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Abstract

A classical E-infinity operad is formed by the bar construction of the symmetric groups.
Such an operad has been introduced by M. Barratt and P. Eccles in the context of simplicial sets
in order to have an analogue of the Milnor FK-construction for infinite loop-spaces. The purpose
of this article is to prove that the associative algebra structure on the normalized cochain complex
of a simplicial set extends to the structure of an algebra over the Barratt-Eccles operad. We
also prove that differential graded algebras over the Barratt-Eccles operad form a closed model
category. Similar results hold for the normalized Hochschild cochain complex of an associative
algebra. More precisely, the Hochschild cochain complex is acted on by a suboperad of the
Barratt-Eccles operad which is equivalent to the classical little square operad.

Introduction

This article follows the work of M. Mandell which compares the algebras over an F.-
operad to the homotopy category of simplicial sets (cf. [18]). We consider the normalized
cochain complex N*(X) associated to a simplicial set X. Our main purpose is to provide
the complex N*(X) with the structure of an algebra over a suitable E.-operad. The
results of M. Mandell imply that any such structure determines the homotopy type of the
simplicial set X (under reasonable finiteness and completeness assumptions on X).

There is a classical F,,-operad which is denoted by the letter £ in this article and
whose component £(r), r = 0,1,..., is given by the normalized bar construction of the
symmetric group Y,.. The operad structure is provided by an explicit composition product:

E)@E(51) @ ®E(sy) —> E(s1+ -+ 57).

The degree 0 component of £(r) is the regular representation of the symmetric group
Y, and is identified with the module generated by the multilinear monomials in 7 non-
commutative variables. Hence, the degree 0 elements represent operations associated to
the structure of an associative algebra. In this article, the differential graded operad & is
called the Barratt-Eccles operad, because the associated simplicial operad W is introduced
by M. Barratt and P. Eccles for the study of infinite loop spaces (cf. [1]).

We obtain the following result:

THEOREM
For any simplicial set X, the normalized cochain complex N*(X) is equipped with the
structure of an algebra over the Barratt-FEccles operad £.

In fact, the existence of such an algebra structure is given by a Theorem of Justin
Smith (cf. [28]). Our purpose is to give an explicit construction for it. This is achieved by
the Theorems 1.3.2 and 2.2.7 in the article. As a corollary, we obtain a simple formula for



the evaluation product
E(r)®@ N*(S™)®" — N*(S™)

on the cochain complex of the spheres S™ (cf. Theorem 3.2.4 and Proposition 3.2.5).

The Barratt-Eccles operad comes equipped with a diagonal £(r) — £(r) ® E(r) be-
cause it is the chain operad associated to a simplicial operad. This structure has interesting
applications which make the Barratt-Eccles operad suitable for calculations in homotopy
theory. For instance, we prove that differential graded algebras over the Barratt-Eccles
operad form a closed model category. (It is not clear that this property is satisfied for
algebras over a general F.-operad.) In fact, we have a more general result. To be pre-
cise, a classical construction replaces an operad Q by the operad P = £ ® Q such that
P(r) = E(r) ® Q(r). The operad P is a X,-projective resolution of Q. The Barratt-Eccles
operad P = &£ corresponds to the case @ = C of the commutative operad. The following
Theorem is proved in Section 3.1:

THEOREM

Let Q be an operad. We let P = £ ® Q be the standard X, -projective resolution
of Q. The P-algebras are equipped with a closed model category structure for which the
weak equivalences (respectively, the fibrations) are the algebra morphisms which are weak
equivalences (respectively, fibrations) in the category of dg-modules.

The simplicial Barratt-Eccles operad has also a filtration
FWCEhRWC.--CFEWC.--CW

by simplicial suboperads F;, W whose topological realization |F,,JV| is equivalent as a topo-
logical operad to the classical operad of little n-cubes (cf. C. Berger [3], T. Kashiwabara
[15], J. Smith [27]). We have an induced filtration on the associated differential graded
operad

FECHREC---CF,EC.--CE.

The operad F€& is identified with the associative operad. The operad F5€ is the chain
operad on a simplicial operad equivalent to the little square operad. The next result implies
that this operad F)€ gives a solution to a conjecture of Deligne:

THEOREM
The normalized Hochschild cochain complex of an associative algebra is equipped with
the structure of an algebra over the operad F>E.

The pivot of our constructions is formed by a quotient operad X of the Barratt-Eccles
operad &£ which we call the surjection operad. This operad is also introduced (with different
sign conventions) by J. McClure and J. Smith in their work on the Deligne conjecture (cf.
[21], [22]) to which we refer in this article. Our results follow from the next Theorem.
In fact, the surjection operad X acts naturally on the cochain complex associated to a
simplicial set. In this context, the idea of the surjection operad goes back to D. Benson
(cf. [2]) and to the original construction of the reduced square operations by N. Steenrod
(cf. [29]). The introduction of the surjection operad in the context of the Deligne conjecture
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is due to J. McClure and J. Smith. In fact, the surjection operad X is endowed with a
filtration

FXCRXC---CFR,XC---CX

by suboperads F,, X such that F} X is identified with the associative operad. Furthermore,
one observes that the operad FoX’ acts naturally on the Hochschild cochain complex of an
associative algebra (cf. [21], [22]).

THEOREM

The surjection operad X is a quotient of the Barratt-Eccles operad £. More precisely,
there is a surjective morphism of filtered operads TR : £ — X such that F1 TR : 1. —
F1 X is the identity isomorphism of the associative operad.

We call the quotient morphism TR : £ — X the table reduction morphism, by
reference to its construction.

J. McClure and J. Smith have proved that the surjection operad F,, X is equivalent to
the chain-operad of the little n-cubes. (As a consequence, the operad F»X is also a solution
to the Deligne conjecture.) We prove more precisely that the table reduction morphism
induces a weak equivalence F,, TR : F,,£ — F,X. But, since the operads F,,X’ are not
directly associated to a simplicial operad, it is not clear that some of our constructions
are available in the context of algebras over the surjection operad. This motivates the
introduction of the Barratt-Eccles operad and of the table reduction morphism.

We refer to Section 0 for the conventions on operads which are adopted throughout the
article. The detailed definition of the Barratt-Eccles operad is given in Section 1.1. The
surjection operad is introduced in Section 1.2. Section 1.3 is devoted to the construction of
the table reduction morphism. The properties of the morphism are proved in Sections 1.4
and 1.5. (These two Sections may be skipped in a first reading.) The little cube filtration
on the operads and the applications to the Deligne conjecture are explained in Section 1.6.
The construction of the algebra structure on the normalized cochain complex of a simplicial
set is achieved in Section 2. The applications of our constructions to homotopical algebra
are explained in Section 3.
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§0. Conventions

0.1. On permutations

We let 3., r € N, denote the permutation groups. The element 1, € X, is the
identical permutation 1, = (1,2,...,7). In general, a permutation o € X, is specified by
the sequence (o(1),0(2),...,0(r)) formed by its values.

The permutation o € ¥, determines a block permutation o,(s1,...,5,) € Xg 445,
(for s1,...,s, € N). In the sequence (c(1),0(2),...,0(r)), we replace the occurence of
k = 1,...,r by the sequence 1,2,...,s; together with a shift of s; + s9 + --- 4+ sx_1.
For instance, if o is the transposition o = (2,1), then o.(p, q) is the block transposition
o«(p,g)=(+1,....,0+q,1,...,p).

0.2. On the symmetric monoidal category of dg-modules

Let us fix a ground ring F. The category of F-modules is denoted by Modgr. The
category of differential graded modules is denoted by dg Modf.

If V is a differential graded module (or, for short, a dg-module), then V has either
an upper V = V* or a lower V = V, graduation. The equivalence between lower and
upper graduations is given by the classical rule. To be explicit, the component of upper
degree d is equivalent to the component of lower degree —d of the dg-module. Thus:
V* = V_,. Let us mention that differential degrees are assumed to range over the integers
without any restriction. In general, the differential of a dg-module is denoted by the letter
§:V* — VL

The category of differential graded modules is equipped with its classical tensor prod-
uct

® : dg Modr x dg Mody — dg Mody .

If U,V € dg Mody, then U @ V € dg Modp is the dg-module which has the module
eV =Puievr
dez
in degree n. The differential of U ® V' is given by the derivation rule:
S(u®v) =d6u) v+ (—1)u e d(v),
for all homogeneous elements u € U? and v € V¢. The symmetry operator 7: U QV —»
V ® U follows the rule of signs. If w € U¢ and v € V¢, then we have:
T(u®v) = (—1)%v @ u.

In general, a permutation of homogeneous symbols, which have d and e as degrees, produces
the sign (—1)%¢. For instance, in the derivation rule, the permutation of the differential
0, which has degree 1, with the element u, homogeneous of degree d, produces the sign
(-1)%

A morphism f: U — V is homogeneous of upper degree d if it raises upper degrees
by d and lowers lower degrees by d. The differential of this morphism 6(f) : U — V is
given by the commutator of f with the differentials of U and V:

5(f) =8 f— (=1)%f -0,
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The dg-module formed by the homogeneous morphisms f : U — V is denoted by
Homg (U, V). Thus, we have explicitly:

Homg(U, V) = | [ Homy(U*, V**) = | [ Homg(Ustq, V2).-
*EZ deZ
This dg-module Homg (U, V') is an internal hom in the category of dg-modules.

0.3. The symmetric monoidal categories
In fact, we are concerned with the following classical symmetric monoidal categories.
1) The category of F-modules Modp together with the classical tensor product:

® : Mody x Modr — Mody .
2) The category of dg-modules dg Mody together with the tensor product of dg-modules:
® : dg Modyp x dg Modr — dg Mody,

whose definition is recalled in the Paragraph above.
3) The category of sets Set together with the cartesian product:

X : Set x Set —» Set.
4) The category of simplicial sets S together with the cartesian product of simplicial sets:
Xx:8§x8 — S.

Let us also introduce the symmetric monoidal category of (differential graded) coal-
gebras. Classically, a coalgebra is a (differential graded) module X € Mody together with
an associative diagonal A : X — X ® X. If X and Y are coalgebras, then the tensor
product X ® Y € Modp is equipped with a canonical diagonal given by the composite

XY xexeoyvyeYlldxeyeXaY.

It follows that the coalgebras form a symmetric monoidal category.

0.4. On normalized chains and cochains

If X is a simplicial set, then C,(X) denotes the dg-module whose degree d com-
ponent Cy(X) is the free F-module generated by the set X4 of the d-dimensional sim-
plices in X. The differential of z € Xy in C,(X) is given by the classical formula:
i(z) = Z?ZO(—l)id,-(a:). The normalized chain complex N,(X) is the quotient of the
dg-module C,(X) by the degeneracies:

Ny(X)=Cy(X)/30Cq_1(X)+ -+ 84-1Cq_1(X).

We consider also the dual cochain complexes C*(X) = Homyp(C\(X),F) and N*(X) =
Homp (N, (X), F).



Let us recall that the normalized chain complex X — N,(X) is a (symmetric)
monoidal functor from the category of simplicial sets to the category of dg-modules. More
precisely, the Eilenberg-Zilber morphism provides a natural equivalence

EZ: No(X)® N.(Y) "5 N, (X x Y)

which is associative and commutes with the symmetry isomorphism.

The dg-module N,(X) is also equipped with a natural diagonal. This diagonal is
given by the classical Alexander-Whitney formula. Since, furthermore, the diagonal is
compatible with the Eilenberg-Zilber morphism, we conclude that the normalized chain
complex X — N,(X) is a (symmetric) monoidal functor from the category of simplicial
sets to the category of dg-coalgebras.

We refer to the classical textbook of S. Mac Lane (cf. [17, Chapter VIII]) for the
properties of the Eilenberg-Zilber equivalence.

0.5. On the notion of an operad

The main structures involved in our article are operads in the symmetric monoidal
category of dg-modules. But, for simplicity, we recall the definition of an operad in the
category of F-modules. In fact, the notion of an operad makes sense in any symmetric
monoidal category. For an introduction to the subject, we refer to the works of E. Getzler
and J. Jones (cf. [9]), V. Ginzburg and M. Kapranov (cf. [10]) and to the works of P. May
(cf. [20]).

A ¥,-module M is a sequence M = M (r), r € N, where M (r) is a representation of
the permutation group 3,. A morphism of ¥,-modules f : M — N is a sequence of
morphisms of representations f: M(r) — N(r).

An operad P is a Y,-module equipped with a composition product

Pr)®@P(s1)®@---Q@P(sy) — P(s1+---+ ),

defined for > 1, s1,...,s,. > 0, and which statisfies some natural equivariance and
associativity properties. A morphism of operads f : P — Q is a morphism of -
modules which commutes with the operad composition product.

In general, an element p € P(r) represents a (multilinear) operation in r variables
Z1,-..,Ty. Thus, we may write p = p(x1,...,2,). The action of a permutation o € X,
on p € P(r) is given by the permutation of the variables. Explicitly, we have o - p =
P(T5(1)s -+ ->Zo(ry). The composition product of p € P(r) and ¢1 € P(s1),...,q- € P(sy)
is denoted by p(q1,...,4-) € P(s1 + ---+ s,). In fact, this operation is given by the
substitution of the variables z1,...,z, by the operations ¢, ..., g,.

We assume that the composition product of an operad has a unit 1 € P(1). This
unit represents the identical operation 1(z1) = x;. In this context, there are also partial
composition products:

o : P(r) @ P(s) — P(r+s—1),

for k =1,...,r. If p € P(r) and q € P(s), then por q = p(1,...,1,¢,1,...,1). (The
operation ¢ is set at the kth entry of p.)



0.6. On algebras over an operad

The operad P has an associated category of algebras denoted by Algp. The set of
the P-algebra morphisms from A € Algp to B € Algp is denoted by Homp (A4, B). To fix
a definition, a P-algebra is an F-module A equipped with an evaluation product

Plr)® A®" — A,

equivariant and defined for any r» < 0. This evaluation product has to be associative with
respect to the operad composition product and unital with respect to the operad unit.
The image of the elements p € P(r) and ai,...,a, € A under the evaluation product
is denoted by p(ai,...,a.) € A. The equivariance relation reads (o - p)(ai,...,a,) =
p(ag(1)s -+ 0o(ry). A morphism of P-algebras f : A — B is a morphism of F-modules
which commutes with the evaluation product. The free P-algebra generated by an F-
module V is denoted by P (V).

0.7. The morphism operad

If V is an F-module, then the morphism operad associated to V is the operad such
that Homy (1) = Homp(V®", V). The composition product of the morphism operad is just
given by the composition of multilinear maps. If f : V" — V, theno-f: Ve — V
is defined by f(v1,...,vr) = f(vs(1),-- -, Vs(r)). Observe that V is an algebra over Homy .
This algebra structure is universal. If P is an operad, then a structure of a P-algebra on
V is equivalent to an operad morphism P — Homy (cf. [10]).

0.8. On operads in symmetric monoidal categories

We have mentioned that the notion of an operad makes sense in any symmetric
monoidal category. Omne has just to replace the classical tensor product by any other
tensor product in the definitions. For instance, there are operads in the category of sets
and in the category of simplicial sets. In this case, the tensor product is replaced by the
cartesian product. The symmetric group is always assumed to operate on the left.

0.9. On the normalized chain complex associated to a simplicial operad

If O is a simplicial operad, then the associated normalized chain complexes P(r) =
N,(O(r)) form an operad in the category of dg-coalgebras, because the normalized chain
complex functor N,(—) is symmetric monoidal as reminded in the Paragraph 0.4. Explic-
itly, the dg-module N,(O(r)) is equipped with the Alexander-Whitney diagonal

N.(O(r)) — N.(O(r)) ® N.(O(1)).

The composition product is defined as the composite of the composition product of O with
the Eilenberg-Zilber equivalence:

N.(O(r)) @ Ne(O(51)) @ -+ - @ Nu(O(sr)) — Ni(O(r) x O(s1) X -+ x O(sy))
— N (O(s1+ -+ sp))-



0.10. On Hopf operads

Operads in the monoidal category of coalgebras are also known as Hopf operads (cf.
[9]). Explicitly, a Hopf operad is an operad in the category of dg-modules P together with
a diagonal on each component

P(r) — P(r)®P(r), re N
The composition product
Pir)®@P(s1)®---QP(sp) — P(s1+---+sp)
has to commute with the diagonal.

If P is an Hopf operad, then a P-algebra denotes a (differential graded) module to-
gether with a P-algebra structure. In fact, a P-algebra in the symmetric monoidal category
of coalgebras is called a Hopf-P-algebras. (We should not consider such structures.) Here
is the property of Hopf operads which interests us. If A, B € Algp are P-algebras, then
the tensor product A ® B € Modp is equipped with a natural P-algebra structure. The
evaluation product of A® B is given by the composite of the evaluation products of A and
B together with the diagonal of the operad:

P(r)® (A® B)®¥" — (P(r) @ P(r)) ® (A® B)®"
— (P(r) ® A®") ® (P(r) ® B®")
— A® B.
Explicitly, let )", pzl) ®p22) € P(r)®P(r) be the diagonal of an operation p € P(r). Then,
in A® B, we have p(a; @ by,...,a, @ b,) = Zipél)(al, ey Q) ®p’®(b1, ceaybp).
0.11. The permutation operad

The permutation groups ¥, r € N, form an operad in the category of sets. This
operad is called the permutation operad. The composition product

Yp X g, X oo X Xg — X qogs,
is characterized by the relation
Lr(Lgyyeeosls) =1y poips,.
Thus, if u € ¥, and v1 € X5,,...,v, € X5, then, in X5, 4.4, , we have the relation
WV, e ey V) =01 D - D Uy - Uk (81, -+, Sr)
= Us (81, 87) * Vy(1) D+ B Vy(y)-

In fact, the composed permutation u(vy,...,v,.) € X4, 4+...45, can be obtained by the fol-
lowing explicit substitution process. In the sequence (u(1),u(2),...,u(r)), we replace the
occurence of k = 1,...,r by the sequence (vg(1),vk(2),...,vk(sk)) together with the ap-
propriate shift on the indices. Precisely, we increase the index vg(j) by s1+s2+-- -+ Sg—1.
The process is the same for a partial composition product

vorv=u(l,...,1,v,1,...,1) € Z, 45 1.

In this case, we have just to replace the occurence of k by the sequence (v(1)+k—1,v(2)+
k—1,...,u(s) + £ — 1) and to increase by s the elements (%) such that u(i) > k. For
instance, if u = (3,2,1) and v = (1, 3, 2), then we obtain u oy v = (5,2,4,3,1).



0.12. The associative and the commutative operads

The algebras over the permutation operad are just the associative monoids. There is
also an operad in the category of sets, whose algebras are the associative and commutative
monoids. We consider the associated operads in the category of F-modules.

The associative operad A denotes the operad in the category of F-modules whose
algebras are the associative algebras. The module A(r) is generated by the multilinear
monomials in r non-commutative variables. Explicitly, we have:

.A(T') = 69(1‘1,... ) F. Tiy T,

where (i1, ...,1,) ranges over the permutations of (1,...,r).

The commutative operad C is the operad in the category of F-modules whose alge-
bras are the associative and commutative algebras. The module C(r) is generated by the
multilinear monomials in 7 commutative variables. Thus, we have

Ciry=F-z,---z,

and C(r) is the trivial representation of the symmetric group X,.
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§1. The operads

1.1. The Barratt-Eccles operad

1.1.1. Summary

In general, an FE.-operad £ is a Y,-projective resolution of the commutative operad
C. By definition, an operad is ¥,-projective if it is projective as a ¥,-module. (In fact, a
Y.-module M is projective if each component M(r) is a projective representation of the
symmetric group.) Furthermore, an operad £ is a resolution of the commutative operad C,
if it is endowed with an augmentation morphism £& — C which induces an isomorphism
from the homology of £ to the the commutative operad C.

There is a canonical F..-operad £ given by the bar construction on the symmetric
groups. The aim of this section is to recall the definition and to make explicit the structures
of this operad. Let us mention that the degree 0 component of £ is equal to the associative
operad. In fact, we have a factorization

A—E50C

of the operad morphism from the associative to the commutative operad. In addition, the
operad & is equipped with a diagonal

E(r) — E(r)®&(r)

and forms a Hopf operad.

In the article, the dg-operad £ is referred to as the Barratt-FEccles operad. In fact, the
dg-operad £ is the normalized chain complex on a simplicial operad W introduced by M.
Barratt and P. Eccles for the study of infinite loop spaces (cf. [1]).

1.1.2. The dg-module

The dg-module £(r) is the normalized homogeneous bar complex associated to the
symmetric group X,.. To be more explicit, the module £(r)4 is the F-module generated
by the d + 1-tuples (wpo,...,wq), where w; € ¥,., ¢ = 0,1,...,d. If some consecutive
permutations w; and w;4q are equal, then, in £(r)g4, we have (wp,...,wq) = 0. The
differential of £(r) is given by the classical formula:

d

S(wo, ..., wp) =Y (=1)i(wo, ..., W5, ..., wg).

i=0
The permutations o € ¥, act diagonaly on £(7).:
o (wo,...,wq) = (0-wo,y...,0 wq).

The quasi-isomorphism &£ (r) — C(r) is the classical augmentation &(r)g — F from
the homogeneous bar construction to the trivial representation. The degree 0 component
of £(r) is clearly the regular representation of the symmetric group ¥,.. Therefore, we have
a canonical morphism of dg-modules A(r) — &(r).
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It is possible to specify an element (wy,...,wq) € £(r) by a table with d + 1 rows
indexed by 0,...,d. The row i consists of the sequence (w;(1),...,w;(r)) and determines
the permutation w;. For instance, the table:

-

N = DN =
N =N

-

represents the element (wg, w1, wa, w3) € £(2)3 such that wy = w3 = (2,1) is the transpo-
sition of ¥ and wy = we = (1, 2) is the identity permutation of 3.

1.1.3. The composition product

The composition product of the operad £ is induced by the composition product of
permutations. More precisely, if u = (ug,...,uq) € E(r)g and v = (vg,...,0e) € E(8)e,
then, in £(r + s — 1) 41, we have the identity

UOKV = E

The sum ranges over the set of paths in an d x e-diagram such as:

i(umo Ok Uygy -+, U’:ﬂd+e Ok Uyd+e)'
($*7y*)

0 1 2 3 d=4
O: > .................
0 1 2 : :
L) Lo
: 3 4 :
LU B 2R
5 5 5
6—3 ...................................................... %
6 7

The indices involved in the sum are given by the coordinates of the vertices. In the example
above, we have:

(#x;94) = (0,0), (1,0), (2,0), (2,1), (3,1), (3,2), (3,3), (4,3)-

The sign associated to a term is determined by a permutation of the horizontal and vertical
segments of the path. More precisely, one considers the shuffle permutation which takes
the horizontal segments to the first places and the vertical segments to the last places. The
sign is just defined as the signature of the shuffle. In the example, the segments

(0,1),(1,2),(2,3),(3,4),(4,5),(5,6),(6,7)

are permuted to
(0,1),(1,2),(3,4),(6,7),(2,3), (4,5), (5,6)

and, as a result, the associated sign is —1.
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1.1.4. The diagonal
There is also a diagonal A : £(r) — £(r) Q& (r) which represents the cup-product on
the cohomology of the symmetric groups. This diagonal is given by the classical formula:
A(wo, ..., wy) = Z(wo,...,wd) ® (wg, ..., wy),
d=0

for any (wo, ..., w,) € £(7)q.

1.1.5. On the Barratt-Eccles operad
As mentioned in the introduction of the section, the operad £ is associated to a
simplicial operad W (the classical Barratt-Eccles operad). Let us recall the definition of
the operad W.
If X is a (discrete) set, then W(X) denotes the classical contractible simplicial set
associated to X, which has
WX),=Xx---xX

n+1
as a set of n-dimensional simplices. The faces and degeneracies of W(X) are given by the
omission and repetition of components. Explicitly, if (xg,...,z,) € W(X),, then we have
di(zoy ..., Tn) = (Toy- s Tiy- vy Xn), fori=0,1,...,n,
and sj(zo,- - xn) = (%o, .., X5, Tj, .., Tn), for j =0,1,...,n.

Observe that X — W(X) defines a (symmetric) monoidal functor from the category of
sets to the category of simplicial sets. We have W(X x Y) = W(X) x W(Y). As a
consequence, if O is an operad in the category of sets, then W(O) is an operad in the
category of simplicial sets.

The Barratt-Eccles operad is formed by the contractible simplicial sets W(r) =
W(%,), r € N, associated to the permutation operad. To be explicit, the simplices
(wo, - - ., w,) € W(X,), support the diagonal action of the symmetric group. We have:

o (Wo,...,Wn) = (0-wWp,...,0 wWy),
for any o € ¥,. Furthermore, given u = (ug,...,u,) € W(X,), and v = (vg,...,v,) €
W(3s)n, the composite operation u o v € W(X,15s_1)n is given by the formula:
UOE V= (’U,()Ok’l}(),...,’u,n Ok’l)n).
The augmentation maps
W(E,) — pt

define a morphism of simplicial operads to the (set) commutative operad.

The identity £(r) = N.(W(X,)) is clear. Furthermore, the diagonal £(r) — £(r) ®
E(r) defined in Paragraph 1.1.4 is clearly the Alexander-Whitney diagonal on the normal-
ized chain complex N,(W(%,)). Our definition of the composition product in the operad
& follows from a classical explicit representation of the Eilenberg-Zilber equivalence:

Nd(W(Er)) ® Ne(W(ES)) L)Nd-}-e(W(Zr) X W(ES))
(cf. [7]).
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1.2. The surjection operad

The surjection operad X is a quotient of the Barratt-Eccles operad £. The structure
of the surjection operad X is made explicit in this Section. The quotient morphism is
introduced in the next section.

1.2.1. The module of surjections

The module X (r)4 is generated by the non-degenerate surjections u : {1,...,r+d} —
{1,...,7}. The degenerate surjections, whose definition is given below, are equivalent to
zero in X' (r)4. The non-surjective maps represent also the zero element 0 € X (r)4. In the
context of the surjection operad, a map u: {1,...,r+d} — {1,...,r} is represented by
a sequence (u(1),...,u(r+d)). By definition, a surjection u : {1,...,r+d} — {1,...,r}
is degenerate if the associated sequence contains a repetition (more explicitly, if we have
u(?) = u(t + 1) for some 0 < ¢ < r +d). The module X(r)4 has a canonical ¥,-module
structure. In fact, if o0 € ¥,, then the surjection o - u € X(r)q is represented by the
sequence (o(u(1)),...,o(u(r + d))).

In the sequel, we say that v = (v(1),...,v(s)) is a subsequence of u = (u(1),...,u(r+
d)) if v(1) = u(ir),v(2) = u(iz),...,v(s) = u(is), for some 1 < iy <ig < --- < is < r+d.

1.2.2. The table arrangement of a surjection
We define the table arrangement of a surjection u € X (r)q4. In fact, the table arrange-
ment is specified by the decomposition of w in certain subsequences

w, = (u(ro+---+ric1+1D,u(ro+---+ri—1+2),...,ulro+---+ri—1+75))

ui (1) ui(2) i ()

where rg,71,...,7¢ > 1 and 79 + 71 + --- 4+ 74 = r + d. But, in general, the values of
the surjection w are just arranged on a table with d + 1 rows indexed by 0,...,d. The
subsequence u; consists of the terms on the row :

U’O(l)? Tt U()(’f'() — 1)7 UO(TO)J

ui(l), oo wa(ri—1), u1(r),

u(l),...,u(r+d) = | : :
ug—1(1), -+ wug_1(ra—1 —1), ug_1(ra—1),
ud(l), cee ud(rd).

Therefore, the subsequence u; is referred to as the line ¢ of the table arrangement of the
surjection u. The elements

uo(s0), u1(s1), - - -, g—1(54-1)

which are at the end of a row (except for the last one) are the caesuras of the surjection. The
caesuras are fixed as the elements of the sequence (u(1), ..., u(r+d)) which do not represent
the last occurence of a value k = 1,...,7. As an example, the sequence u = (1, 3,2,4,2,1)
has the following table arrangement:

L,

1,3,2,1,4,2,1 = ‘3’2’
4,21
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In general, if u(i1),...,u(in_1),u(iy,)) are the occurences of k = 1,...,7, then the
element u(iy,) is the final occurence of k. The elements u(iq), ..., u(i,—1) are also referred
to as the inner occurences of k. Thus, by definition, the inner occurences are caesuras
of the surjection. The final occurences are inside a row of the table arrangement. These
latter elements

wo(1), .. uo(so— 1)y ug_1(1), ..., ug_1(sq—1 — 1), uq(1),...,uq(sq),

form a permutation.

1.2.3. The complex of surjections

In this Paragraph, we equip the module of surjections with a differential § : X(r),. —
X (7)«_1. The identity §% = 0 follows from results which we prove in the next section.

By definition, if the surjection u € X'(r)4 is specified by the sequence (u(1),...,u(r+
d)), then the differential 6(u) € X (r)4—1 is the sum:

T+d —_—

S(u(L), ... ulr +d) =Y £(u(l),...,u(d),...,u(r +d)).

=1

The signs are determined by the table arrangement. Precisely, the caesuras of the surjection
are marked with alterned signs. Otherwise, if u(7) is inner a line, then (%) is by definition
the last occurence of £ = u(7) in the sequence. If k occurs only once, then the sequence
(u(1),. ..,17(?), ...,u(r + d)) does not represent a surjection and, therefore, vanishes in
X(r)g—1. Otherwise, we mark u(z) with the opposite of the sign associated to the previous
occurence of k.

As an example, for the surjection u = (1,3,2,4,2,1) € X'(4)2, we obtain the signs:

1+,
3,27,
1+,
4,2+, 1.

Therefore, we have §(1,3,2,4,2,1) = (3,2,4,2,1)—(1,3,4,2,1)+(1,3,2,4,1)— (1,3, 2,4, 2).

1.2.4. The operadic composition of surjections

We equip the module of surjections with a partial composition product X (r)g ®
X(s)e — X(r+ s —1)gre- In fact, if u = (u(l),...,u(r +d)) € X(r)g and v =
(v(1),...,v(s+e)) € X(s)e, then the product uor v € X(r + s — 1)44¢ is given by the
substitution of the occurences of &k in (u(1),...,u(r+d)) by elements of (v(1),...,v(s+e)).

Precisely, assume that k has n occurences in (u(1),...,u(r 4+ d)) which are the terms
w(é1),- .., u(iy). In this case, we decompose the sequence (v(1),...,v(s+€)) in n compo-
nents:

(v(o)s--+,0(1))  (v(G),--0(G2) -+ (W(n-1),---,0(dn))

where 1 = jo < j1 < jo < --- < jr_1 < jn = s+e. Then, in (u(l),...,u(r + d)), we
replace the term u(%,,) by the sequence (v(jm—1),.--,v(jm))- Furthermore, we increase
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the indices v(j) by k — 1. The indices u(i) such that u(i) < k are fixed. The indices u(%)
such that u(i) > k are increased by s — 1. The sequence which arise from this process
represents a composed surjection.

The composition product wog v is the sum of the composed surjections together with a
sign which we specify in the next Paragraph. The sum ranges over all the decompositions
of (v(1),...,v(s+e)).

As an example, we have:
(]‘7 2’ ]‘7 3) 01 (17 2’ 1) = :i:(l’ 37 1’ 27 1’ 4) :I: (17 27 3’ 27 1’ 4) :l: (17 27 1’ 37 1’ 4)'

In fact, there are 2 occurences of k = 1in (1, 2, 1, 3). Therefore, we cut the sequence (1,2, 1)
in 2 pieces. There are 3 possibilities (1)(1,2,1), (1,2)(2,1) and (1,2,1)(1). Hence, the sub-
stitution gives the composed surjections (1,3,1,2,1,4),(1,2,3,2,1,4) and (1,2,1,3,1,4).

1.2.5. The signs in the composition of surjections

In fact, our substitution process requires some sequence-permutations and these per-
mutations determine a sign which has to appear in the expansion of the composition
product.

In more details, the subsitution process works as follows. The sequence (u(1), ..., u(r+
d)) is cut on the occurences of k. Thus, with the notation above, we obtain explicitly:

(w(l),...,u(i1)) (u(i1),...,u(i2)) -+ (w(in=1);---,u(in)) (u(in),-..,u(r+d)).

Let us define also i = 0 and 4,41 = 7 +d. The sequence (v(1),...,v(s+e)) is decomposed

(v(o),---,v(1))  (w(dr),--,0(G2) -+ (W(n-1),- -5 0(In))-

The sequence (v(Jm—1),---,(jm)) is inserted on the position of u(4,,). Therefore, if we
move the sequence from the right to the left, then we have to permute this sequence with
the components

(Win), - s ulins1))  (@(ina1)s- s u(in))  (W@m), ..., u(imsr)).

The sign is precisely produced by these transpositions according to the permutation rule
in differential graded calculus. Then, we just concatenate the sequences in order to achieve
the subsitution.

The sign associated to the permutation depends on a degree which equips the com-

ponents of a surjection. By definition, the sequence (4(ipm—1),--.,u(im)) has degree d’ if
it intersects d’ + 1 lines in the table arrangement of the surjection (u(1),...,u(r +d)). In
fact, if d,,, m = 1,...,n+1, denotes the degree of the sequence (u(im—_1),- -, u(im)), then
the definition implies that (u(émy—1),-- -, u(4y)) intersects the lines:

di+ -+ dporydi ot dgey + 1 g+ d.

The degree of the components (v(jm—1),---,v(Jm)) of (v(1),...,v(s+e)) are fixed by the
same rule.
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1.2.6. Ezample
As an example, let us determine the signs which occur in the composition product

(1,2,1,3) 01 (1,2,1) = +(1,3,1,2,1,4) + (1,2,3,2,1,4) = (1,2,1,3,1,4)
considered above. The sequence (1,2,1,3) has the following table arrangement:

L,
1,2,1,3 = 21,3,
This sequence is decomposed in (1)(1,2,1)(1,3). The component (1) which is contained
in the first line has degree 0. The component (1,2,1) intersects the lines 1 and 2 and
has degree 1. The component (1,3) contained in the last line has degree 0. The degrees
of the components of (1,2,1) are determined similarly. Now, we perform the following
permutations and concatenations (the subscripts denote the degree of the components):

(1)0(1’ 3’ 1)1(1’ 4)0(1)0(1’ 2’ 1)1 = +(1)0(1)0(1’ 3’ 1)1(1a 2’ 1)1(1a 4)0 — +(1a 3a 1’ 2’ 1, 4)a
(1)0(15 3a 1)1(15 4)0(1a 2)1(2a 1)0 = _(1)0(1a 2)1(1a 3’ 1)1(2a 1)0(1a 4)0 = _(]-a 2’ 3a 2a 1a 4)a
(DO(L 37 1)1(1a 4)0(17 27 1)1(1)0 = _(1)0(17 2v 1)1(17 3a 1)1(1)0(17 4)0 = _(la 2’ 1’ 37 1a 4)7

from which we deduce the sign associated to each term of the product (1,2,1,3)07(1,2,1).
Explicitly, we obtain finally: (1,2,1,3) o7 (1,2,1) = (1,3,1,2,1,4) — (1,2,3,2,1,4) —
(1,2,1,3,1,4).

We claim that our definitions make sense:

1.2.7. PROPOSITION
The constructions above provide the graded module of surjections with the structure of
a dg-operad.

Explicitly, we prove that the composition product of surjections is compatible with the
differential and satistifies the unit, associativity and equivariance properties of an operad
composition product. In fact, we deduce the proposition from results which we prove in the
next sections. The surjection operad is also a Y,-projective resolution of the commutative
operad (cf. [22]). But, we do not use this result in the article.

1.3. The table reduction morphism

1.3.1. The table reduction morphism

We define a morphism TR : £ — X (the table reduction morphism). Let w =
(wo,...,wq) € E(r)q. Given indices rg,...,rq > 1 such that ro + ---+rqg = r + d, we
form a surjection w’ = (w'(1),...,w'(r +d)) € X(r)4 from the values of the permutations
wo, - - -, wq- In the sequel, we say that the surjection w’ € X (r)q arise from the simplex
w € E(r)q by a table reduction process. The image of w = (wo, ..., wq) in X'(r) is the sum
of these elements

TR(wg,...,wq) = Z(ro,n.“)(w'(l), o' (r+d))
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for all choices of rg,...,r4 > 1. Let us mention that there are only positive signs in the
sum.

Fix rg,...,74 > 1 as above. The associated surjection has a table arrangement
wp(1), -+ wp(ro—1), wp (7o),
wi(1), o wi(r— 1), wy(r1),

w'(1),...,w' (r+d) =

wy_1(1), - wh_y(ra—1—1), wi_,(re-1),

wy(), - wy(ra),
whose rows are formed by the values of the permutations wy, ..., w4. Precisely, the table is
constructed as follows. The elements (w((1), ..., w{(ro)) are the first terms of the permuta-
tion (wg(1),...,wo(r)). The elements (w;(1),...,wi(r;)) are the first terms of the permu-
tation (w;(1),...,w;(r)) which do not occur inside a line above in the table. Equivalently,
we omit the values represented in the sequence w'(1),...,wi(ro — 1), wi(1),...,wi(r; —

1),...,w;_;(1),...,w,_4(r;—1 — 1) from the permutation (w;(1),...,w;(r)).
For instance, we have:

727
9 +
7473

2= I Y

TR

P A I Y

—
TN
NSOV
[SUI ORI
Il
Ry
R
w w N

bt I

(We drop the degenerate terms, which are equivalent to 0, from the result.)
We claim:

1.3.2. THEOREM

The table reduction morphism TR : € — X defined in the Paragraph above is a
surjective morphism of differential graded operads. The surjection operad X is a quotient
of the operad .

The demonstration is achieved in the next Sections. Our purpose is to prove both
the Proposition 1.2.7 and the Theorem 1.3.2. In fact, as mentioned in the Theorem, we
prove that X is a quotient operad of the classical operad £. The table reduction morphism
TR : £ — X is identified with the quotient arrow. Therefore, we prove the following
Assertions first:

1.3.3. ASSERTION: The table reduction morphism TR : £ — X is well defined.
1.3.4. LEMMA: The table reduction morphism TR : £ — X is surjective.

Then, the next Assertion implies that the differential on X (r) verifies the identity
62 = 0. Equivalently, we prove that X (r) is a quotient dg-module of £(r).

1.3.5. ASSERTION: The table reduction morphism TR : £ — X maps the differential in
the Barratt-Fccles operad E(r) to the differential in the surjection operad X (r) (specified
in Paragraph 1.2.3).

The next Assertion is obvious from the definition of te table reduction morphism:
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1.3.6. ASSERTION: The table reduction morphism TR : £ — X is equivariarant.

The next Assertion implies that the composition product of the surjection operad
satisfies the properties of an operad composition product and is compatible with the dif-
ferential.

1.3.7. ASSERTION: The table reduction morphism TR : & — X maps the composition

product in the Barratt-Fccles operad to the composition product in the surjection operad
(specified in Paragraph 1.2.4).

The announced conclusion follows: the surjection operad X is a quotient operad of
the Barratt-Eccles operad £.

The Assertions 1.3.3, 1.3.4 and 1.3.5 are proved in Section 1.4. The Section 1.5 is
devoted to the demonstration of the last Assertion 1.3.7.

1.4. The operad morphism properties

1.4.1. Proof of the Assertion 1.3.3:

If w € £(r)q is a degenerate simplex in the Barratt-Eccles operad, then the asso-
ciated surjections w’ € X(r)q are also degenerate. Therefore, the element TR(w) van-
ishes in the normalized surjection operad. This proves that the table reduction morphism
TR : £ — X is well defined. To be more explicit, suppose that w = s;(wq,...,wq) =
(wo, ..., wj,wj, ..., wq). Consider a surjection w’ which arise from the table reduction of
(wo, ..., wj,wj,...,wg). In the associated table arrangement, the line j consists of the
terms

w;’(l)’ .- '7w;(3j - 1),’11);-(33‘)

of the permutation w;. The values w;(1),...,w;(s; —1) are ommitted in the next row (by
definition of the table reduction process). Therefore, this row (which consists also of terms
of the permutation w;) starts with the term wj(s;). We conlude that the last element of

the line j coincides with the first element of the line j + 1. The Assertion follows.

1.4.2. Proof of the Lemma 1.3.4:

Let u € X(r)q be a surjection. We specify a simplex w = (wg, w1, . .., wq) € E(r)q such
that TR(w) = u. The permutations (wg, w1, ...,wq) are subsequences of (u(1),...,u(r +
d)) and are determined inductively from the table arrangement of the surjection.

To be explicit, the table arrangement of u has the form:

8(1)’ s(i1_1)7 37(1)’
S(il)v S(i2_1)7 $(2)a

u(l),...,u(r+d) = : : :
s(ig—1), --- s(iq—1), z(d),
s(ia), -+ s(r),

where (s(1),...,s(r)) is a permutation. We fix wg = (s(1),...,s(r)). To obtain the
permutation w; from w;1, we just move the occurence of x = (i) in the given subsequence

(wix1(1), ..., wig1(r)) C (u(l),...,u(r+d))
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to the position of the caesura z (7). Explicitly, we have:

wq =s(1),...,s(r),
wig—1 =5(1),...,5(q —1),2(d), s(ia),...,z(d),..., s(L)\,
Wag—2 = 3(1), ey S(id_l - 1),$(d - 1), S(id_l), e ,x(d:\l), e
y8(ig — 1), z(d), s(iq), - . -, z(d),...,s(r)
and so on. The Lemma follows from the following Claim:

1.4.3. CLAam: If (wo,...,wq) are defined as above, then we have TR(wo,...,wq) =
(u(1),...,u(r +d)).

The permutations w; and w; 1 coincide up to the position of z(i). To be more explicit:

w; =w;(1),...,w;(p—1),2(%),wi(p+1),...,wi(q),wi(g+1),...,w;(r),
wir1 =wi(1l),...,wi(p—1),wi(p+1),...,wi(q), z(3),w;(qg+ 1), ..., w(r).

Now, consider a term

wo(1), - wp(ro — 1), wo(ro),
wi(1), o wi(r—1), wy(r1),
w;i—l(l)’ T w;i—l(rd—l - 1)7 w:i—l(rd—l)v
wy(1), - wg(ra)
in TR(wo, ..., wq). The caesura in the permutation w; is necessarily put on z(i). Other-

wise, in the table, there is a repetition between the lines ¢ and ¢+ 1. Precisely, one observes
that the last term of the line ¢+ would coincide with the first term of the line ¢ + 1. This
property holds for any permutation w;. The Claim follows.

1.4.4. Proof of the Assertion 1.3.5:
Fix w = (wp,...,wgq) € £(r)q. Let w' € X(r)q be a surjection associated to w by the
table reduction process. If we assume r; = 1, then we have:

w{,(l), o wh(ro),

’UJ; (1) i (ri—l)a
w'(1), "(r+d) = |wi(1),

w£+1(1) z+1(TT+1)

wgl'(1), e wy(r).

Clearly, in the differential §(w’) € X (7)4—1, the term, which drops w} (1) from the sequence,
is equivalent to a surjection associated to (woq,...,w;,...,wq) € E(r)g_1 by the table
reduction process. Furthermore, in both cases, the sign in the differential is (—1)*. We
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observe that the other terms in d(TR(wp,...,wgq)) vanish. Therefore, the differential
S(TR(wo, ..., wq)) € X(r)g—1 reduces to TR(6(w)) =Y, £ TR(wo,...,W;,...,wq).

In fact, the ommission of an inner value in a surjection w’ € X (r)4 cancels the ommis-
sion of a caesura in another surjection w’ € X(r)q4 associated to w. Explicitly, assume that
we drop the inner element w;(p) from the surjection w’ € X(r),4 specified by the indices
ro,---,74. As in the definition of the differential, we consider the previous occurence of
k = wj(p), which is at a caesura w’(r;) in the table arrangement of the surjection. Then,
let w” € X(r)q be the surjection determined by ro,...,7; +1,...,7; — 1,...,rq. This
surjection w' differs from w’ by the lines 7 and j of the associated table arrangement:

w((1), ..., wy(ro),

w;‘(l)a .- -aw;'(rj - 1)7 k,’w;-(’f'j + 1)7

"

wi(1), ..., wi(p — 1),k wi(p+1),..., wi(r:),

wh(1),...,wh(rq).

We observe that the ommission of wj(r; +1) in w"” yields the same result as the ommission
of w}(p) in w'. Furthermore, the signs associated to these differentials are opposite. (This
assertion is an immediate consequence of the definition.) The conclusion follows.

1.5. On the composition products

The purpose of this section is to prove the Assertion 1.3.7 and to complete the demon-
stration of the Proposition 1.2.7 and of the Theorem 1.3.2. Thus, we compare the compo-
sition product in the surjection operad to the composition product in the Barratt-Eccles
operad.

1.5.1. On the expansion of the composition products

Fix elements u € £(r)qg and v € £(s)4 in the Barratt-Eccles operad. We prove that
the composition products TR(u) o TR(v) and T R(u o v) agree term by term. Explicitly,
we have a map from the expansion of T R(u) ox TR(v) to the expansion of TR(uogv). This
map gives a one-to-one correspondence on the non-degenerate terms of the expansions.
The Assertion follows.

Precisely, on one hand, in the expansion of T R(u o v), the terms are indexed by the
following elements:
— a path (2., y«), which fixes a composition (uz, ok vy, ) in the Barratt-Eccles operad,;

— indices (g, ...,tq+e), which fixes a surjection (u o v)" associated to the former compo-
sition.
By definition, these indices (o, ...,t41c) are characterized by the dimensions of the table

arrangement of the surjection (u of v)’.

On the other hand, in the expansion of TR(u) o TR(v), the terms are indexed by:
— indices (rg,...,7q), which fixes a surjection u' associated to u;
— indices (s, ..., Se), which fixes a surjection v’ associated to v;
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—indices 1 = jp < j; < --- < j, = s + e, which fixes a decomposition of v’.
The associated composed surjection w’, which occurs in the expansion, is given by the
insertion of the components of v’ in the fixed surjection w/'.

We analyze the table arrangement of the composed surjection w’ in the next Para-
graphs. We observe that the insertion process determines a path (z4,y.) and a composite
operation (uz, o vy, ) in the Barratt-Eccles operad. The composed surjection w’ is asso-
ciated to the surjection (u ox v)" which results from the table reduction of this element
(ug, o vy, ) and whose table arrangement has the same dimensions.

1.5.2. On the table arrangement of a composed surjection

Thus, we need insights on the substitution process for surjections. We fix v’ € X (r)q4
and v’ € X(s) as above. As in the Paragraphs 1.2.4 and 1.2.5, we let u'(i1),...,u (i)
denote the occurences of k in the sequence u'(1),...,u'(r + d). By convention, we have
also 79 = 1 and 4,41 = r + d. The surjection u’ is decomposed in

(u'(do), —u'(12))  (u'(in),—u'(d2)) -~ (u(in),

Furthermore, we fix a decomposition

(UI(jO)a aU,(.jl)) (U,(.jl)a avl(jQ)) (Ul(jn—l)a avl(jn))
of the surjection v’. These components are inserted in the decomposition of u’
(u'(i0), —— w'(41))  (v'(Jo),—— v'(41))  (u'(i1), —, '(d2))
(v (Jn—1)s——v'(Gn)) (' (in),

The composed surjection w’ is represented by the sequence obtained by concatenation.
Explicitly:

U (in41))-

' (int1))

’U/(’i()), aul(il - 1)avl(j0)7 7vl(j1)aul(i1+1)a"'

Tty ul(in—l - ]-)7 vl(jn—l)y

7U,(jn)7ul(in +1), ,Ul(?:n+1).

We omit to mark the substitution-shift for simplicity (precisely, we omit to increase the
elements v'(j) by k — 1 and to increase the elements u'(7) > k by s — 1).

It is easy to determine the caesuras of the composed surjection:

1.5.3. OBSERVATION: The caesuras of the composed surjection above w' are classified as
follows. The caesuras u.,(r;) of the surjection u' such that ul(r;) # k give a caesura in
the composed surjection. The caesuras ul,(r;) of the surjection v’ such that u,(r;) = k are
the terms u/(i1), ..., u (in—1). The insertion process move such a caesura u'(i,,) to the last
element v'(jn,) of the component (v'(jm—1), , ' (jm)) which is inserted on u'(i,,). The

other elements (V' (jm-1),— V' (Jm — 1), ’U@n)), which are a caesura for v', give another
caesura in the composed surjection.

Our next purpose is to relate the table arrangement of the composed surjection to the
composition procedure in the Barratt-Eccles operad.
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1.5.4. The path determined by the insertion of a surjection

We define the path (z,,y.) associated to a composed surjection. We let d,,, and e,
denote respectively the degree of (u/(ip,_1), W (i) and (V' (Jm—1), ;U (jm))- The
definition implies that the sequence (u'(imm—1), ,u' (1)) intersects the lines

dl+...+dm_17d1—|—---—|—dm_1+1,...,d1+"'+dm—1+dm

in the table arrangement of u/. Similarly, the sequence (v'(ip,—1),
the lines

, V' (1)) intersects

el+...+em_1,el—|—---—|—€m_1+1,..-,€1+"'+em—1+dm

in the table arrangement of v'.

By definition, the path (z.,y.) associated to the composed surjection is given by the
concatenation of horizontal components of length d,,, m = 1,...,n 4+ 1, and of vertical
components of length e,,, m = 1,...,n, as in the insertion process. The indices (z., y.)
are given by the following formulas.

Ifc=di+e+dy+es+-+dy_1+en_1+z, where 0 <z’ <d,,,

Te=dy+dy+ - +dp1+ 7,
Ye=€rte2+ - +em_1.

Ifec=di+er+dast+es+-+dm1+em1+dn+y, where 0 <y < e,

mc:d1+d2+"'+dm—1+dma
Yye=er+e+--+en_1+Yy.

then we have {

then we have {

This definition is motivated by the table arrangement of the composed surjection.

1.5.5. OBSERVATION:

In the component (v (im—_1), U (im)), the elements u/(i) # k, which come from
the linex = dy + -+ + dy,_1 + 2’ of the table arrangement of u’, are inserted in the line
c=di+e+ - +dm_1+emn_1+ 2 of the table arrangement of the composed surjection
w'.

In the component (v'(jm—1),—,v'(jm)), the elements v'(j) which come from the
liney = ey + -+ em_1 + 4y of the table arrangement of v', are inserted on the line
c=di+e+-+dn_1+em_1+dn+y of the table arrangement of the composed
surjection w'.

(These assertions follow immediately from the classification of the caesuras in a com-
posed surjection.)

Now, we have:

1.5.6. CLAIM: The path associated to a composed surjection w' as above fizes a composition
(Ug, 0k vy, ) € E(r+s—1). in the Barratt-Eccles operad. We claim that w' agrees with the
surjection (u o v)" which results from the table reduction of (ug, o vy,) € E(r+s— 1),
and whose table arrangement has the same dimensions.

As mentioned in Paragraph 1.5.1, we associate the composed surjection w’ in the
expansion of TR(u) o TR(v) to the surjection (u o v)’ in the expansion of TR(u oy v).
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We prove the Claim above by induction. More precisely, we assume that the surjections
agree on the lines of the table arrangement such that z. < z, where 0 < x < d. Then:

1.5.7. CLAM: The surjection (u o v)" agrees with the composed surjection w' on the next
lines of the table arrangement (on the lines such that x. = x).

Proof:
We assume that ¢/, +1,...,¢" are the indices of the lines such that z, = z. We
have:
(xc’a yC’) = ('7;’ yl)7 ('Z.c’—i—l; yd—}-l) = (l’, yl + 1)7 R (-/EC’U yC”) = ($, y”)'
In the table arrangement of the composed surjection w’, the lines ¢/,¢ +1,...,¢"

either do not contain or contain an occurence of the surjection v’. In the first case, we
have ¢/ = ¢’ and the line considered reads:

g (1), s g (re)

In the second case, the lines ¢/,¢’ + 1,...,¢” of the table arrangement of the composed
surjection have the following form:

Uy (1), - -5 g (0 = 1), 0y (57), - -5 vy (591),

y+1(1) R y+1(3y+1)

/, _1(1) . ;’U;u 1(8y”—1)
yu( )5 w5 Oy (8yn), ug (1 + 1), - ug (72),

where 1 <4’ < r,. It is also possible to have ¢/ = ¢”. Then, the diagram above collapses
to one line:

|y (1), oy ug (5 = 1), v, (57)s - - s vy (8yr)s ug (37 4+ 1), ooy ug(r2),

In the table arrangement of the surjection (u o v)’, the lines ¢/, + 1,...,c" arise
from the table reduction of the permutations u, oy vy, where y = ¢/, ¢’ +1,...,y". The
permutation u, oy v, is represented by the sequence:

ugp(1), ... uz(p—1),vy(1),...,0h(8),ug(p+1),...,uz(r),

where u,(p) = k. By definition, in this sequence, we have just to omit the elements,
which already occur inside a line of the surjection. By the induction hypothesis, these
elements occupy the same position in the table arrangement of the composed surjection
w’. Therefore, we conclude: the elements, which we have to drop from the permutations
Ug Ok Uy, are the same as the elements which are ommitted in the next lines of the composed
surjection w’. This observation allow us to prove that the next lines of the surjection
(u o v)" agree with the composed surjection w’. We follow the construction.
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Let us assume that we have not to omit all elements v,/ (1), ..., v,y (s) in the construc-
tion. As observed, the elements u,(¢) which we have to drop from u,(1),...,uz(p — 1)
are also ommited in the sequence u/(1),...,ul(r;). It follows that the first terms in-
serted on the line ¢’ of the surjection (u o v)" and of the composed surjection w’ agree.
If the line is not completed, then the elements which we insert from v, (1),..., vy (s)
and from uy(p 4+ 1),...,ug(r) are same for the same reason. If ¢ < ¢’, then on the lines
c=c+1,...,c¢" of the table arrangement of (vorv)’, we omit uz(1),...,u,(p—1) because
these elements occur either inside the line ¢’ or still inside a line above in the table. There-
fore, the next elements that we have to insert come from v, (1),...,vy(s),y =y +1,...,y".
These elements correspond again to the next elements vy (1), ..., v, (s, ) of the composed
surjection w’.

If we have to omit all elements v,/ (1),..., v,y (s), then, for the table arrangement of
the composed surjection, we obtain:

|ul (1), ... ul(rs).

Furthermore, the elements u,(1),...,ul(rz) belong necessarily to the last component
(W (in), ..., (iny1)) of the surjection u'. Therefore, the value k has to be omitted from
g (1), ..., uz(p — 1),k ug(p+ 1),...,uz(r) in the construction of u (1),...,ul (r;). The
omission of the block vy(1),...,vy(s) in the permutation u, oy v, gives the same result.
The conclusion follows in this case.

The demonstration of the Claim is complete.

/
Y

The next Claim implies that the non-degenerate terms (u o v)’ in the expansion of
TR(u of, v) are associated to a composed surjection:

1.5.8. CLAIM: Fiz a surjection (u o v)’ in the expansion of TR(uogv). Fixz =0,...,d.
We assume x. = x, forc =, +1,...,c". Consider the sequence formed by the lines
c=c,cd+1,....c" of the surjection (u oy v)':

(ug o vy) (1), - - -, (ug ok vy )’ (ter),

(ug o vy 41) (1), - ., (g ok vy 41) (Eer1),

(ug o vy)' (1), ..., (ug Ok vy ) (ter).

This sequence is equivalent to a concatenation:

(ul (1), ... uy(d —1),k) (V' (G"),...,0"(5") (kyu,(i' +1),...,u.(re)),
otherwise the surjection (u o v)' is degenerate.

Proof:
The property is immediate if ¢/ = ¢”’. We assume ¢’ < ¢”. In the table, all lines except
the last one have to end with a term v;(j) and all lines except the first one have to start

with a term v; (1), otherwise the table contains a repetition.

In fact, if the line y ends with u/,(7'), then all values u,(7), which come before u/,(i’)
in the sequence u;(1),...,k,...,uz(r), are ommitted in the next lines of the surjection. If
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k comes before u. (i'), then all values vy (1),...,v,(s) already occur as a final element in
the table. Therefore, the elements v, (1),...,vy(s) are also ommitted in the next lines. As
a conclusion, the line y + 1 has to start with the element w/ (i) and a repetition occurs in
the table.

Now, if we assume that the line y —1 ends with v, _;(j), then the elements u, (i) which
come before k already occur as a final element in the table. Therefore, the line y starts
with an element v; (1).

The Claim follows.

1.5.9. CLAIM: A composed surjection w' associated to u' and v’ is non-degenerate if and
only if the surjections u' and v' are non-degenerate. In this case, the composed surjection
w' uniquely determines the surjections u’' and v' together with the decomposition of v\ which
gives the composition.

Proof:

The first assertion is immediate from the insertion process for surjections. The degen-
eracies u'(4) = u/(¢ + 1) such that u'(¢) # k are not removed by the insertion process. So
do the degeneracies v'(j) = v'(j+1). If the surjection v’ has a degeneracy v’ (i) = u'(i+1),
such that u/(i) = k, then, according to our notation, we have i = i,, and i + 1 = 4,11 ,
for some m = 0,1,...,n. In the composed surjection, this degeneracy is equivalent to the
repetition of the element v'(jy,).

The sequence ul(1),...,u.(r;z), where x = 0,...,d, is uniquely determined by the
terms of the surjection w’ which are on the lines such that ., = xz. Explicitly, the sequence
ul(1),...,ul(ry) is recovered by the following operations. The elements such that k£ <
wl(i) < k+t—1 are replaced by k. The elements such that k£ + ¢ < w/ (i) are decreased
by t — 1. The consecutive occurences of k are collapsed to one term and this achieve the
process. (If the surjection u' is non-degenate, then the repetition of k follows from the
insertion process.) Similarly, the sequences uy (1), ...,u,(sy), ¥y =0,..., e, are determined
by the terms of the surjection w’ which are on the lines such that y. = y. In this case, we
withdraw the elements such that w.(i) <k —1 or k+t < w.(i) and we decrease by k — 1
the elements such that k < w/.(¢) < k + ¢ — 1. Consecutive occurences of a same value are
also collapsed to one term.

This achieve the demonstration of the Claim.

The Claims above identify the non-degenerate terms in the expansion of TR(u) og
TR(v) to the non-degenerate terms in the expansion of TR(u o v). To complete the
demonstration, it remains to compare the associated signs. By definition, in TR(u of, v),
the sign is determined by a shuffle of the horizontal and vertical components of the path
(4, Y«). In TR(u) o TR(v), the sign is produced by the insertions of the components
(V" (Jm—1)s---, 0" (4m)) of the surjection v’ in the surjection u'. It is immediate from the
definition that these shuffles are same. Therefore:

1.5.10. OBSERVATION: The sign produced by the insertion of a surjection in the composition
process agrees with the sign determined by the path (x.,y.) associated to the composed
surjection.

The demonstration of the Assertion 1.3.7 is now complete.
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1.6. The little cube filtrations on operads
The Barratt-Eccles operad has a filtration

FyW(r) C F;W(r) C--- C FW(r) € - CW(r)

by simplicial suboperads F,,)W(r) whose topological realization |F,,W| is (as a topological
operad) homotopy equivalent to the classical operad of the little n-cubes FyD (cf. M.
Boardmann, R Vogt [4] and P. May [20]). Precisely, the topological operads |F,W| and
F,, D are connected by operad morphisms

|[F V|~ - — F,D

which are isomorphisms in the homotopy category of spaces.

The filtration on the Barratt-Eccles operad is introduced by J. Smith in the article [27]
in order to generalize the Milnor F'K-construction and to provide a simplicial model for
iterated loop spaces. The work of T. Kashiwabara (cf. [15]) proves that the simplicial set
F, WV (r) has the same homology as the space of the little n-cubes F,,D(r). The equivalence
as a topological operad follows from the work of C. Berger (cf. [3]). The idea is to relate
the filtration to a particular cellular structure on these operads.

We have an induced filtration on the associated dg-operad

Fié(r) CFE(r)C--- CF,E(r)C---C&(r)

such that F,,E(r) is equivalent to the dg-operad formed by the chain complexes on the
spaces of the little n-cubes. J. McClure and J. Smith have introduced a similar filtration

FiX(r) CFX(r)C---CF,X(r)C---

on the surjection operad (cf. [22]). Furthermore, J. McClure and J. Smith have proved
that the dg-operad F,X is also equivalent to the little cube operad. In fact, it is possible
to adapt the methods of C. Berger to the context of the surjection operad. This result
implies that we have quasi-isomorphisms:

F,E+~— . 5 F,X.

Our purpose is to prove the following Lemma:

1.6.1. LEMMA

The table reduction morphism TR : £ — X preserves the filtrations. Furthermore,
the induced morphism F,, TR : F,,€ — F,X is a quasi-isomorphism of differential graded
operads.

We state a more precise result below.
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1.6.2. The cellular structures

We recall the definition of the cellular structure which occurs on the operads P = &
and P = X. A cell is associated to a pair (u,o0) such that o € X, is a permutation
and g is a collection of non-negative integers x (1) € N (where {z,y} C {1,...,7}).
The permutation ¢ € 3, determines also a collection x; ,(0). Explicitly, the element
Xz,y(0) is the permutation of (z,y) formed by the occurences of z and y in the sequence
(o(1),...,0(r)) which represents the permutation o. Equivalently, we assume z < y. The
permutation x, (o) is the identity permutation (z,y) if o(z) < o(y) and xz (o) is the
transposition (y, z) if o(z) > o(y).

The cellular structure is specified by sub-¥,-modules F, ,yP(r) C P(r). The filtra-
tion is related to the cellular structure by the relation:

F P(r)= Y Fq»P(r).

Mo,y <N

The sum ranges over the elements (y, o) such that x, (@) < n for all pairs z < y.

The cellular structure is in some sense compatible with the operad composition prod-
uct (cf. C. Berger [3]). Furthermore, the cells F{,, ,yP(r) are acyclic in both cases P = &
(cf. C. Berger [3]) and P = X (cf. J. McClure and J. Smith [22]). We just recall the
definition of the cells F{,, ,yP(r) C P(r) in the next Paragraphs.

1.6.3. The cellular structure on the Barratt-Eccles operad

Let w = (wo, ..., wq) € £(r)q. Given a pair z < y, we consider the sequence x ,(w) =
(Xz,y(wo), - . ., Xz,y(wq)) formed by the permutations of z and y associated to (wo, ..., wq).
The simplex w = (wo, ..., wq) belongs to F(, ,E(r)q C £(r)q if, for all pairs z < y, either
the sequence x; ,(w) has no more than x ,(©) —1 variations, or the sequence x ,(w) has
exactly Xz, (@) variations and we have x; ,(wq) = Xz,y(0). The simplex w = (wo, ..., wq)
belongs to F,,E(r)q C £(r)q if and only if, for all pairs x < y, the sequence x ,(w) has no
more than n variations. For instance, we have ((1,2),(2,1),(1,2)) € FoWV(2)s.

1.6.4. The cellular structure on the surjection operad

Fix a surjection u € X(r)4. Given a pair z < y, we let x4 ,(u) denote the subsequence
of (u(1),...,u(r+d)) formed by the occurences of z and y in the surjection. For instance,
we have (2,1,3,4,3,1)10 = (2,1,1), (2,1,3,4,3,1)1.3 = (1,3,3,1) and (2,1,3,4,3,1)53 =
(2,3,3). The surjection u € X(r), belongs to F, , X (r)q C X(r)q if, for all pairs z < y,
either the sequence x; ,(u) has no more than x, ,(x) variations, or the sequence x, ,(u)
has exactly Xz, (1) 41 variations and the permutation formed by the final occurences of
and y in x4, (u) is equal to x4y (0). The surjection u € X (r), belongs to F, X (r)q C X (7)q
if and only if, for all pairs < y, the sequence x ,(u) has no more than n + 1 variations.
For instance, we have (1,2,1,2) € F»X(2)3. Similarly, for the surjection above, we have
(2,1,3,4,3,2) € FX(4)s.

The Lemma 1.6.1 follows from the following result:

1.6.5. LEMMA
The table reduction morphism TR : £ — X preserves the cellular structures. Ezx-
plicitly, if w € F(,, 5 &, then we have TR(w) € F(, )X .
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The result above implies that the induced morphism F,, TR : F,,£ — F, X is a weak
equivalence, because we have the commutative diagram:

h%mﬂ?nﬁhuﬂg Flu) TR h%aﬂ?n}QMUyY
M0 Hn,o

~ ~

F.E TR F X

(cf. [3], [22]). The upper horizontal arrow is a weak equivalence because the cells F, ,&
and F(, )X are acyclic.
The proof of the Lemma above is postponed to the end of this Section.

1.6.6. The relationship to operations on the Hochschild cochains

According to J. McClure and J. Smith, the operad F>X is generated by the operations
(1,2) € X(2) and (1,2,1,3,1,...,1,7,1) € X(r). Furthermore, if A is an associative
algebra, then the normalized Hochschild cochain complex N*(A, A) is equipped with the
structure of an algebra over FoX' (cf. [21], [22]). The generator (1,2) € X(2) is mapped
to the cup product operation

x1~—~ 9 : N*(A,A) @ N*(A,A) — N*(4,A).
The generator (1,2,1,3,1,...,1,7,1) € X(r) is mapped to the brace-operations
T1{T2, ..., Tr}r_1: N*(A, A)®" — N*(A, A)

which are introduced by E. Getzler (cf. [8]) and by T. Kadeishvili (cf. [14]). J. McClure
and J. Smith conclude that the surjection operad is an instance of a dg-operad which is
equivalent to the little square operad and which operates on the normalized Hochschild
cochain complexes. This result answers a conjecture of P. Deligne. The Lemma 1.6.1 above
implies the same result about our simplicial model of the little square operad (regardless
of the homotopy type of the operad FrX):

1.6.7. THEOREM
The normalized Hochschild cochain complex associated to an associative algebra is
equipped with the structure of an algebra over the operad F>E.

1.6.8. Proof of the Lemma 1.6.5

Let w = (wg, w1, ..., wq) € £(r)q. Let w’ be a surjection associated to w by the table
reduction process. Fix a pair z < y. If x;,(w) has no more than n variations, then we
claim that x;,,(w’) has no more than n + 1 variations.

We assume that the final occurence of z comes before the final occurence of y in the
surjection w’ (the arguments remain same in the inverse case). We assume that the final
occurence of x in w’ belongs to the line m of the table arrangement of w’. Consider the
subsequence of x ,(w’) which is formed by all the occurences of z in the surjection w’ and
by the occurences of y which are on the lines 0,1, ..., m—1 of the table arrangement of w’.
Equivalently, the sequence g ,(w’) is truncated on the final occurence of . In x; ,(w'),
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there is at least an occurence of y which comes after the final occurence of x. Therefore,
the sequence X ,(w') has one more variation than the truncated subsequence.

If £ occurs on the line % of the table arrangement, then x comes necessarily before
y in the sequence w;(1),...,w;(r), because we assume that the final occurence of y lies
below in the table. Hence, in this case, we have (s ,)(w;) = (z,y). Similarly, if y occurs
on a line w;(1),...,w;(r;), such that ¢ < m, then y comes necessarily before x in the
sequence w;(1),...,w;(r). Hence, in this case, we have (5 ) (w;) = (y, ). These observa-
tions imply that the truncated subsequence introduced above has no more variations than
X(z,y) (W0); X(z,9) (W1); - - -, X(2,y) (Wm). The conclusion follows.

If xz,,(w') has exactly one more variation than x; ,(w), then the permutation formed
by the final occurence of z and y in w’ agree with x;,(wq). In fact, under this as-

sumption, the sequence Xz, (W) = X(z,9) (W0); X(z,9) (W1); - - +» X(2,y)(wa) has as much vari-
ation as the truncated sequence X (5 ,)(w0), X(z,9)(W1), - - - » X(2,y) (Wm). Therefore, we have
X(z,y)(Wm) = X(z,y)(Wm+1) = -+ = X(a,y9)(wa). The conclusion follows from the observa-

tions above (we have X (5,y)(wm) = (7, y) in the case considered).
The Lemma is proved.

1.6.9. Remark

It is also straighforward to prove that the morphism F,, TR : F,,€ — F, X is surjec-
tive. In fact, if u € X(r)q, then we consider the simplex w € £(r)4 introduced in Paragraph
1.4.2 and such that TR(w) = u. From the definition, it follows easily that w € F,€ if
u € F,X.

We can improve the construction of the simplex w € £(r)4. More precisely, we have
a morphism of dg-modules EZ : X — & which preserves the cellular structures on the
operads and which is right inverse to the table reduction morphism TR : £ — X. This
construction is postponed to a next article.
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§2. The interval-cut operations on chains

2.0.1. Conventions for simplicial sets

We refer to D. Curtis (cf. [5]), P. Gabriel and M. Zisman (cf. [7]), P. Goerss and J.
Jardine (cf. [11]), P. May (cf. [19]) for our conventions on simplicial sets. We adopt the
classical notation [n], n € N, for the objects of the simplicial category A. A morphism
uw : [m] — [n] is equivalent to a sequence 0 < u(0) < u(1l) < --- < u(m) < n. If
X is a simplicial set and x € X,, is an n-dimensional simplex in X, then the expression
z(u(0),u(1),...,u(m)) € X,, denotes the image of x € X,, under the map v* : X,, — X,,
associated to u : [m] — [n]. For instance, we have the identity z = 2(0,1,...,n). By
this convention, we have also:

di(z) =x(0,...,i—1,i+1,...,n), fori=0,1,...,n,
and s;j(z) ==(0,...,4,4,...,n), forj=0,1,... n.

The standard generators of the category of simplicial sets are denoted by A™, n € N.
The element A(0,1,...,n) € (A™),, is the universal simplex in A™. The m-dimensional
simplices of A™ are the elements

A(u(0),...,u(m)) € (A"),

where u : [m] — [n]. The simplex A(u(0),...,u(m)) is non-degenerate if and only if the
application u : [m] — [n] is injective.

If z € X,,, then Z : A" — X is the unique morphism such that Z(A(0,1,...,n)) =
z. In fact, Z(A(u(0),...,u(m))) = z(u(0),...,u(m)). If u : [m] — [n], then u, :
A™ —s A" is the unique morphism which maps the simplex A(0,1,...,m) € (A™),, to
A(0), -, u(m)) € (A"

2.1. On the Eilenberg-Zilber operad
The purpose of the section is to prove the following Theorem:

2.1.1. THEOREM

Let X be a simplicial set. There is a natural evaluation coproduct £(r) @ Ni(X) —
N, (X)®" which equips the normalized chain complex N,(X) with the structure of a coal-
gebra over the operad £. The dual cochain complex N*(X) is equipped with the structure
of an E-algebra.

2.1.2. On coalgebras over an operad

An algebra over an operad P is defined as a dg-module A equipped an evaluation
product P(r) ® A" — A. Dually, a coalgebra over an operad P is a dg-module C
equipped an equivariant evaluation coproduct P(r) ® C — C®" which is coassociative
with respect to the operad product and unital with respect to the operad unit. (Then,
the dual dg-module C’ is equipped with the structure of a P-algebra.) In the context of
coalgebras, an element p € P(r) determines a cooperation p* : C — C®". In fact, the dg-
modules Hom¢ (r) = Homp(C, C®") form a dg-operad and the structure of a P-coalgebra
is equivalent to a morphism of dg-operads P — Homg.
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To be more explicit, let V' be a dg-module. The morphism operad associated to V
is the dg-operad such that Homy (r) = Homp(V®", V). Dually, the comorphism operad
associated to V is the dg-operad such that Hom§, (r) = Homg(V, V®"). Thus, ifg; : V —
Vesi gV — V®rand f:V — VO then f(g1,...,95): V — VEs1H -t
is the composite morphism f(g1,...,9r) = £91 ® --- ® g, - f. The sign follows from the
permutation of g1,..., g, with f. The dg-module V is equipped with the structure of a
coalgebra over the comorphism operad Homj, and the canonical morphism Homy, (r) ®
V — V@ is a universal evaluation coproduct.

2.1.3. The Filenberg-Zilber operad
The Eilenberg-Zilber operad Z is the universal dg-operad together with a natural
evaluation coproduct

Z(r) ® N, (X) — N, (X)®"

defined for X € S. We refer to V. Hinich and V. Schechtman (cf. [13]) and V. Smirnov
(cf. [24]). The idea of the construction goes back to the work of A. Dold (cf. [6]) on the
Steenrod operations. The dg-module Z(r) is formed by the morphisms

fx : No(X) — N (X)®"

in the product of the comorphism operads |]y Homp(NV,(X), N.(X)®") which define a
natural transformation in X € §. Therefore, for a fixed X € S, we have a canonical
operad morphism Z(r) — Homp(N,(X), N.(X)®") which is equivalent to an evaluation
coproduct as above.

Classically, a natural transformation fx : C.(X) — N,(X)®" is determined by
the image of the generators A(0,1,...,n) € (A™),, n € N. Furthermore, such a natural
morphism induces a natural transformation on the normalized complex fx : N.(X) —
N.(X)®" if the tensors fx(A(0,1,...,n)) € N,(A™)®", n € N, are cancelled by the
degeneracies s/ : A" —s A"l To conclude, we have the identity:

Z(r) = H{ ﬂ ker(s? : No(A™)®" — N*(A"“)@T)}.

To be more precise, a tensor of degree d in N,(A™)®" is associated to an operation of
degree d — n in the Eilenberg-Zilber operad.

2.2. The interval-cut operations in the Eilenberg-Zilber operad

To be precise, our aim is to construct an operad morphism AW : X — Z. We have
then a sequence of operad morphisms

which, according to the discussion above, provide the chain complexes N,(X), X € S,
with the structure of a coalgebra over £, as claimed by the Theorem. The cooperation
AW (u) : N.(X) — N,(X)®", which is associated to a surjection u € X(r)q, generalizes
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the Alexander-Whitney diagonal. This justifies the notation AW : X — Z for the
morphism.
We have in fact

AW (u)(A(0,1,...,n)) = > £A(C1)) ® -+ ® A(Cry) € Ny (A™)®.

The element A(C(1))®- - -®A(C,)) arises from a decomposition of the interval {0,1,...,n}.
The details of the construction are fixed in the next Paragraph. The sum ranges over all
decompositions. The sign which is associated to a term is specified in Paragraph 2.2.4.
By reference to our construction, we call interval cuts the multi-simplices A(C(1)) ® - -+ ®
A(C(y) which we associate to the surjection u. The element AW (u) € Z(r)q is also
denoted as an interval cut operation.

This generalization of the Alexander-Whitney diagonal goes back to the original con-
struction of the reduced square operations by N. Steenrod (cf. [29]). Such a morphism
AW : X — Z is also defined by D. Benson (cf. [2]) and J. McClure and J. Smith (cf.
[22]). Our construction differs simply by the sign conventions.

2.2.1. On the interval-cut associated to a surjection

We define the simplices A(C(x)) € N.(A"), k = 1,...,r, which are associated to a
surjection u € X(r)y for a fixed decomposition of the interval {0,1,...,n}. In fact, we
have A(Cr)) = cZ‘k)A(O, ...,n) for certain morphisms ¢ : [mg] — [n], k=1,...,7r,in
the simplicial category. Thus, the letter C'(y is a notation for the sequence 0 < () (1) <
-+ - < ¢(k) (mg) < n, according to our Convention 2.1 on simplicial sets.

Explicitly, the interval {0,...,n} is cut on positions fixed by indices

0=ng<m1 < <Npyqg1<Nyyqg=n

as represented in the following diagram

The sequence C(y, is the concatenation of the intervals [n;_1,n;] such that u(i) = k. Hence,
if u(i1),...,u(i.) denote the occurences of k in the sequence (u(1),...,u(r+ d)), then the
element A(C(y)) is represented by the simplex:

A(ng, 1 Mgy Mig—1 Mgy ey i1 — T, )
This simplex is non-degenerate if n;,_, < n; _1,forz =1,...,e—1. Next, we identify the
dimension of the simplex to the length of the intervals [n;, _1,n;,|:

my = dim A(n;, 1 n;,)

Niy) + « -« + length,, (n;, 1

Mgy Nip—1 Mgy e vy Nge—1

= length,, (ni, 1 ng, ) + length,, (n;, 1 N, )-

As mentioned in the introduction, we refer to the simplices A(C(y)),...,A(C()) as
interval-cut elements.
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2.2.2. Example

Here is a convenient graphical representation which we adopt in the article. The
intervals [n;_1,n;| are arranged on r lines in a diagram which has r + d columns delimited
by the variables n;. The interval [n;_1,n;] is put on the line indexed by u(z) in the ith
column of the diagram. As an example, the surjection, which is specified by the sequence
(3,1,2,3,2), gives the interval-cut diagram

0 ny no nsg 4 n
1 R ERE AR R l—‘ ................. R R L R
P S S— A T — I
P F P T N

and is associated to the tensor

Ani__n3)®A(ns __nz,ng__n) A0 ni,n3 ny).

The dimensions of these simplices are respectively mq = (ny — nq), mo = (ng —na2 + 1) +
(n — ng) and mg = (n1 + 1) + (n4 — n3). Equivalently, the diagram is a representation of
the morphisms

0 m; —= ni__ no —s 0__n,
0__mo — no__ng,ng__n — 0_n
and 0 m3g — 0_ny,ng_—_ng — 0__n

which are denoted by c(x) : [mg] — [n] in the definition.

2.2.3. On the interval length determined by an interval-cut
In the interval cut associated to a surjection, there are inner and final intervals. The
interval [n;_1,n;] is final, if u(7) is a final value of the surjection. The interval [n;_1,n;] is
inner, if u(7) is a caesura of the surjection. Consider again the simplex:
A(nzl_]_ nie)

Ny Ny —1 Nigyeeey Mg —1

which is associated to the occurences of k in the surjection u. The interval [n; _1,n;, ] is
inner for x = 1,...,e — 1 and final for x = e.

The length of an interval [n; 1, n;] is defined by length,[n; 1,7n;] = n; — n;_; for a
final interval and by length,, [n;—1,7;] = n; —n;—1 + 1 for an inner interval. Hence, in the
context above, we have

length,, (n;, 1 ng,) =ni, —N;,—1+1, forz=1,...,e—1,
and length,, (n;_ 1 ng,) =N, — N, —1, for z =e.
Therefore, we have the formula:
dimA(nil_l Ni1yMgy—1 Nigy ooy Mg —1 ’I’Lie)

=length, (n;, _1 n;, ) + length,, (n;,_1 Niy) + - - - + length,, (n;, 1 n,)-
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2.2.4. On the signs associated to an interval-cut

The interval-cut defined in Paragraph 2.2.1 has an associated permutation sign and
an associated position sign. The permutation sign depends on the relative position of the
intervals [n;_1,n;]. The position sign depends explicitly on the absolute position of the
inner intervals [n;_1,n;]. The total sign associated to the interval-cut is the product of
both the permutation sign and the position sign.

The permutation sign is determined as follows. Explicitly, we consider the shuffle
which takes (u(1),...,u(r + d)) to the ordered sequence (1,...,1,2,...,2,...,7 ...,7).
The permutation of the associated intervals produces a sign according to the permutation
rule in dg-calculus with the lengths of the intervals as degrees. This sign is the permutation
sign associated to the interval-cut.

The position signs are provided by the inner intervals. Explicitly, if the interval
[n;_1,n;] is inner, then this interval has n; as an associated position sign-exponent.

2.2.5. Example
As an example, take the interval-cut introduced in Paragraph 2.2.2, which is associated
to the sequence u = (3,1, 2,3, 2):

0 ny no ng n4 n
1 R RRREEEE l—l ................. R RRRELE R ERLE LR R R LR
P H— A — I
PR T P T N

In this case, the final intervals are [n1, ns], [ng, n4| and [ng, n]. These interval have length:

length, (n; _ ng) = ng — ny, length, (ng __n4) = ng — ng

and length, (na—_n) =n —ny.
The inner intervals are [0,n1] and [nga, n3] and have length:
length, (0 ___ni) =n; +1 and length, (no—_n3) =ng —ng + 1.

The associated position sign is given by the exponent 7 = ny + n3. The permutation sign
is determined by the shuffle:

[n1, nal, [n2, ns], [n4, n], [0, n1], [n3, na] — [0, n1], [n1, nal, [n2, n3], [n3, n4l, [n4, 0]

In diagrams:

Hence, the permutation sign-exponent associated to the interval cut is the sum o = (n; +
1)(n2 —n1) + (n1+1)(ng —na2+ 1) + (n1 + 1)(n — ng) + (ng — n3)(n — ny).
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2.2.6. The interval cut operation associated to a surjection
The interval cut operation AW (u) € Z(r) associated to u € X(r)s maps the simplex
A(0,...,n) € A™ to the sum

AW (u)(A(0,...,n)) =Y +A(Cq)) ® - ® A(Cr))

over the indices 0 =ng < ny < --- < Npgg_1 < Npyq = n, where A(C(y)),...,A(Cy) are
the interval cut simplices defined in Paragraph 2.2.1. The sign associated to a term is the
product of the permutation and position signs defined in Paragraph 2.2.4.

In general, the image of a simplex z € X, is determined by the formula:

AW (u)(z) = ) +2(C1)) ® -+ ®@ 2(Cy)-
As an example, if u = (3,1,2,3,2), then we have

AW (u)(x) = Z tx(ni— n9)@z(ne_— _nzg,ng—n)@x(0 ni, N3 n4)

for any n-dimensional simplex =z € X,,. Equivalently, we have:

AW (u)(2) = 3 ey (2) © -+ @ cfy (),
where ¢(1), ..., ;) are the morphisms in the simplicial category which are represented by
the sequences C(yy,. .., Cp.

2.2.7. THEOREM
The map u — AW (u) defines an operad morphism AW : X — Z.

We refer to J. McClure and J. Smith (cf. [22]) for a proof of the Theorem above. Our
demonstration is very similar. In fact, it is also straighforward to verify that our signs are
coherent using the invariance properties of the lengths in an interval cut diagram.

2.2.8. On the Alexander- Whitney diagonal
The operation AW (1,2) : N,(X) — N,(X)®? is identified with the Alexander-
Whitney diagonal. We have clearly:

AW (1,2)(z) = Z z(0__3) ®@z(i—_n).

0<i<n
Similarly, the operations
AW (03) : No(X) — N, (X)®?

where 0; = (1,2,1,2,...) € X(2)4. identify to the higher Alexander-Whitney diagonals,
which induce the cup-d products on cochains (cf. [29]). We have explicitly:

AW (1,2,1)(z) :ZKJ_:I:a:(O
AW (1,2,1,2)(z) = ZKM +2(0

and so on. The sign-exponent is (n—j)(j—i)+i for AW (1,2,1) and (k—j)(j—i+1)+i+j
for AW (1,2,1,2).

6,j —n) @z(i —7j),

ij— k) ®(i—j, k—n),

36



§3. On closed model structures

3.1. The closed model structure
The purpose of this Section is to state the following Theorem:

3.1.1. THEOREM

The E-algebras are equipped with a closed model category structure for which the weak
equivalences (respectively, the fibrations) are the algebra morphisms which are weak equiv-
alences (respectively, fibrations) in the category of dg-modules.

In fact, our arguments extend to a wide class of operads. In general, an operad P
has a canonical Y ,-projective resolution which is provided by the tensor product with the
Barratt-Eccles operad. More explicitly, we consider the operad such that (£ ® P)(r) =
E(r) ® P(r). We have a canonical augmentation £ ® P — P which is induced by
the augmentation &€ — C on the Barratt-Eccles operad. Our arguments extend to the
following situation:

3.1.2. AssuMPTION: The augmentation morphism EQP — P has a section P — EQP
(which is supposed to be an operad morphism).

To be explicit:

3.1.3. THEOREM

If the operad P satisfies the Assumption 3.1.2 above, then the P-algebras are equipped
with a closed model category structure for which the weak equivalences (respectively, the
fibrations) are the algebra morphisms which are weak equivalences (respectively, fibrations)
in the category of dg-modules.

The assumption is satisfied by the Barratt-Eccles operad £. In this case, a section
& — £ ®CE is given by the Alexander-Whitney diagonal (cf. Paragraph 1.1.4). More
generally, we have:

3.1.4. FAcT: The Assumption 3.1.2 is satisfied by the ¥ -projective resolution P =€ ® Q
associated to an operad Q. The section P — £ @ P 1is provided by the diagonal on the
Barratt-Eccles operad £ R Q@ — ERER Q.

The assumption is also satisfied in the following situation:

3.1.5. FAcT: The Assumption 3.1.2 is satisfied by the cofibrant operads P. In this case,
the existence of the section P — £ @ P follows from the left lifting property of operad
cofibrations (cf. V. Hinich, [12]).

By definition, a morphism of dg-modules is a fibration if it is surjective (in all degrees)
and a weak-equivalence if it induces an isomorphism in homology. The cofibrations are
the morphisms which have the left lifting property with respect to acyclic fibrations. The
Theorem does not hold for any operad. The Property which allow to achieve the proof
of the Theorem is stated in the next Lemma. In fact, in the context of algebras over a
dg-operad, it is known that this Lemma implies precisely the Theorem (cf. V. Hinich,
[12]). But, it is also possible to adapt classical methods of D. Quillen (cf. D. Quillen, [23])
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to our situation (cf. M. Livernet, [16]) and, in the sequel, we follow this latter approach.

3.1.6. LEMMA
If the Assumption 3.1.2 is satisfied, then the P-algebra morphisms which have the
left-lifting property with respect to fibrations are weak-equivalences.

The Lemma has the following consequence. The morphism, which we consider, is
related to the notion of a cell-extension in the context of algebras over an operad. We
consider the free P-algebras P(V) generated by certain dg-modules V. Consider the dg-
module C(n) =F-c"~! @ F-e" generated by the elements ¢"~! in degree n — 1 and e"
in degree n together with the differential §(c”~!) = e€™. The morphism 0 — C/(n) is an
acyclic cofibration in the category of dg-modules. Consequently, the associated morphism
of P-algebras P(0) — P(C(n)) has the left-lifting property with respect to fibrations.
Consider the cobase extension

P(0) P(C(n))

| |

AVP0)——= AV P(C(n))

where A is any £-algebra. Since P(0) is the initial P-algebra, we have also A = AV P(0).
Finally, the morphism A — AV P(C(n)) has also the left-lifting property with respect
to fibrations. Let us conclude:

3.1.7. PROPERTY: If the Assumption 3.1.2 is satisfied, then the canonical morphism A —
AV P(C(n)) is a weak equivalence for any P-algebra A.

There are examples of X,-projective operads P for which this Property fails. In
general, we have just the following weaker property:

3.1.8. FAcT: The canonical morphism A — AV P(C(n)) is a weak equivalence if A is a
cell-algebra.

These issues are discussed by H. Hinich (cf. [12]) and M. Mandell (cf. [18]) to whom
we refer for the notion of a cell-algebra. We just observe that, in the situation of the
Assumption 3.1.2, the P-algebras are equipped with canonical path objects. The existence
of a path object provides an easy argument for the Lemma 3.1.6, as in the context of
simplicial algebras (cf. D. Quillen [23]).

3.1.9. On path objects 3
Let A be a P-algebra. Recall that a path object for A is a P-algebra A together with
morphisms
~ . o
A——A ?; A
1
such that sg is a weak equivalence and dpsy = di1sg = 14. If the operad P satisfies the
Assumption 3.1.2, then such a diagram is given by the tensor products:

d
N*(A%) @ A —2> N*(Al) @ A —= N*(A%) ® A.
d1
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In fact, the tensor product K® A of the P-algebra A with an £-algebra K forms a EQP-
algebra. If there is an operad morphism P — £ ® P, then the tensor product K ® A is a
P-algebra by restriction of structure. Furthermore, the £-algebra N*(AY) is identified with
the ground ring F, which is equipped with the £-algebra structure obtained by restriction
through the operad augmentation £ — C. Consequently, the tensor product N*(A%) ® A
is identified with the dg-module A which is equipped with the £ ® P-algebra structure
obtained by restriction through the augmentation EQP — P. Therefore, if the morphism
P — EQP is a section of the augmentation EQP — P, then the dg-module N*(A%)®A
is identified with A as a P-algebra. We conclude that the tensor product N*(Al!)® A forms
a path object for A.

Let us mention that the tensor product N*(A!) ® A is identified with the classical
cylinder construction in the category of dg-modules. Therefore, we prefer to dualize the
terminology and call N*(A!) ® A the cylinder algebra on A. To recapitulate:

3.1.10. PROPOSITION
If the Assumption 3.1.2 is satisfied, then a P-algebra A has a canonical path object
which is represented by the tensor product N*(Al) ® A.

The Lemma 3.1.6 is a consequence of the following classical observation (cf. [16], [23]):

3.1.11. OBSERVATION: The morphisms which have the left-lifting property with respect to
fibrations are strong deformations retracts.

Just recall that a morphism f: A — F is a strong deformation retract if there is a
morphism 7 : F — A such that rf = 1p and a morphism h : F — N*(A') ® F such
that doh = fr, dih = 1p and hf = sof. Clearly, these identities imply that f : A — F
is a weak-equivalence.

3.2. On spheres, cones and suspensions

3.2.1. On spheres
We let §" denote the standard simplicial model of the n-dimensional sphere:

St=A"/UL, A™(0,...,i—1,i+1,...,n).

This simplicial set has just a non-degenerate simplex A(0,1,...,n) € S™ in dimension n
and a base point * € S™ in dimension 0. We let S(n) denote the reduced normalized cochain
complex S(n) = N*(S™) associated to S™. In fact, the reduced chain complex N, (S™) is
concentrated in degree n and is generated by A(0,1,...,n). We let e® € N*(S™) denote
the dual element. Hence, we have:

S(n)=T-e".

If n = 1, then, for simplicity, we write e = e’.
The £-algebra product

E(r)a® (S(n)®7)" — S(n)*~*

has a non-trivial component in degree x = nr and d = n(r — 1). One purpose of this
Section is to make this component explicit.
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3.2.2. On the pointed interval

Similarly, we let C'(1) denote the reduced normalized cochain complex on the standard
simplicial interval A! equipped with the base point * = A(0). In fact, the reduced chain
complex N, (A!) is generated by A(0,1) € N1(C") and A(1) € No(C"). Therefore, if
e € N1(Al) and c € N°(A?) denote the dual elements, then we have:

C(l)=F-eaF-c,

together with the differential d(c) = e. We make also the £-algebra products in C(1)
explicit.
To conclude this paragraph, we have the canonical exact sequence:

0 — S1) — Cc(1) — S(0) — 0.
More explicitly, the circle S(1) is isomorphic the sub dg-module F - e <— (1) and the

zero-sphere S(0) is isomorphic to the quotient dg-module C(1) — F - c.

3.2.3. Certain fundamental cochains
We introduce a cochain €5 : £(r), — F in order to make the algebra structure
of S(1) and C(1) explicit. Consider a d-dimensional simplex (wy,...,wq) € E(r)q. If

the sequence (wp(1),...,wq(1)) does not form a permutation of (1,...,s), then we set
€s(wo, ..., wq) = 0. In particular, the cochain €5 : £(r), — T has to vanish in degree
d # s — 1. Otherwise, we define €5(wy, ..., ws_1) as the signature of the permutation:

es(wo, . .., ws—1) = sgn(wo(l),...,ws—1(1)).
By convention, the 0-cochain ¢y : £(r), — T is the classical augmentation on the bar
complex.

3.2.4. THEOREM
1) On the circle S(1), the E-algebra evaluation product is given by the following for-
mula:

i) w(eq)y;---,em) = (-1)7 - &(w) - e,

where o = r(r —1)/2.
2) On the cone C(1), the evaluation product is characterized by the following equations:

?,) w(e(l), <y E(T)) = (—1)0 : er(w) - e,
i) w(€(1),---;€(s), Cs41)---» C(r)) = (=1)7 - €s(w) - €
141) and  w(c(),..-,¢)) = (=1)7 -eo(w) - c

(where, whenever it makes sense, 0 < s < r). The subscripts in these formulas specify the
places of the copies of € and c. In fact, the equation i) is the instance s = r of the equation
i1). In all cases, the sign-exponent is given by o = s(s — 1)/2 where s = r for equation i)
and s = 0 for equation iii).
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We have morphisms of dg-modules

N*(S*'AX) — N*(SH®N*(X) = I*N*(X)
and N*(A'AX) — N*(A)®@N*(X) = C*N*(X)

given by the classical Eilenberg-Zilber equivalence. But, these morphisms are not an
compatible with the £-algebra structure in general.

Nevertheless, it is possible to generalize the formula above to the n-sphere S(n). In
fact, we obtain the following result, which we mention as a remark:

3.2.5. PROPOSITION
The canonical isomorphim S(n) — S(1)®™ which identifies the element €™ € S(n)
to the tensor €®™ € S(1)®™ is an isomorphism of €-algebras.

3.2.6. On cones and suspensions
If V € dg Mody is an (upper-graded) dg-module, then C*V € dg Modp is the classical
cone associated to V in the category of dg-modules. In fact, C*V = C(1) ® V. Therefore,
we have
(C*V)¥=ceViger Vi

and the differential of C*V is given by
cRr+e®y)=c®i(r)+e® (z—0d(y)).

Similarly, the suspension of V' in the category of dg-modules, denoted by ¥*V € dg Modp,
is identified with S(1) ® V. Equivalently:

(V) =ex Vil
There is also a short exact sequence:
0 — XV — C*'V —-V — 0.

If A is an £-algebra, then C*A = C(1) ® A is a tensor product of £-algebras. Therefore,
the cone C* A has the structure of an £-algebra. Similarly, the suspension ¥*4A = S(1)® A
has a natural £-algebra structure. We obtain immediately:

3.2.7. PROPOSITION

Let A be an £-algebra. The cone C*A = e ® A® c® A is equipped with a natural
E-algebra structure. Furthermore, the suspension >*A =e® A — C*A is a subalgebra of
this cone C* A and the canonical surjection C*A — c® A = A is a morphism of € -algebras.
In C* A, the products are given by the following formulas:

w(e®any,...,eQay)) =x(-1)7-e® (¢ Nw)(agy,...,aw)),
w(e® a(1);---,€®a(s), CX A(s41),---,CQ a(r)) =1(-1)? - e® (e N w)(a(l), .. .,a(r)),
and  w(c®ag),...,c@aqy) =£(=1)7-c®w(ay),---,aq)),
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where 0 < s < r. In fact, the first formula is the instance s = r of the second formula.
But, the formula for s = 0 differs from the general case.

In all cases, we have 0 = s(s —1)/2 (as in Theorem 3.2.4). The unspecified signs
are determined by the commutation of the elements e with the factors w,aqy,. .., a) and,
therefore, have deg(w) - s + deg(aq) - (s — 1) + -+ - + deg(as—1) - 1 as a sign-exponent.

In our context, the cap product of the cochain ¢ : £(r)y — F with the chain
w = (wp, ..., wy) € E(r)y is the element

¢ﬂw:¢(w0a"'7wd)'(wd7"'7wn)

in £(r)p_q-

3.2.8. On the operad suspension
There is an operad A*E, associated to £, whose algebras are the suspensions ¥*A of
an E-algebra A. We have in fact:

AN E(r)g =sgn(r) @ E(T)d—r+1

where sgn(r) denotes the signature representation (cf. [9]). If the letter w denotes an
element of £(r)q, then A*w is the associated operation in A*E(7)g44r—1. The suspension
>* A of an £-algebra A is equipped with the evaluation product

AE(r)® (Z*A)E — (B*A)

such that
(A*w)(e®aq,...,eQa,.) = +teQ@w(ay,...,a).

The sign is produced by the commutation of the elements e with the factors w,aq,...,a,.
Thus, the sign-exponent is identified with deg(w) - r + deg(a1) - (r — 1) + - - - + deg(a,_1) -
1 + deg(ay,) - 0.

The previous Proposition has the following consequence:

3.2.9. PROPOSITION
The cap products €, N — : E(r)s —> E(r)s—rt1, r > 0, define an operad morphism
exN—:& — A*E.

3.2.10. Remark
The operads X and Z are also equipped with such morphisms X — A*X and
Z — A*Z. Furthermore, we have a commutative diagram:




The morphism X (r), — X(7)s—r41 is very similar to e, N — : E(r)s —> E(7)s—r+1-
Given u € X(r)g4, we let €. Nu € X(r)g_r+1 be the sequence such that

e Nu=sgn(u(l),...,u(r)) (u(r),u(r+1),...,u(r+d)),

if (u(1),...,u(r)) is a permutation of (1,...,r), and €.Nu = 0, otherwise. This cap product
is an operad morphism €, N — : X — A*X and makes the left-hand square commute as
stated.

The morphism Z(r), — Z(7)s«—r41 is due to V. Smirnov (cf. [25], [26]). Let
0 : Ny(A"™) — N,_1(A™!) be the dg-morphism such that:

o . Aliy=1,... 0, —1), ifig=0,
o(Alioy i, .-, in)) = {0 (1 ) othoerwise.

The tensor powers
o® : (N(A™)® g — (N(ATH)® )y

are equivalent to a morphism
Z(T)d—n — Z(r)d—r—f-l—n-

In fact, this morphism of dg-modules is a morphism of operads Z2 — A*Z. It is also
straightforward to prove that it makes the right-hand square commute.

3.3. Some proofs
In this section, we determine the structure of the chain complexes
N.(X) = N,(5%, N,(A') and N,(S1)

as coalgebras over the surjection operad X'. The algebra structure of N* (X), as stated in
the Theorem 3.2.4, follows from these calculations and from our definitions.

To begin with, let us recall the following fact:

3.3.1. FACT: There are morphisms of pointed simplicial sets S° — A' — S which
induce the morphisms of coalgebras:

N,(S8%) — N,(A') — N,(SY).
We have explicitly:
N, (S°) =TF- A(0), V.(AY) =F-A(1)®F-A(0,1) and  N,(S')=F-A(0,1).

The morphism N.(S°) — N,(AY) takes A0 ) € No(S°) to A1) € NO(A~1). The
morphism N,(A') — N.(S) cancels A(1) € No(A') and maps A(0,1) € Ni(AY) to
A(0,1) € Ny(SY).

We make explicit the cooperations AW (u) : N,(X) — N,(X)®" associated to a
fixed surjection u € X (r)s_1. This surjection is represented by the sequence

u=(u(l),...,u(s),...,u(s +r—1)).

The next assertion is immediate:
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3.3.2. FACT: Fiz a surjection u € X(r)o. In N, (58%)®"  we have AW (u)(A(0)) = A(0)®".
As a consequence, in N,(AY)®" we have AW (u)(A(1)) = A(1)®".

Our next purpose is to determine the components of the coproduct
AW (u)(A(0,1)) =Y A(Cpry) ® - @ A(Cry)

in N,(AY)®". In fact, the module N,(A')®" is generated in degree s by the permu-
tations of the tensor A(0,1)®* @ A(1)®"~% (for 0 < s < r). If u has degree s — 1, then
AW (u)(A(0,1)) has degree s. The next Lemma gives the component A(0,1)®*QA(1)®7—5
of AW (u)(A(0,1)), for 1 < s < r. This result suffices to determine all components of the
coproduct AW (u)(A(0, 1)) by X,-equivariance.

3.3.3. LEMMA

_ Fiz a surjection u € X(r)s_1, where 1 < s < r. The coproduct AW (u)(A(0,1)) €

N, (AY)®" has no component A(0,1)®° @ A(1)®"~* unless the sequences
(u(1),u(2),...,u(s)) and (u(s),...,u(s+r—1))

are permutations of (1,...,s) and (1,...,7). In this case, we have:

AW (u)(A(0,1)) = sgn(u(1),...,u(s)) - A(0,1)®* @ A(1)®"*

in N,(AN®".

As a consequence:
3.3.4. FACT: }

Fiz a surjection u € X(r)r_1. The coproduct AW (u)(A(0,1)) vanishes in N,(S*)®"
unless the sequences (u(1),...,u(r)) and (u(r),...,u(r +r —1)) are both permutations of

(1,...,7). In this case, we have AW (u)(A(0,1)) = sgn(u(1),...,u(r)) - A(0,1)®".

The proof of the Lemma is postponed to the end of the section. We now determine
the coproducts w* : N,(X) — N,(X)®" associated to an operation w € £(r)q. First, let
us record the following fact:

3.3.5. OBSERVATION: Fiz 1 < s < r. If the surjection u € X (r)s_1 verifies the condition
of the Lemma, then it has the following table arrangement:

u(s — 1),
u(s),...,u(s+r—1).

The next assertion follows from this observation.
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3.3.6. CLAM: Fiz w = (wo,...,wq) € E(r)q. Assume d =s— 1. Let w' € X(r)q be given
by the sequence

w' = (wo(1),w1(1),...,wa_1(1),wq(1),...,wa(r)).

This surjection w' arises by tane reduction ~ofw forro=ri=---=rg_1=1andrg=r.
The coproduct AW (TR(w)) : Nyo(X) — N(X)®", where X = A or X = S, reduces
to the operations AW (w') : Nu(X) — N, (X)®".

The Theorem 3.2.4 follows from this Claim, from the Lemma 3.3.3 and the Facts

3.3.2 and 3.3.4 above. It is straighforward to complete our calculations and to obtain the
formulas stated. In fact, the tensor

€1) Q- - V€ ) A Ct1) Q- Cy) € C(l)®r,

where 0 < s < r, is dual to A(0,1)®* ® A(1)®"~%. To be more precise, because of the
commutation rules, the duality pairing

<e(1) ® - ®ep) ®Csi1) @ ® ) ‘A(O, 1)®s Q A(1)®r—s>

is equal to (—1)?, where o = s(s — 1)/2.

3.3.7. Proof of the Lemma 3.3.3:

The surjection is represented by the sequence (u(1),...,u(s),...,u(s+7r—1)). We
let A(Cpy) ® --- @ A(C(y)) be the multi-simplex which is determined by the sequence
0=n9 <n < -+ < ngyp1 < ngyprp = 1. To be explicit, we assume n; = 0, for
i=0,...,7—1,and n; = 1, for ¢ = j,...,8 + r. By definition, the vertex A(0) is a
face of A(Cyyy) if i € {wu(1),...,u(j)}. Similarly, the vertex A(1) is a face of A(C(;))
if i € {u(j),...,u(s + 7 —1)}. Furthermore, the simplex A(C(;)) is degenerate if the

index s occurs twice in u(1),...,u(j) or in u(j),...,u(s+r —1). Therefore, if the tensor
A(C1))®---®@A(Cyy) is equal to A(0,1)®*QA(1)®"* in N, (C')®", then (u(1),...,u(j))
is a permutation of (1,...,s) and (u(j),...,u(s +7 — 1)) is a permutation of (1,...,r).

This property may occur for 5 = s only and supposes that the surjection has the following
table arrangement:
u(1),

u.(s—l),
u(s),...,u(s+r—1).

Let us now determine the sign which occurs in the definition of AW (u)(A(0, 1)). The
intervals [n;—1,n;] (i = 1,...,s — 1), which are reduced to the point {0}, have length 1
and have 0 as a position sign-exponent. The other intervals are associated to a final-value
of the surjection. Thus, the interval [ns_1,n], which is equal to [0, 1], has length 1. The
last intervals [n;_1,n;] (1 = s+ 1,...,s+ r — 1), which are reduced to {1}, have length
0. As a consequence, the permutation sign associated to u is identified with the signature
sgn(u(1),...,u(s)). The formula of the Lemma follows.
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