vi-PERIODIC  HOMOTOPY GROUPS OF SO(n)

MARTIN BENDERSKY AND DONALD M. DAVIS

Abstra ct. Wecomputethe 2-primary v;-periodic homotopy groups
of the special orthogonal groupsSO(n). The method is to calculate
the Bendersky-Thompsonspectral sequencea K -basedunstable
homotopy spectral sequence,of Spin(n). The Ej-term is an Ext
group in a category of Adams modules. Most of the di erentials
in the spectral sequenceare determined by naturality from those
in the spheres.

The resulting groups consist of two main parts. One is sum-
mands whoseorder dependson the minimal exponert of 2 in sev-
eral sumsof binomial coe cien ts times powers. The other is a sum
of roughly [log,(2n=3)] copiesof Z=2.

As the spectral sequenceconvergesto the vi-periodic homotopy
groups of the K -completion of a space,one important part of the
proof is that the natural map from Spin(n) to its K -completion
inducesan isomorphism in v;-periodic homotopy groups.

1. Intr oduction

The p-primary vi-periodic homotopy groups of a topological space X, denoted
vi1 (X;p), arealocalization of the portion of the actual homotopy groupsdetected
by K-theory. The study of these groups was rst suggestedin Mahowald's 1982
paper [32), although it wasnot until the 1991paper [28]that a satisfactory de nition
appeared. In the 1989 paper [27], mod 2 v;-periodic homotopy groups of SO(n)
were computed for somesmall values of n, but the mod 2 groups do not cortain
the information about higher 2-torsionin v;* (X ;2). In 1988,the secondauthor
suggestedo Mahowald that they try to computev; ' (SO(n); 2), to which Mahowald
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wisely respondedthat it would be worthwhile to try the easiercasesSU(n) and Sp(n)
rst.

It quickly becameapparert that odd-primary groupswere easierthan 2-primary,

andthe secondauthor determinedv, *  (SU(n); p) for odd primespin 1989,published
in [23]. From theseresults, one easilyreadso the groupsv;* (SO(n); p) for p odd.
In 1989,Mimura suggestedo the secondauthor that the computation ofv; * (X ;p)
for all compactsimple Lie groupsX and all primesp would be an interesting project.
Thanks to a new approad to odd primary v;-periodic homotopy groupsintroduced
in the 1999 Bous eld paper [15], the determination of v, (X ;p) for all compact
simple Lie groups X and all odd primes p was completedin [22].
In this paper, we determine the long-sough groupsv;® (SO(n); 2). This leaves
1 (X;2) for X the exceptionalLie groupsE; and Eg asthe only casesemainingto
completeMimura's challenge,with the E¢ casehaving beencompletedvery recerily
in [25] together with unpublishedwork of Bous eld.

Our method is to computethe v;-periodic Bendersky-Thompsorspectral sequence
(BTSS) of Spin(n). This spectral sequencd[12]) is a K -basedversion of a spectral
sequenceof Bous eld and Kan ([20]), and, for a collection of spaceswhich includes
S", S", and simply-connected nite H-spacesX for which H (X ; Q) is assaiative,
convergesto v; 1 (X"), where X" is the K -completion of X, which we will de ne
in Section 10. (From now on, all work will be 2-primary, and we write v;* (X)
forv,t (X;2).) Wesa that X satis es the Completion Telesco Property (CTP)
if the natural map X ! X" inducesan isomorphismin v;* ( ). We will prove
in Theorem 2.13that Spin(n) satis es the CTP. Thus, since Spin(n) is the simply-
connectedcover of SO(n), a completecomputation of the BTSS of Spin(n), including
di erentials and extensionsyieldsv; > (SO(n)).

A major advancein the understandingof the BTSS was madein [9], whereit was
shawn that for spacesX for which K (X ) is a nice exterior algebra, E5'(X ) canbe
computeddirectly from the Adamsmodule K (X ) asExt3 (QK (X ; Z5)=im( 2); K(SY)).
The ds-di erentials in the BTSS of Spin(n) are determinedfrom the known behavior
of d3 in the BTSS of spheres,using naturality.

In this introductory section, we descrike the result for SO(8a 1). The similar
resultsfor SO(n) for other mod 8 congruence®f n are described in Section3, which

Vi
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also includes discussionof the morphismsv,* (SO(n)) ! v,;* (SO(n+ 1)) and
somenumerical examples.

The following numbers, which are closelyrelated to the numbers of [8, 1.5], play
an important role.

Denition 1.1. Letn 3 andlet m be an odd integer satisfyingm  2n.
n 0

X .
eSp(m;n) = min ( DL K™ @ j>2n:
k
|
X nxl k X '
Pi(m;n) = k™ o2
%dd k 1 i=0 t 0
P,(m: ) <2n i ifn< (m+1)+3
2 )

P T(mpn)=2 MD*2if (m+ 1)+ 3 n;
where T(m;n) =

X X X X
2n 1 m+1 m 2n 2n 2 m 2n 1
(2 3 +1) k n 2 k 4t 32 k n 2 k 3t -
odd k 1 t 0 odd k 1 t 0

Our Pij(m; n) equalsR;(m;n 1) of [8, 1.5]. The reasonfor the changeis to make
the formulas nicer for Spin(2n). The apparert di erence betweenP,(m; n) hereand
Ro(m;n 1) of [8, 1.5]will be explainedin Remark 3.2.

Let ( ) denotethe exponert of 2 in an integer.

Theorem 1.2. Let2n+1=8a 1. Let = [Iogz(g(n 1))]. In the notation of 1.1,

let 8

<

ex(m) = fn<2+ (m+ 1)

“min(eSp(m; n); (Py(m;n+ 1)); (Po(m;n+ 1))) otherwise
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ande(m) = min(2+ (m+ 1);n).! Let G(t) denotean akelian group of order t, and
dZ, a Z,-vector space of dimensiond. Thenv; ! g.,(SO(8a 1))
8G(2e1(4k 1)+ ez (4k 1))

Z=pal4k 1) 7=pe(k 1) 7z, :: 2
G(22%?) r= 1
Vit eer(Spina 1)) | G(2*) r=0
G(2e1(4k+1)+5 ) r=1
Z=2e:(4k+1)  7-8 r=2
-0 r=34
The G( ) whenr = 3 hasexactly summands. The G( ) groupswhenr = 1

and 0 are extensionsof two Z,-vector spaces.

The readermay get a better feeling about wherethesegroupscomefrom and how
they arerelated to oneanotherin Diagram 1.3, which pictures a stageof the BTSS of
Spin(8a 1). Asusualwith charts of Adams spectral sequenceype, position (t s;s)
depicts ES*(X) for appropriate r, di erentials d. are homomorphismsfrom E*' to
Estrt*r 1 andE, *'isanasseiatedgradedfor ;(X) (herev;® ;(X")). A smalldot
represets an elemen of order 2, while abig denotesa Z,-vector spaceof dimension
. We sometimescall elemerts in this vector space\log-classes"because = [log,( )]
Small labelsD, 1, and 4a 3 next to dots refer to namesof elemeits which will be
important later whenwe derive this chart. In position (2m;1) with 2m = 8k 2, we
have summandsC, = Z2=2%(M  while 8 represets Z=8 and C, = Z=2%(™ The letter
G in position (x; 2) denotesa group of sameorder asthe neighboring groupC; C,
or C; Z=8in position (x + 1;1), but we don't know the group structure of G.

Lines of slope 1 connectingdots are the action of h; on E,. This correspnds to
the action of the Hopf map on homotopy groups. We call these eta towers. This
action was de ned in [9, 3.6], where it was shown that it acts bijectively on groups
of ltration 2. This wasshown in a slightly di erent context in [5]. Multiple lines
of slope 1 betweenbig 's indicate nontrivial action of h; on ~ linearly independen
elemens. This carriesthe implication that G hasat least ™ summands,but we will
showv in 11.3that G hasexactly © summands. Lines of slope 3 are dsz-di erentials,

Lif 8a+ 1= 9andm 3 mod 4, there is an anomaly discussedin [8, 4.21]. In
this case,we have e;(m) = min( (m 7)+ 2;8) and e;(m) = 3.
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which imply that the elemerts that they connectdo not survive the spectral sequence.
If the chart doesnot depict hyx for an elemen x in ltration 2, it is becausethe
omitted elemerts are involved in ds-di erentials implied by the chart.

The lack of depictedh;-action on certain summandsin lItration 1 carriesno impli-
cation about whether or not h; is nonzeroon their generators.The determination of
this requirescareful analysis,which is stated in Proposition 1.4 and provedin Section
7. Indeed, the chart in Diagram 1.3 depicts the BTSS prior to the considerationof
h;-action, ds-di erentials, and extensionson the summandsin position (8k + 2;1).
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Diagram 1.3. A stage of the BTSS of Spin(8a 1)

4
3
da B 4a B
G
2
D G D
1 1 D
s=1 C]_ Cz D C]_ 8
t s=8k+ 3 2 0 2 4

In this chart, the 1-lineis from 3.1, the 2-line from 5.2, the eta towers from 5.14,
and ds-di erentials on them from 6.2. The ne tuning descrited in the following
result is proved in Section7.

Prop osition 1.4. The BTSS of Spin(8a 1) is as pictured in Diagram 1.3, with the
following madi ¢ ations and clari ¢ ations.

(1) ds is 0 on E2&*;

(2) ds: EZ%*® 1 E>®*S is nonzeo on both summands;

(3) there are nontrivial extensions( 2) from the two summandsof

E;%*3 to the two of E3®*®
Theorem 1.2 follows immediately from 1.3 and 1.4. Someother extensionsare ruled
outsince2 = 0in ( ), while othersare left undeterminedasdiscussedn Remark
3.9.
The rest of the paper is organizedas follows. We begin in Section2 by proving

Theorem 2.13,that Spin(n) satis es the CTP. This utilizes an analysisof the BTSS
of the classifyingspacesBSpin(n). In order to accomplishthis, we utilize a general



PERIODIC HOMOTOPY GROUPS OF SO(N) 7

result, 2.2, about brations which induce a relatively injective extensionsequencen
K -homology The proof of this result is not neededin the rest of the paper, and is
presered in Section10.

As suggestedabove, the form of v, *  (Spin(n)) dependson the mod 8 value of n.
Results similar to those listed above for Spin(8a 1) will be collectedin Section3,
which will also give someexplicit numbers. The next four sectionsgo through the
details of the computation in the following order. In Section4 we computethe 1-line,
by extending the methods of [8], which computed the 1-line for Spin(2n + 1). We

explain in 5.2 the simple reasonwhy EZ**3 (Spin(n)) hasessetially the sameorder

as Ezl;4k+3 (Spin(n)). We computethe 1-line group explicitly asa direct sum of two or
three summands;however, we do not know the group structure of the 2-line groups.
As noted above, in ltration greaterthan 2, elemeits are arrangedin what we call

eta towers. Theseare elemers of the group (X), de ned in 1.5.

De nition  1.5. The group ;(X) is de ned to be the direct limit of the groups
E>®*2*h(X),2usinghy : ES'(X) ! E5™M2(X).

The natural morphism E5®**1(X) I {(X) is an isomorphismfor s 3. In
Section5, we compute the eta towersin Spin(n), and in Section 6 we compute the
ds-di erentials on the eta towers. In Section7, we computethe ds-di erential on the
1-line groupsand the extensionsin the BTSS.

In Section 8, we prove somecombinatorial results neededearlier in the paper. In
Section 9, we compareour results with those obtained by a J-homology approat
sud aswas employed in [26] and [27].

The method usedto compute Ext, in Sectionsb, 6, and 7 is that dewelopedin [9].
In Section11, we descrike an alternate way of computing Ext 5, involving an explicit
small resolution. It hasse\eral advantagesover the previousmethod: (a) it descrikes
eta-towers in a way which does not involve an extensionin a short exact sequence
(compare5.1 and 11.3); (b) it givesa di erent proof of a formula for h;-action and
extendsthat formula to other situations (compare7.2with 11.5and 11.18);and (c) it

2\We usethis notation here becauseeta towersfor Spin(n) occur only whent 2s
is odd. If oneis dealing with situations in which eta towers occur in both parities
oft 2s, then dening ;(X) asthe limit of ES?**'(X) would be more sensible.

([23])
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givesa new interpretation of the 2-line groups, which shows exactly their number of
summands,and lendshope to their completecalculation. (Seediscussionafter 11.3).

2. The BTSS of BSpin(n) and the CTP

In this section, we prove, by induction on n, that Spin(n) satis es the CTP for all
n. In orderto accomplishthis, we consideralsothe BTSS and CTP for the classifying
spacesBSpin(n).

We begin by recalling an important de nition.

De nition  2.1. Let A be a commutative ring with unit. Let S be the category of
coasseiative cocommutative coalgebas over A which are free positively-graded A-
maodules of nite type. A relatively injective extension sequenceis a sejuene of
mapsin S
col c ? cw

suchthat

g is a split epimorphismof A-modules;

themapf is theinclusionC coA! C;

C is arelativelyinjective C®%comadule, which meansthat it is a

direct summand(over K ) of a C®omadule of the form C%° N

for someK -module N.([39, p.321])

This de nition is that of [17,2.1], modi ed to relatively injective comadulesrather
than injective ones. The following result will be proved in Section10.

Theorem 2.2. LetF 1 E ! B bea bration. Supmsethat, for X = F, E, and

B, the BTSS convegesto v; (X "), and that the induced sequene of K -coalgebas
K((F)! K(E)! K (B)

is a relatively injective extensionsequene. Then

(i) the induced mapsof K -completionsF" ! E" Y B” form a

br ation,
(i) thereis an exactsequene
| ENF)! EXE)! E3B) P OEFI(F)!  and

(ii) @commuteswith di er entials in the BTSS.
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The following result is quite easy
Prop osition 2.3. The bration Spin2n 1) ! Spin(2n) ! S?" ! induces a rela-
tively injective extensionsequene in K ().

Proof. Using [29 or [37], we easily seethat the K ( )-algebrasof the bration are
polynomial algebrason indecommsableswhich form a short exact sequencelndeed,
in notation which will be prevalert in the last half of this paper, the generatorsare
;i X, 2: DI i by iXy 2;Dye:D i P hoi
(2.4)
with i (Xj) = x;,i (D )=D,andp (9) = D. D . Dualizing this result (e.g., [2,
1.4]) ssys that K ( ) is arelatively injective extensionsequence. W

The following similar result is somewhatmore delicate.
Prop osition 2.5. There is a relatively injective extensionsequene of coalgebas
K (S*)! K (BSpin(2n)) ! K (BSpin(2n + 1))
induced by the br ation
S 1 BSpin(2n) ! BSpin(2n + 1): (2.6)
Proof. We begin by shaving that
R(Spin(2n+ 1)) 1 R(Spin(2n)) ! K?°(S?) (2.7)
is a projective extensionsequence.This meansthat i is a split (over Z) monomor-
phism,
R(SpIN@n) mi)Z [ KO(S™)
is an isomorphism, and R(Spin(2n)) is a projective R(Spin(2n + 1))-module. (See
[36] for the analogueover a eld.)
From [30] or [14], we have

R(Spin(2n+ 1)) = Z[ 2n+1; 2 on+1; il " ! on+1s ]
R(Spin(2n)) = Z[ on; 2 ony ity " 2 2ns 4 I
Forl j n 2,i () gne1)= 1 on+ 11,5 Alsoi() = ++ ,and

H n 1 — n 2 n 3 n 5
i ( n+1) =+ + 2n 2n 2n
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The morphism is the composite R(Spin(2n)) ! K °(BSpin(2n)) h K 9(S2") with
j the mapin (2.6), and satises (' ;)= O0and ( )=, whereK%S?) =
Z[ ]= 2. After an obvious changeof basis,(2.7) becomes
ZIg gy 1 Y ZIguiiiiGe 2 ws 10 Z[)=2
withi (=g fori n 2,i(g )= -+ , (@)=0,andi () and ( )
asabove.
The rst two properties of projective extensionsequenceare clearly satis ed. To

seethe projectivity, we obsene that Z[f gig; x; y] is afreeZ[f g g; Xy; X + y]-module on
1 and x. This can be achieved by noting that the change-of-basisnatrix relating

()" X(xy)" HxHY); ()" H(xHY)EX()Y)" () ()" A y)
to

n 1.

an

n 2.

n+2 "X

n+l.

n+1 "X

Xnyn;x y y y n 2yn+2;:::
is triangular, and similarly in odd degree.

In [2, 1.2], the following result is proved.

Theorem 2.8. ([2]) If G is a connected compact Lie group, then K{(BG) = 0, and
there are natural isomorphisms

Ko(BG) Hom(K°BG);Z) Hom(R(G);2);

whee Hom( ; ) refersto continuous homomorphisms. Here R(G) hasthe | (G)-
adic topolagy, and Z is discrete.

As Andersonremarkson [2, p.5], the e ect of this is givenin the following corollary.

Corollary 2.9. If f ;g is a set of irr educible representationsof G and ; =
dim( ;), let E= ¢ ¥ 2 R(G). Let E 2 HOm(R(G);Z) bedualto E in the
basisof E's. ThenKy(BG) is free akelian with basisf Eg, andits coalgeba structure

is given by
( E)= X F E F:
F E

We apply Hom( ;Z) to the objects of (2.7), obtaining the sequenceof 2.5, which
is 0 in odd gradings. This duality applied to a projective extensionsequenceyields
a relatively injective extension sequence. As descrited in Corollary 2.9, the e ect
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of Hom is to make the dualization act asif R(G) were nite dimensional. For the
tensor/cotensor criterion, we use [34, 3.2.2]. We remark that we needto use\rela-
tively injective” becausetheseZ -moduleslack the divisibility to be injective, but
projectivity doesnot have this problem. This completesthe proof of Proposition 2.5.
|

The above proposition is relevant for Spin(n) becauseof the following result.
Prop osition 2.10. i. There is an isomorphismof BTSS's

ESY(BSpin(n)) ES* Y(Spin(n)); r  2;
ii. the map of K -completions
Spin(n)" ! (BSpin (n)") (2.11)

induces an isomorphismin v; * ( );
iii. Spin(n) satis es the CTP if and only if BSpin(n) dces.

Proof. We rst establishthe isomorphisms,for G = Spin(n),
ES'(BG) Ext¥(K BG) ExtJ'(PK BG) Exti' Y(PK G) E;' (G):

Here G and U are the categoriesof unstable K K -coalgebrasand unstable K K -
comadulesdiscussedn Section10and in [12]. Our convertion is to omit writing K
asthe rst componert of Ext groups.

The rst isomorphismis [12, 4.3]. The fourth isomorphismis [12, 4.9], and the
secondfollows similarly. To deducethe third isomorphism, rst note that, for X =
BG,themap X ! X inducesK 4( X)! K (X), which on primitivesis an
isomorphismin U. The desiredisomorphismthen follows from the isomorphism

UA[2n])  U(A[2n 1)) (2.12)

Here U is the functor from free K -modulesto unstable -como dulesde ned in [12,
x4], A[t] is the freeK -module on a generatorof gradingt, is suspension,and (2.12)
follows from [12, 4.5].

To prove (i) for all r, we note that the isomorphismof E,-terms is inducedby a map
of towers. To seethis, we usethe following natural map of augmened cosimplicial
spaces,where K(X) = 1 (K~ 1X). Wetake X = BSpin(n); howewer, the
argumert works in much greater generality.
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X—K X=K(K( X)=K? X=

X— KX K(KX) = KNX=

Applying ( ) andtaking homologyof the alternating sumto the rst row yields
E, ( X), and doing this to the secondyieldsE, *(X). The induced morphismin
homologyis the E, isomorphismobsened above. But thesecosimplicial spacesgive
rise, by Itering the Tot construction, to the towersthat de ne the ertire spectral se-
guence,and sothe morphisminducesa morphism of spectral sequencesyhich is then
an isomorphism. Seethe rst few pagesof Section10, or [12], for more details regard-
ing the Tot construction and the BTSS. By [9, 5.1], the spectral sequencesorverge,
respectively, to v; 1 (Spin(n)") andv,* ((BSpin (n)")), which is consequetly an
isomorphism.

Part iii follows from part ii and the commutativ e diagram

Spig(n) N BSgJin(n)
Sping BSpin ;
Spin(n)” I (BSpin (n)")

Now we can prove the main theorem of this section.

Theorem 2.13. For each n, the natural map Spin(n) ! Spin(n)" induces an iso-
morphismin v;* ( ); i.e., Spin(n) satis es the CTP.

Proof. It was proved in [9] that S" satis es the CTP. Since Spin(3) = S3, this will
initiate the induction. The induction stepsare immediate from Propositions2.14and
2.10.jii. W

Prop osition 2.14. a. If Spin(2n 1) satis es the CTP, then so does Spin(2n).
b. If BSpin(2n) satis es the CTP, then so does BSpin(2n + 1).

Proof. It was proved in [9, 5.8,5.11,5.12that if F ! E ! B inducesa relatively
injective extensionsequencen K ( ), and two of the spacessatisfy the CTP, then
sodoesthe third. The proposition then follows from 2.3and 2.5. H
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3. Listing of resul ts

In this section,we state the resultsfor the explicit form of the BTSS of Spin(N ) for
the valuesof N not coveredin Sectionl1. The proofs of thesestatemeris occupy the
next four sectionsof the paper. Indeed, results for the 1-line are proved in Section
4, the 2-line in 5.2, the eta towersin 5.14,5.16,and 5.22, and d; on the eta towers
in 6.2. Finally, d;3 on the 1-line and the extensionsare in Section 7, with explicit
referenceghere to the theoremsof this sectionwhoseproofs are being completed. At
the end of this section,we also descrilke homomorphismsinduced by inclusion maps,
and give explicit numerical examples.

We begin by recalling from [8] the determination of the 1-line groups of Spin(N)

whenN is odd, with a re nement establishedin Remark 3.2.

Theorem 3.1. ([8; 1:5];é3:2) If n 6, and m is odd, then

: . sz=20 zZ=2" n 2+ (m+1)
1;2m+1 —_
B2 (Spin(2n+1)) = o Z=2R(m2n+l) - 792+ (M+])  otherwise

where
R(m;2n + 1) = min(eSp(m; n); (Pi(m;n+ 1)); (P2(m;n+ 1))
with eSp, Py, and P, asin 1.1. If m is even,then E;*™* (Spin(2n+ 1)) z2=2 Z=2.

Remark 3.2. The simple form of E;*™**(Spin(2n + 1)) whenn 2+ (m+ 1)
was not obsened in [8]. The group of [8, 1.5] is obtained by elemenary reductions
appliedto [8, 3.18]. By 8.1, the rst relation of [8, 3.18]is of the form A;2"*1 ; for
A; 2 Z. By [8, 3.18]? the secondand third relations of [8, 3.18] are of the form
A2 21D and A2t 2'D, while by 8.11the fourth relation is of the
formu2" ; A42"D, with u an odd integer. It is elemenary to chek that, localized
at 2, sudh agroupis Zz=2" Z=2".

The following result will be proved in Section4.

3The statemert in [8, 3.18] implied divisibilit y by 2" here, but the argumert
implied divisibilit y by 2"*1 | which is what we need.



14 BENDERSKY AND DAVIS

Theorem 3.3. Letn=4o0rn 6. If mis even,then E;?™** (Spin(2n)) is isomor-
phic to 8
5 < Z:2min(n 1; (m+1 n)+2) if n odd
z2 Z>, Z, if n even.
If mis odd,8then E22m*! (Spin(2n)) is isomorphic to
= —oR(m;2n) <z=2mn(n L (may2) if n odd
. Z=pmin(n 1 O(m+1;n)+2) Z=omin( (n)+1; (M+1)+2) if n even.
Here 8
3 (m+ 1) if (m+1< (n)
Am+ 1;n) = S (m+1 n)+1 if (m+1)= (n)
(m+1)+1 if (m+1)> (n)
and

R(m; 2n) = min(eSp(m; n); (Pi(m;n)); (PJm;n)); (Pz(m;n)));
where eSp, Py, and8P2 are asin 1.1, while
32P(m;n) if (m+1 n) n 3

PAm;n) = _n if (m+1) n 3andn even
“ Py(m;n)  otherwise,and
1 X m+1 2n
Ps(m;n) = & k™
k odd

fn 3 (m+ 1), then

R(m;2n) = ?n ! ?f n oad
‘n if n even.

The sum which de nes P3; beginsa cornvertion, usedthroughout the paper, that
summation variablesare always nonnegative. Sometimesthis is included in the sum-
mation adornmeris, but ewen if it is not explicitly stated, it is implicitly assumed.
Another notational corvertion wasinitiated in 1.1. This is that our formulas related
to E3?™* (Spin(N)) are only applicablewhenm > N. The BTSSs periodic, and so
it su ces to specify the groupsin this range. Thus, for example,the integersR(m; N)
of 3.1and 3.3 are de ned by the given formulas only for m > N.

We remark that it is true for dimensionalreasonsthat Eé;zm (Spin(n)) = 0. Also,
for the omitted cases,since Spin(4) S® S3, its vyi-periodic homotopy groups
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follow from [32] or [24, 4.2], while the 1-linesof Spin(6) and Spin(10) have arithmetic
anomaliesand are coveredin Proposition 4.33. Although they are quite rare, there
are casesin which the value of R(m; N) is determined by eSp(m; N), and casesin
which the value of R(m; 2n) is determined by P3(m; n).

Now we descrike the ertire BTSS of Spin(N ), divided into casedy the mod 8 value
of N. We beginwith the caseN = 8a.

Theorem 3.4. The BTSS for Spin(8a) is the direct sum of the BTSS of S8 ! given
in Diagram 3.6 and the BTSS of Spin(8a 1), asgivenin 1.3 and 1.4, exept that if
s= 1 or 2, the short exactsegquene
0! ES%™ YsSpinBa 1)) ' EF* Y(SpinBa)) 1 EFH Y(st 11 0
(3.5)
is not alwayssplit. If s = 2, no claim is made alout the structure of the groups. If
s= 1, it splitsif (k) < (@), butdoesnot in the remaining cases:
if (Ky= (@ and (k ay<4da 5itis
01 z=2% z=2 M | z=pm z=pk a5 708 | zop ka4 g

in whichp sendsthe second summandsurjectively and the third
summandinjectively, andi (g) = gz 2 & @ ®*1 g, in par-
ticular, the initial summandsfor Spin(8a 1) and Spin(8a) are
equalin this case;here weinitiate a customof letting g; denote
a geneator of the ith summand;
if (k a 4a 5itis

01 z=2% z=2 0" | zerl 7zl l 7583 R z-pk 1) g
in which p sendsthe rst summand surjectively, the second
summandto multiples of 2, and the third summandinjectively,
whilei (g1) = 201 @ andi sendsg, injectively to the second
summandplus surjectively to the third summand;
if (a)< (k)< 4a 5, thenitis

0! z=% z=2®W 'y z=pu 7=p WS 7z @3 ]z @ g
in whichp sendsthe second summandsurjectively and the third
summandinjectively, andi () = gz 20;
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if (k) 4a 5/ itis

0! z=p 1l z=pal ) z=pal z=pR 1l z=p @ | zp @4 g
in which p sendsthe rst summandsurjectively and the third

summandinjectively.

Here we are using the following diagram for the BTSS of S8 !, taken from [7,
p.488],in which C denotesz=2mn( (k a+4:4a 1) gnd 8 denotesZ=8.

Diagram 3.6. BTSS of S8 !

4
3
2| C 8
s=1 C 8
t s= 8k+ 2 0 2 4

Next we descrike the BTSS for Spin(8a+ 3) and Spin(8a+ 5), exceptfor the group
structure of some2-line groups. We begin with a picture of a certain stage of the
BTSS, and then descrike the result in a theorem.
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Diagram 3.7. A stage of the BTSS for Spin(8a+ 4 1)

D
4
3
D D D
G
2
da 1 G 4a 1
D D
s=1 C G 1 C, 8
t s= 8k+ 3 2 0 2

Theorem 3.8. Let2n+ 1= 8a+ 4 1. The BTSSof Spin(2n+ 1) is as depictal in
Diagram 3.7, with the following additions and interpretations.

The 1-line groupsare as givenin 3.1.

A G in position (x; 2) representsan alelian group of the same
order asthe group in position (x + 1;1).

All elementsx in Itr ation 2 are acted on freely by in E,.
Whenthe elements 'x for i > 0 are not depictel, it meansthat
they support ds-di er entials inferred from ds(x).

The big 's representa vector space of dimension™ = [log,(4(n
1)=3)]+ (» 1.1, asspecied in 5.14. Multiple lines indicate
ds-di er entials or eta-actionsacting bijectively on thesevector
spaces. The groupsG in position (8k 1 2;2) haveexactly”
summands.

In addition to the dier entials pictured, d; on the geneator
of the C; summandin position (8k + 2;1) is nonzeo, while d3
from position (8k 2; 1) hits the classD. This di er ential is on
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the C,-summandif (k) + 3 < n; otherwise,C; C, Z=2"
and the di er ential is from C;. Other than these,there are no
more nonzewo di er entials.
There is a nontrivial extension(multiplication by 2) in dimen-
sion8k 2fromC, toD.

Remark 3.9. We can make someother generalstatemeris about extensionsin Di-
agram 3.7. For the summandsx in the G in (8k 3;2) which are of order 2, there
must be an extension( 2) from (8k  1;2) to h3x in (8k  1;4). For summandsy in
(8k 1;2) which do not extendinto (8k 1;4), there must be an extensionfrom G
in (8k + 1;2) to h3y in (8k + 1;4). Thesefollow becausethe homotopy groupsof the
mod-2 Moore spaceimply that if 2 ,(X) satises2 = 0,then ? isdivisible by
2.
We easilyread o the groupsasfollows.

Corollary 3.10. Let2n+ 1= 8a+ 4 1, ° = log,(4(n 1)=3)]+ (» 1.1, and
let e;(m)and e;(m) be de ned by the formulas of 1.2 unlessm 3 mod 4 and n <
2+ (m+ 1), in whichcasee;(m)=n lande(m)=n+ 1. Then

8 G(2e1(4k 1)+ ez (4k 1)) 22

Z=pak 1) 7ok 1) 7, : 2
G(22 %) r 1
Vit g (Spin(2n + 1)) (+2)2; r=0
G(2e1(4k+1)+4 ) r 1
7=+ 7-8 r=2
"Ly 2 r=34
The G( ) whenr = 3 hasexactly” summands.The G( ) groupwhenr = 1is

an extensionof two Z,-vector spaces.
The result for Spin(4a + 2) is given asfollows.

Theorem 3.11. A chart for the BTSS of Spin(4a + 2) is asin Diagram 3.12. The
1-line groupsare as givenin Theorem 3.3. A group lakeled G in position (x; 2) has
the same order as the group in (x + 1;1). The group lateled C%in (4k 1;2) is
cyclic of expnent 1 greater than that of the cyclic group C in (4k;1). Each big

representsa Z,-vector space of dimension [Iogz(g(Za 3))]. The ds-di er ential on the
geneator of C; in (8k+ 2;1) is nonzeo if and only if R(4k + 1;4a+ 2) of 3.3 equals
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R(4k + 1;4a+ 3) of 3.1. All other ds-di er entials are 0, exept thoseindicated in the
chart. The extensionfrom C%into (8k 1;4) is trivial.
Diagram 3.12. The BTSS of Spin(4a+ 2)

4
3 da 1
G
2 CQ G C(
s=1 C G 'e: C, 8
t s=8k+ 3 2 0 2

The groupswhich are the result of this chart are given in the following result.
Corollary 3.13. Let ™ = [log,(5(2a 3)], R( ; ) beasin 3.3
8

<R(m;4a+ 2) m 3 mod 4

&(m) = " min(R(m;4a+ 2);R(m;4a+3) 1) m 1 mod4
e(m) = min(2a; (m+ 1)+ 2)
e;(m) = min(2a; (m 2a)+ 2):

4f a= 2andm 3 mod 4, the sameanomaly occurs asin 1.2. Thus e;(m) =
min( (m 7)+ 2;8) and e;(m) = 3.
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Let G(t) denotean akelian group of order t, and dZ, a Z,-vector space of dimension
d. Then

8 G(2e1(4k 1)+ e2(4k 1)) r= 3

_2e1(4k 1) —282(4k 1) ~ Z2 r 2

7 =2e3(4k)+1 G(22 ) r 1
Vit e (Spin(dat 2))  Z=2%00  (C+2)Z, r=20
G(2e1(4k+1)+5 ) r 1
7=+l 78 r=2

T Z=2%04k+2) r=34

The G( ) whenr = 3 hasexactly” summands.The G( ) groupwhenr = 1is

an extensionof two Z,-vector spaces.

From Table 3.22 we can see,for example,that ds is nonzeroon E18"+3 (Spin(18))
i k 2mod8ork 259mod 512and that d; 6 0 on Ex**"(Spin(22)i k 3
mod 2" ork 4+ 2° mod 2'2,

Next we descrile the BTSS of Spin(8a + 4).
Theorem 3.14. The BTSS for Spin(8a+ 4) is the direct sum of the BTSS of S8*3
given in Diagram 3.16 and the BTSS of Spin(8a + 3) as descriked in Theorem 3.8
exept that the short exactsequene
0! ES* Y(Spin@a+ 3)) ' ES* YSpin(Ba+ 4) 1 ES* Y(s#*3)1 0

(3.15)

is not alwayssplit whens = 1 and 2. No claim is made alout the group structure
whens= 2. If s= 1and " = 2k + 1, then

if (k a) 4a 4, theseueneis
0! z=2 7=g81 z=22 z=2& 3t 741 zp Kk ar | g

with the Z=8 mapping injectively to the second summandand
surjectively to the third, while these summandsmap, respec-
tively, surjectively and injectively to the Z=2 (k @*4  Note that
the two Z=2* summandsare of equal order. The ds-di er ential
from E3®*3(Spin(8a + 4)) is nonzeo on only the rst sum-
mand.
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if (k a >4a 4, thesgueneis
0! z=2% Zz=8! z=p0*1 z=% 7=41 7= 0
with i sendingthe rst geneator to (2; 1;0) and the second to
(0; 2% 2; 1), whilep sendsthe the three geneators, resgctively,
to 1, 2, and2* ! The ds-dier ential from E2®*3 (Spin(8a+
4)) is nonzep on just the rst and second summands.
If s= 1and = 2k, then
if (k) 4a 4, thesgueneis
0! z=2 z=2W* 1 z=pa 7= (S 741 7=81 0

with the Z=2 *4 mappinginjectively to the second summand
and surjectively to the third, while thesesummandsmap, respec-
tively, surjectively andinjectively to the Z=8. The ds-di er ential
from E5® (Spin(8a + 4)) is nonzeo on just the seond and
third summands.

if (k) > 4a 4, the sguene is
0! z=p%+l  z=pAatl | zphat2  z_tatl 741 7=81 0

with i sendingthe rst geneator to (2;0;1) and the second
summandbijectively to the second summand,while p sendsthe
rst summandsurjectively and the third summandinjectively.
The ds-di er ential from EZ® *(Spin(8a+ 4)) is nonzeo on just

the rst and third summands.

Here we are using the following diagram for the BTSS of S&+*2 taken from [7,
p.488], in which C° denotesz=2mn( (k a+44a+l) " gnd 8 denotesZ=8. The dotted
ds-di erential is preseti 4a+ 1 (k a)+ 4.
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Diagram 3.16. BTSS of S8*3

4
3
8 co
2
s=1 8 o
t s= 8k+ 2 0 2 4

The morphismsin v; * () inducedby inclusion mapsSpin(n) ! Spin(n+ 1) can,
for the most part, be determined from the above charts together with knowledge of
the induced morphism of 1-line groups and eta towers. For the 1-line groups, the
results are preserted in Proposition 3.17. Theseare easilyread o using the names
of generatorsdescriked in Section4. Somedetails of the proof will be given in that
section.

Prop osition 3.17. Let E,n(N) = E5*™(Spin(N)), and consider the sequene
Eom(4a+l) ' E,n(4a+2) P Esn(4a+3) P Eon(4a+d) T E,y(dath):
beginning with En, (11).

a. Let m be even. All groups havea summandZ, geneated by ;, which maps
across. In addition , there are summands

Z, P z=2 ¥z, ¥z, Z, " Z,
satisfyingi, is injective, i, = 0, i3 hits the sum of the geneators, and i, sendshoth
geneators nontrivial ly.
b. Let m be odd. Each group E,y(4a + d) hasan initial summand,the orders of
which increasewith d. Thesemap injectively to one another, plus possiblyalsoto a

summandin the second component. In addition , there are summandsas descriled
below.
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If 2a< (m+ 1)+ 1, thenthe summandsare

7 =022 i!l 7 =02 i!2 7 =o2a+l i_}’s 7=p2a+l 7 _oe i!4 2:22a+2;

(3.18)
satisfying i, is bijective, i, hits multiples of 4, i3 is bijective into the rst summand,
i4 sendsthe rst summandto multiples of 4, and the second summandinjectively.

If 2a> (m+ 1)+ 1, then,with = (m+ 1)+ 2, the summandsare

z=2 % z=2 % z=2 ¥ z=2* z=2* 't z=2;
where and e can be determinad from Theorem 3.3. Then i, is bijective, i, hits
multiples of 2, the rst componentof i3 is injective, and i, sendsthe second summand
injectively. If (m+ 1)< (2a+ 2),then = 0, e= , andi, is multiplication by
2 onthe rst summand.If (m+ 1) (2a+ 2), then >0, e= 1, the second
component of i3 is surjective, and i4 is multiplication by 2 on the rst summand.
Somemore detailed information is givenin Theorems 3.4 and 3.14.

If 2a= (m+ 1)+ 1, the groupsand morphismsare asin (3.18) exept that the
last group is Z=2?2*' and i, sendsthe rst summandto multiples of 2.

The anomaliesin the 1-linesof Spin(6), Spin(9), and Spin(10) causethe following
changesin the morphismsinvolving them. We will sketch portions of the proof in
Section4 alongwith the sketch for Proposition 3.17.

Prop osition 3.19. Let m = 2k + 1 with k odd, and E,n(n) = E;*™(Spin(n)).
Then Eon(5) ! Eom(6) and E»n(9) ! Eon(10) are bijective, and

Eom(6) * Eom(7) # Eom(8) * Eom(9) T Eom(1l)

is 8

“Z3p Zig k 1(4)
1=22 232 k 3 (4)

whee ;= min(8; (k 3)+ 3)and , = min(8; (k 19)+ 3). We haveji(g) =
200+ O, jo(h) = G joAR) = @+ O, j3(0) = g1, and j; sendsthe second and
third summandsinjectively into the second summandplus an evencomponent in the
rst summand. If kK 1 mad 4, thenj4(g) = 49 + 40 and j4(Q2) = 40; + 20,. |If
k 3 ma 4, j, sendsthe rst summandinjectively into both summands,while the

Zi W Zg Zg B Zg Zg Zg ¥ zg z=21 ¥
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component of j4 from the second summandto the rst (resp. second) summandhas
kernel consisting of elementsof order 2 (resp. 8).

The eta towerswhich occur in big blocks (big ) in the BTSS charts of this section
are described most explicitly in Table 6.1 using (5.7) and (5.8). We tabulate in Table
3.20 for a range of values of n the integersj for which x; 2 {(Spin(2n + 1)) =

i(Spin(2n + 2)). Thesedepend on just the parity of i. The BTSS charts show that
elemerts in Itration 2, 3, and 4 in  ,(Spin(N)) (resp. o4(Spin(N))) survive to
elemens of vi ! g (Spin(N)) for 1 r 1(resp. 3 r 1).

n| «(Spin2n+ 1)) «(Spin(2n + 1))
11 5;6;8 8;9;10
12 6;7,8 8,10, 11
13 6;7,8;12 810,11, 12
14 7;8,10,12 810,12 13
15 7,8,10,12 812,13 14

Table 3.20. 141 g 91012 8,12 1415
17| 89,1012 16 8,12 14,15,16
18 9,10,12 16 12,14,16,17
19 9;10,12 16 12,16,17,18
20| 10111216 12,16;18,19
21 10,11, 12,16 16,18, 19, 20

From 5.14,we can easilyverigl the following proposition.
<2 +3 ifj=2or3 2

Prop osition 3.21. Leth(j) = . Then

t4i+5 203 otherwise
Xj 2 o(Spin(N)) i b(j) N 4j+4

and 8

. o <4+ 4 ifj =2
Xj 2 Spin(N)) 1 20+3 N ,
i 2 a(Spin(N) T2 D 2) + 2+ 2 W2 otherwise.

Explicit valuesof 1-line exponerts for Spin(11) and Spin(13) were presetied in [8,
1.6]. There was one mistake in that table. The formula for e;(2n + 1) whenn = 5
andm 7 mod 8 should have beenmin(8; (m 39)+ 2). The causeof this mistake
was just overlooking one of the two numbers whoseminimum equallede;.

In 3.1and 3.3, we give formulasfor the largestexponert, R(m; N), in E;*™* (Spin(N))

when m is odd. In Table 3.22, we give explicit valuesfor R(2k + 1;2n 1) for
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8 n 13. We have veri ed that in this rangeR(m;2n) = R(m;2n 1) whenn is
odd. It isprovedin 3.4and 3.14that if nisewen,then R(m;2n) = R(m;2n 1) unless
(m+1 n) n 3or (m+1) n 3,inwhich caseR(m;2n) = R(m;2n 1)+ 1.
Table 3.22. R(2k+ 1;2n 1)

n k 15 mod 16 n k 0 mod 4

8 |max(7;11 (k+ 1)) 8 |min(13;, (k 4)+ 10)

9 |max(8;13 (k+ 1)) 9 [min(14;, (k 4)+ 10)

10| max(9;15  (k+ 1)) 10| min(25; (k 8 20 212)+ 12)

11| max(10;17  (k+ 1)) 11| min(26; (k 8 219+ 13)

12 max(11;19 (k+ 1)) 12| min(26; (k 8)+ 17)

13| max(12,21 (k+ 1)) 13| min(26; (k 8)+ 17)

n k 1 mod8 n k 5 mod 8

8 |11 8 | min(15; (k 5)+ 9)

9|11 9 | min(15; (k 5)+ 9)

10|13 10| min(16; (k 21)+ 11)

11| min(24; (k 9)+ 15) 11|16

12| min(27, (k 9 20+ 15) 12|17

13| min(28;, (k 9 210 21+ 16)| | 13|18

n k 2 mod 8 n k 6 mod 8

8 |12 8 | min(18; (k 6)+ 10)

9|12 9 |Imin(20; (k 6 2%+ 10)

10|14 10| min(2L; (k 6 28+ 12)

11|15 11| min(21; (k 6)+ 13)

12| min(29; (k 10)+ 18) 12|21

13| min(29; (k 10)+ 18) 13|21

n k 3 mod 8 n k 7 mod 16

819 8 |8

9|10 9 |min(18, (k 7 219+ 7)

10|11 10| min(19; (k 7 29+ 9)

11|14 11| min(20; (k 7 28+ 11)

12|16 12| min(2L;, (k 7 2)+ 13)

13| min(30; (k 11 2%+ 16) 13| min(22, (k 7 25+ 15)
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4. The 1-line of Spin(2n)

In this sectionwe prove Theorem 3.3 regarding E 2(Spin(2n)). We begin with the
following adaptation of [8, 3.4,3.10]to Spin(2n).
Prop osition 4.1. The atelian group of indecomposablesQK *(Spin(2n)) has gener-

ators i, i 1, D, and D , and relations T 1;Tn;Rn+1;::05Ran 1S, ] 2n
de ned by:
. n 1 X X k 2n .
Tnl-2 (D++D)+ (1)njkk’
j odd k

i1
X X X

T OO vz A DT
X X

Rj : ( 1)k j2nk k ( 1)k 2n2? K K
k k

X i
S ( D, «
k
Adamsoperations satisfy ¢ = fort>0, ',= |, and

‘b, D )=t"Y¥D, D): (4.2)

Ead relation with subscriptj expresses; in termsof ; with i <j andD . Thus
QK 1(Spin(2n)) is a free abelian group with basis 1;:::;  2;D+;D . Formulas for
Y(D ) will be obtainedin the proof of 4.9.

Proof of Proposition 4.1. Naylor ([37, p.151])descritesthe useof Hodgkin's theorem
([29]) and the represemation ring R(Spin(2n)) to determine QK 1(Spin(2n)). Unfor-
tunately, his descriptioncorntains many typographicalerrors. Husemoller([30, p.189])
has correct versionsof the results about R(Spin(2n)), and proofs.

Similarly to [8, 3.1], the morphismj :R(SU(2n)) ! R(Spin(2n)) satis es

JCi)=1 Can i) (4.3)
where ; is the ith exterior power of the canonicalrepresetation. Then R(Spin(2n))
hasfundamertal represetations j 1;:::;] n 2, +; with relations
+ = jJ na1t] n3t] nst (4.4)

+ + F = ] n+2(j n2t] noat ):(4.5)
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Hodgkin assaiatesto eat fundamertal represetation of G a primitiv e elemen
() of K (G). Wedenoteby €( ) the elemen of K }(G) which correspndsto this
underBott periodicity. Then () = dim( )&( )+dim( )®( ). In QK }(Spin(2n)),
weletD = ¢ )andB;= €] ;). Weobtain from (4.4) and (4.5),
2" Dy +D ) = By 1+B,3+B, s+ (4.6)
2D, +D ) = B,+2B, 2+ B, 4+ ) 4.7)

Under the isomorphismQK 1(SU(2n)) K°(CP? 1), let Pcorrespndto ' 1,
with  the Hopf bundle,andlet ; =j ( 9 2 QK (Spin(2n)). From [8, 3.2], we have
B; = P ( 1)kt J.Z”k k- Now T, ; follows from (4.6), T, is obtained from (4.7) and
(4.6), R; follows from (4.3), and S; is a consequencef ( 1) = 0in Ko(CP#® 1)
forj 2n.

The formulafor !  followsfrom ' = tin KO(CP? ). The formulafor !
follows from [8, 3.17]. The formula for (D, D ) follows from the short exact
sequence

0! QKLS™ 1) % QK(Spin(2n)) ' QKX(Spin(2n 1))! 0

(4.8)
with p (gen)= D, D . N

From Proposition 4.1 and [8, 3.18], we deducethe following result.
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Prop osition 4.9. The Pontryagin dual of the akelian group E3?™** (Spin(2n)) is
geneanted by ;, D., and D subjet to the following relations:

X
LKMo 2 (4.10)
k odd
X
S KT g on+l 20 L (4.11)
k odd
1 X km+l 2n . 4.12
ﬁkodd kb (442
@+ D" 5 . (4.13)
2" YD+ + D) A ST (4.14)
60
2" b, D ); (4.15)
@ * 3")(D:+ D) (4.16)
X km X 2n 2n lD . (4 17)
n 2k 4 1 + :
k odd t 0 X
on 1 km ] 22n kl a 1+ (%(22n 14 1+ 3n) 3m)D+
k odd t 0
+i2n 1+ 1 3D ; (4.18)
1+ ( 1)™D if neven (4.19)
D.+( 1)"D if n odd (4.20)

Proof. By [8, 1.1], E;*™** (Spin(2n))* is the quotiert of QK 1(Spin(2n)) by the image
of 2and " r™ forall odd r, althoughit su ces to considerjustr = 1and3. As
in[8,3.15], ? » = . allowsusto removeall o, and " ;= , allowsusto equate
all , with r odd to r™ ;. This reducesthe generatingsetto ,, D,, and D , and
the relations of Proposition 4.1 become(4.10), (4.11), (4.12), and (4.14). For (4.12),

we rst obtain

X k™M 2n + 2X ( l)j 2n .
n k nijk 1
k odd i1

2n_l+ 2n 1

but then when eadh Zi” in this expressionis expressedas ', o, all terms

in the alternating sum cancelout except
km 2n 1 2n 1 1 X km+l 2n
n

n k nk1: nk:
k k
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The relation (4.13) is from ! 4, and (4.15) and (4.16) are from '(D. D ) as
givenin 4.1.

Supposethat we know (D) = P b ; + cDin QK(Spin(2n 1)). We claim that
it follows that

X
‘D++D )=2 b j+cD++D)
in QK 1(Spin(2n)). By adding and subtracting this with (4.2), we obtain

X
‘D)= b j+ic+t"HhD + i(c t" D :
(4.21)
Using this, (4.17) and (4.18) follow from [8, (3.20),(3.21)].

The above\claim" followsfrom the short exactsequencé¢4.8) in whichi (D ) = D,
onceweobsenethat D, D cannotappearin '(D.+D ). This follows by working
in R(Spin(2n)). Recallthat ' in QK (G) correspndsto ( 1)'*! 'in I =12, where
| is the augmernation ideal of the represetation ring. The represetation ring of
the maximal torus is Z| 11:2; o5 .2, and hereall the ( )'sand . + are
invariant under 7! 1 while is not. (See[30].) Sothe exterior powers
of theseinvariant classeswill also be invariant, and hencecannot cortain .
asa summand.

Finally, (4.19) followsfrom 1= 1in QK (Spin(2n)) if n is even, which follows
from (4.8) and [8, 3.17],and (4.20) followsfrom (D )= D in QK (Spin(2n))
if n is odd, which is a consequencef (4.21)with c= 1. W

Now we can prove Theorem 3.3.

Proof of Theorem 3.3. We begin by observingthat all coe cien ts in relations (4.10)
through (4.19) are even, with the single exception of (4.17) when n = 3, which
accourts for the anomaly for Spin(6) mertioned following Theorem 3.3. Although

a

sometimesa bit of argumert is required, theseall follow from the facts that | is
. P
ewen if a is even and b odd, that 2 ® mod 2, that ; " = 2", and that

n — n
i T oon i p p
For example,the coe cient of ;in (4.17)is congruen to o044 t 0 , 22“k a

If nis ewen, then all terms are even. If n = 2a+ 1, then writing k = 2b+ 1,

. P P . )
the sumis congruen t0 1, ¢ ¢ oCapt With Capy = , 20, . If ais even, then
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Ca2tbt  Caoe1:t, @and hencethe sumis ewven. If ais odd, then Caopt  Caop 14 fOr
P> 0, Coge1:04 24 Cod+1:0:.d 2a 1, and Cyg+1:0.0 IS €ven unlessd = 0. This is the
anomaly for Spin(6)|that zdd is even unlessd = 0.

Now the casem even and n even of 3.3,that E;?™*(Spin(2n)) Z, Z, Z,,
with generators |, D, and D , is immediate, since (4.13) and (4.19) give these
relations, and there are no relations involving odd multiples of thesegenerators.

The casem even and n odd, that E;*™* (Spin(2n)) Z, Zz=2min(n 1 (m+1 n)+2)

with generators ; and D, is glso easy We usehere, and throughout, that
@ 1)= <1 ?feodd

(e) + 2 if eewen.
The Z, comesfrom (4.13). Replace2 ; by 0, and use(4.20) to replaceD by D..
The other relations reduceto 2" D, from (4.17) and 3" (3™*1 " 1)D, from
(4.18).

When m is odd, (4.13) gives no information, and so the analysis becomesmore
complicated. From (4.10), we have 2¢SP(Mmn) |, = 0. We shall prove in Lemma8.3 that
(4.11) gives no additional information. For Spin(2n + 1), we proved the analogous
resultin [8, 3.6]usingtopology (two ways of computing E3?™** (Sp(n))). For Spin(2n)
it seemghat we must resort to combinatorics.

We alsoneedthe following estimate, which we prove at the beginningof Section8.

Lemma 4.22. The expressionsof Theorem 3.3 satisfy, if m is oddandn 6,
min(eSp(m; n); (P«(m;n)); (Ps(m;n)) n:

We now obtain 3.3in the casewhenm is odd and n is odd. The generatorswill
be ; and D, + c ; for appropriate c. The relations (4.10) and (4.11) give 28SP(mn) |
as just explained, while (4.12) gives 2 P:(Mn) ,  The relation (4.20) allows us to
replaceD by D.. The other relations become

2D, Yp . (4.23)
Y1 2" 'D. (4.24)
32"+ (2 Y+ 1 3™HD,; (4.25)

whereYy, Y,, and Y3 referto the sums(just the P -part) in (4.14), (4.17), and (4.18).
Replacing(4.23) by (4.23)+2(4.24) yields P;(m; n) ;.
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It was proved in [8, 3.18]that®
(Y2) nforn 6 (4.26)

Thus the smallest2-exponert in (4.24) and (4.25)isM = min(n 1, (m+ 1)+ 2),
and by 4.22, this is smaller than the exponerts which have occurred earlier in the
analysis. The summandwith generatorD. + c ; is obtained by dividing whichever
of (4.24) or (4.25) hasthe smallestexponert by 2V, sothat its coe cient of D, is
odd. Subtracting an appropriate multiple of this relation from the other yields the
nal relation, P,(m;n) ;.

Finally, we considerthe casem odd and n even. We obtain 28SP(™") . and
2 (Ps(mn) , asin the previouscase.Let M = min(n 1, (m+ 1 n)+ 2), and let
Y1, Y2, and Y3 be asabove. By (8.2), (Y1) n, while Yz isodd by 8.11. We alsouse
(4.26). The relations are

2 (D,+D) Yiyq; (4.27)
MD, D) (4.28)
Y., 2" !D,; (4.29)
32" Y3+ (2" 2+ 43 1) (3 1)D.
+H2%" 2 13" 1))D : (4.30)

Replace(4.27) by (4.27)+2" 1 M(4.28)+2(4.29) to get P;(m;n) 1. Now we divide
into subcases.

If (m+ 1) < (n), the smallest2-exponert in any coecientis (m+ 1)+ 2in
(4.28). This givesa summandz=2 (M*U*2 generatedoy D, D . Usethis to replace
2 M2 p py 2 (MA*2 D in (4.30), which becomes

32"y + (2t 3™+ 1D, (4.31)
We get a secondZ=2 (M*D*2 suymmand from (4.31)=2 (M*1*2  Add a multiple of
(4.31)to (4.29)to getthe nal relation, P,(m;n) ;. The generatorsof the respective
summandsin 3.3are {, D, +c,andD, D .

If (m+ 1) (n), the smallest2-exponert in any coe cientis (n)+1inD (or
D.) in (4.30). We get a summandzZ=2 (M*1 with generator(4.30)=2 (M*1 Replace

SThere it was stated and proved that (Y>) n 1, but the sameargumert
establishesthis stronger result, which we will need.
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(4.28) by

"2 23" 1)2 ™ Y428)+2M M 1(4:30)
obtaining

3 on &M () 1Y3 L+ oM () 1(22n 1 gm+l 4 1)D,

(4.32)

The smaélestZ-exponert in the remaining coe cien ts ((4.29) or (4.32)) is

“min( (m+1 n+3n 1) if (m+1)= (n)

“min( (m+ 1)+ 3;n 1) if (m+1)> (n),
with the ( )+ 3 comingfrom D, in (4.32),andn 1 comingfrom D. in (4.29).
We get a summand of this 2-exponert generatedby the relevant relation divided by
its 2-power. Add a multiple of this relation to the other to get PXm;n) ;. The
respective generatorsin 3.3in this caseare ;, D, + ¢, andD + uD, + ¢° ;.

That R(m;2n) = n 1whenn 1 (m+ 1)+ 2 and n is odd follows as in

Remark3.2. If nisewenand (m+1) n 3,thenM = (n)+ 2andin the above

argumert the relation P(m; n) hasits 2-divisibility determinedby 3 2"V, which
equalsa unit times 2" by 8.11. H

Hereis a sketch of proof that was postponedin Section3.

Proof of Proposition 3.17. Thesegroups are Pontry agin dual to the groupsthat we
computedas quotients of the K -groups. For Spin(2b) I Spin(2b+ 1) i Spin(2b+
2), we have j,(D ) = D andj,(D) = D+ + D . We focus on the hardestcase,iq4
when2a> (m+ 1) (n). Heren = 2a+ 2.

Wehave = (m+ 1)+ 2,e= (n)+1,and = (m+1 n)+1 (n). The
image of the generatorof Z=2 underi; is

D.+D +c¢c,22=2" Z=25

where the respective generatorsof these summandsare g, = D, + ¢®; and g, =
D, D +2 D,+c®;with =22 1 3141 22" 1+3" 1). All coecients
of ; aresu ciently 2-divisible that they can be ignored. We obtain

i7(gen)= g+ (2 + 2o
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Dualizing, this says that the secondsummand injects under i4, while the kernel of
the morphism from the rst summandhas2-exponert 1+ ( +1)=2+ (m+1
n) (n) = + 1 and hencethis morphism mapsonto multiples of 2. N

The casesof Spin(6) and Spin(10) were omitted from 3.3 becauseof arithmetic
anomalies.We handle those casesnow.

Prop osition 4.33.
<Z=2* ifm 3mod4
»Z2=2® if m6 3 mad 4.
gzz Z=2min(; (m 43+2)  if m even
E5?"*! (Spin(10)) L Z=8 Z=2min( (m 54+2:6) if m 1 mod 4
- 7z=8 z=2minC (m 7*2:8) jfm 3 mad 4
Proof. We rst considerSpin(6). Proposition 4.9is still valid. As remarked previously,
the subsequenargumert fails becausehe coe cient of ;in (4.17)isodd whenn = 3.
Use (4.17) to replace ; by 4D, , and use(4.20) to replaceD by ( 1)™*'D,. The
smallestresulting relation on D, is 8D. from (4.13) if m is even, while if m is odd,
we have 16D, from (4.14) and %(3m+1 1+ 16)D. from (4.18), yielding the result.
For Spin(10), the casem ewen follows asin Theorem3.3. The anomalyis the same
as occurred for Spin(9) in [8, 4.21]. Here it occurs as (4.26), where Y, = 45. Since
(4.20) makesD. = D , the relations becomethe sameasin Spin(9). B

E3*™" (Spin(6))

We closethe sectionwith another postponed proof.

Proof of Proposition 3.19. We compute the duals of the morphisms, using 4.33, 3.1,
and 3.3 for the groups. We use ; and D asthe generatorsof E,,, (7)*. They map to
1and D, + D in E,n(6)*, which is generatedby D, and hasrelations ; = 4D,
andD = D..

With u= (3™ 3)=8,weuse ; andD + (8+ 3u) ; asgeneratorsof Eg,p(ll)# and
(6+u) 1+ 2D andD asgeneratorsof Eom(9)* . The morphismEam (11)* 't Eom(9)*
is easily determinedusingjj (D) = 2D. At the end,weneed (u+ 1)= 1. W
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5. Et a to wers

In this section,we computethe groupsE5"(Spin(n)) for s> 2 (and s = 2 if s+ n
is even). Theseare called eta-towers becauseof the isomorphism,ESt 1t ES™ 12
which on classesvhich survive to homotopy is related to composition with the Hopf
map St s*1 1 St S, Notation for the eta-towerswasinitiated in 1.5. We beginwith
the closely-relatedcomputation for Sp(n).

We rst recall the following key results from [9, 1.1,3.1].

Theorem 5.1. ([9]) a. If X is a simply-oonnected nite H-space with H (X; Q)
assaiative, then trée E, term of its BTSS satis es

<ExtS(QK Y(X;Z3)=im( 2)) if tis odd

E3'(X

2 (X) - 0 if tis even.

b. Let M be a nite stable 2-adic Adams module with 1= 1andlet M, =
ker(2iM) and = 2 1. Then there are split short exactseuenes

0! coker( jM=2)! Ext3®1(M)* 1 ker( jMp)! 0
if s+ bisodd ands> 2, and

0! coker( jM2)! Ext3®(M)* I ker( jM=2)! 0
if s+ bisevenands> 1.

These hypothesesapply to all casesconsideredhere except Spin(4a + 2), where

16 1;in (5.17) we will presemn a modied version of 5.1b which will apply in
that case.

The following result from [9, 3.1] is also useful.
Prop osition 5.2. If M is a nite stable2-adic Adamsmodulewith 1= 1 and
n is odd, there is a split short exactsequene

0! coker( ° 1jM=2)! ExtZ*""'(M)* 1 ker(( ® 3")jM)! O
Also, jker(( 3 3")jM)j = jExtz?"H(M)].

An analoguewhenit is not true that 1= 1isgivenin [9, 3.10],and is similar
to (5.17).

Becauseof the following elememary proposition, the functors of Theorem 5.1.b
depend only on QK (X ; Z=2).
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Prop osition 5.3. Let Q be a torsion-free 2-adic Adams module with 2 injective
(viz. Q = QK(X;Z5) with X as alove), and let M = Q=im( 2). There is an
isomorphismof stable Adamsmodules

3 Ziker( 2jQ=2)! My

Proof. Let K = ker( ?jQ=2), and apply the Snale Lemmato the comnutativ e dia-
gram

9 ' K
? ?
2 2
y y
o !9 1 9 1 Q2 !0
? ? ?
27? 27? 2?
y y
0 1 Q 2) Q I Q=2 I 0
3 3
y y
M 4 M

We have the following result for QK *(Sp(n); Z=2).

Prop osition 5.4. Let ; = ' 1 be geneators for QK 1(Sp(n); Z=2) as usal in [8,
3.4] Let
X
Xi = AR
i o
Then fxq;:::;x,g is a basis for QK }(Sp(n); Z=2) which satis es
If i : Sp(n 1) ! Sp(n) denotesthe inclusion map, then
I (Xn) = Oandi (x;) = x; forj < n.

2(x;) = Xz, andis 0 if 2i > n.

G) = o0 | Xisgj-
Proof. Sinceit wasshown in [8, 3.4]that f 1;:::; ,g formsa basis,it is immediate
that fxq;:::;X,g doesaswell. To prove the result about i (x,), we obsene from [8,
3.4] that
. X X
I ( n) — 2nn k1 + nZn:L 1k = n2nk K

k<n k<n
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Thus
: - +X n _X 2n +X n _0.
I (Xn)_ I ( n) j n 2~ n(2) N2 j n2— Y
i>0 i>0 i>0
Since 2( i) = 4, we have
2y N X a X
(xi) = j 2 4= 2 2 4 = K2 2k = Xai
j o j 0 k 0

Here we have usedse\eral elememary facts about binomial coe cients mod 2. The
proof of the 2 formula involves a more elaborate combinatorial argumen, which is
relegatedto Proposition 8.6. N

Remark 5.5. Becauseof the elaborate computer-degendert proof of the 3-formula,
somemay prefer the following simpler argumert. This argumert just proves
3(Xi)  Xi+ Xjyp a2 mod hx; 1j > i+ 2 O,

but that is all that we really need.

First, by using 2 3= 2 2 andthe formula for 2(x;), it suces to prove that if
i isodd, then 3(x,) = Xp+ Xp+2 in QK Y(Sp(n+ 2)=Sp(n 1)); Z=2). The de nition
of x; and formula for 3( ;) easilyimply that 3x; canonly involve x; with j i mod
2. Thus, if the claimedformula is not true, then 3 1= 0in QK }(Sp(n+ 2)=Sp(n
1)); Z=2). It wasshown in [11,2.7]that * 16 0in ku (Q"*?) Z=2, hencein
PK (Sp(n + 2)=Sp(n 1);Z=2), and hencein QK }(Sp(n + 2)=Sp(n  1);Z=2) by
duality.

Using 5.4, we easily derive the following description of the eta-towers for Sp(n).
Prop osition 5.6. For X = Sp(n), the split SES'sof 5.1b become

0! hxii! E3*7*(Sp(n)* ! KI[[2]+ L;n]! O
if s+ bis odd, and
0! C[&]+ Ln]! ES®*(Sp(n))* ! M,i! O
if s+ bis even.Here n is the largestodd integer satisfying n n,

Klab=t:a i b;i+2®1>p; (5.7)
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and
Clab=hg:a i byi 207 <g: (5.8)
Proof. With M = QK *(Sp(n); Z=2)=im( ?) in 5.1b, we have, using5.4,M=2 = x; :
iodd,1 i niand (x;) X3+ modH (which we will useto meanmod terms
with larger subscripts). Thus coker( jM=2) hx;i and ker( jM=2) = hx,, i.
Let S, =fi: [5]+1 i ngandfore OletS,(e)="fi2S,: (i)= e
By 5.3, M hxi : 1 2 Shi. Let My(e) = Ix; : i 2 Sy(e)i. Then induces

automorphismsof eatt M(€) given by (Xzey)  Xo2equszy Mod H, with u odd, and
so, similarly to the previous paragraph

ker( jM;) hx; : 1 maximal in someS; (e)i
and
coker( jM,)  hx; : i minimal in someS, (e)i:
|

This result is, for all intents and purposes,dual to [11, 1.8]. We illustrate with
the casen = 10, which is depictedin [11, 1.13]. Columns 2 and 4 (resp. 3) in [11,
1.13] correspnd to E§;2b+1(Sp(1O)) with s+ b odd (resp. even), as can be seenby
comparisonwith [11, 1.7]. The boundary pattern from u to (u  2)%in [11, 1.13]is
dual to our formula for mod H in M=2, and the elemens 1 and 9° that survive
correspnd to our hx;i and hx,, i. Note that the computations should be dual, since
[11] is depicting E,, while we are computing EJ .

The comparisonof our jM, with the boundariesin [11, 1.13]is complicatedslightly
by dierent ways of ltering elemens in the two approathes. The two approathes
would agreeif the elemens in 5, and 6°in [11, 1.13]were interchanged,and alsothe

elemens 7, and 1. If this changewere made, then the bottom part of columns 2
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and 3 of [11, 1.13]would be

6. 10,
7 %
8 6,
o 7,
1 8,

which is dual to our jM,.

As in [11, 1.14], we concludethat the number of eta-towers in E3?*™*(Sp(n)) is
1+ [log,(4n=3)], for either parity of s+ .

Now we perform a similar analysisfor Spin(2n + 1).
Prop osition 5.9. QK 1(Spin(2n + 1);Z=2) hashasisfx;::: ;X, 1;Dg, with 2(x;)
and 3(x;) asin QK(Sp(n 1);Z=2), ?(D)= x, 1, and 3(D) = D.

Proof. By [8, pf of 3.1], there is an Adams-malule morphism

QK*(Sp(n)) ! QK*(Spin(2n + 1));
and by [8, 3.10] QK }(Spin(2n + 1)) hasintegral basisf 1;:::; , 1;Dg, where ; =
(i) and
X 1 X K
2n+1D = ( 1)n+1 (n)+ ( 1)k+l K 2n_+1 .

=1 o (5.10)

Reducemod 2 and changeto the basisf x;g of 5.4. The mod 2 reduction of (5.10) is
0= (n)+x n 2 ?;
j>0
i.e., (Xn) = 0. Thusif, fori < n, X(x;) = Pjn:1 iX; in QK1(Sp(n); Z=2), where
coecients ; are asin 5.4, then, applying , we obtain ¥(x;) = PJ-”zll i Xj in
QK (Spin(2n + 1); Z=2), which is exactly the formula in QK }(Sp(n  1);Z=2).
By [8, (3.20)] we obtain the integral formula

X X .
D)= (¢ 27, +2'D: (5.11)
k<n t 0



PERIODIC HOMOTOPY GROUPS OF SO(N) 39

Reduction mod 2 yields

X X X
Z(D) n 12 in+2lt n 1 2i nil = Xp 1.
i 0 t o i 0 (5.12)
The middle congruencehere is obtained by considerationof (1 + x) 2(1 + x)"*! =

1+ x)" L
An equationwhich appearsin [8] just after (4.10) says that

X 1 X
3(D) - %(22n+1 + 1)D + 2n ( 1)k K 2n+1

n 1k 3t°?

k=1 t o (5.13)
which reducesmod 2to 3(D) D. M

From this we obtain the following description of the eta-towersfor Spin(2n + 1).
Prop osition 5.14. For X = Spin(2n + 1), the split SES'sof 5.1b become

0! mxy;Di! EF®*(Spin2n+ 1))* ' K[[&n 1]! 0
if s+ bis odd, and
0! C[[&n 1]! EF**(Spin2n+ 1)) ! m, ;Di! 0

if s+ bis even. Here n is the largestodd integer satisfyingn < n 1, while
K[[3;n 1]andC[[3];n 1]areasin (5.7) and(5.8). If n= 2a+ 1is odd, then x,
shouldbe replaed by x, + D in C[[5];n 1] If n= 2°+ 1, then X, shouldbe replacd
by Xa+ D in K[[5];n  1].

The numter of eta-towersin E5?"* (Spin(2n+ 1)) is 2+ [log,(4(n 1)=3)+ ¢ 1.1,
where is the Kronecker delta and (m) denotesthe numler of 1's in the binary
exmnsion of m.

Proof. With M = QK (Spin(2n+ 1); Z=2)=im( 2) in 5.1b,we have, using5.9,M=2 =
D;xj:iodd;1 i<n 1l and (x;) = Xi+» and (D) = 0. Thus coker( jM=2)
hx,; Di and ker( jM=2) = Ix, ;Di.

Let S, =fi:[5] i n 1lgand,fore O,letSy(e)="fi2S,: (i)=eg
By 5.3,M, m%: i 2 S,i, wherex?= x; unlessn = 2a+ landi = a, in which
casex?= x; + D. Let My(e) = x?: i 2 S,(e)i. Then inducesautomorphismsof
eah M,(e) givenby (x%,) = xge(u+2) mod H, and sothe result follows similarly to
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the proof of 5.6. If n = 2a+ 1, then a is maximal in someS,(e) if and only if ais a
2-power.

One way to make the assertedcourt of the number of eta-towersis by comparison
with Sp(n  1). The number of eta-towersis 2 plus the number of valuesof e which
occuras (i) for somei 2 [[3];n 1], whereasit was showvn in [11, 1.14]that the
number of valuesof (i) in [[”Tl] + 1;n  1]is[log,(4(n 1)=3)]. The two intervals
are the sameif n is even, while if n = 2a+ 1, the interval consideredhere contains a
as an additional elemen. This a will give an additional value of ( ) if and only if
it isa2-powver. B

The above result can alsobe deducedfrom 11.3.

The following result will be usefulfor Spin(4a), in which = 1, but lessuseful
for Spin(da+ 2).
Prop osition 5.15. QK 1(Spin(2n); Z=2) hasbasisfxi;:::aX, 2;D+;D gwith 2x;
. <D if neven

d 3x S 2), %D )= ,and 3(D )=
an X; asin Sp(n ), “(D )= X, 2, an (D) ‘D ifnodd.
Proof. The group and much of the information about * follows from (4.8) and 5.9.
The obsenation in the proof of 4.9 about invariants impliesthat D, D cannot
appearin X(x;). The formula for X(D ) followsfrom (4.21), (5.12),and (5.13). H

The following result together with 5.14 givesthe eta-towersfor Spin(4a).
Prop osition 5.16. If n is even,and s > 2 (or s = 2 and b even), then there is a
short exactsequene

0! Z, Z,! ES*(Spin@n)* ! ES*(Spin2n 1)* ! 0
whete the two classesn the kernelare both D, + D , onein the ker-part and onein
the coker-part in 5.1b.

Proof. One way of interpreting this result is to rst note that the SES(4.8) remains
short exact after modding out by im( ?), and hence,by 5.1a, inducesan exact se-
quence

IOESPY(S™ W 1 ESP(Spin@n))* | ES*(Spin@2n  1))*

I E§+1;2b+1 (SZn 1)# I
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This exactnessalso follows from 2.2 and 2.3. We are, in e ect, claimingthat =0
whenn is even, sothat this sequencas short exact.

The direct computation for Spin(2n) is extremely similar to the proof of 5.14,
performedfor Spin(2n 1). The M =2-part, comprisingthe rst paragraph,is changed
only by replacing D by both D, and D . The M,-part, comprising the second
paragraph,hasanextraD., + D in My, and it appearsin both ker( ) and coker( ).
[

For Spin(2n) with nodd, '6 1andso5.1bdoesnot apply. The generalization
is given by [9, 3.8], which statesthat there is a short exact sequence
0! coler( ;jQs+p) ! E3?(Spin(2n))* I ker( 5jQssp 1) ! O;
(5.17)

where
_ker(( ()™ HiM)

O T im@+ ( DT HiM)
with M = QK (Spin(2n))=im( ?), and , = 2 3° For this, we needmore than
just mod-2 K -theory.
We useintegral classesx; which reducemod 2 to the classes; of Proposition 5.4,
and satisfy the samerestriction formula as x;. By [8, 3.4], these classesmust be
de ned by

K1 . : .
xi= (i 4 ar (5.18)
j=0
Prop osition 5.19. If nis odd, QK (Spin(2n)) hashasisfxXi;:::;X, 2;D+;D gwith
1(Xi) = X, 1(D )= D ,

8
X 2 < o
(%) = yx+ ;2" (D, +D )with ,; o9 1=2
j=1 o -even | 6 2
X 2 <= | =
2(D+) = iij Xj + 2" 1D+ with i . 1 J : 2
i=1 even j6n 2
D, D) = 22D, D) (5.20)

Proof. The basiswas derived in 4.1 and 4.9, and (5.20) is just (4.2). The mod 2
reduction of the coe cients is immediate from 5.15. That the D -part of ?2(X;)
involvesonly D, + D is in the proof of 4.9. That the coecient of D, + D in



42 BENDERSKY AND DAVIS

2(x;) is divisible by 2" ! is a consequencef (4.8) and the fact that the coe cient
of D in 2( ;) in QK(Spin(2n 1)) is divisible by 2". This \fact" follows from [8,
3.10],which says that in QK }(Spin(2n 1)) we have

K 2
n1=( 2D+ g (5.21)
j=1

The algorithm for 2 ; beginsby expressingt as », andif 2i > n 1, then relations
idertical to S; of Proposition 4.1 are usedto expressead ; in terms of lower 's
until it getsdownto 4;:::; . 1, andthen (5.21)is usedto eliminate , ;, obtaining
a coe cient of D divisible by 2".

That the coe cients of D, and D in ?(D.) are 2" ! and 0, respectively, was
derived in (4.17). Finally, that the coe cient of X, , is 1 follows from (5.11) and
the argumert in the proof of 4.9. W

Now we can obtain our nal result erumerating eta-towers.

Prop osition 5.22. If nis odd and s > 2, then the morphism
ES® (Spin2n)* 1 ES®(Spin2n 1))

satis es 8
“hx, », 2" 'D.,i if s+ beven
-0 if s+ bodd
and 8
“Ix, 4;Di if s+ beven
< H# n 4,
coler(i™) . 1p; if s+ b odd.

ker(i*) =

Thus, when n is odd, the number of eta-towersin Spin(2n) is 1 lessthan that in
Spin(2n 1), which was determinedin 5.14.

Proof. We use(5.17) and begin by determining the groups Q.. We obtain that Qg
hasgeneratorsx; for1 i n 2,D,+ D ,and2" D, with relations 2x; if i is
odd, x; if i isewen,D, + D , and X, ,+ 2" 'D,. The quotient Q.q is a Z,-vector
spacewith basisfx; : iodd,1 i n 4 X, » 2" 'D,g. Similarly, we nd that
Qev IS a Z,-vector spacewith basisf% 2(x;) : [5] i n 2g9. Weuse5.3to think
of this  3-module ashXp=z;::: ; Xn 2i.
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Similarly to our previouscases, = 3 1satises (Xe) Xzeu+2) mod H, if u
is odd. Thus (5.17) becomes

0! hi! EF*™(Spinn)* ! K[[&Ln 2]! 0
if s+ bis odd, and
0! C[[an 2]! E3®*(Spin@2n)* ! M, , 2" D.i! 0

if s+ bis even. The morphismi# of the proposition sendsthe K[ ; ]JandC[ ; ]
parts bijectively, and also x; maps across. This, with 5.14, yields the claim. Note
that n becomesn 4here. H

6. d; on eta to wers

Since * = 0in homotopy, ds-di erentials must annihilate all eta-towers, exceptfor
a few elemerts at the bottom of the target tower. In this section, we determine the
ds-di erential on the eta towers.

The group (X ) of eta-towerspassingthrough ES** "1 (X ) (s > 2) wasde ned in
De nition 1.5. Note that d3 isahomomorphismfrom ;(X)to ; »(X). Ascustomary
with Adams-type spectral sequenceharts, we placeE>" in position (x;y) = (t s;s),
sothat (assumingcorvergence) ;(X) hasassaiated gradedE ' *'. Then ;(X) isa
tower of elemens whoseposition satisesx y= 2i + 1.

It will be corveniert to classifythe eta-towersdeterminedin Section5 as\unstable”
or \stable" depending upon whether or not they are of the form 2(x)=2. Thus the
unstable classesn Spin(n) comefrom M, if n 6 2 mod 4, and from Qe, if N 2
mod 4. We will abbreviate ;(Spin(n)) as (n). We tabulate the elemeis found in
Propositions 5.14,5.16,and 5.22in the following table.
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Table 6.1. This table descriles all eta towers.

i(4a 2) i(4a 1) i(4a) i(4a+ 1)
i even, X2a 3 X2a 3 X2a 3 X2a 3
stable D D.,; D, D D
leven, |Cla 1;2a 3]|Cla 1;2a 2]|Cla 1l1;,2a 2]|C[a;2a 1]
unstable D, D
i odd, X1 X1 X1 X1
stable D D.,; D, D D
lodd, |[K[a 1;2a 3]|K[a 1;2a 2] K[a 1,2a 2]|K[a;2a 1]
unstable D, D

Now we can state the main theorem of this section.

Theorem 6.2. For the eta towersas descrited in Table6.1,
d;: i(4a+ )!  (4a+ ); with 2 1
sendsthe following eta towers nontrivial ly to eta towerswith the samename.
I even,stable:
Xoq 3 if i 0Omad 4;
D,Ds,Dy D ifi 2ama4;
I even,unstable:
all classesf i 0 mad 4;
i odd, stable:
Xy ifi  1mad 4,
D,D,,Ds D ifi 2a+ 1mad4;
i odd, unstable:
all classesf i 3 mad 4.

This theoremwill be proved by comparingwith known ds's in the BTSS of spheres.
It is immediate from 2.2, 2.3, 2.5, and 2.10.ithat there are exact sequences
I ESYSpin@2n 1)) ' ESYSpin@n)) A ESYS™ 1) 1 ESTYSpin2n  1))!

(6.3)
and
I ESYH (S 1 ESY(Spin(2n)) ! ES'(Spin(2n + 1)) ! ESTY(S) 1
(6.4)

in which all morphismsrespect di erentials in the BTSS.
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The behavior of d; in the BTSS of the odd spheresis stated in 6.5. In [12], it was

showvn that the BTSS for odd spheresagreeswith the v;-periodic UNSS, which was
computedin [5] and alsodescriked in [7, p.488].
Prop osition 6.5. The groups ;(S**') equal Z, Z, with one tower beginning in
Itr ation 1 and called stable,and the other tower beginning in Itr ation 2 and called
unstable. (The lowestclassin eachtower may haveorder greater than 2.) The stable
towers map to one another under doublesusgnsion, while the unstabletowers map
to 0 under doublesusgnsion (exaept perhapson their lowestclass). The di er ential
dz: (S™1) 1, ,(S?*1) is nonzeo in the following cases:

n i type i mod 4
ev ev stable n+ 2
ev ev unstable 0
ev od stable n+ 1
ev od unstable 1
od ev stable n+1
od ev unstable 0
od od stable n+ 2
od od unstable 3

As for the even sphereswe have the following.

Prop osition 6.6. In the EHP sequene

TOESY(s™ Y FOESUR(S™M) T OESY(s™h T OEST(S™ Y

(6.7)

of [4,5.4] and [6, 7.1(ii))], the homomorphismP is 0 on eta-towersif n is even,while
if n is odd, P sendsthe stableeta-towersof S*" ! to the unstableeta-towersof S 1,
and sendsthe unstableeta-towersof S*" ! to 0. The ds-di er entials on the eta-towers
of S?" agree with thoseof S*" ! (excludingthe stableoneswhenn is odd) and S *
(excludingthe unstableoneswhenn is odd) in (6.7).

Proof. We usethe determination of v, *  (S?") givenin [26]. For a pair of eta towers
in an odd spherewith d;(A) = B, the bottom few elemerts in the eta-tower B survive
to periodic homotopy classegepreseted from the classicalAdams spectral sequence
viewpoint utilized in [26] by classexonnectedby diagonallinesnearthe top or bottom
of vertical towerssud asthat pictured belon. The onesat the top are stable and the
onesat the bottom are unstable.
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The exact sequenceg(6.7) is depicted (for S | S, which is represemativ e of
any odd value of n) on the left side of [26, p.233]. The boundary P from the stable
classeson the large sphereto the unstable classeson the large sphereis appareri.
Similarly, the left diagram on [26, p.235] shows that the boundary morphism P is O
on etatowerswhenn isevenin (6.7). N

Proof of Theorem 6.2. Case 1: X;.

The classesx; are, of course,compatible under restriction. They pull badk to
Spin(7), and the bottom of the target eta-tower survivesto give the Z,'s in g (Spin)
and g1 (Spin).® One way to seethe di erential in Spin(7) is to usethe 2-primary
splitting Spin(7) ' G, S’ to seethat the two eta towersin o4(Spin(7)) which
emanate from ltration 1 both have d; : {(Spin(7)) ! i 2(Spin(7)) nonzero for
i 1mod 4. The splitting cited herewas proved in [35, 9.1], while the claims about
d; in G, and S’ were proved, respectively, in [9, 4.8] and referenceited just before
6.5.

Case 2. D, D in ;(4a).
Dualizing the exact sequencen the proof of 5.16, we obtain that the four families
of eta towersin Spin(4a) dualto D. D map isomorphically to the eta towers of

5This statemert seemsslightly inconsistert with the result of [27], which stated
that theseZ,'s pull badk to Spin(6). The causeof the apparernt discrepancyis that
X1 is in the imageof o4(Spin(6)) °1 ' od (Spin(7)), but it hasa di erent namein
Spin(6). This seemsto be related to the anomaly for the 1-line group of Spin(6)
discussedn Proposition 4.33. To seethis, we let M, = QK 1(Spin(n))=im( ?2) and
QM) = ker(1+ 1=im(1 1Y on M. Then the above morphism q4(i) is dual
to Q(M7) ! Q(Ms). (Actually it is dual to coker( * 1) applied to thesemodules,
but 3 1turns out to be 0 here.) We nd that Q(M;) mx1;D : 2x3;2Di and
Q(Myg) is the subspaceof hx1; D+ ;D :2x31;X; 4D, ;D+ + D i generatedby x;
and 2(D. D ), and the morphism sendsx; 7! x; and D 7! D, + D . The
generator of Q(Mg) is most naturally thought of as2(D. D ), but the relations
make it equivalert to x;.
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S% 1. The pattern of ds;-di erentials on thesetowersin Spin(4a) must be the same
asin S* 1 which wasgivenin 6.5, with n of 6.5replacedby 2a 1.

Case 3: D in j(4a+ 1).

We use the exact sequencg(6.3) with n = 2a+ 1 andt = 2b+ 1. For either
parity of s+ b, the elemen D 2 E5?*"* (Spin(4a+ 1))* is obtained from Q = ker(1 +

H=im(1 1). In oneparity, it isasanelemen ofker(( 2 1)jQ), andin the other
asan elemen of coker(( 3 1)jQ). In either case, # (D) in E5?*"* (S%*1) s obtained
by pulling D bak to D, 2 QK (Spin(4a+ 2))=im( 2), applying 1+ 1! to that,
obtainingD. D , andpulling that bad to anelemen in PK 1(S**1)=im( 2), which
will bein ker(1 1). This elemen canbe chosento bethe generatorof PK 1(S%*1),
Thus #(D) = g, and dually we obtain that sendsthe dual class,that we are also
calling D, to the stable classin E3? (S%*1). Thus, for D 2 s 1(Spin(4a+ 1)),
ds3(D) is nonzeroif and only if ds is nonzeroon the stable classof , ¢(S%*), and
from 6.5 we seethat this happensifb s 1 2aor2a+ 1mod 4.

Case 4: D, in j(4a), andD in (4a 1).

The morphisms (4a 1)! (4a)! {(4a+ 1) aredualto
PK L(Spin(4a+1)) =(2; 2) ' PKY(Spin(a)=(2; 2) P PK(Spin(4a 1))=2; ):
Thesesatisfy i,(D) = D, + D andiy(D ) = D. Thus d; on the D. -towers in
Spin(4a) agreeswith that on the D towersin Spin(4a+ 1), and (sinceD., + D
D. D mod2)d;onthe D-towersin Spin(4a 1) agreeswith that onthe (D, D )-
towersin Spin(4a).
Case 5: All classey, 3.

We usethe exactsequencé6.3) with n = 2a 1andt = 2b+ 1. In QK }(Spin(4a
2))=im( %1 1), we have X2 3 2% °D,  p (2* °g), using 5.19 and (2.4).
Since2?® 3g generatesker(1+  1)jQK 1(S* 3)=im( ?), we deducethat

ker( jQoa(S*™ %)) 1 ker( jQoa(Spin(4a 2)))

sends2?? 3gto X.a 3. Then(5.17)saysthat dually p : & (Spin(4a 2))! o (S* 3)
sendsthe classwe call x,, 3 to the unstable class. Now the fact that ds is nonzero
on the unstable classin {(S* 3) if i 0 mod 4 implies the samefor X,;, 3 Iin
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i(Spin(4a 2)). That d; behavesin the sameway on x,, 3 in Spin(4a 1), Spin(4a),
and Spin(4a + 1) follows by naturality.
Case 6: All elemessin C[ ; JandK][ ; ].
Using Proposition 6.6, the sequence$6.4) and (6.7) conbine to
! (s %) f(S® ) (Spin(da 2) (6.8)
T i(Spinda 1)1 S (S™ %) (SR o)1
wherest and un refer to stable and unstable classesrespectively, and
! (S® 1) a(S® )L i(Spin(4a)) (6.9)
i;!4a i(Spin(4a+ 1)) I : 1(S4a 1) i(SBa 1) I
The morphisms .4, in the above exact sequencesire closelyrelated to natural
morphisms@i;4a and K, de ned usingDe nitions 5.8and5.7.
Denition 6.10. Let C43 » = Cla 1;2a 3]and C4yy = Cla 1;2a 2], and
@i;zb : Cop! Con the morphismobtained from (2b)! (2b+ 2) in Table6.1.

Make a similar de nition with all C's replacedby K's. Note that @i;Zb does not
dependupon the valueof i, but we will needto keeptrack of the valueofi asit relates
to i( ). The exactsequence$s.8) and (6.9) canbeinterpreted asthe following short
exact sequenceswhich presenre ds-di erentials. Hereds; and dy, referto D, D
in Table 6.1 in stable and unstable boxes. The value of i ass&iated to the elemens
D and d agreeswith that of the accomparying (co)ker(® or K).

0! i coker(Ras1ua 2) ! SH(S® 3 W..(S% 51 ke(®yuua 2)! O
(6.11)

0! i coker(®yu 2)! 5 (S® 3 9(S® 51 ken(Ra 14a 2)! O
(6.12)

0! COI@I’(K 2k+1 ;4a) ! 2k(S4a 1) 2k+1 (SBa l) ! Iﬂ:st; duni ker(®2k;4a) 0
(6.13)

0! coker(®y)! 2 1(S® Y A(S® Y ! hdgidini  ker(Ra 140)! O
(6.14)
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The ds-di erentials on the eta-towersin the spheresnveretabulated in Theorem®6.5.
The ds-di erentials on the classed in (6.11) and (6.12) were establishedin Case4,
and the ds-di erentials on the classesls; and dy, in (6.13) and (6.14) were established
in Case2. In the short exact sequence$6.11){(6.14), the classedD and d will have
to match up with classesn sphereswith agreeingds;. Then d; on (co)ker(® or K)
must agreewith that on the remaining classesn the spheres.

For example,for the classD in (6.11),d3(D) 6 0if 2k + 1 2a+ 1 mod 4. Also,
in 5H(S* 3),d; 6 0if 2k 2amod 4, whilein 4,,(S% °), d; 6 0if 2k +1 3
mod 4. Although this may not always imply that the D-classmapsto the stableclass
on S*® 3 (6.11) doesimply that coker(K o142 2) ker(@2k;4a ») doeshave just one
nonzeroelemet, and d; is nonzerooniti 2k+ 1 3 mod 4. This yieldsthe rst of
the four casesof Proposition 6.15.

As another example,in (6.13) the dy; and dy, have d3 6 0 when2k 2a and O,
asdo the two classesn (S* 1), while the two in 1 (S% 1) have d; 6 0 when
2k+1 da+land3;i.e., 2k 0;2,all mod4. This yieldsthe third caseof 6.15. The
secondand fourth casedollow similarly from (6.12) and (6.13), respectively, yielding
the following result.

Prop osition 6.15. For = 0or 2, let z denotean elementon which dsz is nonzeo
if 2k mod 4. Then

coler(R ys14a 2)  keN(Cucsa 2) heoi

coler(Caaa 2)  ker(Rac 14a 2) heol
coker(R ye1:4a)  ker(Caaa) heo; Z,i
coler(Casa)  ker(Roc 1.4a) heo; Zoi

Supposenow that x; 2 C[ ; ] i(n). We will show in Proposition 6.16that X;
is in the appropriate C[ ; ] groupsfor an interval of valuesof n. At the beginning
of that interval, it is in some coler(@i;zt,), and at the end of the interval, it is in
someker(@i;zbo). We will seein Corollary 6.17 that at least one of theseis of the
rst, second,or fourth type in Proposition 6.15, for which ds is determined by the
proposition, and, indeed, is shovn to be nonzerowhen i 0 mod 4, as claimed.
The samebehavior (d;(x;) 6 Oif i 0 mod 4) for all n in this interval follows by
naturality. A similar argumert will be performedfor elemens of K[ ; ].
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The following proposition refersto the notation establishedin De nition 6.10.

Prop osition 6.16.

< o g o » )
Xi2Kayp i j+2 b _?J+2_ !fjl!saZpower
Cj+ 20+ 1 if j is not a 2-power.
8
. ) . _ <i i = oe 3 o
X 2Cyp i f(j) b 2 +2 wheef(j)= J*+2 It or

22 2W*2 + 3 otherwise.

Proof. This follows easily from the de nitions. We illustrate with x; 2 Cy, whenj is
not 2° or 3 2°.

Chsa = h:j i 2jandi 207 <jj

Caee = M:j+1 i 2ZJ+2landi 2O <j+1i
Clearly x; isin C4j+4 and not in Cyj 6.
Cy oarasg = b j 207 i 20 202 andi 207 <j 207
Cy oairasg = I j 20 +1 25 20024

andi 2@ < 20 4 g
Clearly X; 62C4 5 ()3 +4, While X; 2 Cy s ams s i ] = 22+ A 221 with 2A 3,
which is true sincej 6 2° or 3 2°. The samesort of argumert shaws that X; is in
C,p for intermediate valuesof b, i.e. between2j 2 )2 + 3and2j +2. W

From this, we canread o the following corollary.

Corollary 6.17. (1) x; 2 coker(Ki.z+2) if j is even;
(2) x; 2 ker(K.5+6) if j is odd;
(3) x; 2 coker(®;.5.5) if j = 2° or 3 25;
(4) x; 2 coker(C 4.4 o) if j 6 22 0r3 2

Proof. Just use Proposition 6.16. For example,if j 6 2° or 3 2% then x; 2
C2(2j +3 2 ()2 but Xj 62C2(2j +2 2 (12 [ |
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Case6 now follows from Corollary 6.17 and Proposition 6.15. Indeed, if X; is asin
Corollary 6.17.1,then it is of the rst typein Proposition 6.15with i = 2k+ 1, and so
ds(x;) 6 0i i 3mod4. If x; isasin 6.17.2,then it is of the fourth typein 6.15with
i =2k 1,andagainds(xj) 6 0i i 3 mod 4. Sincethesetwo casescompriseall
valuesof j, we nd that for all j there existsn sud that x; 2 K[ ; ] i (Spin(n))
hasds(xj) 6 O0i i 3 mod 4, and by naturality this holds for all valuesof n for
which x; 2 K[ ; ] i(Spin(n)).

Similarly, if x; is asin 6.17.3,then it is of the secondtype in 6.15with i = 2k, and
sods(xj) 6 0i i Omod 4, whileif x; isasin 6.17.4,then it is of the fourth typein
6.15,and the sameconclusionfollows. Sincethesetwo typescompriseall valuesof j,
we concludeby naturality that whenewer x; 2 C[ ; ] i(Spin(n)), then ds(x;) 6 O
i i O0mod 4.

This completesthe proof of Theorem6.2. N

7. Fine tuning

In this section, we determine the ds-di erential on the 1-line and most of the
extensions(exotic multiplication by 2) in the BTSS of Spin(N). For the most part,
we are carrying out proofs of results stated in Section3. This section also cortains
an important result, 7.2, regardingcomputing h; on the 1-line.

We beginwith the caseN = 8a 1, wherethe results were stated in 1.4.

Proof of 1.4.2. Becauseboth d; : EZ%*> 1 E3®*" and h, : E;®%" 1 EJ®* are
bijective, it is equivalert to prove that for Spin(8a 1), h, : ES®*3 1 E2Z%* s
nonzeroon both summands. We use the isomorphism of E, with Ext, of 5.1.a.
Letting X = Spin(8a 1) and N = (QK (X )=im( ?2))#, we obtain, similarly to [9,
3.6], a comnutativ e diagram of exact sequences

0 I EX3(X) 1N N

? 2 2 2

3 3 3 3

y hy %y %y

. . (7.2)
2;8k+5 — —
N, | Np ! EZ®(x) 1 N=2 1 N=2
Here N, = ker(2jN) and = 3 3% The eect of h; on elemens of E3(X)

correspnding to elemens of ker( # jN) which are not divisible by 2 in N is clear
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from the diagram. Howe\er, for other elemeints we needthe following result, which
we prove after completing the proof of 1.4.2. Another approad to this result, with
various extensionsof the formula, is givenin Theoremsl11l.5and 11.18.

Prop osition 7.2. In (7.1), if x 2 ker( ,)\ ker( #), thenthe correspnding elementof
Ei(X) satises h; x = #(x=2), whichis wel-de ned as an elementof coker( #jN,).

Note that this x=2 is not an elemen of N,; it isin N.

Now diagram chasing on (7.1) implies that h; is injective on E§;8"+3 (X)=2, as
desired. Indeed, supposeh; x = 0. Then x correspndsto an elemem x 2 N
satisfying #(x) = 0 and x = 2y. By Proposition 7.2, h; x = #(y) consideredas
an elemen of coker( #jN,). Sincethis is assumedo be 0, we deduce # (y) = #(2)
with 2z = 0. Theny z 2 ker( #) and soit pulls bad to an elemen y°2 EX®*3(X)
satisfying 2y°= x. Hencex = 02 E3*"(X)=2. m

Proof of Proposition 7.2. Using the exact sequencen A of [9, after 3.3],
0! uMm) !t um) ¥ M1 o
(7.1) is, with M = QK (X)=im( 2), S= QK 1(S&*3) and S°= QK 1(S&*5),
I ExtR (UM);S) I Exta(M;S) "1 Exti(U(M);S) !
5 3 5

hl)-’f hl)-’f hl)-’f 7.3
I Exti(UM);S) 1 Ext2(M;S9)  P1 Ext2(U(M);S9 3

Here the vertical maps are Yonedaproduct with an elemen h; 2 Exta(S;S9 de-
scribedin [9, 3.6]. Also, U : GInv! A is left adjoint to the forgetful functor, where
Gl nv denotesthe category of 2-pro nite abelian groups with involution 1, asin
[9, x3]. The existenceof U, its adjointnessand exactnessand the fundamertal SES
above all follow by Pontrjagin duality from the analogousresults for the functor U in
[18, pp 145-6]. Here we usethat GI nv is Pontrjagin dual to the category of 2-torsion
abelian groupswith involution, and our category A of stable 2-adic Adams modules
is dual to the categoryof stable 2-torsion Adams modules,asnoted in [15,10.2]. The
properties proved for U restrict to properties on the 2-torsion subcategorieswhich
dualizeto the properties of U that we need. For example,using results of [9, x3], we
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have
Exti(UM);SY  Extd,(M;S)  Extl,(Z5:M*) M*=2
If ' PL ! Pp!' M ! Q0is a projective resolution in Gl nv, then !

UP) ! UPy)! UM)! O0isaprojectiveresolutionin A. This is true becauseof
the left adjointnessand exactnessof U.

If I P! Pp! M ! O0is a projective resolutionin A, then it is also a
projective resolutionin Gl nv. This is true becausefree objects in A are alsofreein
Gl nv, and a module is projective i it is a direct summandof a free module.

Combining these, we obtain that if I P! P! M I O0is a projective
resolutionin A, then there is a SESof projective resolutionsin A

2 2 2
2 2 2
? ? ?
y y y

0 ! UPy) ! uUuPy R 1o
o o 2
? ? ?
y y y

0 ! UPo) ! UPy) "t By ! 0
2 2 2
? ? ?
y y y

0 L umwm) ! um) oM I 0
2 2 2
? ? ?
y y y
0 0 0

which yieldsthe exactsequencesf (7.3) in the usualway. In particular, the following
derived diagram of SESswill be usefulto us.

0 ! Homa(Py;S9 P! Homa(U(Py);S) ! Homa(Y(Py);S) ! 0
2 ? ?
¢ ¢y ¢y
o ! HomAng; S9  P1 Homa(U(P,);S9 I Homa(U(P2);S9 I 0
2 é é (7.4)
h1% h1% hid
0 ! Homa(Pi;S) P! Homa(U(P.);S) I Homa (U(P,);S) 0

Let X 2 Ext;(M;S) in (7.3) map to the givenelemen x 2 ker( )\ ker(h;), and let
Z 2 Homy (P4;S) and z 2 Hom, (U(P,); S) be represetativ e cycleswith p (z) = z.
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Then, by the de nition of © {y) = hy(X) in (7.3) if and only if in (7.4) there is
w 2 Homa (U(P,); SY sudh that  (w) represets y andd (w) = p hy(z). Proposition
7.5 belowv will imply Proposition 7.2, sincewe have

p hiz=hpz=hyz=d (v(z=2));

and sow = v(z=2) works and hence ¥ (v(z=2))g= h;x. W

Prop osition 7.5. If ! F, T Fi! Fo! M Ois part of a free resolutionin A,
there are natural isomorphisms

Homa(F1;S) Y Homa(F1;S9
satisfying d,(v(2)) = 2hsz.

Proof. A free object of A is of the form N, where is a freeobject in A on one
generatorasin [9, 2.2],and N is a free K -module. This is a free K -module on
elemerts  with k odd and positive, with ¥ ; = . There are isomorphismsfor all
K -modulesN and A-objects L

Homg (N;L) ! Homa( N;L)

dened by ( )(« n) = ¥ (n). Notethat ! is just given by restricting to
1 N. The morphismyv is the composite

Homa( N:S) ! Homg (N:S) ' Homg (N:S% ! Homa( N;S9:

wherej : S! SClis the identity map of Z,. Recall that S = QK (S?™*!) and
S0= QK 1(S2m*3), wherem = 4k + 1.

Naturality for A-morphismsf : Nq! N, followssince,for 2 Homg (N5;9S),
both vf andf v send ( ) to the elemen of Homy ( N1;S9 which sendsx to
P ma . _ P

aki" (M) iff(x)=" ¢« ni

To de ne hy, we usethe resolution of S which begins
d;

0 S = Cy =Cy
with () = k™anddy( x )= k ™M k. SinceExt;(S;SY = Z=2, its nonzero
elemen h, satises 2h; = ° dy, where °: | SCis the generator, satisfying

A ) = k™1, Notethat Adi( « ) = Kk™I"M(C 1)isewen.
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If 2 Homa (Fy;S) is a cocycle,then h,f g is the classof h; ; in the diagram
dz

B1 B2
2 2
)?, 0 ; 1
S Cc * G
?2
SO
Let F1 = R with R = ker(Fg! M). Then (¢ r)=k™ (r)and o(x r)=

(r) k. By the de nition of v and ° we have

V(k =k ()= %(« 1)
Thus
dy(v( ) = %o = %y 1= 2h; ;= 20 g
asdesired. H

The following proof is easier.

Proof of 1.4.1. At rst glance,this seemsobvious from Diagram 1.3, using the pic-
tured -action and ds from the 2-line. Howewer, what we must rule out is that one
of the Z,'s in EZ%** (labeled 1 or D) supports a nonzerods-di erential into the log-
classesThe classx; is in the imagefrom E2®** (Spin(7)), whereit doesnot support
adi erential, and henceds(x;) = 0in Spin(8a 1). The D-classin Spin(8a+ 1) maps
to 0 in Spin(8a + 3), while the log-classesnject. Thus there can be no di erential
from D to a log classin Spin(8a + 1).

The D-classand log-classesn Spin(8a 1) inject into Spin(8a). Then D 7! 0 in
Spin(8a + 1) (seeb.1), while all but one of the log classeqx4, 3) map acrossto log
classesn Spin(8a+ 1). The only possibledi erential involving D in Spin(8a) and
Spin(8a 1) is to have d3(D) = X4a 3. However, D in E3%* (Spin(8a)) is in the
image from E2®* (S8 1) in (6.4), and ds on this classin BTSS(S® 1) is 0. Hence

the sameis true on D in BTSS(Spin(8a)) and BTSS(SpinBa 1)). N

Now we settle the extensionquestionsin the BTSS of Spin(8a  1).
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Proof of Proposition 1.4.3. The groups C; in E3®*3(Spin(n)) inject as n increases

and the classesx; all correspnd as n increasesfrom 7. Thus it su ces to verify
the nontrivial extensionin the BTSS of Spin(7). Localizedat 2, Spin(7)' G, S’.
By [9, 4.8], the BTSS of G, hasa nortrivial extensionfrom Itration 1 to Itration
3 in dimension 8k + 2, and by [7, p.488], the sameis true of S’. Analysis of the
short exact sequenceén QK () for the bration G,! Spin(7)! S’ shavsthat the
Ci-summandin E;%*3(Spin(7)) and the x;-summandin E3®*®(Spin(7)) are both
in the imagefrom E»(G,), and sothe extensionin Spin(7) follows from that in G,.
The extensionfrom the Z=8 to the classD follows from an analysisof
ES'(SpinBa 1)) T ESY(Spin(8a)) f ES'(Spin(8a+ 1)):

(7.6)

If s=1,t= 8k+ 3,then from 3.17,(7.6) is (ignoring C;-summands)
z=8 * z=8 z=8 ' Z=8;

with i3 injecting to the rst summand, and i, sendingjust the secondsummand

across.From Table 6.1 and the analysissurroundingit, if s= 3andt = 8k + 5, (7.6)
is, on stable classesand ignoring the x-class,

Z, * z, Z, " Z,

with i3 mapping to the rst summand, and i, sendingjust the secondsummand
across.We wish to show that the rst (resp. second)summandin Ezl;8k+3 (Spin(8a))
hasa nontrivial extensioninto the rst (resp. second)summandong‘;8k+5 (Spin(8a)),
for then the extensionin Spin(8a 1) (resp. Spin(8a + 1)) follows by naturality.

For the secondsummand,we use(6.3) with n = 4a. The summandsof concernmap
isomorphicallyto E,(S% 1), and the extensionthere is known. (See,e.qg.,[7, p.488].)
For the rst summand,we use(6.4) with n = 4a. The summandsof concernare in
the imageof E5*(S8 1) I EJ™ (S8) 1 ES'(Spin(8a)), and again the extensionin
E,(S% 1) isknown. M

Now we prove the claims made earlier for Spin(8a).

Proof of Theorem 3.4. Most of the information about the 1-line groups was estab-
lishedin 3.1, 3.3, and 3.17. That the initial summandin E>® *(Spin(8a)) hasthe
sameorder asthat of E2® (Spin(8a 1)) when (k)< 4a 5and (k a)<4a 5
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follows from the fact that, in an exact sequencee.g., (3.5), the order of a group can
be no greater than the product of the orders of the groups on both sidesof it. If

(k) 4a 5, the ordersof the initial 1-line summandsare known by 3.1 and 3.3.
When (k a 4a 5, nave considerationof (3.5) does not allow us to settle
whether the ordersare equalor dier by 1. Sowe must resort to combinatorics to
determineit. In section8 we prove the following result, from which it followsthat the
1-line morphismis asclaimedin this case.Note that k and a in the lemmacorrespnd
to 2k and 2a in the above discussion.

Lemma 7.7. If (k a > 2a 5 thenR(2k 1;4a 1)+ 1= R(2k 1;4a) =
((4a 3)). HereR( ; ) isasin 3.1and3.3.

For the ds-di erentials on the 1-line, we usethe exact sequencg6.3) with n = 4a.
By 5.16,the eta towersof Spin(8a) are the direct sum of thoseof Spin(8a 1) and of
S8 1 Sincethe morphismscomnute with ds-di erentials and extensions,the only
thing that we have to worry about is that there could be a ds-di erential from a
classin E3®** (Spin(8a)) which mapsnortrivially to E;%* (S8 1) hitting a classin

E58*3(Spin(8a)) in the imagefrom Spin(8a  1).

In the notation of 6.1, the classin E3®** which concernsusis = D, D . It
mapsnontrivially to Spin(8a+ 1), but goesto 0 in Spin(8a+ 2). Its imageunder d3
4;8k+3

must map to 0 in E; (Spin(8a + 2)). There is one nonzeroclasswhich doesso,
Xsa 32 K[2a 1;4a 2]. If d3( ) = X4a 3 in BTSS(Spin(8a)), then it must be the
casethat h3( ) = + X4a 3 in Ex(Spin(8a)). This is true becausehe basesof the eta-
towers have beenchosento match up under ds; i.e., d; : E3%*® | ES®*7 (Spin(8a))
satises ds( ) = 0 and ds(X4a 3) = Xsa 3. We useh? rather than just h; in order to
get fully into the region of the eta-towers.
Let X; in QK 1(Sp(n)) and QK (Spin(2n)) be de ned asin 5.18. Using 4.1, we

obtain, similarly to 5.9, the following useful result.
Prop osition 7.8. TherearehbasesfX;;::: ;X,gandfXy;:::;X, »;D+;D gof QK (Sp(n))
and QK (Spin(2n)), respctively, suchthat

Under the inclusion map Sp(n 1) ! Sp(n), X; 7! X; if i < n,

while x, 7! 0O;
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Thereis an A-morphism, QK 1(Sp(n)) ! QK *(Spin(2n)) such
that (x)=Xfori n 2, (% 1)=2" {D,+D )+ X
with ; even,and (Xp)= 1 (Xp 1)+ P iX; with ; even.
Dualizing, we obtain a morphism
PK.(Spin@n)) | PK(Sp(n))
of K K-comadules whose mod-2 reduction factors through PK (Sp(n  2)) Z,.
Thus there is a morphism

E2(Spin(2n); Z2) ! Ea(Sp(n  2);Z2)

which, when followed into E,(Sp(n); Z,), is the mod 2 reduction of " . Reduction
mod 2 inducesa morphism

E2(Spin(2n)) ! Ex(Spin(2n); Z>);

which sendseta-towers injectively, sincethey are of order 2.

In our case,n = 4a, the composite E,(Spin(8a)) ! E,(Sp(4a 2);Z,) on the
eta-towersisK[2a 1;4a 2]! K]J[2a;4a 2], in the notation of 5.6. In particular,
X4a 3 IS mapped nortrivially . Howewer, the 1-line class de ned above mapsto 0
in Ex(Sp(4a  2);Z,). Sincethis morphism respects h;-action, we deducethat h?
cannotequal + X4 3. M

Now we prove the results claimedfor Spin(8a+ 3). The argumen works verbatim
for Spin(8a + 5).

Proof of 3.8. Diagram 3.7is a consequencef 5.14,6.2,[8, 1.5],and, for the G-groups,
[9, 3.1]and the fact that the kerneland cokernelof a morphismof nite abeliangroups
have the sameorder. The extensionin dimension8k 2 is deducedfrom (6.4) as
follows.

By 3.17,EX% Y(Spin(8a+ 2)) " EX® %(Spin(8a+ 3)) haskernel given by the
elemen of order 2 in the C,-summand. The elemen which hits this classin (6.4)
supports a ds-di erential in the BTSS of S8*2, This can be seenby noting that the
elemen pulls back to S8*! and the di erential there follows from 6.5 (stable class
with n 0 mod 4 and i 3 mod 4). This implies that in the homotopy exact
sequencecorrespnding to (6.4) the image of the elemen of ker(i ) is the elemen of
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E38+*1 (Spin(8a+ 3)) which mapsin (6.4) to the elemen of E5%*! (S8a+2) hit by the
ds-di erential. By 6.1, this elemen of E3%*! (Spin(8a+ 3)) isD.

It remainsto determined; on E3® 2. This is donesimilarly to the way it was
donefor Spin(8a 1), using the action of hy, but hereit is more delicate, because
someof the elemens in the target of h; support ds-di erentials and othersdo not. If
g is a generatorof a summandof E2® 2** then ds(g) 6 0i h.g equalsan elemet
which supports a nonzerodi erential. Thus this last remaining part of Theorem 3.8

will follow from the following result. W

Prop osition 7.9. For Spin(8a+ 3), in h, : E;® 11 EZ%* D is a summandof
hi(g)i (K)+4 n,andisasummandofhi(g)i n< (k)+4. Inhy:E3%*? 1
E§;8"+5, hi(g;) contains nonzeo summandsother than D, while h;(g,) doesnot.

Proof. We will work with the dual h} of h;. With M = QK (Spin(8a+ 3))=im( 2),
the dual of (7.1) is the following commutativ e diagram of exact sequencesin which

N
0 gla+” M M
? hi % i? 1?
K (7.10)
M =2 M =2 p24+57 M, M,

Dual to Proposition 7.2 (or using 11.5), we have the following interpretation of hf .
Supposex 2 M=2 satises (x) = 02 M=2. Represehx by x 2 M. Then (x) = 2y
for somey 2 M. If 2 2 E2**5" mapsto x, then h? (8) = (y). One easily veri es
that this is well-de ned. In (7.10), the elemetts x4 1 and D of EZ**%" comefrom
M =2, while the log-classestepreseted by the big in Diagram 3.7, comefrom M.

We consider rst the casewhere4 + 3 = 8 1. Sinceonly the classD in

E28*1 gupports a nonzerods, we need EX® ¥ =(h (D)), and this is obtained by
adjoining to the four relations of [8, 3.18]which yield Ezl;8k v the additional relation

( 3 3% 1)D)=2. Sincethe relation [8, (3.21)]is ( ® 3* )(D), it meansthat
this fourth relation of [8, 3.18]is divided by 2. Using 8.1 for the rst, [8, 3.18]for
the secondand third, and 8.11for the fourth, the relations which yield Ezl;8k v are,
with n = da+ 1, A;2" ;, A,2" , 21D, Az2" ; 2"D, and u2" ; + 2 D, with

= (k) + 4, A; integers,and u an odd integerby 8.11. If n, then onesummand
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of the group presened is Z=2 and the other is obtained by subtracting multiples of
the fourth relation from the othersto remove D, and observingthe smallestexponert
of 2; if the fourth relation is divided by 2, the Z=2 -summand has order divided by
2, while the other is unchanged. If > n, then one summandis Z=2" generatedby
2 " times the last relation, and the other summandis Z=2" obtained from 2 " times
the third relation; if the fourth relation is divided by 2, then the rst of theseZ=2"'s
becomesz=2" !, while the secondis unchanged. Thus h} hits the elemen of order
2 in the C,- (resp. Ci-)summand if n (resp. > n); dually h; is nonzeroon the
stated summand.

The casewhere4 + 3= 8k + 3 is handledsimilarly. In this case,all the elemerts
in E2%*5 exceptD support a nonzerods. Thus we wish to mod out EX&*3” by the
imageunder h} of all elemets exceptD. This is accomplishedby dividing the rst
three of the four relationsin [8, 3.18]by 2. The relations have the sameform asthe
four of the previous paragraph, exceptnow = 3. Since < n, the Z=8 summand
will be unchangedif the rst three relations are divided by 2, but the other summand
will be divided by 2. Thus h’f hits the elemen of order 2 in Cy; dually h; is nonzero
on the C;-summand,asclaimed. N

Now we prove the results stated earlier for Spin(4a + 2).

Proof of Theorem 3.11. The eta towers and d; betweenthem were establishedin 6.1
and 6.2. When s = 2, (5.17) must be modi ed accordingto [9, 3.8]; the Qs+p 1 In
(5.17) must be replacedby coker(1 (1) ).

For E2%* (Spin(4a + 2)), we comparewith the short exact sequencest the end
of the proof of 5.22. For either parity of b, the left part of the SESis the sameasit
iswhens > 2, which is the casedescrited there. This accourts for the classlabeled
1lin (8k+ 1;2), while in (8k 3;2) this classis not depicted becauseit supports a
ds-di erential. It alsoaccouns for the big 'sin (8k 1;2) and (8k + 3;2); these
represen the group C[[5[;n 2] with n= 2a+ 1.

The quotiert part of the SESsmust have the sameorder asthe groupsE %! (Spin(4a+
2)), becauseone s the cokernel and the other the kernel of the sameendomorphism
of a nite abelian group, namely , oncoker(1 ( 1)® 1). If bis odd, this is just
represeted in our chart by the groupslabeled G, the group structure of which we
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do not attempt to determine. The cyclicity of this group whenb is even requiresthe
following calculation.

Let b= 2c. Using 5.19,we obtain a description of coker(1 HjOK Y(Spin(4a +
2))=im( 2) as

PX1;Xsi 101 i Xea 31 X2a 15D 12X X2a 1 27D}

with (X;) Xz mod hx; :j > i+ 2i,and (D.) = (32 3*)D,, using 4.1 for

3(D,). If 3+ (a © 2athenker( ) Z=2* (@ 9 generatecby 222 2 (@ 9D,
X2a 3, Whileif 3+ (a ¢) > 2a,thenker( ) Z=2?%*1 generatedby D, .

The extensionfrom C, in 8k + 2 follows by naturality from Spin(4a+ 1). One way
to establishthe d; from the C%in (8k + 3;2) to h3gco is to usethat

E3(Spin(4a+ 2)) ! EZ(S**1)

sendsthe C°and h3gco surjectively, and the ds is presen in S**1 by [7, p.488]. The
extensionfrom C%into (8k 1;4) is trivial sincethe morphism

E§;8k+2 (S4a+2) I E§;8k+1 (Spin(4a+ 2))
of (6.4) sendsone summandinjectively onto the multiples of 2 in the C&summand,
and the extensionon this summandin the BTSS of S#*2 s trivial, by comparison
with the computation of v, *  (S?) in [26].

That d3 = Oon E%;Sk” followsfor the classlabeledl by naturality from Spin(4a+ 1),
and for the group labeled C by pushinginto Sp(2a 1) Z,, similarly to the proof
of 3.4. As in that proof,d; 6 0i h; 6 0. We must useh; becausethe morphismis
only algebraic. The C-group mapsto 0, but the log classesvhich form the putative
target under h; map bijectively. The groupsare both K [a;2a 1] in the notation of

5.7.
To determined; on E3®*, we rst obsene that

E5%**(Spin(4a+ 2))! E3***(Spin(4a+ 3))

is injective. This can be seenin 6.1, where we have i even and the a in that table
correspndsto our a+ 1 here. Notethat Cla 1;2a 3]! Cla 1;2a 2]isinjective.
Thus the generatorsof E§;8"+3 (Spin(4a + 2)) support nonzerods i their imagein
Spin(4a + 3) does. By 3.17,the Z=8 maps by 2, so its image does not support

a nonzerodi erential. The condition stated in the theoremthat R(4k + 1;4a+ 2)
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equalsR(4k + 1;4a+ 3) exactly says that the C;-summandin E3*3 (Spin(4a + 2))
mapsonto that of E2®*3(Spin(4a + 3)). Sinceit was showvn in 3.8 and 1.4 that C,

in E2®*3(Spin(4a + 3)) supports a nonzerods, the claim follows. W

Now we prove the claims made earlier for Spin(8a + 4).

Proof of Theorem 3.14. The claims about the 1-line groupsand homomorphismsfol-
low asin the proof of 3.4.

In the rst of the four casesof 3.14, d; is nonzeroon the rst summand of
E;%*3(Spin(8a+ 3)), andits possibletargets map injectively to E5°¢* (Spin(8a+ 4))
by Table 6.1, implying d; 6 0 onthe rst summandof E>®*3(Spin(8a+ 4)). That
ds = 0 on the third summand holds since this classis the image of a classin
Spin(8a+ 3) on which d; = 0.

To seethat d3 = 0 on the secondsummand, we must shav that it does not hit

one of the classesn the image from E§;8"+5 (Spin(8a+ 3)). To do this, we show that

h, times this classdoes not equal an elemen of E>®*°(Spin(8a + 4)) supporting
a nonzerods. This is done by dualizing and using Diagram (7.10). We must shawv

that the order of this summandin EJ®*3(Spin(8a + 4))* is not decreasedwhen

the relations for the elemerts of E§;8"+5 (Spin(8a + 4))* supporting nonzerods's are
divided by 2. The argument leadingto (4.32) shavsthat the relation for Zz=2  +5 jn
E;%*3 (Spin(8a+ 4))* involves 2and 3 3%*1 agppliedto D, andD, D . These
arenot the relationsthat will bedivided by 2, sinceD, D comesfrom E,(S8*3)#
while D, 2 E2®*5 (Spin(8a+ 4)) doesnot support a nonzerods, inasmuch asit comes
from D in Diagram 3.7.

In the secondof the four casesf 3.14,d; is nonzeroon the rst summandbecause
it mapsonto an elemen of E2#*3(S8*3) on which d; 6 0. The nonzerod; on the
secondsummand is a consequencef its being the image of the rst summand of
Ezl;8k+3 (Spin(8a + 3)), on which ds is nonzerointo classesnapping injectively under
i . That d3 = 0 onthe third summandis true becauseit is the image of a class(the
secondsummandof E 2#*3(Spin(8a + 3))) on which d; = 0.

In the third of the four casesf 3.14,d; is zeroonthe rst summandand nonzeroon
the third by naturality from Spin(8a+ 3). The nonzeropart requiresthe obsenation
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that E5%* (Spin(Ba+ 3)) ! E3®*(Spin(8a + 4)) is injective by 6.1. Naturality
from Spin(8a+ 4)! S8*3 implies d; nonzeroon the secondsummand.

Finally, in the fourth case,naturality from Spin(8a + 3) implies ds is zeroon the
secondsummand of E§;8k (Spin(8a+ 4)) and nonzeroon the third, while naturality

from Spin(8a+ 4)! S%* impliesit nonzeroonthe rst. N

8. Combinatorics

In this sectionwe presem somecomnbinatorial argumeris usedearlier in the paper.

We beginwith the proof of Lemma 4.22. For the rst part, we have the following
sharper result.

Prop osition 8.1. For any nonnayativeintegersm andj, P (DK f( k™ is divisible
byj!.

Note that the numbers whoseminimal 2-exponert de ne eSp(m;n) are like the
sumin 8.1 with j > 2n and without the terms having k even. Theseomitted terms
will be divisible by 2™, and we considerm to be large enoughthat theseterms will
not a ect the divisibility. (e.g. m > n.) Proposition 8.1 is sharper than what is
requiredfor 4.22since (j!) = j (j), where (j) denotesthe number of 1's in the
binary expansionof j, and | (j) nifj>2n.

Proof of Proposition 8.1. The proofis by induction onm andj. The resultis trivially
true if ] = 1 or m = 0. We have
X , X : X , X :

(D LK™ =7 (DL TR =T (D) LK™ DR k™

By the induction hypothesis,both terms are divisible by j!. W

Next we prove the part of 4.22which states (P;(m;n)) n. The seconddouble
sumin Py(m;n) is the same(with n here correspnding to n + 1 there) asthe sum
in [8, (3.20)], which was shown to be divisible by 2"*! in [8, 3.18]/ Thus this second

"The statemert in [8, 3.18] was divisibilit y by 2", but the argumert implied
divisibilit y by 2"*1 .
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double sum in P;(m;n), with its factor of 2, is divisible by 2"*1. The rst double
sumin Py(m;n) can be ewvaluated as

I
X X X X '

m 2n — m 2n 1 2n 1
k n 1k 2t k n1k2t+n2k2t
k t 0 k t 0
X mX 2n 1
k A (8.2)
k t 0

This is divisible by 2" by the divisibility of [8, (3.19)] provedin [8, 3.18].

The desireddivisibility result for P3(m; n) follows from Lemma 8.19, completing
the proof of 4.22.

The following lemmawas usedin the proof of Theorem 3.3.

Lemma 8.3. Let m be a xed odd positive integer, and de ne

A; = min KD g ty
k

X
B = min P jfe KMoqE2l j<to
k
Then Az = Aznsr Bansr Bon.

In fact, we conjecturethat the four expressionsare equal, but all we needis the
wealer result stated in 8.3.

Proof. The equality of A,,+1 and A, was establishedin [10, 1.4], using a topological
argumen. That A,+1  Boh+1 was establishedin [8, 3.6], using another topological
argumernt.

Let f(t;j) = P < b jjk k™. The following facts are elemenary:
fit+ L)) = fEpH+fE] 1) (8.4)
f(2n;n) = 0 (8.5)

Chooseminimal j n+ 1sudthat B,, = (f(2n;))). Using(8.5) in casej = n+ 1,
we have (f(2n;j)) < (f(2n;j 1)). Thus, using (8.4) in the middle equality, we
have
Baner  (F(@2n+ 155)) = (F(2n;])) = Ban:
|

The following result immediately implies the 3 part of Proposition 5.4.
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Prop osition 8.6. If basesf ;: i 1gandfx;: i 1g of a vector space over Z,
are related by

K2

Xi = J' i 2 (8.7)
j=0

then the endomorphism 2 dened by 3( ;) = 5 satises
X
3(xi) = | Xis2j: (8.8)

i 0

Proof. Substituting (8.7) into (8.8) shawvsthat it su ces to prove the following equiv-

alencesmod 2, for positive integersisand m, and O 2:
X i+2] < nln if =0
j o pmm o if = 152,
This is immediate from the following integral analogue,which we will prove.
TR S TR

j k
Note that sumsinvolving binomial coe cien ts are, unlessspeci ed to the cortrary,
taken over all valuesof the summation variable for which the terms are nonzero. The
RHS of (8.9) hasa possiblyodd term only if = 0, the term with k = 0.
We prove (8.9) by shawing that both sidessatisfy the samerecurrencerelation

(3i 3m )@ 3m 1)(3i  3m 2)f (i) (8.10)
= (49% (87+22)i 66m + (87+ 54)m+ 8Im?+ 44+ 29 + 9?)if (i 1)
(17i+ 15m 28+ 5)i(i 1f(i 2) 5@ 1 2@ 3)

for 3i 3m 82 > 0, with initial values

1 if =0andi=m

%O if =0andi<m
f@i)=_4m+21)2m+ 1) if =landi=m+1

%4(m+1) if =2andi=m+1

-0 if 2fl,2gandi<m+ 1L

The initial valuesare easilyveri ed. The equation (8.9) wasdiscoreredby comput-
ing the LHS of (8.9) for many valuesof i and m and observingthe pattern of iterated
di erences. To prove (8.9), we usedthe software assaiated to the book [38]to nd
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the recurrencerelation satis ed by both sidesof (8.9), and observingthat they are
the samerecurrencerelation. This software is a batch of Maple programswhich can
be downloadedfrom www.math.temple.edu/ zeil berg. If the downloadedprogram
zeil is run using asinput the formula being summedon either side of (8.9), it will
say that the recursionrelation (8.10) is satis ed by the sum. Although the authors
have not doneso, this relation is simple enoughthat one could probably verify it by
hand. The recurrencerelation has beenveried for seweral valuesof i and m, but
the strongestveri cation of this relation is that this samerelation was found for the
disparate sumsin the two sidesof (8.9), which had beenempirically obsened to be
equal by computing the value of the LHS in more than 100 cases,and using this to
determinethe RHS. W

The following result was usedin the proof of 3.2and 7.9.

Prop osition 8.11. For any positive integer n,

X X 2n+1

n 1 k 3t

k oddt O
k>0

is odd.
The proof requiresse\eral subsidiary results.
Lemma 8.12. For n 0, the coe cient of X" in (1+ x)?"*3=(1+ x3) is odd.

Proof. The proof is by induction on n. The validity for n = 0 or 1 is elemenary.
Assumethe result is true for n 1. Working mod 2, the desiredcoe cient is

X 2n+3 X 2n+1 2n+1
n 3i n 3i n 3 2
i 0 i 0
- X 2(n 1)+3
- n1j
j60 (3)
j 0
— X 2(n 1)+3 X 2(n 1)+3 .
- n1j n 1 3i
j 0 i 0

The rst sumon the last line equals2", while the secondsumis odd by the induction
hypothesis. R
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Corollary 88.13. Let

<1 ifi>0,i6 0(3)
90=" 5 otherwise

Then h(n) isoddfor n 1.

X
andh(n)=  g(n 2) ;‘ ;
j o

Proof. Wework mod 2. For = Qor 1,let G (n) g(2n+ ). Then
X .
(x* +x)=1+x% = G (i)x":
i 0
Hence,using Lemma 8.12at the last step, we have
X
h@n+) = = G(n j) 7
i o
coef(x"; (x!  + x?)(1 + x)"* =1+ x3))
coef(x”;xl (1+ X)2n+1+2 :(1+ XS))
= coef(x”* 1; (1+ X)Z(n+ 1)+3 :(1+ X3))
1

Prop ositign 8.14. Supmsef (n;k) 2 Z, isdenedforn Oandk2 Z by

<1 k<0 k6 0(3)

f (0; k) = .
(0:k) - 0 otherwise,

f(n;k)=f(n Lk 1)+f(n 1, k+1):

Then

f(nk)=1forn 2

k>0
k odd

Proof. We begin by using Corollary 8.13 to deducethat f (n;0) = 1 for n
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1.

This is done by noting that f (0; i) = g(i) of the corollary, and that f (n;0) =

P f(0; n+2) 7 ,sothat f(n;0)= h(n) of the corollary.
Forn 2, we have

X
f(n;k) = f(n 2k 2)+ f(n 2k+2)
k>0 k>0 k>0
k odd k odd k odd

f(n 2 1)+f(n 21)=f(n 210)=1
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This looks like an induction proof, but it isn't. At the secondstep, we are using that
all exceptthe initial terms appeartwice and hencecancel. At the rst andthird steps
we are using the recursive formula for f , and at the last step we usethe result of the
rst paragraph. &

Proof of Proposition 8.11. We cortinueto work mod 2. De ne f{n; k) = Pt 0 n i“*kl 3 -

We will shav that f~satis es the sameformulasthat de ne f of Proposition 8.14,and

hencethe desiredresult follows from the conclusionof 8.14.
P

We rst note that f{0;k) = | 1}( s » and this is 1 i 1 k Oand
1 k 0;1(3),whichistruei f(0;k) = 1. Finally, we have
X 2n 1 2n 1
an;k):tOnlk3t+n3k3t
X

2(n 1)+1 + 2(n 1)+1
0 (n 1) 1 (k 1) 3t (n 1) 1 (k+1) 3t
t

fin Lk 1)+f(n 21k+ 1)

Proof of Lemma7.7. We areassumingthat k and a are xed integerssatisfying (k

a) > 2a 5. There is alsothe implicit assumptionthat k > 2a, as discussedafter
: P C . . .

33.Letg(j)= ( 1)} i%< 1 We will prove, in notation of 3.3,

(PL(2k  1;2a)) (4a 3)) (8.15)
(P(2k 12a) = (@a 3)) 1 (8.16)
(Ps(2k  1;2a)) (4a  2)) (8.17)

(9G)) (4a 2 forj 4a 1. (8.18)

The lemmafollows from theseresults and the de nitions.

Proposition 8.1 immediately implies (8.18). The inequality (8.17) is implied by
Lemmag8.19. The proofsof (8.15) and (8.16) will occupy the remainderof this section
(after the proof of 8.19). N

Lemma 8.19. If n is positive, then
X .
( i o= ( 1)"(@2n)i=2 (8.20)
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while if d is positive and even,then P ( 1)izd 2 s divisible by (2n)!=2.

Proof. Both parts of the lemma utilize the following lemma, which is a standard

combinatorial result (e.g. [21, pp. 243-245]). The coe cien ts in these polynomials
are known as Eulerian numbers.

Lemma 8.21. There are polynomials
x .
Pn(X) = an X'
i=1
satisfying
(1) pix = X;
(2) pa(x) = x(1  x)p2 1(X) + nxp, 1(x), whee p® denotesthe de-
rivative;
@) "1™ = o= X"
(4) &n =iain 1+ (N i+ 1a 10 1
(5) ain = Ans1 in;
(6) pn(1) = nl.
Proof. If the polynomials p, are de ned by (1) and (2), then (4) is immediate and
(6) is easily proved by induction on n. The symmetry property (5) is easily obtained
from (4), while (3) is proved by induction on n using that P inyi = x(P i" IxH° m

To prove (8.20), we note that, by 8.21.3,the left hand sideof (8.20)is the coe cien t
of x" in

n n X i
(D@ 0GB = (b0 -

This coe cient equals
( D"(azzn+  +an2n) = ( 1)"3pan(1) = ( 1)"3(2n)%;
using parts 5 and 6 of 8.21.

The secondpart of 8.19is proved by induction on d and n, with the cased = 0
being (8.20) and n = 1 being trivial. Let C(n;d) denote the coe cient of x" in
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Pon+d(X)=(1  x)%1. By 8.21.3,we must prove (C(n;d)) (2n)H) 1. We will
provethat, ford 2andn> 1,

C(n;d) = n’C(n;d 2)+ 2n(2n 1)C(n 1;d);
(8.22)

from which our desiredconclusionfollows by induction. To prove (8.22), we calculate

X .
C(I’l,d) d+i

an i;2n+d g
iXO
= (N )%ay janed 2+ (207 %)+ 2dn (d+ 1)(2i + 1))@ i 12044 2
i 0

d+i

+H(n+d+ i+ 1%, i 22n+d 2 i

X .

= an ianed 2 (N 02T+ (2% (I 1))+ 2dn
i 0
) (d+ 1@ 1) “L P +(n+d+i 12 * 2

= An i;2n+d 2 n? ddzgi +2n(2n 1) d+(ij !
i 0
= n’C(n;d 2)+2n(2n 1)C(n 1;d):
At the rst step, we madetwo applications of 8.21.4;other stepswere just algebraic
manipulation. The equality of coe cients of a, i.2n+q 2 IN the next-to-last step can
be veri ed by consideringseparatelyterms involving n?, nt, andn®. ®

Next we prove (8.15). Referringto 1.1, we have Py(m;n) = S;(m;n) S;(m;n),
where

X nxt -

Sl(m;n) = o 2ni !
oddx‘ i)=(0

S(min) = 2 "™ A (8.23)
odd ° to

We show that both S; and S, are su cien tly divisible. First note that S, is the same
asthe sumin [8, (3.19)] with n replacedby n 1. Using the alternate expression
belowv the middle of [8, p.54], the required divisibility for S;(2k  1;n) follows from
Lemma 8.24. The divisibility of S,(2k  1;n) is included in Lemma 8.31. These
lemmasthen will imply (8.15).
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Lemma 8.24. If niseven,k>n,j 2 a'nd (n) > (k), then
o . X . o )
) ") g “'fii) 4 3 (n 2
i1
whee _
: X2 24 1 o jot
fi@y=" (09 *@ 28 1)',' :
t=0
The condition (n) > (k) hereis much lessrestrictive than the condition (k

5)>n 50f(8.15).
The proof of 8.24 requiresthe following three lemmas.
Lemma 8.25. The expressionf; (i) of 8.24 equals

_ N
2 1201 ,

jg=i j+1°=2
Herejg = P e, and the sumis takenoverall 8= (e;;::: ;) with the prescrited jg
ande O.

Proof. The proof is very similar to that of [8, 4.23]. We shaw that, fori | 1, the
system
3

2 _ j
8, ta, * ta 2, =0
2 2 )
2 3 _ j -
@, taa, + +g§ 2, =0
20 2 31 2 2 _
a , +a + +a 2, = 0
i i i X Y e
2I 3I I_ . 1 e
a, ta, + +a& ., = (23 120! ,

jgi=i j+1 =2
hassolution ag , = ( 1)i*s zjj s (2s 1)for2 s j. The last equationis then
the content of the lemma. That this solution (or any multiple of it) is the solution
of all but the last equation was proved in [8, 4.23],but it seemscorvenien to prove
them all together.
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The Vandermondemethod easily implies that

0
X1 Xn
2 2
X X
o " N Y X .
det : = X (X;  Xi) XX
Xg 1 XH 1 i=1 1igj n ig=k
X2+k Xn+k
n

It follows easily by the method of [8, 4.23] (Cramer's rule) that the solution of the
systemis asclaimed. MW

In order to estimate the 2-exponert in the sum which occursin 8.25, we needtwo
more lemmas. The rst dealswith symmetric polynomials.

Lemma 8.26. Letfy;g bea setof indeterminates. Letf; = i j yJ' Ife= (ey;e;:::),
let jg = P g,andfort 1, letp = Pjéj:tojej ke the sum of all monomials of
degree t. Then tlp, is an integral polynomial in ff;g.

Proof. For notational corvenience,we renamethe y;'s asx;x with j landk 1.
Now f; = P ik x};k. Let Om = Om,:::m denotethe smallestsymmetric polynomial in
all the x; cortaining the monomial

v o

X};k :

j=1 k=1
Thus, for ead j, m; of the indeterminates are raised to the jth power in it. We
will shav that Qj m;! gw can be written as a polynomial in the f; Wgh integral
coe cients. The lemmafollows, sincep; is the sum of all g for which = jm; = t,
and t! is divisible by ead of the relevant coe cien ts QJ- m; 1.

To prove the claim, we begin by shaving that the coe cient of g in any f2 is

a multiple of Q m;!, and its coecient in f™ equalsQ m;!l. Heref? = Q f. To
establish this claim, we note that the desiredcoe cient is the number of ways of

choosingoneterm from ead factor of f  sothat the product of the selectedterms is
X1;1 Xl;mlxg;l X%;mz

If the coe cient is nonzero, pick one way of making this choice. Let ; be a per-

mutation of f (j; 1);:::;(j; m;)g. Then choosingx;; ;) instead of x; yields distinct

ways of making this choice. Thus the total number of ways of making the choiceis
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divisible by Q m;!. As for the coe cient of gm in f ™, the only choiceshave the m;
x)'s coming from the m; f;'s.
., P . , . P P
Now order the tuples m for which ~ jm; = t in suc a way that if m; > mjo,
then m precedesm® This order is not unique, but it doesnot matter how the tuples
. P : . N :
with equal m; areordered. Form a matrix A with thesetuplesin this orderlabeling
the rows and columns. Let the ertries in the m column be the ertries of the various
Omo's in the expansionof f ™. The matrix is lower triangular sinceif gm0 hasnonzero
. - . 0_ P ,_P . .
coecient in f™, then either m”= mor my < m;. By the claim proved in the
previous paragraph, the m row is divisible by Q m;! and its diagonal ertry equals
m; I
The columnsof A ! give the unique way of writing eat g in terms of the f ™'s.
Let B be obtained from A by dividing the g row by Q m;!. Then B is an integral
triangular matrix with 1's on its diagonal. Hencesois B . But A ! is obtained
from B 1 by dividing the m column by Q m;!. The proposition follows. H

The other lemmaneededn the proof of 8.24is the following result about exponerts
of 2.

Lemma 8.27. Fore landj 2

20 ifj 2mod4
Y e! %(a)+1 if eis evenandjj 4a 1
X =_ (@+1 ife=1landj=4a
k=2 % (@+2 ifeisoddandj = 4a 1

- (a+2 ife>1lisoddandj = 4a.

Proof. If e= 1, the sum equals “31 , from which the result follows easily

Let e > 1. The proof is by induction on j. By considerationof the next term
added, it is easyto seethat validity forj = 4a 1 impliesvalidity for j = 4a, 4a+ 1,
and 4a+ 2. We will prove,fort 2, o

X1 pipy k © <t 1 ifeewn

=0 2 St if e odd:
Then the caseb= 0 of (8.28) implies the lemmafor 4a 1= 2! 1, while the lemma
forda 1= 2"1b+ 2' 1with b> O followsfrom the caseda 1= 2'*1b 1 ofthe
lemmaand (8.28).

(8.28)
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It remainsto prove (8.28). We prove it by induction on t, and assumeit proven
fort 1. We work mod 2'*1. Combining the summandsfor k = 2° and 2" + 1, the

desiredsum equals
zlxl 1 2tXl 1
(2'b+ )8((2" b2 1)%+(2"1 b2 +1)®) *((2° 1)P+(2°+1)°9):
=0 =0
One can verify that the summandsfor * = 28 2 sand’ = 2' 2+ s are congruer.
By this symmetry, the desiredsum becomes
2y 1
2 (20 1)°+ (2 + 1)°):
"=0
This sum, without the factor of 2, is, by induction, congruert mod 2! to 2! 2 if eis
evenandto 2! !if eis odd. Doubling this yields our claim. W

Now we can prove Lemma 8.24.

Proof of Lemma8.24. Let g4(j) = Pjéj:inzz , . Since e "=
nntdoand ¥t o= 5L K, our desiredinequality is implied by the statemert
that, foralli | 1,
1] - - k
(F " )F3i+ (v K+ (8.29)

i@ D+ (g +() 4 3 (n 2

We have also used 8.25. Using the hypothesisthat (n) > (k) and well-known
formulas for ”j 11’ and (2] 1), and removing the nonnegative quartity ifl ,
(8.29) will be implied by
1 M+ G D+ (n 2Z) (1 j)+3

+ (i+1) (G 1 1+ (g () 3 3 (n 2
Next we note that since (n 2j)+ (n 2) (0 1 j)= 2 2%% 0 this
inequality will be implied by

(G j«0G) (G) (@(+1) 30 j+1) (8.30)
This inequality istrue (0 0)ifi =j 1. Ifi > 1, thenit is certainly true
unless (j) > 3. Letd=1 j+ 1> 0andj = 4a. By Lemma8.26,94(j) equals

. . L . P e .
é times an integral polynomial in Se(j) := = 1., '; for variouse > 0. By Lemma
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8.27, (Se(j)) (@) + 1. Thus (gq(j)) (a) + 1 (d). Hence(8.30) follows
from the obsenation that for d> 0

3d (dh + 1
|

Finally we prove (8.16). Rewerting to the notation of 1.1, we will show that if n is
eenand (m+1 n)>n 4,then (P,(m;n)= ((2n 3))) 1=2n 5 (n 2).
The hypothesisimpliesthat (m+ 1) = (n) n 3 (for n > 4). Now P,(m;n)
is the sum of two terms. The rst hasthe same2-divisibility as %Sg(m; n) of (8.23),
while, by 8.11, the exponert of 2 in the secondis 2n 4 (n). This latter is

2n 5 (n  2), with equality if and only if n is a 2-power. Thus (8.16) follows
from Lemma8.31,which will completethe proof of 7.7.

Lemma 8.31. If Q isevenand (m+ 1 n)>n 4 then
<>2n 4 n 2) if nisa2-power
(Samin)) (n 2 nisazm

r=2n 4 (n 2) if nis nota 2-power.
Proof. We usethe expressionof S;(m; n) given (with minor notational modi cations)
in [8, (4.20)]. With f;(i) asin 8.24,thellemmawill follow from the statemen that

. X '
" g MBYZfG) 4 3 (n 2

ijo1
with equality i nisnota2-powerandj = (n 2 ™M)=2, With d=1i j + 1and
04(j ) asin the proof of 8.24,this will follow from, for n even,2 j < n=2,andd O,

P yMee v3 @ 1 (@) + (0 2)

2] 2+2d
=2%j=222% andd=0
1 n= 2% j; dotherwise
0 (N>1j=M 2M=2 andd=0
0 (n)> 1; j; d otherwise.

n

1 n
>
n (8.32)

WA AR 00
1

Here we have used8.25to relate f; (i) and gq(j ).

Weuse | = (bh+ (a b (@), (@) =a (@, (@ 1)= (& 1+
(@, (2a) = (a), and (2¢° k)= e (k 1) without commen. For our rst
simpli cation of the LHS of (8.32), wenotethat m 1=n 2+ with highly
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2-divisible. Then zjm2+12d = zj”232d unless2j + 2d > n, in which cased > 0,
and the inequalities of (8.32) are easily established, for 2 m2+12d will be roughly

(). Thusthe LHS of (8.32) becomes
"Il (G 1+d+ (0 2 2)+3d () )+ ()
(8.33)
If n= 2% then (8.33)equalse 1+ 3d (j)+ (g4¢(j)). Since (gq4(j)) O and
%o()=1,andj < 2¢ 1, the rst two casesof (8.32) follow.
Next we considerthe casewhere (n) > 1andd= 0. In this case,(8.33) becomes

(m 1 2) ( 1 )+ () 1+ (n 2)
= (n 1 2) 2n 1 2)+ (2)+ (n 2)
= (n 1 2 2Z;n 2);
wherethe last expressiondenotesthe exponert of 2 in a multinomial coe cient. This
exponert is Oandis0i the binary expansionsofn 1 2j,2j,andn 2} are
disjoint. One readily veri es that this is the casei n = 2°+ A2®*! with A > 0 and
2j = A2¢L,
If d= 1, then (8.33) equals
"3 ()t (0 2 2+ (;l));
which couldbe Oonlyif j 0 mod 4, in which case (gi(j)) (J) 1, bythe

argumern at the end of the proof of 8.24. So(8.33) is positive in this case.
The cased = 2 is handled similarly. This time (8.33) equals

"Tre7 () G+t (0 2 A+ (%():
This could possiblybe 0 only if j or j + 1 is highly 2-divisible, in which case
(()) max( (j); (+1) 2
Finally we considerthe cased 3. This caseis di erent becausg8.33) hasaterm
(j + 2) which could be very negative without compensationfrom (gs(j)), because
of the way 8.27 comesout whenj 2 mod 4. For any d, (8.33) equals

nji Y4ad 1+ (n 2f 2d) (G (G+d 1))+ (94()):
(8.34)
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This is positive unless,perhaps, (j + ) is very large for some satisfying 1 <
d 1. Ifsoletj+ =B2t+2% =d ,andn=2(G+ )+ D. Wehave
O0< <dandD 0. Now (8.34)is

(B) ( 1+ (D+2 1)+3d (j+2 +D 1)+ (D 2)+ (d 1)

We drop the nonnegativeterm (d 1), replacej + by B2%*1 + 2¥in the fth term,
and add 0 in the guiseof

(D+ 1) (2D+2 1 2) (2 1+ ((2Db+2 2) (2Db+2 2));

and replacethis last ( ) by , which it certainly exceedsWe obtain now that (8.34)
is

d (1) @ v+ FE N o+ (B)+

(B2 + 2+ D+ 1)+ (D+ 1): (8.35)

Now we write D + 1=C2¢*' + E2*+ F with E=0orl1and0 F < 2% The
sum of the last two terms of (8.35) is (CO)+E (B+ C) 1.Thus(8.34)is

2D+2 1 2 B+C .
3d ( 1 + pr2 1 TE7 B -

The only negative terms are much smallerthan 3d, completing the proof that (8.34)
is positive. This completesthe proof of 8.31. W

9. Comparison with J-homology appr oach

In the late 1980's,the secondauthor and Mahowald attempted to compute the
groupsv, 1 (SO(n); 2) by usingcharts for v, * (S?™*1: 2) derived from J-homology
and exactsequencesf brations. In [27)], this approad wasapplied to obtain mod 2
vi-periodic homotopy groups$ of SO(n) for n = 5, 7, and 9, and in [26], it was used
to computev, ! (Sp(2);2) and v; 1 (Sp(3);2). In this section, we use our BTSS
results hereto draw someconclusionsabout this J-homologyapproad to v;-periodic
homotopy groups.

The J-homologyapproad is simplerfor SO(2n+ 1) than for SO(2n+ 2). The latter
has more interacting towers than doesthe former. It seemsvery dicult, at best,

8Mod 2 doesnot mean (integral) 2-primary periodic homotopy groups. Mod 2
doesnot contain the important information about large 2-torsion summands.
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to seefrom the J-homologyapproad that v4 »(SO(2n + 1)) consistsof exactly two
cyclic summandsplus a certain number of Z=2's assaiated to multiplications by the
Hopf map . (Here we have initiated the abbreviationv ( ) for v;* (), which we
will utilize throughout this section.) On the other hand, this is readily apparen from
the BTSS charts 1.3and 3.7. The small third summandin v, (SO(4a)), described
explicitly in Theorems3.3, 3.4, and 3.14, results, in the J-homology approad, from
somecomplicatedinteraction of the towers, but seemsvirtually impossibleto deduce
from that perspective. Sowe restrict our comparisonshereto SO(2n + 1).
The J-homologyapproad builds a chart for v (SO(2n+1)) from thoseofv (SO(2n

1)) and v (Van+1:2) USiNg the exact sequencessaiated to the bration

SO(2n 1)! SO@2n+ 1)! Va2 (9.1)
A chart for V,,.1.» can be obtained from the bration
82n 1! V2n+1;2! SZn;

using charts of v (S?" 1) and v (S?"), sud asthoseof [26]. We obtain asa chart for
V (Van+1:2) @ sumover all integersk of Diagram 9.2. Our ltration cornvertion is to
usea ltration-preserving isomorphism

v (82n+1) V1 1J ( 2n+1 P2n):

This puts mary elemens in the chart for v (S?"*1) in Itration one lessthan their
Adams ltration; e.g. has ltration 0. The dierentials betweenadjacen towers
indicated in the diagram might not be quite accuratewhenthey are near their max-
imum value. The indicated formula is for the dierential in S* 1. The towersin
Vone1:2 are slightly taller than thoseof S* 1; we make no assertionabout the di er-

ertial in caseswhenit is 0in S*" 1. The big dots establishthe coordinates for the
two parts of the diagram.
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Diagram 9.2. A summand of v (Von+1:2)

towers
are Z=22"
d ks |2n)
‘ ) (4k| 2n)
2 (2n + 8k; 4k) 28k 24+ 1 2n)

The dicult part in computingv (SO(2n + 1)) is the determination of the boundary
morphism

Va1 (Voner2) £ v (SO@n 1))
and the extensionsin forming v (SO(2n + 1)) from coker(@) and ker(@ 1).

In a 1988e-mail to the secondauthor, Mahowald wrote \In SO(n), there are two
phenomenagoing on at the sametime. The rst dealswith the “stable’stu in the
sphere,and this just makes up the metastable homotopy of the stunted projective
spacelike the Barratt-Mahowald theoremsays. The unstable 'S*" ' which goeswith
eadh S?" is busy making up the stable homotopy of SO. It doessoin a way very
similar to Sp."

The \stable stu" to which he refersis essetially the way that the left parts of
Diagram 9.2 build up and go out, which is indeed very similar to the way in which
v; 13 (P2,,) is built from v, 13 (P3 ;) fora<i b The\unstable" part is the way
in which the right parts of Diagram 9.2 interact.

The \stable stu" mainly builds the regular secondsummandsof E3* *(Spin(2n+
1)) (Theorem 3.1) together with the occasionaldsz-di erential on them and the occa-
sional extensionon them into E3(Spin(2n + 1)), asdescriked in 1.4 and 3.8. It also
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involvesthe eta towerswhich beginin Itration 1in Diagrams1.3and 3.7. Through-
out this section,we talk about the BTSS of Spin(2n + 1) and the (J -approad) chart
for SO(2n + 1), keepingin mind that v (Spin(m)) v (SO(m)).
When the di erentials and extensionsare taken into accour, the morphisms of
thesesecondsummandsof v »(SO(2n + 1)) are
2n+ 1= 8a 1 8a+ 1 8a+ 3 8a+ 5 8a+ 7
n (k)+3 z=2fa 11 z=pf z=ptr2 |t zptard |t 73
(9.3)
(K)+3<n z=2¢ 1? z=2¢ 1 z=2¢ 17 z=2¢ 1% 7=2%
(9.4)
wheree = (k)+4. Thesegroupsand homomorphismsagreeexactlywith v;* §. ;1 (Pomit).
This is consistem with, but probably not implied by, the Barratt-Mahowald theorem
to which Mahowald alluded in his 1988e-mail. The Barratt-Mahowald theorem ([3])
statesthat, if g< 2(m 1) andm 13, then
o(SO(M))  o(SOE@m)) g2 (Vamm);
i.e. that the homotopy sequenceof the bration
Vomm ! SO(m) ! SO(2m)

splits in this range.

Becausethe Barratt-Mahowald theorem only makesa statemert about homotopy
groupsin a limited range of dimensions,while v;-periodic homotopy groupsdepend
on all homotopy groups, one cannotreally useit to draw a conclusionabout

vit s (Vemm) ! vt (SO(M)):
Moreover, the relationship with v, * s, (P2™ 1) is via the stable spliting map of
James([31]), Vomm ! QP2™ 1, which inducesa homomorphism
Vit (Vamm) b ovgt S(P2™ Yy v 1y (P2 Yy
Our obsenation isthat, with m = 2n+1,forn  6andall integersk, v; * §, ;(Pai

is isomorphicto the regularsummandofv, * 4 »(SO(2n+ 1)), and both are mapped
to from v; 1 4 1(Vans2:2n+1). Note that, by Proposition 11.4,it is apparerily not
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true that v, 5. »(Pani) appearsasa direct summandin v;* (SO(2n + 1)); i.e.
the splitting is valid in certain periodic homotopy groupsbut not others.

Building charts for v (SO(2n + 1)) inductively using the brations (9.1) and the
charts 9.2 is a complicated business. The pattern of di erentials and extensions
involving the interacting towers from the right side of Diagram 9.2 is particularly
inscrutable. Another delicatematter is the pattern by which the short eta-towers( )
in Diagram 9.2 cancelout. We will useour BTSS work to shav the way in which the
regular (second)summandsof v 2(SO(2n+ 1)) (the onesdescrikedin the preceding
paragraphs)are built, and the pattern of di erentials amongthe eta-towers. Two
complicating factors are that the charts for v (SO(2n + 1)) are particularly crowded
whenn is small, and an anomaly for SO(9) noted in [8, 4.21].

The casesSpin(3) = S, Spin(5) = Sp(2), and Spin(7) ' » S’ G, have beendealt
with thoroughly in [26]and [9]. A comparisonof the J-homologyapproad and BTSS
approat was useful for Spin(7) in [9]. We begin with Spin(9).

The BTSS of Spin(9) is essetially givenin Diagram 1.3. The big there represeits
Z, Z,(e.g.by 5.14). The anomaly occursin the 1-line, which is givenin [8, 4.21]
to be 8

<z=2mnC(k 2+48) 7=8 int s=8k 2

pz=pmin( (k 1)+4:6)  7=8 int s=8k+ 2,
In Diagram 9.5, we build a chart for v (Spin(9)) from thoseof Spin(7) (in ) and V.,
(in ). Onthe left sideof Diagram 9.5, d;-di erentials, i.e. boundary morphismsin the
exact sequencef (9.1), have beeninserted, deduciblefrom the action of S¢f or from
the proof of 6.2. The remaining classesare redrawn on the right side of the diagram,
with some exotic hg- and h;-actions, deducible from Toda bradket considerations,
inserted, together with onelessobvious d;. The higher di erential betweenadjacen
towersin 8k + 2 and 8k + 1 is the sameasin S’, while that betweentowersin 8k 2
and8k 3islikethat in S (which is relatedto S® and henceto Vy.,) asfar asit goes.
As mertioned above, with the extra height obtained from the exotic extension,the
di erential may still be nonzerowhenit is zeroin S'°, and BTSS methods seemto
be the only way of determining this. The di erential betweenthesetowerssuggested
in Diagram 9.5 is only sthematic; depending on the speci ¢ value of k, it may be a
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short or long di erential or 0. The E; -terms from the BTSS and chart approadhes

are easily seento be consistet; i.e., they give the samegroupsv (SO(9)).

Diagram 9.5. Periodic homotop y of SO(9)

8k

8k

8k + 2

s=4k 4

8k

8k

8k + 2
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If we perform a similar transition from SO(9) to SO(11), the situation for the
towers, i.e., the di erentials and extensionsbetween4k 2and4k 3, becomesnore
complicated. Indeed, it seemsthat they cannot be understood without the BTSS.
We will not pursue that picture here. Instead, we will illustrate how the regular
summandsin Vg »(SO(2n + 1)), givenin (9.3) and (9.4), are obtained from the J-
homologypoint of view. We will focusprimarily on the situation whenn (k) + 3,
and, for this, we can considerthe casek = 0 (since (0) = 1 ), sowe are looking at
V 2(SO(2n + 1)). Thesecasey(n (k) + 3) are particularly nice becausethe rst
summand grows regularly, too. After dierentials and extensionsin the BTSS are
taken into accoun, the pattern for the rst summandof vgc »(SO(2n + 1)) is

2n+ 1= 8a 1 8a+ 1 8a+ 3 8a+ 5 8a+ 7
z=2% 1) z=p% z=pta ) z=phatl | z=phats,

asis easilyseenfrom Theorems3.1, 1.2, and 3.8. We emphasizehat this is only true
whenn (k) + 3.

We have just seenhow the anomalousZ=8 in v ,(SO(9)) hasbeenobtained from
SO(7). (According to the generalpattern in (9.3), it should have beenZ=16.) In
forming v (SO(2n + 1)) from Van.1 2, the chart for S™ 1 is involved; it hasd (ny1
betweenthe towersin 2 and 3.

In Diagram 9.6, we shov how the charts of SO(11), SO(13), SO(15), and SO(17)
must be formed in the vicinity of v ,( ). For the portion labeled SO(2n + 1), the
arethe chart for SO(2n 1) andthe arethe relevant part of Van41:2. The resulting
chart then becomegshe in the subsequen chart.



84 BENDERSKY AND DAVIS

Diagram 9.6. Variousv (SO(2n+ 1)) near = 2
SO(11) SO(13) SO(15) SO(17)
T |
| | |
| | |
|
!
L1
Ik
|
!
| |
| .
|
|
|
|
|
|
|
|
|
|
|
2 2 2 2

There is someirregular behavior for the extensionsin the rst two cases.In order
to obtain v »(SO(11)) z=2* Z=25 which we know it to be by the BTSS, the
extensionmust be 4G = 2gs, + gg, asindicated. Then g3, 2G generateshe Z=16.
In the input to the chart for SO(13), we ele\ate the Itration of gz, 2G by 1 unit.
Toobtain v ,(SO(13)) Z=2°> Z=2', the generatorof the Z=2° must be from the

in im( 2) in vg 2(Viz2). In order to accommalate this in the chart, we raisethe
Itrations of the Z=16 by 1. After this, the pattern for forming v ,(SO(2n + 1)),
n 7, is quite regular. There are classesin low lItration in v 3( ) which have
beenomitted from the charts. They will play the role of being hit by di erentials in
forming v (SO(2n + 1)) forn 9.
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If it is not the casethat n (k) + 3, then the pattern of forming the lower
summand of Diagram 9.6, the one that mapsasin (9.4), is similar exceptthat the
number of classesaddedto the bottom of the tower will cycle mod 4 asO, 1, 2, 1,
rather than always being 2. This is primarily due to the di erential in vg »(S* 1)
beingdi erent than it waswhenk = 0. The pattern of growth of the upper summand
of 9.6 when (k) + 3< n is much moreirregular at the bottom.

Finally we descrite the way the eta towers are born and die from the J-homology
perspective. This is somewhatsimilar to the situation for Sp(n) pictured in [11, 6.6].

The chart for S*"*1 has four short eta towers, which we label as s or u for sta-
ble/unstable and o or e for odd/even, where odd/even refersto the de nition at the
beginning of Section6. The fé)rm of the chart is givenin Diagram 9.7, where

<o if nisodd
e ifnisewen

and p°6 pis the opposite® This can be seenby comparisonwith charts of [7, p.488];
the initial Z, in Itration 1 in those charts correspndsto the part of Diagram 9.7
labeledsp, while the Itration-1 group labeled in [7, p.488]correspndsto the part
of 9.7 labeled up®

Diagram 9.7. Form of a chart for v (S?"*1)

up®
sp

sp° up

The chart 9.2for v (Van+1 2) is formedfrom charts of S 1, S2" 1 andS*" 1, where

S2" 1 meansthe chart of S ! pushed1 unit to the right. Its eta towers are la-
beled by n?, nP, and ﬁf, where n is the integer in Vy.1, the number of bars tells
whetherit comesfrom S?" ! (no bars), S?" ! (one),or S*" ! (two), p= oor e, and
t = u or s, eat of thesecorrespnding to its label on the spherefrom which it came.
Onecanche that the labelson the two parts of Diagram 9.2 are asin Diagram 9.8.

mor parity.
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Diagram 9.8. Lakelson v (Van+1:2)

S
c o
S
c o

n even n odd

o =0
u nu

n

The way v (SO(7)) is formedfrom v (SO(5)) and v (V7.,) is somewhatanomalous,
and is consisten with the labeling givenin Diagram 9.9 plus the samething displaced
by ( 1, 2) units with parities reversed.

Diagram 9.9. Laleling a chart for v (SO(7))

We will abbreviate ead little eta tower by a singledot. For the ﬁﬂ classesye will
usethe nal dot ( ), while for the others we will usethe middle dot ( |) or( ).
The left side of Diagram 9.5 would have its eta towers asindicated in Diagram 9.10.
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Diagram 9.10. Eta towersin forming v (SO(9))

3
3 A
=-e
4 4 4 2. 3
| x s
4 2,
4
—-e
u
=0
‘?’u
—-e
4u
=0
4u
8k

The stableclasse® in {(2n+ 1) in Table6.1goto Oin ;(2n+ 3). They correspnd
to the classeswith subscript s in Diagram 9.8. The way they are born and die is
depictedin Diagram 9.11. Of course,this table should be extendeddown according
to the samepattern; by periodicity, it would be equivalert to extendit to the right.

Diagram 9.11. How the stableclassescome and go
3 42 5¢ 62
4k 4 42 5¢ 62 78
3 4 S5 62

AT 55| 6T 178

T8 % 1id
go+—roe | | 108—119

8k

If n® (n+ 1)§0 appearsin this chart (perhapswith barsover n and n + 1), it
meansthat the chart for v (SO(2n+ 1)) has  with certer dot in the position of n®,
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but in the exact sequence
Vi1 (Vansz2) ! v (SO(@2n+ 1)) ! v (SO(2n + 3))
it is hit by the classesrom the \lightning ash" part of v (Van+3:2) as depictedin

Diagrams9.2and 9.8. The reasonthat the di erentials look horizortal hasto do with
our denoting by its middle dot. A di erential of the form

would beindicated by a horizortal arrow sinceits middle dots are at the sameheigtt. 1°
That thesedi erentials are as claimed can be deducedfrom the proof of Cases3 and
4 of Theorem6.2.

The classedabeledx,, 3 in Table6.1areborn fromv (SO(4a 1))! v (Vaa 1.2)
and die from v .1 (V4a+3:2) ! Vv (SO(4a+ 1)). The classesn v (Vom+1:2) Which cause
their birth and death are analyzedin Case5 of the proof of Theorem 6.2. The way
in which the relevant portions of the charts of Vi, 1., and V3.2 are conbined is
pictured in Diagram 9.12. The classeq2a 1); are presen in v (SO(4a 1)) and
v (SO(4a+ 1)).

Diagram 9.12. How the Xy, 3 classescome and go

(2a 1)

(2a 1);

(2a+ 1)3

Diagram 9.13depictsthe way in which all theseeta towerscomeand go, represeitr
ing ead etatower by its middle dot. Note that an elemen labeled(2a 1) which is hit

10The reasonthat the di erentials from 42 to 350 look diagonal in Diagram 9.10
and horizontal in Diagram 9.11is that in forming v (SO(7)) from v (SO(5)) and

v (V7:2), the dot that would be labeled 32 becomes ‘ i.e. it is no longer in the
middle.
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by an arrow from an elemen labeled(2a+ 1) isin v (SO(4a 1)) andv (SO(4a+ 1)),
while an elemen from which an arrow emanatesis not in any v (SO(2n + 1)). The
\stabilit y" of these classesis mixed, as they are listed as stable in Table 6.1 but
unstable regardingtheir relationship with v (Vom+1:2).

Diagram 9.13. Eta towerscorrespndingto x,, 3 classes

4 5|3

u

8k':
We have accourted now for the killing of classes3;, 42, and 4g in Diagram 9.10
of v (SO(9)). The dot 3] is not killed. It represeits the Z, in vg,(SO(n)) and
Vga+1 (SO(N)) for all n 7; i.e. it is the only Z, pair that is stablein this sense,n
accordancewith Bott periodicity.
Finally we accoun for the coming and going of the unstable classesn ;(2n + 1)
in Table 6.1. Theseare the elemets in Cla; b and K [a; ] there. We denote by x?
(resp. x{) an elemen of K [a;b] (resp. C[a;h]) with i satisfying Proposition 5.6. For
i(2n 1), the a and b heremust be asin Table6.1,i.e. a= [n=2Jandb=n 1.
From the work in Section 6, we deducethe following result. When we say a class
\dies after" Spin(2n + 1), we meanit is presen in v (Spin(2n + 1)) but goesto 0 in
v (Spin(2n + 3)). The class\from" which an elemen is born or diesis the classin
V (Vam+1:2) Which mapsto or from it in the exact sequenceasseiated to (9.1).
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Prop osition 9.14. (1) For p= oor e, x5 is born on Spin(2*! + 3)
from mup and dies after Spin(2*2 + 3) from (2" + 2),°.
(2) If a6 2!, then x3 is born on Spin(2a + 3) from muo and
dies after Spin(2a+ 2 ¥ + 1) from (a+ 2 @@ + 1)ue.
(3) The classx$ ., is born on Spin(3 2'** + 3) from mue
and dies after Spin(3 2*2 + 3) from (3 2*T + 2),°.
(4) If a6 2 or 3 2, thenx¢ is born on Spin(4a+ 5 2 ) from
(2a+ 2 2 @) ° and dies after Spin(4a+ 3) from (2a+ 2),°.

This information is depicted through a rangein Diagram 9.15, which, when com-
bined with Diagrams9.11and 9.13and the singlestable eta tower 3, tells the role of
all the etatowersfrom all Von41.2 With N 4 togetherwith thoseof SO(7) in forming
v (SO(2n + 1)) for all n, from the J-homology point of view. Theseclasseswe call
purely unstable, sincethey are labeled as unstable both in 6.1 and 9.2. We omit the
subscriptu in this table. The right half of Diagram 9.15shouldreally be beneaththe
left half.
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Diagram 9.15. How the purely unstableclassescome and go

=-e =0
2 8
Z° 16
=0 =e
2 9
7 18
=-e =0
3 9
& 18
3 10
(% 200
=-e =0
4 10
g° 20°
4 11
g° 27
=-e =0
5 11
10° 27
5 12
10 28
=-e =0
6 12
17 54°
6 13
17 26
=-e =0
7 13
1z 28
7 14
14 28
=-e
8
16
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We summarizeby giving in Diagram 9.16 a general description of the chart for
v (SO(2n + 1)), which is a sum of this chart over all integersk.

Diagram 9.16. General description of v (SO(2n + 1))

s= 4k
s=4k n
n 0;3 mod 4 n 1,2 mod 4
s=4k 2n
s=4k 4n
t s=8k+ ! 3 2 1 0 1 2 3 4 5

The tower in 8k 2 whosetop is in ltration approximately 4k will not usually be
formed from classedn consecutie ltrations. Its order is determined by!! the main
summand of Ezl;8k 2*1(Spin(2n + 1)), which is quite irregular (seee.g. Table 3.22).
One of the biggestadvantagesof the BTSS approad comparedwith the J-homology
approad is that the former seesthe cyclicity and order of this group, while the
latter doesnot. The ltrations in all the J-homologycharts in this section,although

Uafter taking into accourt a possibleds-di eren tial and exotic extension
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suggestie of actual Adams ltrations, are not really meaningful. It can happen, as
it did for SO(13) in Diagram 9.6, that 2 times a classwill have Itration that of
the class,asfar asthesecharts are concerned.The order of the shorter, lower, tower
in 8k 2is moreregular, but againthe ltrations of the classeshat compriseit will
be complicated, at best.

The dashedlinesin 8k 1 2 denotegroups of approximately the sameorder as
the sum of the two towersin 8k 2, but with no cortrol over the group structure. So
far, the BTSS is not much better in this regard, although 11.3and 11.40 er some
hope for evertual knowledgeabout their group structure.

The oneeta-pairwhich is presert in v (SO(2n+ 1)) foralln 3 appearsin position
(8k; 4k) and (8k+ 1; 4k+ 1). The boxesaroundheight 4k n denotea pair of eta-pairs,
asindicated, in the certer box if n  0;3mod 4, and in the right box if n  1; 2 mod
4. Thesearethe classeslescrikedin Diagram9.11. The singleeta-pairaround4k 2n
is that descriked in Diagram 9.13. The sameeta-pair will be presen in SO(4a 1)
and SO(4a + 1); then it disappearsand a slightly lower one appearsin SO(4a + 3).
The long rectanglewith the little eta-pairsin it denotesapproximately 2[log,(4n=3)]
eta pairs in the indicated range of Itrations (roughly 4k 4n to 4k 2n). For a
speci ¢ n they will correspnd to elemerts in Diagram 9.15having label n which
are hit by an arrow from an elemen whoselabel in greaterthan n.

A comparisonof Diagram 9.16with Diagrams1.3and 3.7 canbeilluminating. The
top tower (resp. lower tower) in 9.16 correspndsto C; (resp. C, or 8). The top
(resp. middle) eta pair in 9.16 correspndsto the etatower labeledl (resp. 4a 1 or
4a 3). The dashedlines correspnd to G, and extensionsfrom it. The little boxes
correspnd to the eta towers labeled D. And the big rectangle correspnds to the
two wide bands of eta towersin 1.3 and 3.7.

10. Pr oof of fibra tion theorem

In this section, we presen a proof of Theorem2.2. In [9, x5], a proof of parts (i)
and (i) of this theoremwas presered which relied heavily on work of Bous eld, both
in the preprint [19] and in preparation. Here we give a self-corained proof. It was
pointed out in [9] that there is someconfusionin [6, 4.3], which is very relevant to
our work here. Although that theoremis stated for injective extensionsequencesit
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is applied to sequencesvhich are only relatively injective extensionsequencesHere
we will adapt methods of their proof to sud sequences.To prove this theorem we
comparethe proof of [6, 4.3] with Mahowald's resolution of the b er constructionin
[32.

As in [6] we extend the category G of K K -coalgebrasto the naturally equivalert
category G of connectedK K -coalgebras.The objects of Gy are of the form K - M
whereM 2 G. In particular, for a spaceX, K (X) shall denotean object in G (the
reducedK -homologyof X ) aswell asan object in Gy (the unreducedK -homology of
X).

Following the appendix in [17]we de ne a cosimplicial object X over a categoryC.
De nition  10.1. A cosimplicial object over C consists of

(i) for everyintegern 0 an object X" 2 C
(i) for every pair of integers (i; n) with O i n cofae and
codggeneacy maps
d:x"t1 x"2cC
s:x™ 1 x"2cC
satisfying the cosimplicial identities ([20; p:267]} [17, p:487)).
In most of our applications, C will be the category of spacesor the category Go.

If X is atopologicalspacelet K(X)= (K~ 1X). Recallthat (K (X))

K (X). Thereis a cosimplicial spaceaugmened by d°: X | K (X)
(10.2)

g

KX =fx ¢ K(X) = KK (X))

In the notation of 10.1,X " = K "1 (X).
As in [12],we de ne Tot(K X) to be the total spaceasseiated to the cosimplicial
complexK X = fKs*1(X)g of 10.2,and the K -completion of X is de ned to be

X" = Tot(K X):
A ltration Tot,(KX) is de ned on Tot(K X) asin [20, X.3.2].
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To prove 2.2, we usethe tower under X" induced by this ltration of Tot(K X).
The referencehere is [20, X,x6]. The E;-term assaiated to the tower of brations
f Tot,(K X)g is descriked in [20].

Lemma 10.3. ([20;X;6:2]) E;"  (KS*1(X)\ ker(s®)\  \ ker(s* 1),t s O.
(Note: KS*1(X) is denotedby X°® in [20]). SoE; is the reduced cobar complex,
and, by [20,p.283],d; : E; ! E; is the boundary in the reducedcobar complex

The spacesin the unaugmernied complex (10.2) are the b ersthat occur in the
tower induced by the lItration of Tot(K X). After applying to the unaugmered
complex, we have

(10.4)

(KX) = fK (X)= K (K(X)) g

The cochain complexch KX has(ch KX)"= ((KX)") = (K"(X)) and
= F)( 1)'d'. It follows from [20, ch.X] that E, = H (ch K X).
In order to interpret E, asan Extg (=Ext g,), we apply K to (10.2), obtaining

K Kx)=fK (X) ¥ K KE)=K KKX)E o

This is acosimplicialobject over the categoryG, augmened by K (X) T K (K (X)).
As usual, there is an extra codegeneracywhich implies H (chK (KX)) = 0. So
K (K X) without the augmeration is a cosimplicial resolution of K (X ). Hence

Exti(K ;K (X)) H (Homg(K ;K (K*S*(X))))
H (Homy(K ;PK (K5 (X)) H (ch (KX)) ES(X):
Here we have usedthe isomorphism

Homg(K ;K (K(Y)) Homy(K ;PK (K(Y)) K (Y);
(10.5)
whereU is the categoryof K K-comadulesand P : G! U is the primitiv esfunctor.
See[6] for details.
We will needthe following standard result:
Prop osition 10.6. Supmsewe havea diagram of cosimplical resolutionsof X over
the category G
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X P xo=x1
#1, # @ #

X P yo—=y1

with X" and Y" relative injectives (e.g. objects of the form K (K (Z))). Then the
induced map Extg(K ;X)! Extg(K ;X) is the identity.

We now recall from [17, 3.7] the construction of the mapping cone M (f) of a
cosimplicialmapf : X ! 'Y of cosimplicial objects over G,.
De nition  10.7. M (f) is given by:

(i) M(f)0= X0 M(f)n=x" yn1t YO n 1
i)y d:M@E)"! M) equals((d® f)) id id, whee
XM XM X" is the comultiplication.

(i) ForO<i n,d:M@{)"! M(f)" equalsd d*
((d° id)) id id.

(iv) d*t-M@E)"=M(E)" « K I M(f)" equalsd*?
d* ,whee :K ! Y?is the coaugmentation.

(v) s :M(f)"™ 1 M(f)" equalss' 0 id id,

whee :Y" 11 K is the counit.

We adopt the following notation. For a spaceX , we shall let X° = K (K s*1(X)).
This is the sth group in the cosimplicial resolutionK (K X). The map h of Theorem
2.2 induces a map of cosimplicial resolutionsh : K (KE) ! K (KB). Part (i)
of Theorem 2.2 is proven in [6] by studying the following sequencewhich is an
adaptation of [17]to the category &.

M()! MEh)! M() (10.8)
The mapping conesin (10.8) are given, asin [17, p.479],by:

s 1 =0

M()°=K M()=K B B
M(h) ' =E° M@®h'=E° B°' B
M()°=E> M()=E K K K
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( = «x)

There is a map k of cosimplicialresolutionsof K (F) 2 Gy, k : K (KF)! M (¥h)
with
S 5S 1 =0

k:FF=F K K! E B B

de ned by k = | , with j inducedbyj :F! E,and the coaugmen-
tation. Herek is a map of cosimplicial complexesbecauseh j = 0 on the kernel of
the counit, using alsothe de nition of the cofaceand codegeneracymapsin M (K h).

The following result is immediate from 10.6.
Corollary 10.9. The map k induces an isomorphismof Extg(K ;K (F)).
The long exact sequenceof E,-termsin 2.2(ii) is obtained, asin [6, 4.3], by
noting that applying P( ) to (10.8) yields a short exact se-
guenceof cosimplicial objects over U,
noting that applying Homy(K ; ) to this maintains the short
exactnessthus Homg(K ; ) appliedto (10.8)yields a SES;
observingthat H*(chHomg(K ; )) appliedto the three cosim-
plicial mapping conesof (10.8) yields, respectively, ES *(B),
E5(F), and E3(E).
As explainedin [39, pp 321-3]and [9, x5], relatively injective comadules yield the
sameexactnessproperties as injective comadules, provided we are working with free
K -modules.
Using that

Homg(K ;K KX K KY) Homy(K ;P(K KX K KY))
Homy(K ;PK KX) Homy(K ;PK KY) K X K'Y,
we nd that the SESof chain complexeswhoseH ( ) yields
I E3B)! ES(F)! ES*(E)!
asabove is

s 1 =0 =S =s 1 =0 =S

0! B B! E
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Forh:E! B asin 2.2, let R denotethe chain complexwith Rt = E° B° '

and dierential d : RS ! RS givenby d(x) = (x) h (x)if x 2 E* %, and
diy) = (y)ify2B® . To clarify why the sign is asindicated in the formula for
the di erential in R, rst note that d(x) must be (x)+ h (x) becausehe boundary
map E>(E) ! E,(B) inducedby the short exact sequencg2.15) is the map induced
by h. The signon d(y) is determined becaused® = 0. One easily veri es that the
inclusion map from R to the middle chain complexof (10.10)is a chain map.

The chain complexR is motivated by Mahowald's construction of the resolution of
the b erwhich we now recall. Following Mahowald ([32, p.77]), let Xs(h) bethe b er
ofthe map Tots(KE) ! Tots 1(KB) and Fs.1 (h) the b erof Xq.q(h) ! Xg(h).

There is a commutativ e diagram of bre sequences

KS*'B | Fgq(h) | KS2E | Ks*1B
# # # #
Tots(KB) !  Xga(h) ! Tote(KE) ! Tots(KB)
# # # # (10.11)
Tots 1(KB) | Xg(h) ! Tots(KE) ! Tots 1(KB)

in which ead lower vertical map is part of an obvious tower.
It is provedin [32 3.3](seealso[33) that

KS"'B 1 Fgi(h)! KS%E (10.12)

inducesa short exact sequencen ( ), and in fact that
Fei1 (h) = KS2E  KS*B:
Hencethere is a long exact sequence
I ES YB) P ESY(E)! ESYE)! :
(10.13)

whereE5>" () is the E, term of the spectral sequencassaiated to the tower f X ¢(h)g.
(Recall that EJ" is s of the s-th stageof the tower. So (10.12) inducesa long
exact sequencewith the indicated bidegree.) In particular, from diagram (10.11)
the boundary map @is a map of spectral sequencesBYy [33, Prop.3], the morphism
E>(E) ! E»(B) in (10.13)is induced by the map h. Hencethe di erential in the
resolution asseiated to the tower f X (h)g is given by the di erential in R.
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Let ¥ be holim of the tower f X (h)g. There is a map from the canonicaltower for

F to the tower f X (h)g which induces
—s jsl 0

F

E° B! (10.14)
in E;. To seethis, obsene that the construction of X s(h) is natural in h in the sense

that a diagram

E ! B
# #
Eo 1" B

inducesa map f Xs(h)g! fXs(h9g In particular, the diagram

F oo
H#i #
E ! B

shownsthat there is a map of spectral sequencessin (10.14). Note alsothat this map
of towersinducesa map

F' i e (10.15)

of their homotopy limits.

We now comparethe two constructions. There is an obvious map z of the short
exact sequence ((10:12)) to the sequenceg(10.10), which inducesa commutative
diagram of exact sequences

E2(F)
#]
! E5 ¥(B) ! ES(®) ! ESE) !
# 75 #z¢ K (10.16)

I HS Y(B) ! HSM®) ! ES(E) ! ;
whereB and P arethe rst two chain complexesof (10.10) 2
The morphismsin the top row of (10.16) are morphismsof spectral sequencesWe
shall shav below that zg is an isomorphism. Hencezg is anisomorphismby the Five
Lemma(but we do not yet know that it is a map of spectral sequences)The composite
zr | isinducedby the map k which was provento be an isomorphismin Corollary
10.9. Hencej is anisomorphismwhich we have shovn comnutes with di erentials.

12Note that B is not the samething asF" .
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This, togetherwith the earlier obsenation that @in (10.13)is a morphism of spectral
sequencesmplies parts (i) and (iii) of Theorem2.2.

Sincethe morphismj of (10.16)is an isomorphismof spectral sequencest follows
from the convergenceof the spectral sequenceshat (10.15)is an equivalence. Thus
the bration

N

P!l E'! B
obtained from (10.11) becomeghe bration assertedin Theorem2.2(i).
We will be done oncewe prove the following result.

Lemma 10.17. zg is an isomorphism.

Proof. Following [17], we study the bration
I B! B;

which satis es the conditions of Theorem2.2. Hencethere is a diagram asin (10.16)

! EsiB) ! E®) ! EB) P
# 7g # k
I HSYB) ! Hs(®) ! E3B) !
where® and P arethe spacesn (10.16)for the trivial bration. The map @n the top
row is inducedby the idertity map, which implies E3(P) is zero. An easycalculation
using the de nition of P shavs that HS(P) = 0. Thus zg is an isomorphismby the
Five Lemma. H

11. A small resolution for computing Exta

In this section,we intro ducea small chain complexfor computing Exta (M=im( 2))
whenM is algebraicallysphericallyresohed (ASR). Someadvantagesof this approah
to Ext, are

it gives a slightly dierent interpretation of eta-towers, one
which does not involve an extension, which is useful for nat-
urality argumerts;

it givesa somewhatmore natural proof of the formula, 7.2, for
the h;-action on the 1-line, and generalizeghis result in various
ways;
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it givesa new interpretation of the 2-line groups, which shows
immediately their number of summandsand lendshopeto their
completecalculation.
The results of this section are not usedin this paper, in part becausethey were
discovered after most of the work had beendone. They should, howewer, be usefulin
subsequen BTSS calculations.

To state the result, we introduce two functions from integer matrices to abelian

groups.
De nition 11.1. If N is aninteger matrix, then G(N) is the alelian group presentel
by N. If N is an m-by-n integer matrix, let R(N) denotethe row space of N, S(N)
the subspce of Z" consisting of vectors v suchthat cv 2 R(N) for somec?2 Z, and
Q(N) = S(N)=R(N).

Note that if rank(N) = n, then Q(N) = G(N). Another usefuldescriptionof S(N)
in the above de nition is asall integral vectorsqN obtainedfrom vectorsq of rational
numbers. Then R(N) is the subsetconsistingof thosegN for which q is integral.

Although this method may apply more broadly, we restrict it here to modules
which are algebraically spherically resohed (ASR). This notion hasbeenusedin [9]
and [13]. For purposesof this paper, we de ne it asfollows.

De nition 11.2. An object M of A is ASR if there exist short exactsequenesin A

0! QK}(s™*)y1 M;! M; ! O
forO 1 k,withM ;=0andMy =M.

We begin with the casein which 1 = 1 on a 2-adic Adams module M. The
following result will be proved later in this section.

Theorem 11.3. SupmseM is ASRwith 1= 1. LetB be any basisof M, and
let m be an integer. Let  denotethe matrix of 2 on M with resgct to B, and |,
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the matrix of 3 3™, Tgen

s=0
QgL+ ¢ 1 m)  s=
G@ "A  Q(2 m) S= 2 modd
Ext3?™ Y (M =im( 2 m
A - G% § Q2 m) s+modd:s 3
0 1
m
Q%Z 0 m§ s+meven s 2
0o 2
The Pontryagin dual is giv8en by
0 s=0

0
1+ ( 1)m
G% s=1

S= 2, modd
Ext3*™t (M=im( 2))*

1
2
.
;
0 1

2

QA n T 2 G% T§ s+modd s 3

T

m

0
T 2
Q% w02 § s+ mevens 2
0 T

A basis-free form is givenas follows,whee ., = 3 3™. We have
. Extx®™ "t (M=im( 2))*
%M:im(1+( nmo2% ) s=1
ker( mjM=2*)\ ker( ?jM=2') M=im(2; 2, ») S= 2, modd
Eker( mj|\/|—2)\ ker( 2jM=2) M=im(2; ?; ) s+modd, s 3
HM=2 "I M= M= 1" M=2) s+meven s 2
Here H( ) refersto the homola@y of the short sequene.
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The description of part of Extfzm”(M =im( ?)) asG ™ whenm is odd is par-
ticularly useful. Our previous description of this was as the Pontry agin dual of the
kernel of ,, on M=im( 2), and this was felt to be somewhatintractable. It seems
quite possiblethat exploitation of this result might allow complete calculation of
EZ2™*1 (Spin(n)), which hasbeenthe only gapin our completeknowledge. It seems
even more likely that we could usethis result to obtain completeinformation about
the group structure of E3?™*! (SU(n)), both at p= 2 and at odd primes, whereonly
the ordersof the groupswere determinedin [7] and [23].

The fact that this new description of the 2-line reducesmod 2 to the eta towers,
which are known, improvesupon our previousunderstandingthat h; acts surjectively
on the 2-line ([5, 5.4]), which had beenusedto give a lower bound on the number
of summandsof the 2-line group. Now we can say that the number of summands
of the relevant part of the 2-line group equalsthe (known) number of eta towers. A
relatively straightforward Maple row reduction of ™ yields the following result.
Prop osition 11.4. Let m be odd, and e = e(m;n) = (JE;*™*(Spin(2n + 1))j),
whichis givenin [8, 1.5]in terms of sumsof binomial coe cients, andwhichis given
explicitly for n  12in 3.22. Then

8
z=% 7= 3

n=3
Z=2 z=2¢1 n=4
Z=2 7=2*> 7=2°3% n=5
E;*"(Spin(n+1)) = Z, Z, [ 7=2* Z=2°° n=6m 1lma4
Z=25 Z7=2¢°5 n=6 m 3mad4
Z=2 7=26 7=2*7 n=7,m 1mod4
©Z=2 z=2" z=2*® n=8 m 3mod4

The next result expresseghe action of h; in terms of the above descriptions of
Ext, and Exti. This includesa new proof of Lemma 7.2 and its implemertation in
7.9, aswell as generalizations.The extensionof this result to moduleswhich do not
necessarilysatisfy 1= 1isgivenin 11.18.

Note that in all casesn which a submatrix 2 occursin oneof the matricesof 11.3,
the group/summand dependsonly on M =2 and its Adams operations, in which case

m m+1. The following descriptionidenties , and +; mod 2.
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Theorem 11.5. Undertheidenti c ations of Theorem11.3,h; ; ExtS2M*1 | Extst1:2m+3
and h? : Exts*12m+3% | Exts2m1¥ gatisfy

if s 3ors=2andm even,thenh; = 1 and h’f =1;

if s = 1 and m is even,then h; is inclusion into the second

summand,and h} is the dual projection;

if s= 2andmis odd, thenh; = , 1andh} = , 1, whee

- 1S reduction mod 2 and 5 is inclusion into elementsof order
2;

if s= 1andm is odd, then L

m+ 0
hi : Q(0 2! ok2 0 oa& (11.6)
0 2
satis es
hi(Gw sw ) = (W ;W n; 3"w) (11.7)

= (W ;03w )+t OW n W o)

= (W ;W mi;0)+ (0,2 3"w; 3Mw)
Here w is a rational vector suchthat w andw , are inte-
gral. The basis-free h} in this casesends(x1; ) to ( 2(xy) +
m(X2))=2.

The di erent expressionsn (11.7) can eat be useful in di erent situations. In
the description of Q( ) given after De nition 11.1,we have, if s= 1 and m is odd,
h; : Q(N1) ! Q(Ny) is given by

hy(WN1) = (0; 3w ;3w )Nz = (w;0;3"W)Ny;
(11.8)
whereN; and N, are the matricesin (11.6).

Before proceedingwith the proof of Theorems11.3and 11.5, we illustrate them

with M = PK }(F4=Gy), 'WhiCh was studied in [9]. We havle
270 _ 3 gm 0
120 2 A m= 5o gu g
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Let m= 2k+ 1beodd, anddene = (k 3)+3and °= (k 5)+ 3. Then

N, = (0 m) IS, up to unit multiples, |
002 0 2 0
0028 211 1 2°"

which pivots to '

00 2min°(7;3+) 2ll+ 2°+ ’

0_— .

M™= 0 0o 28 2t 1 2°

whereminYa;b) = min(a;b) if a6 b, while min%a;a) > a.
If kiseven,then = 9= 3, andsoQ(0 m) = Z=25 with generator1=2° times

the rst row of M while if k 3 mod 4, Q(0 m) = Z=2', generatedby 1=2’
timesthe rst row of M2 The casek 1 mod 4 is more delicate, and will be omitted
from this illustration.

We have 0
27 0 3 3ml 0 0 0
0 0 1 120 211 5 3 3t 3m+l 0 0
m+1 2 0 0 0 37 3m# 0
Ny = ?@2 0 m+l£ = 0 2 0 0 5 37 311 gm+l
0 2 0 0 2 0 27 0
0 0 0 2 120 211

Sincem + lisewen, (37 3™1)= (31 3m™1)= 1. Let R; denotethe ith row
of N,. Then R; is in the span of Rz and Rs, while 2R, is in the span of R3, Ry,
Rs, and Rg. Becauseof the units in positions (2; 3) and (4;5), we can deducethat
Q(N2) Z, Z;generatedby g; = 7R3 and ¢, = 1iRe.

In the fourth part of Theorem11.5,let w be the vector whosecomponerts are the
numbers by which the rows of N; must be multiplied to give the generatorof Q(N,).
Thus 8

W = <(5 3=26 (3™ 3)=25) if k even
(5 3=2" 3™ 3)=2") ifk 3mod 4,

and, mod 2,
8

<(001001) ifkewen

= (0
9= 0w W m) . 001000) ifk 3moda4.
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From (11.8),we8obtain, with the rst equivalencemod 1,

S0O0200)N, =g+ g ifkewen

: (003 000N, = if kK 3 mod 4.

This provides an alternate argumen for someds-di erentials in the BTSS of F4,=G,
establishedby another method in the rst paragraph of the proof of [9, 4.15].

h.g

We begin now to work toward the proofsof 11.3and 11.5. We will construct a free
A-object and a small resolution of an ASR object M (not assuming 1= 1)to
which applying Homa ( ; K 1(S?™*1)) yields the following.

Lemma 11.9. AssumeM is an ASR A-object, and B any basisof M. Let * and
m denotethe matricesof ¥ and 3 3™, respctively, with resgct to B. Then
Ext3*™* (M=im( 2)) is the homolay of a sequene of free Z5-modules

Co ¥ c, ¥, ¥ ocs
whele the transppsesof the matrices of ds are given by
O O L)
fors=1,andfors 2hy

1+( 1)s+m 2 m 0 1
0 1+( 1)stm 0 " E
0 0 1+( 1)s+m 2
0 0 0 Ly (o op)stm

with the last row deletd if s= 2.

Note that, if rank(M) = n, then rank(Cy) = n, rank(C;) = 3n, and rank(Cs) = 4n
fors 2.

Proof of Theorem 11.3. SinceM is ASR, d; is injective and henceExt® = 0. Also
sinceM is ASR and E,(S?"*'; Q) = 0, the rational homologyof the sequencef 11.9
is 0, and hencethe homologyat Cs is given by dividing elemets in im(ds) asmuch as
possibleand usingim(ds) asthe relations. If N is the matrix of ds, then the columns
of N are im(ds), and so Q(NT) measuresthe homology as just descrited. Since

1= 1, the matrices Y+ ( 1)*™ will be 0 or 2. The desiredhomology
is obtained by substituting these into the matrices displayed in Lemma 11.9 and
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applying QO. For example, if slz 2 and m is odd, the homologyis
[

2 W 0
QBo 0 0 .k Qe m) Q
00 0

The desiredresult here follows from our remark about Q = G for matrices whose
rank equalstheir number of columns. Other casedollow similarly.
We obtain Ext3*™** (M=im( 2))* asthe homology of the sequence

# # #
# O # d d3
Co Ci

2 Cg .

whereC? = Hom(Cs; Q=Z) andthe matrix of d? isthe matrix listedin 11.9. Sincethe
cohomologyof the sequencef Hom(Cs; Q) is acyclic, the cohomologyexact sequence
induced by

0! Z! Q! Q=Z! 0

implies that Ext3*™** (M=im( 2))* is the homologyat C, , of the sequence
c, d, c, d, c, d, ;
whereC, = Hom(Cs; Z) and the matrix %f d, is that Ilisted in 11.9. Thus
1+( 7
Extl( )* = coker(d,) = G® X

m

while fors 2, Ext®( )* is given by dividing elemers in im(d,) asmuch aspossible
and usingim(d,) asrelations. Thusit is given by applying Q to the transposesof the
matrices displayed in 11.9. This is as claimedin 11.3, oncewe replaceQ by G for
matrices whoserank equalstheir number of columns.

Finally we give the proof of the basis-freeinterpretation of Ext( )#. The case
s = 1 and the secondsummandwhens+ m is odd are immediate sinceG(N) is the
cokernel of the transformation with matrix N T. !

Next note that Q( | T) is Pontryagindualto G ™ , which is coker(M

T

(VI ' M). Henceit is
kerM* ™1 “M*  M*) = ker( njM*)\ ker( 3M*):
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SinceM is a free 2-primary module, M# may be replacedby M =2 . Similarly,
Q2 I ) = ker2jM=2")\ ker( jM=2")\ ker( %jM=2")
= ker( jM=2)\ ker( %jM=2)
sinceker(2jM =21 ) = M=2.

Finglly, we need

T2 0
QB T 0 2K HM=2"I M= M= 1" M=2):
0 T T

To seeth(i)s, rst note that

1 0 1
T 2 0 2 0
QBT 0 2 kK = QB 0 2%
02T 2T T T TTOO

|

_ T20

_Q T02

ke(M=2 M=2 1" M=2)
with (vi;wj) 2 M=2 M=2 correspnding to the row
3(( %e;26;0)+ ( mg;0;2q)):

Then note thaot the homomorphifm

1
T 2 0 T 2 0
QBT 0o 2 K1 QBT o 2%k
0 2 T 2 T 0 T T
haskernelspannedby all elemens (0 ¢ 2g ), which correspndsto ( mVvi;  2V))

under the above correspndence establishingthe claim. W

In order to prove 11.5and 11.9, we needto descrike the free A-resolution. We
beginwith the following description of the free objects.

Theorem 11.10. De ne anobject in the category A of stable2-adic Adamsmaodules
by letting S= f(i;j):i 0;j 2f0;1ggand = (Z3)° with
) = g6 )

(> noap = 02
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Then is free on one geneator.

Proof. [18 p.145]says that forgetting other odd operationson 2-torsion stable Adams
modules (not 2-adic) is a categoricalisomorphism. Indeed, it statesthat a 2-torsion
object of A, correspndsto an objectin the categoryA?z) of 2-torsionabelian groups
with a locally nilpotert operator 3 = 2 1 and a commuting involution 1
For a 2-torsion object G 2 I nv, there is a universal A-object U(G) correspnding
to the object of A%, which is G G with ! acting componertwise and

3(01;%;: 1) = (O2;0s;:::). Herelnv and Gl nv are asin the proof of 7.2. (Seealso
[9] and [19].)

The functor U is right adjoint to the forgetful functor, and soit sendsinjectivesto
injectives. Recallthat GI nv (resp. A) is Pontry agin dual to the torsion subcategory
of Inv (resp. Az). SinceQ=2 Q=Z with ! reversingthe factors is injective in
I nv, applying U to it yields an injective in A(;. Applying Pontryagin duality yields
the desiredprojective objectsin GlnvandA. R

The generatorof can be takento be the elemen f, de ned by f¢(0;0) = 1 and
fo(i;j) = O otherwise. A morphism ! N in A is determinedby (f), which will
be usedimplicitly .

We will prove the following result later in this section.

Theorem 11.11. SupmseM is an ASR 2-adic Adamsmaodule. LetB = fvy;:::;vnhQ
be any basisof M over Z;. Let F be a free A-module with basisfg;;:::;g,9. Thus
F is the sumof n copiesof the object descriled in Theorem 11.10.

There is a free A-resolution

0 M=im(? Ry @R 2R, @ :
(11.12)
where

nou
N B O

s
F F S
F F F F s
(g) = vi, and the matrix of @ is given by

(1 1 2 3 3);
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while, for s 2, that of @ is

° Y+ (10, 2 3 0 !
O 1+ ( 1)3 1 O 3 3 E
0 0 v (1), 2
0 0 0 Y+ (1,
with the last row deleta if s = 2, whewe
1. ! satises ((f)(i;j)=f(;1 j);
30 ! satises (f)(i;j) = f(i 1;j) if i > 0O, while
3(F)(©0:)) = G;

j :F! F does ; oneach summand,

kK (resp. 3) : F ! F hasmatrix with respct to fgg the
sameasthat of * (resp. ® 1) on M with respct to fv;g.

Proof of Lemma11.9. The complex(Cs; ds) is obtainedas(Homa (Rs; K 1S2™*1); @).
We need merely to obsene that the duals of ; and ; are ( 1)™ and 3™ 1,
respectively. To seethis, rst note that Homa ( ;K 1S2™*1) is cyclic on generator
satisfying x

)= (D™ E™ f)):

Ll

Then
5 - Homa (;K1S?™ Yy 1 Homa (K 1S?™*)
satis es
s( )(F) = x( sf )
= (DUE™ 1)(sf)i])
)i<'J'

(DUE™ i Lj)
i5j

@™ 1 (f)

and similarly for ;. W
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Proof of Theorem 11.5. We focus on the most di cult case,s = 1 and m odd. The
Yonedaproduct with h; is de ned using the diagram

M=im( 2) F @ F EF @ F F F F
2 2
2 ?
y 2y
Lcome @
K82m1 7
?
ghe
K182m+3

where is asin Theorems11.10and 11.11, {f) = F)( 1y (3™  1)'f (i;j), and
@=(1 ; 3™ 1 3). Notethat thereisno 2-summandin the resolution of
K 1S2m*1 sinceit is not a resolution of K 1S2M*1 =im( 2.

Similarly to [9, x3], hy 2 Ext} (K 182m*1; K 152m+3) s the solenonzeroelemen and
h; is de ned by

hy = % * @,
where ®: | K1S2m*3 gatises off) = P (3™ 1)'f(i;j). Thus
X .
hi(f;g) = @™ 1)(f (i; 0) + f(i; 1)) (11.13)

27 aE™ (@ D) o L)

. X .
@™ 1)(F(i; 00+ f (i 1)) (3™ 1)'3"g(i;):
[ i5]
The map ; is alifting over ofamap :F F F ! KS?™1 and satises
2> = @ for some :F ! K1S?*! andsomeb 1. This latter is due to the
characterization of cocyclesthat we have beenusing throughout, that somemultiple

of them equalsa coboundary. This de nes a vector
v=( (@i (o) 2257
wherefg;;::: ;0,9 is the basisof F usedin Theorem11.11. Next we note that
2® = (@©v %Zv(® 3M):
Here we are using the description of @ given in Theorem 11.11and the fact that
= 1in both M and K1S?™*1 The j;in the third component becomes3™ 1

in K1s2m*1 which is subtracted from the matrix 3.
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The lifting ; canbe chosento satisfy the sameformula
22 ,= (v Zv( ® 3M):

The di erence betweenthis formula and the onefor residesin the Adamsoperations

in the target. Note that v 2 (and alsov( * 3M)) is a 1-by-n matrix ( 1;:::; n)

with ertries in Z5. Its meaningas a morphism " ! is the usual matrix of a

linear transformation, while asa morphismfrom "1 K?1S2m* y( 2 3M) sends
P

(fyiifa)to e (@™ 1)'( 1Yfi(i;j), re ecting the actionof *and 3 1
on K 182m+l )
Using the formula for @ in 11.11,we nd that

1@:F F F F!

0 onthe rst summand,

2% 2(1+ ,): !  onthe secondsummand,
2 %( % 3@+ ;) onthe third summand,and
25%(C 2C3 3) (2% 3 2 onthe fourth.

The formula on the fourth summandsimplies to 2 v 2(3™ 1 ).
Now » canbe chosenas

0 onthe rst summand,

2 by 2into the rst summandon the secondsummand,

2 bv( 2 3M)into the rst summandon the third summand,
and
2 "v ?into the secondsummandon the fourth summand.

Herewe have usedthat ; comnuteswith scalarmultiplication. Following by (11.13)
yields that the elemen hif g 2 ExtZ?™**(M=im( 2)) is represeted by the map

F F F F! KS?*3 dened by

0 onthe rst summand,

2 bv 2 on the secondsummand,

2 bv( 2 3™M) onthe third summand,and
3m2 by 2 onthe fourth summand.
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This yields the rst equality of 11.7,with w = 2 Pv, while the secondfollows from

M = %( 3 3m+l ( 3 Sm))

Finally, we prove the basis-freeform of hi. Let C = fCigand C = fC.g =
fHom(Cs; Z,)g be the complexesusedin the proof of 11.3involving ,, and let €
and € be the analogouscomplexesinvolving .1 instead of .. We will usethe
Universal Coe cient Theoremand the formula (11.7) for

Hy(C) " Hy(€) (11.14)
to deducethe desiredbasis-freeformula for
Hi(€) T Ho(C); (11.15)

which becomesh] : H,(€)* | H4(C)* under the isomorphismusedin the proof of
11.3. Note that the shift of indicesis opposite to that of the usual UCT, sincethe
boundary morphismsin the chain complex C whosehomology is being considered
increasethe grading.
We considerthe commnutativ e diagram
Ext(H)lsC;Z;) al HO%C )
(h1) 3 h,3 (11.16)

Ext(H,€;Z5) %1 Hy(€)
whereu and & are the homomorphismsof the UCT, which are isomorphismshere
becauseC is assumedto be rationally acyclic. The (h;) in the diagram is dual to
(11.14). Recall that the UCT homomorphismu is induced by applying Hom( ;Z5)
to Co e B1, noting that

Ext(H,C;Z,) Hom(Bi;Z5)=Hom(Z4;Z5):

Here and elsewhereB; denotesthe boundariesand Z; the cyclesin C;.

The basis-freeversionof H,(€ ) isH(M=2 ™™ M= M= 1n M =2): Let
(Xj;yx) be a pair of basisvectors represeting a cycle. If a sum of basis vectors is
required, either a changeof basisor an obvious adaptation of the argumen will yield
the result. It is often the casethat only one of x; and yy is neededto represen a
class. The argumern in sud a caseis slightly easier.



114 BENDERSKY AND DAVIS

Let V denotea free Z;-module of rank n. We consider

0 1
0 0O 0
T
&=V VvVVvV~e®e=vvVvyVvy (@)=%T g gg
m+1
0 fu T

In the proof of 11.3,it is shavn that (X;; yx) correspndsin H,(€ ) to %(rnﬂ- + I'on+k)
in Q(&), wherer, denotesthe tth row of the matrix. Let B, = im(&) denote the
column spaceof (&), and let ¢- denotethe “th column. Under the isomorphisme of
(11.16), %(rnﬂ- + I+ k) Correspndsto the morphismB, ! Z5 sending

8

31 if =n+jor2n+k
c7_0 fn+1 °~ 3n, 6n+j, 62n+Kk

= . .

' E((@)nﬂ;‘ + (@)ka;‘)) if 1 n.
The latter elemen is an integersince 2x; + m+1(Yx) 0 mod 2.

The formula for h; already derived inducesh; : B; ! B, sending

Ov ;v m)7LOv 02V )+ (O0V 2V o)
Theseimage vectors were previously viewed as columnsof (@). We deducethat
(hy) & *(Xj;;yk) :B1! Z5
sends(0;e ;e ) to 3() 4 + 3( m)«, and sou(hy) & (x;;yx) sendse to the

“th componert of 3( 2x; + mYk). This iswhatis meart by 2( 2X; + mYx) 2 Ho(C ).
|

Proof of Theorem 11.11. Wewill provethat (11.12)is acyclicwhenM = QK (S2"*1),
It followsthat (11.12)is acyclicwhenM is ASR by induction on the rank of M.
To seethis, rst note that there is a short exact sequencef 2-adic Adams modules
0! QKs™1l 1 M1 M% 0

with M ° ASR and rank(M 9 <rank(M). Thus the sequencg11.12)is acyclic for M ©
by the induction hypothesis. SinceM %is ASR, ker( 2jM 9 = 0, and so by the Snale
Lemma, there is a short exact sequence

0! QK!S™l=im( ! M=im( ! M%m( )! O
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This SESis coveredby a SESof the complexesof (11.12),and sothere is a long exact
sequenceelating the homologygroupsof thesecomplexesor QK 1S2"*1 M, andM°
Sincethe complexesare acyclic for QK 1S2"*1 and M ©, the samemust be true for M .

Now we prove the acyclicity of (11.12)for M = QK 1S2"*1 | We will considerhere
the casewhenn is odd, sothat ' = 1in M; the casen ewen follows similarly.
One easily veri es that compositesare 0 in the sequenceby multiplying the matrix
forms of the boundary morphisms,usingthat ; comnuteswith .

We will now shov exactnessat Ry by shaving is injective on Ro=im(@). Let
f2Ro= . Dene g2 by

. <f(:1) j=o0
(1) = =1
Thenf,:=f + @(g%; 0;0) satisesfy(i;1)= Oforall i. Dene g; 2 by
(iiy= k@ Dk i+ 10) =0
;=0 =1

Thenf, := f; + @(0;0;g;) satisesf,(i;j) = Ounlessi = j = 0. If (f) = 0, then
0= (fy) = f(0;0) and sof,(0;0) 0O mod 2". Hencef, = @(0; h;0) for some
h2 . Thusf 2 im(@).

A somewhatsimilar argumert works for exactnessat R; for eachi 0. By period-
icity of the chain complex,we needonly verify it at Ry, Ry, and R3z. We will perform
the veri cation for Ry, and leave the similar argumert at R, and R3 to the reader.

We shav @ is injective on R;=im(@). Let (f1;f5;f3) 2 Ry. For 1l 3,de ne
g2 by 8
. < f@{1) j=0
5))= .
9=, P =1
and let

(FRfRf9) = (Fuifafs) + @(1; ;s 0):
One can easily ched that f qi; 1) = 0 for all i.

Dene g4 2 by8
<P o@ DMYk+i+L0) |

-0 j =1L

1
o

u(i;j) =
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Then (FXf2FY = (FAff) + @(0;0;0;04) satises f%i; 1) = 0 for all i and
f Xi; 0)= Ofori > O.8Note that (FXfXfD  (f1;f,;f3) in Ri=im(@). We compute
3 R0+ @ 10 fRI 1,0) j=0i>0
@(ff‘ffé’%fé’ﬂ(i;j):g f 2{i; 0) j=1
£990;0)+ 2'f 9%0;0) + (3" 1)fR0;0) i=j = O:

If @(f 29129129 = 0, then the (j = 1)-part implies f 2{i; 0) = 0 for all i. Now we

obtain

f30;0)= (3" 1)FfNL0= 3" 1)?3*%N2,0)=
Since3" 1 is ewen, this implies that f2{0; 0) is in nitely 2-divisible, and henceis
0, and henceso are all f {i; 0). Finally, since2"f20;0)+ (3" 1)f%0;0) = 0, we
deducef 220;0) = 0. Thus (f2f2fD = 0, asdesired. W

Now we considerthe generalizationof the above work to the situation when 1!

is any involution, no longerassumedto equal 1. Lemmal1ll.9and Theorem11.11
werealready donein this generality. The analogueof Theorem11.3is given below. It
followsimmediately from 11.9and the UCT argumen usedin the paragraphconain-
ing (11.14). The simpli cations which weremadein 11.3do not apply in the general
case,nor doesthe \basis-free" version, which relied on the simpli cations.
Theorem 11.17. Let M be asin Lemma11.9. Then Ext3*™**(M=im( 2)) is ob-
tained by applying the functor Q to the matrices displayeal in 11.9, while the Pon-
tryagin dual of theseExt groupsare obtainal by applying Q to the transpmpsesof the
matrices displayel in 11.9.

Finally, we give the generalizationof Theorem 11.5. We restrict our attention to
h, and hf betweenthe 1-line and 2-line.

Theorgm 11.18. LetM ke ASR,N;=( * (D™ 2 ) alnd

1y ( 1)m+l 2 m+1 0
N,= 0 Ly ( m+ 0 me1 K
0 0 14 ( 1)m+l 2

Then
hy : Extz?™ 1 (M=im( 2)) ! Extz®™3(M=im( ?))
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is the homomorphismh; : Q(N;) ! Q(N,) de ned by

hi(wWN.) = (( D™w 0 3™w)N.:
Here w is a 1-by matrix of rational numkers suchthat wN; is integral. The Pon-
tyragin dual

ExtZ2™3 (M=im( 2))* F ExtE™T(M=im( ?)*

is the homomorphismh] : Q(NJ) ! Q(N/) de ned by

hi(aN7) = (( D™ g 3"quN;;
whee q = (qi;::: ;) is a 1-by-4n matrix of rationals suchthat qN, is integral,
o= (Qu;:::;Ckn), andqs = (Chn+1;:::;0n;0;:::;0). Notethat qo and q; are 1-by-
3n matrices;there are n 0's at the end of q;.

The readercan perform the simple veri cation that the formulasfor h, and hf are
well-de ned; i.e., that integrality of wN; implies that of (( 1)™*w 0 3™w)N,,
and that integrality of qNJ implies that of (( 1)™*'qo, 3Mq;)N{. The idertity
that makesthis work appearslater in the proof.



118 BENDERSKY AND DAVIS

Proof. We usethe diagram at the beginning of the proof of Theorem 11.5, and will
follow alongthat proof. We have now

U) = o m@Em 1))

@ g((l)'“ 1 3" 1 )

Q) = 7 ( pmHIE™ 1yt (i j);

hfig) = (DT ( DMDIE™T 1 (i)
1)

7 mIE™ 1ygi )

2 = (v( ; C D™V Zv( ® 3M);

2y = (v P (D™ Av( 3

1@ = 2%(C ' (1)™( '+ ,)on rst summand,
2% 2( ( 1)™+ ;) onsecond,
2%((3 ) (D™+ D+ (Y DEB™ 1 ) onthird,
2% 23™ 1 ;) onfourth;

, = 2%(C ' ( 1)™into rst summandon rst summand,

2 "% Zinto rst on second,
2 % (3 j)into rst on third,

+2 P( 1 ) into secondon third,

2 % 2into secondon fourth,

hif g = 2%(C D)™(C 1 ( 1)™ on rst summand,

2 % ( 1™ 2onsecond,

2 by(( )™ 3 3™y 3" 14 ( 1)™) on third,
3"2 bv 2 on fourth.

With w = 2 Pv, this yields the claim for h;.

To provethe claim for h} , weuse(11.16). The elemen gN, 2 Hy(€ ) correspnds
under & to the morphism from the column spaceB, of NJ into Z, which sendsthe
jth column to the jth componert of gNJ. The morphism H(C) T Hy(€) was
just seento be given by h;(wN;) = (( 1)™'w 0 3"™w)N,. This correspnds to
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amorphismB;! B, of boundariesin the chain complexesor equivalertly from the
column spaceof N to that of NJ sendingthe jth columnof N/ to

( )™ (jth columnof N, )+ 3™((2n + j)th columnof N, ):

Composing, we obtain that (h;) @ *(gqNJ) is the morphismB; ! Z5 sendingthe
jth columnof N to

( D™HANF); + 8"(@N)ansj = (( D™ gN]  3"qiNT);;
(11.19)

where o and g, are asin the statemert of the result being proved, and subscripts
on a vector denote the indicated component of the vector. To verify (11.19), we
note that (ou;:::;q,) is multiplied by ( )™ ( HT + ( 1)™?) on both sides,
(Ch+1;::0 5 Qpn) is multiplied by ( 1)™*1( 2)T onboth sides,(Cgn+1;::: ; Gn) iS multi-
pliedby 3™( 2)T onboth sideswhile (epn+1;::: ; Gn) is multiplied by (- )™ T, +
3 ( HT+ ( 1)™?) onthe left sideandby ( )™ T 3" HT (1M
on the right side, and theseare easily veri ed to be equal.

Hence h,(gN]) = u(hy) & Y(gN;) is the elemen (( 1)™'qo 3Mqgy)N], as
claimed. H
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