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Abstract

Let X be a 1-connected spaces with free loop space AX. We in-
troduce two spectral sequences converging towards H*(AX;Z/p) and
H*((AX)pT;Z/p). The Ea-terms are certain non Abelian derived func-
tors applied to H*(X;Z/p). When H*(X;Z/p) is a polynomial alge-
bra, the spectral sequences collapse for more or less trivial reasons. If
X is a sphere it is a surprising fact that the spectral sequences collapse
for p = 2.

AMS subject classification (2000): 55N91, 55P35, 18G50

1 Introduction

Let X be a space and let AX denote its free loop space. The circle group T
acts on AX by rotation of loops. The associated homotopy orbit space A X,
is sometimes called the string space.

Consider the cohomology H*X as given. The purpose of this paper is to
study the cohomology of the free loop space and of its homotopy orbit space.

In some cases, it is relatively easy to compute this cohomology. For
instance, suppose that X is an Eilenberg-Maclane space. Then there is a
homotopy splitting AX ~ X x QX. The space 2X is also a Eilenberg-
MacLane space, so that the cohomology of AX is known.

The cohomology of the homotopy orbits A X}t is more difficult to com-
pute. However, this is achieved in [BO] and [O2].

The main idea of the present paper is to use these computations to study
the case of a general X. In essence, this application is done using a Postnikov
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Groups and Related Structures.



decomposition of X. From our point of view, the simplest case is when X
is a product of Eilenberg-MacLane spaces, and correspondingly, the more
k-invariants a space X has, the more complicated it appears. In particular,
the spheres are very complicated spaces for this approach.

Formally, we will study two spectral sequences converging towards the
cohomology groups H*(AX;F,) and H*(AX,r;F,). Both spectral sequences
have origin in the Bousfield homology spectral sequence [B1].

This is a remarkable spectral sequence that under fortunate circumstances
converges to the homology of the total space of a cosimplicial space.

Let X be a simply connected space. We re-write its Postnikov tower
as a cosimplicial space, whose total space is the p-completion of X. This
cosimplicial space is the cosimplicial resolution RX of X with R = F,. Given
this, we can form two cosimplicial spaces ARX and (ARX),r by applying
the functors A(—) and A(—),r in each codegree. The total space of these new
cosimplicial spaces are the completions of AX respectively (AX),r. These
cosimplicial spaces have associated Bousfield homology spectral sequences
{E"} and {E"} respectively.

For 1-connected X it is well known that {ET} converges strongly towards
H.(AX;F,). We show that {E"} converges strongly towards H,(AXr;F,)
under the additional assumption that H,(X;F,) is of finite type.

For the dual cohomology spectral sequences, {E,} and {E,}, we give
an interpretation of the Es-terms. The idea is that the Ej-terms are given
by the cohomology of the respective functors (from spaces to spaces) ap-
plied to the Eilenberg-MacLane spaces. This cohomology can, according to
[BOJ,[01] and [02] be written as certain functors Q respectively ¢ (from al-
gebras with a certain extra structure to algebras), applied to the cohomology
of the Eilenberg-MacLane spaces.

This means that the Ey-term is the homology of a chain complex, where
the chains are given by these functors applied to the cohomology of Eilenberg-
MacLane spaces. Since the cohomology of an Eilenberg-MacLane space turns
out to be a free object, we can compute the Es-terms as derived functors.

To be precise, they are the non Abelian derived functor of Q applied
to H*(X;F,) respectively the non Abelian derived functor of ¢ applied to
H*(X;F,). When H*(X;F,) is a polynomial algebra the higher derived
functors vanish so the spectral sequences collapse at the Es-terms.

So far, the results are of a theoretical nature. As a concrete example, we
finally study the case X = S™ and p = 2. We develop homological algebra
sufficient for computing the relevant F-terms.

For these spaces, there are other methods for computing H*(AX;Z/p)
and H*((AX )15 Z/p).



Comparing our Fs terms with these results, we show that for X = S”
with n > 2 and p = 2 the spectral sequences collapse at the Fs-terms.

We emphasize that this collapsing is not something to be expected a
priory. Since spheres have complicated Postnikov systems, from the point of
view of our spectral sequence, one would naively expect that these spectral
sequence could have many nontrivial differentials.

A natural question is: For how large a class C of 1-connected spaces do
the two spectral sequences collapse at the Es-terms ? As a first approach
we conjecture that C contains any suspension X = XY where Y is path
connected and H,(Y;Fs) is of finite type.

Finally, we want to thank the referee of [BO]| for suggesting that we look
at the Bousfield spectral sequence in this connection.

2 Bousfield homology spectral sequences

Let X be a fibrant cosimplicial space and let A be an Abelian group. In [B1]
Bousfield constructs a spectral sequence {E"(X; A)} with the homology of
the total space H,(TotX; A) as expected target.

The precise convergence statement is as follows. Recall that there is a
tower of fibrations

-+ — Tot,, X — Tot,,,.1 X — -+ — TotgX
with inverse limit TotX. Hence for each n > 0 there is a tower map
Pn(X) : {Hn(TOtX, A)}mZO — {Hn(Toth, A)}mZO

where the domain tower is constant. Let A ® X denote the cosimplicial
simplicial Abelian group with (A®X)7* = A® X}* where A® S = ®,esA for
a set S. Bousfield forms the double normalized complex and let T'(A ® X)
denote its total complex. It is filtered by subcomplexes F™T(A ® X) and
the quotient complex T(A ® X)/F™ T (A ® X) is denoted T,,(A ® X). A
comparison map is defined

®,,(X) : {Hu(Tot X; A) binzo — {HnTrn (A ® X) Finz0
and the following result is proved:

Lemma 2.1. {E7(X; A)} converges strongly to H.(TotX; A) if and only if
the tower map ®,(X) o P,(X) is a pro-isomorphism for each n.



If ®,(X) is a pro-isomorphism for each n then X is called an A-pro-
convergent cosimplicial space and {E"(X; A)} is called pro-convergent.

We are interested in two special cases of this spectral sequence. Let
R =T, be the field on p elements where p is a fixed prime. For a space X we
let RX denote the cosimplicial resolution of X in the sense of [BK]|. Note that
(RX)" = R"X. The free loop space on X is by definition the simplicial
mapping space AX = map(T, X) where we take T = BZ. By applying
A codegree wise we get a cosimplicial space ARX. We can also form the T
homotopy orbit space codegree wise and get the cosimplicial space (ARX) .
We are interested in the Bousfield homology spectral sequences for these two
spaces. As a corollary of [B2] Proposition 9.7 we have

Proposition 2.2. If X is a 1-connected and fibrant space then P,(ARX)
and ®,(ARX) are pro-isomorphisms for each n and the spectral sequence
{E"(ARX;F,)} converges strongly to H.(A(X,));F,) = H(AX;TF,).

In order to handle the other spectral sequence we need some results on
cosimplicial spaces which are presented in the next section.

3 Cosimplicial spaces with group actions

In this section the category of simplicial sets is denoted S and the category
of cosimplicial spaces ¢S. For A, B € S we let map(A, B) = B4 denote the
simplicial mapping space. We write cA for the constant cosimplicial space
with (cA)" = A for each n.

The category ¢S is a model category with weak equivalences, cofibrations
and fibrations as described in [BK] X §4. The fibrations are here defined in
terms of matching spaces. By this definition it is clear that if f : A — B is
a fibration in S then ¢(f) : cA — cB is a fibration in ¢S.

The category ¢S is in fact a simplicial model category in the sense of [Q]
with X®@ K € ¢S, XX € ¢S and Map(X,Y) € S defined as follows for K € S
and X,Y € ¢S:

(X® K)(a) = X(a)x K
(XF)a) = X(«)¥
Map(X,Y), = Hom. s(X® A™Y)
where « is a morphism in the simplicial category and A" = A[n] € S de-
notes the standard n-simplex. In case K is a simplicial group, this notation

potentially clashes with the usual notation for fixed points. In this paper,
we are not going to consider fixed points.
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Let A be the cosimplicial space which in codegree n equals A"™. We write
Al™ for the simplicial m-skeleton and put Al> = A. By [BK] X.4.3 we have
that Al™ is a cofibrant cosimplicial space for each 0 < m < oco.

The total space of a cosimplicial space X is defined as TotX = Map(A, X)
If X is not fibrant, the total space might not give you the “right” homotopy
type. In this case, we have to choose a fibrant replacement Z of X, that is a
weekly equivalent, fibrant cosimplicial space, and define TotX = TotZ.

When the cosimplicial space has a group action one can choose an equiv-
ariant fibrant replacement in the following sense:

Lemma 3.1. Let G be a simplicial group and X a cosimplicial G-space.
Assume that X™ is a fibrant simplicial set for each n > 0. Then there is
a cosimplicial G-space E(X) such that both E(X) and E(X)/G are fibrant

cosimplicial spaces and such that the following diagram commutes:

EGxX —» E(X)

| | (1)

EG x¢X — E(X)/G

Here the vertical maps are the obvious quotient maps, and the horizontal
maps are weak equivalences. The map E(X) — E(X)/G is the pullback of
the principal G-fibration cEG — ¢BG over a fibration E(X)/G — ¢BG.

Proof. By the model category properties we can factor the projection map
EGxX — ¢BG as a composite poi where ¢ : EFG XX — Y is a cofibration
which is simultaneously a weak equivalence, and p: Y — c¢BG is a fibration.
BG is a fibrant space by [GJ] Lemma 1.3.5 so ¢BG is a fibrant cosimplicial
space. Thus Y is fibrant.

We form the codegree wise pullback of 7 : cEG — ¢BG over p.

E(X) —— E(X) —2 cEG

| o |
EX)/G — Y —2 ¢BG

The principal G-action (in the sense of [M3]) of G on EG gives a principal
G-action on E(X)" for each n and an isomorphism of cosimplicial spaces
E(X)/G =Y as written in the diagram. By [B1] Lemma 7.1 it follows that
7P is a fibration so F(X) is fibrant.

By the pullback property we can lift the map i to a map EGxX — E(X).
This constructs the missing map in the statement of the lemma. In each
codegree (1) is a map of fibrations over BG and we conclude that the lifting
is also a weak equivalence. O



Theorem 3.2. Let X be a fibrant cosimplicial space and G a simplicial group.
Then X% is a cosimplicial G-space and we can form its equivariant fibrant
replacement E(XY). There is a natural map of fibrations of simplicial sets
for each m with 0 < m < oco:

(Tot,,X)¢ —— EG x¢g (Tot,X)¢ ——  BG

| | |
Toty(E(XE)) —— Toty(E(X%)/G) —— Toty(cBG)

The first and middle vertical maps are weak equivalences and the right vertical
map is an isomorphisms of simplicial sets.

Proof. Since X is fibrant each X" is fibrant such that (X%)" = (X")¢ is
fibrant by [M3] Theorem 6.9. Hence we can form E(X%).

By [M3] Definition 20.3 and Theorem 20.5 we have that the top vertical
line in the diagram is a fiber bundle. By [BK] X.5. SM7 and the fact that
Al € ¢S is cofibrant we see that if p : A — B is a fibration in ¢S then
Tot,,(p) : Tot,,A — Tot,,B is a fibration in S. In particular Tot,, X is
fibrant since X is fibrant and by [M3] Theorem 6.9 we have that (Tot,,X)%
is fibrant. Thus the top vertical line is a Kan fiber bundle and hence a
fibration by [M3] Lemma 11.9. The lower vertical line is Tot,, of a fibration
and hence a fibration.

There is a commutative diagram as follows:

(Tot,,X)¢ —— EG x¢ (Tot,X)¢ ——  BG

| .| l

Tot,,(X¥) —— Tot,,(EG xg X¢) —— Tot,,(cBG)

| l H

Tot, (E(XS)) — Totum(E(XS)/G) —— Totn(cBG)

1%

The isomorphism (Tot,,X)¢ = Tot,,(X%) is one of the axiomatic isomor-
phisms in a simplicial model category. We examine it closer in order to
define f,,. A cosimplicial space is a diagram in S and the axiomatic isomor-
phism comes from the corresponding isomorphism in the simplicial model
category S. For A, B,C € S this isomorphism is the composite

F - (AB)C ~ ABXC ~ ACXB ~ (AC)B

The following commutative diagram shows that F' is equivariant with



respect to actions of the monoid C¢.

CC % (AB)C ° (AB)C

CC x ABXC 5 (B x O)BXC x ABXC 2 pBxC

CC x AC*B ”_Xl) (C % B)CXB wx ACxB _°>AC><B

(0)”

CC x (AC)B ix1 (CC)E x (AC)B (AC)B
For Z € S the action of G on the mapping space Z¢ is defined by

G x 76 2 o6 g6 0 g6

where ad(p) denotes the adjoint of the product p : G x G — G. So taking
C = (G in the above we see that F' is G-equivariant such that we have a map

1 xg F: EG xq (AP)® = EG x¢ (A%)?
The composite
EG x (A8 2, (EG x A9)B —— (EG xg A%)B
factors through EG xg (A%)® and we compose with 1 xg F to get a map
EG xq (AB)E = (BEG xg A%)®

The morphism f,, in the theorem is codegree wise given by this map.

The lover part of the diagram is induced by (1). The functor (=) :
¢S — ¢S where K € S preserves fibrations as one sees from the right lifting
property by taking adjoints. Hence X is fibrant since X is fibrant. By [BK]
X.5.2 we get a weak equivalence when applying Tot,, to a weak equivalence
between fibrant cosimplicial spaces. Thus the left vertical map is a weak
equivalence. The result follows. O

4 Strong convergence

In this section we discuss convergence of the Bousfield homology spectral
sequence associated with (ARX),r where R = F,, the field on p elements.
We use F, coefficients everywhere unless stated otherwise.
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Proposition 4.1. If X is a 1-connected space then AX and AXyr are nilpo-
tent spaces. In fact we have m (AX)- respectively w1 (AXyr)-central series as
follows for each v > 1:

0, (2)
mi(AXpr) O m(AX) D m(2X) D 0.

(3)
Proof. (2) The fibration QX — AX — X splits by the constant loop inclu-

sion X — AX. So we have m;(AX) = m;(QX) @ m;(X) for ¢ > 1. Since the
action of the fundamental group is natural there is a commutative diagram

U U

m(QX) X 1(QX) —— m(02X)

! |

m(AX) X m(AX) —— m(AX)

! |

m(X) x m(X) —— m(X)

We have 71 (AX) = 11 (QX) since X is simply connected. Further m; (2X)
acts trivially on m;(Q2X) since QX is an H-space. From the upper square we
see that the filtration (2) is m;(AX)-stable and that the action on ;(2X)
is trivial. Since m;(X) = 0 the lower square shows that the action on the
quotient m;(AX)/m;(QX) is trivial.

(3) The fibration AX — AX,r — BT splits by a map constructed from a
constant loop. So for i > 1 we have m;(AXpr) = m;(AX)@®m;(BT). Especially
T (AXpr) = m(AX). By naturality there is commutative diagram

m(AX) x m;(AX) —— m(AX)

l l

Wl(AXh']l') X Wi(AXh']l') — Wi(AXh']l')

| |

m(BT) x m;(BT) —— m(BT)

From the upper square we see that the inclusion m;(AXr) 2O m;(AX) is
71 (AXpr)-stable. The lower square shows that the action on the quotient
mi(AXpr)/m(AX) is trivial. The rest of the sequence (3) has the desired
properties since (2) is a 71 (AX)-central series. O

Proposition 4.2. If X is a 1-connected space then the cosimplicial space
E(ARX)/T is R-pro-convergent.



Proof. This is a consequence of [B1] 3.3. Via the weak equivalences from
Lemma 3.1 we can use the filtrations from Proposition 4.1 in each codegree.
Then the quotients are m;(cBT), m;(RX) and ;11 (RX). Hence it suffices to
show that when n < 0 the following holds for all m > 0:

T Tman(€BT) =0, 7"7mnm(RX) =0, 7T (RX) =0. (4)

Clearly ™1, (cBT) = 0 unless m +n = 2 and 72 "12(cBT) = 0 since
the differentials in the complex mo(cBT) are alternating zeros and ones.

By the proof of 6.1 in [BK], Ch. I and Proposition 6.3 in Ch. X The
following holds for any space Y: If H;(Y; R) = 0 fori < k then m/m(RY) = 0
for i < k 4+ j. So the last two groups in (4) are also zero. O

Lemma 4.3. Let X be a 1-connected space with H,X of finite type. Then
R X s I-connected and H,R;X is of finite type for each 0 < s < 0.

Proof. By [BK] 1.6.1 we have that R,X is 1-connected for each s. Recall
that R(Y') is weakly equivalent to [[°°, K (H,(Y),n) for any space Y. So if
H.,Y is of finite type then H,R(Y) is also of finite type and mR(Y) = H;Y
is finite for each . Hence m;((RX)™) is finite for each i, m. From [S] Lemma
2.6 we see that m;(RsX) is finite for each i,s. By the Postnikov tower for

R, X we conclude that H,R,X is of finite type for each s. O

Lemma 4.4. Let --- — C.(2) — C.(1) — C.(0) be a sequence of maps of
chain complezes. If for all n and m the group C,(m) is finite, then there is
an isomorphism H,(lim C,(m)) = lim H,(C.(m)) for all n.

Proof. This is a consequence of the lim'-sequence which can be found in e.g.
[M2] Appendix A5. O

Proposition 4.5. Let G be a simplicial group such that H,(BG) is finite
for alln. Let {Z,} be a tower of G-spaces and put Z, = lim Z,,. Assume
that {H.(Zs)}m>0 = {H(Zm) }m>0 s a pro-isomorphism and that H,(Z,,)
is finite for all integers n,m. Then {H.((Zoo)nc) tm>0 = {H((Zn)ne) tm>o0
s also a pro-isomorphism.

Proof. We have Leray-Serre spectral sequences for 0 < m < oo as follows:
E%*(m) = H.(BG; H.(Z)) = H.((Zn)na)-

The tower map {E7;(00)}m>0 = {E7;(m)}m>0 is a pro-isomorphism for all ¢
and j by the pro-isomorphism in the assumption, so E7;(co) = lim E} ;(m).
By the assumptions on the homology of BG and Z,,, the groups Ef](m)
with m < oo are all finite so by Lemma 4.4 we have E};(c0) = lim E};(m).
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By induction EJ ;(co) = lim E ;(m) for each r and since we have only finite
filtrations Ef%(co) = lim E25(m). Since Ef(m) is finite for all 4, j,m it
follows that { E*°(00) };n>0 — {E°°(m)}m>0 is a pro-isomorphism. The result
follows by the five lemma [BK] III 2.7. O

Theorem 4.6. If X is a 1-connected fibrant space with H.(X;F,) of fi-
nite type, then the Bousfield spectral sequence {E"(ARXy1;F,)} converges
strongly to H.(A(X)))nr; Fp) = Ho(AXpr; ).

Proof. Let Y = ARX. The spectral sequence abuts to the homology of the
total space of a fibrant replacement of Y,r. We choose the fibrant replace-
ment F(Y)/T from Lemma 3.1. The total space of this fibrant replacement
is weakly equivalent to A(X))sr by Theorem 3.2. Thus the spectral se-
quence converges to the stated result if it converges. (A Leray-Serre spectral
sequence argument shows that we can remove the p-completion inside the
homology group.)

We have shown in Proposition 4.2 that the spectral sequence is pro-
convergent. Hence it suffices to show that P,(F(Y)/T) or equivalently
P,(Ypr) is a pro-isomorphism. By the Eilenberg-Moore spectral sequence
and Lemma 4.3 we see that H.(Tot,Y) = H,.(AR,X) is of finite type for
each 0 < s < oo. By Proposition 4.5 and Proposition 2.2 the result fol-
lows. O

We now change to cohomology. The dual of Proposition 2.2 and of The-
orem 4.6 is as follows:

Theorem 4.7. If X is a 1-connected and fibrant space with H,X of finite
type then we have strongly convergent Bousfield cohomology spectral sequences

E, = H*(AX), Ey;m
E, = H*(AX)pr), E;™!

(1 H*(ARX))!
(WmH*((ARX)hT))t

We are going to give a description of the F>-terms as certain non Abelian
derived functors evaluated at H*X. In the next section we set up categories
relevant for this purpose.

5 The category F and the simplicial model
category sF

For a fixed prime p we let A denote the mod p Steenrod algebra and X
the category of unstable A-algebras. The category of non-negatively graded
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unital F,-algebras with the property that A° is a p-Boolean algebra (ie. z =
z? for all z € A°) is denoted Alg. In [O1], [02] we defined a category F with
forgetful functors K — F — Alg as follows:

Definition 5.1. An object in F consists of an object A in Alg which is
equipped with an F,-linear map A : A — A with the following properties:

o \z| =p(|z| —1)+1forall z € A.
e Mz =z when |z| =1 and if p is odd and |z| is even then Az = 0.
o \zy) = Mx)y? + 2P A(y) for all z,y € A.

Furthermore A is equipped with an F,-linear map 3 : A — A with the
following properties:

o |Bx| = |z| + 1 for all z € A.
e fof =0 andif |z| =0 then Sz = 0.

o B(zy) = B(x)y + (=1)lzp(y) for all 2,y € A.

If p = 2 we require that 6 = 0. A morphism f: A — A’ in F is an algebra
homomorphism such that f(Az) = XN f(z) and f(Bz) = ' f(x).

Remark 5.2. For an object K € K the map XA : K — K is defined by
Az = Sql*I=12 when p = 2 and Az = P(*I=)/2g when p is odd and |z| is odd.
The map [ is the Bockstein operation when p is odd.

There is an obvious product on F. There is also a coproduct. For two
objects A and A’ in F the coproduct A ® A’ is the tensor product of the
underlying objects in Alg equipped with maps A x A’ and 3 x 3’ as follows;

AxN(z®y) = Mz) @yP + 2P @ N(y)
BxBrey) =B y+(-1)"ze #(y)

In appendices in [O1] and [O2] we showed that F is complete and cocomplete.
It is well known that IC and Alg also possess these properties.

In the following R denotes any one of the categories I, F or Alg. Let
nlF, denote the category of non-negatively graded IF,-vector spaces. The free
functor S : nlF, — R is by definition the left adjoint of the forgetful functor
R — nF,. If X is a non-negatively graded set we put Sg(X) = Sg(F, ® X)
where F, ® X is the free graded IF,-vector space with basis X. In particular
we have free objects Sz (x,) on one generator x,, of degree n.

11



Remark 5.3. Note that Sz(V) = Sa,(V) where

V=VeoPrv . p=2
i>1
V -V D ﬁv*21 D @ ﬁu}\i(ﬁveven,*22 D Vodd,*ZQ) . p> 2.
i>1,0€{0,1}

In the following we use [Q] I1.4 Theorem 4 to see that the category sR
of simplicial objects in R is a simplicial model category. The arguments are
standard but we have included them anyhow.

We start by verifying that R has enough projectives. Recall that a mor-
phism f : X — Y in a category D is called an effective epimorphism if for
any object T" and morphism « : X — T there is a unique 3 : Y — T with
B o f = a provided « satisfies the necessary condition that c ou = aowv
whenever u,v : S = X are maps such that fou = fowv (|Q] I1.4 proof of
Proposition 2).

Proposition 5.4. Let f be an effective epimorphism in a category D. Then
f is an epimorphism. Furthermore if f can be factored as f =i op where i
is a monomorphism then i is an isomorphism.

Proof. Assume that f is an effective epimorphism. Let r, s be two parallel
arrows such that ro f = so f. Then for « = r o f we have § o f = a both
for § =r and 8 = s. So by uniqueness r = s. Thus f is an epimorphism.
Assume that f = i o p where i is a monomorphism. If fou = fowv for
two parallel arrows u,v then iopou =70opowv and pou = po v since 7 is
a monomorphism. Hence there exists an arrow j such that p = j o f. Now
iojo f=1i0p= f which implies that ¢ o j = id since f is an epimorphism.
Furthermore i o j 04 = id o ¢ = ¢ which implies that j o7 = id since 7 is a
monomorphism. 0

Proposition 5.5. A morphism in R is an effective epimorphism if and only
if it is a surjection on underlying graded sets.

Proof. Any morphism f : X — Y may be factored as X — f(X) — Y where
the last map is clearly a monomorphism. So by the previous proposition we
see that an effective epimorphism is surjective.

Assume that f : X — Y is a surjection and let 8 : X — T be a map
which satisfies f ou = [ owv whenever fou = f ov. For a given x € ker f
let n = |z| and define u,v : Sg(z,) = X by u(z,) = = and v(z,) = 0. Then
x € ker B so we have ker f C ker . Now a: Y — T with a(f(a)) = f(a) is
well defined and has avo f = (3. O
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Recall that in [Q] an object P in a category D is called projective if
Homp (P, —) sends any effective epimorphism to an surjection of hom-sets.

Proposition 5.6. The following statements hold in the category R:
1. Sr(V) is projective for any object V in nF,,.
2. R has enough projectives.
3. {Sr(zn)|n > 0} is a set of small projective generators.

Proof. (1) By taking adjoints and applying the previous proposition we see
that Sg(V') is projective. (2) Let U : R — nF, denote the forgetful functor
and let X be an object in R. The adjoint n : Sg(U(X)) = X of idyx)
is surjective and hence an epimorphism. Thus R has enough projectives.
(3) The object Sr(x,) is projective by (1). Since Homg(Sg(z,), X) = X"
we have that Homg (Sg(z,), —) commutes with filtered colimits so Sg(z,)
is small. Finally, for two different morphisms f,g : X = Y there exist an
x € X such that f(z) # g(z). Hence the map Sg(z,) — X with z,, — «
where n = |z| separates f and g such that we have a set of generators as
stated. O

We now turn to the category sR of simplicial objects in R. The homotopy
groups of an object R in R is defined as the homology 7. R = H.(R, 0) where
0 is the differential given by the alternating sums

0= (~1)id;: Ry = Ry_.
=0

Especially mo(R) = R/(dy — d1)R and we have a morphism € : R — my(R) in
sR given by projection where we view m(R) as a constant simplicial object.
If f: X —Y is a morphism in R we can form the diagram

X ;) moX
fl 7rofl
Y ;> 7TOY

One says that f is surjective on components if the map from X into the
pullback (f,€) : X = Y X,y mX is a surjection. Note that if my(f) is an
isomorphism then f is surjective on components if and only if f is surjective.

Proposition 5.7. There is a simplicial model category structure on sR as
follows:

13



o f: X — Y is a weak equivalence if m.f : m, X — mw.Y is an isomor-
phism.

o f: X — Y isa fibration if it is surjective on components and an acyclic
fibration if it is both a fibration and a weak equivalence.

e f: X —Y isa cofibration if for any commutative diagram

X — A

1 g
Y — B

where p is an acyclic fibration, there exist a map Y — A making both
triangles commute.

The solution to the arrow diagram (5) is unique up to simplicial homotopy
under X and over B.

Proof. This is a special case of [Q] II §4 Theorem 4. The uniqueness part
follows from [Q] II §2 Proposition 4. O

Note that the cofibrations are described in an indirect way. The concept
of an almost free map make up for this weakness. See [Q] II page 4.11 Remark
4 and the main source [M4] §3, [M5] §2 or [G].

Definition 5.8. Let A denote the subcategory of the simplicial category A
with objects [n] = {0,1,...,n} for n > 0 and morphisms the order preserving
maps which sends 0 to 0. An almost simplicial object in a category C is a
functor from A to C.

Definition 5.9. A morphism f: X — Y in sR is called almost free if there
is an almost simplicial sub vector space V of Y such that for each n > 0, the
natural map X,, ® Sg(V,,) — Y, is an isomorphism.

Proposition 5.10. (1) Almost free morphisms are cofibrations in sR

(2) Any morphism A — B may be factored canonically and functorially
as A — X — B where the first map is almost free and the second is an
acyclic fibration.

(3) Any cofibration is a retract for an almost free map.

Proof. Similar to the one given in [M4]. See also [G]. O

Definition 5.11. A simplicial resolution of an object A € sR is an acyclic
fibration P — A in sR with P cofibrant. An almost free resolution of A is
an acyclic fibration ) — A such that F, — @ is almost free.

14



Note that an almost free resolution is a resolution and that almost free
resolutions always exist by the above proposition.

Example 5.12. Let RX be the cosimplicial resolution of a space X. Then
H*(RX) is an almost free resolution of H*X in each of the categories I, F
and Alg.

6 Derived functors

In this section R denotes any of the categories K, F or Alg. We use the
following notation for non Abelian derived functors:

Definition 6.1. The homology of an object R in sR with coefficients in a
functor £ : R — Alg is defined by

H.(R;E) =m.E(P)

where P — R is a simplicial resolution of R. By the uniqueness statement
in Proposition 5.7 this homology theory is well defined and functorial in R.

For an object R € R we also write R for the corresponding constant
simplicial object in sR. We are mainly interested in H,(R; ') when R € R.
These homology groups have certain properties which we now describe.

Let E, F and G be functors from R to Alg with natural transformations
E - F — G. Let V : Alg — nlF, denote the forgetful functor to graded
[F,-vector spaces. If the sequence 0 = VE — VF — VG — 0 is short exact
when evaluated on any free object in R then we get a long exact sequence

The 0th homology group is sometimes given by the following result:

Lemma 6.2. Define the category R’ as we defined the category R except
that we do no longer require that objects are unital. Let F : R' — Alg' be
a functor. Assume that for every surjective morphism f : A — B in R’ the
following two conditions hold:

1. F(f): F(A) — F(B) is surjective
2. F(ker f) — F(A) — F(B) is exact
then Ho(C; F) = F(C) for all objects C' in R.
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Proof. Let P — C be a simplicial resolution of C'. From the normalized
chain complex N,.F(P) we see that Hy(C; F') = F(Py)/F(dy)(ker F(dp)).

The maps dy,dy : P, — Py are surjective by the simplicial identities.
Let ¢ : kerdy — P, denote the inclusion. By condition 2. we have that
ker F'(dy) = F(i)(F(kerdp)). Thus

F(dy)(ker F(dy)) = F(dy) o F(i)(F(ker do)).

There is a commutative diagram

kerdy —2 dy(ker do)

di |
dy
Pl e P()

where d)] denotes the restriction of d; and j is the inclusion. By this diagram
F(dy) o F(i) = F(j) o F(d}). Furthermore F(d})(F(kerdy)) = F(dy(ker dp))
by condition 1. So we have

F(dy)(ker F(do)) = F(j) o F(dy)(F(ker do)) = F(5)(F(da(ker do)))

and Hy(C; F) = F(Py)/F(j)(F(d(ker do))).
Using condition 1. and 2. on the projection map Py — Py/d;(ker dy) we
see that Hy(C; F) = F(Py/dy(kerdy)) = F(C). O

The following result can sometimes be used to compute derived functors
of pushouts. We denote the pushout of a diagram A" < A — A” in sR or R
by A’ @4 A”.

Proposition 6.3. Let £ : R — Alg be a functor.
(1) If there is a natural isomorphism E(A’ ® A") =2 E(A") @ E(A") for
objects A, A" in R then there is an isomorphism

H.(B'® B",E) =~ H,(B';E) ® H.(B" E) for B',B" € R.
(2) Assume that there is a natural isomorphism
E'(A, XA A”) &= E'(A,) ®E(A) E(A”)

for diagrams A’ < A — A" in R. Assume further that B’ < B — B”" is
a diagram in R such that Tor?(B', B") = 0 for i > 0. Then there is a first
quadrant spectral sequence as follows:

B2y = Tor" O (H.(B', B), H.(B's E)); = Hiy,(B' @5 B'; E).

)
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Proof. Let P — B be a simplicial resolution of B. By the factorization axiom
we get a diagram
P <=——=pP——Pp"

where the vertical maps are acyclic fibrations and the upper horizontal maps
are cofibrations as indicated. Since [F, — P is a cofibration and cofibrations
are stable under composition we see that P’ — B’ and P” — B” are simplicial
resolutions.

Now form the map of pushouts f : P’ ®p P" — B’ ® g B” and consider
the corresponding map of derived tensor products in the sense of [Q] II §6:

Lf:P ®pP"=P @pP" — B ®pB"
By [Q] II §6 Theorem 6 there are second quadrant spectral sequences

Tor7* " (n, P, 7, P"); = 7 ;(P' ®p P")
Tor[*? (m, B, 7.B"); = miy (B &% B")

The above diagram gives a map of spectral sequences which is an isomorphism
at the Fs-terms. Hence Lf is a weak equivalence. By the Corollary following
Quillen’s Theorem 6 we have that B'®%5B” — B'®pB" is a weak equivalence.
Thus f is itself a weak equivalence.

Since f is surjective it is a fibration. Since the pushout of a cofibration
is a cofibration P’ — P’ ®p P” is a cofibration and thus the domain of f is
cofibrant. So f is a simplicial resolution.

For the proof of (1) take B = IF,, and apply E codegree wise. The re-
sult follows by the Eilenberg-Zilber theorem. For the proof of (2) apply F
codegree wise. The result follows by Quillen’s Theorem 6. O

If one knows that the higher derived functors vanish on a certain class
of objects, they can be used to compute derived functors by the following
result.

Theorem 6.4. Let E: R — Alg be a functor and let A € R. Assume that
Q—A is an acyclic fibration in SR and that

F(Q]) ,ZIO

Hi(Qs: ) = {0 i>0.

Then H.(A; E) = 1, E(Q).
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Proof. We have shown that sR is a simplicial model category. So ssR is a
simplicial model category by the Reedy structure [GJ] VII 2.13. A fibration
in ssR is especially a level fibration and a cofibration is especially a level
cofibration by [GJ] VII 2.6. A weak equivalence is a level weak equivalence
by definition.

We use a dot to denote a simplicial direction in the following. Let c(Q)ee
denote the object in ssR defined by (cQ);; = @; for all i. Let P, be a
resolution of cQee 1€. (Fp)es ™ Poe—CQee-

We have that (F,)e — Pie—Qs for each i by the above. By composition
with the acyclic fibration Qq—»A we see that P, is a resolution of A.

So the horizontal homotopy of F(P.,) is given by 7' F(P,,) = H;(A; F).
We apply vertical homotopy on this and obtain

H;j(A;F) ,i=0

v h ~Y
T (Phe) =
v (Pec) {O ,1 > 0.

We also have that P,; is a resolution of Q); for each j. So 7} F(P,;) =
H;(Qj; F') which equals F(Q;) for i = 0 and equals 0 for ¢ > 0. We apply
horizontal homotopy on this and obtain

’/TjF(QO) 7220

T F(P,,) =
imiE(Ee) 0 i > 0.

Thus both spectral sequences associated with F'(P,,) collapse and the result
follows. O

7 The FE, terms seen as derived functors

In [BOJ, [O1] and [02] we introduced a functor Q : F — Alg as follows:

Definition 7.1. Q(R) is the quotient of the free graded commutative and
unital R-algebra on generators {dz|z € R} of degree |dzx| = || — 1, modulo
the ideal generated by the elements

d(z +y) — dz — dy, d(zy) — d(z)y — (—1)"lzd(y),
d(Ax) — (dz)?, d(BA\x).

There is a differential d : Q(R) — Q(R) given by d(z) = dz for x € R.

Note that for p = 2 the Bockstein is trivial so here the functor Q is the
same as the functor which we originally denoted (2.
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It was shown that there is a lift to a functor  : K — K and that this lift
is nothing but Lannes’ division functor (— : H*(T))x. In particular there is
a morphism Q(H*X) — H*(AX) for any space X which is an isomorphism
when H*X is a free object in K.

An other functor ¢ : F — Alg was also defined by generators and rela-
tions. The explicit definition was rather complicated so we do not repeat it
here. The functor ¢ also lifts to an endofunctor on K and it comes with a
natural morphism ¢(H*X) — H*(AXjr) which is an isomorphism if H*X is
a free object in K.

Via Example 5.12 we can now restate Theorem 4.7 in an appropriate
form.

Theorem 7.2. If X is a I-connected and fibrant space with H, X of finite
type then we have strongly convergent Bousfield cohomology spectral sequences
E, = H*(AX) and E, = H*(AXy1) with the following Ey terms:

E;™ = Ho (HY(X); Q) and E;™" = H,,(H*(X); ().

We now introduce other functors in order to study the derived functors
of £. Recall that the functors £ and 2 from F to Alg are defined by L(R) =

U(R)/(u) and Q(R) = L(R)/(5(z)|z € R).

Proposition 7.3. For each object R € F there are isomorphisms as follows:
Ho(R; Q) = Q(R), Ho(R; Q) = Q(R) and Ho(R; £) = L(R).

Proof. We use Lemma 6.2 to prove this. By their definitions we may consider
Q, Q and £ as functors from F’ to Alg'.

Let A be an object in F' and let I C A be an ideal. We must verify
condition 1. and 2. in Lemma 6.2 for these functors where f : A — A/I is
the natural projection. We do this for the functor £. The verification for the
other functors is similar but easier.

The map L(f) is surjective with kernel

J = (0(x) = o(y), a(x) — q(y), d(z) = (y)lz —y € I) € L(A)

so L(A)/J = L(A/I). We must check that L(I) = J.

The inclusion £(I) C J holds since ¢(0) = ¢(0) = 6(0) = 0.

For the inclusion £(I) 2 J assume first that p = 2. Since ¢ and ¢
are additive we have that 6(x) — d(y) and ¢(z) — ¢(y) lie in L£(I). Further
q(z) —q(y) = q(z —y) + 6(zy) but é(zy) = é(x(y — x)) so also q(z) —q(y) €
L(I). Thus the inclusion holds.
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For p odd ¢ is additive, ¢ is additive on elements of even degree and q is

additive on elements of odd degree. For |z| = |y| odd we have
p—2

d(x) — dy) = p(x —y) + Y _ 8(x)'6(y)P>"'6(xy)
i=0

and again 6(xz(y — z)) = §(zy) such that this lies in £(I). For |z| = |y| even

we have
p—1

@)~ afy) = ale — ) ~ 53 Ta'y)

i=1
so it suffices to see that y — = divides the sum inside the 6(—). The following
equation in [F, [z, y| shows that this is the case:

LN |

p—3 p—1
1 . )
zy(y — x) E apzyP T = E zxzy”_z where aj, = T
k=0 i=1 =0 J

The equation holds since by Euler’s sum formula 2;11 n = 0 modulo p. O

Definition 7.4. Let Z,B,H : F — Alg denote the functors given by
Z(R) = ker(d), B(R)=im(d), H(R)=Z(R)/B(R)
where d is the differential on Q(R).

Recall from [BO], [O1] and [O2] that there are natural transformations
of functors ® : Q — H and Q : L — Z. It was shown that if A € F is
a free object, or its underlying algebra is polynomial, then ® 4 and Q4 are
isomorphisms. We can now give a nice interpretation of the functor £, which

was originally defined by generators and complicated relations.
Theorem 7.5. For any R € F one has L(R) = Hy(R; Z).

Proof. The induced map Q. : H,(R; L) — H,(R; Z) is an isomorphism since
@ is an isomorphism on free objects. The Oth derived functor of £ was
computed in Proposition 7.3. O

For any functor E : F — Alg we have that H;(A; F) = 0 fori > 0 when A
is a free object since we can use the trivial almost free resolution to compute
the derived functors. For polynomial algebras we also have nice results.

Theorem 7.6. Assume that the underlying algebra of A € F is a polynomial
algebra. Then one has H;(A;Q)) = 0, H;(A;Q) = 0, H(A; L) = 0 and
H;(A;¢) =0 for each i > 0.
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Proof. We first prove the statements for { and Q. Let 2 : Alg — Alg denote
the usual de Rham complex functor. Pick an almost free resolution P € sF
of A. The forgetful functor U : F — Alg takes free objects to free objects.
So we can apply U to P and get an almost free resolution of U(A) in sAlg.
Thus there is an isomorphism

HT (4;QU) = H9(U(A); Q)

and the last group is trivial for i > 0 since U(A) is a free object in Alg.

There is a linear map QU(A) — Q(A); zodx;...dw, — zodTy ... dT,,.
The map is not multiplicative and it does not commute with the de Rham
differential, but it is an isomorphism of graded vector spaces. Thus H;(A4;Q)
is additively isomorphic to H;(A;QU) which is trivial for ¢ > 0. A similar
isomorphism gives the result for the functor Q.

Next we consider the functor £. The short exact sequence 0 — Z —
Q — B — 0 gives a long exact sequence of derived functors. By the above
this sequence breaks up into the exact sequence

0 — Hi(A;B) — Ho(A; Z) — Ho(A;Q) — Ho(A4;B) =0

together with the isomorphisms H;(A4; Z) = H;11(A; B) for i > 1.

There is also a short exact sequence 0 — B — Z — H — 0 with corre-
sponding long exact sequence of derived functors. Since ® is an isomorphism
on free objects we have a natural isomorphism ®, : H,(—; Q) = H.(—H).
By the above vanishing result for H,(A; Q) the long exact sequence breaks

up into the short exact sequence

and the isomorphisms H;(A; B) = H;(A; Z) for ¢ > 1.
Using Proposition 7.3 and Theorem 7.5 we can rewrite the exact sequences
involving Oth derived functors as

0— Hi(A;B) — L(A) = Q(A) — Hy(A;B) = 0

0 — Ho(A;B) — L(A) = H(A) — 0.

Since @ : L(A) — Z(A) is an isomorphism we see that H;(A4;B) = 0. By
the isomorphisms Hy(A; B) = Hi(A; Z) = Hy(A; B) = ... we conclude that
H;(A; Z) is trivial for i > 0. But H,(—; L) is isomorphic to H,(—; Z) so we
are done.

Finally we consider the functor ¢. By definition of £ there is a short
exact sequence 0 — uf — ¢ — L — 0. From the corresponding long exact
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sequence of derived functors we find that H;(A;ul) = H;(A;¢) for ¢ > 0. By
Theorem 10.3 from the appendix and Proposition 4.4 from [O2] there is a
short exact sequence

0— w(B) = wl(B) > W @QB) =0 , j>0 (6)

when B is a free object in F or when the underlying algebra of B is a poly-
nomial algebra. The corresponding long exact sequence of derived functors
shows that H;(A;u/l) = H;(A;u’") so we have H;(A; () = H;(A;ul) for
all 7 > 0. But (uw/f)* =0 for k < 25 so H;(A;u/f)* =0 for k < 25 and the
result follows. O

Proposition 7.7. If the underlying algebra of an object A € F is a polyno-
mial algebra, then Hy(A; ) = ((A).

Proof. The short exact sequence 0 — ul — ¢ — L — 0 gives a short exact
sequence of Oth derived functors since Hi(A; L) = 0. Furthermore, there is
a natural map Hy(—; F) — F for any functor F' : F — Alg. So we have a
commutative diagram with exact rows as follows:

0 —— Ho(A;wl) —— Ho(A;0) —— Ho(A; L) —— 0

l ! |

0 — wl(A) —— (LA —— L(A) —— 0.

The right vertical map is an isomorphism so it suffices to show that the left
vertical map is also an isomorphism.

Since H;(A;) = 0 the short exact sequence (6) gives a commutative
diagram as follows for 57 > 0:

0 —— Hy(A; /) —— Ho(A;ull) —— Ho(A;u/ @ Q) —— 0
0 —— w4 —— Wwil(d) —s WRQA) —s 0.

where the right vertical map is an isomorphism. Fix a degree n. For j +1 >
n/2 the map Hy(A;w/ ™))" — (uw/T(A))" is an isomorphism since both
domain and target space are zero. The result follows by induction. O

Corollary 7.8. Let X be a I1-connected space such that H,X 1is of finite
type and H*X is a polynomial algebra. Then then the spectral sequences of
Theorem 7.2 collapses at the Eo terms. So there are isomorphisms

H,(H*(X);Q)* = H*(AX) and H,(H*(X); 0)* = H*((AX)1).
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8 The derived functors of an exterior algebra

In the rest of this paper we take p = 2. Let A = A(c) € F be an exterior
algebra on one generator of degree |o| > 2. Note that Ao = 0 for dimensional
reasons. We intend to compute the higher derived functors of the various
functors we have been considering for this algebra.

Proposition 8.1. There are isomorphisms
H(AQ) 2QA)@Tw] , HJ(AQ) = QA @D

The inner degrees are |y;(w)| = i(2|lo| — 1), |7:(@)| = i(4|le| — 1) and the
grading of the homology groups are given by

Hi(AQ) 2 Q(0) @ v(w) . Hi(AQ) = QA) @ 7(@).

Proof. The algebra A is the pushout of Fy < Fy[y] — Fy[z] where y — 2.
Put Ax = 0 and Ay = 0. By Proposition 6.3 we find

Hy(A; E) = Tor?TU)(F, E(Fy(z])) for E=10,0.
The result follows by standard computations. O

In order to compute derived functors of the other functors we need an
explicit simplicial resolution of A. By Theorem 6.4, Theorem 7.6, Proposition
7.3 and Proposition 7.7 we may use an almost free resolution of A in sAlg
and equip it with A = 0.

Proposition 8.2. There is an almost free resolution R, € sAlg of the algebra
A with R, = Fslz,y1,y2,...,Yn] for n > 0. The structure maps d; : R, —
R, 1 and s; : R, — R,.1 are given by

si(x) = =z
Sz(y]) - ! . .
Yi+1 ] >0
di(z) = =
2 i=0,j=1
Yj-1 7i < .]7.] >1
di(y;) = ’ Lo
Yy 1 2JJ<n
0 =N, =n
The degrees of the generators are |x| = |o| and |y;| = 2|o| for all i.
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Proof. We first give a description of the simplicial set Al = Homa (—,[1])
suited for our purpose.

Define the elements y; € Al forn > 0and 0 < j < n+1 by y;(i) =0
if i < jand y;(i) =1if i > j. We have A} = {yo,...,Ynr1}. The structure
maps are as follows:

i1 L1 <] ; , 1< ]
diy; =770 0" ST and sy = {0 0
Yj 027 Yj 02

Let Fy[—] denote the functor which takes a graded set to the polynomial
algebra generated by that set. Let Fy[Al %] denote the pushout of Fy <
Fyla] — Fo[Al] where Fy and Fy[a] are constant simplicial algebras. In degree
n the maps are as follows: a +— 0 € Fy and a — y,1 € Fo[Al]. Note that
Fo[Al] ~ Fs[#] by the simplicial contraction of Al. The spectral sequence
[Q] II §6 Theorem 6 gives that m;(Fy[AL *]) = Fy for i = 0 and 0 otherwise.

Define R, as the pushout of Fy[z] < Fy[2] — Fy[AL, %] where in degree
n the maps are z + 22 and z — 7. For this pushout Quillen’s spectral
sequence gives that

A ,i=0
;i (Re) =2 Tor 2R JFolz]) = ’
(Ru) = Tor (s, Fofa]) = § 010
Thus R, has the right homotopy groups. Further R, is as stated and the
structure maps are as stated. Note that R, is almost free. The degrees are
correct since the structure maps must be degree preserving. U

Lemma 8.3. H,(A;Q) has the following Fy-basis:
dyy .. .dyy, xdy; . ..dy,, dzdy; . . .dy,, xdxdy; .. .dy,.

Proof. Using the formulas in Proposition 8.2 it is easy to check that the four
given classes are in the kernel of d; for all . To check linear independency,
we introduce two gradings of €.

Firstly, the wedge grading on Q(R,,) is defined as the number of wedge
factors, ie. the number of d’s in a homogeneous element. Secondly the
polynomial grading is defined as follows: Give = grading 1, y; grading 2 and
each dz or dy; grading 0 and extend multiplicatively. Note that the maps d;
preserve both gradings. We write Q%*(R,,) for the elements in Q(R,,) of wedge
degree ¢ and polynomial degree t. Thus there is a direct sum decomposition

H,(A; Q) = €D Ha(A; Q).

q,t>0
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The classes we consider sit in different bigradings, so we only have to
check that they individually do not represent the trivial class.

We have the following bases for Q"°(R,1), Q"°(R,) and Q™°(R,_,)
respectively:

{dzdy; .. d/y\J e dyn 1} U{dy .. dyn}
{dzdy; ...dyn—1}.

We use the normalized complex consisting of N;~q ker(d;) with differential
dy to compute the homology. For this normalized complex we have the
respective bases 0, {dys A+ - -Ady, }, {dzAdyis A+ - - Ady,_1}. Taking homology
and using that Q™°(R,_5) = 0 we see that the classes dxdy; ...dy, 1 and
dy; . . .dy, do not represent zero.

Similarly, xdxdy; ...dy,_1 and zdy; ...dy, do not represent zero. The
result follows by shifting dimensions. O

Lemma 8.4. H,(A;H) has an Fa-basis as follows:

Y1 Yndyr . . dYn, 221 .. yndys . . . dy,,
cdxyy .. Yndys . . . dyn, 22dzyr . Yndys . .. dYy.

Proof. This follows from Lemma 8.3 and the Cartier isomorphism. 0

Corollary 8.5. The long exact sequence associated to B — Z — H splits
into short exact sequences when evaluated at A:

0— H.(\;B) —» H (AN, 2) — H (N;H) — 0.

Proof. The generators from Lemma 8.4 are visibly in the image of the map
H,(A; Z2) — H,(AH). O

Definition 8.6. Let v, ; € Q(R;) denote the following elements:

Yij = Y1Y2 - .- Yidydys ... dy; for i,5 >0
Yo,j = dyrdys...dy; for j >0 and ~o=1

These elements are actually in Z(A) if ¢ < j, and in B(A) in case ¢ < j.
They are even in the normalized chain complex, so they define classes in
H.(A; Z) respectively H,(A;B).
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Theorem 8.7. Forn > 0 the homology group Ha,(A; B) has Fa-basis

{dzyo,20} U {72120 » 9132721’,211, xdxy2;2n 9133d96’72i,2n|0 <i<n}

and the homology group Hoyy1(A;B) has Fe-basis

{Y0.2n+1 dTY0 2n+1 5, TdTY0 2041 }U

{Voit1.2041 s TY2i412n041 » TATV2i41 2041, T2 dTY2141,2011]0 < 0 < m}.
Similarly, Hon(A; Z) has Fa-basis
{dayo2n} U {12120 s 272120 TdTY2520 , 22 dTy0i20]0 < i < n}

and Hop1(A; Z) has Fy-basis

{Y0.2n41, dTY0.2n41 , TdTY0 20041 }U

{V2i+1.2n41 33272i+1,2n+1 s TATY2i41,2n41 333d$72i+1,2n+1|0 <i<n}.
Proof. Recall that H,,(A;Q) = Q(A) @ Yom and Hy, (A;H) 2 Q(A) @ Yom.
From the splitting H,,(A; Z2) &£ H,,(A;B) & H,,(A; H) together with the
computation of H,,(A;H) in Lemma 8.4 , it follows that the statements
about H,,(A; Z) and H,,(A; B) are equivalent.

Recall the long exact sequence

Hp(MB) —2 Hpo(AZ) —2 H, (A Q) -2 H,(AB)  (7)

Claim: The image of d, is a one dimensional vector space, generated by a
class, which in the normalized chain complex is represented by dxyg .

Note that three out of four of the generators of H,,(A; ) are annihilated
by d.. So the image of d, is spanned by the single class, represented in the
normalized complex by dxvo,, € B(A). This element actually represents a
non zero homology class, since the map H,,(A;B) — H,,(A; Q) induced by
inclusion, send it to the element represented by dxdy; ...dy,,. But this is
non-trivial according to Lemma 8.3, and the claim follows.

We will now prove the theorem by induction on m. We first treat the
case m = 0. Here we see that the map dy : Hyo(A;Q2) — Ho(A; B) is surjective
by the long exact sequence (7), and the statement follows directly from the
claim we just proved.

Assume that the theorem holds for m. The long exact sequence (7) gives
us a short exact sequence

0 — im(dpi1) = Homst(A; B) 2 ker(in) — 0
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So, in order to prove the theorem, we have to show that b maps the classes
given in the statement of the theorem with dxvyom+1 removed to a basis for
the kernel of i,,.

By induction we have a basis for H,,(A; Z). From this we see that the
kernel of the map ig,41 1 Hont1(A; Z2) — Hopt1(A; Q) has basis

2 3 ,
{V2i41,2n41 5 T V200 1,2n4+1 5 TATY2i41,2n4+1 5 T°ATY2i41,204+1]0 < @ < m}

and that the kernel of the map i, : Ha,(A; Z) — Hapn(A; Q) has basis

2 3 2 3 .
{2°v0.2n, 2°dxY0 .20} U {V2i.2n s T*V2i2n s TATY21 20 , T dTY2520|1 <7 < n}.

It is convenient now to pass from the normalized to the unnormalized
complex. The normalized complex is a subcomplex of the unnormalized one,
and in the notation we do not distinguish between a class in the subcomplex
and its image in the unnormalized one.

Let us first consider the odd case, m = 2n + 1. The element ;2,42 €
B(Ry,+2) is a cycle with respect to the boundary 0 = > di. We compute its
image under the map b.

Let o, € Q(Ryg,42) denote the following element:

ozr:ylyg...y%y,.dyldyg...@...dy2n+2 , 204+1<r<2n+42

where the hat means that the factor is left out. Put g = 2312112 a,.. We
have do, = 799012 for each r, so that also d3 = 72; 2n+2. This means that
b(Y2i2n+2) is represented by

2n+2

op = Z (Yr—1 + Yr) V202041 T Y2n417V2i 2041 = V2it 12041
r=2i+2

Since b is linear with respect to multiplication by 22, xdx, z3dz this gives
the desired result for Ho,o(A; B).

In the even case m = 2n, a similar argument shows that b(7y2;11.2n41) 18
represented by 7212 9n-

Checking with the lists of classes above, we see that we are left to prove
that b(y0.2n+1) = %702, The argument is very similar. Let

o, = Ypdyrdys ... dy, ... dysp1 and S = a3 +ag + -+ + opg1.

Then do,. = Yo2n+1 S0 also dB, = Yoant+1. Thus b(Yo2n+1) is represented by
8ﬁ = x2’70,2n' U
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Proposition 8.8. There are short exact sequences forit > 0,t > 1 as follows:

0 — H;(A;wl) —— Hi(AY) —— Hi(A L) —— 0,

0 —— Hi(Ajul*l) —— H;(Ajull) —— H;(A;u'Q) — 0.

Proof. The first short exact sequence follows if we can prove that the con-
necting homomorphism b : H;1(A; £) — H;(A;uf) is trivial. So consider the
diagram

0 —— UK(RH_l) — ‘€<Rz+1) — E(Rz_;_l) — 0

| | l

0 — w(R) —— UR) —— L(R) —— 0.

The element ¢(y1)...q(y;)0(yj+1) - .- 6(yit1) € ¢(Ri11) maps to the ele-
ment V41 € L(Rit1). By the relations 6(a)? = d(Xa), q(a)? = ¢(Aa) +
d(a*Xa) and 6(a)q(b) = 5(arb) + 5(ab)d(b) we see that this element maps
down to zero in ¢(R;). So the connecting homomorphism b is trivial.

The proof for the second short exact sequence is similar. O

Corollary 8.9. For each © > 0 there are isomorphisms of Fy-vector spaces

Hi(A0) = Hy(As L) & (P! ® Hi(A; Q)

t>1

~ H,(A; B) & (Fafu] @ Hy(A; Q).

Let F : F — Alg be a functor. We define the total degree of a class in
H;(R; F)" to be n —i. For F' = {,Q this corresponds through the spectral
sequences of Theorem 7.2 to the grading of cohomology groups. We write
Pr(t) for the Poincaré series corresponding to the total degree of H,(A; F)*.

Theorem 8.10. Let s denote the degree of the class 0 € A. Then we have
the following Poincaré series:

Po(t) = 1+ )1 -7

Pb@)=(1+t%x -t

PB(t) — 5= (1 s 1 t2s—1)(1 t2s—1)—1(1 o t28_2)_1,
Pg(t) — (1 45 1 ts—l—l 4 t2s 1)(1 t2)_1(1 _ t28_2)_1.

Proof. The first two formulas follow from Proposition 8.1: The total degree
of vi(w) is |yi(w)| —i = (25 — 2)i and Q(A) = A ® A(do) so

Py(t) = (1 + )1+t (1 —*2) = (1 +¢5)(1 — 57171
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A similar argument gives Pg(t).

To determine Pg(t) we must count the classes given in Theorem 8.7,
according to the total degree.

We divide these classes into three groups. The first group are those of
the form dzvo,,. The Poincaré series of the subspace generated by those
classes is t*71 /(1 — ¢**~2). The second group are those of the type ¥y 2,41 Or
xdxg9n11. These have Poincaré series t2572(1 + t>571) /(1 — t*74).

The third group is the remaining classes. They span a free Q(A)—module
with basis X = {7221, 72i+1.2041/0 < i < n,0 < n}. We introduce the
following operation on the set X: T'(7in) = Vit1n+1. This operation has
total degree 4s—2. All generators are obtained by applying 7" a non-negative
number of times starting from one of the elements of Y = {7p2,|n > 1}.

The set Y has Poincaré series t#74/(1—¢*~%). So, the set X has Poincaré
series t474(1 —¢*~4) 711 — ¢**72)~1. We multiply this by (1 +¢2*)(1+¢>71),
make a small reduction, and obtain the Poincaré series for the third group
of classes:

t45_4(1—l—tzs)(l+t28_1)_1(1—|-t48_4)_1.

To get the Poincaré series of B, we add the three series obtained so far.

B ts—l _'_ t2s—2(1 ‘l‘ t2s—1) t4s—4(1 ‘l‘ t2s)
1= 1252 1 — p4s—4 (1 _ t2s—1)(1 _ t4s—4)

Ps(t)

The stated formula for Pg(t) follows after some reductions.
Finally, Corollary 8.9 gives that Py(t) = Pg(t) + (1 — t*)"'P5(t) which
leads to the stated formula after some reductions. O

9 The spectral sequences for spheres

Let X be a pointed space, Y = XX it’s reduced suspension. We have es-
tablished a spectral sequence converging to H*(ET xt AY;[F,y) in general.
But in this special case, we are fortunate to have a direct calculation of the
homology H,(ET, Ar AY;Fy). If the homology of X is of finite type, the
(finite) dimensions of these homology and cohomology groups agree. So if we
for the particular space X can check that the Poincaré series of the homology
of H*(ET x1 AY;F,) as computed in [CC] agrees with the Poincaré series
of the F, term of our spectral sequence, we know that our spectral sequence
collapses. (See also [BM] for an easier proof of the results in [CC]).

Let us now consider the special case of spheres X = S*7! and Y = S°.
The purpose of this section is to show that in this case the two Poincaré
series actually agree, forcing the spectral sequence to collapse.
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Theorem 9.1. The Poincaré series of H*(ET x1 AS®;Fs) is
(1 + ts—l _ ts—i—l + t2s—1)(1 _ t2)_1(1 _ t28_2)_1.

Proof. We compute a sequence of related Poincaré series. First, let A =
H*(5°1) considered as a graded vector space. This has Poincaré series t°~1.

For each m > 1, the cyclic group C,, acts on A®™. This is a 1-dimensional
vector space over F,. We now consider the homology groups

H.(C,p; AZ™)

We first look at homological dimension 0. Hy(C,, A®™) = A®™ so it has
Poincaré series t"(*~1)_ In higher homological degrees, there are two cases. If
m is odd, the groups all vanish, and we get a trivial Poincaré series. If m is
even, and i > 1, H;(C,,, A®™) = A®™ Since this single group has homological
degree 1, its Poincaré series is ¢*+m(=1),

Now, recall from [CC], proposition 9.3 that

ﬁ*(ES_li_ /\51 ASS) = @m21H*(Cma A®m)

(Actually, we are correcting a misprint in [CC] here. The homology groups
on the right hand side of the formula should not be reduced).

The Poincaré series of the right hand side contains the sum of the contri-
bution of the homology in dimension zero. The Poincaré series of this part
is >0 M7 = #5711 — ¢571)~1 Tt also contains the sums of the contri-
butions of the reduced group homologies. Since this is trivial if m is even,
we can as well put m = 2n, and the Poincaré series of the reduced part is

Z Z git2n(s—1) _ t2(s—1)+1(1 _ t)_l(l . t2(5—1))—1

i>1 n>1
Summing, we get that the Poincaré series for H,(ESL Ag1 A(XX)) is
(#5715 221 — )L (1 — 22!
Finally, we note that there is a short exact sequence of homology groups:
0 — H,(BT) — H.(ET x1 AS®) — H,(ET, Ar AS®) — 0.
This shows that the Poincaré series of H,(ET xp AS®) is
(21— ) (L — ) (1 — )

Bringing on common denominator and adding proves the theorem. O
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Proposition 9.2. The Poincaré series of H*(AS®;Fy) is (1 +t5)(1 — ¢571)
when s > 2.

Proof. The mod 2 cohomology ring of AS® is a special case of Theorem 2.2
of [KY] except for the case s = 2. It is however shown (Remark 2.6) that
the Eilenberg-Moore spectral sequence also collapses when s = 2 so we can
compute the Poincaré series from the Fs-term. It has the following form (see
the proof of Theorem 2.2):

Ey" = A(z) @ A(T) @ T[w]

where the respective bidegrees of z, T and v;(w) are (0,s), (—1,s) and
(—21, 2is) such that the respective total degrees becomes s, s—1 and 2i(s—1).
Thus the Poincaré series is

(1 + ts)(l + ts_l)(l . t2(s—1))—1
and the result follows by a small reduction. O

Theorem 9.3. If we let X = S® with s > 2 and use Fy-coefficients, then the
spectral sequences of Theorem 7.2 collapses. Thus there are isomorphisms of
graded Fy-vector spaces:

H.(H"(5°);Q)" = H*(AS®) and H,(H(5°);£)" = H*((AS®) ).

Proof. By Theorem 8.10, Theorem 9.1 and Proposition 9.2 the Poincaré series
of the F)-terms agree with the Poincaré series of the targets. So the spectral
sequences collapses. O

10 Appendix: On a filtration of the functor /
In this appendix we identify the graded object associated with the filtration
0(A) D ul(A) Du*(A) D ...

in the case where p = 2 and A is a polynomial algebra.

Recall that the functors £, : F — Alg are defined by L(A) = ¢(A)/(u)
and Q(A) = L(A)/I5(A) where I5(A) is the ideal (§(z)|z € A) C L(A).

We want to define a map £(A) — Q(A)[t] such that the elements ¢(z),
q(x) and u in the domain are send to the elements ¢(z), ¢(x) and #? in the
target. Unfortunately, this cannot be done by a ring map. But if we pay the
penalty of changing the multiplicative structure of the target, we can almost
get such a map.
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Definition 10.1. €, (A) is the free graded commutative algebra on gener-
ators ¢(z),q(x) for x € A and t, of degrees |¢p(x)| = 2|z, |¢(z)] = 2]z| — 1
and |t| = 1, modulo the relations

q(z +y) = q(z) +q(y), oz +y) = o(x) + o(y),
q(zy) = ¢(x)q(y) + o(y)q(x), o(zy) = ¢(x)9(y),
q(z)* = p(Ax) 4 tq(Az).

Clearly, Q4,(A)/(t) = €(A). The ring 4, (A) is just a twisted version of
the polynomial ring over Q(A) in ¢ in the following case:

Theorem 10.2. Assume that the underlying algebra of A is a polynomial
algebra. Then the graded m'ngNGr*(Qtw(A)) corresponding to the filtration of
Q4 (A) by powers of t equals Q(A)[t].

Proof. As an intermediate step, let us consider the ring R(A) which is defined
exactly like Qy,(A) except that we do not include the last relation g(z)? =
d(Ax) + tg(Az).

If A is a polynomial algebra on generators {z;|i € I}, then R(A) is a
polynomial ring on generators ¢(x;) and g(z;). To obtain €y, (A) from R(A),
we have to add the relations ¢(p)? = ¢(A\p)+tq(\p), where p is any polynomial
in the generators z;. Actually, it is sufficient to do this for the generators
themselves, as this relation for p;p, follows from the relations for p; and p,.
Because, assume those are satisfied, then we calculate

a(p1p2)® = ¢(p1)*a(p2)” + d(p2)*a(p1)
= ¢(p1)*(9(Ap2) + ta(Ap2)) + d(p2)*(d(Ap1) + ta(Ap1))
= ¢(A(p1p2)) + tg(A(pip2))-

Thus we can write €;,,(A) as an algebra:

Falt, d(a:), q(zi)|i € I)/{q(x:)* = d(Ax;) + tq(Aa;)}

From this it is clear, that Q,(A) is a free Fy[t, ¢(z;)|¢ € I]-module, with
generators

{a(zi,) ... q(xs,)ir # is for v # s, n > 0}.

(The empty product means 1 here.) It follows that Gr.(Q4,(A)) is a free
module over Gr,(Fa[t, ¢(x;)|i € I]) with the same generators.

So, to finish the proof, we only have to determine the multiplicative struc-
ture of Qu,(A). The multiplicative relations are given by the relations. In
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the graded ring they are q(z;)? = ¢(Ax;). So, we have a presentation of the
graded ring as

Falt, ¢(x:), a(x:)]i € I]/{a(w:)* = o(Azy)}.
But this is exactly Q(A) [t]. O
Theorem 10.3. Let A be an object in F and i > 1 an integer. Multiplication

with u* defines a natural surjective Fy-linear map
ul(A)
w(A)
If the underlying algebra of A is a polynomial algebra, then this map is an
isomorphism and

u': Q(A) =

Gr.(((A)) = L(A) & P/ @ Q(A)
j>1
Proof. Multiplication with u’ gives a surjective map £(A) — u'¢(A) and
u'(I5(A)) = 0, u'(ul(A)) = u"4(A) so the map factors through Q(A).
We define a natural ring map v : £(A) — Q4,(A) by the formulas

v(9(2)) = ¢(z) +ta(z), vlg(x)) =q(z), v(u) =t v(é(z))=0.

To see that v is well defined, we have to check that the relations in the
definition of ¢ goes to 0. This is trivial for all relations except three which is
verified as follows:

v(d(zy)) = ¢(zy) + te(zy) = (¢(z)
= v(9(z)o(y) + uq(z)q(y)),

v(q(zy)) = q(zy) = ¢(z)q(y) + q(z)p(y)
= (#(z) + tq(z))q(y) + (o(y) + ta(y))g(z)
= v(¢(z)q(y) + a()d(y)),

v(q()?) = q(x)* = v(Pp(Ax) + §(2*Ax)).

By the map v we get a commutative diagram as follows:

Q(A) —— Qu(A)/E20(A)

U’ZJ/ tZiJ/
ul(A) JuTH(A) —— 21 Q4 (A) /27204, (A)
When the underlying algebra of A is a polynomial algebra, then Theorem

10.2 gives that the top and the right vertical maps are injective. So in this
case the left vertical map is also injective. O

+tq(x))(o(y) + ta(y)) + t*q(x)q(y)
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