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1. INTRODUCTION

Normal forms for vector fields and Hamiltonians at equilibria have
a long history, an extensive literature, and a continuing appeal for
researchers (e.g., see the references in [Murl], [Sa;]). These entities
have been treated in terms of completions of graded Lie algebras for at
least 40 years [C], and more recently, following [B], in terms of actions
of a graded subgroups acting on that Lie algebra.

The group action context allows for a very simple description of the
normal form problem: find the orbit representatives which in some
sense are the smallest. Baider characterized such elements in terms of
a decomposition of the Lie algebra involving the image of the action
and a complement; the minimal representative of an element is the
one which lies entirely in the part that cannot be killed by the group
action, and that representative is unique [B].

It has been known for quite some time that the standard methods
for computing normal forms in the graded Lie algebra setting are re-
lated to spectral sequence calculations (see Arnol’d [A] for the case of
singularities; Sanders and Murdock [Sa;], [Murl] for the case of vector
fields). Specifically, in [Sa;] Sanders showed how one could interpret
the normal form algorithm in terms of a minor variation of the standard
spectral sequence of a filtered module with a compatible grading (also
see [Say]). These spectral sequences provide some valuable information
about the normal form but do not seem to play a major role in the
actual calculations. Here we generalize the normal form algorithm to
situations not covered by [B] and use a different approach to construct
spectral sequences indexed by the elements ¢. This approach allows
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us to compute the normal form entirely in the context of the spec-
tral sequence and to construct morphisms between spectral sequences
indexed by elements in the orbit of a group action.

Our constructions can be viewed in terms of a category O associ-
ated with each orbit O of a group action ¢ : G x X — X : the objects
are the points of the orbit; a morphism between objects X;, Xy is
an element g € G such that ¢ - X; = X5; composition is defined by
multiplication. When the action is initially linear, as defined in §5,
and when one additional hypothesis is satisfied, we construct a functor
from O¢ to a category of short cochain-complexes, thence to the cat-
egory of spectral sequences. We then show that the resulting spectral
sequences are invariants of the given orbit, i.e., that all are isomorphic
(see Theorem 6.11), and that the calculations involved in computing
this spectral sequence include those involved in calculating the normal
form.

Section 2 establishes notation, and §3 and §4 summarize standard
material. Specifically, §3 is included for the benefit of normal form
workers with no background in spectral sequences, and §4 is for those
spectral sequence workers unfamiliar with normal forms.

Sections 5 introduces the notion of an initially linear map and gen-
eralizes normal form theory to the action of a group on a vector space.
This goes beyond Baider’s context and encompasses other widely stud-
ied “normal form” problems, e.g., matrix normal forms as in [GR].
Indeed, to keep the calculations from becoming unwieldy we stick to
matrix examples. In §6 the actual spectral sequences are introduced.

Our methods also apply to cyclically graded Lie groups. In particu-
lar, we are now able to treat the one normal form case for indecompos-
able linear Hamiltonian operators which could not be handled using
the methods developed in [CK]. This work will appear elsewhere.

The paper should be regarded as an application of homotopy theory,
in the guise of elementary spectral sequences, to problems in analysis.
Although far afield from the lecture delivered by the first author at the
conference celebrating Sam Gitler’'s 70th birthday, it seems a fitting

illustration of the rich diversity of Sam’s interests.
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2. PRELIMINARIES

Throughout the paper R denotes a commutative ring with multi-
plicative identity 1 # 0 and all modules are assumed (left) R-modules
unless otherwise stated. A filtration {FPM},cz of a module M (by

R-submodules FPM) will always refer to a decreasing filtration, i.e.,
(2.1) q>p = FIM C FPM.

When the inclusion in (2.1) holds we refer to F7M as a higher filtration
than FPM.

We will always deal with modules M having the following struc-
ture: {M,},ez is a family of free modules of finite dimension, FPM :=
qup M, for each p € Z, and M := U,z FPM. The construction
guarantees that elements m € M can be regarded as formal infinite

sums
(2.2) m=mg+ mgy + - with ~ m, € M,,

which for ¢ < 0 one could think of as a Laurent series. Note that
{FPM} ez defines a filtration of M. We refer to such modules as
(Z -)graded modules. (This is a mild abuse of standard terminology:
graded objects are generally assumed direct sums, whereas M lies
between the direct sum €, M, and the (direct) product [T, M,.)

For any p € Z the p-jet J,(m) of m = my,+ myy +--- € M is
defined by

23) syt = §

When a graded module M is also Lie algebra with bracket [, |

mg+-+-+m, if p>gq
0 otherwise.

satisfying
(2.4) (M, M,] C M,, forall pqeZ

we refer to M as a (Z-)graded Lie algebra. When this is the case and
m € M we let ad(m) : M — M denote the standard adjoint mapping
n € M +— [m,n] € M. We use brackets to denote cosets of submodules:
if a € M and N C M is a submodule we write a + N C M as [a]

and say that a represents [a].
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Examples 2.5.

(a) Fix an integer n > 1 and let £ := Ty(n, R) denote the Lie
subalgebra of gl(n, R) consisting of the upper triangular matrices.
(The bracket is the usual matrix commutator [A, B] := AB—BA.)
One can view £ as having both the direct sum €, £; and product
[L; £; forms by taking L£; to be those matrices (m,,) satisfying
mp, = 0 if ¢ —p # 1, i.e., the only non-zero elements are on the
i"-superdiagonal, with the understanding that this refers to the
zero matrix when |i| > n. Condition (2.4) is easily verified. As

an illustration of jets: the 2-jet of an element

* ok % k%
0 * *x x %
m=1]0 0 x x « | €L
0 0 0 % =
0 00 0 =%
is given by
* * x 0 0
0 « *x x 0
Jo(m)=1 0 0 % % % |,
0 0 0 % =
0 00 0 =%

wherein corresponding entries in m and Jy(m) indicated by aster-

isks are identical.
(b) Let K = R or C and let Vect(n) denote the K-space of for-

mal vector fields X = in equilibrium at 0, i.e., the

=1 Dj
. J- ax] .
formal power series coefficients p; € K[[z1,...,2,]] are without

constant terms. Vect(n) is given the structure of a K-Lie alge-

0
bra by defining the bracket of elements X = Z?:l Pi g and
Lj

0
J

(X, V] =) (Z(ng—i - ngi)) %

i [

It is given the structure of a graded Lie algebra by setting Vect;(n) :=

O
0 when ¢ < 0 and letting Vect;(n) denote those X = Z?leja—pj
Lj
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in which the p; are homogeneous polynomials of degree i+1 when
1> 0.
The study of vector fields at equilibria is one of the standard

applications of normal form theory (see, e.g., [Murl] and [Sa,]).
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3. BACKGROUND ON SPECTRAL SEQUENCES

References for this introduction to spectral sequences are [Gode],
[Mac] and [Sp].

A differential object consists of a module E together with an R-
linear mapping d : E — E, known as the differential, satisfying d? = 0.

Any cochain complex

ga=1

(3.1) oy B X e O petl

can be considered a differential object: take E := (P, EY and define
d:E— E by ) e, > 6%, Indeed, alternate notation for (3.1),

which we immediately adopt, is
(3.2) o B Ly pe Gy petl

Similarly, any chain complex may be considered a differential object.
X EPS of
R-modules indexed by Z x Z together with a differential d: E — F

satisfying d|gra : EP? — EPT0"F1 for all p,q. In this instance

Another important example is the direct sum FE := @(

the differential object is called a bigraded module with differential of
bidegree (r,—r+1) (e.g., see the spectral sequence charts in Example
3.18).

The derived module H(E) of a differential object (E,d) is defined
by

(3.3) H(E):=ker{d: E — E}/dF,

this module is also called the cohomology (resp. homology) of E, par-
ticularly in the case of a cochain (resp. chain) complex.

A spectral sequence is a sequence {(E,,d,)}2, of differential objects
such that E,;; ~ H(E,) for all r. In the latter definition no relation-
ship between the various differentials is assumed, although in prac-
tice they are often induced by the same mapping. We follow custom
and express the R-module isomorphisms F,,; ~ H(E,) as equalities.
Moreover, when confusion cannot otherwise result we write all d, and

all restrictions thereof as d.
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A map (or morphism) f : {(E,,d.)}2, — {(E,,d.)}>, of spectral
sequences is a collection of R-linear mappings f, : E, — E, com-
muting with the differentials, i.e., satisfying f, od, = d, o f. for all
r>0.

Suppose {(E,,d;)},>o is a spectral sequence and k > 0 is an integer.
An element e € Ey survives to Epyq if e € kerdg, in which case e
determines a coset [e]x4+1 € Exr1 = H(Eg). Inductively, e survives
to Eyyn if it survives to each Ej,, with 1 <r < n and each [e]g,
is in the kernel of di,,. The notation [e]y,, is somewhat misleading
given our bracket convention for cosets: the coset [e]gir41 Of [€]gsr in
Fkiry1 is seldom represented by e (as we will see in examples). All we
can say is that [e]xy,41 is represented by an element with leading term
e in lowest filtration. An element e € E}, is killed if e € dE). Notice
from di = 0 that such a class must survive to Ery; and represents 0.

We will only be interested in spectral sequences {(EP*?,d,)},>o of
bigraded modules with differentials d,. of bidegree (r,—r + 1). Such
a spectral sequence strongly converges if for each (p,q) € Z x Z there
is a non-negative integer r(p,q) such that d,|gre is the zero homo-
morphism whenever r > r(p,q); the definition EZ? := EP? is then
independent of r > r(p,¢) (up to isomorphism) (see [Sp, page 467)).

A spectral sequence as in the previous paragraph is a j"-quadrant
spectral sequence if EP? is the trivial module whenever the pair (p, q)
is not in (the closed) quadrant j, j =1,2,3,4.

A collection of subcomplexes
(3.4) coo = FPERITN PRI s FPEITE L

of (3.2), indexed by p € Z, is a filtration of that complex if {FPE?},c,
is a filtration of EY for each ¢ € Z. Any such filtration gives rise to
a spectral sequence of bigraded modules in the following (completely

standard) manner: for each p,q € Z and each r > 0 define
(3.5) ZP1 .= {a € FPEP™ : da € FPTTEPHITLY

check that dzP~{""Dt=D=1 « 7zpay FrelErta where

—rlgtr—2
dZPTTHITTT2 = 0, and set

(3.6) EPY:= (7P 4 Fp+1Ep+q)/(de:l(rfl),qu(rfl)fl + FrHLEPt),
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For fixed r > 0 the R-linear mapping d induces R-linear mappings
d: Ep? — EPtHarHand the direct sum B, = @, , EP? is thereby
endowed with the structure of a bigraded module with differential d,
of bidegree (r,—r + 1).

Theorem 3.7. The sequence {(E,,d,)}r>0 s a spectral sequence.

For a proof see, e.g., [Mac, page 346].
Any R-linear mapping f : M — N between R-modules can be

embedded into the finite complex

(3.8) 0 M- N0,

i.e., can be considered as one mapping within the cochain complex
39) 2020 =ML =N%050— .
When M and N admit filtrations {FPM},ez and {FPN},cz and

f preserves these filtrations the spectral sequence construction imme-
diately preceding Theorem 3.7 applies (assuming the trivial filtration
on 0). The resulting spectral sequence is the spectral sequence of the
linear (filtration preserving) mapping f : M — N.

The normal form algorithm considered in the next section is related
to the spectral sequence of the previous paragraph by taking M =
N = L to be a graded Lie algebra and by taking f := ad({) for a fixed
¢ € L. Unfortunately, the resulting spectral sequences do not admit
useful morphisms as one varies ¢. The construction in §6 will rectify
this problem.

We include the following identifications so as to relate terms appear-
ing in particular spectral sequence calculations to terms appearing in

normal form calculations. One has
(3.10) ZP1=0 and EPMM=0 if ¢#—p,—p+1

and
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() Zp7 = FPMAfTEN),
(b) Zp7p*l = FPN,
B 7P 4 Fr+ipg
(C) Er‘p’ P = Fp+1M
_ FPM N fTHEPYN) + FPRIM
B Fri)M
FPM N f~1(FPT"N)
(d) Ep—r+l = FN
r f(Zp_—l(rfl),prr(rfl)) + Frti N
_ FPN
~ f(Fr-0=DM N f-Y(FPN)) + FPHIN
B FPN
\ - f(Fr0-UM)N FPN + FPHIN

In particular,

((a) Z0" = FPM,
(b) Zp~P*' = PPN
©) B FPM + FPHIM
C 0’ —
(3.12) FPHiM
= FPM/Fr+'M
FPN
d EP,*IJJrl —
(@) B f(FPHIM) N FPN + FPHIN
\ — FPN/FPHIN.
and
((a) 27" = FPMNfTY(FPFIN),
(b) zZP7P* = PPN
(3.13) © B = FPM N f~Y(FPHIN)
! - FPHIM N fY(FPEIN)
FPN
d) BV = :
X (@) Bi f(FPM)N FPN + FPHLN
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When there is an integer k£ such that the filtrations of the previous
paragraph satisfy FPM = F'M = M and FPN = FFN = N for all
p < k one checks easily that for any such p and any r > 0 one has

(ZpP = M,
Zpr = N,
(3.14)p<k and r>0 = E'f,fp — M+M:0’ and
M
E,?’_p“ = L:O_
\ f(M)+N

In particular, for £ = 0 the spectral sequence of f: M — N is then
a 4"-quadrant spectral sequence. In the more general context of the
previous paragraph the spectral sequence is concentrated in the 2m¢
and 4'"-quadrants.

In practice the differential d, : EP—? — EPT" P g caleulated
by means of elementary linear algebra: one computes the linear map-
ping flpeang-1(pe+rny = flzp—» in the top line of the following com-

mutative diagram and interprets the results within the indicated quo-

tients.
(3.15)
Zf’fp f|FPMnQ§Fp+TN) FerrN
= ¢ \l/:
FPM O f~Y(FPF'N) FrirN
3 \J
FP4r M A f=H(FP4T N) Frir N
Frt1)M N f*l(FIFH‘N) f(Fp+lM) N Fr+r N + Fprtr+1 N
= ¢ \l/:

_ dr — 1
EpP oy EPFT (p+r)+
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To ease notation express this last diagram as

Zpp g, Frr N

(316) Op,r \l/ \I/Tp+r,r
EpP i) E£+T,*(p+r)+1

r

and note that both o,, and 7,,, are epimorphisms (use the equiva-
lences in (3.11)).

Proposition 3.17.

(a) Choose e € ZP"P C FPM and set [e] :== o,,.(e) € EP"P. Then
the following statements are equivalent.
(i) [e] € ker d,;
(if) [

(iii

]

) le] survives to Ey,,q;

) fle) € (ZP-H —(P-H)) 4+ PPN

(iv) f(e) € f(FPT'M)N FPT"N + FPT"IN; and

(v) there is an element a € ZPT) D such that f(e) — fla) =
fle—a) € FPHHIN,

Zfirll,*(erl)

Moreover, if a € satisfies the condition in (v) then

e —a represents the class of [e] in EL .

(b) Suppose é € FPY"N and set [¢] = Ty (€) € BV ®*1) Then
the following statements are equivalent.
(i) [é] € d.(EPTP);
(ii) [€] is killed by d,; and
(iii) there is an element b € ZP~P such that é := f(b) € FPT'N
satisfies [€] = [€] := Tpirr(€).

Proof :
(a)
(i) < (ii) : By definition.

(i) & (iii) : By the commutativity of diagram (3.16)
and the initial equality of (3.11d) (with p replaced by
p+r).

(i) & (iv) : Use the final equality of (3.11d).

(iii) < (v) : From the definitions.



12 MARTIN BENDERSKY AND RICHARD C. CHURCHILL
To prove the final assertion first note from FPT'M C
FPM that ZPT~®T) < zpp < FPM, hence a,e €
FPM, and it follows from (v) that e —a € Z7,,". From
(e —a) —e = —a € FP''M we then see from the first
equality in (3.11c¢) (with r replaced by r+1) that e—a

represents the class of [e] in EY7 .

(i) < (ii) : By definition.
(i) < (iii) : By the commutativity of (3.16).
q.e.d.

Example 3.18. Let N := 7;(8,R) denote the real graded Lie algebra
of Example 2.5(a), let M := FIN, and define f: M — N by

(i) f:meMw—ad(l)m=1[¢,m] € N,

where
0000406 7
001 0 O0O0O0 12
0001038 0

(if) /= 0 0O0O0OT1TO0O0O0
000O0O0OT1O0O0
000O0O0OO0TO 0 2
000O0O0O0OO 0 O
000O0O0O0OO 0 O

(In fact f: M — M: we write f: M — N so as to conform with the
notation used thus far in the section.) Assuming the induced grading
on M, ie., My:=0 and M, = N, for p > 1, the mapping easily seen
to satisfy the hypotheses surrounding (3.8) and (3.14); we compute the
associated spectral sequence. In the notation of (3.14) we have k =0,
and that sequence is therefore a 4*-quadrant spectral sequence. In
particular, we only need compute EP~? and EPP*! for p > 0 and
r > 0.

Throughout the calculations we let e, € M denote the 8 x 8 matrix
in filtration p with (k, k+p)-entry 1 and all other entries 0, 1 < p <7
and 1 < k <8 —p. Note that (ep,...,e,5 ) provides a(n ordered)
basis of L£,. Equivalence classes (cosets) of the e, will be denoted

lepi], regardless of the particular factor space.
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The Ey Terms : We have EY? = FPM/FPH'M ~ M, and Ep 7P =
FPN/FPT'N ~ N, for all p >0 by (c¢) and (d) of (3.12).

The E; Terms : From ¢ € M = F'N we have

(iii) f(FPM) C FPT'N |

whereupon from (c¢) and (d) of (3.13) we conclude that E}"" =
FPM/FPH'M = EPP and EP ' = FPN/FPHIN = EP P These
isomorphisms would generally be indicated by writing Fy = E; (or
By = By,

The diagrams for both the Fy; and E; terms both begin with that
shown below, wherein the notation E? for ¢ = 0,1 is replaced by
nR:=R®---®R to indicate a basis dependent vector space isomor-
phism EP? ~ R" and no label is associated with trivial spaces. The
bases are always induced from the given basis (e,;) of M C N, e.g.,
the basis for E;~" ~ M, for i = 0 and 1 is ([en],...,[e17]). The
distinction between the two diagrams becomes evident only when the
differentials are added to complete the pictures: for E, the differential
would be indicated by vertical arrows between nR and nR, and for

E; by horizontal arrows from nR to (n —1)R.

NE
RSN
Rt

. NEANE
e

3 4 5 6 7 8

5 \3R§\2R
-

The Ey and FE;,d; terms.
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The E, Terms : This requires calculating the mappings d; : E}” ? —
EP*Y7P and we do so as in (3.16) (more precisely, as in (3.15))
with r = 1. The condition ¢, = 0 gives ZV"™? = FPN = FPM
for p > 1, and as a consequence it suffices to calculate the effect of
ad(0)|poy : FPN — FPTIN on the basis elements e,; and then pass
to quotients. The calculations are completely straightforward, and the
results are summarized in the following table, wherein the initial entry
p =1, [e11] = —[es] indicates that dy : [ey1] € Ell’f1 — —[ea] €

2,1
E7 ™, ete.

Ej : :Ezj [ea1] — —[eai]
le1s] = [e22] — [e2] len] —  —[es]
p=1 J[eu] — [eas]— [e24] p=2 [eas] —  [esa] — [ess]
[e1s] — [€24] [e24] — [e33]
leis] — [e25] [e2s] — [€34]
el =0 ] = ew)
o) o i o] o]
p=3 less] — [ew] p=4 leas] — 0
lesd] —  [eas] less] —  [ess]
less] = [ea] leaa] = [ess]
lesi] — 0O el = 0
e =0 [GZ] — 0

[ess] —  [es2]

We can use these calculations to illustrate the spectral sequence
jargon introduced earlier: [e;7] and [e1s] + [e13] + [e14] + [e15] € E
survive to Fy, [e11] € E; does not, and [ez] € Ef”*Z is killed (by
—[ea1] € E?7?), asis [ess] (by —[ess]). In particular, [es] and [es]

must survive to FEs and represent 0.
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From the calculations above the cohomology F, of Ej, described in

terms of associated generators (i.e., basis elements), is easily seen to be

Byt fen) 0= [en+en+en e

Ey~': [ea]

E22’72 : b= [ea + €23 + €24]
ESTE c = [e32 + e33] ;
E§’74 : [642]

5,5
Ey™7: esi] [e52]

Eg’,g, : [661]

and the associated diagram for E5 is therefore
0 1 2 3 4 5 6 7 8

0 \\ NR
RN
AR
. S
) R
. NNt

The Eg,dz term.

wherein 0 denotes the trivial module. (Recall that unlabeled vertices

also represent the trivial module.)

The Es Terms : We need to compute dy : EY™? — EF™>7~' From
the last diagram we see that only possible nontrivial components of
this homomorphism arise in the contexts Fy * ~ R — ES° ~ R and
Ey "~ 2R — Ey "~ R

Applying (3.16) with r = 2 we obtain the following analogue of the

first collection of displayed formulas within the discussion of the Ej
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terms:
[651] — —2[671]

A )

The diagram for the E3 terms appearing below is an easy consequence.

0 1 2 3 4 5 6 7 8
0 \.\ \<R
. \{R\QR

L

@
) aNE
) R

The Fs,d3; term.

This seems an appropriate place to ease the formality of our presen-
tation: in practice the observations resulting in the FE3 diagram would

more likely be stated along the following lines.

The space E§’74 is generated by [es2], which is mapped
by dy to —2[egz] =0 € ES™° ([egz] was killed by [ess]).
The mapping dy : Ey~* — ES™° is therefore the zero
transformation, and as a consequence [e4s] survives to

Ej. The class [ego] is represented in E3 by [es + 2e53].

The space Ey " is generated by [es;] and [es;], and one
checks that ds([es1]) = —2[er1] and da([es2]) = 0.
The E; Terms : The only possible nontrivial (component of) dj :
EPP — ERY5 P2 g (the restriction to) Ey * — Fy~°. However, one
checks that Eg”_?’ is generated by [e3s + e33], and that d3 carries this
class to 0. £y = E3 follows.
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The Es Terms : The only possible nontrivial d, is E>> — E>7°,
The first of these spaces in generated by [b], and dy([b]) = 0. F5 = E4
follows.
The Eg Terms : The only possible nontrivial ds is Ey~" — Eo™°.
The first of these spaces in generated by [e;7] and [a], and d5 anni-
hilates both. Es = E5 follows.
The E; Terms : The differential dg is trivial, hence F; = Ej.
The E,, Terms : All d,. with r > 6 and trivial, hence F,, = Fg =
E5 (in the sense that E?:? = EP? for all (p,q) € Z x Z). There is a
single generator wo for E% ! and a single generator wg for E%°; all
the other vector spaces EP; P! are trivial.

We have calculated the spectral sequence of f = ad(¢) : M — N

completely, and in the process have established strong convergence.
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4. A BRIEF INTRODUCTION TO NORMAL FORM THEORY

Throughout this section L = @ Ly denotes a Z-graded R-Lie al-
gebra with L, = 0 iof s < 0 and wy : L — Ly is used to denote
the associated projections. We write the typical element of Ly as £,
and view each Ly as a subspace of L by means of the obvious sec-
tion Ly — L, i.e., we identify an element (; € L, with the element
oo+ 0+4;+0+--- € L when confusion cannot otherwise result.
Suppression of notational reference to the sections L, — L is a com-
mon abuse of notation when dealing with normal forms, but can lead
to problems when spectral sequences enter the picture.

For the entire section we fix an element ly € Ly. We do not exclude
the choice £y = 0.

Definition 4.1. An element ¢ = (g +{; +---+ s+ --- € L is in
classical' normal form to order s > 0 if {; € ker(ad(fy).;) for j =

0,...,s, and is in classical normal form if this is the case for all s > 0.

In other words, ¢ is in normal form (to order s) if [{y, ¢;] = 0 for
all 0 < j (<'s). Note from [ly,ly] = 0 that ¢ is always in classical
normal form to order 0.

An element 0y € Ly splits L if
(4.2) L; = ker(ad(fo)|c;) ®im(ad(o)|c,), j>1.

Proposition 4.3. (The Classical Normal Form Algorithm) Sup-
pose Uy splits L and 0 = by + ---+ ls + --- is in classical normal
form to order s. Write lyy1 = (5, + €L, in accordance with the
decomposition (4.2) with j = s + 1. Choose m € Lgi1 such that
ad(lo)m = [ly,m] = L1 . Then {+ad(m)l is in classical normal form
to order s+ 1 and J,(¢+ ad(m)l) = J,(¢).

This formulation is adapted from [CKR], but did not originate therein.

Proof : This is evident from the following calculation, where in each

line the final dots represent terms in J],» ., L;.

!The “classical” designation is not standard: it has been added to distinguish
these normal forms from those introduced later.
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(+ad(m)t = O+ + 0+ my by + -+l + ]
O) + 05 4+ 0L+ [m, b] + -+

)+££_1+££+1 - [fo,m] +"'
O) + 05 4+ 0h =+
)

q.e.d.

For m € L define ad’(m) := id; : £ — £, and if 4 > 1 and
ad"'(m) : £ — £ has been defined set ad’(m) := ad(m) o ad"(m) :
L— L.

To see how the algorithm can be applied in practice assume, for the
remainder of the section, that R is a field of characteristic 0. Then
for any m € F'L a linear mapping expad : £ — £ is defined by

[ 1 i
(4.4) expad(m) =) - ad'(m).
i=0
Indeed, by (2.4) and the assumption m € F'L the formal expression

(4.5) expad(m)l = + [m, (] + 3[m, [m, (] + - - -

involves only finite sums in each £,, and therefore represents a well-
defined element of L. In fact expad(m) : £ — £ is a K-Lie algebra
automorphism?, i.e.,
(4.6)

expad(m)[¢, /] = [expad(£), expad ()], m € F'L, tiecL.

Example 4.7. Fix an integer n > 1 and let £ := Ty(n, R) denote
the graded Lie subalgebra of gl(n, R) introduced in Example 2.5(a).
Choose M € F'L and B € L. Then one sees by writing out the
Taylor series for f(t) = eM!Be M! at ¢t = 0 and evaluating at ¢ = 1

that
(i) expad(M)B = eMBe ™.

The next proposition shows that the adjoint representation in algo-

rithm (4.3) may be replaced with expad.

2When dimg £ < oo this is standard; for the general case see, e.g., [Se] or [BC].
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Proposition 4.8. Suppose ly splits L and { = by + ---+ Ly + -~
is in classical normal form to order s. Write (g = (5, + (1, | in
accordance with the decomposition (4.2) with j = s+ 1. Choose m €
Lsi1 such that ad(€y)m = [lo,m] = (L. ,. Then expad(m)l is in
classical normal form to order s +1 and Js(expad(m)l) = Jy(¢).

Proof : Immediate from Proposition 4.3 and (4.5). q.e.d.

Remark 4.9. The advantage of Proposition 4.8 over Proposition 4.3
is suggested by Example 2.5(a), where successive applications of the
normal form algorithm to a given A € T are now seen to produce
a collection of (generally non-unique) matrices M,, M, _1,..., M; €
F'T such that conjugating A by the product eM» -..eMt converts A

to the appropriate classical normal form.

Group actions enter the picture by first noting that the graded vector
subspace G := F'£ C L is a filtered group w.r.t. the binary operation
x defined by the Campbell-Hausdorff formula

(4.10) mxn=m+n+ s[m,n]+ 5m, [m,n]] +---

(e.g., see [BC] and/or [Se, 14.15]): the filtration {F?G},>; of G is
defined by the inherited grading, i.e., FPG := qu1 G,, where G, := L,
for all ¢ > 1; the identity element is 0; the inverse of m € G is —m.

Definition (4.10) is designed so as achieve
(4.11) expad(m x n) = expad(m) expad(n), m,n €Gqg,

where expad(m) expad(n) := expad(m) oexpad(n), and it follows that
the mapping (m, /) € G x L — expad(m){ defines a left action of G
on £ by K-Lie algebra automorphisms (recall (4.6)). One can now
interpret successive applications of Proposition 4.8 as the iterated con-
struction of an orbit representative of ¢, although for the actual exis-
tence proof one needs to establish convergence in the filtration topology
of G.

There are two significant problems with the classical theory:

e classical normal forms obtained by successive applications of Propo-

sition 4.8 are generally not unique; and
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e when /¢y € L,y does not split £ there is no algorithm to guarantee
that one can always convert an element ¢ = (o + ¢ +--- € L to

classical normal form.

The first problem was generally treated by attempting “further refine-
ments” of elements in classical normal form; the second by replacing
ker(ad(fo)|c,) in (4.2) with a suitable complement of im(ad(¢y)|c;)
(often associated with the representation theory of s[(2,C)). Of course
each of these approaches required modifications of Definition 4.1. A.
Baider [B] gave an elegant solution to both problems by replacing
im(ad(fo)|z,) in the decomposition of L£; with a generally larger sub-
space and assuming a prescribed complement, e.g., the orthogonal com-
plement w.r.t. a given inner product on L;.

To describe Baider’s method assume ¢ = fy+ ¢; +--- € L has been
given, define?

(4.12)
CHty:={meG:=F'L=F'G: [m /(e F'L},  s>0,

and then define

(413) VA0 = ma (ad(O(CHO) € Lusr, 520,
Note that when s >0 and m € C!(f) one has

(4.14) [expad(m)¢] = [( + [m,(]] € L/F*T'L;

this is all one needs to mimic the classical normal form algorithm.

Continuing with the notation of the previous paragraph assume that
for each s > 1 a complement Y,(¢{) C L, of V.'(¢) has been chosen
which depends only on J;_;(¢), hence that

(4.15) L, =Y()® V] (0), s>1.
In particular,

(4.16) Vi) = L, & Y,(¢) = 0.

S

To involve all non-negative indices in the definition of V,'(¢) define
(4.17) Yo(£) := L,.

3Baider refers to the Lie subalgebra Cl(¢) C £ as the s-order “centralizer” of
¢, and employs slightly different notation. Our notation is designed to make the
connection with spectral sequences more transparent.
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A choice of complements as in (4.15) is called a splitting convention
in [CK] and a style in [Murl, Mur2].

Definition 4.18. An element ¢ = ly+ /(1 +--- € L is in normal form
to order s> 0 (w.r.t. the assumed splitting convention) if ¢; € Y;(¢)
for j =0,...,s, and is in normal form if it is in normal form to order
s for all s > 0.

Examples for any splitting convention: any ¢ € £ is in normal form

to order 0; 0 € L is in normal form.

Proposition 4.19. Suppose { = ly+---+ s+ --- is in normal form
to order s > 0. Write lyy1 = (Y, + {y,, in accordance with the
decomposition (4.15) (with s replaced by s+ 1). Choose m € CL(¢)
such that o1 (ad(€)m) = €Y.,. Then expad(m){ is in normal form
to order s+ 1 and Js(expad(m)l) = J,(¢).

Proof : Immediate from Proposition 4.3, (4.14), and the assumption
that Yi.1(¢) depends only on J(¢). q.e.d.

We can now be more explicit about one of the goals of the paper:
we will show, in somewhat greater generality, that the calculations in-
volved in applying Proposition 4.19 to specific normal form problems
are simply special cases of spectral sequence calculations as in Exam-
ple 3.18. However, since the present section is intended to introduce
normal forms as treated by practitioners, our discussion of the actual
connections with spectral sequences is postponed to a later section (see
§6).

Baider’s main result, which we state without proof, is as follows.

Theorem 4.20. (A. Baider [B]|) The G-orbit of any element ( €
L contains a unique element (N in normal form, and if the normal
form algorithm defined by Proposition 4.19 is used to produce elements
ms € G to convert expad(ms_1 * --- % mq)l to normal form of order

s+ 1 the sequence {mgs*---%xmy} converges in G to an element m
such that expad(m)l = (V.

Baider refers to these unique normal forms as special forms [B], and

the terminology hypernormal forms is also encountered [Murl, Mur2].



A SPECTRAL SEQUENCE APPROACH TO NORMAL FORMS 23

The calculation of the subspaces Cj(¢) C Ly and Vi'(¢) C L, is
always straightforward. Specifically, one sees from the definition that
Ci(0) = F'£ =@, and from (2.4) that Vi'(¢) := m (ad(0)(C}(0))) =
w1 (ad(0)(9) = m(adls + )L & FG) = m (ad(f)(L)
= ad(ly)(L1), where in writing 7 (ad()(£1)) we are identifying
ad({p)(Ly) with its image in £ under the obvious section £; — £

of 7. In summary:

(4.21) Cy(0)=¢6 and V5H(0) = ad(£)(Ly).
In special cases the calculation of V', (¢) is also easy: for any s > 0
one has
(4.22) L, C CLY)
(more precisely: £, = 7,(CL(£))), hence
(4.23) ad(6y) (Lss1) € Vi (6)
and it follows that
(4.24)

ad(lo)(Los1) = Lo = V() = Loy and Yo (0) =0
(recall (4.16)).

Other easy cases arise. For example, when ¢y, = 0 one sees from
(4.12) that C](¢) =G, whence from (2.4) that V;'({) = 1 (ad(¢)(G))
= ad(Zl)El, i.e.,

(4.25) ly=0 = V3 (0) = ad (1)L, .

Unfortunately, the determination of C(¢) and (thence) V', (¢) can
in general be a daunting task, although it is difficult to appreciate this
assertion until one begins working with specific examples. (With the
spectral sequence approach the calculation of V;IH(E) becomes com-
pletely systematic, albeit tedious at times.) On the other hand, as will
be seen in Example 4.34, when utilizing the normal form algorithm one
can sometimes verify that ¢! € V', (¢) without complete knowledge
of either CY(¢) or V}}(¢), in which case it is clear from the normal
form algorithm that the normal form ¢V must satisfy ¢, = 0.

An obvious approach to computing C!(¢) is to work upward through
the filtration

(4.26) Ci(0) C C5Y(0) € -+~ C CL(0)
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of Lie subalgebras defined by

(4.27)
CY_ () :=={me F’G : ad(t)ym € F**'L}, p=s,s—1,...,1,

and with this in mind we define the initial terms I? . (¢) of C} . ({)
by
(4.28)  I7_ . (0) =7 (CY_, 11 (0) C Ly, p=s,s—1,..., 1

The initial terms of C}(¢) are easy to compute: we claim that

c.)-

Indeed, for m = m; + mypy +--- € F°L see from (2.4) that
ad(O)m = [lo+ L+ mg+mepq +---]
= [ly,m]s + {terms in FSH1L}
and the claim follows. As a consequence of (4.29) and (4.26) we see
that

(4.29) I (€) = ker (ad((p)

(4.30) Ly=0 and s>1 = L) =7, (C{(0)) = L.

However, from the definitions (and the subspace identification conven-
tions) one sees that I7(¢) C C7(¢), and it follows that

(4.31)
=0 and s>1 = L, CC{{) and ad(;)Ls C V' (0).

We need a practical characterization of the initial terms of CY_,,,(f).
Suppose 1 < p < s and m, € L,. Then m, completes in C}_,.,({)

if there is an element 1 € FP*'G such that m, +m e C? ., (¢).

Proposition 4.32. For any 1 <p <s and any m, € L, the follow-

ing statements are equivalent:
(a) my eI, (0), ie, my is an initial term of C¥_ . (();
(b) the element m,, completes in CY_,,,({);
(c) one has
ad(€)(m,) € ad(¢)(FPT L) + F5H1L;

and

(d) one has
0] = [ad(¢)(m,)] € FPL/ (ad(0)(FPTL) + F*H L) .
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Proof : For m € FPT'L we have

my,+m € Cy ., (f) & ad(l)(m,+m)=0 mod F*'L
< ad(l)m, = ad(f)(—m) mod F*TL,

and the equivalences follow. q.e.d.

For normal form calculations the equivalence (a) < (c) is the most
important, and for ease of reference we record this separately: for m, €

L, we have
(433) myell (0) & ad()(m,) € ad(()(FPT'L) + FH'L.

Example 4.34. We offer a concrete normal form calculation within
the real graded Lie algebra £ = T;7(8,R) (see Example 2.5(a)). Nilpo-
tent cases often present problems in normal form calculations (in part
because ¢y does not split £), and we have therefore chosen to con-
sider such an example in some detail. The choice n = 8 allows us
to illustrate all the important concepts while keeping the calculations
(which were done with MAPLE) within reason. The presentation is
designed to emphasize the underlying systematic procedure, and as
a result is more formal than necessary for such an elementary exam-
ple. The splitting convention is that defined by the inner product
(A,B) :=tr(A™B) on L, i.e., in the direct sum decompositions (4.15)
we take Y, () ==V, (O)F C L,.

We compute the normal form of the nilpotent matrix

000O0M4°0¢6 7
001 0O0O0O0 12
00010380
(i) . 000O01O0O0O0
000O0O0OT1TTO0O0
000O0O0OO0O0O 2
000O0O0OO0O0OO0
000O0O0OO0O0OO0

appearing (not coincidentally) in Example 3.18, and to use the methods

introduced we write ¢ in the form ¢y+/¢;+---+/¢7, wherein ¢, denotes
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the zero matrix,

0000O0O0O0O 0000O0O0O07

0010000°O0D 0000O0O0TO0O0

00010000 0000O0O0O0O
p 00001000 ’ 0000O0O0O0O
'“looooo0o1o00l>” >""]00O0OO0ODO0ODO0O0O0

0000O0O0O0O 0000O0O0O0O

0000O0O0O0O 0000O0O0O0O

0000O0O0O0O 0000O0O0O0O
The normal form of ¢ to order s > 0 is written () :é((f)+€§s)+
@

Order 0: Asnoted immediately following Definition 4.18, the element
¢ is automatically in normal form to order 0, hence ¢ = /.

Order 1 : Since (") = fy =0 we see from (4.21) that V{!(¢£®) =0,
hence Y;(¢(9) = £;, and we conclude that ¢) is also in normal form
to order 1. It follows from the uniqueness of normal forms that ¢() =
¢© = ¢. In the notation of Remark 4.9 we take M, to be the zero
matrix, and e! is then the identity matrix I = Is.

Order 2 : By (4.25) we have V3 (¢0)) = ad(£{V)(£;) = ad(£,)(Ly),
and by elementary calculation one verifies that this last subspace of
Ly consists of those elements m;; € Lo with mgg = 0. From the
definition Yy(/M) = V}(¢M)L we conclude that V'(/()) consists of
those elements m;; € £, in which all entries other than mgg must be
zero, hence (5 € Yy(¢1), and €@ = () = ¢ = ¢ follows. We take

M, as the zero matrix, resulting in eM2 = T.

Order 3 : Check that the matrix M, € L, with 3 in the (4,6)
position and zeros elsewhere satisfies ad(¢))(M;) = EgQ). It follows
from (4.31) that €2 € Vi ((®), hence that £ = 0. To calculate

() completely note that eM? = I + M, : then check that

00004606 7

001 00 O0O0 12

0O 00O1O0O0Z 8 O

3 9 Mo 2(2) — M 0 00OO0O1UO0UO0 6
B = expad(Mg)E( ) = M2y =Mz — 0000010 0
0 00O0OO0OUO0UO0 2

0O 00OO0OO0OOU O O

0O 00OO0OO0OOU O O
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Order 4 : We proceed as in the Order 3 case after noting with the aid
of (4.31) that for any o € R the matrix

00 —4 0 0 0

€ Ly C O3B c C2(e®) c Cr(1®)

S

I
SO DODDOD OO OO
SO OO O OO
SO OO O OO
SO OO O OO
SO OO O OPR
S OO OoOR OO
SO OO oo
OO OO O OO

satisfies ad(¢®)(M;) = ¥, hence ¢ = 0. One has

100 —4 0 0 —16 0
010 0 o« O 0 3a
001 0 0a 0 0
s _ 000 1 00 8 0
000 0 10 0 6|
000 0 01 0 0
000 0 0O0 1 0
000 0 0O0 0 1
from which one obtains
0000006 —17
0010000 12
0001000 2a
A 5 0000100 O
(0 = expad (M) = 00000T10 0
0000000 2
0000000 O
0000000 O

This illustrates non-uniqueness within the M.

Order 5 : We make the choice a =0 in the previous step; the matrix
(™ is then seen to be in normal form to order 5, hence ¢ = (@,
(By the uniqueness of normal forms any other choice for « would have
[ultimately] resulted in an ¢(%) with the same 5-jet.) We take M, = 0,
hence eMt = I.

Order 6 : Here the method used for Orders 3 and 4 fails: one easily
verifies that ¢ ¢ ad(¢®®)(Ls), and as a result we cannot appeal to
(4.31) to conclude that ¢ € V1(¢(). This is the first case in which
Proportion 4.32, in the guise of (4.33), plays a significant role. We ex-

amine the initial terms IZ__ (¢®)) := m,(CY_,,,((®)) as p decreases
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from 4, recalling from (4.33) that
(i) mpell , ((9) & ad(l®)m, € ad(t®)(FPHL) + F°L.

We offer a somewhat detailed presentation of this case so as to empha-

size the completely elementary nature of the calculations.

The Initial Terms I;(£®)) = m,(C3(£®)) : In this case (ii)

becomes
(iii)  my € D) o ad(l®)my € ad(t®)(F°L) + F°L.

However, from () = ¢, = 0 and (2.4) we see that ad(¢®))(F°L) C

FSL, whereupon (iii) reduces to
(iv) my € IE((®) < ad(t®)m, € FSL.

The Lie subalgebra F°L C L consists of all matrices of the form

0 0000 O0 % =%
0 00 O0OO0O0O0 =%
0O 00 O0OO0OUO0OO0OTFOO
(V) 000 O0OO0O0OO0OTFO0
0O 00 O0O0OO0OO0OO0Y|"”
000 O0OO0O0OO0OTFO0
000 O0OO0O0OO0OTFO0
000 O0OO0O0OO0OTFO0
and for a typical element
0 000 myp O 0 0
0 OO0 0 mg O 0
0000 O 0 msy O
) (00 0 0 O 0 0  mug
(vi) mi=1o 000 0 0 o o |t
0000 O 0 0 0
0000 O 0 0 0
0000 O 0 0 0
we have
00 00O —mys O 0
0O 0 0 00O 0 M3y —2Mog
00 0 0O 0 0 Myg
y ) loooo0oo0 o o o0
(vii)  ad(f)(ma) =19 0 9 0 0 o0 0 0
00 0 0O 0 0 0
0O 0 0 00O 0 0 0
0O 0 0 00O 0 0 0
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It follows immediately from (vii) that I3(¢(®)) = m,(C3(¢)) consists
of those my as in (vi) with my5 = mg; = mys = 0, i.e., that a matrix

my € L4 completes in C5(¢) if and only if this matrix has the form

(viii) my =

SO OO OO oo
SO DODDOD OO OO
SO DODDOD OO OO
SO DODDOD OO OO
SO DODDOD OO OO
OOOOOO§O
>
SO OO OO oo
OO OO OO oo

Now let m = my + 1 € I;({®) + FSL be an arbitrary element of
C3(¢®). Then ad(¢®)m € F'L, and we conclude from (vii) that
ad(¢®))(C3(£®)) has the form seen in (v) when the (1,7)-entry has
been replaced by 0. Since the (1,7)-entry 6 of ¢©) (= (™) is not zero
this means that more work is required to determine if (%) € ViI(¢®)).
We therefore ascend to C3(£().

The Initial Terms IZ(£®)) = m3(C3(£®))) : Here (ii) becomes
(ix) ms € I3((®) & ad(l®)mg € ad((®)F*0 + FS¢.

One checks that ad(¢®))F*L 4+ FSC = F°L, and (ix) is thereby re-
duced to

ms € I3((®)) & ad(l®)mg € F°L.

Now check that for the typical element

€ Ls

3

I
SO oo
SO OO oo oo
SO OO oo oo
OOOOOOO§
S
OOOOOO§O

ot
OOOOO§OO
>

OOOO§OOO

=
OO©§OOOO

e
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we have
0 000 —muy 0 0 0
0 0 0O 0 mzg — M5 0 0
0 00O 0 0 myy —2m36
5) 10 0 0 O 0 0 0 M5
ad(C%)ms =0 5 o 0 0 o |’
0 00O 0 0 0 0
0 00O 0 0 0 0
0 00O 0 0 0 0

and as a result we see that I3(¢(*)) consists of those matrices of L3 of

the form

3

I
SO OO OO oo
SO OO OO OO
SO DO DO O OO
SO DO DO O OO
OOOOOO§ ]

ot
OOOOO§ o O
ot

SO DO DO O OO
SO DD DO DO OO

and the typical element of C3(¢(”) has the form

00 0 0 miz mig myz mig

0 0 0 0 mos mog moy mog

00 0O 0 Maos T3y 1138

e+ 1 — 0000 O 0 0 my

5 0000 0O 0O O 0

00 0O0 O 0 0 0

00 0O0 O 0 0 0

00 0O0 O 0 0 0

By direct calculation one checks that

00 00O x 0 =%

00 0 0O0O0 * =%

000 O0OO0OO OO0 =

5 . 00 0O0OOO OO OO
ad(£)(ms +7m) = | o 0 g 9 9 0 0 0|

00 0O0OOO OO OO

00 0O0OOO OO OO

00 0O0OOTO OO OO

and we immediately conclude, as in the final assertion of the previous
case, that additional work is needed to determine if E((f) € V3 (1),
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The remaining initial terms relating to the order 6 calculation, i.e.,
I2(0®)) and I}(¢®), are handled analogously, and in both cases one
finds that the typical matrices in ad(€(5))(0g_j(£(5))) again have 0
as the (1,7)-entry, j = 2,1. However, since these remaining terms
exhaust all possibilities we are now able to conclude that Vg (¢®))
consists of those matrices as in (ii) with the upper-right entry replaced
by 0. The splitting ¢ = 5(5)3;—1—5(5)‘/61 of Proposition 4.19 is therefore
given by

000O0O0O0T®G6O 000O0O0O0O0OO0
000O0O0O0O 0O 0 000O0O0O0O0 12
000O0O0O0O 0O 0 000O0O0O0O0OO0
000O0O0O0O 0O 0 000O0O0O0O0OO0
00000000+00000000’
000O0O0O0O0O 0 000O0O0O0O0O0
000O0O0O0O0O 0 000O0O0O0O0O0
000O0O0O0O0O 0 000O0O0O0O0O0

and from (iv) we see that the matrix

My = e I3(1O) c Cca(e®)

SO OO OO oo
SO OO OO oo
SO DODDOD OO O
SO DODDOD OO O
SO DODDOD OO O
o OO O oo

SO OO OO oo
OO OO OO oo

satisfies ad (/) M5 = (5% One has expad (M) = I + M5, hence

|
—_
~

|

SO DODDOD OO OO
SO DODDOD OO OO
[ eleleleNall -
[e>lierii el el S =R
oo ook O oo
S OO, OO oo
SO OO OO O
SO NOOO O
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Order 7 : The calculation of ¢(7) involves no new ideas: suffice it to

note that for

00000 17/2
00000 O
00000 O
00000 O
Me:=10 0000 o0
00000 O
00000 O
00000 O
one has eMs = [ + My and

000

00 1

000

1) _ Mep6) ~Ms _ |0 0 0
== 10 0 0
000

000

000

SO OO OO oo

SO OO OO

0

OO OO OO oo

SO O = OO O

0

e I3(019)

SO~ O O oo

0

SO OO OO,
SO N OO O oo

0

This is the unique normal form of the matrix ¢ given in (i), and from

Theorem 4.20 we see that a matrix which conjugates ¢ to this normal

form is given by

100 —4
010 0
001 0
M7M6 M1_0001
ceee =10 00 o
000 0
000 0
000 0

0
0
0
0
1
0
0
0

—7/2

—6

SO O Wo

6

-1
0
0
8
0
0
1
0

— O O o O O oo

The splitting convention in the previous example was defined by

an inner product on the graded Lie algebra L. We denote such a

graded Lie algebra by {L,[—, —], (—, —)}. We shall always assume that
the splitting convention specified by {L,[—,—],(—,—)} is given by
orthogonal complements with respect to (—, —). When this is the case

there is a simple characterization of those elements in normal form

(which we have not seen elsewhere).
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Proposition 4.35. Suppose we are given a graded Lie algebra with
graded inner product, {L,[—,—],(—,—)}. Then an element { = {y +
ly + -+ € L isin normal form (to order s > 1) if and only if the
following property holds for all 1 < p (< s): if g € G and [g,{] =
my + Mpr1 + -+ then my, is perpendicular to (,. Furthermore each
orbit of the action of G = F'L contains a unique representative in

normal form.

Proof :

= When [g, /] = my 4+ mp1 + --- we have g € C}({), hence m, €
V,'(¢) = Y,()". But ¢ in normal form means ¢, € Y,(¢), and the
asserted condition follows.

< For any m, € V'(¢) C L, there is (by definition) an element
g € G such that [g,f] = m, + ---. The given hypothesis therefore
implies ¢, C V)({)* = Y,(¢), and we conclude that ¢ is in normal
form (to order s).

Existence and uniqueness was established in Theorem 4.20.

q.e.d.
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5. INITIAL LINEARITY

Throughout the section M and N are Z-graded R-modules with
associated filtrations {FPM} and {FPN}, and cosets of submodules
are indicated with brackets. We assume that F'M is a group w.r.t.
a binary operation x possibly distinct from +, and we define G =
(F'M, x). We assume in addition that FPG := FPM for p > 1 defines
a filtration of G by subgroups.

For our purposes the appropriate general setting for the normal form
algorithm is an action of a filtered group G on a filtered vector space
having the property that the representation of each element g € G is

“linear modulo higher filtrations”. Here we make this idea precise.

Definition 5.1. A (set-theoretic) mapping f : M — N is initially

linear if it preserves the filtrations, i.e.,
(5.2) f(FPM)C FPN  forall peZ,
and has the form

(5.3) f=TL+ [,

were fr, fuy : M — N also preserve the filtrations, f; is R-linear, and

for each (m,p) € M x Z the following condition holds:

(5.4) 0=[fr(m)] € NJFFN = 0=[fu(m)] € NJFPT'N.

The subscripts L and H in (5.3) represent “linear” and “higher
order” respectively. Note that when f is R-linear it is initially linear :
take fr:= f and fg:=0.

There is no requirement that the decomposition (5.3) be unique,
nor that fy be non-linear. However, when discussing initially linear
mappings a fixed decomposition is always assumed.

For the remainder of the section we let ¢ : (g,n) € GXN — g-n € N
denote a filtration-preserving left action of G on NV, i.e., an action such
that

(5.5) F'G-FIN C F'IN forall (i,j) € Z" x Z.
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Definition 5.6. We say that the action ¢ : G Xx N — N is ini-
tially linear if for each ¢ € FON the mapping f*: G — N defined by
ft: g g-0—{is initially linear.

Examples 5.7. Let £ be a Z-graded R-Lie algebra with L; the

trivial module for 7 < 0.

(a)

(b)

For any ¢ € F°L the mapping ad(f) : £L — L is linear, hence
initially linear with ad(¢); = ad(¢).

Assuming R is a field of characteristic zero let G := F'L with
the Campbell-Hausdorff product. Then the expad action of G on
L is initially linear. Indeed, from (4.5) it follows that f¢: g+
expad(g)¢ — ( is initially linear with ff = —ad(¢) : g — [g, ).
Assume R is a field of characteristic zero and let n be a positive
integer. Then the collection gl(n, R) of n x n matrices with
entries in I isa R-Lie algebra w.r.t.the usual matrix commutator
and becomes a Z-graded Lie algebra by taking gl(n, R); to be
those matrices (my,) € gl(n, R) satisfying m,, =0 if ¢ — p # 1,
with the understanding that this refers to the zero matrix when
li| > n.

Take £ := T(n), where T(n) C gl(n,R) is as in Example
2.5(a). Then G := F'L acts on gl(n, R) via the expad mapping,
and by adapting the argument leading to (i) of Example 4.7 one
sees that expad(M)B = e Be . Since F'L is invariant under
this action there is an induced action of G on the quotient (vector)
space N := gl(n, R)/F'L. This quotient is not a R-Lie algebra,
since F'L is not a Lie ideal of gl(n, R), but it does inherit a
Z-grading via N; = 7w(gl(n, R);_(2n—1)) for n < i < 2n — 1.
The shift in indexing is to satisfy the filtration conditions in the
definition of an initially linear group action. One checks easily
that the action of G on N is filtration-preserving.

The quotient space N can obviously be identified with the
Lie subalgebra 7.(n) C gl(n, R) consisting of lower triangular
matrices (with non-zero diagonal elements allowed), and the in-
duced action of G can then be described as follows: for M € G
and N € N~ Ty(n) we have M - N := w(eMNe M), where
7 : gl(n, R) — T(n) replaces all entries above the diagonal of a
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given matrix with zeros. Equivalently:
M'N2:7T(N+[M,N]—|—%[M,[M,N”+...)_

It is a simple matter to check that action (M,N) € G x N' —
M - N € N is initially linear if we take

Y MegGw (ro—ad(N))M e N.

(d) Take R = C, define £, = gl(n,C) - 2P for all p € Z and
set L 1= Upez[],5, L Define the bracket of AzF € £, and
Bzt € L, by

(427, B2] = [, B]71,

where [A, B] := AB — BA is the usual matrix commutator, and
L is thereby given the structure of a graded Lie algebra. We think

of the elements as formal Laurent series
AR) = ALy P4t Ay Ag+ Az 4o

in (the complex variable) z with coefficients in gl(n, C).

Set G := F'L, with the Campbell-Hausdorff group structure.

Define an action of G on £ by g-¢ = expad(—g){+<Lg. (The
derivative represents formal term-by-term differentiation of a se-
ries). This action is initially linear with ff : m — [(,m] + £m
provided one appropriately modifies the definition of “initially lin-
ear action” to take into account the negatively graded terms. We
will not peruse this here.

This example arises when normalizing a first order system y’ =
A(z)y of meromorphic ordinary differential equations on C at a
singularity, w.l.o.g. 0. Specifically, the substitution y = P~'w =
(P(2))~'w converts this equation to w' = (PA(z)P~'+P'P~"w,
and one checks that (P, A(2)) —
PA(z)P7'4+P'P~! defines a left action of Gl(n,C((2))) on gl(n, C((2))),
where C((z)) is the quotient field of the formal power series ring
Cl[[z]]- This is the action by gauge transformations. To achieve

our context take P = e9.



A SPECTRAL SEQUENCE APPROACH TO NORMAL FORMS 37

(e) An R-Lie algebra, M = (M, [, ]) is cyclically graded (of order
t) if M is the internal direct sum GB;;B M; of R-subspaces
satisfying

[(Mp, Myl = My, p,q € LJL.

To see an example let n > 0 be an odd integer and let M be

the collection of 2n x 2n real matrices of the form

M_AS
o\ T —AT )7

were A = (a;j), S = (s45), T = (t;j) € gl(n, K) and S and T
are symmetric. This is an R-Lie algebra with the usual matrix
commutator as bracket, and becomes cyclically graded of order
4dn — 3 if we define a grading as follows:

efor 0 <p<n-1and 3n—-1<p <4n -3 we let M,
consist of those M with the only non-zero entries, if any,
being elements a;; of A satisfying p = j — 1.

o for n < p < 3n—2 we let M, consist of those M with
the only non-zero entries, if any, being elements s;; of S
satisfying p = 3n—(i+j) and/or elements ¢;; of T satisfying
p=n—2+(+j).

The cyclicity property is easily verified.

The difficulty with normalization in this context is “wrap around”,
i.e., attempts to normalize a term ¢, € M, in the inductive spirit
of the normal form algorithm can affect “lower order terms” (e.g.,
terms in M;_;) which have already been normalized.

We can circumvent the wrap-around problem as follows, assum-
ing V is a (Z/tZ)-cyclically graded vector space (e.g. V := M
as above). We lift V' to a Z-graded vector space v by defining
XN/p := V- 2P, where the subscript p on V), is taken mod ¢, but
that on 17;), and the exponent in 2P, is in Z. We think of the

elements in V as formal Laurent series
AR) = Ape? 4ot Az + A+ Azt

where A, € V.
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We can now endow V with the structure of a graded R-Lie
algebra by defining the bracket of AzP € ‘N/p and Bz? € ‘N/q by

[A2P, B29] := [A, B]z1,

Example (d) above can be viewed as a special case of this con-
struction: regard gl(n,C) as a cyclically graded Lie algebra of
order 1.

We will study cyclically graded Lie algebras in subsequent pa-

per.

For later reference we record a few elementary properties of initially

linear mappings.

Proposition 5.8. For any initially linear mapping f : M — N and
any m,m € M the following properties hold :

(@) fu(m)=0 = fu(m)=f(m)=0;

(b) me FPM = [f(m)] = [fr(m)] € N/FPTIN;

(c) the condition 0 = [fp(m)] € N/FPN implies 0 = [fu(m)] €
N/FIN forall g<p+1;

(d) the condition 0 = [fr(m)] € N/FPN implies [f(m)] = [fL(m)] €
N/FPTIN : and

(e) Assume p is the smallest integer such that 0 # [fr.(m)] € N/FPN
and/or 0 # [fr(m)] € N/JFPN. Then [f(m+m)] = [fL(m+m)] =
[fu(m)] + [fr(m)] € N/FPTIN.

Assertion (e) explains the “initial linear” terminology: taking m =
0 we see that as p increases the element f(m) € N, if non-zero, is
“first detected” within the factor modules N/FPN as a value of a
linear mapping.
Proof :

(a) Immediate from (5.4).

(b) Immediate from the definition.

(c) Since the inclusions FPN C FIN for p > ¢ induce epimorphisms
N/FPN — N/FIN this is immediate from (5.4).

() By (¢) and = fu + fu
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(e) Replace m by m + m in (5.4) and use the linearity of fr.
q.e.d.

The normal form definition given in §4, and the normal form algo-
rithm seen in Proposition 4.19, generalize easily to the context of the
initially linear group action ¢ : G x N — N under consideration in this
section. Specifically, given s € N and ¢ € F'N define vector spaces
CH(¢) and V', (¢) analogous to (4.12) and (4.13) as follows™:

(5.9 Ci(0):={g€G|f'(g) € FF'"N} ={g € G|f[(9) € F*"'N}

and

(5.10) Vi (0) = mon (FC5(0)) = o (FL(C1(6))).
Notice that CL(¢) = C1(J,(¢)). Indeed with ¢ = J,(¢) + ¢ we have
geClt) & g-0=1 mod F*T!(N)
& g (L0 +0) =J0)+g- mod F*+(N)
& g (Js(0)) = Jg(¥) mod F*TL(N)
& 9 € Ci(Js(0))

As a consequence we see that V', (¢) = VL (J5(0)) .

Now assume a splitting convention, i.e., that for each s > 1 a com-
plement Y;(¢) C N, of V.}(¢) has been chosen which depends only on
Js—1(£), hence that

(5.11) Ny=Y()e Vi), s>1
In particular,

(5.12) Vi(¢) = N, & Y,(¢) = 0.

S

To involve all non-negative indices in the definition of V;'(¢) define

(5.13) Yo(0) := Ny

Definition 5.14. An element { = by + ¢, +--- € F'N s in normal
form to order s > 0 (w.r.t. the assumed splitting convention) if ¢; €
Y;(0) for j =0,...,s, and is in normal form if it is in normal form
to order s for all s > 0.

4Recall that for each ¢ € C the mapping f’: G — N is defined by f¢:g —
g-l—/.
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Proposition 5.15. Suppose { = ly+---+ s+ --- is in normal form
to order s > 0. Write lyy1 = (Y, + {y,, in accordance with the
decomposition (5.11) (with s replaced by s+ 1). Choose g € CL(¢)
such that mgiq (feg) = —0V.,. Then g-( is in normal form to order
s+1 and Js(g-0) = Js(0).

The astute reader may have noticed that the negative sign in the
equality sy (feg) = —(/., of the preceding statement does not ap-
pear explicitly in the normal form algorithm described in §4. It does,
however, appear surreptitiously: C!(¢) is defined in terms of ad(¢)(g) =
[¢, g], and expad(g)(¢) has initially linear term [g, ¢] = —ad(¢)(g).

Proof : We have

gl = l4+g-L—1
= lo+--+ L+l + f4g) + {terms in F*2N}
= Lo+ L+ 0+ 0V — 0V + {terms in F¥2N}
= lo+---+ L+ 00 + {terms in F¥T2N},

which by Ys.1(¢) = Ys41(g-¥) is in normal form to order s+ 1. qg.e.d.

Proposition 5.16. Suppose { = ly+l,+--- € FON and {,{ € FON
are elements in the G-orbit of ¢ in normal form to order s > 0. Then
Jo(0) = J(0).

In other words: the normal form of ¢ is unique to all orders.

Proof : It is enough to deal with the case ¢ = ¢, and this we do by
means of induction on s > 0. By assumption thereisa g € G = F'M
such that

(i) g-t=10.
To verify the case s =0 write
l=g-t="04(g-L—0) =0+ fg).

Since f* preserves filtrations and ¢ € F'G we see that 0=ty +
{terms in F'N}, and this case is established.
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Now assume s > 0, that uniqueness holds for s, and write
(= Jy(0) + sy + {termsin F5TIN},

(= J,(0) 41+ {termsin F5t'N}
= J,(0) 4+ sy + {termsin F**'N}.
From (i) and the equality of the s-jets we have g € C}(¢), and by

the initial linearity assumption we have
0= J,(0) + (g1 + fE(g)ss1) + {termsin F*T2N},

hence Cypy = Coy+ fL(g)ss1, 16y lorr —lsr1 = FE(g)si1. However, by
definition we have ff(g)s41 € V.%,(¢), whereas (1 — o1 € YVor(0)

by the normal form assumption, and ¢, = @H follows. q-e.d.
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6. THE SPECTRAL SEQUENCE OF AN ORBIT OF AN INITIALLY
LINEAR GROUP ACTION

Throughout the section R s a field and G and L are respectively
Z* and Z-graded vector spaces over R. We suppose G is also a
group, with binary operation x, having the property that the filtration
{Fpg}pez+ of G as a vector space also provides a filtration of G as
a group. Finally, we assume ¢ : (g,0) — g - is a left action of G on
L which is initially linear in the sense of Definition 5.6, i.e. for each

¢ € L the mapping

(6.1) ffg =L
defined by
(6.2) fligeGg-t—tel

18 tnitially linear.

As remarked in the introduction any orbit O of ¢ can be viewed
as a category O¢: objects are the points ¢ € O ; morphisms between
objects ¢,0 are elements g € G such that g0 = {; compositions are
defined by multiplication within §.

With a minor additional hypothesis we can define a covariant functor
from each orbit O¢ to the category of spectral sequences. The hypoth-
esis is needed to further relate the group and vector space structures of
G. Foreach g€ G let ¢,:a € G — gxaxg~' € G denote conjugation
by g € G. We assume ¢, is filtration preserving. This is easily seen to

be the case if G is given by the Campbell-Hausdorff formula.

Assumption 6.3. c,(a*b) = ¢,(a) + ¢,(b) € FPG/FP*'G for all p €
Z* and all a,b € FPG.

When the group structure is induced by the Campbell-Hausdorff
formula, as in all the examples of the previous sections, the assumption
is an easy consequence of the identity 7' = —x. Indeed, in this
context each ¢, is induces the identity mapping on FPG/FP*G.

Our functor will be a composition. To define the initial factor asso-

ciate to each ¢ € O¢ the sequence

(6.4) 056250
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and to each morphism g € O, the commutative diagram

0 - ¢ i> L — 0
(6.5) b ¢y » bg-—
0 - g f—> L — 0

For the second factor recall from §3 that there is a spectral sequence
corresponding to each linear mapping h : G — L, and we can therefore
associate with each object (6.4) the spectral sequence {EP?(¢)} of the

linear mapping
(6.6) fr:Gg =L

Now observe, from Assumption 6.3, that the mappings induced by
the morphisms (6.5) are linear in the quotients defining these spectral
sequences, and as a result we obtain a functor from the orbit category
O¢ to the category of spectral sequences.

It is worth noting that the spectral sequences can be defined directly
from the objects ¢ € O¢, whereas the morphisms require the introduc-
tion of the intermediate category. In classical normal form calculations
this corresponds to working with ad(¢) rather than expad(¢) when
computing with the normal form algorithm.

With (4.27) as the motivating example we generalize definitions
(5.9) and (5.10).

Definitions 6.7. For p > 1 and r > 0 define
(a) CP(0) = {g € F*G|fi(g) € FP""L} and
(b) VP(€) = mpir (fL(CE(0))) C Ly

We again have inclusions as seen in (4.26), i.e.,
(6.8)
P € CFT(0) C o C CHO € - C Oy, 4(0) C G,

and these in turn induce inclusions

(6.9) VIO c VPTG € C Ve 1 (6) C Ly

p

We are using the fact that G is an Z* graded group to conclude that
the above sequences of inclusions are finite. The terms appearing in

the spectral sequence {EP4({)} are easily seen to be related to the
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R-modules appearing in (6.7) as follows:
(6.10)
(a) ZP7P(0) = CE(0) C FPG;
(b) EP~P({) =~ m,(CP(¢)) C L,, where 7m,: L — L, denotes
the projection, and
(c) ERTPHHC) m L,/ VETT(0).
We claim that CP({¢) is a subgroup of G. Indeed, for ¢ € G we
have g € C?({) if and only if g € £, and ¢ - ¢ = ¢ modulo FP*"G. If
a,b € CP(¢) then (axb) - =a-(b-¢) =a-¢=/{modulo FP*"G, and

the subgroup assertion follows.

Theorem 6.11. Assuming the standing hypotheses of the section the
following entities are invariants of any fived G-orbit:

(a) the spectral sequences {E'(0)},>0;

(b) the vector spaces m,(CJ({)) ;

(c) the factor spaces Lpir/VP(C);

(d) the vector spaces VP({) ;

(e) the subgroups CI({).
Moreover, each spectral sequence {E$'(0)} is strongly convergent and

for each p > 1 we have

(ii) EL? =m({ge F'G|fi(g) =0})
and
(ii) ERTPT =L,V (6).

Finally, when the conjugation mappings c, induce the identity map-
pings on each FPG/FPY'G the isomorphisms associated with each of

the invariants in (a)-(e) are given by the identity mapping.

In the statement Assumption 6.3 is included among the standing
hypotheses. Also recall, from §2, that the vector spaces G, and L,

are assumed finite-dimensional.

Proof :

(a), (b) and (c¢) : Diagram (6.5) induces an isomorphism of spectral
sequences with inverse induced by the action of g—!. The isomorphisms

now follow from (6.10).
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(d) : The isomorphism in part (c) is induced by the action of G. For
g € G the diagram

VP() = FPHTL/FPrHILa L, - ERTTWIIRL gy o VR 0

| - -

VP(g-l) — FPTL/FPr il Ly, — E,’?+’“7—(P+’“)+1(g ) =Ly /VP(g-€) — 0O

can therefore be completed to a commutative diagram of short exact
sequences, and the resulting R-linear map V,P(¢) — V(g - ¢) must be

an isomorphism by the 5-lemma.

(e) : It suffices to show that ¢, : C?(¢) — CP(g-{) is defined. However,
for a € CP(¢) we have ¢,(a)-(g-0) = g*xaxg '-(g-)=g-(a-l)=g-¢
modulo FP*"L, implying ¢,(a) € C?(g - ().

For the final convergence statement use (c) and (6.9) and for (i) the
finite dimensionality of G .

q.e.d.

The spectral sequence chart may help clarify the convergence. The
differentials, d, originating in position (p, —p) must eventually be zero

P is finitely generated. For r large EP"P*! is not in the

because Ef~
image of a differential because the filtration of G is bounded below
by 1. Notice that the finite-generation hypothesis on the G, and £,
(originally stated in §2) is not needed to deduce strong convergence in
positions (p, —p + 1).

To detail the connection between the spectral sequence computa-
tions and the algorithm in §4 express diagram (3.16) in terms of the

equivalences of (6.10):

L
cr(ey r perrg

(612) Op,r J/ J/ Tp+r,r
ED2(0) 5 Ly /VE(0)
Note that when the action is expad, ¢ = ¢() is in normal form to

order s > 1 and r =s— p+ 1 this becomes

(s)
ad(£ )‘Of_ _H(z(S))

Cf—p-q-l(g(s)) Fstig
(613) Op,s—p+1 \l/ \I/Ts+1,sfp+l

_ ds—pi1 S
EP (69)) =2 Lot [V ((9)
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The connection is now transparent: the method for constructing normal
forms introduced in §4 emphasizes the top line of this last commutative
diagram; the spectral sequence approach emphasizes the bottom line.

From Theorem 6.11 we see that this bottom line can always be
computed by replacing ¢(*) with the original element ¢ € £ to be
normalized. In particular, one does not have to successively introduce
the partially normalized elements ¢®) to do the calculations. This
justifies dropping ¢ from the notation, and we do so when confusion

cannot, otherwise result, i.e., we simply write that bottom line as

—p ds—pt1
P,—PpP s”Pp 14
Esfp+1 £S+1/‘/;7p+1 :

To further ease notation we generally express @& L,/ V;,,l_l as L]V, etc.

Proposition 6.14. For any v € F¥™'L the following statements are

equivalent:
(a) mer1(v) € VP, 1(€); and

(b) [v] = Ts11,5—p+1(v) is killed by the differential ds_pi1.

Distinctions between the two assertions, as well as notational dis-
tinctions between elements of £/V and their representatives in V,
are often blurred. For example, either of (a) and (b) might be indi-
cated by any one of the following statements: m,(v) is killed by the
differential; 7,(v) is killed by ad({); (the class) v is killed by the
differential; and (the class) v is killed by ad(¥).

Proof : For the expad-action this is clear from the commutativity
of (6.13); the argument for the general case is completely analogous.

q.e.d.

The concept of an initial term (see (4.28)) generalizes in the obvious
way to the context of an initially linear group action. Specifically, the

initial terms of the subgroup C}_, . (¢) C G are defined by

(6.15) IL i (0) = mp(CF 11 (0) C Ly,

and an element m, € IY_ . (¢) is said to completein C;_,,(¢). Com-

paring (6.15) with (6.10c) and assuming the expad-action we see that
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diagram (6.13) can now be written

ad(£(s))]

P L (s)
Oy (09) R
(616) 7Tp|c§_p+l(z(8)) \l/ \LTS+1,S—p+1
do_yp s
[sp—p-l—l(g(s)) = £erl/Vf—p-l-l(g( ))

Proposition 6.17. For any element m, € L, the following state-

ments are equivalent:
(a) my, completes in CY_,, (();

(b) my(my) € Ipfp+1(£); and

S

(c) my survives to EY" 7 (£).

Proof : In the case of the expad-action use the commutativity of (6.16)
in combination with Proposition 4.32(d); the proof for the general case

is completely analogous. q.e.d.

We have remarked in §4 that in normal form calculations the spaces
V) 1(€) can be difficult to compute. We now see this as an artifact
of the method used. Indeed, it is evident from (6.12) that from the
spectral sequence viewpoint one should simply compute the F, term
EpP+t = £,/V] | and then realize V' | as the kernel of the canonical
linear mapping 7, : £, — L,/ Vplfl. This factor space philosophy also
carries over to splitting conventions: a complement Y C £, of ‘/;;171
must be the image of a section s : ,Cp/Vpl_l — L, of n,, and from this
one sees that to determine Y from L£,/V,' | it is only necessary to
specify that section. Finally, the conversion of a given ¢ € £ to normal
form can now be regarded as killing successive terms of {—(son)¢, and
this can be accomplished via (6.12) and Theorem 6.11 in terms of the
differentials computed directly from the initially given ¢. In particular,
the information buried in the differentials is more than sufficient to
calculate the normal form.

In the following examples the actions are derived from the expad-
action, and as a consequence the induced mappings of spectral se-
quences are the identity (see the remark immediately following the
statement of Assumption 6.3). It follows that the calculations depend

only on the orbits of G.
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Example 6.18. We rework Example 4.34 using the spectral sequence

approach to normalization. The matrix to be normalized was

000O0M4°0®6 7
001 0O0O0O0 12
00010380
6200001000
000O0O0OT1TO0O 0]}
000O0O0O0TO0 2
000O0O0O0O 0O
000O0O0O0O 0O

the relevant spectral sequence, i.e., that induced by the linear mapping
ad(¢) : G — L, was already computed in §3. (Keep in mind that
f¢: g+ expad(f)(g) — ¢ is only needed to understand morphisms of
spectral sequences; the linear term ff : g — ad({)g alone suffices to
compute the actual spectral sequence.)

For purposes of defining the normal form we use the same splitting
convention as in Example 4.34, i.e., we take orthogonal complements
w.r.t. the inner product (A, B) := tr(A™B).

From the work in Example 3.18 we know that the only non-trivial
spaces of the F-term L£/V in filtrations greater than 1 are L,/V/
and Lg/Vy, hence L; = V}', for j = 3,4,5 and 7. Without any
additional work we can conclude that the normal form ¢~ = ¢ + ¢V +
o+ 0 of ¢ must have Eé-v = 0 for these particular values of j. We
also know from Example 3.18 that each of L£,/V}' and Lg/V; has
a single generator, i.e., the images ws and wg under 7 of ey and
eg1 respectively. This information is conveniently summarized by the

diagram

_ Ly @ Ls D LD L D L D L
)  lrts 1 S \ l7Ts S
R{WQ} 0 0 0 R{C{)ﬁ} 0

wherein the bottom row represents L£/V and s is the section of

n: L — L£/V uniquely determined by the condition s(L£/V) =Y.
The first class that needs to be killed is /3 — swl3 = 3es3, and from

the calculation of the FEs-terms in Example 3.18 we see that e; =

—3(eg3 + €92) does the job (as does 3eyy, which is the matrix M, used
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in the Order 3 calculation of Example 4.34). We have

—_
o Y

(® = expad(e;)(£) =

SO OO OO OO
SO OO OO OO
oo o OO oo
SO DODDOD D00 D™

SO OO OO+~ O
S oo oo+~ O O
OO OO = OO

SO N OO

which is in normal form to order 3, but this is not immediately relevant:
we continue working with the original ¢ and use the differentials in the
spectral sequence to produce matrices e, = —4e3; + 8ezy, €3 = 12e53
and e; = —ZIes which kill the remaining (£ — (s o n)f)-terms. The

normal form

SN OO O OO

S OO OO O oo
SO DODDOD OO OO
SO OO O OO
SO OO O OO
DO OO OO O
SO OO OoOO
SO OO O OO

0

of £ is then obtained by conjugating ¢ by e®4*¢3*€2*¢1 — €43 €2¢¢1,
Note that the normal form ¢ to order 3 obtained above is not

(quite) the same as the analogous ¢ obtained in Example 4.34, al-

though both have the same 3-jet, thereby illustrating uniqueness up to

order three. The full normal forms do coincide.

Example 6.19. We next illustrate the spectral sequence approach to
normal forms by applying the methods to an example of the type de-
scribed in Example 5.7(c), here taking n = 5. Recall gl(5, R) is
a Z-graded Lie algebra with gl(5, R); consisting of those matrices
epq € 8l(5, R) satistying e,, = 0if g—p # i. In particular gl(5, R); =0
if i does not satisfy —4 < i < 4. Note that G := F'£ where £ = T (5),
the upper triangular matrices. A/ := gl(5, R)/F'L which may be iden-
tified with 77,(5), the lower triangular matrices (with non-zero diagonal
allowed). N is graded by N; := 7(gl(5, R);—g), 5 <i<9.

The matrix we will analyze is
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100 0 O
210 0 O
(=112 1 0 0
042 1 0
0 6 3 11 1
This is of some interest because it is nongeneric, i.e., the lower-left
0 4 1 21
subdeterminants det (O), det( > and det | 0 4 2] all vanish
06 0 6 3

[GR]. Our notation follows the previous example with modifications to
adjust for the filtration shift in A/ .

The basis we use for G* is given by {ex}, 1 <s<5 1<k <5-s,
where ey is the 5 X 5 matrix with a;,4s = 1 and all other entries 0.
The basis for N® is given by {ex}, 5<s<9, 1 <k <s—4, where
esr the 5 x 5 matrix with ag_s1, = 1 and all other entries 0.

The example was also chosen to illustrate some of the subtleties that
arise when passing from the spectral sequence to the normal form. The

E5 term is displayed by the following chart.

NN
RN
LT R
) N
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We compute the differentials as we did in the previous example. The
first non trivial differential is a ds. The calculation of E2" is similar to
the previous example and is left to the reader. The only non trivial dg’s
are: d6(612) = Gers, d6(614) = —Gero, d6(622) = Gesq, d6(623) =

—6egy and dg(ezy) = —6egy + Gegs. Hence
o By =R{fen], [eis]}
o 2% =R{lex]}
o £77° =R[esi]}

E7™° = R{len]}

o B2 =R{[es1], [ess]}
o E77° =R{[eo1], [es2], [egs], [eas]}

The class [egs] € E7° was set equal to [egy] by a differential. There

are d;’s:

o [e11] — [es2], [e13] — [—4ess + 3esq]
o [e21] — [—eg1 + e3]

The first two differentials defined on filtration 1 are zero in E; and as a
result we see that [e1;] and [e13] survive to Eg. In Eg the element [eq]
is represented by e;; + éegg. The precise identification of the represen-
tative of [ej1] € Eg is necessary for computing dg([e11]). This is related
to Proposition 6.17, but is perhaps most easily explained in terms of
the discussion of completions beginning just before Proposition 4.32.
Specifically, in the language of spectral sequences the calculation of
ad(¢®))(F°L) + F5L beginning immediately before (v) in Example
4.34 amounts to calculating d;, and the discussion following the com-
putation of ad(¢®)(my) is related to computing dy. The fact that one
may choose a matrix in the image of ad(£(®)) which is also in the image
of ad(¢®))(F°L) allows us to complete a choice of my to a matrix in
C3(¢®)), which from the spectral sequence perspective shows that my
survives to F3. Hopefully this attempt to relate the calculations above
to those in §4 has enlightened rather than confused the reader. A sim-
ilar argument shows that [e;3] survives to FEjg and is represented by

€13 — 2€23 — £e95. d3 may now be determined:

1 1, _ 5 5
o [e11] = [—2eg1 + 2e92 — 5e03 + 5€05 = —5€91 + 5€90]

o [e13] — [2€92 — 2egs5]
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[e13] survives to Ey and [eq;] = [ega] € Ey.
The resulting E?; P! is summarized by a chart analogous to (i) of

the previous example:

(6.20)

Ls Ly b L &P Ly &P Ly

|| || Lrts Lrts Lot
Riws}  Rlwg,w?}  Rlwrd  Rlw oy R{wd” e}
where

e s(wr) =en

o s(wél)) = egy, s(wg)) = eg3

o s5(wy) = 7(eo,1 + €92 + €93 + €95), s(wE) = equ,

o (ern) =m(er3) =0

o T(es,) =m(egs) =0

o m(eg1) = m(egy) = m(eg3) = m(eg5) = wy

(The splitting is defined as in the previous example.)
We now use the differentials in the spectral sequence to convert ¢ to
normal form, first noting that ¢ is already in normal form to order 6.

In degree 7 we have to kill

S OO OO
O = O OO
w o o oo
S OO OO
S OO OO

(this follows from (6.20)), and by computing the differential dg one

sees that the matrix

N o oo

—2/3

2

|
S OO OO
S OO OO
S OO~ O
S OO OO

o

will do the job. So the 7th normal form (= m; - ¢) is

1 00 O 0
5/2 20 0 0
(MD=11 20 0 0
0 00 —19/3 0

0 6 0 11 25/3
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We have, leaving the details to the reader:

1 00 0 0
5220 0 0
=11 00 0 0
0 00 —-19/3 0
0 6 0 0 25/3
where (8 = my - (1)
000 O 0
00 0 11/6 0
me=10 00 0 —1/3
000 O 0
000 O 0
The final step is to find ¢, The term in degree 9 of £(®) has the form

[%(691 + €92 + €93 + €95) — %694] + (—%691 - %692 - %693 + %3695),

where the term in the parenthesis can be killed by a differential. (The
terms are enclosed in square brackets and parenthesis to distinguish
the components in the splitting. Specifically we have written ¢ =

[sT(€)] + (¢ — sm(¢)).) From this point the unique normal form

20 0 0 0

7

5/2 % 0 0 0
=11 0 X 0 o0

0 0 0 -2 o0

0 6 0 0

is achieved with very little effort; finding the matrix that transforms

¢® into ¢ requires a bit more work.

First note that

11 ) 17 +33 _ 28( ) 17( )+11( )
61 T g2 T e T gl = (e~ o2 G (€93 — €o1 3 (€95 — €92),

and that the terms in the parenthesis in the right side of the equality

are hit by differentials, e.g., —%(eu + %623) — —%(691 — eg2). In this
way we determine that the matrix
02 -0 0
o0 0 0 %
ms=10 0 0 O %
0 0 0 0 O
0 0 0 0 O

satisfies mg - £8) = (0,
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We now illustrate Theorem 6.11. If we compute the differentials
in the spectral sequence E**(£®)) we find d;(ei3) = 0, dg(e;3) = 0
and dg(eq;) = —%691 + 3692. In the quotients that define E** these

differentials are identical to the corresponding differentials in E* (/).

We conclude with a trick which, in some cases, may be used to
compute a large part of the normal form without having to determine
the transforming matrices. From (6.20) we know that there must be

real numbers b;;, a and b such that

K

a 0 0 00

b2 « 0 0 0
N=1031 0 a 0 0
0 0 43 b 0

0 6 0 0 a

is the normal form. Now compute the spectral sequence E**(N). The
invariance of this sequence, in particular that of the differentials, com-
pletely determines the normal form to order 8. (Unfortunately, we

cannot determine the diagonal elements in this manner.)
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