )

S

so we must show that BK,,_1C, ~ BR,,. However, BR,, = BH,,—1(G.), and
by Proposition 8.9, BH,,—1(Gy,) ~ BF,,—1C,,. Finally, Theorem 7.1 says that
BF,, 1C,, ~ BK,, 1Cn. O

~
~

Proof of Corollary 8.4. Strictly speaking, Axiom 8.5 does not hold in the case that
B is finite pointed sets; however, it still is true that F,,C and O,,C are connected
by a chain of monoidal functors, each inducing an equivalence of classifying spaces.
One way to see this is to recall that F,,,C is connected in this way to the category
of “finite sets with multiplicity at most m” (see Example 4.10), and it is easy to
see directly that the latter category is connected in the appropriate way to O,,C.
Let F'(X,,) denote the collection of all nontransitive subgroups of ¥,,. (The
collection F'(%,,) is actually a “family” of subgroups, meaning that it is closed
under taking subgroups as well as under conjugation, but that does not concern us
here.) The corollary follows from [12] once we know that BF'(X,,) ~ BH;—1(Zm),
which is true because to every nontransitive subgroup of %,,, we can associate the
unique minimal standard subgroup of filtration m — 1 that contains it, and the
association is compatible with conjugation. a
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9. RELATIONSHIP WITH THE POSET OF DIRECT-SUM DECOMPOSITIONS

For the remainder of the paper, we focus our attention on the example of finite-
dimensional unitary vector spaces, and its relationship with the example of finite
sets, and we use A,, specifically to refer to the result of applying our construction
to the former. Our goal in this section is to provide another description of the
filtration subquotients A,,/A,,—1 in the unitary case, in preparation for relating
our filtration to the calculus of functors. In particular, we prove Theorem 9.5,
which expresses the subquotients of our filtration of bu in terms of certain spaces
of direct-sum decompositions, and Theorem 9.7, which codifies their behavior at a
prime p.

We need some definitions. Recall that by a subgroup of a Lie group we al-
ways mean a closed subgroup, and that the standard subgroups of U(m) are those
conjugate to U(my) x --- x U(ms). (See Definition 8.1.)

Definition 9.1. Let H be a subgroup of U(m) for m > 1.

(1) We say H is bad if the action of H on C™ breaks C™ into a sum C™ = y®Fk
where 7 is irreducible and nontrivial. That is, H is bad if it acts isotypically
with nontrivial irreducibles.

(2) If H is not bad, then we call H good.

(3) If H is a standard subgroup conjugate to one of the form []7_, U(m;) where
>>m; =m and s > 1, then we call H complete.

Example 9.2. The trivial subgroup {e} C U(m) is good. The center S' =
Z(U(m)) is bad. The whole group U(m) is bad.

We will work with the following collections of subgroups of U(m):
G = {all good subgroups of U(m)}
R = {proper standard subgroups of U(m)}
Ly = {complete subgroups of U(m)}.

We note that £,,, regarded as a poset under inclusion, can be identified with the
poset of proper direct-sum decompositions of C™ by taking a subgroup to the direct-
sum decomposition given by its irreducible subspaces. Let G, ntrv and Ry ntry
be the collections consisting of nontrivial elements of G, and R,,, respectively.
Note that there are inclusions L£,, < R, < Gm,. There are also maps back,
Gmntry = Rmntrv = Ly which, although not maps of posets, turn out to be useful
in the proofs of Propositions 9.8 and 9.9, where they are described in more detail.

Remark 9.3. The poset of proper direct-sum decompositions of C™, was studied
in [1]. The space denoted |£,,| in this paper is homeomorphic to the space denoted

Ly, in [1], page 458, while the space |L£,,|® introduced below is homeomorphic to
the space denoted L,, (or LS) in [1].

Given a collection H of subgroups of a group G, let EH denote the universal
space of the collection. The space EH can be constructed as the nerve of the
category whose objects are pairs (G/H,z) with H € H and € G/H, and whose
morphisms (G/H,z) — (G/H',z") are G-equivariant maps G/H — G/H' taking
x to ’. The space EH is characterized by the following two properties: (1) EHK
is contractible for all K € #H, and (2) all the isotropy groups of EH are elements
of H. (See [2], Lemma 2.3.) The classifying space BH of the collection # is the
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orbit space of EH under the action of G. Recall from [5], 2.12 that there is an
equivariant map EH — |H| that is a non-equivariant homotopy equivalence.? (We
will call such a map an equivariant weak equivalence for short.) In particular, there
is an equivariant weak equivalence EL,, ~ |Ly,|.

Given a space X, let X° denote its unreduced suspension. If X is a pointed
G-space, let Xj . denote the based homotopy orbits of the action of G on X:
namely Xj . = (EG xg X)/(BG x x). We let U(m) act on S*™ by the one-point
compactification of of its action on C™. Thus the action of U (m) fixes the basepoint
of $?™, which is the point at infinity, as well as fixing the origin. Our main technical
goal in this section is to prove the following theorem.

Theorem 9.4.
SBRm = X(ELn® AS™™)jyrmy = S(1Lm]” A S*™) iy

The proof of the theorem is deferred to later in the section, following the proof of

Corollary 9.14. Let us first note some consequences of the theorem for our filtration
of bu.

Theorem 9.5. There is an equivalence of spectra
Am/Amfl = EOOE(|‘Cm|<> A Szm)BU(m)’
where L, is the category of proper direct-sum decompositions of C™.

Proof. Follows immediately from Corollary 8.3 and Theorem 9.4. O

The complexes |£,,|® were first introduced in [1] because they play an important
role in Weiss’s orthogonal calculus. They have many interesting properties, some of
which we will discuss in the next section, where we pursue further the relationship
of our present work with the calculus of functors. For starters, we have the following
proposition.

Proposition 9.6. The complex |L,,|° is rationally trivial for m > 1. For a prime
p, the complex |L,,|° is trivial at p unless m is a power of p. In particular, |Lp|°
is contractible unless m is a power of a prime.

Proof. This is implicit in [1]. In fact, two independent proofs of this result are
given there, but the statement is never made explicit. Let S?d™ be the one-point
compactification of the adjoint representation of U(m). Perhaps the quickest way
to get the results of the proposition is to start with the first sentence of [1], Theorem
4(a) and the first two sentences of [1], Theorem 4(b). When unraveled, these say
that

map (|£m|°, E‘X’Sad’")
is contractible rationally if m > 2, is contractible unless m is a power of a prime,
and is all p-torsion when m is a positive power of p.

Since |£,,|° is a finite complex, it follows by Spanier-Whitehead duality that
¥°|L,,|° is rationally acyclic for m > 2, and is acyclic at p unless m is a power
of p. Therefore |L,,|° has the same properties. Since |£,,| is connected, |Lp[° is
simply connected, and acyclicity implies contractibility.

Another way to prove the result is to use [1], Theorem 11, and then apply the
theory of homology approximations. a

2The result is only stated for finite groups, but the same argument works for compact Lie
groups.
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As a consequence, we have the following theorem.

Theorem 9.7. Let p be a prime. The successive quotients Ay, [Am—1 are trivial at
p except when m = p* for some k > 1, and are rationally trivial for m > 2.

We need a series of results to prepare the ground for proving Theorem 9.4.
The collections G,,,, Ry, and L, have actions of U(m) by conjugation, and the
inclusions

Ly = Rm = G,
are U(m)-equivariant. The following two propositions give the foundation for the
relationship between G,,, R,, and L,, that we need. Their proofs are very similar
but not particularly enlightening, and are given at the end of the section.

Proposition 9.8. The map
ELy = ERpntry
is a U(m)-equivalence.
Proposition 9.9. The map
ERp — EGn,
is a U(m)-equivalence.
Corollary 9.10. The map
ERmntev = EGm ntev
is a U(m)-equivalence.
Proof. We assert that the singular set of ER,y, is ERy, nirv, which is easily verified
by checking the isotropy groups of the chains that form the simplices of ER,,.

Likewise, the singular set of EG,, is EGy ntrv- The corollary now follows from
Proposition 9.9 and [2], Lemma 2.4. O

In contemplating the desired equivalence of Theorem 9.4, we see that Proposi-
tion 9.8 gives us an equivalence

(9.1) S(ELn® AS*™)itrimy = ZERmnirv® A S*™ )it (1my-

Thus we tackle the right-hand side of this equivalence and seek to relate it to XBR,,.
In diagram (9.2) below, we will eventually be proving that the upper right-hand
corner and the lower left-hand corner are contractible (easy, and Proposition 9.13,
respectively).

Proposition 9.11. The following diagram is a homotopy pushout diagram:

(E"R/m,ntrv<> A S2m)iLU(m) - (ERmO A SQm)EU(m)

(9.2) l l
(ERmntev® AS*™)uim) —— (ERm® A S*™)y(m)

Proof. As observed in the proof of Corollary 9.10, the singular set of ER,, is
ER i ntryv- Therefore (ER p ntrv® AS?™) contains the singular set of (ER,,,° AS?™),
and the cofiber of the map

(ERmuntee® A ST™) = (ERp° A S2™)

has a free action of U(m) (in the based sense). It follows that orbits and homotopy
orbits on this cofiber are homotopy equivalent. We conclude that the induced map
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between the horizontal cofibers in (9.2) is a homotopy equivalence, which establishes
the proposition. O

Our next step is to show that the orbit space (ERm,nmf’ A S2m)U(m) in the

lower left-hand corner of (9.2) is contractible. First we look at orbit spaces for S%™
alone.

Lemma 9.12. If H € Ry ntrv, then (S*™) g =~ x.
Proof. First we note that (S*™)y(m) =~ * Then consider H = U(my) X -+ X

U(ms) € Ry ntrv, Where at least one m; > 0. Then
(S*™)E = ("™ () A - A (SP™)(myy A ST mme),
and this establishes the result. O

Now we are in a position to prove that the lower left-hand corner of (9.2) is
contractible.

Proposition 9.13.
(-E,]zm,ntrv<> A S2m)

U(m) ~ %,

Proof. We argue by direct analogy to [2], Lemma 7.11 and Lemma 7.12. Suppose
that X is a pointed U(m)-space whose isotropy groups are in R, nery U {U(m)}.
We prove that (X A S2m)U(m) is contractible by inducting over the cells of X. The
statement is certainly true if X = %. It is sufficient to show that if (Y A S2m)U(m)
is contractible and X is obtained from Y by adding a single U(m)-cell of the form
(U(m)/H) x (Ali], 0A[i]), where H = U(my) x - - -xU(ms) with at least one m; > 0,
then (X A S*™)y () is contractible. Then we have a cofiber sequence
(Y A Szm)U(m) — (X A S2m)U(m) - SiA (S2m)H,

and the first and third terms are contractible. O

In our goal of proving Theorem 9.4, we are now able to relate the right side

of the equivalence in (9.1) to (ER,° A S2m)U(m), a space more clearly related to
BR,,, which is, after all, an orbit space.

Corollary 9.14. L(ERp nerv® A SQm)EU(m) ~ (ERp® A S*™) 0 (m)-

Proof. Applying Proposition 9.13 to (9.2) tells us that the lower left-hand corner of
(9.2) is contractible. On the other hand, R, contains the trivial subgroup, so ER,,
is contractible, which makes the upper right-hand corner of (9.2) contractible. O

We are now in a position to give the proof of Theorem 9.4.
Proof of Theorem 9.4. We must establish that
EBRm = B(ELn® A S*™)itr(my»

and then the other equivalence of the theorem follows from the equivariant weak
equivalence ELy, — |L,|. We know from (9.1) that

S(ELm® A S*™ )i (my = SERmntrv® A S*™ )it (m)-
By Corollary 9.14,
S(ERmmire® A S™™itrimy = (ERm® A S*™) ()
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We must pick out EBR,, from (ERp® A S*™) ().
The main calculation is to prove that the inclusion S° — S*™ induces a U(m)-
equivalence

(9.3) (BERm® AS%) = (ERm® A ™).

We argue as in [2], Lemma 7.12. By Proposition 9.9, we know that ER,, — EG,,
is a U(m)-equivalence, so it suffices to prove that

(EGn® A S°) = (EG,° A S*™)
is a U(m)-equivalence. For this, we check the fixed-point sets
(BEGm® A ST = (BG,° AS>™)H
for all subgroups H C U(m). There are two cases. If Fixy (C™) = 0, then (§2m)H =
SO, because H also fixes the point at infinity. Thus for these subgroups H, the map
on fixed-point sets will be an equivalence because of what happens on the spheres.
On the other hand, if H acts on C"™ with Fixg(C™) # 0, then H must be a good
subgroup, and so (EG,,)" ~ . In this case, the map of fixed-point sets is a map

between contractible spaces.
Because (9.3) is a U(m)-equivalence, there is an equivalence of orbit spaces

(ERp° A S tr(m) = (ERm® AS*™)p(m)-
But (ER,.° A SO)U(m) is ¥ BR,,, which finishes the proof. O

We close the section with the proofs of Propositions 9.8 and 9.9. We will need
the following characterizations of “standard” and “complete” in those proofs.

Lemma 9.15.
(1) A subgroup H C U(m) is standard iff for every H-irreducible subspace
V CC", either UV)CH orU(V)NH = {e}.
(2) A subgroup H C U(m) is complete iff for every H-irreducible subspace
V CC™, we have U(V) C H.

Proof of Proposition 9.8. We need to check that the map is a homotopy equivalence
on the fixed-point sets:
(ELn)™ = (ER )

By Lemma 2.4 of [2], it is sufficient to check this for H € Ry, ntrv (because L, C
Rm.ntrv)- The characteristic property of the universal space for a collection means
that if H € Ry ntrv, then (ERm,ntrV)H is contractible, so we must show that
(BL,)? ~ . Let H | L, denote the poset of subgroups {K € L,,|H C K}. By
[5], Lemma 2.14, we know that (EL,,) is homotopy equivalent to |H | L,,|.

Given H € Ry ntrv, we define HeLl, (the “completion of H”) as follows. Let
V = Fixy(C™), and note that H C U(V1). Because H is nontrivial, we know that
VAC". Let H=H xU(V) e (H | Ly). Thus HC U(V+) x U(V).

We assert that there is a right adjoint to the inclusion functor between the posets

(H L L) (Lo L H) & (H L L)

The retraction is given by taking K € (H | £,,) to K N H, which we claim is an
element of (£,, | H). Certainly K N H C H, and the only question is whether
K N H is complete, i.e., an object of L,,.
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Note that the isotypical summands of H are the same as those of H, and the only
difference is that if H is not complete, then H , which is complete, turns Fixy (C™)
into a single nontrivial irreducible summand of H. To check that KNH is complete,
we use Lemma 9.15 ( ). Suppose that W is a (K N H)-irreducible subspace. Note
that since H C KN H C H, then W is contained in an H-irreducible, which means
that either W is actually a nontrivial H-irreducible or W C leH((Cm).

e If W is a nontrivial H-irreducible, then U(W) C H since H is standard,
and thus U(W) C K N H.

o If W C Fixy(C™), then U(W) C H by definition of H. Further, since
KNH C K, we must have W C W' for an irreducible K-module W',
and so U(W) C U(W') C K because K is complete. Thus again we have
UW)CKnH.

Thus K N H is complete.

But now we note that (H | L) N (L 4 ]fI) has a terminal object, namely H.
Thus (ELp)H ~ |H | Lon| ~ |(H | £1,) N (L L H)| ~ *, which is what we needed
to establish. O

Remark 9.16. It is necessary to have H nontrivial in the proof of Proposition 9.8.
If H happens to be trivial, then the proof has H = {e}, H = U(m), (H | Ln,) =
Lo, and (L, | H) = Ly,. The problem is that (£, | H) = L, no longer has H
as a terminal object, because H = U(m) ¢ L,

Proof of Proposition 9.9. We need to check that the map is a homotopy equivalence
on the fixed-point sets:

(ER)" = (EGn)™
As in the preceding proof, it is sufficient to check that if H € G,,, then (ER,,,)7 ~ *
ie., that |[H | Rp| > *.

Given H € G,,, a “good” subgroup, we define H € R,, as follows. Either H is
trivial, or the subgroup H acts on C™ with more than one isotypical summand by
definition, so the isotypical summands of H give a decomposition C™ =V, & Vi &

- @® Vi, where 1 is the summand with a trivial action of H, and either Vj # 0 or
k>1. Let H = Hl LUV;). If Vo # 0, then certainly H is a proper subgroup of
U(m), and if V5 = 0, then k£ > 1, and so again H is a proper subgroup of U(m). In
both cases, H is in Ry,.

We assert that are adjoint functors between the posets

)

(HLRm)N (R L H) & (H L Rum),

where the retraction is given by K — KN H. What is at issue is whether K N H
is in Ry, i.e., whether K N H is standard. The input is that K is standard and
HCK.

We will use Lemma 9.15 (1 ) Suppose that V is a (K N H)-irreducible subspace
of C™. Because K N H C H the subspace V is contained in an H-irreducible
subspace W, and because H is standard, either U(W) C H or U(W) N H = {e}.
By a similar argument, either U(W) C K or U(W) N K = {e}. Putting these
together, we find that either U(W) C (K N H) or U(W) N (K N H) = {e}, and so
K N H is standard.
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But H, being standard, is an element of R,,, and thus (HI{Rp)NRm PAI)
has H as a terminal object. Therefore |(H | Rpm) N (R | H)| is contractible, and
0 is |[H | Rim|. Thus (ER,;,)H ~ x for H € G,,, which finishes the proof of the
proposition. (|

10. PARTITION POSETS, TITS BUILDINGS AND DUALITY, REVISITED

Our main goal in this section is to prove the following theorem, whose proof
is found at the end of the section. This is a shifted self-duality result for the
complexes |L£,x|® of direct-sum decompositions introduced in Section 9. In view
of the description in [2], 1.16, we can see that Corollary 10.2 is analogous to [2],
Theorem 1.17.

Theorem 10.1. Let W be a spectrum with an action of U(p*). There is a U(p*)-
equivariant map that is a mod p equivalence

SN L[ AT ~ S* A map (|ka 1°W A sadpk) :
where S*%* s the one-point compactification of the adjoint representation of Up").
Corollary 10.2. There is a mod p equivalence of homotopy orbit spectra
SN (L0 ° AT )jspey = S* A map (|ka 12, W A S35 )EU(pk) .
We will also need the following result in Section 11, and we give its proof at the
very end of the section. The group Iy, is described below in (10.1).

Proposition 10.3. The homotopy orbit spectra of Corollary 10.2 are wedge sum-
mands of ST A Wir, (after p-completion).

The proof of Theorem 10.1, which is the penultimate item in the section, is
closely parallel to Sections 8 and 9 of [2]. In particular, we approximate both
sides of the desired equivalence using an appropriate (symplectic) Tits building
(Proposition 10.6 and Corollary 10.9), and then show that the Tits building in
question has a self-duality property (Proposition 10.10) that gives a bridge between
the two.

We begin by discussing the group-theoretic aspects. A crucial ingredient of [2]
is the subgroup A C X,x, which is characterized uniquely up to conjugacy by
being a transitive elementary abelian p-subgroup of ¥ ,x. The subgroup Ay can be
thought of as (F,)* acting on itself by translation to give a transitive subgroup of
the permutation group of p¥ objects. The normalizer NA; can be identified with
the affine group Affy(F,), and the Weyl group(NAg)/Ay is GL;(F,), so we have
a short exact sequence

1 — Ap — Aff(F,) — GL(F,) — 1.

The analogous subgroup of the unitary group is I'y, C U(p*). It is described
in detail in [15] (see also [1], p. 464), but we give a brief description here. The
subgroup T, is a central extension of (Z/p)2* by the circle group S* that is the
center of U (p*):

(10.1) 1= 8" 5T = (Z/p)*F - 1.

The realization by matrices of the quotient T'y/S' = (Z/p)?* uses permutation
matrices for one of the copies of (Z/p)¥, via the inclusion Ay = (Z/p)F < . —
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U(p*), while the other copy of (Z/p)* is realized by certain diagonal matrices. The
subgroup Iy is irreducible, corresponding to the fact that Ay is transitive. Let Ay
be the normalizer of Ty, in U(p*). There is a short exact sequence

1— Fk — Ak — Sp2k(Fp) — 1,

where Sp,;, (Fp) is the symplectic group, which is therefore the Weyl group of I'y,
in U(p*).

The subgroup I'y also has a uniqueness property analogous to that of Ay. We
follow the terminology of [1] and call a subgroup of U(m) a “projective elementary
abelian p-subgroup” if it is the extension of an elementary abelian p-subgroup of
U(m) by St = Z(U(m)). Then it is a standard fact from projective representation
theory that 'y is, up to conjugacy, the unique irreducible projective elementary
abelian p-subgroup of U(p*) (e.g., see [22]). In fact, just as ,, has no transitive el-
ementary abelian p-subgroups unless m = p* for some k, so U(m) has no irreducible
projective elementary abelian p-subgroups unless m = p*.

The next step is to introduce the symplectic Tits building. Because [[',T'x] =
Z/pcC S' = Z(T'), the commutator defines a skew-symmetric bilinear map [—, —] :
[y x Ty — Z/p . Moreover, since the connected component of the identity is the
center, it follows that the commutator passes to a skew-symmetric bilinear form on

Wo(rk) = Fk/Sl = F?)k

The form is clearly non-degenerate, and therefore is a symplectic form.

Recall that a subspace V' of a symplectic space is called coisotropic if V+ C V.
Let us say that a subgroup of I'y is “coisotropic” if it is the inverse image of a
coisotropic subspace of Ffok under the projection I'y, — Ffok. Let TSp,,;, denote the
collection of proper coisotropic subgroups of I'y,. We define the Tits building for the
symplectic group Sp,; (Fp) to be | TSpy,, |°, which turns out to have the homotopy
type of a wedge of spheres of dimension k.

To relate the symplectic Tits building to the constructions of Section 9, we prove
the following lemma.

Lemma 10.4. A proper coisotropic subgroup of I'y is a good subgroup of U(p*), in
the sense of Definition 9.1.

Proof. Let H be a proper coisotropic subgroup of I'y,, and suppose that H is bad.
Then the restriction to H of the standard representation of U(p*) on " is of the
form V ® C?, where V is a nontrivial irreducible representation of H and C? is the
trivial s-dimensional representation. It follows that dim(V) | p*, so dim(V) = p'
for some [ < k. Moreover, since H acts faithfully on V' ® C?, it follows that H
acts faithfully on V, and so H is an irreducible subgroup of U(p!). Since H is
also a projective elementary abelian p-subgroup, it follows that H = I';. On the
other hand, the assumption that H is a proper coisotropic group of I', implies that
7o(H)* is a nontrivial subgroup of mo(H). But then H cannot be isomorphic to
[y, because mo(I';)1 = {0}, and we reach a contradiction. O

Recall that Gk n, denotes the collection of all nontrivial good subgroups of
U(p*). The inclusion of collections TSpy;, < Gpk ntry i equivariant with respect
to the group inclusion A < U(p*), and it passes to a based map of unreduced
suspensions E TSps, — EGS, Inducing up, we get a U(p*)-equivariant map

p*,ntrv’

U@p*)+ Aa, ETSp3y, — EG?

ok ntry” The following proposition is a special case of
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[1], Theorem 11, namely the case P = Z(U(p*)) = S*, which acts trivially on both
U(p*)+ Aa, E TSps;, and EG. ey~ Although the definition of “good subgroup” in
this current work is not exactly the same as that used in [1] (where it is required
that the center, S!, be contained in a good subgroup), an argument with fixed-
point sets shows that the space E(F) of [1] is U(p*)-equivariantly equivalent to
Egpk ntrv:

Proposition 10.5. The above U(p*)-equivariant map is a mod p homology equiv-
alence

U(pk)+ /\Ak (E ’I‘Sp2k)<> - (Egpk,ntrv)o'

We will not reproduce the proof here, but we remark that an essential input
is that all irreducible projective elementary abelian p-subgroups of U(p*) are con-
jugate to T'y, just as it is essential for [2] that all transitive elementary abelian
p-subgroups of ¥» are conjugate to Ay.

Thus we arrive at the following mod p approximation result for the complex
|£,x|® of direct-sum decompositions.

Proposition 10.6. There is a chain of U(p*)-equivariant maps that are mod p
equivalences
U*)+ A, | TSPag ° 2 [ £y

Proof. There is a commuting square

~

U(pk)+ /\Ak (E TSka)<> — (Egpk,ntrv)o

(10.2) gl gl

U(pk)Jr A Ay |Tsp2k |0 EE— |gp’“,ntrv|0;

where the top map is the mod p homology equivalence of Proposition 10.5, and
where the vertical maps are induced by E TSp,, — |TSpy, | and EGyk pyy —
|Gk ntrv|, Which are weak equivalences of spaces and equivariant with respect to Ay
and U (p*), respectively, by [2], 2.10.

The proposition follows, once we establish that |L x| — [Gpr nry| is a weak
equivalence. By Proposition 9.8, the inclusion EL,x — ERpk nyry is a U (p")-
equivalence, giving us a weak equivalence [Lpk| — [Ryk niey|- By Corollary 9.10,
ER i niev = EGpr niry is a U(pF)-equivalence, which gives us a weak equivalence
IR pk ntrv| = |Gpk ntrv|, finishing the proof. O

Remark 10.7. Proposition 10.6 is implicit in [1], Corollary 12, in which there are,
however, a couple of misprints. The most serious one is that in the description of
the map at the end of [1], Corollary 12, the wrong adjoint sphere is indicated as the
target of the map. It has to be the adjoint sphere of Ay (which is just S' with the
trivial action), rather than the adjoint sphere of U(p*). We will correct the typo
in Corollary 10.9.

Proposition 10.6 has the following immediate consequence.

Corollary 10.8. Let W be a spectrum with an action of U(p*). There is a chain
of mod p equivalences

(| TSpoy [° A W)BAk = (|/ka ” A W)BU(pk)
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We also obtain the following dual result, which is a correction of [1], Corollary
12.

Corollary 10.9. Let W be a spectrum with an action of U(p*). Let 524k pe the
one-point compactification of the adjoint representation of U(p*). There is a chain
of U(p*)-equivariant maps that are mod p equivalences

(10.3)  map (|c,,k 1°, W A sadpk) ~ U(p*)1 A, map (| TSpyy |°, W A SY) .

Proof. Regarding the left-hand side of (10.3), it follows immediately from Propo-
sition 10.6 that there is a mod p equivalence via equivariant maps

map (|£pk [, W A Sadp’“) ~ map (U(pk)+ Aa, | TSpyy |5, W A Sadp’“) .

To transform the right-hand side of (10.3), we need the Wirthmiiller isomor-
phism, a standard fact in equivariant Spanier-Whitehead duality. (See, for exam-
ple, [13].) Let G be a compact Lie group with a closed subgroup H, and let E be a
spectrum with an action of H. Let S¢ and S be the one-point compactifications
of the adjoint representations of G' and H, respectively. We give G A (E A SH) a
left action of G'x H by letting letting H act diagonally on G A (EASH) and letting
G act on the right of G4 by the inverse. This action passes to a left action of G on
G. Ag (E A ST). Similarly, we define a left action of G x H on map(G4, E A S%)
as follows: H acts diagonally on E A S¢ and by conjugation on a map f, and G
acts by precomposition by right multiplication. Thus we obtain an action of G' on
mapy (G4, EASY). Then the Wirthmiiller isomorphism says that there is a chain
of G-equivariant maps that are nonequivariant equivalences

Gy A (ENSH) ~mapy, (G, EAS).

We apply the Wirthmiiller isomorphism with G = U(p*), H = Ay, and E =
map (| TSpy |, ). Note that Ay is a 1-dimensional group with trivial adjoint
representation, so the one-point compactification of the adjoint representation of
Ay, is the circle with trivial action. Thus we get

Up")s Ay (map(| TSpay |°, W) A SY)
~ maps, (U(")+, map( TSpsy |°, W) A 5%t )

Finally, standard arguments in equivariant topology show that there is a U(p*)-
equivariant, equivalence

map (U(04) 4 Aae | TSpay W A 505
~ map,, (U(p’“)+, map(] TSpy [, W A S+ )) )
O

We have now established approximation results for the space of direct-sum de-
compositions in terms of the symplectic Tits building. The other ingredient that we
need is a self-duality result for the symplectic Tits building. We follow closely the
discussion in [2], Section 8, where a similar result is established for the Tits building
for the general linear group. | TSp,y, |° has a natural structure of a k-dimensional
simplicial complex, with k-dimensional simplices identified with Sp,,(F,)/B, where
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B is the Borel subgroup of upper triangular symplectic matrices. It follows that
there is a map of spectra

a:STF AT TSpyy | = B (S (Fp) /B)

obtained by desuspending k times the map that collapses the (k — 1)-skeleton to a
point. Dualizing, we obtain the map

D() : map ((Spy (Fp)/B)+,S) = S* A map(| TSpy |°, S).
Moreover, since Sp,;(Fp) is a finite group, there is an Sp,; (F,)-equivariant weak
equivalence § : £ (Spy, (F,)/B)+ — map((Spy (F,)/B),S).
Proposition 10.10. The composition

D(a)ofBoa: ST AX®|TSp,, |° = S¥ A map(| TSp,, |°,S)
is an Ag-equivariant map inducing an isomorphism in mod p homology.

Proof. The proposition is analogous to [2], Theorem 8.2, where the same result
is proved for the general linear group, and we sketch an entirely analogous proof.
First, both spectra are homotopy equivalent to a wedge of p’“2 copies of the sphere
spectrum, p’“2 being the rank of the symplectic Steinberg representation. On the
unique nontrivial mod p homology group, the map induces the homomorphism

S Hi (| TSpay |°5Fp) — Fyp[Spoy(Fp)/B] — Hk(| TSpay % Fp)-
This homomorphism is analogous to the homomorphism of the same name at the
bottom of [2], page 249.
We need to prove that S is an isomorphism, and the proof proceeds exactly as

in [2], Lemma 8.1, the only difference being that the Weyl group of the symplectic
group is a reflection group of type C}, rather than Ay. Therefore, we have k

idempotents eq, ..., e, and the Iwahori relations are as follows:
eiej = eje; for 2 < |i —j|,
€i€i11€; = €;11€;€if1 for1<i<k-—1,

Ch—1€kEL—1Ck = €LeL—1CKECK_1-

Fori=0,...,k—1, we define Ez by E’l = €k—iCk—itl - --Ck—1€LCL—_1 . ..Ck—_i, and
w is defined as
w = EkflEk/72 e Eou.
(Ex_1Eg_s ... Ey is the longest word in the idempotents €;.) The rest of the proof
of [2], Lemma 8.1 remains unchanged. a

We can now give the proofs of Theorem 10.1 and Proposition 10.3.

Proof of Theorem 10.1. We assert that the following is a chain of mod p equiva-
lences.

STRIUAL A AW = STF ALk AW A S
~ STFAU®) 4 Aa, | TSpoy |° AW A ST
~ S AU (p*) 1 Aay, map(| TSpy, [, W A S")
~ S*¥ A map (|£pk|°,W A Sadz”“) .

The second equivalence follows from Proposition 10.6, the third follows from Propo-
sition 10.10, and the fourth follows from Corollary 10.9. O
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Proof of Proposition 10.3. The proposition follows from the relationship between
Tits building and the Steinberg idempotent. Let € € F,[Spy,(Fp)] be the sym-
plectic Steinberg idempotent. Such an idempotent can be used to split off a wedge
summand eE from the p-completion of any spectrum E with an action of Sp,, (Fp).
A homology calculation using the fact that the Tits building is spherical and the
Steinberg representation is projective shows that

€E ~, Sk A (| TSpay |© A E)Eszk(FP)'

(Cf. the comments following the proof of Theorem 1.17 of [2], page 252.) So,
S=E A (| TSpy |° A E)ESpM(Fp) is a wedge summand of the p-completion of E. In

particular, this holds for £ = Wj. where W is a spectrum with U (p*) action, and
then we apply Corollary 10.8. O

11. RELATIONSHIP WITH CALCULUS OF FUNCTORS

In this section we show that there is a relationship between, on the one hand,
sequences of spectra that one obtains from Construction 3.8 in the cases of finite
sets and finite-dimensional complex vector spaces, and on the other hand, certain
Taylor towers that arise from the calculus of functors. We prove Theorem 11.2,
which says that the subquotients of our construction show up as layers in Taylor
towers, and Theorem 11.3, which analyzes our filtration in the unitary case with
regard to vg-periodic homotopy.

The general references for Goodwillie’s homotopy calculus and Weiss’s orthogo-
nal calculus are [6, 21]. We need, in particular, the Goodwillie tower of the identity
and the Weiss tower of BU(—), for which one can look at [3, 1]. For a general
discussion of the interplay between Goodwillie’s calculus and periodic homotopy,
including a brief discussion of the relationship of the Goodwillie tower of the identity
to the symmetric power filtration, there is Kuhn’s recent survey article [10].

We very briefly recall the relevant facts. The theory of Taylor towers associates
to a suitable functor F' a tower of fibrations of functors P, F' that converges, under
favorable circumstances, to F'. The homotopy fiber of the map P,F — P, 1F,
which we denote D, F, is the “nth layer” of F. It is closely related to the “nth
derivative” of F'.

An important functor to which one may profitably apply Goodwillie’s theory
is the identity functor from spaces to spaces. Recall from [3] that the Goodwillie
tower of the identity functor evaluated at S* can be written in the following form,
up to p-completion:

(11.1)
D Id(Sl)
L — Pkad(Sl) — Py Id(Sl) > . s Pp Id(Sl) :Q(Sl)
Here

Dy Td(SY) ~ Q% map(S A [Pye|, 557 )z,

is the homotopy fiber of the map Py (S*) = Pp-1(S'), and Py is the poset of
proper, nontrivial partitions of the set {1,...,p*}. The tower converges to S up
to p-completion.
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Similarly, one can apply M. Weiss’s theory of orthogonal calculus to the functor
V — BU(V) from finite-dimensional complex vector spaces to topological spaces
and obtain a Taylor tower for it. This tower was studied in [1], and if we take
V = C and complete at p, the tower has the form

(11.2)
D, BU(Q)
L Ppk BU((C) Em— Ppk—l BU((C) 7 > Py BU((C) = BU,
where

Dpk BU((C) ~ (™ map(|£pk |<>, Zoosadpk A S2pk)BU(

The tower converges to BU(1) (up to p-completion).
Recall the notation

pk)

DI, = D, 1d(S")

DU, = D, BU(C).
We want to relate these spaces to our constructions. Our present work applied to
the category of finite sets and the category of finite-dimensional complex vector
spaces produces the sequences of spectra

S =Sp'(S) = Sp*(S) = --- = Sp>™(S) =HZ
bu=Ayg > Ay > Ay~ -+ > A =HZ,

where the quotients Sp™(S)/Sp™ *(S) and A,,/A,, 1 are contractible unless m is
a power of p. (The first assertion is well known, and the second is Theorem 9.7.)

Moreover, if m = pF with k& > 0, then the homology of the above subquotients
is all p-torsion. Therefore after p-completion we use the usual notation L(k) =

nk Sppk(S)/Sppk_l(S) for the desuspensions of quotients of symmetric powers
of the sphere spectrum, which are the subquotients of our filtration applied to
finite sets. Similarly, after p-completion we write T'(k) = E_(’H‘l)APk [Ar-1 for
the desuspensions of the subquotients of our filtration applied to finite-dimensional
complex vector spaces and unitary isomorphisms. Before stating the main result of
the section, we record the following theorem, which follows from Theorem 9.5 and
Proposition 10.3 upon taking W = £°°52P"

Theorem 11.1. The spectrum T'(k) is a wedge summand of the suspension spec-
trum ZOO(S2pk);LFk.

The main result of this section is the following theorem, which says that the
subquotients of our filtration show up as the layers in Taylor towers.

Theorem 11.2. For all k > 0, there are homotopy equivalences
B*1 DI, ~ Q®°L(k)
B¥ DU, >~ QT (k).

Proof. The first equivalence of the theorem is a consequence of [2], Theorem 1.18.
According to this theorem, there is an equivalence of infinite loop spaces

B2 DI, ~ Q® SpP (S)/ Sp”k_l(S)-
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Looping k times, we find that

1

B¥1 DI, ~ Q®5-*SpP" (S)/Sp?"(S)
~ Q> L(k),
as desired.
For the second equivalence of the theorem, recall that
B*1 DU, ~ B*10° map (|,c,,k o, 50 5edyn A 521"“)~ :
hU(p*)
and, by Theorem 9.5,

ke
A fAps = 5% (1L ]° NS Yy ) -
Since T(k) = Z_(IH_I)APk /Apk—l,
0T (k) ~ Q*Q ((|c,,k|° A S )BU(pk)) .

The second part of the theorem now follows readily from Theorem 10.1. Indeed,
applying that theorem to W = yo0 g2 gives the equivalence

S* A map (|£,,k o, 90 52" A sadpk) ~ SR AS®|L,]° A S A S
Taking homotopy orbits and applying Q2€2°°, we obtain
v — oo oo ke o k
B 10 map (|£,[°, 5257 A Sad”'“),;U(pk) ~ 04Q ((1£,41° A 5™ )iy )
which is the desired result. a

The cohomology of map (|£pk|°,Z]°°52”Ic A Sadp’“) was described in [1].

hU(pk

One consequence of Theorem 11.2 and its proof, togethe(r vzrith [1], Theorem 4(b),
is that H*(T'(k)) is free over Aj_1, where Aj_; is the (finite) subalgebra of the
Steenrod algebra generated by 8,Pl,...,P?""" (Sq¢',...,S¢*" at the prime 2).
Standard arguments, as in [3], then imply the following theorem.

Theorem 11.3. Let p be a prime and let K(n) denote the nth Morava K -theory.
Then K(n).(Apx /Ap-1) =0 for n < k, and the sequence bu = Ag — Ay — A, —
Ape = - = Ao ~ HZ terminates at Aye in vy-periodic homotopy.

For instance, in the case k = 0 (rational homotopy), the sequence terminates
at A; and, rationally, A; ~ HZ. Since A, /Ay = Z*°XCP* by Theorem 3.9, our
sequence X1 Ay /A9 — Ag — A; is rationally equivalent to the rational cofibration
sequence

Y®CP*® - bu - HZ.

12. CONJECTURES

In this section, we make some conjectures about the more detailed relationship
between our construction and Taylor towers. Roughly speaking, we conjecture that
certain “chain complexes” of spectra arising from our construction are “acyclic,”
and that the contracting homotopy is closely related to Taylor towers. In the finite
set case, the acyclicity is actually a theorem of Kuhn at the prime 2 and Kuhn-
Priddy at odd primes [7, 9]. Informally speaking, our conjectures say, “Analogues
of the theorems of Kuhn and Kuhn-Priddy hold in the unitary situation, and the
structure maps of the Taylor towers deloop to contracting homotopies in both the
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case of finite sets and the case of finite-dimensional complex vector spaces.” More
precisely, we conjecture that certain specific maps based on stable James-Hopf maps
are deloopings of the structure maps in the Taylor towers (Conjecture 12.1) and
that those same maps provide contracting homotopies for the chain complexes of
spectra in question (Conjecture 12.5).

We recall Kuhn’s language on homological algebra of spectra [8]. A sequence of
spectra

EF+ Xog+ X+ Xo— ...

is called a “complex over E” if it is constructed by splicing together cofiber se-
quences F,,+1 — X, — E,, with Ey = E. It is called a “resolution” if the
differentials have sections once 2°° is applied. It is called “projective” if the spec-
tra X,,, are summands of suspension spectra, and it is called a “minimal” projective
resolution if it is a wedge summand of any other projective resolution of E.

We will be using the Goodwillie tower of (11.1) and the Weiss tower of (11.2).
In what follows, we refer to the two types of towers collectively as “Taylor towers”
when necessary; we also assume that all spaces and spectra have been completed
at the prime p.

To state our conjectures, we want to loop the Goodwillie tower (11.1) once
and loop the Weiss tower (11.2) twice. The looped Goodwillie tower starts with
QQ(S) ~ Q(S°) at the bottom and converges to QS' ~ Z. The twice-looped
Weiss tower starts with Q?BU ~ Z x BU, by Bott periodicity, and it converges to
Q2?BU(C) ~ Q?CP*> ~ Z. In both the Goodwillie tower and the Weiss tower, we
have fibration sequences of the type

Q°Dy = QP — QPpr1 — Q' Dy,

where € is 1 or 2. In both towers we have structure maps given by the composition
of the inclusion of the fiber with the next k-invariant,
QDI —— QP Id(S') —— DL
(12.1)
2*DU, —— Q?P, BU(C) —— QDUjyy .

It is well known that these structure maps, although maps between infinite loop
spaces, are not infinite loop maps. Our first conjecture is that they are (k + 1)-
fold loop maps (Conjecture 12.1), and we will hazard a guess about the actual
delooping. Our conjectural models for the delooping depend on the spaces B* DI,
and B*~!1 DU, being retracts of certain other spaces. To begin with DI, it is an
immediate consequence of [2], Corollary 9.6, that B* DI is a homotopy retract
of the space Q(S”k);LAk where Ay = (Z/p)¥ is the transitive elementary abelian
p-subgroup of ¥,x. We use the notation

B* DI, 5 Q(57"); 5, = B* DI,

for the inclusion and retraction maps. Similarly, it is an immediate consequence of
Theorems 11.1 and 11.2 that after p-completion the space B¥~! DU, is a homotopy
retract of Q(Szl’k)ﬁrk. We abuse notation and write

B¥1DUL 5 Q(S*)jp, = B¥' DU
for the inclusion and the retraction maps for the unitary case as well.

We need one more comment before stating the first conjecture. The group X,
Ap C X,e+1 contains Agyq, and the group X, 1T, C U(p**!) contains I'pyq. In
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the following conjecture, we use the term “stable James-Hopf map” to refer to
the adjoint of the map ¥>°QX — ZOO(XAP);LEP that one obtains from the Snaith
splitting.

Conjecture 12.1. The structure maps described in (12.1) have (k + 1)-fold de-
loopings. Moreover, the deloopings are given by the two compositions

Fi: B DL 5 Q(S" )ja, 2 QU gy, 2 Q" ia,,, = B* DLy

k+1 k+1

- i k J t
9k - B DU, 5 Q(SQP )Brk = Q(S2p )szgrk — Q(S2p )BFkH - B* DUks1
where tr stands for the transfer map, i and r stand for the inclusion and retraction
maps discussed above, and j, stands for the stable James-Hopf map.

Let f, = QF}, and let g, be the double loops on the first k-invariant in the
Weiss tower (11.2). Assuming Conjecture 12.1, we may associate the following
diagrams with the looped Taylor towers, where the few spaces that are not already
p-complete need to be p-completed. The maps in the diagram are those defined in
Conjecture 12.1, and what is conjectural is that they are deloopings of the structure
maps in the Taylor towers.

Diagram 12.2.

z ob, & b, 4 BDL & .

7z Y 7.xBU L= apU, & DU, ¥ BDU, % ..

Here we have Q DIy = QS°, DI; = QBY, and 2DUy = QCP>. The map fp :
QS° — QBY, is the stable James-Hopf map (also called the Kahn-Priddy map).
In keeping with our exponential indexing, we think of the space BU = Do BU(C) as
DU_, on the grounds that p~> = 0. This quirk of grading does not occur in the
case of the Goodwillie tower, because the Goodwillie tower of the identity does not
have a degree zero term. We conjecture that the map g_o, : Z x BU — QCP*,
which is the double loops on the first k-invariant in the Weiss tower, is in fact
closely related to the Becker-Gottlieb transfer ®, as considered in [4]. The map n;
is obtained from the suspension map S' — QS' by looping down once. Similarly,
the map ny is obtained from the inclusion BU(1) — BU by looping down twice.
Note that in the case of the Goodwillie tower, we did not use the full strength of
Conjecture 12.1. The number of deloopings that we need to string together the k-
invariants is actually one less than provided by the conjecture, so we use fj rather
than Fk.

On the other hand, instead of looking at the filtration sequences in the Taylor
towers, we can consider the cofiber sequences of p-completed spectra

SpP" T (S) —— SpP"(S) ——  TFL(k)
Apk—l e Apk e EkJrlT(k‘).

By splicing together the cofiber sequences for different values of k, the p-completion
of the symmetric power filtration and its bu-analogue can be written in the following
chain complex form.

3The referee suggests that one can also get a presumably relevant map by considering the
composite U = Qg1(S%) — Q(XCP> )4, where the first map is the equivariant J-homomorphism
and the second map is obtained from the Segal-tom Dieck splitting.
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Diagram 12.3.

[e5]) [ D)

HZ +—2—— L(0) < L(1) & L2) <.
HZ <= T0) & Ty & oTe) &
Recall that L(0) = S, L(1) = £*BX%, and T(0) = £*°CP*, where the latter
follows from either Construction 3.8 itself or from Corollary 8.3.
Theorem 11.2 says that 2°° applied to the objects in Diagram 12.3 gives the
objects found in Diagram 12.2, but the maps are pointing in opposite directions. In
view of this, we may combine Diagrams 12.2 and 12.3 into one as follows.

Diagram 12.4.

nr fo f1 fo

/e — ODI, <~ DI, <> BDL, ...
€1 @Q [e %) a2
nu 9—oo g0 g1 g2

Z <:>Z><BU<B—’ QDU, <;—> DU, <;—> BDU, <;—>
€U — oo 0 1 2

Strictly speaking, the maps pointing to the left are infinite loops of the maps of
the same names in Diagram 12.3, but for reasons of typesetting, we omit 2°° from
the notation. Thus, the maps pointing to the left are infinite loop maps, and since
they have null-homotopic composites, they constitute chain complex differentials.
The maps pointing to the right are not infinite loop maps, and we do not know if
their composites are null-homotopic.

It is reasonable to ask if Diagram 12.4 represents a chain complex with a con-
tracting homotopy, and this is our main conjecture.

Conjecture 12.5.

(1) For all k > 1, the following maps are weak homotopy equivalences.
(a) nroer +agpo fo:N2DIy — QDI
(b) fk,1 oQp_1 + Qo fk : Bk—1 DI, — Bk DI,
(2) Similarly, the following maps are weak equivalences.
(a) nuoey + B0 ©9_oo : % x BU = 7 x BU
(b) 9-woB o+ Boogo: 2DUs = QDU
(¢) gk—10Bk—1 + Brogr: B¥1 DUy —» B¥1 DU,

Finally, the compositions €; onr and €y o ny give the identity map on Z.

It is in fact easy to check that e; ony gives the identity map on Z. The first inter-
esting instance of Conjecture 12.5 in the homotopy case is (1a). It is equivalent to

the assertion that the composed map Qo(S°) 22> QBY, I Qo(S°) is a homotopy
equivalence after p-completion, which is the Kahn-Priddy theorem.

Likewise, it is easy to check that ey o ny is the identity on Z, and the first
interesting instance of Conjecture 12.5 in the unitary case is (2a). It is equivalent

to the assertion that the composed map BU LN QCP> Iy BU is an equivalence.
Strong evidence for this assertion is given by a theorem of Segal that says that the
space BU is a retract of QCP> [18]. See also [4], where Segal’s theorem is reproved
and generalized using the Becker-Gottlieb transfer BU — QCP®. This transfer
map is probably more directly pertinent to our constructions than Segal’s proof.
(Or perhaps, as the referee suggests, the equivariant J-homomorphisms is even
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more relevant here.) To prove (2a), one only needs to show that our map g_o is
close enough to the Becker-Gottlieb transfer.

Conjecture 12.5 taken together with Theorem 11.1 would imply that the two
chain complexes of spectra in Diagram 12.3 are, in Kuhn’s language, projective
resolutions of HZ and of bu(0) (the fiber of the map bu — HZ), respectively. In
the case of HZ, this consequence is the main theorem of [7] and [9]. In fact, it
appears likely that [7] and [9] contain a proof of Conjecture 12.5 (1), or come close.
One needs to check that certain maps considered there are equivalent to our maps
fr, and a superficial inspection of all the constructions involved suggests that this
is the case. Thus the interesting case is Conjecture 12.5 (2).

It is also shown in [8] that the projective resolution of H Z that one obtains from
the symmetric power filtration is minimal. We conjecture that the same is true
of the resolution that Conjecture 12.5 would provide for bu(0). If true, this would
answer one of the open questions proposed at the end of [§].

Conjecture 12.6. The second chain complex in Diagram 12.3 gives rise to a min-
imal projective resolution of bu(0).

It is conceivable that one can prove Conjecture 12.5 (2) by carefully transferring
the methods of Kuhn and Priddy to the unitary context, since all of the crucial
ingredients of their proof have analogues in the present context: stable James-
Hopf maps, transfer maps and a suitable family of Steinberg idempotents seem to
be arranged in a similar constellation. Possibly this is the “right” way to prove
the conjecture. However, we also wonder if the presence of the Taylor towers—
an ingredient not available at the time that [7, 9] were written—can be profitably
incorporated into the proof, thereby making it simpler or at least in some way more
“conceptual.” For example, a more conceptual proof might be one that does not
rely on explicit homology calculations as heavily as Kuhn’s original proof.

It is intriguing to ask whether the special phenomena occurring in the cases
of finite sets and complex vector spaces hold in other cases, but if they do, then
it may not be in an obvious way. For example, consider the category of finite-
dimensional real vector spaces. Our construction associates with it a sequence of
spectra interpolating between bo and HZ, and Theorems 9.5, 9.7 and 11.3 will
have appropriate analogues, although the statements are likely to be a little less
clean than in the complex case. Moreover, there is a Weiss tower associated with
the functor V' — BO(V'), which appears to be related to our filtration. But there
may be no real-case analogue of Theorem 11.2 to establish a precise relationship
between our filtration and the Weiss tower, and therefore no analogue for our main
conjecture.

One final remark. Conjecture 12.5 implies that the homotopy spectral sequence
associated with the symmetric power filtration, as well as that associated to our
filtration of bu, collapse at E». (Of course, in the case of the symmetric power
filtration, the collapsing at E» is a theorem.) Taken together with Conjecture 12.1,
this would imply that an analogous collapsing result holds for the homotopy spectral
sequences associated with the Taylor towers (11.1) and (11.2). In the case of the
Goodwillie tower, this was first pointed out by N. Kuhn in [10].
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