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Abstra ct. Wecomputethe 2-primary v1-periodic homotopy groups
of the specialorthogonal groupsSO(n). The method is to calculate
the Bendersky-Thompsonspectral sequence,a K � -basedunstable
homotopy spectral sequence,of Spin(n). The E2-term is an Ext
group in a category of Adams modules. Most of the di�eren tials
in the spectral sequenceare determined by naturalit y from those
in the spheres.

The resulting groups consist of two main parts. One is sum-
mands whoseorder dependson the minimal exponent of 2 in sev-
eral sumsof binomial coe�cien ts times powers. The other is a sum
of roughly [log2(2n=3)] copiesof Z=2.

As the spectral sequenceconvergesto the v1-periodic homotopy
groups of the K -completion of a space,one important part of the
proof is that the natural map from Spin(n) to its K -completion
inducesan isomorphism in v1-periodic homotopy groups.

1. Intr oduction

The p-primary v1-periodic homotopy groups of a topological spaceX , denoted

v� 1
1 � � (X ; p), are a localization of the portion of the actual homotopy groupsdetected

by K -theory. The study of these groups was �rst suggestedin Mahowald's 1982

paper [32], although it wasnot until the 1991paper [28] that a satisfactoryde�nition

appeared. In the 1989 paper [27], mod 2 v1-periodic homotopy groups of SO(n)

were computed for somesmall values of n, but the mod 2 groups do not contain

the information about higher 2-torsion in v� 1
1 � � (X ; 2). In 1988, the secondauthor

suggestedto Mahowald that they try to computev� 1
1 � � (SO(n); 2), to which Mahowald
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wisely respondedthat it would beworthwhile to try the easiercasesSU(n) and Sp(n)

�rst.

It quickly becameapparent that odd-primary groups were easierthan 2-primary,

and the secondauthor determinedv� 1
1 � � (SU(n); p) for odd primesp in 1989,published

in [23]. From theseresults,oneeasily readso� the groupsv� 1
1 � � (SO(n); p) for p odd.

In 1989,Mimura suggestedto the secondauthor that the computation of v� 1
1 � � (X ; p)

for all compactsimpleLie groupsX and all primesp would be an interesting project.

Thanks to a new approach to odd primary v1-periodic homotopy groups introduced

in the 1999 Bous�eld paper [15], the determination of v� 1
1 � � (X ; p) for all compact

simple Lie groupsX and all odd primes p was completedin [22].

In this paper, we determine the long-sought groups v� 1
1 � � (SO(n); 2). This leaves

v� 1
1 � � (X ; 2) for X the exceptionalLie groupsE7 and E8 asthe only casesremainingto

completeMimura's challenge,with the E6 casehaving beencompletedvery recently

in [25] together with unpublishedwork of Bous�eld.

Our method is to computethe v1-periodic Bendersky-Thompsonspectral sequence

(BTSS) of Spin(n). This spectral sequence([12]) is a K -basedversion of a spectral

sequenceof Bous�eld and Kan ([20]), and, for a collection of spaceswhich includes

Sn , 
 Sn , and simply-connected�nite H -spacesX for which H � (X ; Q) is associative,

convergesto v� 1
1 � � (X ^ ), where X ^ is the K -completion of X , which we will de�ne

in Section 10. (From now on, all work will be 2-primary, and we write v� 1
1 � � (X )

for v� 1
1 � � (X ; 2).) We say that X satis�es the Completion Telescope Property (CTP)

if the natural map X ! X ^ inducesan isomorphism in v� 1
1 � � (� ). We will prove

in Theorem 2.13 that Spin(n) satis�es the CTP. Thus, sinceSpin(n) is the simply-

connectedcover of SO(n), a completecomputation of the BTSS of Spin(n), including

di�erentials and extensions,yields v� 1
1 � � (SO(n)).

A major advancein the understandingof the BTSS was madein [9], whereit was

shown that for spacesX for which K � (X ) is a nice exterior algebra,E s;t
2 (X ) can be

computeddirectly from the AdamsmoduleK � (X ) asExt s
A (QK 1(X ; Z^

2 )=im( 2); K 1(St )).

The d3-di�erentials in the BTSS of Spin(n) are determinedfrom the known behavior

of d3 in the BTSS of spheres,using naturalit y.

In this introductory section, we describe the result for SO(8a � 1). The similar

results for SO(n) for other mod 8 congruencesof n are described in Section3, which
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also includes discussionof the morphisms v� 1
1 � � (SO(n)) ! v� 1

1 � � (SO(n + 1)) and

somenumerical examples.

The following numbers, which are closely related to the numbers of [8, 1.5], play

an important role.

De�nition 1.1. Let n � 3 and let m be an odd integer satisfying m � 2n.

eSp(m; n) = min
n

�
� X

k

(� 1)k
�

j
k

�
km

�
: j > 2n

o
:

P1(m; n) =
X

odd k� 1

km

 n� 1� kX

i =0

�
2n� 1

i

�
� 2

X

t � 0

�
2n

n� 2� k� 4t

�
!

:

P2(m; n) =

8
<

:
2n� 1 if n < � (m + 1) + 3
T(m; n)=2� (m+1)+2 if � (m + 1) + 3 � n;

where T(m; n) =

(22n� 1� 3m+1 +1)
X

odd k� 1

km
X

t � 0

�
2n

n� 2� k� 4t

�
� 3�22n� 2

X

odd k� 1

km
X

t � 0

�
2n� 1

n� 2� k� 3t

�
:

Our Pi (m; n) equalsRi (m; n � 1) of [8, 1.5]. The reasonfor the changeis to make

the formulas nicer for Spin(2n). The apparent di�erence betweenP2(m; n) hereand

R2(m; n � 1) of [8, 1.5] will be explainedin Remark 3.2.

Let � (� ) denotethe exponent of 2 in an integer.

Theorem 1.2. Let 2n + 1 = 8a � 1. Let ` = [log2( 4
3(n � 1))]. In the notation of 1.1,

let

e1(m) =

8
<

:
n if n < 2 + � (m + 1)
min(eSp(m; n); � (P1(m; n + 1)); � (P2(m; n + 1))) otherwise
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and e2(m) = min(2 + � (m + 1); n).1 Let G(t) denotean abelian group of order t, and

dZ2 a Z2-vector space of dimensiond. Then v� 1
1 � 8k+ r (SO(8a � 1)) �

v� 1
1 � 8k+ r (Spin(8a � 1)) �

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

G(2e1(4k� 1)+ e2 (4k� 1)) r = � 3
Z=2e1(4k� 1) � Z=2e2(4k� 1) � `Z2 r = � 2
G(22`+2 ) r = � 1
G(2`+4 ) r = 0
G(2e1(4k+1)+5 ) r = 1
Z=2e1(4k+1) � Z=8 r = 2
0 r = 3; 4

The G(� ) when r = � 3 has exactly ` summands. The G(� ) groups when r = � 1

and 0 are extensionsof two Z2-vector spaces.

The readermay get a better feelingabout wherethesegroupscomefrom and how

they are related to oneanother in Diagram 1.3,which pictures a stageof the BTSS of

Spin(8a� 1). As usualwith charts of Adamsspectral sequencetype, position (t � s;s)

depicts E s;t
r (X ) for appropriate r , di�erentials dr are homomorphismsfrom E s;t

r to

E s+ r ;t+ r � 1
r , andE � ;� + i

1 is an associatedgradedfor � i (X ) (herev� 1
1 � i (X ^ )). A small dot

represents an element of order 2, while a big � denotesa Z2-vector spaceof dimension

`. Wesometimescall elements in this vector space\log-classes"becausè = [log2(� )].

Small labels D, 1, and 4a � 3 next to dots refer to namesof elements which will be

important later when we derive this chart. In position (2m; 1) with 2m = 8k � 2, we

have summandsC1 = Z=2e1(m) , while 8 represents Z=8 and C2 = Z=2e2(m) . The letter

G in position (x; 2) denotesa group of sameorder as the neighboring group C1 � C2

or C1 � Z=8 in position (x + 1; 1), but we don't know the group structure of G.

Lines of slope 1 connectingdots are the action of h1 on E2. This corresponds to

the action of the Hopf map � on homotopy groups. We call theseeta towers. This

action was de�ned in [9, 3.6], where it was shown that it acts bijectively on groups

of �ltration � 2. This was shown in a slightly di�erent context in [5]. Multiple lines

of slope 1 betweenbig � 's indicate nontrivial action of h1 on ` linearly independent

elements. This carries the implication that G has at least ` summands,but we will

show in 11.3 that G has exactly ` summands.Lines of slope � 3 are d3-di�erentials,
1If 8a + 1 = 9 and m � 3 mod 4, there is an anomaly discussedin [8, 4.21]. In

this case,we have e1(m) = min( � (m � 7) + 2; 8) and e2(m) = 3.
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which imply that the elements that they connectdo not survive the spectral sequence.

If the chart doesnot depict h1x for an element x in �ltration � 2, it is becausethe

omitted elements are involved in d3-di�erentials implied by the chart.

The lack of depictedh1-action on certain summandsin �ltration 1 carriesno impli-

cation about whether or not h1 is nonzeroon their generators.The determination of

this requirescarefulanalysis,which is stated in Proposition 1.4and proved in Section

7. Indeed, the chart in Diagram 1.3 depicts the BTSS prior to the considerationof

h1-action, d3-di�erentials, and extensionson the summandsin position (8k + 2; 1).
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Diagram 1.3. A stage of the BTSS of Spin (8a � 1)
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In this chart, the 1-line is from 3.1, the 2-line from 5.2, the eta towers from 5.14,

and d3-di�erentials on them from 6.2. The �ne tuning described in the following

result is proved in Section7.

Prop osition 1.4. The BTSS of Spin(8a � 1) is as pictured in Diagram 1.3, with the

following modi�c ations and clari�c ations.

(1) d3 is 0 on E 1;8k+1
2 ;

(2) d3 : E 1;8k+3
2 ! E 4;8k+5

2 is nonzero on both summands;

(3) there are nontrivial extensions(�2) from the two summandsof

E 1;8k+3
2 to the two of E 3;8k+5

2 .

Theorem 1.2 follows immediately from 1.3 and 1.4. Someother extensionsare ruled

out since2� = 0 in � � (� ), while othersare left undeterminedasdiscussedin Remark

3.9.

The rest of the paper is organizedas follows. We begin in Section 2 by proving

Theorem 2.13, that Spin(n) satis�es the CTP. This utilizes an analysisof the BTSS

of the classifyingspacesBSpin(n). In order to accomplishthis, we utilize a general
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result, 2.2, about �brations which induce a relatively injective extensionsequencein

K -homology. The proof of this result is not neededin the rest of the paper, and is

presented in Section10.

As suggestedabove, the form of v� 1
1 � � (Spin(n)) dependson the mod 8 value of n.

Results similar to those listed above for Spin(8a � 1) will be collected in Section3,

which will also give someexplicit numbers. The next four sectionsgo through the

details of the computation in the following order. In Section4 we computethe 1-line,

by extending the methods of [8], which computed the 1-line for Spin(2n + 1). We

explain in 5.2 the simple reasonwhy E 2;4k+3
2 (Spin(n)) hasessentially the sameorder

asE 1;4k+3
2 (Spin(n)). We computethe 1-line group explicitly asa direct sum of two or

three summands;however, we do not know the group structure of the 2-line groups.

As noted above, in �ltration greater than 2, elements are arrangedin what we call

eta towers. Theseare elements of the group � i (X ), de�ned in 1.5.

De�nition 1.5. The group � i (X ) is de�ned to be the direct limit of the groups

E s;2s+2 i+1
2 (X ),2 using h1 : E s;t

2 (X ) ! E s+1 ;t+2
2 (X ).

The natural morphism E s;2s+2 i+1
2 (X ) ! � i (X ) is an isomorphism for s � 3. In

Section5, we compute the eta towers in Spin(n), and in Section6 we compute the

d3-di�erentials on the eta towers. In Section7, we compute the d3-di�erential on the

1-line groupsand the extensionsin the BTSS.

In Section8, we prove somecombinatorial results neededearlier in the paper. In

Section 9, we compareour results with those obtained by a J -homology approach

such aswas employed in [26] and [27].

The method usedto computeExt A in Sections5, 6, and 7 is that developed in [9].

In Section11, we describe an alternate way of computing Ext A , involving an explicit

small resolution. It hasseveral advantagesover the previousmethod: (a) it describes

eta-towers in a way which does not involve an extension in a short exact sequence

(compare5.1 and 11.3); (b) it givesa di�erent proof of a formula for h1-action and

extendsthat formula to other situations (compare7.2with 11.5and 11.18);and (c) it
2We usethis notation herebecauseeta towers for Spin(n) occur only when t � 2s

is odd. If one is dealing with situations in which eta towers occur in both parities
of t � 2s, then de�ning � i (X ) as the limit of E s;2s+ i

2 (X ) would be more sensible.
([25])
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givesa new interpretation of the 2-line groups,which shows exactly their number of

summands,and lendshope to their completecalculation. (Seediscussionafter 11.3).

2. The BTSS of BSpin(n) and the CTP

In this section,we prove, by induction on n, that Spin(n) satis�es the CTP for all

n. In order to accomplishthis, we consideralsothe BTSSand CTP for the classifying

spacesBSpin(n).

We begin by recalling an important de�nition.

De�nition 2.1. Let A be a commutative ring with unit. Let S be the category of

coassociative cocommutative coalgebras over A which are free positively-graded A-

modules of �nite type. A relatively injective extension sequenceis a sequence of

mapsin S

C0 f
� ! C

g
� ! C00

suchthat

� g is a split epimorphismof A-modules;

� the map f is the inclusion C� C00A ! C;

� C is a relatively injective C00-comodule, which means that it is a

direct summand(over K � ) of a C00-comoduleof the form C00
 N

for someK � -module N .([39, p.321])

This de�nition is that of [17, 2.1], modi�ed to relatively injective comodulesrather

than injective ones.The following result will be proved in Section10.

Theorem 2.2. Let F
j

� ! E h� ! B be a �br ation. Supposethat, for X = F , E, and

B, the BTSS convergesto v� 1
1 � � (X ^ ), and that the induced sequence of K � -coalgebras

K � (F ) ! K � (E) ! K � (B )

is a relatively injective extensionsequence. Then

(i) the induced maps of K -completionsF ^ ! E ^ h^

� ! B ^ form a

�br ation,

(ii) there is an exact sequence

� � � ! E s
2(F ) ! E s

2(E) ! E s
2(B ) @� ! E s+1

2 (F ) ! � � � ; and

(iii) @commuteswith di�er entials in the BTSS.
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The following result is quite easy.

Prop osition 2.3. The �br ation Spin(2n � 1) ! Spin(2n) ! S2n� 1 induces a rela-

tively injective extensionsequence in K � (� ).

Proof. Using [29] or [37], we easily seethat the K � (� )-algebrasof the �bration are

polynomial algebrason indecomposableswhich form a short exact sequence.Indeed,

in notation which will be prevalent in the last half of this paper, the generatorsare

hx1; : : : ; xn� 2; D i i �

 � hx1; : : : ; xn� 2; D+ ; D � i
p�

 � hgi
(2.4)

with i � (x j ) = x j , i � (D � ) = D, and p� (g) = D+ � D � . Dualizing this result (e.g., [2,

1.4]) says that K � (� ) is a relatively injective extensionsequence.

The following similar result is somewhatmore delicate.

Prop osition 2.5. There is a relatively injective extensionsequence of coalgebras

K � (S2n ) ! K � (BSpin(2n)) ! K � (BSpin(2n + 1))

induced by the �br ation

S2n ! BSpin(2n) ! BSpin(2n + 1): (2.6)

Proof. We begin by showing that

R(Spin(2n + 1)) i �

� ! R(Spin(2n))
�

� ! K 0(S2n ) (2.7)

is a projective extensionsequence.This meansthat i � is a split (over Z) monomor-

phism,

R(Spin(2n)) 
 im(i � ) Z
e�

� ! K 0(S2n )

is an isomorphism, and R(Spin(2n)) is a projective R(Spin(2n + 1))-module. (See

[36] for the analogueover a �eld.)

From [30] or [14], we have

R(Spin(2n + 1)) = Z[� 2n+1 ; � 2� 2n+1 ; : : : ; � n� 1� 2n+1 ; �]

R(Spin(2n)) = Z[� 2n ; � 2� 2n ; : : : ; � n� 2� 2n ; � + ; � � ]:

For 1 � j � n � 2, i � (� j � 2n+1 ) = � j � 2n + � j � 1� 2n . Also, i � (�) = � + + � � , and

i � (� n� 1� 2n+1 ) = � + � � � + � n� 2� 2n � � n� 3� 2n � � n� 5� 2n � � � � :
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The morphism � is the composite R(Spin(2n)) ! K 0(BSpin(2n))
j �

� ! K 0(S2n ) with

j the map in (2.6), and satis�es � (� i � 2n ) = 0 and � (� � ) = � � , where K 0(S2n ) =

Z[� ]=� 2. After an obvious changeof basis,(2.7) becomes

Z[g0
1; : : : ; g0

n� 1; �] i �

� ! Z[g1; : : : ; gn� 2; � + ; � � ]
�

� ! Z[� ]=� 2

with i � (g0
i ) = gi for i � n � 2, i � (g0

n� 1) = � + � � � , � (gi ) = 0, and i � (�) and � (� � )

asabove.

The �rst two properties of projective extensionsequenceare clearly satis�ed. To

seethe projectivit y, we observe that Z[f gi g; x; y] is a freeZ[f gi g; xy; x + y]-module on

1 and x. This can be achieved by noting that the change-of-basismatrix relating

(xy)n ; x(xy)n� 1(x+ y); (xy)n� 1(x+ y)2; x(xy)n� 2(x+ y)3; (xy)n� 2(x+ y)4; : : :

to

xnyn ; xn+1 yn� 1; xn� 1yn+1 ; xn+2 yn� 2; xn� 2yn+2 ; : : :

is triangular, and similarly in odd degree.

In [2, 1.2], the following result is proved.

Theorem 2.8. ([2]) If G is a connected compact Lie group, then K 1(BG) = 0, and

there are natural isomorphisms

K 0(BG) � Hom(K 0(BG); Z) � Hom(R(G); Z);

where Hom(� ; � ) refers to continuous homomorphisms. Here R(G) has the I (G)-

adic topology, and Z is discrete.

As Andersonremarkson [2, p.5], the e�ect of this is given in the following corollary.

Corollary 2.9. If f � i g is a set of irr educible representationsof G and � i = � i �

dim(� i ), let � E = � e1
1 � � � � ek

k 2 R(G). Let � E 2 Hom(R(G); Z) be dual to � E in the

basisof � E 's. Then K 0(BG) is free abelian with basisf � E g, and its coalgebra structure

is given by

 (� E ) =
X

F � E

� F 
 � E � F :

We apply Hom(� ; Z) to the objects of (2.7), obtaining the sequenceof 2.5, which

is 0 in odd gradings. This duality applied to a projective extensionsequenceyields

a relatively injective extension sequence.As described in Corollary 2.9, the e�ect
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of Hom is to make the dualization act as if R(G) were �nite dimensional. For the

tensor/cotensorcriterion, we use [34, 3.2.2]. We remark that we needto use \rela-

tively injective" becausetheseZ (p)-modules lack the divisibilit y to be injective, but

projectivit y doesnot have this problem. This completesthe proof of Proposition 2.5.

The above proposition is relevant for Spin(n) becauseof the following result.

Prop osition 2.10. i. There is an isomorphismof BTSS's

E s;t
r (BSpin(n)) � E s;t � 1

r (Spin(n)); r � 2;

ii. the map of K -completions

Spin(n)^ ! 
(BSpin (n)^ ) (2.11)

inducesan isomorphismin v� 1
1 � � (� );

iii. Spin(n) satis�es the CTP if and only if BSpin(n) does.

Proof. We �rst establishthe isomorphisms,for G = Spin(n),

E s;t
2 (BG) � Ext s;t

G (K � BG) � Ext s;t
U (PK � BG) � Ext s;t � 1

U (PK � G) � E s;t � 1
2 (G):

Here G and U are the categoriesof unstable K � K -coalgebrasand unstable K � K -

comodulesdiscussedin Section10 and in [12]. Our convention is to omit writing K �

as the �rst component of Ext groups.

The �rst isomorphism is [12, 4.3]. The fourth isomorphism is [12, 4.9], and the

secondfollows similarly. To deducethe third isomorphism,�rst note that, for X =

BG, the map �
 X ! X inducesK �� 1(
 X ) ! K � (X ), which on primitiv es is an

isomorphismin U. The desiredisomorphismthen follows from the isomorphism

U(A[2n]) � � U(A[2n � 1]): (2.12)

Here U is the functor from free K � -modules to unstable �-como dulesde�ned in [12,

x4], A[t] is the freeK � -module on a generatorof grading t, � is suspension,and (2.12)

follows from [12, 4.5].

To prove (i) for all r , wenote that the isomorphismof E2-terms is inducedby a map

of towers. To seethis, we use the following natural map of augmented cosimplicial

spaces,where K (X ) = 
 1 (K ^ � 1 X ). We take X = BSpin(n); however, the

argument works in much greater generality.
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 X � 
 K X
�

� 
 K (K X )
�

�

� 
 K 3X
�

�

�

� � � �


 X � K 
 X
�

� K (K (
 X ))
�

�

� K 3
 X
�

�

�

� � � �

� � � �

Applying � � (� ) and taking homologyof the alternating sum to the �rst row yields

E � ;�
2 (
 X ), and doing this to the secondyields E � ;�� 1

2 (X ). The induced morphism in

homologyis the E2 isomorphismobserved above. But thesecosimplicial spacesgive

rise, by �ltering the Tot construction, to the towersthat de�ne the entire spectral se-

quence,and sothe morphisminducesa morphismof spectral sequences,which is then

an isomorphism.Seethe �rst few pagesof Section10, or [12], for moredetails regard-

ing the Tot construction and the BTSS. By [9, 5.1], the spectral sequencesconverge,

respectively, to v� 1
1 � � (Spin(n)^ ) and v� 1

1 � � (
(BSpin (n)^ )), which is consequently an

isomorphism.

Part iii follows from part ii and the commutativ e diagram

Spin(n) '� � � ! 
 BSpin(n)

� Spin

?
?
?
y 
 � BSpin

?
?
?
y

Spin(n)^ � � � ! 
(BSpin (n)^ )

Now we can prove the main theoremof this section.

Theorem 2.13. For each n, the natural map Spin(n) ! Spin(n)^ induces an iso-

morphism in v� 1
1 � � (� ); i.e., Spin(n) satis�es the CTP.

Proof. It was proved in [9] that Sn satis�es the CTP. SinceSpin(3) = S3, this will

initiate the induction. The induction stepsare immediate from Propositions2.14and

2.10.iii.

Prop osition 2.14. a. If Spin(2n � 1) satis�es the CTP, then so does Spin(2n).

b. If BSpin(2n) satis�es the CTP, then so doesBSpin(2n + 1).

Proof. It was proved in [9, 5.8,5.11,5.12]that if F ! E ! B inducesa relatively

injective extensionsequencein K � (� ), and two of the spacessatisfy the CTP, then

sodoesthe third. The proposition then follows from 2.3 and 2.5.
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3. Listing of resul ts

In this section,we state the results for the explicit form of the BTSS of Spin(N ) for

the valuesof N not covered in Section1. The proofs of thesestatements occupy the

next four sectionsof the paper. Indeed, results for the 1-line are proved in Section

4, the 2-line in 5.2, the eta towers in 5.14, 5.16, and 5.22, and d3 on the eta towers

in 6.2. Finally, d3 on the 1-line and the extensionsare in Section 7, with explicit

referencesthere to the theoremsof this sectionwhoseproofsare beingcompleted. At

the end of this section,we alsodescribe homomorphismsinducedby inclusion maps,

and give explicit numerical examples.

We begin by recalling from [8] the determination of the 1-line groups of Spin(N )

when N is odd, with a re�nement establishedin Remark 3.2.

Theorem 3.1. ([8; 1:5]; 3:2) If n � 6, and m is odd, then

E 1;2m+1
2 (Spin(2n+1)) =

8
<

:
Z=2n � Z=2n n � 2 + � (m + 1)
Z=2R(m;2n+1) � Z=22+ � (m+1) otherwise;

where

R(m; 2n + 1) = min(eSp(m; n); � (P1(m; n + 1)); � (P2(m; n + 1)))

with eSp, P1, and P2 as in 1.1. If m is even,then E 1;2m+1
2 (Spin(2n+ 1)) � Z=2� Z=2.

Remark 3.2. The simple form of E 1;2m+1
2 (Spin(2n + 1)) when n � 2 + � (m + 1)

was not observed in [8]. The group of [8, 1.5] is obtained by elementary reductions

applied to [8, 3.18]. By 8.1, the �rst relation of [8, 3.18] is of the form A12n+1 � 1 for

A i 2 Z. By [8, 3.18],3 the secondand third relations of [8, 3.18] are of the form

A22n+1 � 1 � 2n+1 D and A32n+1 � 1 � 2nD, while by 8.11 the fourth relation is of the

form u2n � 1 � A42nD, with u an odd integer. It is elementary to check that, localized

at 2, such a group is Z=2n � Z=2n .

The following result will be proved in Section4.

3The statement in [8, 3.18] implied divisibilit y by 2n here, but the argument
implied divisibilit y by 2n +1 , which is what we need.
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Theorem 3.3. Let n = 4 or n � 6. If m is even,then E 1;2m+1
2 (Spin(2n)) is isomor-

phic to

Z2 �

8
<

:
Z=2min (n� 1;� (m+1 � n)+2) if n odd
Z2 � Z2 if n even.

If m is odd, then E 1;2m+1
2 (Spin(2n)) is isomorphic to

Z=2R(m;2n) �

8
<

:
Z=2min (n� 1;� (m+1)+2) if n odd
Z=2min (n� 1;� 0(m+1 ;n)+2) � Z=2min( � (n)+1 ;� (m+1)+2) if n even.

Here

� 0(m + 1; n) =

8
>><

>>:

� (m + 1) if � (m + 1) < � (n)
� (m + 1 � n) + 1 if � (m + 1) = � (n)
� (m + 1) + 1 if � (m + 1) > � (n)

and

R(m; 2n) = min(eSp(m; n); � (P1(m; n)); � (P0
2(m; n)); � (P3(m; n))) ;

where eSp, P1, and P2 are as in 1.1, while

P0
2(m; n) =

8
>><

>>:

2P2(m; n) if � (m + 1 � n) � n � 3
n if � (m + 1) � n � 3 and n even
P2(m; n) otherwise,and

P3(m; n) = 1
n

X

k odd

km+1
�

2n
n� k

�
:

If n � 3 � � (m + 1), then

R(m; 2n) =

8
<

:
n � 1 if n odd
n if n even.

The sum which de�nes P3 beginsa convention, used throughout the paper, that

summation variablesare always nonnegative. Sometimesthis is included in the sum-

mation adornments, but even if it is not explicitly stated, it is implicitly assumed.

Another notational convention was initiated in 1.1. This is that our formulas related

to E 1;2m+1
2 (Spin(N )) are only applicablewhenm > N . The BTSS is periodic, and so

it su�ces to specify the groupsin this range. Thus, for example,the integersR(m; N )

of 3.1 and 3.3 are de�ned by the given formulas only for m > N .

We remark that it is true for dimensionalreasonsthat E 1;2m
2 (Spin(n)) = 0. Also,

for the omitted cases,since Spin(4) � S3 � S3, its v1-periodic homotopy groups
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follow from [32] or [24, 4.2], while the 1-linesof Spin(6) and Spin(10) have arithmetic

anomaliesand are covered in Proposition 4.33. Although they are quite rare, there

are casesin which the value of R(m; N ) is determined by eSp(m; N ), and casesin

which the value of R(m; 2n) is determinedby P3(m; n).

Now wedescribe the entire BTSSof Spin(N ), divided into casesby the mod 8 value

of N . We begin with the caseN = 8a.

Theorem 3.4. The BTSS for Spin(8a) is the direct sum of the BTSS of S8a� 1 given

in Diagram 3.6 and the BTSS of Spin(8a � 1), as given in 1.3 and 1.4, except that if

s = 1 or 2, the short exact sequence

0 ! E s;8k� 1
2 (Spin(8a � 1)) i �� ! E s;8k� 1

2 (Spin(8a))
p�� ! E s;8k� 1

2 (S8a� 1) ! 0
(3.5)

is not alwayssplit. If s = 2, no claim is madeabout the structure of the groups. If

s = 1, it splits if � (k) < � (a), but doesnot in the remaining cases:

� if � (k) = � (a) and � (k � a) < 4a � 5, it is

0 ! Z=2e1 � Z=2� (k)+4 i �� ! Z=2e1 � Z=2� (k� a)+5 � Z=2� (k)+3 p�� ! Z=2� (k� a)+4 ! 0

in whichp� sendsthe second summandsurjectively and the third

summandinjectively, and i � (g2) = g3 � 2� (k� a)� � (k)+1 g2; in par-

ticular, the initial summandsfor Spin(8a� 1) and Spin(8a) are

equal in this case;here we initiate a customof letting gi denote

a generator of the i th summand;

� if � (k � a) � 4a � 5, it is

0 ! Z=2e1 � Z=2� (k)+4 i �� ! Ze1+1 � Z=24a� 1� Z=2� (k)+3 p�� ! Z=24a� 1 ! 0

in which p� sendsthe �rst summand surjectively, the second

summandto multiples of 2, and the third summandinjectively,

while i � (g1) = 2g1 � g2 and i � sendsg2 injectively to the second

summandplus surjectively to the third summand;

� if � (a) < � (k) < 4a � 5, then it is

0 ! Z=2e1 � Z=2� (k)+4 i �� ! Z=2e1 � Z=2� (k)+5 � Z=2� (a)+3 p�� ! Z=2� (a)+4 ! 0

in whichp� sendsthe second summandsurjectively and the third

summandinjectively, and i � (g2) = g3 � 2g2;
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� if � (k) � 4a � 5, it is

0 ! Z=24a� 1� Z=24a� 1 i �� ! Z=24a� 1� Z=24a� 1� Z=2� (a)+3 p�� ! Z=2� (a)+4 ! 0

in which p� sendsthe �rst summandsurjectively and the third

summandinjectively.

Here we are using the following diagram for the BTSS of S8a� 1, taken from [7,

p.488], in which C denotesZ=2min( � (k� a)+4 ;4a� 1) , and 8 denotesZ=8.

Diagram 3.6. BTSS of S8a� 1

t � s = 8k+ � 2 0 2 4

s = 1

2

3

4

C

C

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

�

�

�

�

�

�

�

�

�

�

�

�

8

8

�

�

�

�

�

�

�

�

�

�

�

Next we describe the BTSS for Spin(8a+ 3) and Spin(8a+ 5), exceptfor the group

structure of some2-line groups. We begin with a picture of a certain stageof the

BTSS, and then describe the result in a theorem.
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Diagram 3.7. A stage of the BTSS for Spin(8a + 4 � 1)

t � s = 8k+ � 3 � 2 0 2 4

s = 1

2

3

4

C1 � 8C1 � C2

G
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
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�

�
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�

�
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�

�

�

�

�

�

�

�

�
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�

�

�

�

�

4a� 1 4a� 1

�

�

�
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D D �

�

�

�
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�

�

�
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�

�

�

��

�

�

�

�

�

�

�

�

D D D

D

Theorem 3.8. Let 2n + 1 = 8a + 4� 1. The BTSS of Spin(2n + 1) is as depicted in

Diagram 3.7, with the following additions and interpretations.

� The 1-line groupsare as given in 3.1.

� A G in position (x; 2) representsan abelian group of the same

order as the group in position (x + 1; 1).

� All elementsx in �ltr ation 2 are acted on freely by � in E2.

When the elements� i x for i > 0 are not depicted, it means that

they support d3-di�er entials inferred from d3(x).

� The big � 's representa vector spaceof dimension` = [log2(4(n�

1)=3)] + � � (n� 1);1, as speci�e d in 5.14. Multiple lines indicate

d3-di�er entials or eta-actionsacting bijectively on thesevector

spaces. The groupsG in position (8k � 1 � 2; 2) haveexactly `

summands.

� In addition to the di�er entials pictured, d3 on the generator

of the C1 summandin position (8k + 2; 1) is nonzero, while d3

from position (8k � 2; 1) hits the classD. This di�er ential is on
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the C2-summandif � (k) + 3 < n; otherwise,C1 � C2 � Z=2n

and the di�er ential is from C1. Other than these,there are no

more nonzero di�er entials.

� There is a nontrivial extension(multiplication by 2) in dimen-

sion 8k � 2 from C2 to D.

Remark 3.9. We can make someother generalstatements about extensionsin Di-

agram 3.7. For the summandsx in the G in (8k � 3; 2) which are of order 2, there

must be an extension(�2) from (8k � 1; 2) to h2
1x in (8k � 1; 4). For summandsy in

(8k � 1; 2) which do not extend into (8k � 1; 4), there must be an extensionfrom G

in (8k + 1; 2) to h2
1y in (8k + 1; 4). Thesefollow becausethe homotopy groupsof the

mod-2 Moore spaceimply that if � 2 � n (X ) satis�es 2� = 0, then � 2� is divisible by

2.

We easily read o� the groupsas follows.

Corollary 3.10. Let 2n + 1 = 8a + 4 � 1, ` = log2(4(n � 1)=3)] + � � (n� 1);1, and

let e1(m)and e2(m) be de�ned by the formulas of 1.2 unlessm � 3 mod 4 and n <

2 + � (m + 1), in which casee1(m) = n � 1 and e2(m) = n + 1. Then

v� 1
1 � 8k+ r (Spin(2n + 1)) �

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

G(2e1(4k� 1)+ e2 (4k� 1)) � Z2 r = � 3
Z=2e1(4k� 1) � Z=2e2(4k� 1) � `Z2 r = � 2
G(22`+1 ) r = � 1
(` + 2)Z2 r = 0
G(2e1(4k+1)+4 ) r = 1
Z=2e1(4k+1) � Z=8 r = 2
Z2 � Z2 r = 3; 4

The G(� ) when r = � 3 has exactly ` summands.The G(� ) group when r = � 1 is

an extensionof two Z2-vector spaces.

The result for Spin(4a + 2) is given as follows.

Theorem 3.11. A chart for the BTSS of Spin(4a + 2) is as in Diagram 3.12. The

1-line groups are as given in Theorem 3.3. A group labeled G in position (x; 2) has

the same order as the group in (x + 1; 1). The group labeled C0 in (4k � 1; 2) is

cyclic of exponent 1 greater than that of the cyclic group C in (4k; 1). Each big �

representsa Z2-vector space of dimension[log2(
4
3(2a� 3))]. The d3-di�er ential on the

generator of C1 in (8k + 2; 1) is nonzero if and only if R(4k + 1; 4a+ 2) of 3.3 equals
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R(4k + 1; 4a+ 3) of 3.1. All other d3-di�er entials are 0, except thoseindicated in the

chart. The extensionfrom C0 into (8k � 1; 4) is trivial.

Diagram 3.12. The BTSS of Spin(4a + 2)

t � s = 8k+ � 3 � 2 0 2 4

s = 1

2
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4
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4a� 1

The groupswhich are the result of this chart are given in the following result.

Corollary 3.13. Let ` = [log2( 4
3(2a � 3)], R(� ; � ) be as in 3.3,4

e1(m) =

8
<

:
R(m; 4a + 2) m � 3 mod 4
min(R(m; 4a + 2); R(m; 4a + 3) � 1) m � 1 mod 4

e2(m) = min(2a; � (m + 1) + 2)

e3(m) = min(2a; � (m � 2a) + 2):
4If a = 2 and m � 3 mod 4, the sameanomaly occurs as in 1.2. Thus e1(m) =

min( � (m � 7) + 2; 8) and e2(m) = 3.
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Let G(t) denotean abelian group of order t, and dZ2 a Z2-vector space of dimension

d. Then

v� 1
1 � 8k+ r (Spin(4a + 2)) �

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

G(2e1(4k� 1)+ e2 (4k� 1)) r = � 3
Z=2e1(4k� 1) � Z=2e2 (4k� 1) � `Z2 r = � 2
Z=2e3(4k)+1 � G(22` ) r = � 1
Z=2e3(4k) � (` + 2)Z2 r = 0
G(2e1(4k+1)+5 ) r = 1
Z=2e1(4k+1)+1 � Z=8 r = 2
Z=2e3(4k+2) r = 3; 4

The G(� ) when r = � 3 has exactly ` summands.The G(� ) group when r = � 1 is

an extensionof two Z2-vector spaces.

From Table 3.22 we can see,for example,that d3 is nonzeroon E 1;8k+3
2 (Spin(18))

i� k � 2 mod 8 or k � 259 mod 512 and that d3 6= 0 on E 1;8k+3
2 (Spin(22) i� k � 3

mod 27 or k � 4 + 29 mod 212.

Next we describe the BTSS of Spin(8a + 4).

Theorem 3.14. The BTSS for Spin(8a + 4) is the direct sum of the BTSS of S8a+3

given in Diagram 3.16 and the BTSS of Spin(8a + 3) as described in Theorem 3.8

except that the short exact sequence

0 ! E s;4` � 1
2 (Spin(8a + 3)) i �� ! E s;4` � 1

2 (Spin(8a + 4))
p�� ! E s;4` � 1

2 (S8a+3 ) ! 0
(3.15)

is not alwayssplit when s = 1 and 2. No claim is made about the group structure

whens = 2. If s = 1 and ` = 2k + 1, then

� if � (k � a) � 4a � 4, the sequence is

0 ! Z=2e1 � Z=8 ! Z=2e1 � Z=2� (k� a)+5 � Z=4 ! Z=2� (k� a)+4 ! 0

with the Z=8 mapping injectively to the second summandand

surjectively to the third, while these summandsmap, respec-

tively, surjectively and injectively to the Z=2� (k� a)+4 . Note that

the two Z=2e1 summandsare of equal order. The d3-di�er ential

from E 1;8k+3
2 (Spin(8a + 4)) is nonzero on only the �rst sum-

mand.
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� if � (k � a) > 4a � 4, the sequence is

0 ! Z=2e1 � Z=8 ! Z=2e1+1 � Z=24a+1 � Z=4 ! Z=24a+1 ! 0

with i � sendingthe �rst generator to (2; 1; 0) and the second to

(0; 24a� 2; 1), whilep� sendsthe the three generators, respectively,

to 1, � 2, and 24a� 1. The d3-di�er ential from E 1;8k+3
2 (Spin(8a+

4)) is nonzero on just the �rst and second summands.

If s = 1 and ` = 2k, then

� if � (k) � 4a � 4, the sequence is

0 ! Z=2e1 � Z=2� (k)+4 ! Z=2e1 � Z=2� (k)+5 � Z=4 ! Z=8 ! 0

with the Z=2� (k)+4 mapping injectively to the second summand

and surjectively to the third, while thesesummandsmap, respec-

tively, surjectively and injectively to theZ=8. The d3-di�er ential

from E 1;8k� 1
2 (Spin(8a + 4)) is nonzero on just the second and

third summands.

� if � (k) > 4a � 4, the sequence is

0 ! Z=24a+1 � Z=24a+1 ! Z=24a+2 � Z=24a+1 � Z=4 ! Z=8 ! 0

with i � sending the �rst generator to (2; 0; 1) and the second

summandbijectively to the second summand,while p� sendsthe

�rst summandsurjectively and the third summandinjectively.

The d3-di�er ential from E 1;8k� 1
2 (Spin(8a+ 4)) is nonzero on just

the �rst and third summands.

Here we are using the following diagram for the BTSS of S8a+3 , taken from [7,

p.488], in which C0 denotesZ=2min (� (k� a)+4 ;4a+1) , and 8 denotesZ=8. The dotted

d3-di�erential is present i� 4a + 1 � � (k � a) + 4.
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Diagram 3.16. BTSS of S8a+3
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The morphismsin v� 1
1 � � (� ) inducedby inclusion mapsSpin(n) ! Spin(n+ 1) can,

for the most part, be determined from the above charts together with knowledgeof

the induced morphism of 1-line groups and eta towers. For the 1-line groups, the

results are presented in Proposition 3.17. Theseare easily read o� using the names

of generatorsdescribed in Section4. Somedetails of the proof will be given in that

section.

Prop osition 3.17. Let E2m (N ) = E 1;2m+1
2 (Spin(N )), and consider the sequence

E2m (4a+1) i 1� ! E2m (4a+2) i 2� ! E2m (4a+3) i 3� ! E2m (4a+4) i 4� ! E2m (4a+5) ;

beginning with E2m (11).

a. Let m be even. All groups have a summandZ2 generated by � 1, which maps

across. In addition , there are summands

Z2
i 1� ! Z=2� i 2� ! Z2

i 3� ! Z2 � Z2
i 4� ! Z2

satisfying i 1 is injective, i 2 = 0, i3 hits the sum of the generators, and i 4 sendsboth

generators nontrivial ly.

b. Let m be odd. Each group E2m (4a + d) has an initial summand, the orders of

which increasewith d. Thesemap injectively to one another, plus possiblyalso to a

summandin the second component. In addition , there are summandsas described

below.
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If 2a < � (m + 1) + 1, then the summandsare

Z=22a i 1� ! Z=22a i 2� ! Z=22a+1 i 3� ! Z=22a+1 � Z=2e i 4� ! Z=22a+2 ;
(3.18)

satisfying i 1 is bijective, i 2 hits multiples of 4, i 3 is bijective into the �rst summand,

i4 sendsthe �rst summandto multiples of 4, and the second summandinjectively.

If 2a > � (m + 1) + 1, then, with � = � (m + 1) + 2, the summandsare

Z=2� i 1� ! Z=2� i 2� ! Z=2� i 3� ! Z=2� + � � Z=2e i 4� ! Z=2� ;

where � and e can be determined from Theorem 3.3. Then i 1 is bijective, i 2 hits

multiples of 2, the �rst component of i 3 is injective, and i 4 sendsthe second summand

injectively. If � (m + 1) < � (2a + 2), then � = 0, e = � , and i 4 is multiplication by

2 on the �rst summand. If � (m + 1) � � (2a + 2), then � > 0, e = � � 1, the second

component of i 3 is surjective, and i 4 is multiplication by 2 on the �rst summand.

Somemore detailed information is given in Theorems3.4 and 3.14.

If 2a = � (m + 1) + 1, the groupsand morphismsare as in (3.18) except that the

last group is Z=22a+1 and i4 sendsthe �rst summandto multiples of 2.

The anomaliesin the 1-linesof Spin(6), Spin(9), and Spin(10) causethe following

changesin the morphisms involving them. We will sketch portions of the proof in

Section4 along with the sketch for Proposition 3.17.

Prop osition 3.19. Let m = 2k + 1 with k odd, and E2m (n) = E 1;2m+1
2 (Spin(n)).

Then E2m (5) ! E2m (6) and E2m (9) ! E2m (10) are bijective, and

E2m (6)
j 1� ! E2m (7)

j 2� ! E2m (8)
j 3� ! E2m (9)

j 4� ! E2m (11)

is

Z16
j 1� ! Z8� Z8

j 2� ! Z8� Z8� Z8
j 3� ! Z8� Z=2� 1 j 4� !

8
<

:
Z32 � Z16 k � 1 (4)
Z=2� 2 � Z32 k � 3 (4)

where � 1 = min(8; � (k � 3) + 3) and � 2 = min(8; � (k � 19) + 3). We have j 1(g) =

2g1 + g2, j 2(g1) = g1, j 2(g2) = g2 + g3, j 3(g1) = g1, and j 3 sendsthe second and

third summandsinjectively into the second summandplus an evencomponent in the

�rst summand. If k � 1 mod 4, then j 4(g1) = 4g1 + 4g2 and j 4(g2) = 4g1 + 2g2. If

k � 3 mod 4, j 4 sendsthe �rst summandinjectively into both summands,while the
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component of j 4 from the second summandto the �rst (resp. second) summandhas

kernel consisting of elementsof order 2 (resp. 8).

The eta towerswhich occur in big blocks (big � ) in the BTSS charts of this section

are described most explicitly in Table 6.1 using (5.7) and (5.8). We tabulate in Table

3.20 for a range of values of n the integers j for which x j 2 � i (Spin(2n + 1)) =

� i (Spin(2n + 2)). Thesedepend on just the parity of i . The BTSS charts show that

elements in �ltration 2, 3, and 4 in � ev(Spin(N )) (resp. � od(Spin(N ))) survive to

elements of v� 1
1 � 8k+ r (Spin(N )) for � 1 � r � 1 (resp. � 3 � r � � 1).

Table 3.20.

n � ev(Spin(2n + 1)) � od(Spin(2n + 1))
11 5; 6; 8 8; 9; 10
12 6; 7; 8 8; 10; 11
13 6; 7; 8; 12 8; 10; 11; 12
14 7; 8; 10; 12 8; 10; 12; 13
15 7; 8; 10; 12 8; 12; 13; 14
16 8; 9; 10; 12 8; 12; 14; 15
17 8; 9; 10; 12; 16 8; 12; 14; 15; 16
18 9; 10; 12; 16 12; 14; 16; 17
19 9; 10; 12; 16 12; 16; 17; 18
20 10; 11; 12; 16 12; 16; 18; 19
21 10; 11; 12; 16 16; 18; 19; 20

From 5.14,we can easily verify the following proposition.

Prop osition 3.21. Let b(j ) =

8
<

:
2j + 3 if j = 2i or 3 � 2i

4j + 5 � 2� (j )+3 otherwise
. Then

x j 2 � ev(Spin(N )) i� b(j ) � N � 4j + 4

and

x j 2 � od(Spin(N )) i� 2j + 3 � N �

8
<

:
4j + 4 if j = 2i

2j + 2 + 2� (j )+2 otherwise.

Explicit valuesof 1-line exponents for Spin(11) and Spin(13) were presented in [8,

1.6]. There was one mistake in that table. The formula for e1(2n + 1) when n = 5

and m � 7 mod 8 shouldhave beenmin(8; � (m � 39)+ 2). The causeof this mistake

was just overlooking oneof the two numbers whoseminimum equallede1.

In 3.1and3.3,wegiveformulasfor the largestexponent, R(m; N ), in E 1;2m+1
2 (Spin(N ))

when m is odd. In Table 3.22, we give explicit values for R(2k + 1; 2n � 1) for



PERIODIC HOMOTOPY GROUPS OF SO(N) 25

8 � n � 13. We have veri�ed that in this rangeR(m; 2n) = R(m; 2n � 1) when n is

odd. It is proved in 3.4and 3.14that if n is even, then R(m; 2n) = R(m; 2n� 1) unless

� (m + 1� n) � n � 3 or � (m + 1) � n � 3, in which caseR(m; 2n) = R(m; 2n � 1)+ 1.

Table 3.22. R(2k + 1; 2n � 1)
n k � 15 mod 16 n k � 0 mod 4
8 max(7; 11� � (k + 1)) 8 min(13; � (k � 4) + 10)
9 max(8; 13� � (k + 1)) 9 min(14; � (k � 4) + 10)
10 max(9; 15� � (k + 1)) 10 min(25; � (k � 8 � 210 � 212) + 12)
11 max(10; 17� � (k + 1)) 11 min(26; � (k � 8 � 210) + 13)
12 max(11; 19� � (k + 1)) 12 min(26; � (k � 8) + 17)
13 max(12; 21� � (k + 1)) 13 min(26; � (k � 8) + 17)

n k � 1 mod 8 n k � 5 mod 8
8 11 8 min(15; � (k � 5) + 9)
9 11 9 min(15; � (k � 5) + 9)
10 13 10 min(16; � (k � 21)+ 11)
11 min(24; � (k � 9) + 15) 11 16
12 min(27; � (k � 9 � 210) + 15) 12 17
13 min(28; � (k � 9 � 210 � 211) + 16) 13 18

n k � 2 mod 8 n k � 6 mod 8
8 12 8 min(18; � (k � 6) + 10)
9 12 9 min(20; � (k � 6 � 29) + 10)
10 14 10 min(21; � (k � 6 � 28) + 12)
11 15 11 min(21; � (k � 6) + 13)
12 min(29; � (k � 10)+ 18) 12 21
13 min(29; � (k � 10)+ 18) 13 21

n k � 3 mod 8 n k � 7 mod 16
8 9 8 8
9 10 9 min(18; � (k � 7 � 210) + 7)
10 11 10 min(19; � (k � 7 � 29) + 9)
11 14 11 min(20; � (k � 7 � 28) + 11)
12 16 12 min(21; � (k � 7 � 27) + 13)
13 min(30; � (k � 11� 214) + 16) 13 min(22; � (k � 7 � 26) + 15)
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4. The 1-line of Spin(2n)

In this sectionwe prove Theorem 3.3 regardingE 1
2(Spin(2n)). We begin with the

following adaptation of [8, 3.4,3.10]to Spin(2n).

Prop osition 4.1. The abelian group of indecomposablesQK 1(Spin(2n)) has gener-

ators � i , i � 1, D+ , and D � , and relations Tn� 1; Tn ; Rn+1 ; : : : ; R2n� 1; Sj , j � 2n

de�ned by:

Tn� 1 : 2n� 1(D+ + D � ) +
X

j odd
j � 1

X

k

(� 1)k
�

2n
n� j � k

�
� k ;

Tn :
X

k

(� 1)k
�

2n
n� k

�
� k + 2

X

j � 1

(� 1)j
X

k

(� 1)k
�

2n
n� j � k

�
� k ;

Rj :
X

k

(� 1)k
�

2n
j � k

�
� k �

X

k

(� 1)k
�

2n
2n� j � k

�
� k ;

Sj :
X

k

(� 1)k
�

j
k

�
� k :

Adamsoperations satisfy  t � k = � kt for t > 0,  � 1� k = � � k , and

 t (D+ � D � ) = tn� 1(D+ � D � ): (4.2)

Each relation with subscript j expresses� j in terms of � i with i < j and D � . Thus

QK 1(Spin(2n)) is a free abelian group with basis� 1; : : : ; � n� 2; D+ ; D � . Formulas for

 t (D � ) will be obtained in the proof of 4.9.

Proof of Proposition 4.1. Naylor ([37, p.151])describesthe useof Hodgkin's theorem

([29]) and the representation ring R(Spin(2n)) to determineQK 1(Spin(2n)). Unfor-

tunately, his descriptioncontains many typographicalerrors. Husemoller([30, p.189])

hascorrect versionsof the results about R(Spin(2n)), and proofs.

Similarly to [8, 3.1], the morphism j � : R(SU(2n)) ! R(Spin(2n)) satis�es

j � (� i ) = j � (� 2n� i ); (4.3)

where� i is the i th exterior power of the canonicalrepresentation. Then R(Spin(2n))

has fundamental representations j � � 1; : : : ; j � � n� 2; � + ; � � with relations

� + 
 � � = j � � n� 1 + j � � n� 3 + j � � n� 5 + � � � (4.4)

� + 
 � + + � � 
 � � = j � � n + 2(j � � n� 2 + j � � n� 4 + � � � ): (4.5)
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Hodgkin associatesto each fundamental representation � of G a primitiv e element

� (� ) of K � 1(G). We denoteby e� (� ) the element of K 1(G) which correspondsto this

underBott periodicity. Then e� (� 
 � ) = dim(� ) e� (� )+ dim(� ) e� (� ). In QK 1(Spin(2n)),

we let D � = e� (� � ) and B i = e� (j � � i ). We obtain from (4.4) and (4.5),

2n� 1(D+ + D � ) = Bn� 1 + Bn� 3 + Bn� 5 + � � � (4.6)

2n (D+ + D � ) = Bn + 2(Bn� 2 + Bn� 4 + � � � ): (4.7)

Under the isomorphismQK 1(SU(2n)) � fK 0(CP2n� 1), let � 0
i correspond to � i � 1,

with � the Hopf bundle, and let � i = j � (� 0
i ) 2 QK 1(Spin(2n)). From [8, 3.2], we have

B j =
P

(� 1)k+1
�

2n
j � k

�
� k . Now Tn� 1 follows from (4.6), Tn is obtained from (4.7) and

(4.6), Ri follows from (4.3), and Sj is a consequenceof (� � 1)j = 0 in fK 0(CP2n� 1)

for j � 2n.

The formula for  t � k follows from  t � = � t in fK 0(CP2n� 1). The formula for  � 1� k

follows from [8, 3.17]. The formula for  t (D+ � D � ) follows from the short exact

sequence

0 ! QK 1(S2n� 1)
p�

� ! QK 1(Spin(2n)) i �

� ! QK 1(Spin(2n � 1)) ! 0
(4.8)

with p� (gen) = D+ � D � .

From Proposition 4.1 and [8, 3.18],we deducethe following result.
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Prop osition 4.9. The Pontryagin dual of the abelian group E 1;2m+1
2 (Spin(2n)) is

generated by � 1, D+ , and D � subject to the following relations:
� X

k odd

�
j
k

�
km

�
� 1; j � 2n; (4.10)

� X

k odd

� �
2n

j � k

�
�

�
2n

j + k

� �
km

�
� 1; n + 1 � j � 2n � 1; (4.11)

�
1
n

X

k odd

km+1
�

2n
n� k

��
� 1; (4.12)

(1 + (� 1)m )� 1; (4.13)

2n� 1(D+ + D � ) �
� X

k odd
j odd� 1

�
2n

n� j � k

�
km

�
� 1; (4.14)

2n� 1(D+ � D � ); (4.15)

(3n� 1 � 3m )(D+ � D � ); (4.16)
� X

k odd

km
X

t � 0

�
2n

n� 2� k� 4t

��
� 1 � 2n� 1D+ ; (4.17)

�
�
2n� 1

X

k odd

km
X

t � 0

�
2n� 1

n� 2� k� 3t

��
� 1 + ( 1

6(22n� 1 + 1 + 3n) � 3m )D+

+ 1
6(22n� 1 + 1 � 3n )D � ; (4.18)

(1 + (� 1)m )D � if n even; (4.19)

D+ + (� 1)m D � if n odd: (4.20)

Proof. By [8, 1.1],E 1;2m+1
2 (Spin(2n))# is the quotient of QK 1(Spin(2n)) by the image

of  2 and  r � r m for all odd r , although it su�ces to considerjust r = � 1 and 3. As

in [8, 3.15], 2� m = � 2m allows us to remove all � ev, and  r � 1 = � r allows us to equate

all � r with r odd to r m � 1. This reducesthe generatingset to � 1, D+ , and D � , and

the relations of Proposition 4.1 become(4.10), (4.11), (4.12), and (4.14). For (4.12),

we �rst obtain
� X

k odd

km
��

2n
n� k

�
+ 2

X

j � 1

(� 1)j
�

2n
n� j � k

� ��
� 1;

but then when each
�

2n
i

�
in this expressionis expressedas

�
2n� 1

i

�
+

�
2n� 1
i � 1

�
, all terms

in the alternating sum cancelout except
X

k

km
� �

2n� 1
n� k

�
�

�
2n� 1

n� k� 1

� �

= 1
n

X

k

km+1
�

2n
n� k

�
:
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The relation (4.13) is from  � 1� 1, and (4.15) and (4.16) are from  t (D+ � D � ) as

given in 4.1.

Supposethat we know  t (D) =
P

bj � j + cD in QK 1(Spin(2n � 1)). We claim that

it follows that

 t (D+ + D � ) = 2
X

bj � j + c(D+ + D � )

in QK 1(Spin(2n)). By adding and subtracting this with (4.2), we obtain

 t (D � ) =
X

bj � j + 1
2(c + tn� 1)D � + 1

2(c � tn� 1)D � :
(4.21)

Using this, (4.17) and (4.18) follow from [8, (3.20),(3.21)].

The above\claim" followsfrom the short exactsequence(4.8) in which i � (D � ) = D,

onceweobserve that D+ � D � cannotappearin  t (D+ + D � ). This followsby working

in R(Spin(2n)). Recall that  t in QK 1(G) corresponds to (� 1)t+1 � t in I =I 2, where

I is the augmentation ideal of the representation ring. The representation ring of

the maximal torus is Z[� � 1=2
1 ; : : : ; � � 1=2

n ], and here all the � i (� )'s and � + + � � are

invariant under � 7! � � 1, while � + � � � is not. (See[30].) So the exterior powers

of theseinvariant classeswill also be invariant, and hencecannot contain � + � � �

asa summand.

Finally, (4.19) follows from  � 1 = � 1 in QK 1(Spin(2n)) if n is even, which follows

from (4.8) and [8, 3.17],and (4.20) follows from  � 1(D � ) = � D � in QK 1(Spin(2n))

if n is odd, which is a consequenceof (4.21) with c = � 1.

Now we can prove Theorem3.3.

Proof of Theorem 3.3. We begin by observingthat all coe�cien ts in relations (4.10)

through (4.19) are even, with the single exception of (4.17) when n = 3, which

accounts for the anomaly for Spin(6) mentioned following Theorem 3.3. Although

sometimesa bit of argument is required, theseall follow from the facts that
�

a
b

�
is

even if a is even and b odd, that
�

2a
2b

�
�

�
a
b

�
mod 2, that

P
i

�
n
i

�
= 2n , and that

�
n
i

�
=

�
n

n� i

�
.

For example,the coe�cien t of � 1 in (4.17) is congruent to
P

k odd
P

t � 0

�
2n

n� 2� k� 4t

�
.

If n is even, then all terms are even. If n = 2a + 1, then writing k = 2b + 1,

the sum is congruent to
P

b� 0
P

t � 0 ca;b;t with ca;b;t =
�

2a+1
a� 1� b� 2t

�
. If a is even, then
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ca;2b0;t � ca;2b0+1 ;t , and hencethe sum is even. If a is odd, then ca;2b0;t � ca;2b0� 1;t for

b0 > 0, c2d+1 ;0;d� 2A � c2d+1 ;0;d� 2A � 1, and c2d+1 ;0;0 is even unlessd = 0. This is the

anomaly for Spin(6)|that
�

2d
d

�
is even unlessd = 0.

Now the casem even and n even of 3.3, that E 1;2m+1
2 (Spin(2n)) � Z2 � Z2 � Z2,

with generators� 1, D+ , and D � , is immediate, since (4.13) and (4.19) give these

relations, and there are no relations involving odd multiples of thesegenerators.

The casem even and n odd , that E 1;2m+1
2 (Spin(2n)) � Z2� Z=2min( n� 1;� (m+1 � n)+2)

with generators� 1 and D+ , is alsoeasy. We usehere,and throughout, that

� (3e � 1) =

8
<

:
1 if e odd
� (e) + 2 if e even.

The Z2 comesfrom (4.13). Replace2� 1 by 0, and use(4.20) to replaceD � by � D+ .

The other relations reduceto 2n� 1D+ from (4.17) and � 3n� 1(3m+1 � n � 1)D+ from

(4.18).

When m is odd, (4.13) gives no information, and so the analysis becomesmore

complicated. From (4.10), we have 2eSp(m;n ) � 1 = 0. We shall prove in Lemma8.3 that

(4.11) gives no additional information. For Spin(2n + 1), we proved the analogous

result in [8, 3.6]usingtopology(two waysof computingE 1;2m+1
2 (Sp(n))). For Spin(2n)

it seemsthat we must resort to combinatorics.

We alsoneedthe following estimate,which we prove at the beginningof Section8.

Lemma 4.22. The expressionsof Theorem 3.3 satisfy, if m is odd and n � 6,

min(eSp(m; n); � (P1(m; n)); � (P3(m; n)) � n:

We now obtain 3.3 in the casewhenm is odd and n is odd . The generatorswill

be � 1 and D+ + c�1 for appropriate c. The relations (4.10) and (4.11) give 2eSp(m;n ) � 1,

as just explained, while (4.12) gives 2� (P3 (m;n )) � 1. The relation (4.20) allows us to

replaceD � by D+ . The other relations become

2nD+ � Y1� 1 (4.23)

Y2� 1 � 2n� 1D+ (4.24)

� 3 � 2n� 1Y3� 1 + (22n� 1 + 1 � 3m+1 )D+ ; (4.25)

whereY1, Y2, and Y3 refer to the sums(just the
P

-part) in (4.14), (4.17), and (4.18).

Replacing(4.23) by (4.23)+2(4.24) yields P1(m; n)� 1.
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It was proved in [8, 3.18] that 5

� (Y2) � n for n � 6: (4.26)

Thus the smallest2-exponent in (4.24) and (4.25) is M := min(n � 1; � (m + 1) + 2),

and by 4.22, this is smaller than the exponents which have occurred earlier in the

analysis. The summandwith generatorD+ + c�1 is obtained by dividing whichever

of (4.24) or (4.25) has the smallest exponent by 2M , so that its coe�cien t of D+ is

odd. Subtracting an appropriate multiple of this relation from the other yields the

�nal relation, P2(m; n)� 1.

Finally, we consider the casem odd and n even. We obtain 2eSp(m;n ) � 1 and

2� (P3(m;n )) � 1 as in the previouscase.Let M = min(n � 1; � (m + 1 � n) + 2), and let

Y1, Y2, and Y3 be asabove. By (8.2), � (Y1) � n, while Y3 is odd by 8.11. We alsouse

(4.26). The relations are

2n� 1(D+ + D � ) � Y1� 1; (4.27)

2M (D+ � D � ); (4.28)

Y2� 1 � 2n� 1D+ ; (4.29)

� 3 � 2n� 1Y3� 1 + (22n� 2 + 1
2(3n � 1) � (3m+1 � 1))D+

+(2 2n� 2 � 1
2(3n � 1))D � : (4.30)

Replace(4.27) by (4.27)+2n� 1� M (4.28)+2(4.29) to get P1(m; n)� 1. Now we divide

into subcases.

If � (m + 1) < � (n), the smallest2-exponent in any coe�cien t is � (m + 1) + 2 in

(4.28). This givesa summandZ=2� (m+1)+2 generatedby D+ � D � . Usethis to replace

2� (m+1)+2 D � by 2� (m+1)+2 D+ in (4.30), which becomes

� 3 � 2n� 1Y3� 1 + (22n� 1 � 3m+1 + 1)D+ : (4.31)

We get a secondZ=2� (m+1)+2 summand from (4.31)=2� (m+1)+2 . Add a multiple of

(4.31) to (4.29) to get the �nal relation, P2(m; n)� 1. The generatorsof the respective

summandsin 3.3 are � 1, D+ + c�1, and D+ � D � .

If � (m + 1) � � (n), the smallest2-exponent in any coe�cien t is � (n) + 1 in D � (or

D+ ) in (4.30). We get a summandZ=2� (n)+1 with generator(4.30)=2� (n)+1 . Replace
5There it was stated and proved that � (Y2) � n � 1, but the same argument

establishesthis stronger result, which we will need.
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(4.28) by

(22n� 2 � 1
2(3n � 1))2� � (n)� 1(4:28)+ 2M � � (n)� 1(4:30);

obtaining

� 3 � 2n� 1+ M � � (n)� 1Y3� 1 + 2M � � (n)� 1(22n� 1 � 3m+1 + 1)D+ :
(4.32)

The smallest2-exponent in the remaining coe�cien ts ((4.29) or (4.32)) is
8
<

:
min(� (m + 1 � n) + 3; n � 1) if � (m + 1) = � (n)
min(� (m + 1) + 3; n � 1) if � (m + 1) > � (n),

with the � (� ) + 3 coming from D+ in (4.32), and n � 1 coming from D+ in (4.29).

We get a summandof this 2-exponent generatedby the relevant relation divided by

its 2-power. Add a multiple of this relation to the other to get P 0
2(m; n)� 1. The

respective generatorsin 3.3 in this caseare � 1, D+ + c�1, and D � + uD+ + c0� 1.

That R(m; 2n) = n � 1 when n � 1 � � (m + 1) + 2 and n is odd follows as in

Remark 3.2. If n is even and � (m + 1) � n � 3, then M = � (n) + 2 and in the above

argument the relation P 0
2(m; n) has its 2-divisibilit y determined by 3 � 2nY3, which

equalsa unit times 2n by 8.11.

Here is a sketch of proof that was postponed in Section3.

Proof of Proposition 3.17. Thesegroups are Pontryagin dual to the groups that we

computedasquotients of the K -groups. For Spin(2b)
j 0� ! Spin(2b+ 1)

j 1� ! Spin(2b+

2), we have j �
1(D � ) = D and j �

0(D) = D+ + D � . We focus on the hardest case,i 4

when 2a > � (m + 1) � � (n). Here n = 2a + 2.

We have � = � (m + 1) + 2, e = � (n) + 1, and � = � (m + 1 � n) + 1 � � (n). The

imageof the generatorof Z=2� under i#
4 is

D+ + D � + c�1 2 Z=2� + � � Z=2e;

where the respective generatorsof these summandsare g1 = D+ + c0� 1 and g2 =

D+ � D � + 2� D+ + c00� 1 with � = (22n� 1 � 3m+1 + 1)=(� 22n� 1+ 3n � 1). All coe�cien ts

of � 1 are su�cien tly 2-divisible that they can be ignored. We obtain

i#
4 (gen) = � g2 + (2� + 2)g1:
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Dualizing, this says that the secondsummand injects under i 4, while the kernel of

the morphism from the �rst summandhas2-exponent 1+ � (� + 1) = 2 + � (m + 1 �

n) � � (n) = � + 1 and hencethis morphism mapsonto multiples of 2.

The casesof Spin(6) and Spin(10) were omitted from 3.3 becauseof arithmetic

anomalies.We handle thosecasesnow.

Prop osition 4.33.

E 1;2m+1
2 (Spin(6)) �

8
<

:
Z=24 if m � 3 mod 4
Z=23 if m 6� 3 mod 4.

E 1;2m+1
2 (Spin(10)) �

8
>><

>>:

Z2 � Z=2min(4 ;� (m� 4)+2) if m even
Z=8 � Z=2min( � (m� 5)+2 ;6) if m � 1 mod 4
Z=8 � Z=2min( � (m� 7)+2 ;8) if m � 3 mod 4:

Proof. We�rst considerSpin(6). Proposition 4.9is still valid. As remarkedpreviously,

the subsequent argument fails becausethe coe�cien t of � 1 in (4.17) is odd whenn = 3.

Use(4.17) to replace� 1 by 4D+ , and use(4.20) to replaceD � by (� 1)m+1 D+ . The

smallestresulting relation on D+ is 8D+ from (4.13) if m is even, while if m is odd,

we have 16D+ from (4.14) and 1
3(3m+1 � 1 + 16)D+ from (4.18), yielding the result.

For Spin(10), the casem even follows as in Theorem3.3. The anomaly is the same

as occurred for Spin(9) in [8, 4.21]. Here it occurs as (4.26), where Y2 = 45. Since

(4.20) makesD+ = D � , the relations becomethe sameas in Spin(9).

We closethe sectionwith another postponedproof.

Proof of Proposition 3.19. We compute the duals of the morphisms,using 4.33, 3.1,

and 3.3 for the groups. We use� 1 and D as the generatorsof E2m (7)# . They map to

� 1 and D+ + D � in E2m (6)# , which is generatedby D+ and has relations � 1 = 4D+

and D � = D+ .

With u = (3m � 3)=8, we use� 1 and D + (8 + 3u)� 1 asgeneratorsof E2m (11)# and

(6+ u)� 1+ 2D and D asgeneratorsof E2m (9)# . The morphismE2m (11)# j #
4� ! E2m (9)#

is easilydeterminedusing j #
4 (D) = 2D. At the end, we need� (u + 1) = 1.
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5. Et a to wers

In this section,we compute the groupsE s;t
2 (Spin(n)) for s > 2 (and s = 2 if s + n

is even). Theseare called eta-towers becauseof the isomorphism,E s;t
2

h1� ! E s+1 ;t+2
2 ,

which on classeswhich survive to homotopy is related to composition with the Hopf

map St � s+1 �
� ! St � s. Notation for the eta-towerswasinitiated in 1.5. We beginwith

the closely-relatedcomputation for Sp(n).

We �rst recall the following key results from [9, 1.1,3.1].

Theorem 5.1. ([9]) a. If X is a simply-connected �nite H -space with H � (X ; Q)

associative, then the E2 term of its BTSS satis�es

E s;t
2 (X ) �

8
<

:
Ext s;t

A (QK 1(X ; Z^
2 )=im( 2)) if t is odd

0 if t is even.

b. Let M be a �nite stable 2-adic Adams module with  � 1 = � 1 and let M 2 =

ker(2jM ) and � =  3 � 1. Then there are split short exact sequences

0 ! coker(� jM =2) ! Ext s;2b+1
A (M )# ! ker(� jM 2) ! 0

if s + b is odd and s > 2, and

0 ! coker(� jM 2) ! Ext s;2b+1
A (M )# ! ker(� jM =2) ! 0

if s + b is evenand s > 1.

These hypothesesapply to all casesconsideredhere except Spin(4a + 2), where

 � 1 6= � 1; in (5.17) we will present a modi�ed version of 5.1b which will apply in

that case.

The following result from [9, 3.1] is alsouseful.

Prop osition 5.2. If M is a �nite stable2-adic Adams module with  � 1 = � 1 and

n is odd, there is a split short exact sequence

0 ! coker( 3 � 1jM =2) ! Ext 2;2n+1
A (M )# ! ker((  3 � 3n)jM ) ! 0:

Also, jker((  3 � 3n)jM )j = j Ext 1;2n+1
A (M )j.

An analoguewhen it is not true that  � 1 = � 1 is given in [9, 3.10],and is similar

to (5.17).

Becauseof the following elementary proposition, the functors of Theorem 5.1.b

depend only on QK 1(X ; Z=2).
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Prop osition 5.3. Let Q be a torsion-free 2-adic Adams module with  2 injective

(viz. Q = QK 1(X ; Z^
2 ) with X as above), and let M = Q=im( 2). There is an

isomorphismof stableAdamsmodules

1
2 2 : ker( 2jQ=2) ! M 2:

Proof. Let K = ker( 2jQ=2), and apply the Snake Lemma to the commutativ e dia-

gram
0 � � � ! K
?
?
?
y

?
?
?
y

0 � � � ! Q 2� � � ! Q � � � ! Q=2 � � � ! 0

 2

?
?
?
y  2

?
?
?
y  2

?
?
?
y

0 � � � ! Q 2� � � ! Q � � � ! Q=2 � � � ! 0
?
?
?
y

?
?
?
y

M 2� � � ! M

We have the following result for QK 1(Sp(n); Z=2).

Prop osition 5.4. Let � i = � i � 1 be generators for QK 1(Sp(n); Z=2) as used in [8,

3.4]. Let

x i =
X

j � 0

�
i
j

�
� i � 2j :

Then f x1; : : : ; xng is a basis for QK 1(Sp(n); Z=2) which satis�es

� If i : Sp(n � 1) ! Sp(n) denotes the inclusion map, then

i � (xn ) = 0 and i � (x j ) = x j for j < n.

�  2(x i ) = x2i , and is 0 if 2i > n.

�  3(x i ) =
P

j � 0

�
i
j

�
x i +2 j .

Proof. Sinceit was shown in [8, 3.4] that f � 1; : : : ; � ng forms a basis,it is immediate

that f x1; : : : ; xng doesaswell. To prove the result about i � (xn ), we observe from [8,

3.4] that

i � (� n) =
X

k<n

� �
2n� 1
n� k

�
+

�
2n� 1

n� 1� k

� �

� k =
X

k<n

�
2n

n� k

�
� k :
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Thus

i � (xn ) = i � (� n ) +
X

j > 0

�
n
j

�
� n� 2j =

X

j > 0

�
2n

n� (n� 2j )

�
� n� 2j +

X

j > 0

�
n
j

�
� n� 2j = 0:

Since 2(� i ) = � 2i , we have

 2(x i ) =
X

j � 0

�
i
j

�
� 2i � 4j =

X

j � 0

�
2i
2j

�
� 2i � 4j =

X

k� 0

�
2i
k

�
� 2i � 2k = x2i :

Here we have usedseveral elementary facts about binomial coe�cien ts mod 2. The

proof of the  3 formula involvesa more elaborate combinatorial argument, which is

relegatedto Proposition 8.6.

Remark 5.5. Becauseof the elaborate computer-dependent proof of the  3-formula,

somemay prefer the following simpler argument. This argument just proves

 3(x i ) � x i + x i +2 � ( i )+1 mod hx j : j > i + 2� (i )+1 i ;

but that is all that we really need.

First, by using  2 3 =  3 2 and the formula for  2(x i ), it su�ces to prove that if

i is odd, then  3(xn ) = xn + xn+2 in QK 1(Sp(n + 2)=Sp(n � 1)); Z=2). The de�nition

of x i and formula for  3(� i ) easilyimply that  3x i canonly involve x j with j � i mod

2. Thus, if the claimedformula is not true, then  3 � 1 = 0 in QK 1(Sp(n+ 2)=Sp(n �

1)); Z=2). It was shown in [11, 2.7] that  3 � 1 6= 0 in ku� (Qn+2
n ) 
 Z=2, hencein

PK � (Sp(n + 2)=Sp(n � 1); Z=2), and hencein QK 1(Sp(n + 2)=Sp(n � 1); Z=2) by

duality.

Using 5.4, we easily derive the following description of the eta-towers for Sp(n).

Prop osition 5.6. For X = Sp(n), the split SES'sof 5.1b become

0 ! hx1i ! E s;2b+1
2 (Sp(n))# ! K [[n

2 ] + 1; n] ! 0

if s + b is odd, and

0 ! C[[n
2 ] + 1; n] ! E s;2b+1

2 (Sp(n))# ! hxn � i ! 0

if s + b is even. Here n� is the largestodd integer satisfying n� � n,

K [a;b] = hx i : a � i � b; i + 2� (i )+1 > bi ; (5.7)
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and

C[a;b] = hx i : a � i � b; i � 2� (i )+1 < ai : (5.8)

Proof. With M = QK 1(Sp(n); Z=2)=im( 2) in 5.1b, we have, using 5.4, M =2 = hx i :

i odd, 1 � i � ni and � (x i ) � x i +2 mod H (which we will useto mean mod terms

with larger subscripts). Thus coker(� jM =2) � hx1i and ker(� jM =2) = hxn � i .

Let Sn = f i : [n
2 ] + 1 � i � ng and, for e � 0, let Sn (e) = f i 2 Sn : � (i ) = eg.

By 5.3, M 2 � hx i : i 2 Sn i . Let M 2(e) = hx i : i 2 Sn (e)i . Then � induces

automorphismsof each M 2(e) given by � (x2eu) � x2e (u+2) mod H , with u odd, and

so,similarly to the previousparagraph

ker(� jM 2) � hx i : i maximal in someSn (e)i

and

coker(� jM 2) � hx i : i minimal in someSn (e)i :

This result is, for all intents and purposes,dual to [11, 1.8]. We illustrate with

the casen = 10, which is depicted in [11, 1.13]. Columns 2 and 4 (resp. 3) in [11,

1.13] correspond to E s;2b+1
2 (Sp(10)) with s + b odd (resp. even), as can be seenby

comparisonwith [11, 1.7]. The boundary pattern from u to (u � 2)0 in [11, 1.13] is

dual to our formula for � mod H in M =2, and the elements 1 and 90 that survive

correspond to our hx1i and hxn � i . Note that the computations should be dual, since

[11] is depicting E2, while we are computing E #
2 .

The comparisonof our � jM 2 with the boundariesin [11,1.13]is complicatedslightly

by di�erent ways of �ltering elements in the two approaches. The two approaches

would agreeif the elements in 5u and 60 in [11, 1.13]were interchanged,and also the

elements 7u and 100. If this changewere made, then the bottom part of columns 2
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and 3 of [11, 1.13]would be

60
u  10u

70
u  9u

80
u 6u

90
u 7u

100
u 8u;

which is dual to our � jM 2.

As in [11, 1.14], we concludethat the number of eta-towers in E s;2b+1
2 (Sp(n)) is

1 + [log2(4n=3)], for either parity of s + b.

Now we perform a similar analysisfor Spin(2n + 1).

Prop osition 5.9. QK 1(Spin(2n + 1); Z=2) has basis f x1; : : : ; xn� 1; Dg, with  2(x i )

and  3(x i ) as in QK 1(Sp(n � 1); Z=2),  2(D) = xn� 1, and  3(D) = D.

Proof. By [8, pf of 3.1], there is an Adams-module morphism

QK 1(Sp(n))
�

� ! QK 1(Spin(2n + 1));

and by [8, 3.10] QK 1(Spin(2n + 1)) has integral basisf � 1; : : : ; � n� 1; Dg, where � i =

� (� i ) and

2n+1 D = (� 1)n+1 � (� n) +
n� 1X

k=1

(� 1)k+1 � k

n� kX

j =0

�
2n+1

j

�
:

(5.10)

Reducemod 2 and changeto the basisf x i g of 5.4. The mod 2 reduction of (5.10) is

0 = � (� n) +
X

j > 0

� n� 2j

�
n
j

�
;

i.e., � (xn ) = 0. Thus if, for i < n,  k(x i ) =
P n

j =1 � j x j in QK 1(Sp(n); Z=2), where

coe�cien ts � j are as in 5.4, then, applying � , we obtain  k(x i ) =
P n� 1

j =1 � j x j in

QK 1(Spin(2n + 1); Z=2), which is exactly the formula in QK 1(Sp(n � 1); Z=2).

By [8, (3.20)] we obtain the integral formula

 2(D) =
X

k<n

(� 1)k � k

X

t � 0

�
2n+2

n� 1� k� 4t

�
+ 2nD: (5.11)
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Reduction mod 2 yields

 2(D) �
X

i � 0

� n� 1� 2i

X

t � 0

�
n+1
i � 2t

�
�

X

i � 0

� n� 1� 2i

�
n� 1

i

�
= xn� 1:

(5.12)

The middle congruencehere is obtained by considerationof (1 + x) � 2(1 + x)n+1 =

(1 + x)n� 1.

An equation which appearsin [8] just after (4.10) says that

 3(D) = 1
3(22n+1 + 1)D + 2n

n� 1X

k=1

(� 1)k � k

X

t � 0

�
2n+1

n� 1� k� 3t

�
;

(5.13)

which reducesmod 2 to  3(D) � D.

From this we obtain the following description of the eta-towers for Spin(2n + 1).

Prop osition 5.14. For X = Spin(2n + 1), the split SES'sof 5.1b become

0 ! hx1; D i ! E s;2b+1
2 (Spin(2n + 1))# ! K [[n

2 ]; n � 1] ! 0

if s + b is odd, and

0 ! C[[n
2 ]; n � 1] ! E s;2b+1

2 (Spin(2n + 1))# ! hxn �� ; D i ! 0

if s + b is even. Here n�� is the largest odd integer satisfying n�� < n � 1, while

K [[n
2 ]; n � 1] and C[[n

2 ]; n � 1] are as in (5.7) and (5.8). If n = 2a+ 1 is odd, then xa

shouldbe replaced by xa + D in C[[n
2 ]; n � 1]. If n = 2e + 1, then xa shouldbe replaced

by xa + D in K [[n
2 ]; n � 1].

The number of eta-towersin E s;2b+1
2 (Spin(2n+ 1)) is 2+ [log2(4(n� 1)=3)]+ � � (n� 1);1,

where � is the Kronecker delta and � (m) denotesthe number of 1's in the binary

expansion of m.

Proof. With M = QK 1(Spin(2n+ 1); Z=2)=im( 2) in 5.1b,wehave, using5.9,M =2 =

hD; x i : i odd ; 1 � i < n � 1i and � (x i ) = x i +2 and � (D) = 0. Thus coker(� jM =2) �

hx1; D i and ker(� jM =2) = hxn �� ; D i .

Let Sn = f i : [n
2 ] � i � n � 1g and, for e � 0, let Sn (e) = f i 2 Sn : � (i ) = eg.

By 5.3, M 2 � hx0
i : i 2 Sn i , where x0

i = x i unlessn = 2a + 1 and i = a, in which

casex0
i = x i + D. Let M 2(e) = hx0

i : i 2 Sn (e)i . Then � inducesautomorphismsof

each M 2(e) given by � (x0
2eu) = x0

2e(u+2) mod H , and so the result follows similarly to
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the proof of 5.6. If n = 2a + 1, then a is maximal in someSn (e) if and only if a is a

2-power.

One way to make the assertedcount of the number of eta-towers is by comparison

with Sp(n � 1). The number of eta-towers is 2 plus the number of valuesof e which

occur as � (i ) for somei 2 [[n
2 ]; n � 1], whereasit was shown in [11, 1.14] that the

number of valuesof � (i ) in [[n� 1
2 ] + 1; n � 1] is [log2(4(n � 1)=3)]. The two intervals

are the sameif n is even, while if n = 2a + 1, the interval consideredherecontains a

as an additional element. This a will give an additional value of � (� ) if and only if

it is a 2-power.

The above result can alsobe deducedfrom 11.3.

The following result will be useful for Spin(4a), in which  � 1 = � 1, but lessuseful

for Spin(4a + 2).

Prop osition 5.15. QK 1(Spin(2n); Z=2) hasbasis f x1; : : : ; xn� 2; D+ ; D � g with  2x i

and  3x i as in Sp(n � 2),  2(D � ) = xn� 2, and  3(D � ) =

8
<

:
D � if n even
D � if n odd.

Proof. The group and much of the information about  k follows from (4.8) and 5.9.

The observation in the proof of 4.9 about invariants implies that D+ � D � cannot

appear in  k(x i ). The formula for  k(D � ) follows from (4.21), (5.12), and (5.13).

The following result together with 5.14givesthe eta-towers for Spin(4a).

Prop osition 5.16. If n is even, and s > 2 (or s = 2 and b even), then there is a

short exact sequence

0 ! Z2 � Z2 ! E s;2b+1
2 (Spin(2n))# ! E s;2b+1

2 (Spin(2n � 1))# ! 0;

where the two classesin the kernel are both D+ + D � , one in the ker-part and one in

the coker-part in 5.1b.

Proof. One way of interpreting this result is to �rst note that the SES(4.8) remains

short exact after modding out by im( 2), and hence,by 5.1a, inducesan exact se-

quence

! E s;2b+1
2 (S2n� 1)# ! E s;2b+1

2 (Spin(2n))# ! E s;2b+1
2 (Spin(2n � 1))#

�� ! E s+1 ;2b+1
2 (S2n� 1)# ! :



PERIODIC HOMOTOPY GROUPS OF SO(N) 41

This exactnessalso follows from 2.2 and 2.3. We are, in e�ect, claiming that � = 0

when n is even, so that this sequenceis short exact.

The direct computation for Spin(2n) is extremely similar to the proof of 5.14,

performedfor Spin(2n� 1). The M =2-part, comprisingthe �rst paragraph,is changed

only by replacing D by both D+ and D � . The M 2-part, comprising the second

paragraph,hasan extra D+ + D � in M2, and it appearsin both ker(� ) and coker(� ).

For Spin(2n) with n odd,  � 1 6= � 1 and so5.1bdoesnot apply. The generalization

is given by [9, 3.8], which statesthat there is a short exact sequence

0 ! coker(� bjQs+ b) ! E s;2b+1
2 (Spin(2n))# ! ker(� bjQs+ b� 1) ! 0;

(5.17)

where

Qm =
ker((1 � (� 1)m  � 1)jM )
im((1 + (� 1)m  � 1)jM )

with M = QK 1(Spin(2n))=im( 2), and � b =  3 � 3b. For this, we needmore than

just mod-2 K -theory.

We useintegral classesx i which reducemod 2 to the classesx i of Proposition 5.4,

and satisfy the samerestriction formula as x i . By [8, 3.4], these classesmust be

de�ned by

x i =
i � 1X

j =0

(� 1)j � i � j

� �
2i � 1

j

�
�

�
2i � 1
j � 1

� �

: (5.18)

Prop osition 5.19. If n is odd, QK 1(Spin(2n)) hasbasisf x1; : : : ; xn� 2; D+ ; D � g with

 � 1(x i ) = � x i ,  � 1(D � ) = � D � ,

 2(x i ) =
n� 2X

j =1

� i;j x j + � j 2n� 1(D+ + D � ) with � i;j

8
<

:
odd j = 2i
even j 6= 2i

 2(D+ ) =
n� 2X

j =1


 i;j x j + 2n� 1D+ with 
 i;j

8
<

:
= � 1 j = n � 2
even j 6= n � 2

 2(D+ � D � ) = 2n� 1(D+ � D � ): (5.20)

Proof. The basis was derived in 4.1 and 4.9, and (5.20) is just (4.2). The mod 2

reduction of the coe�cien ts is immediate from 5.15. That the D � -part of  2(x i )

involves only D+ + D � is in the proof of 4.9. That the coe�cien t of D+ + D � in
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 2(x i ) is divisible by 2n� 1 is a consequenceof (4.8) and the fact that the coe�cien t

of D in  2(� i ) in QK 1(Spin(2n � 1)) is divisible by 2n . This \fact" follows from [8,

3.10],which says that in QK 1(Spin(2n � 1)) we have

� n� 1 = (� 2)nD +
n� 2X

j =1

cj � j : (5.21)

The algorithm for  2� i beginsby expressingit as � 2i , and if 2i > n � 1, then relations

identical to Sj of Proposition 4.1 are used to expresseach � j in terms of lower � 's

until it getsdown to � 1; : : : ; � n� 1, and then (5.21) is usedto eliminate � n� 1, obtaining

a coe�cien t of D divisible by 2n .

That the coe�cien ts of D+ and D � in  2(D+ ) are 2n� 1 and 0, respectively, was

derived in (4.17). Finally, that the coe�cien t of xn� 2 is � 1 follows from (5.11) and

the argument in the proof of 4.9.

Now we can obtain our �nal result enumerating eta-towers.

Prop osition 5.22. If n is odd and s > 2, then the morphism

E s;2b+1
2 (Spin(2n))# i #

�� ! E s;2b+1
2 (Spin(2n � 1))#

satis�es

ker(i #
� ) =

8
<

:
hxn� 2 � 2n� 1D+ i if s + b even
0 if s + b odd

and

coker(i #
� ) �

8
<

:
hxn� 4; D i if s + b even
hDi if s + b odd.

Thus, when n is odd, the number of eta-towers in Spin(2n) is 1 lessthan that in

Spin(2n � 1), which was determinedin 5.14.

Proof. We use(5.17) and begin by determining the groupsQm . We obtain that Qod

has generatorsx i for 1 � i � n � 2, D+ + D � , and 2n� 1D+ with relations 2x i if i is

odd, x i if i is even, D+ + D � , and xn� 2 + 2n� 1D+ . The quotient Qod is a Z2-vector

spacewith basisf x i : i odd, 1 � i � n � 4; xn� 2 � 2n� 1D+ g. Similarly, we �nd that

Qev is a Z2-vector spacewith basisf 1
2 2(x i ) : [n

2 ] � i � n � 2g. We use5.3 to think

of this  3-module as hx[n=2]; : : : ; xn� 2i .
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Similarly to our previouscases,� =  3 � 1 satis�es � (x2eu) � x2e(u+2) mod H , if u

is odd. Thus (5.17) becomes

0 ! hx1i ! E s;2b+1
2 (Spin(2n))# ! K [[n

2 ]; n � 2] ! 0

if s + b is odd, and

0 ! C[[n
2 ]; n � 2] ! E s;2b+1

2 (Spin(2n))# ! hxn� 2 � 2n� 1D+ i ! 0

if s + b is even. The morphism i #
� of the proposition sendsthe K [� ; � ] and C[� ; � ]

parts bijectively, and also x1 maps across. This, with 5.14, yields the claim. Note

that n�� becomesn � 4 here.

6. d3 on et a to wers

Since� 4 = 0 in homotopy, d3-di�erentials must annihilate all eta-towers,exceptfor

a few elements at the bottom of the target tower. In this section,we determine the

d3-di�erential on the eta towers.

The group � i (X ) of eta-towerspassingthrough E s;2(s+ i )+1
2 (X ) (s > 2) wasde�ned in

De�nition 1.5. Note that d3 is a homomorphismfrom � i (X ) to � i � 2(X ). As customary

with Adams-type spectral sequencecharts, we placeE s;t
2 in position (x; y) = (t � s;s),

so that (assumingconvergence)� i (X ) hasassociated gradedE � ;� + i
1 . Then � i (X ) is a

tower of elements whoseposition satis�es x � y = 2i + 1.

It will beconvenient to classifythe eta-towersdeterminedin Section5 as\unstable"

or \stable" depending upon whether or not they are of the form  2(x)=2. Thus the

unstable classesin Spin(n) comefrom M 2 if n 6� 2 mod 4, and from Qev if n � 2

mod 4. We will abbreviate � i (Spin(n)) as � i (n). We tabulate the elements found in

Propositions 5.14,5.16,and 5.22 in the following table.
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Table 6.1. This table describesall eta towers.
� i (4a � 2) � i (4a � 1) � i (4a) � i (4a + 1)

i even, x2a� 3 x2a� 3 x2a� 3 x2a� 3

stable D D+ ; D+ � D � D
i even, C[a � 1; 2a � 3] C[a � 1; 2a � 2] C[a � 1; 2a � 2] C[a;2a � 1]

unstable D+ � D �

i odd, x1 x1 x1 x1

stable D D+ ; D+ � D � D
i odd, K [a � 1; 2a � 3] K [a � 1; 2a � 2] K [a � 1; 2a � 2] K [a;2a � 1]

unstable D+ � D �

Now we can state the main theoremof this section.

Theorem 6.2. For the eta towers as described in Table6.1,

d3 : � i (4a + � ) ! � i � 2(4a + � ); with � 2 � � � 1;

sendsthe following eta towersnontrivial ly to eta towerswith the samename.

i even,stable:

x2a� 3 if i � 0 mod 4;

D, D+ , D+ � D � if i � 2a mod 4;

i even,unstable:

all classesif i � 0 mod 4;

i odd, stable:

x1 if i � 1 mod 4;

D, D+ , D+ � D � if i � 2a + 1 mod 4;

i odd, unstable:

all classesif i � 3 mod 4.

This theoremwill be proved by comparingwith known d3's in the BTSS of spheres.

It is immediate from 2.2, 2.3, 2.5, and 2.10.i that there are exact sequences

! E s;t
2 (Spin(2n � 1))

j �� ! E s;t
2 (Spin(2n))

p�� ! E s;t
2 (S2n� 1) �� ! E s+1 ;t

2 (Spin(2n � 1)) !
(6.3)

and

! E s;t+1
2 (S2n ) ! E s;t

2 (Spin(2n)) ! E s;t
2 (Spin(2n + 1)) ! E s+1 ;t+1

2 (S2n ) !
(6.4)

in which all morphismsrespect di�erentials in the BTSS.
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The behavior of d3 in the BTSS of the odd spheresis stated in 6.5. In [12], it was

shown that the BTSS for odd spheresagreeswith the v1-periodic UNSS,which was

computed in [5] and alsodescribed in [7, p.488].

Prop osition 6.5. The groups � i (S2n+1 ) equal Z2 � Z2 with one tower beginning in

�ltr ation 1 and called stable,and the other tower beginning in �ltr ation 2 and called

unstable. (The lowestclassin each tower may haveorder greater than 2.) The stable

towers map to one another under doublesuspension, while the unstabletowers map

to 0 under doublesuspension (except perhapson their lowestclass). The di�er ential

d3 : � i (S2n+1 ) ! � i � 2(S2n+1 ) is nonzero in the following cases:

n i type i mod 4
ev ev stable n + 2
ev ev unstable 0
ev od stable n + 1
ev od unstable 1
od ev stable n + 1
od ev unstable 0
od od stable n + 2
od od unstable 3

As for the even spheres,we have the following.

Prop osition 6.6. In the EHP sequence
P� ! E s;t

2 (S2n� 1) E� ! E s;t+1
2 (S2n ) H� ! E s� 1;t

2 (S4n� 1) P� ! E s+1 ;t
2 (S2n� 1)

(6.7)

of [4, 5.4] and [6, 7.1(ii)], the homomorphismP is 0 on eta-towersif n is even,while

if n is odd, P sendsthe stableeta-towersof S4n� 1 to the unstableeta-towersof S2n� 1,

and sendsthe unstableeta-towersof S4n� 1 to 0. The d3-di�er entials on the eta-towers

of S2n agree with thoseof S4n� 1 (excludingthe stableoneswhenn is odd) and S2n� 1

(excludingthe unstableoneswhenn is odd) in (6.7).

Proof. We usethe determination of v� 1
1 � � (S2n ) given in [26]. For a pair of eta towers

in an odd spherewith d3(A) = B, the bottom fewelements in the eta-tower B survive

to periodic homotopy classesrepresented from the classicalAdams spectral sequence

viewpoint utilized in [26]by classesconnectedby diagonallinesnearthe top or bottom

of vertical towerssuch asthat pictured below. The onesat the top are stableand the

onesat the bottom are unstable.
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The exact sequence(6.7) is depicted (for S13 ! S14, which is representativ e of

any odd value of n) on the left side of [26, p.233]. The boundary P from the stable

classeson the large sphereto the unstable classeson the large sphereis apparent.

Similarly, the left diagram on [26, p.235]shows that the boundary morphism P is 0

on eta towers when n is even in (6.7).

Proof of Theorem 6.2. Case 1: x1.

The classesx1 are, of course, compatible under restriction. They pull back to

Spin(7), and the bottom of the target eta-tower survivesto give the Z2's in � 8i (Spin)

and � 8i+1 (Spin).6 One way to seethe di�erential in Spin(7) is to usethe 2-primary

splitting Spin(7) ' G2 � S7 to seethat the two eta towers in � od(Spin(7)) which

emanate from �ltration 1 both have d3 : � i (Spin(7)) ! � i � 2(Spin(7)) nonzero for

i � 1 mod 4. The splitting cited herewas proved in [35, 9.1], while the claims about

d3 in G2 and S7 were proved, respectively, in [9, 4.8] and referencescited just before

6.5.

Case 2: D+ � D � in � i (4a).

Dualizing the exact sequencein the proof of 5.16,we obtain that the four families

of eta towers in Spin(4a) dual to D+ � D � map isomorphically to the eta towers of
6This statement seemsslightly inconsistent with the result of [27], which stated

that theseZ2's pull back to Spin(6). The causeof the apparent discrepancyis that
x1 is in the image of � od (Spin(6))

� o d ( i )
� ! � od (Spin(7)), but it has a di�eren t name in

Spin(6). This seemsto be related to the anomaly for the 1-line group of Spin(6)
discussedin Proposition 4.33. To seethis, we let M n = QK 1(Spin(n))=im( 2) and
Q(M ) = ker(1+  � 1)=im(1 �  � 1) on M . Then the above morphism � od (i ) is dual
to Q(M 7) ! Q(M 6). (Actually it is dual to coker( 3 � 1) applied to thesemodules,
but  3 � 1 turns out to be 0 here.) We �nd that Q(M 7) � hx1; D : 2x1; 2D i and
Q(M 6) is the subspaceof hx1; D+ ; D � : 2x1; x1 � 4D+ ; D+ + D � i generatedby x1

and 2(D+ � D � ), and the morphism sendsx1 7! x1 and D 7! D+ + D � . The
generator of Q(M 6) is most naturally thought of as 2(D + � D � ), but the relations
make it equivalent to x1.
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S4a� 1. The pattern of d3-di�erentials on thesetowers in Spin(4a) must be the same

as in S4a� 1, which was given in 6.5, with n of 6.5 replacedby 2a � 1.

Case 3: D in � i (4a + 1).

We use the exact sequence(6.3) with n = 2a + 1 and t = 2b + 1. For either

parity of s+ b, the element D 2 E s;2b+1
2 (Spin(4a+ 1))# is obtained from Q = ker(1 +

 � 1)=im(1�  � 1). In oneparity, it is asan element of ker((  3� 1)jQ), and in the other

asan element of coker((  3 � 1)jQ). In either case,� # (D) in E s;2b+1
2 (S4a+1 ) is obtained

by pulling D back to D+ 2 QK 1(Spin(4a + 2))=im( 2), applying 1 +  � 1 to that,

obtaining D+ � D � , andpulling that back to an element in PK 1(S4a+1 )=im( 2), which

will be in ker(1�  � 1). This element canbechosento bethe generatorof PK 1(S4a+1 ).

Thus � # (D) = g, and dually we obtain that � sendsthe dual class,that we are also

calling D, to the stable classin E 1;2b+1
2 (S4a+1 ). Thus, for D 2 � b� s� 1(Spin(4a + 1)),

d3(D) is nonzeroif and only if d3 is nonzeroon the stable classof � b� s(S4a+1 ), and

from 6.5 we seethat this happensif b� s � 1 � 2a or 2a + 1 mod 4.

Case 4: D+ in � i (4a), and D in � i (4a � 1).

The morphisms� i (4a � 1) ! � i (4a) ! � i (4a + 1) are dual to

PK 1(Spin(4a+1)) =(2;  2)
i �
1� ! PK 1(Spin(4a))=(2;  2)

i �
0� ! PK 1(Spin(4a� 1))=(2;  2):

These satisfy i �
1(D) = D+ + D � and i �

0(D � ) = D. Thus d3 on the D+ -towers in

Spin(4a) agreeswith that on the D towers in Spin(4a + 1), and (since D+ + D � �

D+ � D � mod 2) d3 on the D-towersin Spin(4a� 1) agreeswith that on the (D+ � D � )-

towers in Spin(4a).

Case 5: All classesx2a� 3.

We usethe exact sequence(6.3) with n = 2a� 1 and t = 2b+ 1. In QK 1(Spin(4a�

2))=im( 2; 1 �  � 1), we have x2a� 3 � 22a� 2D+ � p� (22a� 3g), using 5.19 and (2.4).

Since22a� 3g generatesker(1 +  � 1)jQK 1(S4a� 3)=im( 2), we deducethat

ker(� jQod(S4a� 3))
p�

� ! ker(� jQod(Spin(4a � 2)))

sends22a� 3g to x2a� 3. Then (5.17)says that dually p� : � ev(Spin(4a� 2)) ! � ev(S4a� 3)

sendsthe classwe call x2a� 3 to the unstable class. Now the fact that d3 is nonzero

on the unstable class in � i (S4a� 3) if i � 0 mod 4 implies the same for x2a� 3 in
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� i (Spin(4a� 2)). That d3 behavesin the sameway on x2a� 3 in Spin(4a� 1), Spin(4a),

and Spin(4a + 1) follows by naturalit y.

Case 6: All elements in C[� ; � ] and K [� ; � ].

Using Proposition 6.6, the sequences(6.4) and (6.7) combine to

! � st
i (S4a� 3) � � un

i+1 (S8a� 5) ! � i (Spin(4a � 2)) (6.8)
� i; 4a � 2� ! � i (Spin(4a � 1)) ! � st

i � 1(S
4a� 3) � � un

i (S8a� 5) ! ;

wherest and un refer to stable and unstable classes,respectively, and

! � i (S4a� 1) � � i +1 (S8a� 1) ! � i (Spin(4a)) (6.9)
� i; 4a� ! � i (Spin(4a + 1)) ! � i � 1(S4a� 1) � � i (S8a� 1) ! :

The morphisms� i; 4a� � in the above exact sequencesare closelyrelated to natural

morphisms bCi; 4a� � and cK i; 4a� � de�ned using De�nitions 5.8 and 5.7.

De�nition 6.10. Let C4a� 2 = C[a � 1; 2a � 3] and C4a = C[a � 1; 2a � 2], and
bCi; 2b : C2b ! C2b+2 the morphism obtained from � i (2b) ! � i (2b+ 2) in Table6.1.

Make a similar de�nition with all C's replacedby K 's. Note that bCi; 2b does not

dependupon the valueof i , but we will needto keeptrack of the valueof i asit relates

to � i (� ). The exactsequences(6.8) and (6.9) canbe interpreted asthe following short

exact sequences,which preserve d3-di�erentials. Here dst and dun refer to D+ � D �

in Table 6.1 in stable and unstable boxes. The value of i associated to the elements

D and d agreeswith that of the accompanying (co)ker( bC or cK ).

0 ! hDi � coker( cK 2k+1 ;4a� 2) ! � st
2k(S4a� 3) � � un

2k+1 (S8a� 5) ! ker( bC2k;4a� 2) ! 0
(6.11)

0 ! hDi � coker( bC2k;4a� 2) ! � st
2k� 1(S

4a� 3) � � un
2k (S8a� 5) ! ker( cK 2k� 1;4a� 2) ! 0

(6.12)

0 ! coker( cK 2k+1 ;4a) ! � 2k(S4a� 1) � � 2k+1 (S8a� 1) ! hdst; dun i � ker( bC2k;4a) ! 0
(6.13)

0 ! coker( bC2k;4a) ! � 2k� 1(S4a� 1) � � 2k(S8a� 1) ! hdst; dun i � ker( cK 2k� 1;4a) ! 0
(6.14)
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The d3-di�erentials on the eta-towersin the spheresweretabulated in Theorem6.5.

The d3-di�erentials on the classesD in (6.11) and (6.12) were establishedin Case4,

and the d3-di�erentials on the classesdst and dun in (6.13) and (6.14) wereestablished

in Case2. In the short exact sequences(6.11){(6.14), the classesD and d will have

to match up with classesin sphereswith agreeingd3. Then d3 on (co)ker( bC or cK )

must agreewith that on the remaining classesin the spheres.

For example,for the classD in (6.11), d3(D) 6= 0 if 2k + 1 � 2a + 1 mod 4. Also,

in � st
2k(S4a� 3), d3 6= 0 if 2k � 2a mod 4, while in � un

2k+1 (S8a� 5), d3 6= 0 if 2k + 1 � 3

mod 4. Although this may not always imply that the D-classmapsto the stableclass

on S4a� 3, (6.11) doesimply that coker( cK 2k+1 ;4a� 2) � ker( bC2k;4a� 2) doeshave just one

nonzeroelement, and d3 is nonzeroon it i� 2k + 1 � 3 mod 4. This yields the �rst of

the four casesof Proposition 6.15.

As another example, in (6.13) the dst and dun have d3 6= 0 when 2k � 2a and 0,

as do the two classesin � 2k(S4a� 1), while the two in � 2k+1 (S8a� 1) have d3 6= 0 when

2k+ 1 � 4a+ 1 and 3; i.e., 2k � 0; 2, all mod 4. This yields the third caseof 6.15. The

secondand fourth casesfollow similarly from (6.12) and (6.13), respectively, yielding

the following result.

Prop osition 6.15. For � = 0 or 2, let z� denotean elementon which d3 is nonzero

if 2k � � mod 4. Then

coker( cK 2k+1 ;4a� 2) � ker( bC2k;4a� 2) � hz2i

coker( bC2k;4a� 2) � ker( cK 2k� 1;4a� 2) � hz0i

coker( cK 2k+1 ;4a) � ker( bC2k;4a) � hz0; z2i

coker( bC2k;4a) � ker( cK 2k� 1;4a) � hz0; z0i

Supposenow that x j 2 C[� ; � ] � � i (n). We will show in Proposition 6.16 that x j

is in the appropriate C[� ; � ] groups for an interval of valuesof n. At the beginning

of that interval, it is in somecoker( bCi; 2b), and at the end of the interval, it is in

someker( bCi; 2b0). We will seein Corollary 6.17 that at least one of these is of the

�rst, second,or fourth type in Proposition 6.15, for which d3 is determined by the

proposition, and, indeed, is shown to be nonzerowhen i � 0 mod 4, as claimed.

The samebehavior (d3(x j ) 6= 0 if i � 0 mod 4) for all n in this interval follows by

naturalit y. A similar argument will be performedfor elements of K [� ; � ].
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The following proposition refersto the notation establishedin De�nition 6.10.

Prop osition 6.16.

x j 2 K 2b i� j + 2 � b �

8
<

:
2j + 2 if j is a 2-power
j + 2� (j )+1 + 1 if j is not a 2-power.

x j 2 C2b i� f (j ) � b � 2j + 2; where f (j ) =

8
<

:
j + 2 if j = 2e or 3 � 2e

2j � 2� (j )+2 + 3 otherwise.

Proof. This follows easily from the de�nitions. We illustrate with x j 2 C2b when j is

not 2e or 3 � 2e.

C4j +4 = hx i : j � i � 2j and i � 2� (i )+1 < j i

C4j +6 = hx i : j + 1 � i � 2j + 1 and i � 2� (i )+1 < j + 1i

Clearly x j is in C4j +4 and not in C4j +6 .

C4j � 2� ( j )+3 +4 = hx i : j � 2� (j )+1 � i � 2j � 2� (j )+2 and i � 2� (i )+1 < j � 2� (j )+1 i

C4j � 2� ( j )+3 +6 = hx i : j � 2� (j )+1 + 1 � i � 2j � 2� (j )+2 + 1

and i � 2� (i )+1 < j � 2� (j )+1 + 1i

Clearly x j 62C4j � 2� ( j )+3 +4 , while x j 2 C4j � 2� ( j )+3 +6 i� j = 2e + A � 2e+1 with 2A � 3,

which is true since j 6= 2e or 3 � 2e. The samesort of argument shows that x j is in

C2b for intermediate valuesof b, i.e. between2j � 2� (j )+2 + 3 and 2j + 2.

From this, we can read o� the following corollary.

Corollary 6.17. (1) x j 2 coker( cK i; 2j +2 ) if j is even;

(2) x j 2 ker( cK i; 2j +6 ) if j is odd;

(3) x j 2 coker( bCi; 2j +2 ) if j = 2e or 3 � 2e;

(4) x j 2 coker( bCi; 4j +4 � 2� ( j )+3 ) if j 6= 2e or 3 � 2e.

Proof. Just use Proposition 6.16. For example, if j 6= 2e or 3 � 2e, then x j 2

C2(2j +3 � 2� ( j )+2 ) but x j 62C2(2j +2 � 2� ( j )+2 ) .
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Case6 now follows from Corollary 6.17and Proposition 6.15. Indeed, if x j is as in

Corollary 6.17.1,then it is of the �rst type in Proposition 6.15with i = 2k + 1, and so

d3(x j ) 6= 0 i� i � 3 mod 4. If x j is asin 6.17.2,then it is of the fourth type in 6.15with

i = 2k � 1, and again d3(x j ) 6= 0 i� i � 3 mod 4. Sincethesetwo casescompriseall

valuesof j , we �nd that for all j there exists n such that x j 2 K [� ; � ] � � i (Spin(n))

has d3(x j ) 6= 0 i� i � 3 mod 4, and by naturalit y this holds for all valuesof n for

which x j 2 K [� ; � ] � � i (Spin(n)).

Similarly, if x j is as in 6.17.3,then it is of the secondtype in 6.15with i = 2k, and

sod3(x j ) 6= 0 i� i � 0 mod 4, while if x j is as in 6.17.4,then it is of the fourth type in

6.15,and the sameconclusionfollows. Sincethesetwo typescompriseall valuesof j ,

we concludeby naturalit y that whenever x j 2 C[� ; � ] � � i (Spin(n)), then d3(x j ) 6= 0

i� i � 0 mod 4.

This completesthe proof of Theorem6.2.

7. Fine tuning

In this section, we determine the d3-di�erential on the 1-line and most of the

extensions(exotic multiplication by 2) in the BTSS of Spin(N ). For the most part,

we are carrying out proofs of results stated in Section3. This section also contains

an important result, 7.2, regardingcomputing h1 on the 1-line.

We begin with the caseN = 8a � 1, wherethe results were stated in 1.4.

Proof of 1.4.2. Becauseboth d3 : E 2;8k+5
2 ! E 5;8k+7

2 and h1 : E 4;8k+5
2 ! E 5;8k+7

2 are

bijective, it is equivalent to prove that for Spin(8a � 1), h1 : E 1;8k+3
2 ! E 2;8k+5

2 is

nonzero on both summands. We use the isomorphism of E2 with Ext A of 5.1.a.

Letting X = Spin(8a � 1) and N = (QK 1(X )=im( 2))# , we obtain, similarly to [9,

3.6], a commutativ e diagram of exact sequences

0 � � � ! E 1;8k+3
2 (X ) � � � ! N � #

� � � ! N
?
?
?
y h1 �

?
?
?
y � 2

?
?
?
y � 2

?
?
?
y

N2
� #

� � � ! N2 � � � ! E 2;8k+5
2 (X ) � � � ! N=2 � #

� � � ! N=2
(7.1)

Here N2 = ker(2jN ) and � =  3 � 34k+1 . The e�ect of h1� on elements of E 1
2(X )

corresponding to elements of ker(� # jN ) which are not divisible by 2 in N is clear
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from the diagram. However, for other elements we needthe following result, which

we prove after completing the proof of 1.4.2. Another approach to this result, with

various extensionsof the formula, is given in Theorems11.5and 11.18.

Prop osition 7.2. In (7.1), if x 2 ker(� 2)\ ker(� # ), then the correspondingelementof

E 1
2(X ) satis�es h1 � x = � # (x=2), which is well-de�ned asan elementof coker(� # jN2).

Note that this x=2 is not an element of N2; it is in N .

Now diagram chasing on (7.1) implies that h1� is injective on E 1;8k+3
2 (X )=2, as

desired. Indeed, suppose h1 � x = 0. Then x corresponds to an element x 2 N

satisfying � # (x) = 0 and x = 2y. By Proposition 7.2, h1 � x = � # (y) consideredas

an element of coker(� # jN2). Sincethis is assumedto be 0, we deduce� # (y) = � # (z)

with 2z = 0. Then y � z 2 ker(� # ) and soit pulls back to an element y0 2 E 1;8k+3
2 (X )

satisfying 2y0 = x. Hencex = 0 2 E 1;8k+3
2 (X )=2.

Proof of Proposition 7.2. Using the exact sequencein A of [9, after 3.3],

0 ! U(M ) �� ! U(M )
p

� ! M ! 0;

(7.1) is, with M = QK 1(X )=im( 2), S = QK 1(S8k+3 ), and S0 = QK 1(S8k+5 ),
� �

� � � ! Ext 0
A (U(M ); S) �� � � ! Ext 1

A (M ; S)
p�

� � � ! Ext 1
A (U(M ); S) � �

� � � !

h1

?
?
?
y h1

?
?
?
y h1

?
?
?
y

� �

� � � ! Ext 1
A (U(M ); S0) � 0

� � � ! Ext 2
A (M ; S0)

p�

� � � ! Ext 2
A (U(M ); S0) � �

� � � !
(7.3)

Here the vertical maps are Yoneda product with an element h1 2 Ext A (S;S0) de-

scribed in [9, 3.6]. Also, U : GI nv ! A is left adjoint to the forgetful functor, where

GI nv denotesthe category of 2-pro�nite abelian groups with involution  � 1, as in

[9, x3]. The existenceof U, its adjointnessand exactness,and the fundamental SES

above all follow by Pontrjagin duality from the analogousresults for the functor U in

[18, pp 145-6].Herewe usethat GI nv is Pontrjagin dual to the categoryof 2-torsion

abelian groupswith involution, and our categoryA of stable 2-adic Adams modules

is dual to the categoryof stable2-torsion Adamsmodules,asnoted in [15, 10.2]. The

properties proved for U restrict to properties on the 2-torsion subcategorieswhich

dualize to the properties of U that we need. For example,using results of [9, x3], we
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have

Ext 2
A (U(M ); S0) � Ext 2

GI nv (M ; S0) � Ext 1
I nv (Z (+)

(2) ; M # ) � M # =2:

If � � � ! P1 ! P0 ! M ! 0 is a projective resolution in GI nv, then � � � !

U(P1) ! U(P0) ! U(M ) ! 0 is a projective resolution in A . This is true becauseof

the left adjointnessand exactnessof U.

If � � � ! P1 ! P0 ! M ! 0 is a projective resolution in A , then it is also a

projective resolution in GI nv. This is true becausefree objects in A are also free in

GI nv, and a module is projective i� it is a direct summandof a free module.

Combining these, we obtain that if � � � ! P1 ! P0 ! M ! 0 is a projective

resolution in A , then there is a SESof projective resolutionsin A
?
?
?
y

?
?
?
y

?
?
?
y

0 � � � ! U(P1) �� � � ! U(P1)
p

� � � ! P1 � � � ! 0
?
?
?
y

?
?
?
y

?
?
?
y

0 � � � ! U(P0) �� � � ! U(P0)
p

� � � ! P0 � � � ! 0
?
?
?
y

?
?
?
y

?
?
?
y

0 � � � ! U(M ) �� � � ! U(M )
p

� � � ! M � � � ! 0
?
?
?
y

?
?
?
y

?
?
?
y

0 0 0
which yields the exact sequencesof (7.3) in the usualway. In particular, the following

derived diagram of SESswill be useful to us.

0 � � � ! HomA (P1; S0)
p�

� � � ! HomA (U(P1); S0) � �

� � � ! HomA (U(P1); S0) � � � ! 0

d�

?
?
?
y d�

?
?
?
y d�

?
?
?
y

0 � � � ! HomA (P2; S0)
p�

� � � ! HomA (U(P2); S0) � �

� � � ! HomA (U(P2); S0) � � � ! 0

h1

x
?
?
? h1

x
?
?
? h1

x
?
?
?

0 � � � ! HomA (P1; S)
p�

� � � ! HomA (U(P1); S) � �

� � � ! HomA (U(P1); S) � � � ! 0

(7.4)

Let x 2 Ext 1
A (M ; S) in (7.3) map to the given element x 2 ker(� � ) \ ker(h1), and let

z 2 HomA (P1; S) and z 2 HomA (U(P1); S) be representativ e cycleswith p� (z) = z.
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Then, by the de�nition of � 0, � 0(y) = h1(x) in (7.3) if and only if in (7.4) there is

w 2 HomA (U(P1); S0) such that � � (w) represents y and d� (w) = p� h1(z). Proposition

7.5 below will imply Proposition 7.2, sincewe have

p� h1z = h1p� z = h1z = d� (v(z=2));

and so w = v(z=2) works and hence� 0f � � (v(z=2))g = h1x.

Prop osition 7.5. If ! F2
d2� ! F1 ! F0 ! M ! 0 is part of a free resolution in A ,

there are natural isomorphisms

HomA (F1; S) v� ! HomA (F1; S0)

satisfying d�
2(v(z)) = 2h1z.

Proof. A free object of A is of the form � 
 N , where� is a free object in A on one

generatoras in [9, 2.2], and N is a free K � -module. This � is a free K � -module on

elements � k with k odd and positive, with  k � 1 = � k . There are isomorphismsfor all

K � -modulesN and A-objects L

HomK � (N; L) �� ! HomA (� 
 N; L)

de�ned by �(� )( � k 
 n) =  k(� (n)). Note that � � 1 is just given by restricting to

� 1 
 N . The morphism v is the composite

HomA (� 
 N; S) � � 1

� ! HomK � (N; S)
j �� ! HomK � (N; S0) �� ! HomA (� 
 N; S0);

where j : S ! S0 is the identit y map of Z^
2 . Recall that S = QK 1(S2m+1 ) and

S0 = QK 1(S2m+3 ), wherem = 4k + 1.

Naturalit y for A -morphismsf : � 
 N1 ! � 
 N2 followssince,for � 2 HomK � (N2; S),

both vf � and f � v send �(� ) to the element of HomA (� 
 N1; S0) which sendsx to
P

ci km+1
i � (ni ) if f (x) =

P
ci � k i 
 ni .

To de�ne h1, we usethe resolution of S which begins

0  S � � � = C0
d1 � � 
 � = C1

with � (� k) = km and d1(� k 
 � `) = � k` � `m � k . SinceExt 1
A (S;S0) = Z=2, its nonzero

element h1 satis�es 2h1 = � 0 � d1, where � 0 : � ! S0 is the generator, satisfying

� 0(� k) = km+1 . Note that � 0(d1(� k 
 � `)) = km+1 `m (` � 1) is even.
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If � 2 HomA (F1; S) is a cocycle, then h1f � g is the classof h1� 1 in the diagram

F1
d2 � F2

. �

?
?
?
y � 0

?
?
?
y � 1

S � � C0
d1 � C1?

?
?
y h1

S0

Let F1 = � 
 R with R = ker(F0 ! M ). Then � (� k 
 r ) = km � (r ) and � 0(� k 
 r ) =

� (r )� k . By the de�nition of v and � 0, we have

v� (� k 
 r ) = km+1 � (r ) = � 0� 0(� k 
 r ):

Thus

d�
2(v(� )) = � 0� 0d2 = � 0d1� 1 = 2h1� 1 = 2h1f � g;

asdesired.

The following proof is easier.

Proof of 1.4.1. At �rst glance, this seemsobvious from Diagram 1.3, using the pic-

tured � -action and d3 from the 2-line. However, what we must rule out is that one

of the Z2's in E 2;8k+3
2 (labeled1 or D) supports a nonzerod3-di�erential into the log-

classes.The classx1 is in the imagefrom E 1;8k+1
2 (Spin(7)), whereit doesnot support

a di�erential, and henced3(x1) = 0 in Spin(8a� 1). The D-classin Spin(8a+ 1) maps

to 0 in Spin(8a + 3), while the log-classesinject. Thus there can be no di�erential

from D to a log classin Spin(8a + 1).

The D-classand log-classesin Spin(8a � 1) inject into Spin(8a). Then D 7! 0 in

Spin(8a + 1) (see6.1), while all but one of the log classes(x4a� 3) map acrossto log

classesin Spin(8a + 1). The only possibledi�erential involving D in Spin(8a) and

Spin(8a � 1) is to have d3(D) = x4a� 3. However, D in E 1;8k+1
2 (Spin(8a)) is in the

imagefrom E 1;8k+1
2 (S8a� 1) in (6.4), and d3 on this classin BTSS(S8a� 1) is 0. Hence

the sameis true on D in BTSS(Spin(8a)) and BTSS(Spin(8a � 1)).

Now we settle the extensionquestionsin the BTSS of Spin(8a � 1).
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Proof of Proposition 1.4.3. The groups C1 in E 1;8k+3
2 (Spin(n)) inject as n increases

and the classesx1 all correspond as n increasesfrom 7. Thus it su�ces to verify

the nontrivial extensionin the BTSS of Spin(7). Localizedat 2, Spin(7) ' G2 � S7.

By [9, 4.8], the BTSS of G2 has a nontrivial extensionfrom �ltration 1 to �ltration

3 in dimension 8k + 2, and by [7, p.488], the sameis true of S7. Analysis of the

short exact sequencein QK 1(� ) for the �bration G2 ! Spin(7) ! S7 shows that the

C1-summand in E 1;8k+3
2 (Spin(7)) and the x1-summand in E 3;8k+5

2 (Spin(7)) are both

in the imagefrom E2(G2), and so the extensionin Spin(7) follows from that in G2.

The extensionfrom the Z=8 to the classD follows from an analysisof

E s;t
2 (Spin(8a � 1)) i 3� ! E s;t

2 (Spin(8a)) i 4� ! E s;t
2 (Spin(8a + 1)):

(7.6)

If s = 1, t = 8k + 3, then from 3.17, (7.6) is (ignoring C1-summands)

Z=8 i 3� ! Z=8 � Z=8 i 4� ! Z=8;

with i3 injecting to the �rst summand, and i 4 sending just the secondsummand

across.From Table 6.1 and the analysissurrounding it, if s = 3 and t = 8k + 5, (7.6)

is, on stable classesand ignoring the x1-class,

Z2
i 3� ! Z2 � Z2

i 4� ! Z2

with i3 mapping to the �rst summand, and i 4 sending just the secondsummand

across.We wish to show that the �rst (resp. second)summandin E 1;8k+3
2 (Spin(8a))

hasa nontrivial extensioninto the �rst (resp. second)summandof E 3;8k+5
2 (Spin(8a)),

for then the extensionin Spin(8a � 1) (resp. Spin(8a + 1)) follows by naturalit y.

For the secondsummand,weuse(6.3) with n = 4a. The summandsof concernmap

isomorphically to E2(S8a� 1), and the extensionthere is known. (See,e.g., [7, p.488].)

For the �rst summand,we use(6.4) with n = 4a. The summandsof concernare in

the imageof E s;t
2 (S8a� 1) ! E s;t+1

2 (S8a) ! E s;t
2 (Spin(8a)), and again the extensionin

E2(S8a� 1) is known.

Now we prove the claims madeearlier for Spin(8a).

Proof of Theorem 3.4. Most of the information about the 1-line groups was estab-

lished in 3.1, 3.3, and 3.17. That the initial summand in E 1;8k� 1
2 (Spin(8a)) has the

sameorder asthat of E 1;8k� 1
2 (Spin(8a� 1)) when� (k) < 4a� 5 and � (k � a) < 4a� 5
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follows from the fact that, in an exact sequence,e.g., (3.5), the order of a group can

be no greater than the product of the orders of the groups on both sidesof it. If

� (k) � 4a � 5, the orders of the initial 1-line summandsare known by 3.1 and 3.3.

When � (k � a) � 4a � 5, na•�ve consideration of (3.5) does not allow us to settle

whether the orders are equal or di�er by 1. So we must resort to combinatorics to

determineit. In section8 we prove the following result, from which it follows that the

1-line morphismis asclaimedin this case.Note that k and a in the lemmacorrespond

to 2k and 2a in the above discussion.

Lemma 7.7. If � (k � a) > 2a � 5, then R(2k � 1; 4a � 1) + 1 = R(2k � 1; 4a) =

� ((4a � 3)!). Here R(� ; � ) is as in 3.1 and 3.3.

For the d3-di�erentials on the 1-line, we usethe exact sequence(6.3) with n = 4a.

By 5.16,the eta towersof Spin(8a) are the direct sum of thoseof Spin(8a � 1) and of

S8a� 1. Sincethe morphismscommute with d3-di�erentials and extensions,the only

thing that we have to worry about is that there could be a d3-di�erential from a

classin E 1;8k+1
2 (Spin(8a)) which mapsnontrivially to E 1;8k+1

2 (S8a� 1) hitting a classin

E 4;8k+3
2 (Spin(8a)) in the imagefrom Spin(8a � 1).

In the notation of 6.1, the classin E 1;8k+1
2 which concernsus is � := D+ � D � . It

mapsnontrivially to Spin(8a + 1), but goesto 0 in Spin(8a + 2). Its imageunder d3

must map to 0 in E 4;8k+3
2 (Spin(8a + 2)). There is one nonzeroclasswhich doesso,

x4a� 3 2 K [2a � 1; 4a � 2]. If d3(� ) = x4a� 3 in BTSS(Spin(8a)), then it must be the

casethat h2
1(� ) = � + x4a� 3 in E2(Spin(8a)). This is true becausethe basesof the eta-

towershave beenchosento match up under d3; i.e., d3 : E 3;8k+5
2 ! E 6;8k+7

2 (Spin(8a))

satis�es d3(� ) = 0 and d3(x4a� 3) = x4a� 3. We useh2
1 rather than just h1 in order to

get fully into the region of the eta-towers.

Let x i in QK 1(Sp(n)) and QK 1(Spin(2n)) be de�ned as in 5.18. Using 4.1, we

obtain, similarly to 5.9, the following useful result.

Prop osition 7.8. Thereare basesf x1; : : : ; xng and f x1; : : : ; xn� 2; D+ ; D � g of QK 1(Sp(n))

and QK 1(Spin(2n)), respectively, suchthat

� Under the inclusion map Sp(n � 1) ! Sp(n), x i 7! x i if i < n,

while xn 7! 0;
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� There is an A-morphism,QK 1(Sp(n))
�

� ! QK 1(Spin(2n)) such

that � (x i ) = x i for i � n� 2, � (xn� 1) = 2n� 1(D+ + D � )+
P

� i x i

with � i even,and � (xn ) = � n� 1� (xn� 1) +
P

� i x i with � i even.

Dualizing, we obtain a morphism

PK 1(Spin(2n))
�̂

� ! PK 1(Sp(n))

of K � K -comodules whosemod-2 reduction factors through PK 1(Sp(n � 2)) 
 Z2.

Thus there is a morphism

E2(Spin(2n); Z2) ! E2(Sp(n � 2); Z2)

which, when followed into E2(Sp(n); Z2), is the mod 2 reduction of �̂ � . Reduction

mod 2 inducesa morphism

E2(Spin(2n))
�

� ! E2(Spin(2n); Z2);

which sendseta-towers injectively, sincethey are of order 2.

In our case,n = 4a, the composite E2(Spin(8a)) ! E2(Sp(4a � 2); Z2) on the

eta-towers is K [2a � 1; 4a � 2] ! K [2a;4a � 2], in the notation of 5.6. In particular,

x4a� 3 is mapped nontrivially . However, the 1-line class� de�ned above maps to 0

in E2(Sp(4a � 2); Z2). Sincethis morphism respects h1-action, we deducethat h2
1�

cannot equal � + x4a� 3.

Now we prove the results claimed for Spin(8a + 3). The argument works verbatim

for Spin(8a + 5).

Proof of 3.8. Diagram 3.7is a consequenceof 5.14,6.2, [8, 1.5],and, for the G-groups,

[9, 3.1]and the fact that the kerneland cokernelof a morphismof �nite abeliangroups

have the sameorder. The extension in dimension 8k � 2 is deducedfrom (6.4) as

follows.

By 3.17, E 1;8k� 1
2 (Spin(8a + 2)) i �� ! E 1;8k� 1

2 (Spin(8a + 3)) has kernel given by the

element of order 2 in the C2-summand. The element which hits this classin (6.4)

supports a d3-di�erential in the BTSS of S8a+2 . This can be seenby noting that the

element pulls back to S8a+1 and the di�erential there follows from 6.5 (stable class

with n � 0 mod 4 and i � 3 mod 4). This implies that in the homotopy exact

sequencecorresponding to (6.4) the imageof the element of ker(i � ) is the element of
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E 3;8k+1
2 (Spin(8a+ 3)) which mapsin (6.4) to the element of E 4;8k+1

2 (S8a+2 ) hit by the

d3-di�erential. By 6.1, this element of E 3;8k+1
2 (Spin(8a + 3)) is D.

It remainsto determine d3 on E 1;8k� 2+1
2 . This is donesimilarly to the way it was

done for Spin(8a � 1), using the action of h1, but here it is more delicate, because

someof the elements in the target of h1 support d3-di�erentials and others do not. If

g is a generatorof a summandof E 1;8k� 2+1
2 , then d3(g) 6= 0 i� h1g equalsan element

which supports a nonzerodi�erential. Thus this last remaining part of Theorem 3.8

will follow from the following result.

Prop osition 7.9. For Spin(8a + 3), in h1 : E 1;8k� 1
2 ! E 2;8k+1

2 , D is a summandof

h1(g2) i� � (k)+ 4 � n, and is a summandof h1(g1) i� n < � (k)+ 4. In h1 : E 1;8k+3
2 !

E 2;8k+5
2 , h1(g1) contains nonzero summandsother than D, while h1(g2) doesnot.

Proof. We will work with the dual h#
1 of h1. With M = QK 1(Spin(8a + 3))=im( 2),

the dual of (7.1) is the following commutativ e diagram of exact sequences,in which

� =  3 � 32`+1 .

0  � � � E 1;4`+3
2

# �
 � � � M � � � � M

x
?
?
? h#

1

x
?
?
? i

x
?
?
? i

x
?
?
?

M =2 � � � � M =2  � � � E 2;4`+5
2

#
 � � � M 2  � � � M 2

(7.10)

Dual to Proposition 7.2 (or using11.5),we have the following interpretation of h#
1 .

Supposex 2 M =2 satis�es � (x) = 0 2 M =2. Represent x by �x 2 M . Then � ( �x) = 2y

for somey 2 M . If x̂ 2 E 2;4`+5
2

#
maps to x, then h#

1 (x̂) = � (y). One easily veri�es

that this is well-de�ned. In (7.10), the elements x4a� 1 and D of E 2;4`+5
2

#
comefrom

M =2, while the log-classes,represented by the big � in Diagram 3.7, comefrom M 2.

We consider �rst the casewhere 4` + 3 = 8k � 1. Since only the class D in

E 2;8k+1
2 supports a nonzerod3, we needE 1;8k� 1

2
#

=(h#
1 (D)), and this is obtained by

adjoining to the four relations of [8, 3.18]which yield E 1;8k� 1
2

#
the additional relation

( 3 � 34k� 1)(D)=2. Since the relation [8, (3.21)] is ( 3 � 34k� 1)(D), it meansthat

this fourth relation of [8, 3.18] is divided by 2. Using 8.1 for the �rst, [8, 3.18] for

the secondand third, and 8.11for the fourth, the relations which yield E 1;8k� 1
2

#
are,

with n = 4a + 1, A12n � 1, A22n � 1 � 2n+1 D, A32n � 1 � 2nD, and u2n � 1 + 2� D, with

� = � (k) + 4, A i integers,and u an odd integer by 8.11. If � � n, then onesummand
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of the group presented is Z=2� and the other is obtained by subtracting multiples of

the fourth relation from the others to remove D, and observingthe smallestexponent

of 2; if the fourth relation is divided by 2, the Z=2� -summandhas order divided by

2, while the other is unchanged. If � > n, then one summandis Z=2n generatedby

2� n times the last relation, and the other summandis Z=2n obtained from 2� n times

the third relation; if the fourth relation is divided by 2, then the �rst of theseZ=2n 's

becomesZ=2n� 1, while the secondis unchanged. Thus h#
1 hits the element of order

2 in the C2- (resp. C1-)summand if � � n (resp. � > n); dually h1 is nonzeroon the

stated summand.

The casewhere4` + 3 = 8k + 3 is handled similarly. In this case,all the elements

in E 2;8k+5
2 exceptD support a nonzerod3. Thus we wish to mod out E 1;8k+3

2
#

by the

imageunder h#
1 of all elements exceptD. This is accomplishedby dividing the �rst

three of the four relations in [8, 3.18]by 2. The relations have the sameform as the

four of the previous paragraph, except now � = 3. Since� < n, the Z=8 summand

will be unchangedif the �rst three relations are divided by 2, but the other summand

will be divided by 2. Thus h#
1 hits the element of order 2 in C1; dually h1 is nonzero

on the C1-summand,as claimed.

Now we prove the results stated earlier for Spin(4a + 2).

Proof of Theorem 3.11. The eta towers and d3 betweenthem wereestablishedin 6.1

and 6.2. When s = 2, (5.17) must be modi�ed accordingto [9, 3.8]; the Qs+ b� 1 in

(5.17) must be replacedby coker(1 � (� 1)b � 1).

For E 2;2b+1
2 (Spin(4a + 2)), we comparewith the short exact sequencesat the end

of the proof of 5.22. For either parity of b, the left part of the SESis the sameas it

is when s > 2, which is the casedescribed there. This accounts for the classlabeled

1 in (8k + 1; 2), while in (8k � 3; 2) this classis not depicted becauseit supports a

d3-di�erential. It also accounts for the big � 's in (8k � 1; 2) and (8k + 3; 2); these

represent the group C[[n
2 ]; n � 2] with n = 2a + 1.

The quotient part of the SESsmust havethe sameorderasthe groupsE 1;2b+1
2 (Spin(4a+

2)), becauseone is the cokernel and the other the kernel of the sameendomorphism

of a �nite abelian group, namely � b on coker(1 � (� 1)b � 1). If b is odd, this is just

represented in our chart by the groups labeled G, the group structure of which we
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do not attempt to determine. The cyclicity of this group when b is even requiresthe

following calculation.

Let b = 2c. Using 5.19,we obtain a description of coker(1 �  � 1)jQK 1(Spin(4a +

2))=im( 2) as

hx1; x3; : : : ; x2a� 3; x2a� 1; D+ : 2x i ; x2a� 1 � 22aD+ i ;

with � (x i ) � x i +2 mod hx j : j > i + 2i , and � (D+ ) = (32a � 32c)D+ , using 4.1 for

 3(D+ ). If 3+ � (a� c) � 2a, then ker(� ) � Z=24+ � (a� c) generatedby 22a� 3� � (a� c)D+ �

x2a� 3, while if 3 + � (a � c) > 2a, then ker(� ) � Z=22a+1 generatedby D+ .

The extensionfrom C1 in 8k + 2 follows by naturalit y from Spin(4a+ 1). One way

to establishthe d3 from the C0 in (8k + 3; 2) to h3
1gC0 is to usethat

E 2
2(Spin(4a + 2)) ! E 2

2(S4a+1 )

sendsthe C0 and h3
1gC0 surjectively, and the d3 is present in S4a+1 by [7, p.488]. The

extensionfrom C0 into (8k � 1; 4) is trivial sincethe morphism

E 2;8k+2
2 (S4a+2 ) ! E 2;8k+1

2 (Spin(4a + 2))

of (6.4) sendsone summandinjectively onto the multiples of 2 in the C0-summand,

and the extensionon this summand in the BTSS of S4a+2 is trivial, by comparison

with the computation of v� 1
1 � � (S2n ) in [26].

That d3 = 0 on E 1;8k+1
2 followsfor the classlabeled1 by naturalit y from Spin(4a+ 1),

and for the group labeledC by pushing into Sp(2a � 1) 
 Z2, similarly to the proof

of 3.4. As in that proof, d3 6= 0 i� h1 6= 0. We must useh1 becausethe morphism is

only algebraic. The C-group maps to 0, but the log classeswhich form the putativ e

target under h1 map bijectively. The groupsare both K [a;2a � 1] in the notation of

5.7.

To determined3 on E 1;8k+3
2 , we �rst observe that

E 4;8k+5
2 (Spin(4a + 2)) ! E 4;8k+5

2 (Spin(4a + 3))

is injective. This can be seenin 6.1, where we have i even and the a in that table

correspondsto our a+ 1 here. Note that C[a� 1; 2a� 3] ! C[a� 1; 2a� 2] is injective.

Thus the generatorsof E 1;8k+3
2 (Spin(4a + 2)) support nonzerod3 i� their image in

Spin(4a + 3) does. By 3.17, the Z=8 maps by �2, so its image does not support

a nonzerodi�erential. The condition stated in the theorem that R(4k + 1; 4a + 2)
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equalsR(4k + 1; 4a + 3) exactly says that the C1-summandin E 1;8k+3
2 (Spin(4a + 2))

maps onto that of E 1;8k+3
2 (Spin(4a + 3)). Sinceit was shown in 3.8 and 1.4 that C1

in E 1;8k+3
2 (Spin(4a + 3)) supports a nonzerod3, the claim follows.

Now we prove the claims madeearlier for Spin(8a + 4).

Proof of Theorem 3.14. The claims about the 1-line groupsand homomorphismsfol-

low as in the proof of 3.4.

In the �rst of the four casesof 3.14, d3 is nonzero on the �rst summand of

E 1;8k+3
2 (Spin(8a+ 3)), and its possibletargets map injectively to E 4;8k+5

2 (Spin(8a+ 4))

by Table 6.1, implying d3 6= 0 on the �rst summandof E 1;8k+3
2 (Spin(8a + 4)). That

d3 = 0 on the third summand holds since this class is the image of a class in

Spin(8a + 3) on which d3 = 0.

To seethat d3 = 0 on the secondsummand, we must show that it does not hit

oneof the classesin the imagefrom E 4;8k+5
2 (Spin(8a + 3)). To do this, we show that

h1 times this classdoes not equal an element of E 2;8k+5
2 (Spin(8a + 4)) supporting

a nonzerod3. This is done by dualizing and using Diagram (7.10). We must show

that the order of this summand in E 1;8k+3
2 (Spin(8a + 4))# is not decreasedwhen

the relations for the elements of E 2;8k+5
2 (Spin(8a + 4))# supporting nonzerod3's are

divided by 2. The argument leadingto (4.32)showsthat the relation for Z=2� (k� a)+5 in

E 1;8k+3
2 (Spin(8a+ 4))# involves 2 and  3 � 34k+1 applied to D+ and D+ � D � . These

arenot the relations that will bedivided by 2, sinceD+ � D � comesfrom E2(S8a+3 )# ,

while D+ 2 E 2;8k+5
2 (Spin(8a+ 4)) doesnot support a nonzerod3, inasmuch asit comes

from D in Diagram 3.7.

In the secondof the four casesof 3.14,d3 is nonzeroon the �rst summandbecause

it maps onto an element of E 1;8k+3
2 (S8a+3 ) on which d3 6= 0. The nonzerod3 on the

secondsummand is a consequenceof its being the image of the �rst summand of

E 1;8k+3
2 (Spin(8a + 3)), on which d3 is nonzerointo classesmapping injectively under

i � . That d3 = 0 on the third summandis true becauseit is the imageof a class(the

secondsummandof E 1;8k+3
2 (Spin(8a + 3))) on which d3 = 0.

In the third of the four casesof 3.14,d3 is zeroon the �rst summandand nonzeroon

the third by naturalit y from Spin(8a+ 3). The nonzeropart requiresthe observation
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that E 4;8k+1
2 (Spin(8a + 3)) ! E 4;8k+1

2 (Spin(8a + 4)) is injective by 6.1. Naturalit y

from Spin(8a + 4) ! S8a+3 implies d3 nonzeroon the secondsummand.

Finally, in the fourth case,naturalit y from Spin(8a + 3) implies d3 is zero on the

secondsummandof E 1;8k� 1
2 (Spin(8a + 4)) and nonzeroon the third, while naturalit y

from Spin(8a + 4) ! S8a+3 implies it nonzeroon the �rst.

8. Combina torics

In this sectionwe present somecombinatorial arguments usedearlier in the paper.

We begin with the proof of Lemma 4.22. For the �rst part, we have the following

sharper result.

Prop osition 8.1. For any nonnegative integersm and j ,
P

k(� 1)k
�

j
k

�
km is divisible

by j !.

Note that the numbers whoseminimal 2-exponent de�ne eSp(m; n) are like the

sum in 8.1 with j > 2n and without the terms having k even. Theseomitted terms

will be divisible by 2m , and we considerm to be large enoughthat theseterms will

not a�ect the divisibilit y. (e.g. m > n.) Proposition 8.1 is sharper than what is

required for 4.22since� (j !) = j � � (j ), where� (j ) denotesthe number of 1's in the

binary expansionof j , and j � � (j ) � n if j > 2n.

Proof of Proposition 8.1. The proof is by induction on m and j . The result is trivially

true if j = 1 or m = 0. We have
X

(� 1)k
�

j
k

�
km+1 = j

X
(� 1)k

�
j � 1
k� 1

�
km = j

X
(� 1)k

�
j
k

�
km � j

X
(� 1)k

�
j � 1

k

�
km :

By the induction hypothesis,both terms are divisible by j !.

Next we prove the part of 4.22 which states � (P1(m; n)) � n. The seconddouble

sum in P1(m; n) is the same(with n here corresponding to n + 1 there) as the sum

in [8, (3.20)], which was shown to be divisible by 2n+1 in [8, 3.18].7 Thus this second
7The statement in [8, 3.18] was divisibilit y by 2n , but the argument implied

divisibilit y by 2n +1 .
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double sum in P1(m; n), with its factor of 2, is divisible by 2n+1 . The �rst double

sum in P1(m; n) can be evaluated as
X

k

km
X

t � 0

�
2n

n� 1� k� 2t

�
=

X

k

km
X

t � 0

 
�

2n� 1
n� 1� k� 2t

�
+

�
2n� 1

n� 2� k� 2t

�
!

=
X

k

km
X

t � 0

�
2n� 1

n� 1� k� t

�
: (8.2)

This is divisible by 2n by the divisibilit y of [8, (3.19)] proved in [8, 3.18].

The desireddivisibilit y result for P3(m; n) follows from Lemma 8.19, completing

the proof of 4.22.

The following lemma was usedin the proof of Theorem3.3.

Lemma 8.3. Let m be a �xed odd positive integer, and de�ne

A t = min
�

�
� X

k

�
j
k

�
km

�

: j � t
�

;

B t = min
�

�
� X

k

��
t

j � k

�
�

�
t

j + k

��
km

�

: [t=2] � j < t
�

:

Then A2n = A2n+1 � B2n+1 � B2n .

In fact, we conjecture that the four expressionsare equal, but all we needis the

weaker result stated in 8.3.

Proof. The equality of A2n+1 and A2n wasestablishedin [10, 1.4], using a topological

argument. That A2n+1 � B2n+1 was establishedin [8, 3.6], using another topological

argument.

Let f (t; j ) =
P

k

� �
t

j � k

�
�

�
t

j + k

� �

km . The following facts are elementary:

f (t + 1; j ) = f (t; j ) + f (t; j � 1) (8.4)

f (2n; n) = 0 (8.5)

Chooseminimal j � n + 1 such that B2n = � (f (2n; j )). Using (8.5) in casej = n + 1,

we have � (f (2n; j )) < � (f (2n; j � 1)). Thus, using (8.4) in the middle equality, we

have

B2n+1 � � (f (2n + 1; j )) = � (f (2n; j )) = B2n :

The following result immediately implies the  3 part of Proposition 5.4.
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Prop osition 8.6. If basesf � i : i � 1g and f x i : i � 1g of a vector space over Z2

are related by

x i =
[i=2]X

j =0

�
i
j

�
� i � 2j ; (8.7)

then the endomorphism 3 de�ned by  3(� i ) = � 3i satis�es

 3(x i ) =
X

j � 0

�
i
j

�
x i +2 j : (8.8)

Proof. Substituting (8.7) into (8.8) shows that it su�ces to prove the following equiv-

alencesmod 2, for positive integersi and m, and 0 � � � 2:

X

j

�
i
j

��
i +2 j

j � i +3 m+ �

�
�

8
<

:

�
i

m

�
if � = 0

0 if � = 1; 2.

This is immediate from the following integral analogue,which we will prove.
X

j

�
i
j

��
i +2 j

j � i +3 m+ �

�
=

X

k

23k� �
�

2m+2 k
2m� k+ �

��
i

m+ k

�
(8.9)

Note that sums involving binomial coe�cien ts are, unlessspeci�ed to the contrary,

taken over all valuesof the summationvariable for which the terms are nonzero.The

RHS of (8.9) hasa possiblyodd term only if � = 0, the term with k = 0.

We prove (8.9) by showing that both sidessatisfy the samerecurrencerelation

(3i � 3m � � )(3i � 3m � � � 1)(3i � 3m � � � 2)f (i ) (8.10)

= (49i 2 � (87+ 22� )i � 66im + (87+ 54� )m + 81m2 + 44+ 29� + 9� 2)if (i � 1)

� (17i + 15m � 28+ 5� )i (i � 1)f (i � 2) � 5i (i � 1)(i � 2)f (i � 3)

for 3i � 3m � 2 � � > 0, with initial values

f (i ) =

8
>>>>>>>><

>>>>>>>>:

1 if � = 0 and i = m
0 if � = 0 and i < m
4(m + 1)(2m + 1) if � = 1 and i = m + 1
4(m + 1) if � = 2 and i = m + 1
0 if � 2 f 1; 2g and i < m + 1:

The initial valuesare easilyveri�ed. The equation(8.9) wasdiscoveredby comput-

ing the LHS of (8.9) for many valuesof i and m and observingthe pattern of iterated

di�erences. To prove (8.9), we usedthe software associated to the book [38] to �nd
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the recurrencerelation satis�ed by both sidesof (8.9), and observingthat they are

the samerecurrencerelation. This software is a batch of Maple programswhich can

bedownloadedfrom www.math.temple.edu/� zeil berg. If the downloadedprogram

zeil is run using as input the formula being summedon either side of (8.9), it will

say that the recursionrelation (8.10) is satis�ed by the sum. Although the authors

have not doneso, this relation is simple enoughthat onecould probably verify it by

hand. The recurrencerelation has been veri�ed for several valuesof i and m, but

the strongestveri�cation of this relation is that this samerelation was found for the

disparate sumsin the two sidesof (8.9), which had beenempirically observed to be

equal by computing the value of the LHS in more than 100 cases,and using this to

determinethe RHS.

The following result was usedin the proof of 3.2 and 7.9.

Prop osition 8.11. For any positive integer n,
X

k odd
k> 0

X

t � 0

�
2n+1

n� 1� k� 3t

�

is odd.

The proof requiresseveral subsidiary results.

Lemma 8.12. For n � 0, the coe�cient of xn in (1 + x)2n+3 =(1 + x3) is odd.

Proof. The proof is by induction on n. The validit y for n = 0 or 1 is elementary.

Assumethe result is true for n � 1. Working mod 2, the desiredcoe�cien t is
X

i � 0

�
2n+3
n� 3i

�
�

X

i � 0

� �
2n+1
n� 3i

�
+

�
2n+1

n� 3i � 2

� �

=
X

j 6�0 (3)
j � 0

�
2(n� 1)+3

n� 1� j

�

=
X

j � 0

�
2(n� 1)+3

n� 1� j

�
�

X

i � 0

�
2(n� 1)+3
n� 1� 3i

�
:

The �rst sumon the last line equals2n , while the secondsum is odd by the induction

hypothesis.
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Corollary 8.13. Let

g(i ) =

8
<

:
1 if i > 0, i 6� 0 (3)
0 otherwise

and h(n) =
X

j � 0

g(n � 2j )
�

n
j

�
:

Then h(n) is odd for n � 1.

Proof. We work mod 2. For � = 0 or 1, let G� (n) � g(2n + � ). Then

(x1� � + x2)=(1 + x3) =
X

i � 0

G� (i )x i :

Hence,using Lemma 8.12at the last step, we have

h(2n + � ) =
X

j � 0

G� (n � j )
�

2n+ �
j

�

� coef(xn ; (x1� � + x2)(1 + x)2n+ � =(1 + x3))

� coef(xn ; x1� � (1 + x)2n+1+2 � =(1 + x3))

= coef(xn+ � � 1; (1 + x)2(n+ � � 1)+3 =(1 + x3))

� 1:

Prop osition 8.14. Supposef (n; k) 2 Z2 is de�ned for n � 0 and k 2 Z by

f (0; k) =

8
<

:
1 k < 0; k 6� 0 (3)
0 otherwise,

f (n; k) = f (n� 1; k� 1)+ f (n� 1; k+1) :

Then
X

k> 0
k odd

f (n; k) = 1 for n � 2:

Proof. We begin by using Corollary 8.13 to deduce that f (n; 0) = 1 for n � 1.

This is done by noting that f (0; � i ) = g(i ) of the corollary, and that f (n; 0) =
P

f (0; � n + 2i )
�

n
i

�
, so that f (n; 0) = h(n) of the corollary.

For n � 2, we have
X

k> 0
k odd

f (n; k) =
X

k> 0
k odd

f (n � 2; k � 2) +
X

k> 0
k odd

f (n � 2; k + 2)

= f (n � 2; � 1) + f (n � 2; 1) = f (n � 1; 0) = 1:
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This looks like an induction proof, but it isn't. At the secondstep, we are using that

all exceptthe initial terms appear twiceand hencecancel.At the �rst and third steps

we are using the recursive formula for f , and at the last step we usethe result of the

�rst paragraph.

Proof of Proposition 8.11. Wecontinueto work mod 2. De�ne ~f (n; k) =
P

t � 0

�
2n+1

n� 1� k� 3t

�
.

We will show that ~f satis�es the sameformulas that de�ne f of Proposition 8.14,and

hencethe desiredresult follows from the conclusionof 8.14.

We �rst note that ~f (0; k) =
P

t � 0

�
1

� 1� k� 3t

�
, and this is 1 i� � 1 � k � 0 and

� 1 � k � 0; 1 (3), which is true i� f (0; k) = 1. Finally, we have

~f (n; k) =
X

t � 0

��
2n� 1

n� 1� k� 3t

�
+

�
2n� 1

n� 3� k� 3t

� �

=
X

t � 0

��
2(n� 1)+1

(n� 1)� 1� (k� 1)� 3t

�
+

�
2(n� 1)+1

(n� 1)� 1� (k+1) � 3t

��

= ~f (n � 1; k � 1) + ~f (n � 1; k + 1):

Proof of Lemma7.7. Weareassumingthat k and a are �xed integerssatisfying � (k �

a) > 2a � 5. There is also the implicit assumptionthat k > 2a, as discussedafter

3.3. Let g(j ) =
P

i (� 1)i
�

j
i

�
i2k� 1. We will prove, in notation of 3.3,

� (P1(2k � 1; 2a)) � � ((4a � 3)!) (8.15)

� (P2(2k � 1; 2a)) = � ((4a � 3)!) � 1 (8.16)

� (P3(2k � 1; 2a)) � � (4a � 2)!) (8.17)

� (g(j )) � � ((4a � 2)!) for j � 4a � 1: (8.18)

The lemma follows from theseresults and the de�nitions.

Proposition 8.1 immediately implies (8.18). The inequality (8.17) is implied by

Lemma8.19. The proofsof (8.15) and (8.16) will occupy the remainderof this section

(after the proof of 8.19).

Lemma 8.19. If n is positive, then
X

(� 1)i i2n
�

2n
n� i

�
= (� 1)n (2n)!=2; (8.20)
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while if d is positive and even,then
P

(� 1)i i2n+ d
�

2n
n� i

�
is divisible by (2n)!=2.

Proof. Both parts of the lemma utilize the following lemma, which is a standard

combinatorial result (e.g. [21, pp. 243-245]). The coe�cien ts in thesepolynomials

are known as Eulerian numbers.

Lemma 8.21. There are polynomials

pn (x) =
nX

i =1

ai;n x i

satisfying

(1) p1x = x;

(2) pn (x) = x(1 � x)p0
n� 1(x) + nxpn� 1(x), where p0 denotesthe de-

rivative;

(3)
P

i � 1 inx i = pn (x)=(1 � x)n+1 ;

(4) ai;n = ia i;n � 1 + (n � i + 1)ai � 1;n � 1;

(5) ai;n = an+1 � i;n ;

(6) pn (1) = n!.

Proof. If the polynomials pn are de�ned by (1) and (2), then (4) is immediate and

(6) is easilyproved by induction on n. The symmetry property (5) is easilyobtained

from (4), while (3) is proved by induction on n using that
P

inx i = x(
P

in� 1x i )0.

To prove (8.20), wenote that, by 8.21.3,the left hand sideof (8.20) is the coe�cien t

of xn in

(� 1)n (1 � x)2n p2n (x)
(1 � x)2n+1

= (� 1)np2n (x)
X

i � 0

x i :

This coe�cien t equals

(� 1)n (a1;2n + � � � + an;2n ) = (� 1)n 1
2p2n (1) = (� 1)n 1

2(2n)!;

using parts 5 and 6 of 8.21.

The secondpart of 8.19 is proved by induction on d and n, with the cased = 0

being (8.20) and n = 1 being trivial. Let C(n; d) denote the coe�cien t of xn in
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p2n+ d(x)=(1 � x)d+1 . By 8.21.3,we must prove � (C(n; d)) � � ((2n)!) � 1. We will

prove that, for d � 2 and n > 1,

C(n; d) = n2C(n; d � 2) + 2n(2n � 1)C(n � 1; d);
(8.22)

from which our desiredconclusionfollows by induction. To prove (8.22), we calculate

C(n; d) =
X

i � 0

an� i; 2n+ d

�
d+ i

d

�

=
X

i � 0

�
(n � i )2an� i; 2n+ d� 2 + (2(n2 � i2) + 2dn � (d + 1)(2i + 1))an� i � 1;2n+ d� 2

+( n + d + i + 1)2an� i � 2;2n+ d� 2

��
d+ i

i

�

=
X

i � 0

an� i; 2n+ d� 2

�
(n � i )2

�
d+ i

i

�
+ (2(n2 � (i � 1)2) + 2dn

� (d + 1)(2i � 1))
�

d+ i � 1
d

�
+ (n + d + i � 1)2

�
d+ i � 2

d

��

=
X

i � 0

an� i; 2n+ d� 2

�
n2

�
d� 2+ i

d� 2

�
+ 2n(2n � 1)

�
d+ i � 1

d

��

= n2C(n; d � 2) + 2n(2n � 1)C(n � 1; d):

At the �rst step, we madetwo applications of 8.21.4;other stepswere just algebraic

manipulation. The equality of coe�cien ts of an� i; 2n+ d� 2 in the next-to-last step can

be veri�ed by consideringseparatelyterms involving n2, n1, and n0.

Next we prove (8.15). Referring to 1.1, we have P1(m; n) = S1(m; n) � S2(m; n),

where

S1(m; n) =
X

odd `

`m
n� 1� `X

i =0

�
2n� 1

i

�

S2(m; n) = 2
X

odd `

`m
X

t � 0

�
2n

n� 2� ` � 4t

�
: (8.23)

We show that both S1 and S2 are su�cien tly divisible. First note that S1 is the same

as the sum in [8, (3.19)] with n replacedby n � 1. Using the alternate expression

below the middle of [8, p.54], the required divisibilit y for S1(2k � 1; n) follows from

Lemma 8.24. The divisibilit y of S2(2k � 1; n) is included in Lemma 8.31. These

lemmasthen will imply (8.15).
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Lemma 8.24. If n is even,k > n, j � 2, and � (n) > � (k), then

�

 
� �

n+1 � j
j

�
�

�
n� 1� j

j � 2

�� X

i � j � 1

8i
�

k� 1
i

�
f j (i )

!

� 4j � 3 � � (n � 2);

where

f j (i ) :=
j � 2X

t=0

(� 1)t
�

2j � 1
t

�
(2j � 2t � 1)

�
j � t

2

� i
:

The condition � (n) > � (k) here is much lessrestrictive than the condition � (k �
n
2 ) > n � 5 of (8.15).

The proof of 8.24requiresthe following three lemmas.

Lemma 8.25. The expressionf j (i ) of 8.24 equals

(2j � 1)! � 2� (j � 1)
X

jej= i � j +1

jY

`=2

�
`
2

� e`
:

Here jej =
P

` è , and the sum is taken over all e = (e2; : : : ; ej ) with the prescribed jej

and ei � 0.

Proof. The proof is very similar to that of [8, 4.23]. We show that, for i � j � 1, the

system

a0

�
2
2

�
+ a1

�
3
2

�
+ � � � + aj � 2

�
j
2

�
= 0

a0

�
2
2

� 2
+ a1

�
3
2

� 2
+ � � � + aj � 2

�
j
2

� 2
= 0

...

a0

�
2
2

� j � 2
+ a1

�
3
2

� j � 2
+ � � � + aj � 2

�
j
2

� j � 2
= 0

a0

�
2
2

� i
+ a1

�
3
2

� i
+ � � � + aj � 2

�
j
2

� i
= (2j � 1)!21� j

X

jej= i � j +1

jY

`=2

�
`
2

� e`

has solution as� 2 = (� 1)j + s
�

2j � 1
j � s

�
(2s � 1) for 2 � s � j . The last equation is then

the content of the lemma. That this solution (or any multiple of it) is the solution

of all but the last equation was proved in [8, 4.23],but it seemsconvenient to prove

them all together.
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The Vandermondemethod easily implies that

det

0

B
B
B
B
B
B
@

x1 � � � xn

x2
1 � � � x2

n
...

xn� 1
1 � � � xn� 1

n

xn+ k
1 � � � xn+ k

n

1

C
C
C
C
C
C
A

=
nY

i =1

x i

Y

1� i<j � n

(x j � x i )
X

jej= k

xe1
1 � � � xen

n :

It follows easily by the method of [8, 4.23] (Cramer's rule) that the solution of the

systemis as claimed.

In order to estimate the 2-exponent in the sum which occurs in 8.25,we needtwo

more lemmas. The �rst dealswith symmetric polynomials.

Lemma 8.26. Let f yj g be a setof indeterminates. Let f i =
P

j yi
j . If e = (e1; e2; : : : ),

let jej =
P

ej , and for t � 1, let pt =
P

jej= t
Q

yej
j be the sum of all monomials of

degree t. Then t!pt is an integral polynomial in f f i g.

Proof. For notational convenience,we renamethe yi 's as x j;k with j � 1 and k � 1.

Now f i =
P

j;k x i
j;k . Let gm = gm1 ;::: ;m s denotethe smallestsymmetric polynomial in

all the x j;k containing the monomial
sY

j =1

m jY

k=1

x j
j;k :

Thus, for each j , mj of the indeterminates are raised to the j th power in it. We

will show that
Q

j mj ! � gm can be written as a polynomial in the f i with integral

coe�cien ts. The lemma follows, sincept is the sum of all gm for which
P

j mj = t,

and t! is divisible by each of the relevant coe�cien ts
Q

j mj !.

To prove the claim, we begin by showing that the coe�cien t of gm in any f a is

a multiple of
Q

mj !, and its coe�cien t in f m equals
Q

mj !. Here f a =
Q

f aj
j . To

establish this claim, we note that the desired coe�cien t is the number of ways of

choosingoneterm from each factor of f a so that the product of the selectedterms is

x1;1 � � � x1;m 1 x2
2;1 � � � x2

2;m 2
� � � :

If the coe�cien t is nonzero,pick one way of making this choice. Let � j be a per-

mutation of f (j; 1); : : : ; (j; mj )g. Then choosingx j;� j (k) instead of x j;k yields distinct

ways of making this choice. Thus the total number of ways of making the choice is
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divisible by
Q

mj !. As for the coe�cien t of gm in f m , the only choiceshave the mj

x j 's coming from the mj f j 's.

Now order the tuples m for which
P

j mj = t in such a way that if
P

mj >
P

m0
j ,

then m precedesm0. This order is not unique, but it doesnot matter how the tuples

with equal
P

mj areordered. Form a matrix A with thesetuples in this order labeling

the rows and columns. Let the entries in the m column be the entries of the various

gm0's in the expansionof f m . The matrix is lower triangular sinceif gm0 hasnonzero

coe�cien t in f m , then either m0 = m or
P

m0
j <

P
mj . By the claim proved in the

previous paragraph, the m row is divisible by
Q

mj ! and its diagonal entry equals
Q

mj !.

The columnsof A � 1 give the unique way of writing each gm in terms of the f m0
's.

Let B be obtained from A by dividing the gm row by
Q

mj !. Then B is an integral

triangular matrix with 1's on its diagonal. Henceso is B � 1. But A � 1 is obtained

from B � 1 by dividing the m column by
Q

mj !. The proposition follows.

The other lemmaneededin the proof of 8.24is the following result about exponents

of 2.

Lemma 8.27. For e � 1 and j � 2,

�

 jX

k=2

�
k
2

� e
!

=

8
>>>>>>>><

>>>>>>>>:

0 if j � 2 mod 4
� (a) + 1 if e is evenand jj � 4aj � 1
� (a) + 1 if e = 1 and j = 4a
� (a) + 2 if e is odd and j = 4a � 1
� (a) + 2 if e > 1 is odd and j = 4a.

Proof. If e = 1, the sum equals
�

j +1
3

�
, from which the result follows easily.

Let e > 1. The proof is by induction on j . By consideration of the next term

added,it is easyto seethat validit y for j = 4a � 1 implies validit y for j = 4a, 4a+ 1,

and 4a + 2. We will prove, for t � 2,

�

 2t � 1X

k=0

 
2t+1 b+ k

2

! e!

=

8
<

:
t � 1 if e even
t if e odd:

(8.28)

Then the caseb= 0 of (8.28) implies the lemmafor 4a � 1 = 2t � 1, while the lemma

for 4a � 1 = 2t+1 b+ 2t � 1 with b> 0 follows from the case4a � 1 = 2t+1 b� 1 of the

lemma and (8.28).
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It remains to prove (8.28). We prove it by induction on t, and assumeit proven

for t � 1. We work mod 2t+1 . Combining the summandsfor k = 2` and 2` + 1, the

desiredsum equals
2t � 1 � 1X

`=0

(2tb+ `)e((2t+1 b+2`� 1)e+(2 t+1 b+2`+1) e) �
2t � 1 � 1X

`=0

`e((2`� 1)e+(2 `+1) e):

One can verify that the summandsfor ` = 2t � 2 � s and ` = 2t � 2 + s are congruent.

By this symmetry, the desiredsum becomes

2
2t � 2 � 1X

`=0

`e((2` � 1)e + (2` + 1)e):

This sum, without the factor of 2, is, by induction, congruent mod 2t to � 2t � 2 if e is

even and to 2t � 1 if e is odd. Doubling this yields our claim.

Now we can prove Lemma 8.24.

Proof of Lemma8.24. Let gd(j ) =
P

jej= d
Q j

`=2

�
`
2

� e`
. Since

�
n+1 � j

j

�
�

�
n� 1� j

j � 2

�
=

n
j

�
n� 1� j

j � 1

�
and

�
k� 1

i

�
= i +1

k

�
k

i+1

�
, our desired inequality is implied by the statement

that, for all i � j � 1,

� ( n
j

�
n� 1� j

j � 1

�
) + 3i + � (i + 1) � � (k) + �

�
k

i+1

�
(8.29)

+ j � � (2j � 1) + � (gi � j +1 (j )) � 4j � 3 � � (n � 2):

We have also used 8.25. Using the hypothesis that � (n) > � (k) and well-known

formulas for �
�

n� 1� j
j � 1

�
and � (2j � 1), and removing the nonnegative quantit y �

�
k

i+1

�
,

(8.29) will be implied by

1 � � (j ) + � (j � 1) + � (n � 2j ) � � (n � 1 � j ) + 3i

+ � (i + 1) � � (j � 1) � 1 + � (gi � j +1 (j )) � 3j � 3 � � (n � 2):

Next we note that since� (n � 2j ) + � (n � 2) � � (n � 1 � j ) = �
�

2n� 2� 2j
n� 2j

�
� 0, this

inequality will be implied by

� (gi � j +1 (j )) � � (j ) � � (i + 1) � 3(i � j + 1): (8.30)

This inequality is true (0 � 0) if i = j � 1. If i > j � 1, then it is certainly true

unless� (j ) > 3. Let d = i � j + 1 > 0 and j = 4a. By Lemma 8.26, gd(j ) equals
1
d! times an integral polynomial in Se(j ) :=

P j
k=2

�
k
2

� e
for various e > 0. By Lemma
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8.27, � (Se(j )) � � (a) + 1. Thus � (gd(j )) � � (a) + 1 � � (d!). Hence(8.30) follows

from the observation that for d > 0

3d � � (d!) + 1:

Finally we prove (8.16). Reverting to the notation of 1.1, we will show that if n is

evenand � (m+ 1� n) > n� 4, then � (P2(m; n)) = � ((2n� 3)!) � 1 = 2n� 5� � (n � 2).

The hypothesis implies that � (m + 1) = � (n) � n � 3 (for n > 4). Now P2(m; n)

is the sum of two terms. The �rst has the same2-divisibilit y as 1
2S2(m; n) of (8.23),

while, by 8.11, the exponent of 2 in the secondis 2n � 4 � � (n). This latter is

� 2n � 5 � � (n � 2), with equality if and only if n is a 2-power. Thus (8.16) follows

from Lemma 8.31,which will completethe proof of 7.7.

Lemma 8.31. If n is evenand � (m + 1 � n) > n � 4, then

� (S2(m; n))

8
<

:
> 2n � 4 � � (n � 2) if n is a 2-power
= 2n � 4 � � (n � 2) if n is not a 2-power.

Proof. We usethe expressionof S2(m; n) given (with minor notational modi�cations)

in [8, (4.20)]. With f j (i ) as in 8.24, the lemma will follow from the statement that

�

 
�

n� j � 1
j

� X

i � j � 1

8i
�

(m� 1)=2
i

�
f j (i )

!

� 4j � 3 � � (n � 2)

with equality i� n is not a 2-power and j = (n � 2� (n))=2. With d = i � j + 1 and

gd(j ) asin the proof of 8.24,this will follow from, for n even, 2 � j < n=2, and d � 0,

�
�

n� j � 1
j

�
+ �

�
m� 1

2j � 2+2 d

�
+ 3d � � (2j � 1) + � (gd(j )) + � (n � 2)

8
>>>>><

>>>>>:

= 1 n = 2e; j = 2e� 2; and d = 0
> 1 n = 2e; j; d otherwise
= 0 � (n) > 1; j = (n � 2� (n) )=2; and d = 0
> 0 � (n) > 1; j; d otherwise.

(8.32)

Here we have used8.25to relate f j (i ) and gd(j ).

We use �
�

a
b

�
= � (b) + � (a � b) � � (a), � (a!) = a � � (a), � (a � 1) = � (a) � 1 +

� (a), � (2a) = � (a), and � (2e � k) = e � � (k � 1) without comment. For our �rst

simpli�cation of the LHS of (8.32), we note that m � 1 = n � 2 + � with � highly
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2-divisible. Then �
�

m� 1
2j � 2+2 d

�
= �

�
n� 2

2j � 2+2 d

�
unless2j + 2d > n, in which cased > 0,

and the inequalities of (8.32) are easily established,for �
�

m� 1
2j � 2+2 d

�
will be roughly

� (�). Thus the LHS of (8.32) becomes

�
�

n� j � 1
j

�
+ � (j � 1 + d) + � (n � 2j � 2d) + 3d � � (j ) � � (j ) + � (gd(j )) :

(8.33)

If n = 2e, then (8.33) equalse � 1 + 3d � � (j ) + � (gd(j )). Since� (gd(j )) � 0 and

g0(j ) = 1, and j < 2e� 1, the �rst two casesof (8.32) follow.

Next we considerthe casewhere� (n) > 1 and d = 0. In this case,(8.33) becomes

� (n � 1 � 2j ) � � (n � 1 � j ) + � (j ) � 1 + � (n � 2j )

= � (n � 1 � 2j ) � � (2n � 1 � 2j ) + � (2j ) + � (n � 2j )

= � (n � 1 � 2j; 2j; n � 2j );

wherethe last expressiondenotesthe exponent of 2 in a multinomial coe�cien t. This

exponent is � 0 and is 0 i� the binary expansionsof n � 1 � 2j , 2j , and n � 2j are

disjoint. One readily veri�es that this is the casei� n = 2e + A2e+1 with A > 0 and

2j = A2e+1 .

If d = 1, then (8.33) equals

�
�

n� j � 1
j

�
+ 3 � � (j ) + � (n � 2j � 2) + � (g1(j )) ;

which could be � 0 only if j � 0 mod 4, in which case� (g1(j )) � � (j ) � 1, by the

argument at the end of the proof of 8.24. So (8.33) is positive in this case.

The cased = 2 is handledsimilarly. This time (8.33) equals

�
�

n� j � 1
j

�
+ 7 � � (j ) � � (j + 1) + � (n � 2j � 4) + � (g2(j )) :

This could possibly be � 0 only if j or j + 1 is highly 2-divisible, in which case

� (g2(j )) � max(� (j ); � (j + 1)) � 2.

Finally we considerthe cased � 3. This caseis di�erent because(8.33) hasa term

� � (j + 2) which could be very negative without compensationfrom � (g3(j )), because

of the way 8.27comesout when j � 2 mod 4. For any d, (8.33) equals

�
�

n� j � 1
j

�
+ 4d � 1 + � (n � 2j � 2d) � � (j � � � (j + d � 1)) + � (gd(j )) :

(8.34)
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This is positive unless,perhaps,� (j + � ) is very large for some� satisfying 1 < � �

d � 1. If so, let j + � = B2k+1 + 2k , � = d � � , and n = 2(j + � ) + D. We have

0 < � < d and D � 0. Now (8.34) is

� � (B )� � (� � 1)+ � (D+2� � 1)+3d� � (j +2 � + D� 1)+ � (D � 2� )+ � (d� 1):

We drop the nonnegative term � (d� 1), replacej + � by B2k+1 + 2k in the �fth term,

and add 0 in the guiseof

� (D+ � � 1)� � (2D+2� � 1� 2� )� (2� � 1)+ � ((2D+2� � 2� ) � � � (2D+2� � 2));

and replacethis last � (� ) by � , which it certainly exceeds.We obtain now that (8.34)

is

� 3d � � (� � 1) � (2� � 1) + �
�

2D +2 � � 1� 2�
D +2 � � 1

�
+ � (B) + �

� � (B2k+1 + 2k + D + � � 1) + � (D + � � 1): (8.35)

Now we write D + � � 1 = C2k+1 + E2k + F with E = 0 or 1 and 0 � F < 2k . The

sum of the last two terms of (8.35) is � � (C) + E � � (B + C) � 1. Thus (8.34) is

� 3d � � (� � 1) � � + �
�

2D +2 � � 1� 2�
D +2 � � 1

�
+ E + �

�
B + C

B

�
:

The only negative terms are much smaller than 3d, completing the proof that (8.34)

is positive. This completesthe proof of 8.31.

9. Comparison with J -homology appr oach

In the late 1980's, the secondauthor and Mahowald attempted to compute the

groupsv� 1
1 � � (SO(n); 2) by usingcharts for v� 1

1 � � (S2m+1 ; 2) derived from J-homology,

and exact sequencesof �brations. In [27], this approach wasapplied to obtain mod 2

v1-periodic homotopy groups8 of SO(n) for n = 5, 7, and 9, and in [26], it was used

to compute v� 1
1 � � (Sp(2); 2) and v� 1

1 � � (Sp(3); 2). In this section, we use our BTSS

resultshereto draw someconclusionsabout this J -homologyapproach to v1-periodic

homotopy groups.

The J -homologyapproach is simpler for SO(2n+ 1) than for SO(2n+ 2). The latter

has more interacting towers than does the former. It seemsvery di�cult, at best,
8Mod 2 does not mean (integral) 2-primary periodic homotopy groups. Mod 2

doesnot contain the important information about large 2-torsion summands.
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to seefrom the J -homologyapproach that v4k� 2(SO(2n + 1)) consistsof exactly two

cyclic summandsplus a certain number of Z=2's associated to multiplications by the

Hopf map � . (Here we have initiated the abbreviation v� (� ) for v� 1
1 � � (� ), which we

will utilize throughout this section.) On the other hand, this is readily apparent from

the BTSS charts 1.3 and 3.7. The small third summandin v4k+2 (SO(4a)), described

explicitly in Theorems3.3, 3.4, and 3.14, results, in the J -homologyapproach, from

somecomplicatedinteraction of the towers,but seemsvirtually impossibleto deduce

from that perspective. So we restrict our comparisonshereto SO(2n + 1).

The J -homologyapproach builds a chart for v� (SO(2n+1)) from thoseof v� (SO(2n�

1)) and v� (V2n+1 ;2) using the exact sequenceassociated to the �bration

SO(2n � 1) ! SO(2n + 1) ! V2n+1 ;2: (9.1)

A chart for V2n+1 ;2 can be obtained from the �bration

S2n� 1 ! V2n+1 ;2 ! S2n ;

using charts of v� (S2n� 1) and v� (S2n ), such as thoseof [26]. We obtain asa chart for

v� (V2n+1 ;2) a sum over all integersk of Diagram 9.2. Our �ltration convention is to

usea �ltration-preserving isomorphism

v� (S2n+1 ) � v� 1
1 J� (� 2n+1 P2n):

This puts many elements in the chart for v� (S2n+1 ) in �ltration one lessthan their

Adams �ltration; e.g. � has �ltration 0. The di�erentials between adjacent towers

indicated in the diagram might not be quite accuratewhen they are near their max-

imum value. The indicated formula is for the di�erential in S4n� 1. The towers in

V2n+1 ;2 are slightly taller than thoseof S4n� 1; we make no assertionabout the di�er-

ential in caseswhen it is 0 in S4n� 1. The big dots establish the coordinates for the

two parts of the diagram.
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Diagram 9.2. A summand of v� (V2n+1 ;2)

�

�

�

�

�

�

�

�
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�

�

�

�

�

�

�

�

�

�

�

�

2 (2n + 8k; 4k)

�

�

2 (8k � 2; 4k + 1 � 2n)

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

d� (4k� 2n)

�

�

�	�

�

�

�

�

�

�

�

�

�

�

�

�

towers
are Z=22n

d� (4k+2 � 2n)

The di�cult part in computing v� (SO(2n + 1)) is the determination of the boundary

morphism

v� +1 (V2n+1 ;2)
@��! v� (SO(2n � 1))

and the extensionsin forming v� (SO(2n + 1)) from coker(@� ) and ker(@�� 1).

In a 1988e-mail to the secondauthor, Mahowald wrote \In SO(n), there are two

phenomenagoing on at the sametime. The �rst dealswith the `stable' stu� in the

sphere,and this just makes up the metastable homotopy of the stunted projective

spacelike the Barratt-Mahowald theoremsays. The unstable`S4n� 1' which goeswith

each S2n is busy making up the stable homotopy of SO. It does so in a way very

similar to Sp."

The \stable stu�" to which he refers is essentially the way that the left parts of

Diagram 9.2 build up and go out, which is indeedvery similar to the way in which

v� 1
1 J� (P2b

2a+1 ) is built from v� 1
1 J� (P2i

2i � 1) for a < i � b. The \unstable" part is the way

in which the right parts of Diagram 9.2 interact.

The \stable stu�" mainly builds the regularsecondsummandsof E 1;4k� 1
2 (Spin(2n+

1)) (Theorem 3.1) together with the occasionald3-di�erential on them and the occa-

sional extensionon them into E 3
2(Spin(2n + 1)), as described in 1.4 and 3.8. It also
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involvesthe eta towerswhich begin in �ltration 1 in Diagrams1.3 and 3.7. Through-

out this section,we talk about the BTSS of Spin(2n + 1) and the (J � -approach) chart

for SO(2n + 1), keepingin mind that v� (Spin(m)) � v� (SO(m)).

When the di�erentials and extensionsare taken into account, the morphisms of

thesesecondsummandsof v4k� 2(SO(2n + 1)) are

2n + 1 = 8a � 1 8a + 1 8a + 3 8a + 5 8a + 7

n � � (k) + 3 Z=24a� 1 �4�! Z=24a ,! Z=24a+2 �4�! Z=24a+3 �4�! Z=24a+3

(9.3)

� (k) + 3 < n Z=2e �2�! Z=2e ��! Z=2e �2�! Z=2e �4�! Z=2e;

(9.4)

wheree = � (k)+4. Thesegroupsandhomomorphismsagreeexactly with v� 1
1 � s

4k� 1(P4n+1
2n+1 ).

This is consistent with, but probably not implied by, the Barratt-Mahowald theorem

to which Mahowald alluded in his 1988e-mail. The Barratt-Mahowald theorem([3])

statesthat, if q < 2(m � 1) and m � 13, then

� q(SO(m)) � � q(SO(2m)) � � q+1 (V2m;m );

i.e. that the homotopy sequenceof the �bration


 V2m;m ! SO(m) ! SO(2m)

splits in this range.

Becausethe Barratt-Mahowald theorem only makesa statement about homotopy

groups in a limited rangeof dimensions,while v1-periodic homotopy groupsdepend

on all homotopy groups,onecannot really useit to draw a conclusionabout

v� 1
1 � � +1 (V2m;m ) ! v� 1

1 � � (SO(m)):

Moreover, the relationship with v� 1
1 � s

� +1 (P2m� 1
m ) is via the stable splitting map of

James([31]), V2m;m
j

�! QP2m� 1
m , which inducesa homomorphism

v� 1
1 � � (V2m;m )

j ��! v� 1
1 � s

� (P2m� 1
m ) � v� 1

1 J� (P2m� 1
m ):

Our observation is that, with m = 2n+ 1, for n � 6 andall integersk, v� 1
1 � s

4k� 1(P4n+1
2n+1 )

is isomorphicto the regular summandof v� 1
1 � 4k� 2(SO(2n+ 1)), and both aremapped

to from v� 1
1 � 4k� 1(V4n+2 ;2n+1 ). Note that, by Proposition 11.4, it is apparently not
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true that v� 1
1 � s

4k� 2(P4n+1
2n+1 ) appearsas a direct summandin v� 1

1 � � (SO(2n + 1)); i.e.

the splitting is valid in certain periodic homotopy groupsbut not others.

Building charts for v� (SO(2n + 1)) inductively using the �brations (9.1) and the

charts 9.2 is a complicated business. The pattern of di�erentials and extensions

involving the interacting towers from the right side of Diagram 9.2 is particularly

inscrutable. Another delicatematter is the pattern by which the short eta-towers( 








�

�

)

in Diagram 9.2 cancelout. We will useour BTSS work to show the way in which the

regular (second)summandsof v4k� 2(SO(2n+ 1)) (the onesdescribed in the preceding

paragraphs)are built, and the pattern of di�erentials among the eta-towers. Two

complicating factors are that the charts for v� (SO(2n + 1)) are particularly crowded

when n is small, and an anomaly for SO(9) noted in [8, 4.21].

The casesSpin(3) = S3, Spin(5) = Sp(2), and Spin(7) ' 2 S7 � G2 have beendealt

with thoroughly in [26]and [9]. A comparisonof the J -homologyapproach and BTSS

approach was useful for Spin(7) in [9]. We begin with Spin(9).

The BTSSof Spin(9) is essentially given in Diagram 1.3. The big � there represents

Z2 � Z2 (e.g. by 5.14). The anomaly occurs in the 1-line, which is given in [8, 4.21]

to be 8
<

:
Z=2min (� (k� 2)+4 ;8) � Z=8 in t � s = 8k � 2
Z=2min (� (k� 1)+4 ;6) � Z=8 in t � s = 8k + 2.

In Diagram 9.5, we build a chart for v� (Spin(9)) from thoseof Spin(7) (in � ) and V9;2

(in � ). On the left sideof Diagram9.5,d1-di�erentials, i.e. boundarymorphismsin the

exact sequenceof (9.1), have beeninserted,deduciblefrom the action of Sq2 or from

the proof of 6.2. The remaining classesare redrawn on the right sideof the diagram,

with someexotic h0- and h1-actions, deducible from Toda bracket considerations,

inserted, together with one lessobvious d1. The higher di�erential betweenadjacent

towers in 8k + 2 and 8k + 1 is the sameas in S7, while that betweentowers in 8k � 2

and 8k � 3 is like that in S15 (which is related to S8 and henceto V9;2) asfar asit goes.

As mentioned above, with the extra height obtained from the exotic extension, the

di�erential may still be nonzerowhen it is zero in S15, and BTSS methods seemto

be the only way of determining this. The di�erential betweenthesetowerssuggested

in Diagram 9.5 is only schematic; depending on the speci�c value of k, it may be a
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short or long di�erential or 0. The E1 -terms from the BTSS and chart approaches

are easily seento be consistent; i.e., they give the samegroupsv� (SO(9)).

Diagram 9.5. Perio dic homotop y of SO(9)

s=4 k� 4

8k � 3 8k � 38k 8k8k + 2 8k + 2
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If we perform a similar transition from SO(9) to SO(11), the situation for the

towers, i.e., the di�erentials and extensionsbetween4k � 2 and 4k � 3, becomesmore

complicated. Indeed, it seemsthat they cannot be understood without the BTSS.

We will not pursue that picture here. Instead, we will illustrate how the regular

summandsin v4k� 2(SO(2n + 1)), given in (9.3) and (9.4), are obtained from the J -

homologypoint of view. We will focusprimarily on the situation whenn � � (k) + 3,

and, for this, we can considerthe casek = 0 (since � (0) = 1 ), so we are looking at

v� 2(SO(2n + 1)). Thesecases(n � � (k) + 3) are particularly nice becausethe �rst

summand grows regularly, too. After di�erentials and extensionsin the BTSS are

taken into account, the pattern for the �rst summandof v8k� 2(SO(2n + 1)) is

2n + 1 = 8a � 1 8a + 1 8a + 3 8a + 5 8a + 7

Z=24a� 1 ,! Z=24a ��! Z=24a ,! Z=24a+1 ,! Z=24a+3 ;

as is easilyseenfrom Theorems3.1, 1.2, and 3.8. We emphasizethat this is only true

when n � � (k) + 3.

We have just seenhow the anomalousZ=8 in v� 2(SO(9)) has beenobtained from

SO(7). (According to the generalpattern in (9.3), it should have been Z=16.) In

forming v� (SO(2n + 1)) from V2n+1 ;2, the chart for S4n� 1 is involved; it has d� (n)+1

betweenthe towers in � 2 and � 3.

In Diagram 9.6, we show how the charts of SO(11), SO(13), SO(15), and SO(17)

must be formed in the vicinit y of v� 2(� ). For the portion labeledSO(2n + 1), the �

are the chart for SO(2n � 1) and the � are the relevant part of V2n+1 ;2. The resulting

chart then becomesthe � in the subsequent chart.
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Diagram 9.6. Various v� (SO(2n + 1)) near � = � 2
SO(11) SO(13) SO(15) SO(17)
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There is someirregular behavior for the extensionsin the �rst two cases.In order

to obtain v� 2(SO(11)) � Z=24 � Z=26, which we know it to be by the BTSS, the

extensionmust be 4G = 2g32 + g8, as indicated. Then g32 � 2G generatesthe Z=16.

In the input to the chart for SO(13), we elevate the �ltration of g32 � 2G by 1 unit.

To obtain v� 2(SO(13)) � Z=25 � Z=27, the generatorof the Z=25 must be from the

� in im(� 2) in v8k� 2(V13;2). In order to accommodate this in the chart, we raise the

�ltrations of the Z=16 by 1. After this, the pattern for forming v� 2(SO(2n + 1)),

n � 7, is quite regular. There are classesin low �ltration in v� 3(� ) which have

beenomitted from the charts. They will play the role of being hit by di�erentials in

forming v� (SO(2n + 1)) for n � 9.
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If it is not the casethat n � � (k) + 3, then the pattern of forming the lower

summandof Diagram 9.6, the one that maps as in (9.4), is similar except that the

number of classesadded to the bottom of the tower will cycle mod 4 as 0, 1, 2, 1,

rather than always being 2. This is primarily due to the di�erential in v8k� 2(S4n� 1)

beingdi�erent than it waswhenk = 0. The pattern of growth of the upper summand

of 9.6 when � (k) + 3 < n is much more irregular at the bottom.

Finally we describe the way the eta towers are born and die from the J -homology

perspective. This is somewhatsimilar to the situation for Sp(n) pictured in [11, 6.6].

The chart for S2n+1 has four short eta towers, which we label as s or u for sta-

ble/unstable and o or e for odd/even, whereodd/even refersto the de�nition at the

beginningof Section6. The form of the chart is given in Diagram 9.7, where

p =

8
<

:
o if n is odd
e if n is even

and p0 6= p is the opposite.9 This can be seenby comparisonwith charts of [7, p.488];

the initial Z2 in �ltration 1 in those charts corresponds to the part of Diagram 9.7

labeledsp, while the �ltration-1 group labeled� in [7, p.488]correspondsto the part

of 9.7 labeledup0.

Diagram 9.7. Form of a chart for v� (S2n+1 )

�

�

�

�

�

�

�

�

�

�

�sp

sp0 up

up0

The chart 9.2 for v� (V2n+1 ;2) is formedfrom charts of S2n� 1, � S2n� 1, and S4n� 1, where

� S2n� 1 meansthe chart of S2n� 1 pushed1 unit to the right. Its eta towers are la-

beled by np
t , �np

t , and
=
n

p
t , where n is the integer in V2n+1 , the number of bars tells

whether it comesfrom S2n� 1 (no bars), � S2n� 1 (one), or S4n� 1 (two), p = o or e, and

t = u or s, each of thesecorresponding to its label on the spherefrom which it came.

Onecan check that the labelson the two parts of Diagram 9.2 are as in Diagram 9.8.
9p stands for parit y.
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Diagram 9.8. Labels on v� (V2n+1 ;2)
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n even n odd

ne
s

�ne
s

no
s

�no
s

�ne
u

�no
u

=
n

e
u

=
n

o
u

no
s

�no
s

ne
s

�ne
s

no
u

ne
u

=
n

e
u

=
n

o
u

The way v� (SO(7)) is formed from v� (SO(5)) and v� (V7;2) is somewhatanomalous,

and is consistent with the labeling given in Diagram 9.9plus the samething displaced

by (� 1; � 2) units with parities reversed.

Diagram 9.9. Labeling a chart for v� (SO(7))

�

�

�

�

�

�

�

�

�

�

�

�

�3e
s

3o
u

=
3

e

u

=
2

e

u

We will abbreviateeach little eta tower by a singledot. For the
=
n

p
u classes,we will

usethe �nal dot (






�

���

), while for the others we will usethe middle dot (






�




�

�

) or (






�

�

�


 ).

The left sideof Diagram 9.5 would have its eta towers as indicated in Diagram 9.10.
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Diagram 9.10. Eta towers in forming v� (SO(9))

8k

4k � 4

=
4

o

u

=
3

o

u

=
4

e

u

=
3

e

u

4e
s

=
2

o

u

�4o
u

�

�

� �

3e
u

3o
u

�4o
s

�3e
s

�

�

�

� �

4o
s

=
2

e

u
�3o

s

�4e
u

�4e
s

�

�

� �

�

�

� �

The stableclassesD in � i (2n+ 1) in Table6.1goto 0 in � i (2n+ 3). They correspond

to the classeswith subscript s in Diagram 9.8. The way they are born and die is

depicted in Diagram 9.11. Of course,this table should be extendeddown according

to the samepattern; by periodicity, it would be equivalent to extend it to the right.

Diagram 9.11. How the stableclassescome and go

8o
s 9e

s 10o
s 11e

s

�7e
s

�8o
s

�9e
s 10o

s

4e
s 5o

s 6e
s 7o

s

�3o
s

�4e
s

�5o
s

�6e
s

4o
s 5e

s 6o
s 7e

s

�3e
s

�4o
s

�5e
s

�6o
s

�

�

�

�

�

�

�

�

�

�

�

�

...8k

4k � 4

If np
s  (n + 1)p0

s appears in this chart (perhapswith bars over n and n + 1), it

meansthat the chart for v� (SO(2n + 1)) has�

�

�

�

�

with center dot in the position of np
s,
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but in the exact sequence

v� +1 (V2n+3 ;2) ! v� (SO(2n + 1)) ! v� (SO(2n + 3))

it is hit by the classesfrom the \ligh tning 
ash" part of v� (V2n+3 ;2) as depicted in

Diagrams9.2and 9.8. The reasonthat the di�erentials look horizontal hasto do with

our denoting �

�

�

�

�

by its middle dot. A di�erential of the form

�

�

�

�

�

�

�

�

�

�

� �

� �

would beindicated by a horizontal arrow sinceits middle dotsareat the sameheight. 10

That thesedi�erentials are asclaimedcan be deducedfrom the proof of Cases3 and

4 of Theorem6.2.

The classeslabeledx2a� 3 in Table 6.1 are born from v� (SO(4a � 1)) ! v� (V4a� 1;2)

and die from v� +1 (V4a+3 ;2) ! v� (SO(4a + 1)). The classesin v� (V2m+1 ;2) which cause

their birth and death are analyzedin Case5 of the proof of Theorem 6.2. The way

in which the relevant portions of the charts of V4a� 1;2 and V4a+3 ;2 are combined is

pictured in Diagram 9.12. The classes(2a � 1)e
u are present in v� (SO(4a � 1)) and

v� (SO(4a + 1)).

Diagram 9.12. How the x2a� 3 classescome and go

�

�

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

(2a + 1)o
u

(2a � 1)e
u

(2a � 1)o
u

Diagram 9.13depictsthe way in which all theseeta towerscomeand go, represent-

ing each eta tower by its middle dot. Note that an element labeled(2a� 1) which is hit
10The reasonthat the di�eren tials from �4p

s to �3p0

s look diagonal in Diagram 9.10
and horizontal in Diagram 9.11 is that in forming v� (SO(7)) from v� (SO(5)) and

v� (V7;2), the dot that would be labeled �3p
s becomes










�




�

�

, i.e. it is no longer in the
middle.
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by an arrow from an element labeled(2a+ 1) is in v� (SO(4a� 1)) and v� (SO(4a+ 1)),

while an element from which an arrow emanatesis not in any v� (SO(2n + 1)). The

\stabilit y" of these classesis mixed, as they are listed as stable in Table 6.1 but

unstable regarding their relationship with v� (V2m+1 ;2).

Diagram 9.13. Eta towerscorresponding to x2a� 3 classes

...8k

4k � 5 3e
u

5e
u

7e
u

5o
u

7o
u

9o
u

�

�

�� �

�

�

�� �

�

�

�� �

We have accounted now for the killing of classes3e
u, 4o

s, and 4e
s in Diagram 9.10

of v� (SO(9)). The dot 3o
u is not killed. It represents the Z2 in v8a(SO(n)) and

v8a+1 (SO(n)) for all n � 7; i.e. it is the only Z2 pair that is stable in this sense,in

accordancewith Bott periodicity.

Finally we account for the coming and going of the unstable classesin � i (2n + 1)

in Table 6.1. Theseare the elements in C[a;b] and K [a;b] there. We denote by xo
i

(resp. xe
i ) an element of K [a;b] (resp. C[a;b]) with i satisfying Proposition 5.6. For

� i (2n � 1), the a and b here must be as in Table 6.1, i.e. a = [n=2] and b = n � 1.

From the work in Section 6, we deducethe following result. When we say a class

\dies after" Spin(2n + 1), we meanit is present in v� (Spin(2n + 1)) but goesto 0 in

v� (Spin(2n + 3)). The class\from" which an element is born or dies is the classin

v� (V2m+1 ;2) which maps to or from it in the exact sequenceassociated to (9.1).



90 BENDERSKY AND DAVIS

Prop osition 9.14. (1) For p = o or e, xp
2t is born on Spin(2t+1 + 3)

from (2t + 1)
p

u and dies after Spin(2t+2 + 3) from (2t+1 + 2)
p

u .

(2) If a 6= 2t , then xo
a is born on Spin(2a + 3) from (a + 1)

o

u and

dies after Spin(2a + 2� (4a) + 1) from (a + 2� (2a) + 1)
e

u .

(3) The classxe
3�2t is born on Spin(3 � 2t+1 + 3) from (3 � 2t + 1)

e

u

and dies after Spin(3� 2t+2 + 3) from (3 � 2t+1 + 2)
e

u .

(4) If a 6= 2t or 3 � 2t , then xe
a is born on Spin(4a + 5� 2� (8a) ) from

(2a + 2 � 2� (4a) )
o

u and dies after Spin(4a + 3) from (2a + 2)
e

u .

This information is depicted through a range in Diagram 9.15, which, when com-

bined with Diagrams9.11and 9.13and the singlestableeta tower 3o
u, tells the role of

all the eta towersfrom all V2n+1 ;2 with n � 4 together with thoseof SO(7) in forming

v� (SO(2n + 1)) for all n, from the J -homologypoint of view. Theseclasseswe call

purely unstable, sincethey are labeledas unstable both in 6.1 and 9.2. We omit the

subscript u in this table. The right half of Diagram 9.15shouldreally be beneaththe

left half.
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Diagram 9.15. How the purely unstableclassescome and go

=
4

o

=
5

o

=
6

o

=
7

o

=
2

o

=
3

o

=
2

e

=
3

e

=
4

e

=
5

e

=
6

e

=
7

e

=
8

e

4o

6o

8o

10o

12o

14o

4e

6e

8e

10e

12e

14e

16e

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

=
8

o

=
9

o

=
10

o

=
11

o

=
12

o

=
13

o

16o

18o

20o

22o

24o

26o

=
9

e

=
10

e

=
11

e

=
12

e

=
13

e

=
14

e

18e

20e

22e

24e

26e

28e

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�









































































�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�



92 BENDERSKY AND DAVIS

We summarizeby giving in Diagram 9.16 a generaldescription of the chart for

v� (SO(2n + 1)), which is a sum of this chart over all integersk.

Diagram 9.16. General description of v� (SO(2n + 1))
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The tower in 8k � 2 whosetop is in �ltration approximately 4k will not usually be

formed from classesin consecutive �ltrations. Its order is determinedby11 the main

summandof E 1;8k� 2+1
2 (Spin(2n + 1)), which is quite irregular (seee.g. Table 3.22).

One of the biggestadvantagesof the BTSS approach comparedwith the J -homology

approach is that the former seesthe cyclicity and order of this group, while the

latter doesnot. The �ltrations in all the J -homologycharts in this section,although
11after taking into account a possibled3-di�eren tial and exotic extension
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suggestive of actual Adams �ltrations, are not really meaningful. It can happen, as

it did for SO(13) in Diagram 9.6, that 2 times a classwill have �ltration � that of

the class,as far as thesecharts are concerned.The order of the shorter, lower, tower

in 8k � 2 is more regular, but again the �ltrations of the classesthat compriseit will

be complicated,at best.

The dashedlines in 8k � 1 � 2 denotegroupsof approximately the sameorder as

the sum of the two towers in 8k � 2, but with no control over the group structure. So

far, the BTSS is not much better in this regard, although 11.3 and 11.4 o�er some

hope for eventual knowledgeabout their group structure.

The oneeta-pair which is present in v� (SO(2n+ 1)) for all n � 3 appearsin position

(8k; 4k) and (8k+ 1; 4k+ 1). The boxesaroundheight 4k� n denotea pair of eta-pairs,

as indicated, in the center box if n � 0; 3 mod 4, and in the right box if n � 1; 2 mod

4. Thesearethe classesdescribed in Diagram 9.11. The singleeta-pair around4k� 2n

is that described in Diagram 9.13. The sameeta-pair will be present in SO(4a � 1)

and SO(4a + 1); then it disappearsand a slightly lower oneappearsin SO(4a + 3).

The long rectanglewith the little eta-pairs in it denotesapproximately 2[log2(4n=3)]

eta pairs in the indicated range of �ltrations (roughly 4k � 4n to 4k � 2n). For a

speci�c n they will correspond to elements in Diagram 9.15 having label � n which

are hit by an arrow from an element whoselabel in greater than n.

A comparisonof Diagram 9.16with Diagrams1.3and 3.7canbe illuminating. The

top tower (resp. lower tower) in 9.16 corresponds to C1 (resp. C2 or 8). The top

(resp. middle) eta pair in 9.16correspondsto the eta tower labeled1 (resp. 4a� 1 or

4a � 3). The dashedlines correspond to G, and extensionsfrom it. The little boxes

correspond to the eta towers labeled D. And the big rectanglecorresponds to the

two wide bandsof eta towers in 1.3 and 3.7.

10. Pr oof of fibra tion theorem

In this section,we present a proof of Theorem 2.2. In [9, x5], a proof of parts (i)

and (ii) of this theoremwaspresented which relied heavily on work of Bous�eld, both

in the preprint [19] and in preparation. Here we give a self-contained proof. It was

pointed out in [9] that there is someconfusionin [6, 4.3], which is very relevant to

our work here. Although that theorem is stated for injective extensionsequences,it
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is applied to sequenceswhich are only relatively injective extensionsequences.Here

we will adapt methods of their proof to such sequences.To prove this theorem we

comparethe proof of [6, 4.3] with Mahowald's resolution of the �b er construction in

[32].

As in [6] we extend the categoryG of K � K -coalgebrasto the naturally equivalent

categoryG0 of connectedK � K -coalgebras.The objects of G0 are of the form K �
L

M

whereM 2 G. In particular, for a spaceX , K � (X ) shall denotean object in G (the

reducedK -homologyof X ) aswell asan object in G0 (the unreducedK -homologyof

X ).

Following the appendix in [17] we de�ne a cosimplicial object X over a categoryC.

De�nition 10.1. A cosimplicial object over C consistsof

(i) for every integer n � 0 an object X n 2 C

(ii) for every pair of integers (i; n) with 0 � i � n coface and

codegeneracy maps

di : X n� 1 ! X n 2 C

si : X n+1 ! X n 2 C

satisfying the cosimplicial identities ([20; p:267]; [17; p:487]).

In most of our applications, C will be the categoryof spacesor the categoryG0.

If X is a topological space,let K (X ) = 
 1 (K ^ � 1 X ). Recall that � � (K (X )) �

K � (X ). There is a cosimplicial spaceaugmented by d0 : X ! K (X )

(10.2)

K X = f X d0

� ! K (X )
�

�

� K (K (X )) �

�

�

�

�

� � � g

In the notation of 10.1,X n = K n+1 (X ).

As in [12], we de�ne Tot(K X ) to be the total spaceassociated to the cosimplicial

complexK X = f K s+1 (X )g of 10.2,and the K -completion of X is de�ned to be

X ^ = Tot(K X ):

A �ltration Totn (K X ) is de�ned on Tot(K X ) as in [20, X.3.2].
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To prove 2.2, we use the tower under X ^ induced by this �ltration of Tot(K X ).

The referencehere is [20, X,x6]. The E1-term associated to the tower of �brations

f Totn(K X )g is described in [20].

Lemma 10.3. ([20; X ; 6:2]) E s;t
1 � � tK s+1 (X ) \ ker(s0) \ � � � \ ker(ss� 1), t � s � 0.

(Note: K s+1 (X ) is denoted by X s in [20]). So E1 is the reduced cobar complex,

and, by [20, p.283],d1 : E1 ! E1 is the boundary in the reducedcobar complex

The spacesin the unaugmented complex (10.2) are the �b ers that occur in the

tower induced by the �ltration of Tot(K X ). After applying � � to the unaugmented

complex,we have

(10.4)

� � (K X ) = f K � (X )
�

�

� K � (K (X )) �

�

�

�

�

� � � g

The cochain complex ch � � K X has (ch � � K X )n = � � ((K X )n ) = � � (K n+1 (X )) and

� =
P

(� 1)i di . It follows from [20, ch.X] that E2 = H � (ch � � K X ).

In order to interpret E2 as an Ext G (=Ext G0 ), we apply K � to (10.2), obtaining

K � (K X ) = f K � (X ) d0

� ! K � (K (X ))
�

�

� K � (K (K (X ))) �

�

�

�

�

� � � g

This is a cosimplicialobject over the categoryG, augmented by K � (X ) d0

� ! K � (K (X )).

As usual, there is an extra codegeneracy, which implies H � (ch K � (K X )) = 0. So

K � (K X ) without the augmentation is a cosimplicial resolution of K � (X ). Hence

Ext s
G(K � ; K � (X )) � H � (HomG(K � ; K � (K s+1 (X ))))

� H � (HomU(K � ; PK � (K s+1 (X )))) � H � (ch � � (K X )) � E s
2(X ):

Here we have usedthe isomorphism

HomG(K � ; K � (K (Y)) � HomU(K � ; PK � (K (Y))) � K � (Y);
(10.5)

whereU is the categoryof K � K -comodulesand P : G ! U is the primitiv esfunctor.

See[6] for details.

We will needthe following standard result:

Prop osition 10.6. Supposewe havea diagram of cosimplical resolutionsof X over

the category G
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X d0� ! Y 0
�

�

� Y 1 �

�

�

�

� � � �

X d0� ! X 0
�

�

� X 1 �

�

�

�

� � � �

# 1X # #

with X n and Y n relative injectives (e.g. objects of the form K � (K (Z ))). Then the

induced map Ext G(K � ; X ) ! Ext G(K � ; X ) is the identity.

We now recall from [17, 3.7] the construction of the mapping cone M (f ) of a

cosimplicial map f : X ! Y of cosimplicial objects over G0.

De�nition 10.7. M (f ) is given by:

(i) M (f )0 = X 0, M (f )n = X n 
 Y n� 1 
 � � � 
 Y 0 , n � 1.

(ii) d0 : M (f )n ! M (f )n+1 equals((d0 
 f )�) 
 id 
 � � � 
 id, where

� : X n ! X n 
 X n is the comultiplication.

(iii) For 0 < i � n, di : M (f )n ! M (f )n+1 equalsdi 
 � � � 
 d1 


((d0 
 id)�) 
 id 
 � � � 
 id.

(iv) dn+1 : M (f )n = M (f )n 
 K � K � ! M (f )n+1 equalsdn+1 
 � � � 


d1 
 � , where � : K � ! Y 0 is the coaugmentation.

(v) si : M (f )n+1 ! M (f )n equalssi 
 � � � 
 s0 
 � 
 id 
 � � � 
 id,

where � : Y n� 1 ! K � is the counit.

We adopt the following notation. For a spaceX , we shall let X
s

= K � (K s+1 (X )).

This is the sth group in the cosimplicial resolution K � (K X ). The map h of Theorem

2.2 induces a map of cosimplicial resolutions h : K � (K E) ! K � (K B). Part (ii)

of Theorem 2.2 is proven in [6] by studying the following sequence,which is an

adaptation of [17] to the categoryG0.

M (� ) ! M ( gK h) ! M (� ) (10.8)

The mapping conesin (10.8) are given, as in [17, p.479],by:

M (� )0 = K � M (� )s = K � 
 B
s� 1


 � � � 
 B
0

M ( gK h)
0

= E
0

M ( gK h)
s

= E
s


 B
s� 1

� � � 
 B
0

M (� )0 = E
0

M (� )s = E
s


 K � 
 K � � � � 
 K �
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(
 = 
 K � ).

There is a map k of cosimplicial resolutionsof K � (F ) 2 G0, k : K � (K F ) ! M ( gK h)

with

k : F
s

= F
s


 K � 
 � � � 
 K � ! E
s


 B
s� 1


 � � � 
 B
0

de�ned by k = j � 
 � 
 � � � 
 � , with j � induced by j : F ! E, and � the coaugmen-

tation. Here k is a map of cosimplicial complexesbecauseh� j � = 0 on the kernel of

the counit, using alsothe de�nition of the cofaceand codegeneracymapsin M ( gK h).

The following result is immediate from 10.6.

Corollary 10.9. The map k induces an isomorphismof Ext G(K � ; K � (F )).

The long exact sequenceof E2-terms in 2.2(ii ) is obtained, as in [6, 4.3], by

� noting that applying P(� ) to (10.8) yields a short exact se-

quenceof cosimplicial objects over U;

� noting that applying HomU(K � ; � ) to this maintains the short

exactness;thus HomG(K � ; � ) applied to (10.8) yields a SES;

� observingthat H s(ch HomG(K � ; � )) applied to the three cosim-

plicial mapping conesof (10.8) yields, respectively, E s� 1
2 (B ),

E s
2(F ), and E s

2(E).

As explained in [39, pp 321-3] and [9, x5], relatively injective comodules yield the

sameexactnessproperties as injective comodules,provided we are working with free

K � -modules.

Using that

HomG(K � ; K � K X 
 K � K Y) � HomU(K � ; P(K � K X 
 K � K Y))

� HomU(K � ; PK � K X ) � HomU(K � ; PK � K Y) � K � X � K � Y;

we �nd that the SESof chain complexeswhoseH � (� ) yields

! E s
2(B ) ! E s+1

2 (F ) ! E s+1
2 (E) !

asabove is

0 ! B
s� 1

� � � � � B
0

! E
s

� B
s� 1

� � � � � B
0

! E
s

! 0:
(10.10)
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For h : E ! B as in 2.2, let R denotethe chain complexwith R s+1 = E
s

� B
s� 1

and di�erential d : R s ! R s+1 given by d(x) = � (x) � h� (x) if x 2 E
s� 1

, and

d(y) = � � (y) if y 2 B
s� 2

. To clarify why the sign is as indicated in the formula for

the di�erential in R, �rst note that d(x) must be � (x) + h� (x) becausethe boundary

map E2(E) ! E2(B ) induced by the short exact sequence(2.15) is the map induced

by h. The sign on d(y) is determined becaused2 = 0. One easily veri�es that the

inclusion map from R to the middle chain complexof (10.10) is a chain map.

The chain complexR is motivated by Mahowald's construction of the resolutionof

the �b er which we now recall. Following Mahowald ([32, p.77]), let X s(h) be the �b er

of the map Tots(K E) ! Tots� 1(K B) and Fs+1 (h) the �b er of X s+1 (h) ! X s(h).

There is a commutativ e diagram of �bre sequences


 K s+1 B ! Fs+1 (h) ! K s+2 E ! K s+1 B
# # # #


 Tots(K B) ! X s+1 (h) ! Tots+1 (K E) ! Tots(K B)
# # # #


 Tots� 1(K B) ! X s(h) ! Tots(K E) ! Tots� 1(K B)
(10.11)

in which each lower vertical map is part of an obvious tower.

It is proved in [32, 3.3] (seealso [33]) that


 K s+1 B ! Fs+1 (h) ! K s+2 E (10.12)

inducesa short exact sequencein � � (� ), and in fact that

Fs+1 (h) = K s+2 E � 
 K s+1 B:

Hencethere is a long exact sequence

� � � ! E s� 1;t
2 (B ) @� ! E s;t

2 ( eF ) ! E s;t
2 (E) ! � � � ;

(10.13)

whereE s;t
2 ( eF ) is the E2 term of the spectral sequenceassociated to the tower f X s(h)g.

(Recall that E s;t
1 is � t � s of the s-th stage of the tower. So (10.12) inducesa long

exact sequencewith the indicated bidegree.) In particular, from diagram (10.11)

the boundary map @is a map of spectral sequences.By [33, Prop.3], the morphism

E2(E) ! E2(B ) in (10.13) is induced by the map h. Hencethe di�erential in the

resolution associated to the tower f X (h)g is given by the di�erential in R.
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Let eF be holim of the tower f X (h)g. There is a map from the canonicaltower for

F to the tower f X (h)g which induces

F
s j s � 0

� ! E
s

� B
s� 1

(10.14)

in E1. To seethis, observe that the construction of X s(h) is natural in h in the sense

that a diagram
E h� ! B
# #
E 0 h0

� ! B 0

inducesa map f X s(h)g ! f X s(h0)g In particular, the diagram

F ! �
# j #
E h� ! B

shows that there is a map of spectral sequencesasin (10.14). Note alsothat this map

of towers inducesa map

F ^ j
�! eF (10.15)

of their homotopy limits.

We now comparethe two constructions. There is an obvious map z of the short

exact sequence� � ((10:12)) to the sequence(10.10), which induces a commutativ e

diagram of exact sequences

E2(F )
# j �

! E s� 1
2 (B ) ! E s

2( eF ) ! E s
2(E) ! � � �

# zB # zF k
� � � ! H s� 1( bB) ! H s( bF ) ! E s

2(E) ! � � � ;
(10.16)

where bB and bF are the �rst two chain complexesof (10.10).12

The morphismsin the top row of (10.16)are morphismsof spectral sequences.We

shall show below that zB is an isomorphism. HencezF is an isomorphismby the Five

Lemma(but wedo not yet know that it is a mapof spectral sequences).The composite

zF � j � is inducedby the map k which wasproven to be an isomorphismin Corollary

10.9. Hencej � is an isomorphismwhich we have shown commutes with di�erentials.
12Note that bF is not the samething as F ^ .
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This, together with the earlier observation that @in (10.13) is a morphismof spectral

sequences,implies parts (ii) and (iii) of Theorem2.2.

Sincethe morphism j � of (10.16) is an isomorphismof spectral sequences,it follows

from the convergenceof the spectral sequencesthat (10.15) is an equivalence. Thus

the �bration
eF ! E ^ ! B ^

obtained from (10.11) becomesthe �bration assertedin Theorem2.2(i).

We will be doneoncewe prove the following result.

Lemma 10.17. zB is an isomorphism.

Proof. Following [17], we study the �bration

� ! B ! B ;

which satis�es the conditions of Theorem2.2. Hencethere is a diagram as in (10.16)

! E s� 1
2 (B ) ! E s

2( eP) ! E s
2(B ) @� ! � � �

# zB # k
� � � ! H s� 1( bB) ! H s( bP) ! E s

2(B ) ! � � �

where eP and bP arethe spacesin (10.16)for the trivial �bration. The map @in the top

row is inducedby the identit y map, which implies E s
2( eP) is zero. An easycalculation

using the de�nition of bP shows that H s( bP) = 0. Thus zB is an isomorphismby the

Five Lemma.

11. A small resolution f or computing Ext A

In this section,we introducea small chain complexfor computingExt A (M =im( 2))

whenM is algebraicallysphericallyresolved(ASR). Someadvantagesof this approach

to Ext A are

� it gives a slightly di�erent interpretation of eta-towers, one

which does not involve an extension, which is useful for nat-

uralit y arguments;

� it givesa somewhatmore natural proof of the formula, 7.2, for

the h1-action on the 1-line, and generalizesthis result in various

ways;
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� it givesa new interpretation of the 2-line groups,which shows

immediately their number of summands,and lendshopeto their

completecalculation.

The results of this section are not used in this paper, in part becausethey were

discoveredafter most of the work had beendone. They should,however, be useful in

subsequent BTSS calculations.

To state the result, we introduce two functions from integer matrices to abelian

groups.

De�nition 11.1. If N is an integer matrix, then G(N ) is the abelian group presented

by N . If N is an m-by-n integer matrix, let R(N ) denotethe row space of N , S(N )

the subspace of Zn consisting of vectors v suchthat cv 2 R(N ) for somec 2 Z, and

Q(N ) = S(N )=R(N ).

Note that if rank(N ) = n, then Q(N ) = G(N ). Another usefuldescriptionof S(N )

in the abovede�nition is asall integral vectorsqN obtainedfrom vectorsq of rational

numbers. Then R(N ) is the subsetconsistingof thoseqN for which q is integral.

Although this method may apply more broadly, we restrict it here to modules

which are algebraically spherically resolved (ASR). This notion has beenusedin [9]

and [13]. For purposesof this paper, we de�ne it as follows.

De�nition 11.2. An object M of A is ASR if there exist short exactsequences in A

0 ! QK 1(S2n1+1 ) ! M i ! M i � 1 ! 0

for 0 � i � k, with M � 1 = 0 and M k = M .

We begin with the casein which  � 1 = � 1 on a 2-adic Adams module M . The

following result will be proved later in this section.

Theorem 11.3. SupposeM is ASR with  � 1 = � 1. Let B be any basis of M , and

let m be an integer. Let 	 denotethe matrix of  2 on M with respect to B, and � m
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the matrix of  3 � 3m . Then

Ext s;2m+1
A (M =im( 2)) �

8
>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>:

0 s = 0
Q(1 + (� 1)m 	 � m ) s = 1

G

0

@� m

	

1

A � Q(2 	 � m ) s = 2; m odd

G

0

B
B
@

� m

	
2

1

C
C
A � Q(2 	 � m ) s + m odd ; s � 3

Q

0

B
B
@

	 � m 0
2 0 � m

0 2 � 	

1

C
C
A s + m even; s � 2

The Pontryagin dual is given by

Ext s;2m+1
A (M =im( 2))# �

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0 s = 0

G

0

B
B
@

1 + (� 1)m

	 T

� T
m

1

C
C
A s = 1

Q(� T
m 	 T ) � G

0

B
B
@

2
	 T

� T
m

1

C
C
A s = 2; m odd

Q(� T
m 	 T 2) � G

0

B
B
@

2
	 T

� T
m

1

C
C
A s + m odd; s � 3

Q

0

B
B
@

	 T 2 0
� T

m 0 2
0 � T

m � 	 T

1

C
C
A s + m even,s � 2:

A basis-free form is given as follows, where � m =  3 � 3m . We have

Ext s;2m+1
A (M =im( 2))# �

8
>>>>><

>>>>>:

M =im(1 + (� 1)m ;  2; � m ) s = 1
ker(� m jM =21 ) \ ker( 2jM =21 ) � M =im(2;  2; � m ) s = 2; m odd
ker(� m jM =2) \ ker( 2jM =2) � M =im(2;  2; � m ) s + m odd; s � 3
H (M =2

� m �  2

� ! M =2 � M =2
 2+ � m� ! M =2) s + m even; s � 2

Here H (� ) refers to the homology of the short sequence.



PERIODIC HOMOTOPY GROUPS OF SO(N) 103

The description of part of Ext 2;2m+1
A (M =im( 2)) as G

�
� m
	

�
when m is odd is par-

ticularly useful. Our previous description of this was as the Pontryagin dual of the

kernel of � m on M =im( 2), and this was felt to be somewhatintractable. It seems

quite possible that exploitation of this result might allow complete calculation of

E 2;2m+1
2 (Spin(n)), which hasbeenthe only gap in our completeknowledge. It seems

even more likely that we could usethis result to obtain completeinformation about

the group structure of E 2;2m+1
2 (SU(n)), both at p = 2 and at odd primes,whereonly

the ordersof the groupswere determinedin [7] and [23].

The fact that this new description of the 2-line reducesmod 2 to the eta towers,

which areknown, improvesupon our previousunderstandingthat h1 actssurjectively

on the 2-line ([5, 5.4]), which had beenused to give a lower bound on the number

of summandsof the 2-line group. Now we can say that the number of summands

of the relevant part of the 2-line group equalsthe (known) number of eta towers. A

relatively straightforward Maple row reduction of
�

� m
	

�
yields the following result.

Prop osition 11.4. Let m be odd, and e = e(m; n) = � (jE 1;2m+1
2 (Spin(2n + 1))j),

which is given in [8, 1.5] in terms of sumsof binomial coe�cients, and which is given

explicitly for n � 12 in 3.22. Then

E 2;2m+1
2 (Spin(2n+1)) = Z2� Z2�

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

Z=23 � Z=2e� 3 n = 3
Z=2 � Z=2e� 1 n = 4
Z=2 � Z=22 � Z=2e� 3 n = 5
Z=23 � Z=2e� 3 n = 6; m � 1 mod 4
Z=25 � Z=2e� 5 n = 6; m � 3 mod 4
Z=2 � Z=26 � Z=2e� 7 n = 7; m � 1 mod 4
Z=2 � Z=27 � Z=2e� 8 n = 8; m � 3 mod 4

The next result expressesthe action of h1 in terms of the above descriptions of

ExtA and Ext #
A . This includesa new proof of Lemma 7.2 and its implementation in

7.9, as well as generalizations.The extensionof this result to moduleswhich do not

necessarilysatisfy  � 1 = � 1 is given in 11.18.

Note that in all casesin which a submatrix 2 occursin oneof the matricesof 11.3,

the group/summand dependsonly on M =2 and its Adams operations, in which case

� m � � m+1 . The following description identi�es � m and � m+1 mod 2.
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Theorem 11.5. Under the identi�c ations of Theorem11.3, h1 : Ext s;2m+1 ! Ext s+1 ;2m+3

and h#
1 : Ext s+1 ;2m+3 #

! Ext s;2m+1 #
satisfy

� if s � 3 or s = 2 and m even,then h1 = 1 and h#
1 = 1;

� if s = 1 and m is even, then h1 is inclusion into the second

summand,and h#
1 is the dual projection;

� if s = 2 and m is odd, then h1 = � 2 � 1 and h#
1 = �2 � 1, where

� 2 is reduction mod 2 and �2 is inclusion into elementsof order

2;

� if s = 1 and m is odd, then

h1 : Q(0 	 � m ) ! Q

0

B
@

	 � m+1 0
2 0 � m+1

0 2 � 	

1

C
A (11.6)

satis�es

h1(0; w	 ; w� m) = (w	 ; w� m ; � 3m w	) (11.7)

= (w	 ; 0; 1
2w	� m+1 ) + (0; w� m ; � 1

2w� m 	) :

= (w	 ; w� m+1 ; 0) + (0; 2 � 3mw; � 3mw	)

Here w is a rational vector such that w	 and w� m are inte-

gral. The basis-free h#
1 in this casesends(x1; x2) to ( 2(x1) +

� m (x2))=2.

The di�erent expressionsin (11.7) can each be useful in di�erent situations. In

the description of Q(� ) given after De�nition 11.1, we have, if s = 1 and m is odd,

h1 : Q(N1) ! Q(N2) is given by

h1(wN1) = (0; 1
2w	 ; 1

2w� m )N2 = (w; 0; 3mw)N2;
(11.8)

whereN1 and N2 are the matrices in (11.6).

Before proceedingwith the proof of Theorems11.3 and 11.5, we illustrate them

with M = PK 1(F4=G2), which was studied in [9]. We have

	 =

 
27 0

120 211

!

and � m =

 
37 � 3m 0

5 � 37 311 � 3m

!

:
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Let m = 2k + 1 be odd, and de�ne � = � (k � 3) + 3 and � 0 = � (k � 5) + 3. Then

N1 = (0 	 � m ) is, up to unit multiples,
 

0 0 27 0 2� 0
0 0 23 211 1 2� 0

!

;

which pivots to

M 0 =

 
0 0 2min 0(7;3+ � ) 211+ � 0 2� 0+ �

0 0 23 211 1 2� 0

!

;

wheremin0(a;b) = min(a;b) if a 6= b, while min0(a;a) > a.

If k is even, then � = � 0 = 3, and soQ(0 	 � m ) = Z=26 with generator1=26 times

the �rst row of M 0, while if k � 3 mod 4, Q(0 	 � m ) = Z=27, generatedby 1=27

times the �rst row of M 0. The casek � 1 mod 4 is moredelicate,and will be omitted

from this illustration.

We have

N2 =

0

B
@

	 � m+1 0
2 0 � m+1

0 2 � 	

1

C
A =

0

B
B
B
B
B
B
B
B
@

27 0 37 � 3m+1 0 0 0
120 211 5 � 37 311 � 3m+1 0 0
2 0 0 0 37 � 3m+1 0
0 2 0 0 5 � 37 311 � 3m+1

0 0 2 0 � 27 0
0 0 0 2 � 120 � 211

1

C
C
C
C
C
C
C
C
A

:

Sincem + 1 is even, � (37 � 3m+1 ) = � (311 � 3m+1 ) = 1. Let Ri denote the i th row

of N2. Then R1 is in the span of R3 and R5, while 2R2 is in the span of R3, R4,

R5, and R6. Becauseof the units in positions (2; 3) and (4; 5), we can deducethat

Q(N2) � Z2 � Z2 generatedby g1 = 1
2R3 and g2 = 1

2R6.

In the fourth part of Theorem11.5, let w be the vector whosecomponents are the

numbersby which the rows of N1 must be multiplied to give the generatorof Q(N1).

Thus

w =

8
<

:
(5 � 37=26 (3m � 37)=26) if k even
(5 � 37=27 (3m � 37)=27) if k � 3 mod 4,

and, mod 2,

g := (0 w	 w� m ) �

8
<

:
(0 0 1 0 0 1) if k even
(0 0 1 0 0 0) if k � 3 mod 4.
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From (11.8), we obtain, with the �rst equivalencemod 1,

h1g �

8
<

:
(0 0 1

2 0 0 1
2)N2 = g1 + g2 if k even

(0 0 1
2 0 0 0)N2 = g1 if k � 3 mod 4.

This provides an alternate argument for somed3-di�erentials in the BTSS of F4=G2

establishedby another method in the �rst paragraphof the proof of [9, 4.15].

We begin now to work toward the proofsof 11.3and 11.5. We will construct a free

A-object � and a small resolution of an ASR object M (not assuming � 1 = � 1) to

which applying HomA (� ; K 1(S2m+1 )) yields the following.

Lemma 11.9. AssumeM is an ASR A-object, and B any basis of M . Let 	 k and

� m denote the matrices of  k and  3 � 3m , respectively, with respect to B. Then

Ext s;2m+1
A (M =im( 2)) is the homology of a sequence of free Z^

2 -modules

C0
d1� ! C1

d2� ! C2
d3� ! C3 ! � � � ;

where the transposesof the matricesof ds are given by

(	 � 1 � (� 1)m 	 2 � m )

for s = 1, and for s � 2 by
0

B
B
B
@

	 � 1 + (� 1)s+ m 	 2 � m 0
0 � 	 � 1 + (� 1)s+ m 0 � m

0 0 � 	 � 1 + (� 1)s+ m � 	 2

0 0 0 	 � 1 + (� 1)s+ m

1

C
C
C
A

with the last row deleted if s = 2.

Note that, if rank(M ) = n, then rank(C0) = n, rank(C1) = 3n, and rank(Cs) = 4n

for s � 2.

Proof of Theorem 11.3. SinceM is ASR, d1 is injective and henceExt 0 = 0. Also

sinceM is ASR and E2(S2n+1 ; Q) = 0, the rational homologyof the sequenceof 11.9

is 0, and hencethe homologyat Cs is given by dividing elements in im(ds) asmuch as

possibleand using im(ds) as the relations. If N is the matrix of ds, then the columns

of N are im(ds), and so Q(N T ) measuresthe homology as just described. Since

 � 1 = � 1, the matrices � 	 � 1 + (� 1)s+ m will be 0 or � 2. The desiredhomology

is obtained by substituting these into the matrices displayed in Lemma 11.9 and
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applying Q. For example,if s = 2 and m is odd, the homologyis

Q

0

B
@

� 2 	 � m 0
0 0 0 � m

0 0 0 � 	

1

C
A � Q(2 	 � m ) � Q

 
� m

	

!

:

The desired result here follows from our remark about Q = G for matrices whose

rank equalstheir number of columns. Other casesfollow similarly.

We obtain Ext s;2m+1
A (M =im( 2))# as the homologyof the sequence

C#
0

d#
1 � C#

1
d#

2 � C#
2

d#
3 � � � � ;

whereC#
s = Hom(Cs; Q=Z) and the matrix of d#

s is the matrix listed in 11.9. Sincethe

cohomologyof the sequenceof Hom(Cs; Q) is acyclic, the cohomologyexact sequence

induced by

0 ! Z ! Q ! Q=Z ! 0

implies that Ext s;2m+1
A (M =im( 2))# is the homologyat C �

s� 1 of the sequence

C �
0

d�
1 � C �

1
d�

2 � C �
2

d�
3 � � � � ;

whereC �
s = Hom(Cs; Z) and the matrix of d�

s is that listed in 11.9. Thus

Ext 1(� )# = coker(d�
1) = G

0

B
@

1 + (� 1)m

	
� m

1

C
A ;

while for s � 2, Ext s(� )# is given by dividing elements in im(d�
s) asmuch aspossible

and using im(d�
s) asrelations. Thus it is given by applying Q to the transposesof the

matrices displayed in 11.9. This is as claimed in 11.3, oncewe replaceQ by G for

matriceswhoserank equalstheir number of columns.

Finally we give the proof of the basis-freeinterpretation of Ext (� )# . The case

s = 1 and the secondsummandwhen s + m is odd are immediate sinceG(N ) is the

cokernel of the transformation with matrix N T .

Next note that Q(� T
m 	 T ) is Pontryagin dual to G

 
� m

	

!

, which is coker(M �

M
� T

m �  T

� ! M ). Henceit is

ker(M # � m +  2

� ! M # � M # ) = ker(� m jM # ) \ ker( 2jM # ):
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SinceM is a free 2-primary module, M # may be replacedby M =21 . Similarly,

Q(2 � T
m  T ) = ker(2jM =21 ) \ ker(� jM =21 ) \ ker( 2jM =21 )

= ker(� jM =2) \ ker( 2jM =2)

sinceker(2jM =21 ) = M =2.

Finally, we need

Q

0

B
@

	 T 2 0
� T 0 2
0 � T � 	 T

1

C
A � H (M =2

� m �  2

� ! M =2 � M =2
 2+ � m� ! M =2):

To seethis, �rst note that

Q

0

B
@

	 T 2 0
� T 0 2
0 2� T � 2	 T

1

C
A = Q

0

B
@

	 T 2 0
� T 0 2

	 T � T � � T 	 T 0 0

1

C
A

= Q

 
	 T 2 0
� T 0 2

!

� ker(M =2 � M =2
 2+ � m� ! M =2)

with (vi ; wj ) 2 M =2 � M =2 corresponding to the row

1
2((  2ei ; 2ei ; 0) + (� m ej ; 0; 2ej )) :

Then note that the homomorphism

Q

0

B
@

 T 2 0
� T 0 2
0 2� T � 2	 T

1

C
A ! Q

0

B
@

	 T 2 0
� T 0 2
0 � T � 	 T

1

C
A

haskernelspannedby all elements (0 � m ej �  2ej ), which correspondsto (� m vj ; �  2vj )

under the above correspondence,establishingthe claim.

In order to prove 11.5 and 11.9, we need to describe the free A-resolution. We

begin with the following description of the free objects.

Theorem 11.10. De�ne an object � in the category A of stable2-adicAdamsmodules

by letting S = f (i; j ) : i � 0; j 2 f 0; 1gg and � = (Z^
2 )S with

 � 1(f )( i; j ) = f (i; 1 � j )

( 3 � 1)(f )( i; j ) =

8
<

:
f (i � 1; j ) i � 1
0 i = 0:
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Then � is free on one generator.

Proof. [18, p.145]says that forgetting other odd operationson 2-torsionstableAdams

modules (not 2-adic) is a categoricalisomorphism. Indeed, it states that a 2-torsion

object of A (2) correspondsto an object in the categoryA3
(2) of 2-torsionabelian groups

with a locally nilpotent operator  3 =  3 � 1 and a commuting involution  � 1.

For a 2-torsion object G 2 I nv, there is a universal A-object U(G) corresponding

to the object of A3
(2) which is G � G � � � � with  � 1 acting componentwise and

 3(g1; g2; : : : ) = (g2; g3; : : : ). Here I nv and GI nv are as in the proof of 7.2. (Seealso

[9] and [18].)

The functor U is right adjoint to the forgetful functor, and so it sendsinjectivesto

injectives. Recall that GI nv (resp. A ) is Pontryagin dual to the torsion subcategory

of I nv (resp. A (2) ). SinceQ=Z � Q=Z with  � 1 reversing the factors is injective in

I nv, applying U to it yields an injective in A (2) . Applying Pontryagin duality yields

the desiredprojective objects in GI nv and A .

The generatorof � can be taken to be the element f 0 de�ned by f 0(0; 0) = 1 and

f 0(i; j ) = 0 otherwise. A morphism �
�

�! N in A is determinedby � (f 0), which will

be usedimplicitly .

We will prove the following result later in this section.

Theorem 11.11. SupposeM is an ASR 2-adic Adamsmodule. Let B = f v1; : : : ; vng

be any basis of M over Z^
2 . Let F be a free A-module with basis f g1; : : : ; gng. Thus

F is the sum of n copiesof the object � described in Theorem 11.10.

There is a free A-resolution

0  M =im( 2) � � R0
@1 � R1

@2 � R2
@3 � � � � ;

(11.12)

where

Rs =

8
>><

>>:

F s = 0
F � F � F s = 1
F � F � F � F s � 2;

� (gi ) = vi , and the matrix of @1 is given by

(	 � 1 � � 1 	 2 	 3 � � 3);
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while, for s � 2, that of @s is
0

B
B
B
@

	 � 1 + (� 1)s� 1 	 2 	 3 � � 3 0
0 � 	 � 1 + (� 1)s� 1 0 	 3 � � 3

0 0 � 	 � 1 + (� 1)s� 1 � 	 2

0 0 0 	 � 1 + (� 1)s� 1

1

C
C
C
A

with the last row deleted if s = 2, where

� � 1 : � ! � satis�es � 1(f )( i; j ) = f (i; 1 � j );

� � 3 : � ! � satis�es � 3(f )( i; j ) = f (i � 1; j ) if i > 0, while

� 3(f )(0; j ) = 0;

� � j : F ! F does � j on each � summand;

� 	 k (resp. 	 3) : F ! F has matrix with respect to f gj g the

sameas that of  k (resp.  3 � 1) on M with respect to f vj g.

Proof of Lemma11.9. The complex(Cs; ds) is obtainedas(HomA (Rs; K 1S2m+1 ); @�
s ).

We need merely to observe that the duals of � 1 and � 3 are (� 1)m and 3m � 1,

respectively. To seethis, �rst note that HomA (� ; K 1S2m+1 ) is cyclic on generator


satisfying


 (f ) =
X

i;j

(� 1)mj (3m � 1)i f (i; j ):

Then

� �
3 : HomA (� ; K 1S2m+1 ) ! HomA (� ; K 1S2m+1 )

satis�es

� �
3(
 )( f ) = 
 (� 3f )

=
X

i;j

(� 1)mj (3m � 1)i (� 3f )( i; j )

=
X

i;j

(� 1)mj (3m � 1)i f (i � 1; j )

= (3m � 1)
 (f );

and similarly for � 1.
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Proof of Theorem 11.5. We focus on the most di�cult case,s = 1 and m odd. The

Yonedaproduct with h1 is de�ned using the diagram

M =im( 2) � � � � F @1 � � � F � F � F @2 � � � F � F � F � F

� 1

?
?
?
y � 2

?
?
?
y

K 1S2m+1 � 0

 � � � �
@0

1 � � � � � �
?
?
?
y h1

K 1S2m+3

where � is as in Theorems 11.10 and 11.11, � 0(f ) =
P

(� 1)j (3m � 1)i f (i; j ), and

@0
1 = (� 1 � � 1 3m � 1 � � 3). Note that there is no  2-summandin the resolution of

K 1S2m+1 sinceit is not a resolution of K 1S2m+1 =im( 2).

Similarly to [9, x3], h1 2 Ext 1
A (K 1S2m+1 ; K 1S2m+3 ) is the solenonzeroelement and

h1 is de�ned by

h1 = 1
2 � 00 � @0

1;

where� 00 : � ! K 1S2m+3 satis�es � 00(f ) =
P

(3m+1 � 1)i f (i; j ). Thus

h1(f ; g) = �
X

i

(3m+1 � 1)i (f (i; 0) + f (i; 1)) (11.13)

+
X

i;j

1
2(3m+1 � 1)i ((3m � 1)g(i; j ) � g(i � 1; j ))

= �
X

i

(3m+1 � 1)i (f (i; 0) + f (i; 1)) �
X

i;j

(3m+1 � 1)i 3mg(i; j ):

The map � 1 is a lifting over � 0 of a map � : F � F � F ! K 1S2m+1 , and � satis�es

2b� = � � @1 for some� : F ! K 1S2m+1 and someb � 1. This latter is due to the

characterization of cocyclesthat we have beenusing throughout, that somemultiple

of them equalsa coboundary. This de�nes a vector

v = (� (g1); : : : ; � (gn)) 2 Z^
2

n ;

wheref g1; : : : ; gng is the basisof F usedin Theorem11.11. Next we note that

2b� = (0; v 	 2; v (	 3 � 3m )) :

Here we are using the description of @1 given in Theorem 11.11 and the fact that

 � 1 = � 1 in both M and K 1S2m+1 . The � 3 in the third component becomes3m � 1

in K 1S2m+1 , which is subtracted from the matrix 	 3.
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The lifting � 1 can be chosento satisfy the sameformula

2b� 1 = (0; v 	 2; v (	 3 � 3m )) :

The di�erence betweenthis formula and the onefor � residesin the Adamsoperations

in the target. Note that v 	 2 (and also v(	 3 � 3m )) is a 1-by-n matrix (� 1; : : : ; � n )

with entries in Z^
2 . Its meaning as a morphism � n ! � is the usual matrix of a

linear transformation, while as a morphism from � n ! K 1S2m+1 , v (	 3 � 3m ) sends

(f 1; : : : ; f n ) to
P

i;j;k � k(3m � 1)i (� 1)j f k(i; j ), re
ecting the action of  � 1 and  3 � 1

on K 1S2m+1 .

Using the formula for @2 in 11.11,we �nd that

� 1@2 : F � F � F � F ! �

is

� 0 on the �rst summand,

� 2� bv	 2(1 + � 1) : � ! � on the secondsummand,

� 2� bv(	 3 � 3m )(1 + � 1) on the third summand,and

� 2� bv(	 2(	 3 � � 3) � (	 3 � 3m )	 2) on the fourth.

The formula on the fourth summandsimpli�es to 2� bv	 2(3m � 1 � � 3).

Now � 2 can be chosenas

� 0 on the �rst summand,

� � 2� bv	 2 into the �rst summandon the secondsummand,

� � 2� bv(	 3 � 3m ) into the �rst summandon the third summand,

and

� 2� bv	 2 into the secondsummandon the fourth summand.

Herewe have usedthat � i commutes with scalarmultiplication. Following by (11.13)

yields that the element h1f � g 2 Ext 2;2m+3
A (M =im( 2)) is represented by the map

F � F � F � F ! K 1S2m+3 de�ned by

� 0 on the �rst summand,

� 2� bv	 2 on the secondsummand,

� 2� bv(	 3 � 3m ) on the third summand,and

� � 3m 2� bv	 2 on the fourth summand.
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This yields the �rst equality of 11.7, with w = 2� bv, while the secondfollows from

� 3m = 1
2( 3 � 3m+1 � ( 3 � 3m )).

Finally, we prove the basis-freeform of h#
1 . Let C = f Csg and C � = f C �

s g =

f Hom(Cs; Z^
2 )g be the complexesused in the proof of 11.3 involving � m , and let eC

and eC � be the analogouscomplexesinvolving � m+1 instead of � m . We will use the

UniversalCoe�cien t Theoremand the formula (11.7) for

H1(C) h1� ! H2( eC) (11.14)

to deducethe desiredbasis-freeformula for

H1( eC � )
h �

1� ! H0(C � ); (11.15)

which becomesh#
1 : H2( eC)# ! H1(C)# under the isomorphismusedin the proof of

11.3. Note that the shift of indices is opposite to that of the usual UCT, sincethe

boundary morphisms in the chain complex C whosehomology is being considered

increasethe grading.

We considerthe commutativ e diagram

Ext (H1C; Z^
2 ) u� � � ! H0(C � )

(h1) �

x
?
?
? h �

1

x
?
?
?

Ext (H2
eC; Z^

2 ) eu� � � ! H1( eC � )

(11.16)

where u and eu are the homomorphismsof the UCT, which are isomorphismshere

becauseC is assumedto be rationally acyclic. The (h1)� in the diagram is dual to

(11.14). Recall that the UCT homomorphismu is induced by applying Hom(� ; Z ^
2 )

to C0
@� ! B1, noting that

Ext( H1C; Z^
2 ) � Hom(B1; Z^

2 )=Hom(Z1; Z^
2 ):

Here and elsewhereB i denotesthe boundariesand Z i the cyclesin Ci .

The basis-freeversionof H1( eC � ) is H (M =2
� m +1 �  2

� ! M =2� M =2
 2 + � m +1� ! M =2): Let

(x j ; yk) be a pair of basis vectors representing a cycle. If a sum of basis vectors is

required,either a changeof basisor an obvious adaptation of the argument will yield

the result. It is often the casethat only one of x j and yk is neededto represent a

class.The argument in such a caseis slightly easier.
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Let V denotea free Z^
2 -module of rank n. We consider

eC1 = V� V � V
e@2� ! eC2 = V� V � V � V; ( e@2) =

0

B
B
B
@

0 0 0
	 T 2 0

� T
m+1 0 2
0 � T

m+1 � 	 T

1

C
C
C
A

In the proof of 11.3,it is shown that (x j ; yk) correspondsin H1( eC � ) to 1
2(r n+ j + r 2n+ k)

in Q( e@2), where r t denotesthe tth row of the matrix. Let eB2 = im( e@2) denote the

column spaceof ( e@2), and let c` denotethe `th column. Under the isomorphismeu of

(11.16), 1
2(r n+ j + r 2n+ k) corresponds to the morphism eB2 ! Z^

2 sending

c` 7!

8
>><

>>:

1 if ` = n + j or 2n + k
0 if n + 1 � ` � 3n, ` 6= n + j , ` 6= 2n + k
1
2(( f@2)n+ j;` + ( f@2)2n+ k;` )) if 1 � ` � n.

The latter element is an integer since 2x j + � m+1 (yk) � 0 mod 2.

The formula for h1 already derived inducesh1 : B1 ! eB2 sending

(0; v 	 ; v � m) 7! (0; v 	 ; 0; 1
2v	� m+1 ) + (0; 0; v � m ; � 1

2v� m 	) :

Theseimagevectorswere previously viewed as columnsof ( f@2). We deducethat

(h1)� eu� 1(x j ; yk) : B1 ! Z^
2

sends(0; e` 	 ; e` � m ) to 1
2(	) `;j + 1

2(� m )`;k , and so u(h1)� eu� 1(x j ; yk) sendse` to the

`th component of 1
2( 2x j + � m yk). This is what is meant by 1

2( 2x j + � m yk) 2 H0(C � ).

Proof of Theorem 11.11. Wewill provethat (11.12)is acyclicwhenM = QK 1(S2n+1 ).

It follows that (11.12) is acyclic when M is ASR by induction on the rank of M .

To seethis, �rst note that there is a short exact sequenceof 2-adicAdams modules

0 ! QK 1S2n+1 ! M ! M 0 ! 0

with M 0 ASR and rank(M 0) < rank(M ). Thus the sequence(11.12) is acyclic for M 0

by the induction hypothesis. SinceM 0 is ASR, ker( 2jM 0) = 0, and so by the Snake

Lemma, there is a short exact sequence

0 ! QK 1S2n+1 =im( 2) ! M =im( 2) ! M 0=im( 2) ! 0:
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This SESis coveredby a SESof the complexesof (11.12),and sothere is a long exact

sequencerelating the homologygroupsof thesecomplexesfor QK 1S2n+1 , M , and M 0.

Sincethe complexesare acyclic for QK 1S2n+1 and M 0, the samemust be true for M .

Now we prove the acyclicity of (11.12) for M = QK 1S2n+1 . We will considerhere

the casewhen n is odd, so that  � 1 = � 1 in M ; the casen even follows similarly.

One easily veri�es that compositesare 0 in the sequenceby multiplying the matrix

forms of the boundary morphisms,using that � j commutes with 	 k .

We will now show exactnessat R0 by showing � is injective on R0=im(@1). Let

f 2 R0 = �. De�ne g0 2 � by

g0(i; j ) =

8
<

:
f (i; 1) j = 0
0 j = 1:

Then f 1 := f + @1(g0; 0; 0) satis�es f 1(i; 1) = 0 for all i . De�ne g1 2 � by

g1(i; j ) =

8
<

:

P
k� 0(3n � 1)k f 1(k + i + 1; 0) j = 0

0 j = 1:

Then f 2 := f 1 + @1(0; 0; g1) satis�es f 2(i; j ) = 0 unlessi = j = 0. If � (f ) = 0, then

0 = � (f 2) = f 2(0; 0) and so f 2(0; 0) � 0 mod 2n . Hencef 2 = @1(0; h; 0) for some

h 2 �. Thus f 2 im(@1).

A somewhatsimilar argument works for exactnessat Ri for each i � 0. By period-

icity of the chain complex,we needonly verify it at R1, R2, and R3. We will perform

the veri�cation for R1, and leave the similar argument at R2 and R3 to the reader.

We show @1 is injective on R1=im(@2). Let (f 1; f 2; f 3) 2 R1. For 1 � � � 3, de�ne

g� 2 � by

g� (i; j ) =

8
<

:
� f � (i; 1) j = 0
0 j = 1;

and let

(f 0
1; f 0

2; f 0
3) = (f 1; f 2; f 3) + @2(g1; g2; g3; 0):

One can easily check that f 0
� (i; 1) = 0 for all i .

De�ne g4 2 � by

g4(i; j ) =

8
<

:

P
k� 0(3n � 1)k f 0

2(k + i + 1; 0) j = 0
0 j = 1:
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Then (f 00
1 ; f 00

2 ; f 00
3 ) := (f 0

1; f 0
2; f 0

3) + @2(0; 0; 0; g4) satis�es f 00
� (i; 1) = 0 for all i and

f 00
2 (i; 0) = 0 for i > 0. Note that (f 00

1 ; f 00
2 ; f 00

3 ) � (f 1; f 2; f 3) in R1=im(@2). We compute

@1(f 00
1 ; f 00

2 ; f 00
3 )( i; j ) =

8
>><

>>:

� f 00
1 (i; 0) + (3n � 1)f 00

3 (i; 0) � f 00
3 (i � 1; 0) j = 0; i > 0

� f 00
1 (i; 0) j = 1

� f 00
1 (0; 0) + 2n f 00

2 (0; 0) + (3n � 1)f 00
3 (0; 0) i = j = 0:

If @1(f 00
1 ; f 00

2 ; f 00
3 ) = 0, then the (j = 1)-part implies f 00

1 (i; 0) = 0 for all i . Now we

obtain

f 00
3 (0; 0) = (3n � 1)f 00

3 (1; 0) = (3n � 1)2f 00
3 (2; 0) = � � � :

Since3n � 1 is even, this implies that f 00
3 (0; 0) is in�nitely 2-divisible, and henceis

0, and henceso are all f 00
3 (i; 0). Finally, since2n f 00

2 (0; 0) + (3n � 1)f 00
3 (0; 0) = 0, we

deducef 00
2 (0; 0) = 0. Thus (f 00

1 ; f 00
2 ; f 00

3 ) = 0, as desired.

Now we considerthe generalizationof the above work to the situation when  � 1

is any involution, no longer assumedto equal � 1. Lemma 11.9 and Theorem 11.11

werealreadydonein this generality. The analogueof Theorem11.3is given below. It

follows immediately from 11.9and the UCT argument usedin the paragraphcontain-

ing (11.14). The simpli�cations which weremadein 11.3do not apply in the general

case,nor doesthe \basis-free" version,which relied on the simpli�cations.

Theorem 11.17. Let M be as in Lemma 11.9. Then Ext s;2m+1
A (M =im( 2)) is ob-

tained by applying the functor Q to the matrices displayed in 11.9, while the Pon-

tryagin dual of theseExt groupsare obtained by applying Q to the transposesof the

matricesdisplayed in 11.9.

Finally, we give the generalizationof Theorem 11.5. We restrict our attention to

h1 and h#
1 betweenthe 1-line and 2-line.

Theorem 11.18. Let M be ASR, N1 = (	 � 1 � (� 1)m 	 2 � m ) and

N2 =

0

B
@

	 � 1 + (� 1)m+1 	 2 � m+1 0
0 � 	 � 1 + (� 1)m+1 0 � m+1

0 0 � 	 � 1 + (� 1)m+1 � 	 2:

1

C
A

Then

h1 : Ext1;2m+1
A (M =im( 2)) ! Ext 2;2m+3

A (M =im( 2))
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is the homomorphismh1 : Q(N1) ! Q(N2) de�ned by

h1(wN1) = (( � 1)m+1 w 0 3mw)N2:

Here w is a 1-by-n matrix of rational numbers such that wN1 is integral. The Pon-

tyragin dual

Ext2;2m+3
A (M =im( 2))# h#

1� ! Ext 1;2m+1
A (M =im( 2))#

is the homomorphismh#
1 : Q(N T

2 ) ! Q(N T
1 ) de�ned by

h#
1 (qN T

2 ) = (( � 1)m+1 q0 � 3mq1)N T
1 ;

where q = (q1; : : : ; q4n ) is a 1-by-4n matrix of rationals such that qN T
2 is integral,

q0 = (q1; : : : ; q3n ), and q1 = (q2n+1 ; : : : ; q4n ; 0; : : : ; 0). Note that q0 and q1 are 1-by-

3n matrices; there are n 0's at the end of q1.

The readercan perform the simpleveri�cation that the formulas for h1 and h#
1 are

well-de�ned; i.e., that integrality of wN1 implies that of (( � 1)m+1 w 0 3m w)N2,

and that integrality of qN T
2 implies that of (( � 1)m+1 q0 � 3mq1)N T

1 . The identit y

that makesthis work appearslater in the proof.
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Proof. We usethe diagram at the beginning of the proof of Theorem 11.5, and will

follow along that proof. We have now

� 0(f ) =
X

(� 1)mj (3m � 1)i f (i; j );

@0
1 = ((� 1)m � � 1 3m � 1 � � 3);

� 00(f ) =
X

(� 1)(m+1) j (3m+1 � 1)i f (i; j );

h1(f ; g) = (� 1)m
X

i;j

(� 1)(m+1) j (3m+1 � 1)i f (i; j )

� 3m
X

i;j

(� 1)(m+1) j (3m+1 � 1)i g(i; j );

2b� = (v(	 � 1 � (� 1)m ); v 	 2; v (	 3 � 3m )) ;

2b� 1 = (v(	 � 1 � (� 1)m ); v 	 2; v (	 3 � 3m )) ;

� 1@2 = 2� bv(	 � 1 � (� 1)m )(	 � 1 + � 1) on �rst summand,

2� bv	 2(� (� 1)m + � 1) on second,

2� bv(( 	 3 � � 3)( � (� 1)m + � 1) + (	 � 1 � � 1)(3m � 1 � � 3)) on third,

2� bv	 2(3m � 1 � � 3) on fourth;

� 2 = � 2� bv(	 � 1 � (� 1)m ) into �rst summandon �rst summand,

� 2� bv	 2 into �rst on second,

� 2� bv(	 3 � � 3) into �rst on third,

+2 � bv(	 � 1 � � 1) into secondon third,

2� bv	 2 into secondon fourth,

h1f � g = 2� bv(� 1)m+1 (	 � 1 � (� 1)m ) on �rst summand,

2� bv(� 1)m+1 	 2 on second,

2� bv(( � 1)m+1 (	 3 � 3m+1 ) � 3m (	 � 1 + (� 1)m )) on third,

� 3m 2� bv	 2 on fourth.

With w = 2� bv, this yields the claim for h1.

To prove the claim for h#
1 , we use(11.16). The element qN T

2 2 H1( eC � ) corresponds

under eu to the morphism from the column space eB2 of N T
2 into Z^

2 which sendsthe

j th column to the j th component of qN T
2 . The morphism H1(C) h1� ! H2( eC) was

just seento be given by h1(wN1) = (( � 1)m+1 w 0 3mw)N2. This corresponds to
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a morphism B1 ! eB2 of boundariesin the chain complexes,or equivalently from the

column spaceof N T
1 to that of N T

2 sendingthe j th column of N T
1 to

(� 1)m+1 (j th column of N T
2 ) + 3m ((2n + j )th column of N T

2 ):

Composing, we obtain that (h1)� eu� 1(qN T
2 ) is the morphism B1 ! Z^

2 sendingthe

j th column of N T
1 to

(� 1)m+1 (qN T
2 ) j + 3m (qN T

2 )2n+ j = ((� 1)m+1 q0N T
1 � 3mq1N T

1 ) j ;
(11.19)

where q0 and q1 are as in the statement of the result being proved, and subscripts

on a vector denote the indicated component of the vector. To verify (11.19), we

note that (q1; : : : ; qn ) is multiplied by (� 1)m+1 ((	 � 1)T + (� 1)m+1 ) on both sides,

(qn+1 ; : : : ; q2n ) is multiplied by (� 1)m+1 (	 2)T on both sides,(q3n+1 ; : : : ; q4n ) is multi-

plied by � 3m (	 2)T onboth sides,while (q2n+1 ; : : : ; q3n ) is multiplied by (� 1)m+1 � T
m+1 +

3m (� (	 � 1)T + (� 1)m+1 ) on the left side and by (� 1)m+1 � T
m � 3m ((	 � 1)T � (� 1)m )

on the right side,and theseare easilyveri�ed to be equal.

Hence h�
1(qN T

2 ) = u(h1)� eu� 1(qN T
2 ) is the element (( � 1)m+1 q0 � 3mq1)N T

1 , as

claimed.
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