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1. INTRODUCTION

Let p be a prime and let G < ¥, be a subgroup of the symmetric
group. In this paper we use the transfer to study homotopy orbit spaces
X?. = EGx¢XP in complex oriented cohomology. We are particularly
interested in computing the ring structure. Thus we are led to consider
the relation between cup products and transfer known as Frobenius
reciprocity by analogy with representation theory

Tr*(z)y =Tr*(zp"(y))
(formula (i) of Section 2) where p : EGxX? — X} is the covering
projection and
Tr*: E*(X?) — E*(X},)
is the associated transfer homomorphism. It is worth noting that the
multiplicative structure of the cohomology groups we consider is com-
pletely determined by this formula.

In case E = K(s) is Morava K-theory, G is cyclic of order p, and
X is the classifying space of a finite group, Hopkins-Kuhn-Ravenel [11]
have studied these cohomology groups as modules over the coefficient
ring. Our paper builds on their approach by extending their notion
of a good group to spaces. For X = CP* we determine the algebra
K (s)*(X}y,,) for Morava K-theory; for complex cobordism we compute
the ring MU*(X ,’;Ep) making additional use of the formal group law.
This enables us to make explicit computations of the transfer in both
cases. In an analogous fashion we compute the algebra BP*(X,’;ZP).

The starting point and original motivation for our work comes from
Quillen’s famous formula for 77*(1), the stable Euler class, for the uni-
versal Z/p covering. As explained in Section 2, our results for CP*
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provide a universal example which enable us to compute the stable Eu-
ler classes and the transfer in general for many other cases. For example
universal coverings for some nonabelian p-groups, namely those with
cyclic subgroups of index p and those which are semi-direct products
of elementary abelian p-groups with Z/p.

The paper is organized as follows. In Section 2 we recall some pre-
liminary results for the transfer. Section 3 is devoted to extending
some results of [11] in Morava K-theory. The computation of the alge-
bra K(s)*(X}y, ) for X = CP* is given as Theorem 4.5 of Section 4;
analogous results are given for X = B(Z/p) along with further compu-
tations of the transfer. In Section 5 we turn to the complex cobordism
rings of B(m 1 U(1)). In Section 6 we derive formulas for transferred
Chern classes. The ring BP*(X}); ) is computed in Section 7. In Sec-
tion 8 stable Euler classes for the universal coverings associated with
p-groups with normal cyclic subgroups of index p are computed. Similar
results are given in Section 9 for the semi-direct products (Z/p)* x Z/p.
Finally in Section 10 we compute coefficients useful in computing the
transfer for G = Z/p and G = 3,.

2. PRELIMINARIES

We recall that a multiplicative cohomology theory E* is called com-
plex oriented if there exists a Thom class, that is, a class u € E?(CP>)
that restricts to a generator of the free one-dimensional E* module
E?(CP'). The universal example is complex cobordism MU*. Then

E*(CP%) = E*[[«]],
where z is the Chern class of canonocal complex line bundle £ over
CP> = BU(1) and
E*(BU(1)?) = E*[[1, ..., p]],
z; = ¢1(&;) and §&; is the pull back bundle over BU(1)P by the projection
BU(1)?» — BU(1) on the i-th factor.

Much of our paper is written in terms of transfer maps [1, 7] and
formal group laws. Let us give a brief review of formal properties of
the transfer. For a finite covering

p: X - X/G
there is a stable transfer map
Tr=Tr(p): X/G" — X*.



For any multiplicative cohomology theory E* the induced map 7T'r*
is a map of F*(X/G) modules, i.e.,

(i) Tr(zp"(y)) = Tr*(a)y, = € E*(X), y € E*(X/G).

For example

(if) Tr*(p*(y)) = Tr*(1)y.

The element 7T7*(1) € E°(X/Q) is called the index or stable Euler
class of the covering p. The following additional properties of the
transfer will be used:

(iii) The transfer is natural with respect to pullbacks;

(iv) Tr(p1 x p2) = Tr(p1) ATr(ps);

(v) If p = p2p1, then Tr(p) = Tr(p2)Tr(p1)-

More generally for a covering projection
puc: X/H— X/G
with H < G there is a stable transfer map
Trug: X/Gt — X/H*

For ease of notation if H = e, as above, we write projection and
transfer in several equivalent ways p = pg = peg, Ir = Tr(p) =
TT’G =Tr e,G-

The reverse composition to (ii) is given by

(vi) (Double coset formula) If K, H < G then

1

* * _ * —1%* *
PrclTe = E :TTKme,K °T = OPgelngH
T

where the sum is taken over a set of double coset representatives x €
K\G/H. Here H®* = xtHx™".
For a regular covering py ¢, ie. H <G,
p*H,GTT;I,G(x) = Z g (z).
geG/H

In subsequent sections the reduced transfer Try ¢ : X/G — X/H is
used.

We recall Quillen’s formula [13, 6] mentioned in the Introduction.

First,
E*(BZ/p) = E*[[2]]/([p](2))

where z is the Chern class of the canonical complex bundle over BZ/p
and [p|(z) is the p-series or p-fold iterated formal sum. Then

(1) Try,(1) = [pl(2)/2,
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where T'r7, I is the transfer homomorphism for the universal p-covering
EZ/p — BZ/p. The relation [p](z) = 0 is equivalent to the transfer
relation
2Try,(1) = Try),(e1(C)) =Ty, (0) =0
obtained by applying (ii). Of course since transfer is natural, Quillen’s
formula enables us to compute the stable Euler class for any regular
Z[p covering.
In this spirit, let
T <X,
be the subgroup of cyclic permutations of order p. For a given free
action of 7 on a space Y with a given complex line bundle n — Y we
have an equivariant map

Ne = (91,---9p) : Y — BU(1)?,

where g¢; classifies the line bundle t*~'n, t € 7.

So by naturality of transfer, the computation of transferred Chern
classes Tr*(ct(n)), i > 1 for cyclic coverings can be reduced to the
covering

prt Em x (BU(1))? — Em %, (BU(1))?,
as the universal example.

Similarly for the symmetric group.

Note that by transfer property (v), Tr(p,)* has the same value on
the Chern classes z1,...,x, in E*(BU(1)P) = E*[[xy, ..., z,]] as above:
the group 7 permutes the x; and p,t = p,, t € . Thus in computations
of the transfer we sometimes write these Chern classes in an equivalent
way z,tz, ..., tP 7.

3. TRANSFER AND K(s)*(X}y, )

Fix a prime p and an integer s > 0. Let X be a CW complex whose
Morava K-theory K (s)*(X) is even dimensional and finitely generated
as a module over K(s)* = F,[vs, vs7!] with |vs] = —2(p® — 1) as usual.
We note there is no restriction on p: although K(s) is not a commu-
tative ring spectrum for p = 2 our even dimensionality assumption
implies the deviation from commutativity is zero in the groups we con-
sider by a result of Wiirgler [16].

In this section we study the transfer homomorphism and compute the
stable Euler class. We extend some results of Hopkins-Kuhn-Ravenel
[11] and Hunton [10] for the group m to ¥,. This leads to one of
our main results, the computation of the algebra K (s)*(Xpy, ) for X =
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CP given as Theorem 4.5 and Corollary 4.6 of the next section. Here,
as in the Introduction, Xﬁzp = EY, x5, (X)? is the homotopy orbit

space of X, acting on X? by permuting factors.
We recall

K (s)"(Bm) = K(s)"[2]/ (")

where |z| = 2. We consider the Atiyah-Hirzebruch Serre spectral se-
quence:

(2) By (m, X) = H(m; K(5)"X?) = K(s)"(X},)
By the Kiinneth isomorphism
(3) K(s)"X? = (K(s)"X)®

Then K (s)*X? is a m module where 7 acts by permuting factors (see
[11], Th. 7.3).

An element z € K(s)*(X) is called good if there is a finite cover ¥ —
X together with an Euler class y € K(s)*(Y) such that x = Tr*(y)
where Tr* : K(s)*(Y) — K(s)*(X) is the transfer. The space X is
called good if K(s)*(X) is spanned over K(s)* by good elements.

Let v = ¢*(z), where

v: Xy — Br
is the projection and let {z;} be a K(s)* basis for K(s)*(X). The
following result is well known in ordinary mod-p cohomology. We follow
the K (s)* version for classifying spaces of [11] Th.7.3.

Proposition 3.1. Let X be a good space.
(i) As a K(s)* module K(s)*(X}, ) is free with basis
{7 ®@)™ | 0<i<p’, 1<}

and
{ Y 1®2,02,®..0z, | I€P, }

(ilviQ;“Uip)eI

where I = {(i1, 92, ..., 1,) } runs over the set P, of m-equivalence classes
of p-tuples of positive integers at least two of which are not equal.

(ii) X7 is good.

Proof: (i) By the Kiinneth isomorphism,

(4) KG$)'(X)®=FaT
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as a m-module, where F'is free and T is trivial. Explicitly a K (s)* basis
for T is {(x;)®P,i > 1}, while a K(s)* basis for F is {z;, ® 2;, ® ... ®
;,,%; > 1} where not all the factors are equal. Then

H*(mF)=F" if *x=0

—0  if ¥>0
and
H*(m;T)=H*(Br)®T.

Thus E,"* (7, X) = K(s*XP )"=F"aT.

To continue the proof we consider the covering projection
pr: Em x XP — XV
its associated transfer homorphism
(5) T = Trt: K(s)* (X?) — K (s)" (XD,)
and induced homomorphism
prt + K(s)'(XD) = K(s)' (X7).

Similarly for the group ¥,. Then p.*Tr* = N, where N = N, is
the norm or trace map N : K*(XP?) — K*(XP?) defined by N(z) =
> gex 97- Thus we have established the following lemma.

Lemma 3.2. Ify € K(s)*(X?) is good then there ezists a good element
z € K(s)*(X} ) such that pi(z) = N(y). O

Lemma 3.3. If x € K(s)*(X) is good then there is a good element
z € K(s)*(X} ) such that pi(z) = z®P.

Proof: By assumption there is a finite covering f : ¥ — X and an
Euler class e € K(s)*(Y) such that £ = Tr*(e). Now consider the
covering
p=fx..xf:YP > X?
which extends to a covering
Ix¢:YP — X))

and yields a map of coverings

Erxyr Lo L yr

¢ 1x¢

Erx x? P, xp
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The class €®? is an Euler class for Y?. Since transfer is natural and
commutes with tensor products we have

PiTr*(1e®P) = Tr*p,* (10e®?) = Tr*(e*?) = Tr*(e)®...QTr* (e) = 2P
g

Corollary 3.4. E)%*(m, X) consists of permanent cycles which are
good. O

Thus as differential graded K (s)* modules, there is an isomorphism
of spectral sequences

~

(B (m,pt) @k s T) ® F* — B, (7, X)

Thus it follows that as a K(s)* algebra, K(s)*(X} ) is generated by
K(s)*(Br), T, and FT.

(ii) The proof of [11] Th. 7.3 carries over. This completes the proof
of Proposition 3.1. U

Lemma 3.5. i) Im(Tr*) -v=0.
i) Tr*(1) = vey? L
ii) If y € T then Tr*(y) =y - Tr*(1).

Proof: i) By Frébenius reciprocity,
Tr(w) -y =Tr"(w- p"(7)) =Tr*(w-0) =0.

ii) Consider the pull back diagram of coverings

/

Erx X2 . Ex

14 Br

p
Xh7r

Then Tr*(1) = Tr*¢" (1) = ¢*Tr},,(1) by naturality of the transfer.
By Quillen’s formula T7z/,(1) = v,27"~*. Since v = ¢*(2), the result
follows.

iii) If y € T then p,*(y) = y. The result follows from transfer property
(ii)’ TT*pW*(y) =Yy T’f‘*(l). .
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Remarks : 1) From the periodicity of the cohomology of a cyclic group
[4] Proposition XII, 11.1, we have isomorphisms

H*(m; K*(XP)) — H*"(m; K*(X7))
for s > 0 and
H(m; K*(X?))/Im(N) — H?(m; K*(X7))
thus multiplication by z is also injective on T at the Ey term.

2) p,*Tr* = N, thus modulo ker(p,*) we have

(6) TT*(xh i ®...Q xip) = Z 1® Lo(in) & Lo (is) Q..0 Lo(ip)-

ocT

Note that if the i; in (6) are equal, the right hand side is zero. However
Tr(z;%?) = 1® ;%P - Tr*(1)

on the nose by Lemma 3.5 iii).

We now turn to K(s)* (X} )-

Lemma 3.6. prx, : Bnr — BY, induces an isomorphism of K(s)*
algebras

phx, - K(5)"(BE,) = {K(s)"(Bm)}"
where W = N, (7)/n =~ Z/(p — 1). Computing invariants yields
K(s)"(BX,) = K(s)'[y]/(y™)
where p} v, (y) = 2#~" and ms = [(p* —1)/(p — 1)] + 1.

Proof: The group W has order prime to p and thus acts exactly
on the AHS spectral sequence for K(s)*(Bm) producing a new spec-
tral sequence of invariants. It is well known that H*(BX,;F,) =
H*(Bm;F,)V = Ea] ® F,[b] where |a| = 2(p — 1) — 1 and b = S(a).
Therefore p, s, induces an isomorphism of spectral sequences.
E*(E,, pt) = B (m, pt)V

T

The corresponding isomorphism on abutments yields the desired result.
O

Let ¢ = ¢*(y) where ¢ : EX,, x5, X? — BY, is projection.
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Proposition 3.7. As a K(s)* module K(s)*(X}y, ) is free with basis
{c@ @)™ |0<i<mg,1<5}

and
{ Z 1z, ®2,Q...Q0z;, | 1€& }
(ilaiQa"'!ip)EI

where I = {(i1, i3, ..., ip) } Tuns over the set £, of ¥,-equivalence classes
of p-tuples of positive integers at least two of which are not equal.

Proof: The result follows from the AHS spectral sequence since, as in
Lemma 3.6, W acts exactly.

4. APPLICATIONS

1. Cp®.

As an application we consider the case X = CP*> = BU(1). Then
Xp,=B(mU(Q1)), X}y, = B(3,1U(1)). We compute the Morava K-
theory algebras of these spaces as well as the transfer homomorphism

(5) of Section 3 and (8) below.
We recall

K(s)"(X?) = K(s)"[[#1, 225 - %]]
where |z;| = 2. The projection ¢ : X;, = BG for G =7 or G =%,
is induced by the factorisation G U(1)/U(1)? = G.

Proposition 4.1. (i) For X = CP* the cup products of K(s)*(X} ),
as an algebra over K(s)*(Bw), are determined by Im(Tr*) - v = 0.

(i) B(m1U(1)) is good.
Proof: (i) These relations hold by Lemma 3.5. By the calculation of a
basis in the proof of Proposition 3.1, there are no other relations.

(ii) Since BU (1) is good this follows from Proposition 3.1 (ii).

Turning to the symmetric group case we denote by £*P the p-fold
product of the canonical line bundle over X?. This bundle extends to
an p-dimensional bundle

(7) s, = EX, x5, &°F
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on Xjy. classified by the inclusion X}y, = B(¥,1U(1)) — BU(p).
Let ¢; = ci(&s,). Then ps,*(¢;) = ¢(€*?) = oy, the i symmetric
polynomial in the z; where

ps, t EXy X XP — XJo
is the covering projection.

Definition 4.2. We shall also consider the classes
¢ =Trsy, (2122 - - - %)
fori=1,....,p—1 where
(8) Trs,” : K(s)" (EX, x XT) = K(s)*(X}y,)
15 the transfer homomorphism.
Lemma 4.3. py,*(¢;) = i!(p —1)lo;.
Proof: ps,*(¢;) = pgp*Trgp(zlzz...zi) = Ny, (2120...2;). For each sub-
set of 7 integers {ji, jo,...,Ji} with 1 < ji < p, there are i! bijec-
tions {1,2,...,i} — {Jj1,J2,-..,Ji} and (p — 7)! bijections {i + 1,7 +

2,..,p} = {1,2,....,p}\{J1, 42, ---, ji}. Thus there are il(p — i)! sum-
mands of zj, zj,...2; in Ny, (2122...2;)- O

Proposition 4.4. The K(s)* algebra K(s)"(X}y, ) is generated by
C,C1,y ey Cp—1, Cp.
Simalarly with c; replaced by ¢; for 1 <1 <p—1.
Proof: We note that (4) is also a decomposition of 3, modules. Fur-
thermore, H*(X,; F) C H*(m; F), and T is trivial as a 3, module.
Thus
H* (S, F)=F> if x=0
=0 if x>0
and
H*(3,;T)=H"(B%,) ®T.
Therefore, as differential graded K(s)* modules, there is an isomor-
phism of spectral sequences

(ET*,*(Ep’pt) ®K(s)* T) P FEp i) E’r*’*(zp, X)
It follows that as a K (s)* algebra, K(s)*(X}y, ) is generated by K (s)*(BY,),

T, and F*». However F¥» @ T = (F @ T)* and by the fundamental
theorem of symmetric functions

(FeT)™ = K(s)o1, ..., 0p)]
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This completes the proof since ps,*(c;) = 0; and for 1 <3 < p—1
p«"(C) = €0y, € # 0. U

Theorem 4.5. As a K(s)*(BX,) algebra,
K(s)"(Xyy,) = K(s)"(BEp)[[e1, -, -1, 6]/ (cGi).
Proof. Since ¢ € Im(Tr*), the relations follow from Lemma 3.5 i).

That there are no other relations follows from Proposition 3.7 and the
fact that ¢, is represented by z®? € T. O

Corollary 4.6. Over K(s)*,
K(s)"(Xpg,) = K(5)"[lc, &1, .., Gp1, 6] /(¢ ).
Corollary 4.6 follows immediately from Corollary 3.4 and Lemma 3.5
ii).
Proposition 4.7. 775, (1) = —v,c™

-1

Proof: First we prove the formula on the level of classifying spaces, i.e.
for X = pt, in which case it reduces to Ty, (1) = —v,y™ . To do
this we analyze p; 5, T'r5, (1). Since the transfer is transitive (v) we
can factor

Trs, : K(s)'(Be) 5 K(s)"(Br) =% K(s)"(BS,)
Applying the double coset formula (transfer property (vi)) to

K(s)"(Br) =% K(s)"(BS, =% K(s)"(Br)

we obtain

c*_ Tr*
Z K(s w K(s)"(Br9nm) 5 K(s)*(Brdnwr) 57" K(s)*(Br)
geEmM\Ep/m

Since 79 N7 = e unless g € Ny, (7)/7 in which case 79 N7 = T,

P;gmw TTWQDW s Zd
Thus

e, T1%, (1) = pr 5, Ty s, (0527 1) = Z g (vg2P" 7).

9€Ns, (7)/m

Now Ny, (m)/m =Z/(p—1) and ¢g*(z) = gz. Therefore

pS—1 ps 1 pS—1
Py, I, (1 —[E :Z Jvsz Usz® -
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Since p} 5, is injective and p} 5, (y) = 2P~ this proves the special case
X = pt. The general case now follows by a pull back argument as in
the proof of Lemma 3.5 (ii) using ¢ = ¢*(y). O

Remark: In view of Proposition 4.7 we observe that the multiplicative
relations of K(s)*(Xjy ) are completely determined by the relation
Im(Trs,)) -c=0.

Let us return to Theorem 4.5 and find the relationship between the
two systems of generators c; and ¢;.

Corollary 4.8. Let ¢y, : X,fzp — BY,, be the projection induced by

factorisation £, U (1)/U(1)? = X,. There exist unique elements 6?,;’ €
K (s)*(BX,) such that in K(s)*(Xpy, )

G — kl(p — k)lep = Sisopy, (037)ch, k=1,.,p—1.

Proof: The existence of 5?,;” follows from Lemma 4.3 and Corollary
4.6: the left hand side, as an element of Kerpf, , has the form of the
right hand side. As for uniqueness note that multiplication by ¢, is
injective. U

Definition 4.9. Let t be a generator of m and let F C K(s)*(X?) be
the free m module of Proposition 3.1 (4). Then elements wy, € F can
be defined modulo KerN, = Im(1 —1t),t € m by

(9) Nﬂ(wk) = Ok, k:1,...,p—1.

By transfer property (v) Trf = Trit, where
Trr: K(s)"(Em x BU(1)?) — K(s)*(X}.)

™

hence Tr}(wy) is well-defined.

Remark 4.10. In order to compute the transfer homomorphism of
(8) in terms of Chern classes c,cy,...,c, we recall [9], p. 44, that we
can consider K(s)*(X?), X = CP* as a free K(s)*[[o1, ..., 0,|] mod-
ule generated by the elements zi'..z" € F C K(s)*(BU(1)?), with
0 <i4; < p—j, where F' is the free 7 module of Definition 4.9. So
by Frobenius reciprocity it suffices to compute the transfer on these
monomials. Then summed over the symmetric group Y ¢*(2i...27) is
a symmetric function and hence has the form

Z Z g*(z?...z;f) = 0181+ ...+0p_15p_1 = Z(w181+ et Wp_15p-1),

T Yp/m s
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for the elements wy, defined in 4.9 and some symmetric functions s, ...5,1.
Hence we have modulo kerN = Im(1 —t),t € 7 in F

*( 11 ip\
E g" (2] ...zpp) = w181 + ... F Wp_15p-1-

The left sum consists of (p — 1)! elements each with the same value of
transfer. Also wy consists of p~! (Z) elements with the value of transfer
T3, (21...2). Thus the computation of the elements ¢ and Frébenius

reciprocity is all that is needed for computing Trgp.

Relating m and X, we have a lift of pr 5,

ﬁﬂE
P Zip P
Xh7r XE,,
@ @
Br %, gy,

Lemma 4.11. p 5, (¢x) = kl(p — k)!Tr7(wg).

Proof: Note that modulo Im(1—t) we have Xg*(2122...2x) = k!(p—Fk)lwg
summed over 3, /m. Applying the double coset formula

P, Ck = Prs, Trs, (2122..28) = T, Z 9" (z129...2;) = kl(p—k)!Tr} (wg).
gEY, /T

g

We are grateful to D. Ravenel for supplying us with the proof of the
following result which is important for calculations in Section 10.

Lemma 4.12. For the formal group law in Morava K-theory K(s) we
have mod yP°

P =sty-u Y o (7).

0<j<p J

Proof: This result can be derived from the recursive formula for the
FGL given in 4.3.8 [14]. For the FGL in Morava K-theory it reads

s—1 2(s—1)
)

F(Z‘,y) = F(ﬂ') +y’v8w1(‘r’y)p avs2w2($ay)p [N



14 MALKHAZ BAKURADZE AND STEWART PRIDDY

where w; is a certain homogeneous polynomial of degree p* defined by
4.3.5 and e¢; = (p* — 1)/(p* — 1). In particular wy = = + y (the first
term in the formula above),

wi==3 p (p>frjy”‘j,
0<j<p J

and w; ¢ (2P, yP).
For s > 1 we can reduce modulo the ideal v (z?
get

2(5—1),yp2(s—1)) and
F(z,y) = F(z+yvw(z,y) )
= F@4y+vwi(z,y)” vsw (@ +y vsw (z,y)? )P ,...)

F(z+y+ v (@,y)" v (@ +y7 0w (@, 9P ),

s—1 (mPZ(s_l) , yp2(s—l))

and modulo v!*? we have

-1

F(z,y) =z +y+vaw(z,y)" . O
Let us write for short o = oy (z, F(x, 2), ..., F(z, (p — 1)z)).

Lemma 4.13. 1) The following formula holds in K(s)*(BU(1) x Bn)

- > Aob+p <k>x’“vsz”s_1,

0<i<ps

where N, = A\j.(2"~") are polynomials in 2P~ X\j; =0, j =1,...,p—2.

2) For 1 < k < p—1, equating the coeﬂicients of xP, ...,:L"’SH in 1)
gives a system of linear equations with tnvertible determinant. Thus
the elements A}, can be defined as the solution of this system.

Proof. 1). Clearly
op(z, F(2,2), ... F(x,(p—1)2)) = 2F + 2P A(x, 2)

for some polynomial A. Thus in the expression for o3 we can substitute
" P(0, — 2P 1 A(z, 2)) for o) each z™ for n > p. As a result, high
powers of x become replaced either by o, or by terms divisible by
2P~ Repeating this process gives expressions where each occurrence
of powers of x exceeding p — 1 is accompanied by higher and higher
powers of z, which is nilpotent. By iteration all such powers of z
become eliminated, thus giving oy expressed in terms of o,, the only
remaining term containing x being p— ( )mkvszp -1

2). Proof is elementary. O
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We now consider the bundle & = p; 5 (€s,) over Xf
(10) &r = Em X, &°P,

with the classifying map the inclusion B(m tU(1)) — BU(p), where
{s, — X3, is the bundle (7). Then let Tr; and 77§ be the transfer
homomorphisms of (5) and (8) and ¢, : X} — B and ¢, : X3 —
BY, be projections as before in this section.

Let AT, = 67 (2), the polynomialsin 2?~* from K (s)*(B7) = K(s)*[z]/([p]?)
defined above Lemma 4.13 and /\izk” be defined by Corollary 4.8 and

Pos (037) = Kl(p — k)AL,

Proposition 4.14. There exists unique elements 07, € K (s)*(Bm) such
that
1) In K(s)*(X? ) the following formula holds

ce(€n) = Triwe) = Y @h(0R)ch(E).
0<i<ps
2) In K(s)*(Xjy,) one has
cr(En,) = Tr, (212) = D 05, (06,
0<i<p®
3) The value of Trx(c1(&r)) is determined by
a&) =Tri(c(&) +vs > P TE (&)
1<i<s—1
where v = ¢ (z)
Proof: Theorem 5.1 gives the existence and uniqueness of the elements
OF..
The diagonal map A : BU(1) — BU(1)? induces an inclusion B7 X
BU(1) — X} and the commutative diagram

1x A
Ern x BU(1) —= Erx x BU(1)?

mx1 P

Br x BU(1) bed
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Then (1 x A)*(w) = p*(2)a*, z = c1(§). Hence by transfer prop-
erties (i) and (iv) we have for the transfer 7r = Tr(m x 1):

Tr*((1 x A)*(wg)) =p* (Z) *Tre(1) =p ! (Z) AT
On the other hand by the existence of the elements ], we have
T?“*((1 X A)(wr)) =

ox(z, F(x,2),.... F(z +Z 500 (x, F(z,2), ..., F(z, (p—1)z)),
>0
hence by Lemma 4.13

op(z, F(z,2), ... F(z,(p—1)2)) =

— Z Apos (2, F(2,2),... F(z,(p— 1)2)) +p~" (Z) T

0<2<p*

This proves 1) and shows 67, = A7}, for 0 < ¢ < p® and is zero otherwise.
2) Combining Corollary 4.8 and Lemma 4.11 this follows from 1).
Statement 3) follows from the following explicit formula for o:

Lemma 4.15. In K(s)*(Bm x BU(1)) one has

s—1
s __ S _mi i—1
op =uvg | 2P 1x+§ 2P ab .
i=1

Proof: First note that for any prime p and any 0 < k£ < p one has

0( modp), k<p-—1,
—1( modp), k=p-—1

or(1,2,...,p—1) = {

where o are the symmetric functions.

The polynomial 2P — z has p roots 0,1,...,p — 1 in F,, hence it
equals z(z —1)...(z — (p—1)) in this field. But coefficients of the latter
polynomial are exactly the symmetric functions in question.

One has
or=x+F(z,2)+...+F(z,(p—1)2) = x+ 2z + 2+ vswi (2P
+o.+z+(p-1)z+ Uswl(a:”s_l, (p—1)2)P""")

=pz + 2215 4o () wi(z, zz))pk
ps—l
= v, (X0 o ! (i)
s—1

—o (S - (S0 )5 () ar)

371’ Zp871)
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Now 21;;11 i/ is an integral linear combination of 0(1,2,...,p — 1)
with k£ < ¢, hence by the above argument it is zero for + < p — 1 and
fori=p—1litisp—1as® =1 mod p for all i < p.

Thus

(11)
p ps_l ] s—1 s—1
o1 = —Us ((p — 1)p_1( 1) zp_lxp_(p_l)) =P TP P .
b

Now since F(z, 2)? = 2P+2", one has of = (z(x + 2)...(z + (p — 1)2))".

But again we have z(z+2)...(z+(p—1)z) = 2P —z2P~'. Substituting
this one obtains

Vs (zps Ly 4+ 3 2 P o 1)

= v, ( A TS S e N (v z”_lx)pi_1>

— i _ i—1 i—1
= v, (zp L 27 P, 4+ 300 P (g — e g ))

But
1 i—1 1 i—1
PN (xp _Z(p Lp*tp ) = ZS P° P bt —z” —pi+(p-1)p ! pp
1 1 1 i—1 i—1
_ZS oP° =P Pt 0 —pitpt—pt _ZS P A AP A A

—Zp —p~ s—1

TP — 2P PP,
Hence one has

p-1 s—1 po—p® 5p'~!
Vs (z T+ 2P Pab

S __ S _ S__8—1 s—1 S _
(12) = v, (z” "o 2P Po, 28T g =P p:vp> .

Now one has

P PE(x,k2) = 27 P(z+kztvawy (a7, (k2)?)) = 27" P (x+kz),

hence 27" Po, = 2P Px(z + 2)...(x + (p — 1)2) = 2P P(2P — 2P~ )

as above, i. e. 27" "Pg, = 2" "PgP — 27"~z Substituting this into (12)
gives v, (z” T4+ Lopt v pz 1) = v, 2P’ P , which is o; by

(11). O

s—1 s—1

xp

2. m(Z/p").

We now turn to G, = 7 (Z/p"™) where 7 = Z/p. Consider the AHS
spectral sequence for

B(Z/p")? — BG, % Br

Then
EY" = H*(Bm; K*(s)B((Z/p")")
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where
K*(s)B(Z/p")" = (K(s)*[2]/(z""))** = F®T

where F' and T as above are free (resp. trivial) 7 modules.
Let ¢ = ¢*(z) where K(s)*(Bw) = K(s)*[2]/(2*") as above.

Proposition 4.16. As a K(s)* module K(s)*(BG,) is free with basis

{ @ ()% 0<i<p’0<j<p™}
and
{ Z 1®2"®22®..02" | 1€P,(n) }
(11582 yeeryip) T
where I = {(iy,12,...,4,)} runs over the set P,(n) of m-equivalence

classes of p-tuples of integers {0 < i; < p™} at least two of which
are not equal.

Proof: This spectral sequence computation is exactly analogous to that
of Proposition 3.1. O

Remarks: (i) Proposition 4.16 gives another derivation of Proposition
3.1. Since CP>*) = [colim, B(Z/p")];, we have K(s)*(CP®,) =
lim,, K(s)*(BG,).
(ii) Gy, is good for K (s)* by [11] Th. 7.3.
By analogy with Lemma 3.2 we have
Lemma 4.17. i) Im(Tr*)-c¢=0.
i) Tr*(1) = v,c® 1.
i) If y € T then Tr*(y) =y - Tr*(1).

Finally we consider the case p = 2.

Proposition 4.18. Let p = 2. As a K(s)*(Bm) algebra, K(s)*(BG,)
1s generated by c, €1, co subject to the relations ¢, - ¢ = 0 and relations
&7 = ¥ = 0 modulo terms divisible by c.

Proof: ¢, - ¢ = 0 by Lemma 3.5. The other relations hold in the E
term of the spectral sequence. The only possible extensions are those
on the fiber, involving ¢;, cs. O

Similar results hold for ¥, Z/p and £, %,.
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5. COMPLEX COBORDISM OF X} _

We turn to computing the complex cobordism for X = CP*, X7 =
B(miU(1)). Before stating the main result Theorem 5.1 we begin with
some preliminary notions.

Let & be the canonical complex line bundle over CP* = BU(1) and
& be the pulback bundle over BU(1)? by the projection on the i-th
factor as before. Then MU*(BU(1)?) = MU*[[x1, ..., Zp]], i = ¢1(&)
and z,...z, is Euler class of the bundle £*? = ©¢;. Hence for the sphere
bundle S(£*P), one has

MU*(S(&7P)) = MU [[z1, ..., zp]]/ (z1...p).

Then for the trace map N we have kerN = Im(l —t), t € 7 in
MU*BU (1)? and after restricting N to MU*(S(£*?)) we have the exact
sequence

(13)
= MU*(S(E7°7)) & MU*(S(€*7)) < MU*(S(€°7)) & MU*(S(£"7)) - ...
Then let £, = Em X, £*P be the Atiyah transfer bundle [2] as in (10),

(14) S(&) = Em xx S(£77)
be its sphere bundle and
(15) D(&) = Em %, D(£7)

be the disk bundle. Then D(&;) is homotopy equivalent to X} =
B(mU(1)).
The cofibration D(&,)/S(&x) = (X7 )% gives the long exact sequence

(16) ...« MU*(S(&)) « MU*(XP ) <& MU*((XP )&) « ...

where (X? )¢ is the Thom space of the bundle &, and the right homo-
morphism is multiplication by the Euler class ¢, = ¢,(&)-

Since the diagonal of BU(1)? is fixed under the permutation action
of 7 the inclusion Em — En x BU(1)?; x — (x, fizpoint) defines the
inclusions ¢ : Br — X} and the inclusion

ig : Bm — S(&;).
The projection ¢ : X — Bm induced by 72 U(1) — 7 defines the
projection
(17) o : S(&x) — Bm

and the compositions @y, i are the identity. We can consider ¢, as
the bundle with fiber S(&£*?).
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Let n be canonical line bundle over Br and
0 =¢"(n) = X3,

be the pull back bundle. Thus i*(8) = n and i*(&;) = C+n+...+77 L.
Consider the pull back diagram

Em x S(£*?) — Em x BU(1)?

Po p

S(&x) X

Let Tr = Tr, be the transfer of covering p, and Try = S(&) —
S(&*P) transfer map of py.

Theorem 5.1. In MU*(X} )

a) Annihilator of the Chern class v = ¢1(0) coincides with ImTr*;
b) Multiplication by ¢, = cp(&x) s a monomorphism;
c) Any element of Ker(p*) has the form 3, -, ©*(0k)ck, for some

elements 6, € MU (Br).
d) Form = Z/2,

MU*B(mU(1)) = MU [[¢, c1; 2]/ (e1 = €1, ¢2 = )
= MU*(B7)[[Tr*(x), c])/ (cTr* (x)),
where ¢; = ¢;(&;), ¢f = ¢i(&: ®@c 8), ¢ = ¢1(0) and x € MU*(BU(1) =

MU*([z,tx]]) are Chern characteristic classes.

We need the following

Lemma 5.2. The left homomorphism in the long sequence (16) is epi-
morphism and this gives the short exact sequence

0+ MU*(S(&)) + MU*(X}) « MU*(X? )s + 0
Moreover we can construct a stable equivalence of the form
0oV fr:S(&) = BV X,
with a map fr factoring through the following map
S(&) — XP 15 Ex x BU(1).
and g 1s in (17).



21
Proof: Consider the Serre spectral sequence for the fibration (17)
S(E*P) = S(&) B Br.

Ey = Hi(r, H/(S(£%?); F,)) with the action of 7 on H*(S(£*?); F,)
by permutations of the cohomological Chern classes.

When ¢ = p, By = H/(S(£7*7); F,)™ and Ey° = H'(Bm; F,).

Then note that H*(S(£*?); F,) = Fy[z1, ..., z,|/(21...2,) in positive
dimensions is a permutation representation of 7 acting on monomials
which have degree zero in at least one indeterminate. Since all the
monomials that are fixed under this action have been factored out
after taking quotient by the ideal (z;...z,), this representation is a free
F,[r]-module, hence the cohomology of 7 with coefficients in it is trivial
in positive dimensions, i.e.

E3” = 0 when 7,7 > 0. Thus the spectral sequence collapses and we
have

H*(S(&); Fy) ~ H*(Bm; F,) © ﬁ*(s(gw); Fp)".

Also if ¢ # p we have H*(S(&:); F,) = H*(S(£°P); F,)".

Let X, be a stable summand of BU(1)? defined as follows. The
action of 7 on BU(1)P induces an action of m on stable decomposition
of BU(1)? which is the wedge of all smash products of length 1, ...,p—1,
say Y, and a smash product of length p. Then choose X, such that
NX, =Y, where N =1+t+ ...+ t"!. By the stable equivalence

S(E*P) - BU(L)? = Y,

we can consider X as a stable summand of S(£*?). For any choice of
X, consider the composition of stable maps

fr: S(&) = X2 T Ex x BU(1)? — BU(1)” — X,.

We have to show that the stable map ¢y V f; induces an isomorphism
in cohomology for any group of coefficients F;, ¢ a prime, and hence
gives us above stable equivalence by the stable Whitehead lemma. It
follows from the above arguments that

H*(S(&); Fp) = oy H*(Bm; F,) @ Tri H*(S(£°7); Fy),

and H*(S(&,); F,) = TriH*(S(€¥7); F,), when ¢ # p. The restriction
of T'ry on X, induces monomorphism on ImT'rj§ since by the transfer
property (iv), piTrs = N* and the restriction of N* on H*(X,;F,) is
monomorphism. Hence ¢§V (T'ro|X,)* is isomorphism and so is ¢§ V £
by the commutative diagram
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S(&x)

Xhin
TTO Tr

S(E¥P) — Em x BU(1)?

This proves Lemma 5.2.

Now we are ready to prove Theorem 5.1. The statement b) of the
Theorem 5.1 follows from the fact that the right homomorphism in the
short exact sequence from Lemma 5.2 is multiplication by the Euler
class ¢,(&;). Then taking into account Lemma 5.2 and the fact that

the composition S(&;) — X2 % Br coincides with ¢y, we have that
any element y € MU*(X} ) has the form

y = " (u) +Tr*(v) + yicp,

where u € MU (Br), y; € MU*(X? ) and v € MU*(BU(1)?) is from
the direct summand MU*[[zy, ..., 2p]]/(21...2p).

Then suppose vy = 0. We know that p*(f) = C, hence p* (y) =0
and ¢T'r*(v) = Tr*(p*(y)v) = 0 by the transfer property (i). So we have
that y¢*(u) + yy1c, = 0. This implies that both summand are zero:
i) v¢*(u) = 0 is the consequence of the transfer relation y7'r*(1) = 0
and ii)yyic, = 0 which implies yy; = 0 by the statement b). We
have to prove i). Applying i* we have 0 = *(y¢*(u)) + Yy1c, = 2zu
in MU*(Bm) = MU*[[#]]/([p])z (i*(cp) = O since i*(&;) has a section
as above, i*¢* is the identity and v = ¢*(z)) ). But any relation in
MU*(Bm) is the consequence of the relation 277}, (1) = 0 hence is
zu = 0. Then applying ¢* we have by naturality of transfer yo*(u) =
0 is the consequence of vTr:(1) = 0. Since dim(y1) = dim(y) — p
repetition of this argument gives us the statement a).

For the proof of ¢) let y € Kerp*. Since pp = * we have

0=p"(Tr*(v)) + p* (y16)-
If Tr*(v) # 0 then it restricts non-trivially to MU*(S(&;)) by the
definition of v. However yic, restricts to zero by exactness; thus
Tr*(v) = 0 and so both summands are zero. Further p*(c,) = z;...2,
hence p*(y;) = 0. So
y = ¢"(u) +yicp = " (u) + (" (u1) + yacp)cp = @ (u) + " (u1)c, + 92012,-

Repetition of this process proves c).
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The relations d) follow from the bundle relation
§7r Qc 0= (g Qc P*(e))w = £7r

which in turn follows from transfer property (i). So we have to prove
that Chern classes cq, co with these relations are a complete system of
generators and relations.

The fact that ¢, ¢y, ¢, multiplicatively generate MU*B(mU(1)) fol-
lows from the above stable splitting of B(w 2 U(1)). Let us use the
splitting principle and formal group law in complex cobordism and
write formally

Ex =M1+ M5 ur = c1(m) ; ue = c1(ne) and let
F(z,y) = Z i’y
be the formal group. Then the above bundle relation after applying
Whitney formula for the first and second Chern classes gives two rela-

tions of the form:
F(uy,c) + F(ug,c) = ¢

and

(18) F(uq,c)F(uz,c) = co;
or in terms of ¢, c; = uy + ug, o = U Uy

(19) c(2 + Z Bijrcicick) = 0
and

(20) cler + Y wrc'dch) =0,

for some coefficients ;i , vijx € MU*(pt).
We claim that relations (19) and (20) are equivalent to the following
two obvious transfer relations for Tr* : MU*([z,tx]] — MU*(B(7

U(1)))

cI'r*(1) =0
and

cTr*(z) =0.
For the proof note that if y is annihilated by ¢ and p*(y) = b + tb
then v = Tr*(b). This follows from the following arguments: In

MU*(BU(1)?) we have Ker(l +t) = Im(1 — t); also by property
(v) of the transfer Tr*(a) = Tr*(ta). So if z is annihilated by ¢ (hence
y = Tr*(a) for some a by the first statement of the Theorem 5.1) and
p*(y) = b+1tb (hence b+th = a+ta by the transfer property (iv)) then
y = Tr*(b) (that is Tr*(b) = Tr*(a))-

Rewrite relations (19) and (20) as follows:
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2c+ ayice; + Z Oékl(ulf + ug)c + 0(02) =0;
£>2

cey + 2aq1cep + Z o (W + ubeey + o(?) = 0.
k>2
By the above remark this means that

Tr*(1) + anTr*(z) + z apTr*(z*) = (F(uy, c) + F(ug, c) —c1)/c;

k>2

Tr*(z) + o Tr*(1)ce + Z ap Tr* (2" ey = (F(ug, ¢)F(ug, ¢) — ) /c.
k>2
Now since
1% = 2PNz + t2) — uF 2 (atz),
transfer property (i) and computation of Tr*(z) is sufficient for the
computation of Tr*(z*), k > 2 (see Corollary 6.2). So we have

(21)  Tr*(1)(1 + go) + Tr*(z)ho = (F(u1,c) + F(ug,c) — c1)/c,
and
(22) Tr*(1)g1 + Tr*(z)(1 + hy) = (F(u1, ¢)F(uz,¢) — ¢2)/c,

where go, ho, g1, h1 € MU*(Bn U(1)). This proves d).
This completes the proof of Theorem 5.1.

6. TRANSFERRED CHERN CLASSES

1. p=2

Formula (22) for computing 77r*(x) is complicated; let us give a
simpler form. Consider again (20). Note that the coefficient oo €
MU*(pt) contains a factor 2: the element

c1+ Z ’y,-jkcic{c’;
as the one annihilating ¢, belongs to ImTr*. On the other hand
pTr =1+t p*(c) =0; p(c1) = z + tz; p*(c2) = atw,
hence applying p* we have that
r+to+ Y okl +t2) (zt)k

belongs to Im(1 +t). So Yoor(xtx)¥ = 274 (xtx)*, that is, yoor = 2V
for some coefficient .
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Recall that on the other hand F(c,¢) = 0 that is 2¢ = o(c?). So
Yoox¢ = o(c?), hence taking into account the relation F(c,c) = 0 we
can rewrite (20) after division by

1 + Z ’yilkcicg
i,k>0
(the coefficient at cc;) as follows
(23) cey = doc + docc?® + ...+ dpec? + ...,

where dy = di(c, c2) € MU*[[c, ¢2]] and dy(0, co) = 0; the lower index n
indicates the coefficient at cc}. Since

pr(Tr*(z) = c1) =0,
it follows from Theorem 5.1c) that there exist some elements
8, € MU (Br)
such that we have

Tri(e) = e+ Y ¢"(6;)ch;

>0

Since for the inclusion i : Bmr — B(w1U(1)) we have that
i*(c1) = i5(c); i Tr*(z) = 0; i*(c2) = 0,

we obtain
©*(dg) = —c.
For the calculation of other elements §; recall that ¢I'r*(z) = 0, hence
(24) ccl = —cd™;n > 1,
6= —c + Z 6]6%
j21

Substituting (24) in (23) in place of cc}, elements d;, j > 0 can be
determined from the recurrence relations which arise from the following
formula in MU*(B)[[cz]]

§=do+ ) did".
i>2
Here we act as in the proof of the above claim: By the definition the
element 6 — dy — Y ,,d;6" belongs to Kerp* . On the other hand this
element is from the annihilator of ¢ hence
0 —dy— Zdiéi e ImTr* ﬂ Ker(p*) = 0.
i>2

So we have
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Proposition 6.1. For the constructed elements §; € MU (BZ/2) the
following formula holds in MU*B(Z/21U(1))

Tr(z) =c1 —c+ Y 9" (5;)cd
jz1
Note that Proposition 6.1 is sufficient for the calculation of Tr*(z"),
n > 2. This follows from the following simple formula

" = U(n)l‘ =+ U[n},

where Uy = Uy (@ + tz, 2tx), Up(z + to, vtz) are formal series in
x +tr and xtx:

U(1) =1; U[n} =0 U(n+1) = (33 + tx)U(n) + U[n]; U[n+1] = —:rt:rU(n).

Recall that p*(c1) = = + tx and p*(cp) = xtx and consider formally
Uty and Upy,) as a formal series in ¢; and c;. Then transfer property (i)
gives the following recurrence formula for Tr*(z").

Corollary 6.2. In MU*B(Z/2:BU(1)),
Tr*(2™) = Um(c1, c2)Tr*(z) + Upy(ci, c2)Tr*(1).

2. The case of odd prime p
Now let us elucidate the meaning of the relations

€7T®09:€7T

in the general case of B(mU(1)).
Again, we can use the splitting principle and write formally

Ce=m A+ o+ My U =1 (M), m=1,..,p.
Applying the Whitney formula for the relation
MmO+ ...+nQcl=mn1+..+n,

and taking into account that ¢, = ¢,,(&;) is the elementary symmetric
function o, (u, ..., u,) we have

(25) Om(F(U1,7)s oy F(Up, Y)) = Cm,
m =1,...,p, or in terms v, ¢y, ..., ¢, we have
Y+ oot cr) = 0;
and
(26) Yo —k)ew + Y BE i yoc..cr) =0;
for k=1,..,p— 1 and some B° Bk ., € MU*(pt).

10501 yeenylp ? 178081 5ennst
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We claim that these relations are equivalent to the following obvious

relations
~Tr*(1) = 0;
and
fYTT* (wk) = Oa

for the elements wy € MU*(BU(1))?, k =1, ...,p— 1 defined as follows
(see Definition 4.9). The k-th Chern class of the bundle £*? is the
elementary symmetric function og(x1, ..., z,) in Chern classes z; and is
the sum of p(p — 1)...(p — k + 1) /k! number of elementary monomials.
The action of 7 on the set of these monomials gives us (p—1)...(p—k+
1)/k! orbits and the transfer homomorphism on the monomials from the
same orbit are equal by tranfer property (v). Let wy = wy(uy, ..., up)
be the sum of representative monomials of these orbits. The value of
Tr*(wy) does not depend on the choice of wy, since wy, is defined modulo
Im(1 —t*) and on the elements of Im(1 — ¢*) transfer homomorphism
is zero again by (v). In other words we can take any wy for which
Nuwy, = oy (uy, ..., up) holds.

For the proof of our claim multiply the k-th relation from (26) by
Dk, the inverse of p — k in F,,. Then by Theorem 5.1, Annihilator(c)
coincides with ImTr* hence (25) implies that

pk(0k+1(F(u17 7)7 ey F(up’ 7)) - ck+1)/'7 = TT*(G'/C)’

for some a; which we have to find. Let us write
P Pk (k1 (F (ur,7), ooes Fup, 7)) = cr11)/7) = g0 (01, ..., 0p)

k k .
:ok(l-i—g,(c)(al,...,ap))—i— Z ojgj(- )(O'j,O'j+1,...,0'k,...,O'p)
J#k,1<j<p

k k .
= N(wk)(H—g,(c )(01, ey Op))+ Z N(wj)g](- )(aj, Tjt1y ey Oky oovy Op)-
J#k,1<j<p
Here the symbol o} indicates absence of the corresponding term. So
we have

pk(o-k-l‘l(F(ula,Y)a ) F(Up,’)/)) - Ck-l-l)/r}/
= Tr* (wp) (1490 (e, o )+ Y T (W) g (¢, ity ons Gy oony ),
J#k,1<j<p
and

(Ul(F(ulaﬁy)’ '--’F(upary)) - Ck+1)/7

=Tr(1)(1+ g((]o) (€1, 6p)) + Z TT*(wj)g](-O)(cj, Cit1s e Cp)-
1<j<p

This proves our claim.
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Now let us give a formula analogous to that of Proposition 6.1. It
follows from the definition of wy that p*(cx — T7r*(wg)) = 0. So taking
into account Theorem 5.1 the difference

e — Tr*(wy)
has the form 3, gp*(@(k))cj,, for some elements 6" € MU (Br). Us-

ing this notation we have

Proposition 6.3. We can construct explicit elements
s e MU"(Br), k=1,..,p—1,
such that the value of the transfer of the covering p : BU(1)? — X} is
given by
Tr*(wg) = ¢ + Z go*(&fk))c;,

i>0

Proof: As mentioned above, existence of elements 5§k) follows from
Theorem 5.1. We start with the equations (26) and rewrite as

(27) vfe(v,€1506) =0, k=1,..,p—1,

These are equations in a formal series algebra MU*(Bm)|[[e]], with e =
¢p, since we know cc € cMU*(Bm)[[cp]]-
We now want to find explicitly formal series

(28) §M () =3 6 (7)e"

i>0
such that

Tr*(wi) = cx + 0% (cp)
and hence
(29) v, = =7(0W (), j>1
For this we want to replace the equations (27) by the equations
(30) V(1,60 (), -, 0%V (), ) = 0,

where fk € Kerp; and has a form
fr =8 +74g®()(7,6, .., 6% ¢,),

where 7®)(y) some series. In fact f; = 0 since we know that Ann(y) =
ImTr* and Ker(p*) N ImTr* =0.
Then equating each coefficient of the resulting series

(31) Feley) = Fi(1,60(cp), - 67D (cy), ) = 0
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in the ring MU*(Bm)[[c,]] to zero we will obtain p — 1 infinite strings
of equations in MU*(Bm), relating 5§k).

We proceed as follows: Let us look at the term cf%(0,0,...,0,¢p) in
the equations (27). Note that f(0,0, ...,0,¢c,) is divisible by p:

fr € Ann(y) = ImTr* = pife € ImN = f(0,...,0,0,) € ImN =
fx(0,...,0, 0,) is divisible by p.

Next using the relation [p|r(7) = 0 we know that py is divisible by
72; hence each occurrence of py in these equations can be replaced by
terms with higher powers of . So v f,(0,0, ...,0, c,) can be replaced by
the term divisible by ~2.

Also the k-th relation from (27) contains the term y(p — k)cg, and
for the condition (31) we have to multiply & th equation from (27) by
Pk, the inverse of p — k in F), so that py(p — k) = 1 (mod p) and as
above we can replace y(p — k)cx by e, + (terms divisible by 7?).

Then we use (29) and substitute the series §*) in the resulting equa-
tions. Thus obtain (30) and hence we obtain mentioned string of equa-

tions relating (51-(k):

(32)
OB (144 F 5™ (1)) 479%™ (1) (7, (65 Vicns +wes (00 )iz s (0 )icn) = 0

where k = 1,..,p—1,i > 0, f®n), gkn) are some series and 6§° are
already known as k-th Chern class of the bundle 1 + 6 + ... + 7L,
Then we have to solve (32) formally . Namely Choose an k, express

using equations (32) 6 for j # k by 5% and (5§l) withl=1,....,p—1,
1 < n. Then substitute this into k-th equation. One obtains

(33) 0 = (8, (6 )i<n)
Assuming (51-(0 are already found for ¢ < n. This gives

5 = (6,

where 9 is a series with ¥(0) = 0. Solve formally 1(3(z)) = 6(z) in
formal series ring MU*[[2]], then descend to MU*(B).

This gives 65 = §{ (z) € MU*(Bm) obviously satisfying our equa-
tions.
Remark 6.4. Note that computation for T7*(wy), k = 1,...,p — 1

and transfer property (i) are sufficient for the computation of 7r*(z*),
1 > 1. This follows from the formulas

Tr*(x) =Tr*(w);



30 MALKHAZ BAKURADZE AND STEWART PRIDDY

Tr*(zF) = Z (=)' T (2% e; + kTr*(wg),2 < k < p—1;
1<i<k—1

Tr*(zP*t™) = Z (=) (2Pt ) s, m > 0.
1<i<p
Moreover, Proposition 6.3 enables us to compute the transfer homomor-
phism for those polynomials a € MU [[z1, ..., z,]] for which Na = a +
ta+...+t""ta is symmetric in 71, ...xp. Namely if Na = 0104 (07, ..., 0p)+
. + 0p_1ap_1(04, ..., 0p), then

Tr*(a) = Tr*(wy)ai(cyy ..., ¢p) + oo + Tr*(wp—1)ap—1(c1, -, ¢p))-

~

Indeed, for @ = wyaq (o4, ..., 0p) +... 4+ wp_1ap_1(01, ..., 0,), N(a—a) =
0, that is, a — a € Im(1 — t), hence Tr*(a) = Tr*(a).

7. BP*(Xy, )

In this section we consider the Brown-Peterson cohomology of X ,’;Epfor
X = CP*. We use notation analogous to that of the previous section,
with the cyclic group replaced by the symmetric group and the bun-
dle & over X} replaced by the bundle &, = EX, x5, £*? defined
in (7) over X};, which we identify with B(X,U(1)). Of course all
Chern classes are considered in BP cohomology, in particular, there
are classes ¢ defined for BP as in Definition 4.2. In this notation one
has the analog of Theorem 4.5.

Proposition 7.1. As a BP*(BX,) algebra
BP*(X}y,) = BP*(BE,)[[e1, p1, &l (GEP (BE,).

We follow the proof of Theorem 5.1. Consider the long exact se-
quence for the pair (D(&5,), S(Es,))

. = BP*(S(&3,)) < BP*(X}y ) < BP*((X}y )®) ...

Here S(¢s,) = EX, x5, S(*P) is the sphere bundle. X}, is homo-
topy equivalent to the disk bundle D(&5,) = EX, x5, D(£*P).

Then we have the obvious inclusion iy : BY, — S({z,) and projec-
tion g : S(&s,) = BY, with fiber S(£*?). @gig is the identity. Thus
stably BY, is a wedge summand of S(&5,). As for the other summand
let

X, = V22 EX; x5, BU(1)™.
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By the standard transfer argument, localized at p, Xx, is a stable
summand of V?_! EY}; x BU(1)" and hence of EX, x BU(1)*?. From
this we derive the following result.

Lemma 7.2. One has the following short exact sequence
0= BP'(S(&s,)) = BP'(Xy,) = BP'((X7y,)*) = 0
and a stable equivalence localized at p
ooV fx, : S(&s,) = BE, V X5,

with fs,, the composition of stable maps

Tr
fs, 1 8(&s,) = Xpy = EX, x BU(1) — Xy,

Proof: All ordinary cohomology groups will be taken with simple F,,
coefficients. It follows from the cohomological version of Theorem 4.5
that

H*(S(&,)) = H'(X}y,)/(¢p) = H'(BX)[é1, ..y &1 /& H* (BE).
The inclusion 4 splits off 5 H*(BY,) in H*(S(&s,)). Furthermore
H*(5(&77)) = Fylz1, ..., 3]/ (0p),
hence
H*(S(SXP))EP - Fp[él, aeey Epfl].
Therefore there is an isomorphism
H'(S(8s,)) = H(S(£7))™ @ H' (BS,)

where p : S(§*P) — S(&5,) is the projection. We have to prove that
the first summand is f5, H*(Xx,).
By naturality of the transfer we have the commutative diagram

S(E7) — BU(IY — Xy,
TTQ TTEP

S(gzp) - XII;Ep

Thus fs, coincides with fgp, the map T'ry followed by the horizontal
maps in the above diagram. We wish to show the restriction of T'r§ to
the image of H*(Xy,) is an isomorphism onto H*(S(£*?))*.

Now considering the transfer for the ¥; coverings

EY; x BU(1) — EY; x5, BU(1)M
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it follows from transfer properties (ii) and (vi) that H*(EY; x s, BU (1))
is a submodule of H*(EYX; x BU (1)) generated by ¥; norms of mono-
mials in zq, %9, ..., x;, with non-increasing degrees. From this it is
straightforward that H*(Xy, ) and H*(S(£*?))* have the same ranks
in each dimension. Thus we are reduced to showing the desired map is
injective.

However, for any monomial z in z1, x4, ..., z;, we have

Try(Ns,(z)) = i!Try(z)

by naturality of the transfer. Thus the restriction of 7'r§ to the image
of H*(Xy,) will be a monomorphism if 775 is non-zero on polynomi-
als consisting of monomials with non-increasing degrees. This in turn
will follow if the norm Ny, is non-zero on such polynomials. In fact
we claim: 1) Ny, is non-zero on any monomial 9.z and 2) dif-
ferent monomials with non-increasing degrees in x1, ..., z;,% < p are in
different X, orbits.

Claim 2) is clear. To see 1) let x = z;...xp, I = (i1,...,4,) and
gl = z7..27. Then we will show the coefficient of 2! in Ny (z!) is
prime to p. Since not all terms of I are equal, The isotropy subgroup
of 2! is the finite product £,, x ¥,, X ... < ¥, where n; is the number
of terms of I equaling 7. Since not all terms of I are equal this group
has order n;!ny!... which is prime to p. Hence Ny (z) = (ni!nol...)z" +
other monomials proving the claim.

Thus ¢p V fx, induces an isomorphism and hence is a p-local stable
equivalence. So the left arrow in Lemma 7.2 is an epimorphism and
hence the right arrow is a monomorphism. This proves the Lemma.

For the proof of the Proposition 7.1 we follow from that of Theorem
5.1 taking into account additionally that by Lemma 7.2 and a BP
version of Remark 4.10, any element y € BP*(B) has the form

y= o)+ g(C1, ..., 6-1) + Y16

for some u € BP*(BY,), g denotes some formal power series and y; €
BP*(Xs,). O

Before formulating the analog of the Proposition 4.14 for BP theory
we recall

BP*(Br) = BP*[[z]]/([pl2)

with |z| = 2. The corresponding computation for BP*(BX,) is also
known [15]. For the reader’s convenience we rederive the result in a
form useful for our purposes.
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Lemma 7.3. As a BP* algebra
(4) BP*(BY,) = BP*[[yll/(yTrs, (1))
where y and Try, (1) are uniquely determined by p; 5, (y) = 27! and

(i) P, (T3, (1)) = (p — DT (1) = (p — D![pl(2)/ 2.

In particular y| = 2(p — 1).

Proof: (ii): This follows directly from Section 2: the double coset
formula (vi) and Quillen’s result (1).

(i): The relation yIr§ (1) = 0 is a consequence of Frobenius reci-
procity. To see that it is the defining relation we recall that the coho-
mology of BY,, with simple coefficients in Z,) is

H*(BXp; Zy)) = Zey)lyl/ (py)

where |y| = 2(p — 1). This follows easily from the mod-p cohomology
and the Bockstein spectral sequence (see Lemma 3.6). Also H*(B7;Z,)) =
Z)(z)/(pz) where |z| = 2. The map p,», : Br — BY, yields

Py 5, (y) = 227", Now the AHS-spectral sequence for BP*(BY,) is

Ey = H*(BY,; BP") = BP"[y]/(py) = BP"(BL,)

Since y is even dimensional, the sequence collapses Fy = E,,. Thus
BP*(BY,) is generated by y as a BP* algebra. By the standard trans-
fer argument p; 5 : BP*(BY,) — BP*(Bm) is an injective map of
BP* algebras. Since py 5 (yTry, (1)) = pl2?~" plus terms of higher
filtration, yTrs, = 0 is the only relation. O
This implies

Theorem 7.4. As a BP* algebra

BP*(X}y,) = BP*[[c,é1, ..., Gp-1, 6]/ (cT'15;, (1), cCi)
and one has the formula

Ek—k!(p—k)!ck = Zizo(p*(dip)cé, k= 1,...,p— 1.

where the elements 6}, € B~P*(BEp) are determined by

Phs, (7)) = kl(p — k)05, j > 0.
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8. p-GROUPS WITH CYCLIC SUBGROUP OF INDEX p

In this section we consider the problem of computing the stable Euler
class of the universal covering associated to the class of p-groups with
a (necessarily normal) cyclic subgroup of index p. It is known [3] that
every p-group of this form is isomorphic to one of the groups:

(a) Z/q (@ =p",n >1).

(b) Z/qgx Z/p (¢ =p",n >1).

(¢) Z/qg=x Z/p (¢ = p",n > 2), where the canonical generator of
Z/p acts in Z/q as multiplication by 1+ p"~!. This group is called the
modular group if p > 3 and the quasi-dihedral group if p = 2,n > 4.

For p = 2 there are three additional families.

(d) Dihedral 2-groups Ds,, = Z/m x Z/2, (m > 2), where the gen-
erator of Z/2 acts in Z/m as multiplication by —1. If m = 2™, Dy, is
a 2-group. Note that D, belongs to (b) and Dg belongs to (c).

(e) Generalized quaternion 2-groups. Let H be the algebra of quater-
nions R @ Ri ® Rj & Rk. For m > 2 the generalized quaternion group
Qum is defined as subgroup of multiplicative group H* generated by
r = e™/™ and y = j. Z/2m generated by z is normal and has in-
dex 2. If m is a power of 2, Qu, is a 2-group. In the extension
0— Z/2m — Qum — Z/2 — 0 the generator of Z/2 acts in Z/2m as
—1. In particular Qg is the group of quaternions {+1, +i, +j, £k}.

(f) Semi-dihedral groups. Z/q x Z/2 (¢ = p™,n > 3), where the
generator of Z/2 acts in Z/q as multiplication by —1 + 2"~

Consider now the task of computing the stable Euler class, that is,
Trg(1) for the universal G-covering EG — BG.
For the case (a) there is the well known formula of Quillen (1)

Try(1) = [qlr(z) /2

in MU*(BZ/q) = MU"([[g]]/(lg]F (x)).
For the case (b) the answer follows from the transfer property (ii):

TT‘G = TTz/q VAN TTz/p;

In cases (d),(e) and (f) T'rf is the composition of two transfers 777,
and Trg, ¢ + MU*(BC) — MU*(BG), where C is the corresponding
cyclic subgroup. So we have to compute TraG(:ri), 7 > 1 and we can
apply our results for BZ/21U(1), namely Corollary 6.2.

Similarly for the case (c) Trg is the composition 174 177/, and
we can apply Remark 6.4.

Our task is trivial for wreath products Z/pt Z/p" since T} ,.(1) is
symmetric in zi, ..., , in the ring

MU ((BZ/p")") = MU [[z1, .|/ ([p"](21), -, [P"](2))
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and hence invariant under Z/p action. So in this case we need only
Quillen’s formula.

9. OTHER EXAMPLES

Consider the semi-direct products G = (Z/p)®xZ/p where the gener-
ator aof Z/p actson Hy = Z/p[T]/(T*) by 1—a =T,1 < s < p. Then
every Z/p|Z/p]-module is a direct sum of the modules H; and these
semi-direct products are good in the sense of Hopkins-Kuhn-Ravenel
1], [12].

Recall that in case of the Morava K-theory K (n)* at the prime p we
have the formula for p-series: [p]r,, () = v,2”". Then

K(n)*(B(Z/p)*) = K (n)*[[x1, -, z]]/ (2]"),
where x; is the Euler class of the complex line bundle ;. Then Z/p
acts on Z/plxy, ..., z,]/(z!") by

QT — FK(n)(xi,ﬂUHl), Tsy1:= 0,

where F(,) denotes the formal group law for Morava K-theory.

Our aim is to show that stable Euler classes are computable in terms
of characteristic classes and the formal group law.

Transfer Tr* : K(n)*EG — K(n)*BG is the composition of two
transfers

Tri: K(n)"E((Z/p)’) = K(n)"B((Z/p)*)
and
Try: K(n)*B((Z/p)’) = K(n)*BG.
Recall also that
Tri(1) = 22" ' 2"t

It is easy to see that in K(n)*((BZ/p)*) we have
" (0y))...e” T a (0y)) = bl

where 1 < i; < ... < iy < p. Then recall elements w, from Proposition
6.3 and let w' be the sum of the same monomials after raising to a

power [. Since w! consist of (p—1)...(p— s+ 1)/s! summands and (p —

1)..(p—s+1)/s!=(-1)*/s mod p, we have that in K(n)*((BZ/p)*)
mp(wd ) = (<1 Tl s,

where the map 7,, defined in Section 2, sends & = t'~1&; to o'~ 16;.
Hence

Trg(1) = Try(Tri(1)) = Try((=1)°sny(w? ")) =
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(=1)*sTry(m (w?" 1)),
and we have to apply Remark 6.4

10. SOME CALCULATIONS

We will now compute some of the elements 67 and 43 from the
Proposition 4.14.

Computations rely on the key Lemma 4.12 of D. Ravenel and some
Maple programs written by M. Jibladze. We are sincerely grateful to
them for their help.

Of course we can descend from the elements 6; € MU*(Bw) we
constructed in the Propositions 6.1 and 6.3 to BP*, K(s)* as well to
any complex oriented cohomology theory.

First recall from [8], [14] that generators for

m.BP C H.BP

Zipy[v,v,...] C Zgymi,mg,..]

[on] = 2(p" — 1) = [ma)|
are given by
n—1 ]
v, = pm, — Z mivh ..
i=1
Given formal group law over a graded ring R,,
F(z,y) = aga'y’ € Rllz,yl], o € Rogaj)
there is a ring map ¢g : MU, — R, which induces the formal group;
that is g*(a;)'V) = o
We use also the following well known formulas
F(z,y) = exp(logx + logy) and  logx = Z myz™
n>0
for computing the elements §; in BP theory by the algorithm of the
Section 6.
Example 1. For §; € BP*(BZ/2) we have modulo z':
3

0 = 2Bv%vus + 259202 + 23

Vo3 + 2801 8v5us + vit2t +
8 3

2801909 + 2%01%9 + 2Buivs + 22013092 + 2801309 + 2T00%uy + 2Tu by +
210014092 4 21%), Ty + 21093 4+ 210, Bug 4 21201 Sus 4+ 21309 2us + 214, Tus +
2401209 4 21201 20g 4+ 21301 P00g 4+ 2200t 21501 P2+ 2P0y P2 ug + 2180 B+
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2800104+ 2100, T3 4+ 2100520, 2+ 2100, 195 + 21001 39 2ug + 2 vty A4 23 ue +
28013 + 280, + 2%, 2us + 2T vg + 2o M+ 22098 + 29012 + 2 us? + 2 M+
21,18 4 15005 4 o150, 4 252

We give results of calculations in Morava K-theories, where the
formulas are more tractable. In the following examples 4], coincides
the coefficient at o) in the expression for o} and (51-2,9” = kl(p — k)!O%..
y =21

Example 2. p=3,5s =2

o1 = voyiog + voyta
oy = 20%y° 03" + 2v9yP05® + 2?vyt + 2y

Example 3. p=5,5s=3

o1 = v3y®o5® + v3y* 005 + vsyPla

o9 = 4v32y* 0530 + 4 v32y*00520 + 313y 00510 + v3y?* 050 + 3 vzyPos? +
2 v3y31x2

05 = 2053205542 1333055 4032y 0053 +2 0322053 052y 20052+
203y 30515 + v3y'Bostt + v3y?os” + 2v3yPBosd 4+ 2 233yt

oy = 4’1)34y250'580+4 ,U34y300.576+4 U33y190'560+3 U33y240'556+4 ’l)33y290'552+

4U32y130'540 + 2U32y180'536 + 2v32y230532 + 4U32y280'528 + 4y7U30'520 +
y121)30516 + 4y17030.512 + y221)30.58 + 4y27v3054 + $403y31 + 4y
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