ON THE 2-ADIC K-LOCALIZATIONS OF H-SPACES

A.K. BOUSFIELD

ABSTRACT. We determine the 2-adic K-localizations for a large class of H-
spaces and related spaces. As in the odd primary case, these localizations
are expressed as fibers of maps between specified infinite loop spaces, allow-
ing us to approach the 2-primary v;-periodic homotopy groups of our spaces.
The present vi-periodic results have been applied very successfully to simply-
connected compact Lie groups by Davis, using knowledge of the complex,
real, and quaternionic representations of the groups. We also functorially de-
termine the united 2-adic K-cohomology algebras (including the 2-adic KO-
cohomology algebras) for all simply-connected compact Lie groups in terms of
their representation theories, and we show the existence of spaces realizing a
wide class of united 2-adic K-cohomology algebras with specified operations.

1. INTRODUCTION

In [21], Mahowald and Thompson determined the p-adic K-localizations of the odd spheres at
an arbitrary prime p, expressing these localizations as homotopy fibers of maps between specified
infinite loop spaces. Then working at an odd prime p in [8], we generalized this result to give
the p-adic K-localizations for a large class of H-spaces and related spaces. In the present paper,
we obtain similar results for 2-adic K-localizations of such spaces, using our preparatory work in
[10] and [11]. By a 2-adic K -localization, we mean a K/2,-localization (see [2], [3]), which is the

same as a K*(—;Zs)-localization since the K/2,-equivalences of spaces or spectra are the same as
the K*(—;Zs,)-equivalences. Our localization results in this paper will apply to many (but not all)
simply-connected finite H-spaces and to related spaces such as the spheres S*~1 for k > 1. We
show that these results allow computations of the v;-periodic homotopy groups (see [13], [15]) of
our spaces from their united 2-adic K-cohomologies, and thus allow computations of the v;-periodic
homotopy groups for a large class of simply-connected compact Lie groups from their complex,
real, and quaternionic representation theories. The present results will be extended in a subsequent

paper to cover the remaining simply-connected compact Lie groups and various spaces related to

the remaining odd spheres. This work has been applied very successfully by Davis [14] to complete
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his 13-year program (with Bendersky) of calculating the v;-periodic homotopy groups of all simply-
connected compact Lie groups, and has also been applied by Bendersky, Davis, and Mahowald [1].
Throughout this paper, we work at the prime 2 and rely on the united 2-adic K -cohomology

Kep(X5Zo) = {K*(X;25), KO*(X;2)}
of a space or spectrum X as in [10]. This combines the usual periodic cohomologies with the

operations between them such as complexification and realification. For our H-spaces and related
spaces X, the cohomology K¢ (X 7.5) is essentially determined by the 2-adic Adams A-module
Ri!(X5Za) = {K7'(X;2:), KO (X322),K0 " (X;Zo))

which combines the specified cohomologies with the additive operations among them (see 6.1). In
fact, for most simply-connected finite H-spaces X, we expect to have an isomorphism K7 (X; Zz) >
L(M) where M = {M¢, Mg, My} is the submodule of primitives in IN(EI(X;ig) and where L
is a functor that we introduce in 4.5 extending the 2-adic exterior algebra functor on complex
components. For a simply-connected compact Lie group G, the required 2-adic Adams A-module
may be obtained as the indecomposables QRAG = {QRG,QRRG,QRHG} of the complex, real,
and quaternionic representation ring RAG = {RG, RrG, Ry G} (see 10.1), and we have:

Theorem 1.1. For a simply-connected compact Lie group G, there is a natural isomorphism K g(G; 22)

L(QRAG) of algebras.

This will follow by Theorem 10.3. It extends results of Hodgkin [18], Seymour [24], Minami [22],
and others on K*(G;Zy) and KO*(G;Z,). Our main result on K/2,-localizations will apply to
a space X with KgR(X;ZQ) ~ [,M for a 2-adic Adams A-module M that is strong (7.11). This
technical algebraic condition seems relatively mild and holds for QRAG when G is a simply-connected
compact simple Lie group other than Fg or Spin(4k + 2) with &k not a 2-power by work of Davis
(see Lemma 10.5). For a strong 2-adic Adams A-module M, we obtain two stable 2-adic Adams
A-modules (5.3) M = {M¢, Mg, Mg} and pM = {M¢c, Mg + My, Mg N My} where Mo = Mc,
Mg = im(Mgr — M¢), and My = im(My — Mc); and we obtain two corresponding K /2,-local
spectra EM and £pM such that K&l(((:M;ZQ) =M, KO(((:M;ZQ) =0, K&l(é‘ﬁM;Zﬂ = pM, and
K%(EpM;7Zs) = 0 (see 8.1). Stated briefly, our main localization result is:

Theorem 1.2. If X is a connected space with KgR(X;Z2) ~ [ M for a strong 2-adic Adams A-
module M, then its K /2.-localization X, is the homotopy fiber of a map from QO®EM to Q®°EpM

with low dimensional modifications.

1%
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This will follow from Theorem 8.6. It will apply to simply-connected compact simple Lie groups
with the above-mentioned exceptions, and it should apply to many other simply-connected finite
H-spaces and related spaces; in fact, there must exist a great diversity of spaces with the required

united 2-adic K-cohomology algebras by:

Theorem 1.3. For each strong 2-adic Adams A-module M, there exists a simply-connected space

X with K2 p(X;Zs) = LM.

This will follow from Theorem 8.5. For our spaces X, we also obtain results on the 2-primary
vi-periodic homotopy groups vy '7.X, which are naturally isomorphic to stable homotopy groups
meT2®1 X, where 75 ®1 X is the 2-torsion part of the spectrum ®; X obtained using the vy -stabilization
functor ®; constructed in [4], [9], [16], and [19]. From this standpoint, the homotopy v; 'm. X is
essentially determined by the cohomology KO*(®X; Zg) since there is an exact sequence

e KO3 (81X 70) L% KO3 (1 X3 70) —> (v) ' X)#
S KOM(®, X 20) L0 KO (81X 2) —
where (—)# gives the Pontrjagin dual (see Theorem 9.2). A space X is called K/2,-durable (9.3)
when the K/2.-localization induces an isomorphism UflmX = vflw*XK/Q or equivalently &; X ~
®; X /2. This condition holds for all connected H-spaces (and many other spaces), and our K/2.-

localization result implies:

Theorem 1.4. If X is a connected K /2,-durable space (e.g. H-space) with K} (X; Z3) = LM fora
strong 2-adic Adams A-module M, then there is a (co)fiber sequence of spectra ®, X — EM — EpM
with a KO*(—; Zg) cohomology exact sequence
0 — KO 3(®,X; 2s) — Me/(Ma+Mp) s Me/Mp — KO~ T(®1X;25) — 0
— My /(MpnMy) — KO~5(8,X;2) — ManMy —— My — KO(®,X;25)
00— KO, X;2) — Me /(Mg 0 My) X Mo My
— KO™3(®,X;25) —> (Mg + M) /(Mp 0 My) > Mp/(Mp 0 M)
KO 2(®1X; 2s) — Mg+ My 25 B — KO~ (®,X;2) — 0
This will follow from Theorem 9.5. It allows effective computations of 2-primary w;-periodic

homotopy groups as shown by Davis [14], and its complex analogue implies that our spaces X are

usually K®;-good (9.6), which means that QK™ (X;Z,)/A\? = K™(®; X;Z,) for n = —1,0.
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Theorem 1.5. If X is as in Theorem 1.4 with \>: Mg — Mg monic, then X is IA(<I>1—good.

This will be used in a subsequent paper to show that all simply-connected compact Lie groups
(and many other spaces) are K ®;-good, which is useful because the v;-periodic homotopy groups
of I?@l—good spaces are often accessible by [10], even when our K/2.-localization theorems do not
apply.

Throughout the paper, spaces and spectra will belong to the usual pointed simplicial or CW
homotopy categories. To provide a suitably precise setting for our main theorems and proofs, we
must devote considerable attention to developing the algebraic infrastructure of united 2-adic K-
cohomology theory. The paper is divided into the following sections:

Introduction

The united 2-adic K-cohomologies of spectra and spaces
The 2-adic ¢C R-algebras

The universal 2-adic ¢C R-algebra functor L

Stable 2-adic Adams operations and K/2,-local spectra
On the K/2,-localizations of infinite loop spaces

Strong 2-adic Adams A-modules

On the K/2,-localizations of our spaces

© ® N o g W o=

On the v;-periodic homotopy groups of our spaces

[y
o)

. Applications to simply-connected compact Lie groups

. Proofs of basic lemmas for L

—_
—_

. Proof of the Bott exactness lemma for L

—_
w N

. Proofs for regular modules

14. Proof of the realizability theorem for LM

Although we have long been interested in the K-localizations and v;-periodic homotopy groups
of spaces, we were prompted to develop the present results by Martin Bendersky and Don Davis.

We thank them for their questions and comments.

2. THE UNITED 2-ADIC K-COHOMOLOGIES OF SPECTRA AND SPACES

We now consider the united 2-adic K-cohomologies

Kip(X5Z0) = {K*(X;2,), KO*(X;Z2)}
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of spectra and spaces X, focusing on their basic structures as 2-adic C R-modules or C R-algebras.

We first recall:

2.1. The 2-adic C' R-modules. By a 2-adic C'R-module, we mean a C'R-module over the category
of 2-profinite abelian groups (see [10, 4.1]). Thus, a 2-adic C R-module M = {M¢, MR} consists of
Z-graded 2-profinite abelian groups M¢ and Mg with continuous additive operations

B: Mg~ M2, t: MY = Mg, Br: M} = M8,

n: MI*%—>M1*{1, c: Mp — M5, r: ME& — Mg,

satisfying the relations

2n =0, 773 =0, nBg = Bgn, nr =0, en =0,

2 =1, tB = —Bt, rt =r, tc =c, ¢Br = B¢,

rB* = Bpgr, cr =141, rc =2, rBe = n?, rB™'c=0.
For z € M}, and x € M}, the elements tz € M, and rB*cx € Mj, are sometimes written as z* (or
¥~ 12) and &x. For a spectrum or space X, the united 2-adic K-cohomology
K&p(X;Zs) = {K*(X;22), KO*(X;Z)}

has a natural 2-adic C R-module structure with the usual periodicities B: K*(X;Z,) = K* 2(X; Z,),
and Bpg: KO*(X;Zg) = KO*’g(X;Zg), conjugation t: K*(X;Zg) > K*(X;Zg), Hopf operation
n: KO*(X;Zs) - KO*~'(X;Zs,), complexification ¢: KO*(X;%y) — K*(X;%s), and realification
r: K*(X;zg) — KO*(X;ZQ).
2.2. Bott exactness. As in [10, 4.1], we say that a 2-adic CR-module M is Bott exact when the

Bott sequence

* rB~!

oo MY s My S My s MR s

is exact, and we note that the 2-adic CR-module K¢ ,(X; Z2) is always Bott exact for a spectrum

or space X. To compare C'R-modules, we shall often use:

Lemma 2.3. For Bott exact 2-adic C R-modules M and N, a map f: M — N is an isomorphism

if and only if f: Mc — N¢ is an isomorphism.

Proof. For the “if” part, we note that f gives a map of Bott exact couples with f: M = N¢. Using
the map of second derived couples with f: Méz) = Ng), we easily see that f: n?Mpg = n>Ng; then
using the map of first derived couples with f: Mg) = Ng), we easily see that f: nMpg = nNg; and

finally using the original map of exact couples, we easily see that f: Mpr = Ng. O
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2.4. The free 2-adic C R-modules. For each integer n and L = C, R, there is a monogenic free
2-adic CR-module FL(g,n) on a generator g € FL(g,n)? having the universal property that, for
each 2-adic CR-module M and y € N2, there is a unique map f: F*(g,n) — M with f(g) = y.
The 2-adic CR modules F(g,n) and F¥(g,n) are given more explicitly by: FC(g,n)% % = Z,®
Ly = (Big)@(Big*), FO(g,n)%™>"" =0, FO(g,n)™* = Zy = (rBig), FO(g,n)>"" =0,
FR(gn)2™ = Ly = (Bleg), FE(gn)g>™' = 0, FRgn)E™® = Z, = (Byg),
Fl(g,n)i %" = Z/2 = (Bjng), FR(g,n) ¥ = Z/2 = (BpnPg), FR(g,n)f ** = Z, = (Bjgg),
and FE(g,n)% 8% = 0 for k = 3,5,6,7. We note that F°(g,n) and F¥(g,n) are Bott exact
for all n. In general, a free 2-adic C'R-module on a finite set of generators may be constructed as
a direct sum of the corresponding monogenic free 2-adic C' R-modules. To test for this freeness, we

may use:

Lemma 2.5. For a Bott exact 2-adic CR-module M (e.g. for some M = Ké«R(X;ZQ)), if M¢
is a free module over K* = 7y[B, B~ on the generators {ca;}; II {b;}; WA{b}}; for finite sets of
elements {a;}; in M} and {b;}; in M, then M is a free 2-adic C R-module on the generators {a;};
and {b;};.

Proof. The canonical map to M from the specified 2-adic C' R-module is an isomorphism by Lemma

2.3. O
To describe the multiplicative structure of K& p(X; Zg) for a space X, we introduce:

2.6. The 2-adic C'R-algebras. By a 2-adic CR-algebra A = {Ac, Ar}, we mean a 2-adic CR-
module with continuous bilinear multiplications AT x A7 — A7"*" and elements 1 € AY for m,n € Z
and L = C, R such that:
(i) the multiplication in Af, and A}, is graded commutative and associative
with identity 1;
(ii) B(zw) = (Bz)w = z(Bw) and (zw)* = z*w* for z € A% and w € A};
(iii) Br(zy) = (Bre)y = 2(Bry), n(zy) = (nx)y = z(ny), and {(zy) = (Ex)y =
z(¢y) for x € A and y € A%;
(iv) el =1 and ¢(zy) = (cz)(cy) for x € A and y € A%;
(v) r((cx)z) = z(rz) and r(z(cx)) = (rz)z for v € AF and z € AZ.
Equivalently, a 2-adic C' R-algebra A consists of a 2-adic C R—module with a commutative associative
multiplication A&crA — A with identity e — A for e = FE(1,0) = K (pt; Zs), where &g is the

(symmetric monoidal) complete tensor product for 2-adic C R-modules [11, 2.6].
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2.7. Augmentations and nilpotency. For a 2-adic CR-algebra A, an augmentation is a map
A — e of 2-adic CR-algebras which is left inverse to the identity e —+ A. When A is augmented,
we let A = {Ac, Ar} denote the augmentation ideal, and for m > 1 we let A(m) denote the m-th
power of A given by the image of the m-fold product A®cr ... &crA — A. Thus, /I(m)c is the
image of the m-fold product A%L& ... &A% — A%, while A(m)g is the image of the m-fold product
A}%@) . ®A§ — Aj% plus the realification of A(m)c. The indecomposables of A are given by the
2-adic CR-module QA = A/A(2). We call A nilpotent when A(m) = 0 for sufficiently large m and
call A pronilpotent when N, A(m) = 0 or equivalently when A = lim,, A//I(m). For a space X, the
cohomology K¢ p(X; 7») has a canonical augmentation K, Er(X; Zs) — e induced by the basepoint
pt C X with the usual augmentation ideal I?BR(X; Zy) = {K*(X; 22),1?6*()(; Z5)}. Moreover,
when X is connected, the cohomology K¢ (X; Zg) is pronilpotent since it is the inverse limit of the
cohomologies K¢ p(Xa; Z) for the finite connected subspaces X, C X, where each KEp(Xa; ) is

nilpotent.

3. THE 2-ADIC ¢C R-ALGEBRAS

To capture some additional features of the 2-adic C'R-algebras K&y (X; Zg) for spaces X, we now
introduce the 2-adic ¢C R-algebras. These structures are often surprisingly rigid and will allow us
to construct convenient bases for K¢ ,(X; Z2) in some important general cases, for instance, when

X is a simply-connected compact Lie group.

3.1. The 2-adic ¢C R-algebras. By a 2-adic ¢C' R-algebra A, we mean a 2-adic C'R-algebra with
continuous functions ¢: A% — A% and ¢: A ' — AY such that:
(i) cpa = a*a and cpz = B~'a*x for a € A2 and x € AZ';
(i) ¢(a + b) = ¢a + ¢b + r(a*b) and ¢(x + y) = ¢z + ¢y + rB(z*y) for
a,be A% and z,y € Aal;
(iii) @(ab) = (¢a)(¢d), ¢(az) = (¢a)(gx), and $B~" (zy) = (¢)(¢y) for a,b €
A% and z,y € AZY;
(i) 6(1) = 1, dka) = K2da, dla*) = da, d(ka) = K*x, and d(z*) = —a
forae A%, z € AZ', and k € Zo.
For convenience, we extend the operation ¢ periodically to give ¢: A% — A% and ¢: Aéi_l — AY
with ¢w = ¢B'w for all i and elements w. For a space X, the cohomology K¢ p(X; Zg) has a natural
2-adic ¢C R-algebra structure with ¢: K*(X;%Zs) — KO°(X;Zs) as in [11, Section 3]. In particular,
e = K¢ p(pt; 7,) is a 2-adic ¢C R-algebra with ¢(k1) = k21 for k € Z,. For a 2-adic ¢CR-algebra
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A, an augmentation is a map A — e of 2-adic ¢C R-algebras which is left inverse to the identity,
and we retain the other notation and terminology of 2.7. Thus, for a space X, the ¢C R-algebra
K¢ p(X; Z2) has a canonical augmentation and is pronilpotent whenever X is connected. To capture

some other needed features, we introduce:

3.2. Special 2-adic ¢C R-algebras. A 2-adic ¢C R-algebra A is called special when:
(i) A is augmented and pronilpotent;
(ii) 22 =0 for z € A% with n odd;
(iii) y* =0 for y € A% with n =1,-3 mod 8;
(iv) ¢cx =0 for ¢ € A} with n = —1,-5 mod 8.
For a connected space X, the cohomology K (X :7s) is a special 2-adic ¢C R-algebra by [11,
Section 3].

3.3. Simple systems of generators. Let A be a special 2-adic ¢C R-algebra. By a simple system
of generators of odd degree for A, we mean finite ordered sets of odd-degree elements {x;}; in Ag
and {z;}; in Ao such that Ac is an exterior algebra over K* = 7,,]B,B7!] on the generators

{ex;}i W {z;}; I {2} };. Such a simple system determines associated products
Tiy - T4, (QZSZjl) . (¢Zjn) € Ag,
(cxiy) ... (cxi, )(cdzj,) ... (chzj, Jwp, ... wi, € Ac

where: 4 < -+ < withm > 05 51 <--- <jp withn > 0; k1 < --- < kg with ¢ > 1; each wy, is

2k, or zj, with wg, = 2zx,; and {k1,...,k,} is disjoint from {ji,...,j,} in each complex product.

Proposition 3.4. If A is a Bott exact special 2-adic ¢C R-algebra with a simple system of generators
of odd degree, then A is a free 2-adic C R-module on the associated products.

Proof. This follows by Lemma 2.5. O

When the cohomology K¢ 5 (X; Z2) of a connected space X has a simple system of generators of
odd degree, this result will determine the 2-adic C'R-algebra structure of the cohomology, provided
that we can compute the squares of the real simple generators of degree = —1,—5 mod 8, since the
squares of the other simple generators and of their ¢’s must vanish. For a simply-connected compact
Lie group G, we shall see that the cohomology K¢ x(G; Zg) must always have a simple system of

generators of odd degree by Theorem 10.3 below.



4. THE UNIVERSAL 2-ADIC ¢C R-ALGEBRA FUNCTOR L

We must now go beyond simple systems of generators and develop functorial descriptions of
cohomologies K} p(X; Z2) using universal special 2-adic ¢C R-algebras. Our results will apply, for
instance, when X is a suitable infinite loop space (Theorem 6.7) or a simply-connected compact
Lie group (Theorem 10.3). We start by introducing the algebraic modules that will generate our

universal algebras.

4.1. The 2-adic A-modules. By a 2-adic A-module N = {N¢,Ng, Ng}, we mean a triad of

2-profinite abelian groups N¢, Ng, and Ny with continuous additive operations
t: No =2 N¢, c: Ngp = Ng¢, r: No — Ng,
c¢: Ng — Nc¢, q: No - Ng
satisfying the relations

2 =1, cr=1+1, re =2, tc =c, rt =r,

! !

dg=1+t, qc =2, td =¢, gt =q
as in [10, 4.5]. For z € Ng¢, the element tz is sometimes written as z* or 1 'z. For a 2-adic
CR-module N and integer n, we obtain a 2-adic A-module A"N = {NZ&, N3, Np*} with ¢/ =
B7%c: Np7" — NZ and ¢ = rB?: NZ — Njp~*. In particular, we obtain a 2-adic A-module
KR} (X; 22) = A"K}!p(X; Zg) for a space X. We say that a 2-adic A-module N is torsion-free when
N¢, Ng, and Ny are torsion-free, and we say that N is exact when the sequence

(r,q) (r,q)

i No 229 Np o Ny =% N

_t)NC s N ® Ny — ...

is exact (see [10, 4.5]). It is straightforward to show:

Lemma 4.2. A 2-adic A-module N = {N¢,Ng, Ny} is torsion-free and ezxact if and only if:
(i) ¢: Ng = N¢ and ¢': Ng — N¢ are monic;
(ii) N¢ is torsion-free with ker(1 +t) =im(1 — t) for t: No — N¢;
(iii) ¢eNg+ ¢ Ng =ker(1 —t) and cNpN ' Ny =im(1 +¢).
The 2-adic A-module
KX (X;Z0) = {K7Y(X;20), KO (X;25), KO™°(X; Zs)}

of a space X has additional operations # which we now include in:
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4.3. The 2-adic §A-modules. By a 2-adic 0A-module M = {M¢, Mg, M}, we mean a 2-adic
A-module with continuous additive operations 8: M¢c — Mg, : Mr — Mg, and : My — Mg
satisfying the following relations for elements z € M¢, x € Mg, and y € Mpy:
fcx = chx, Oc'y = chy, Otz = thz, fqz = Orz, 00rz = 0r6z.
In general, frz may differ from rfz, and we let ¢: Mo — Mp be the difference operation with
¢z = Orz —r@z for z € M. Using the above relations, we easily deduce:
pcx = 0, oc'r =0, Ptz = ¢z,
202 =0, coz =0, fpz = 0.
For a space X, the cohomology Kgl (X; Z2) has a natural 2-adic §A-module structure by [11, Section
3] with the operations
0=-\: K (X;Zy) — K~Y(X;Zs),
0 =-\: KO"Y(X;Zy) — KO™Y(X;Zy),
0 =-\: KO °(X;Zy) — KO Y(X;Zy).
Moreover, this structure interacts with the 2-adic ¢C R-algebra structure of K ,(X; Zg) in several

ways.

Lemma 4.4. For a space X, we have:
(i) noz = ¢z for z € K1(X;Z);
(i) 22 =z for = € KO\ (X;Z,);
(i) y2 = Brnfy for y € KO™5(X;Z,).

Proof. This follows from [11, Section 3]. O

We shall take account of these relations in our universal algebras. For a 2-adic §A-module M
and a special 2-adic ¢C R-algebra A, an admissible map a: M — A consists of a 2-adic A-module
map a: M — A~'A such that:

(i) noaz = apz in Aal for each z € M¢;
(i) (az)? = nabz in AR? for each © € Mp;

(ili) (ay)? = Brnady in AR'° for each y € Mpy.

We say that a special 2-adic ¢C R-algebra A with an admissible map a: M — A is universal if,
for each special 2-adic ¢C R-algebra B with admissible map g: M — B, there exists a unique
¢C R-algebra map g: A — B such that ga = g.
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Lemma 4.5. For each 2-adic 6 A-module M, there exists a universal special 2-adic ¢C R-algebra
LM with admissible map a: M — LM.

This will be proved later in 11.6. By universality, LM is unique up to isomorphism and is natural
in M, so that we have a functor L from the category of 2-adic §A-modules to the category of special
2-adic ¢C R-algebras. We believe that the ¢C R-algebra LM can be given canonical operations
0 satisfying all the formulae of [11, Section 3] and that this provides a strengthened version of
L that is right adjoint to A’l(N). However, for simplicity, we rely on the present basic functor
L. We can describe the algebra (ﬁM)c explicitly using the 2-adic exterior algebra AM¢ with
AMe = limg [\MCB where Mcg ranges over the finite 2-adic quotients of M¢ (ignoring ).

Lemma 4.6. For a 2-adic 0A-module M, the canonical map AMe — (f/M)C s an algebra isomor-

phism.

This will be proved later in 11.8. We must impose extra conditions on M to ensure that LM is

Bott exact and hence topologically relevant.

4.7. The robust 2-adic §A-modules. We say that a 2-adic #A-module M is profinite when it is
the inverse limit of an inverse system of finite 2-adic §A-modules, and we let M/ denote the 2-adic
A-module {M¢c, Mg/dpMc, My}. We call M robust when:
(i) M is profinite;

(ii) M/¢ is torsion-free and exact (4.1);

(iii) ker¢ = cMp + ¢ My + 2Mc.
When M is obtained from Kgl(X; Z2) for a space X, the profiniteness condition will usually hold
automatically since K&l(X;ZQ) = limngl(Xa;Zﬂ/Qi for the system of finite subcomplexes

X, C X and @ > 1. The following key lemma will be proved later in 12.2.

Lemma 4.8. If M is a robust 2-adic 6 A-module, then the special 2-adic ¢C R-algebra LM is Bott
exact; in fact, LM is the inverse limit of an inverse system of finitely generated free 2-adic CR-

modules.
This leads to a crucial comparison theorem.

Theorem 4.9. For a connected space X and a robust 2-adic 0 A-module M, suppose that g: M —
k&l(X;Zz) is a 2-adic OA-module map that induces an isomorphism AM¢ = K*(X;Zg). Then g

induces an isomorphism LM = K¢ p(X; 22) of special 2-adic ¢C R-algebras.
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Proof. Since g gives an admissible map M — K%p(X;Zs) by Lemma 4.4, the result follows by
Lemmas 2.3, 4.6, and 4.8. a

When M is finitely generated in this theorem, we may easily choose a simple system of odd-
degree generators (3.3) for K} 5(X; Z5) from Mc, Mg, and Mg. However, the present description
of K5p(X;Zy) as LM is more natural and includes the full multiplicative structure. To check

whether such a description is possible for a given space X, we may use:

4.10. Determination of M from K} ,(X;Zs). For a connected space X, we may take the inde-
composables QKER(X; 22) as in 2.7 with the operations € of 4.3 to produce a 2-adic §A-module
QRN (X3Z2) = {QKTH(X;22), QKO (X3 2), QKO (X; Z)}

together with a natural quotient map I?;l(X;ZQ) —» QK;l(X;Z2). Now by Lemma 4.11 below,
whenever Theorem 4.9 applies to X, there is a canonical isomorphism M =2 QK&I(X ; ZQ) and the
map g: M — I?gl (X; 22) in the theorem corresponds to a splitting of I?KI(X; Zg) — QK&I(X; Zg)
When X is an H-space, we may often obtain the required splitting by mapping QK&l(X; Zg) to
the primitives in I?;l(X ; Z2). For instance, this applies when X is a suitable infinite loop space or
simply-connected compact Lie group (see Theorems 6.7 and 10.3). Finally, we note that the 2-adic
AA-module QK&I(X;Z2) will automatically be robust by Proposition 3.4 whenever KBR(X;Zg)
has a simple system of odd-degree generators with no real generators of degree = 1, —3 mod 8. We

have used:
Lemma 4.11. For a 0A-module M, the canonical map M — A‘lQiM is an isomorphism.
This will be proved later in 11.10.

5. STABLE 2-ADIC ADAMS OPERATIONS AND K/2,-LOCAL SPECTRA

We now bring stable Adams operations into our united 2-adic K-cohomology theory and use this

theory to classify the needed K/2.-local spectra. We first recall some terminology from [8, 2.6].
5.1. Stable 2-adic Adams modules. By a finite stable 2-adic Adams module A, we mean a finite
abelian 2-group with automorphisms /¥ : A = A for the odd k € Z such that:

(i) ¥' =1 and 7yp*F = 7% for the odd j, k € Z;

(ii) when n is sufficiently large, the condition j = k& mod 2" implies ¢/ = ¥,
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By a stable 2-adic Adams module A, we mean the topological inverse limit of an inverse system
of finite stable 2-adic Adams modules. Such an A has an underlying 2-profinite abelian structure
with continuous automorphisms *: A = A for the odd k € Z (and in fact for k € Z;) We note
that the operations ¢! and 1% on A determine all of the other stable Adams operations ¢* as
in [5, 6.4]. Our main examples of stable 2-adic Adams modules are the cohomologies K™(X;Z>)
and KO™(X; 22) for a spectrum or space X and integer n with the usual stable Adams operations
P*. We let A denote the abelian category of stable 2-adic Adams modules, and for i € Z we let
Si: A — A be the functor with §?A equal to 4 as a group but with ¢* on S?A equal to kit)* on A
for the odd k € Z. We note that $?4 = A in A for all i when 24 = 0.

5.2. Stable 2-adic Adams C'R-modules. By a stable 2-adic Adams C R-module M, we mean a
2-adic CR-module consisting of stable 2-adic Adams modules {Mg, M},} such that the operations
B: SM} = M2, t: My = My, Bg: S*Mj = M8, n: Mj — My, ¢ M}, — Mg, and
r: M — Mp, are all maps in fl, where ¢! = ¢ in M} and ¢! =1 in M},. For a spectrum or
space X, the 2-adic K¢ g-cohomology

KE'R(X;Zz) = {K*(X;Zz),KO*(X;Zz)}
has a natural stable 2-adic Adams C'R-module structure with the usual operations.

5.3. Stable 2-adic Adams A-modules. By a stable 2-adic Adams A-module N, we mean a 2-
adic A-module consisting of stable 2-adic Adams modules {N¢, Ng, N} such that the operations
t: No 2 Ng, ¢: Np - N¢g, r: No = Ng, ¢: Ng — N¢, and q: No — Ny are all maps in /i,
where ™! =t in Nc and 9! =1 in both Ng and Ng. For a stable 2-adic Adams C R-module M

and integer n, we obtain a stable 2-adic Adams A-module

AM = {MZ Mp,STMp Y
as in 4.1. Thus, for a spectrum or space X and integer n, we now obtain a stable 2-adic Adams
A-module
KR(X;Z2) = A"K{p(X52s) = {K™(X;Zs), KO"(X;Z5),ST>KO" (X Z,)}.
To give another example, we say that a 2-profinite abelian group G with involution t: G = G is
positively torsion-free when G is torsion-free with ker(1 + ¢) = im(1 — ¢). By [5, Proposition 3.8],

this is equivalent to saying that G factors as a (possibly infinite) product of Zy's with t = 1 and

7o ® tZys. For a positively torsion-free stable 2-adic Adams module A, we may use the operation
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71 A = A to construct a torsion-free exact stable 2-adic Adams A-module {4, A", A} with
AT =ker(1—4 1), Ay =coker(1 -9 1), t=ot c=1, r=1+9 1, ¢/ =1+t andg=1.
We let ACR (resp. AA) denote the abelian category of stable 2-adic Adams C'R-modules (resp.
A-modules), and we note that the functor A”: ACR — AA for n € Z has a left adjoint CR™: AA —
ACR with CR™(N)% = N¢, with CR™(N)%™! = 0, and with
(Ng fori=0
Ngr/r fori=1
SN¢/c  fori=2
CR"(N)% " = {0 for i = 3,7
S2Npy fori =4
S®Ny/q fori=5
(S3N¢/c fori=6
as in [10, 4.10]. We easily see that CR™ (V) is Bott exact whenever N is torsion-free and exact. Our

next lemma will often allow us to work in the simpler category AA instead of ACR.

Lemma 5.4. For n € Z, the adjoint functors CR™: AA — ACR and A™: ACR — AA restrict
to equivalences between the full subcategories of all torsion-free exact N € AA and all Bott ezact

M € ACR with M, positively torsion-free and Mgfl =0.

Proof. For M € ACR as above, we see that A™M is a torsion-free exact A-module by [10, 4.4 and
4.7] with an adjunction isomorphism CR"A™M — M by Lemma 2.3. The corresponding result for
N € AA is obvious. O

When E is a spectrum with K"(E; Z5) positively torsion-free and K"~ (E; Z,) = 0 for some n, we
now have K5 ,(E; 7,) = CR™(N) in ACR for the torsion-free exact module N = A"KEg(E; Z,) in

AA, and we have the following existence theorem for such spectra in the stable homotopy category.

Theorem 5.5. For each torsion-free exact N € AA andn € Z, there exists a K/2.-local spectrum
E'N with K& p(E"N;Zy) = CR™(N) in ACR. Moreover, "N is unique up to (noncanonical)

equivalence.

Proof. This follows by Lemma 5.4 and [10, Theorem 5.3]. O

The spectrum "N in the theorem will be endowed with an isomorphism K&, (E"N;Zs) =
CR"(N) in ACR. Thus, for an arbitrary spectrum FE, a map ¢g: E — E£™N induces a map
g*: CR™"(N) — KéR(E;Zg) in ACR. Each algebraic map of this sort must come from a topo-

logical map by:
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Theorem 5.6. For a torsion-free ezact N € AN, n € Z, and an arbitrary spectrum E, if v CR"(N)
K¢ p(E; 22) is a map in ACR, then there exists a map of spectra g: E — E™N with g* = .

Proof. Let 2 E denote the 2-torsion part of E given by the homotopy fiber of its localization away
from 2. By Pontrjagin duality [10, Theorem 3.1], the map  corresponds to an AC R-module map
KSB(nE) - KCR(1,E™N) in the sense of [5], where KEF(mE"N) is CR-exact with K, (mE"N)
divisible. This AC R-module map prolongs canonically to an ACRT-module map K¢#T (nE) —
KSR (16" N) by [5, Theorem 7.14], and the results of [5, 9.8 and 7.11] now show that this prolonged
algebraic map must come from a topological map mE — E™ N, which gives the desired g: E —

E™N. (I
The map g in this theorem is generally not unique (see [10, 5.4]).

6. ON THE UNITED 2-ADIC K-COHOMOLOGIES OF INFINITE LOOP SPACES

In preparation for our work on K/2,-localizations of spaces, we functorially determine the united

2-adic K-cohomologies of the needed infinite loop spaces (see Theorem 6.7). We must first introduce:

6.1. The 2-adic Adams A-modules. By a 2-adic Adams A-module M, we mean a 2-adic 6A-
module (4.3) consisting of stable 2-adic Adams modules {M¢, Mr, Mg} such that the operations
t: Mc = Mg, ¢c: MR — Mg, r: Mg — Mg, ¢': Mg — Mg, q: Mg — My, 6: Mc — Mg,
0: Mr — Mg, and 8: My — Mg are all maps in A, where ¢! = ¢ in M¢ and ¢! = 1 in both
Mp and My. We let MA denote the abelian category of 2-adic Adams A-modules. We say that
M is @-nilpotent when it has §° = 0 for sufficiently large ¢, and we say that M is @-pronilpotent
when it is the inverse limit of an inverse system of #-nilpotent 2-adic Adams A-modules. Thus, M is
f-pronilpotent if and only if M =2 lim; M /6" where M /6" is the quotient module of M in MA with

(M/0")c = Mc/0"Mc,

(M/0") g = Mpg/(0'Mp+ 6" My + r6" Mc),

(M/6")g = Mp/q6'Mc
for i > 1. More simply, M is f-pronilpotent if and only if N;#*M¢c = 0 and N;#*Mp = 0. It is not
hard to show that whenever M is #-pronilpotent, M must be profinite (i.e. M must be the inverse
limit of an inverse system of finite 2-adic Adams A-modules). For a space X, the cohomology

R3'(002) = (K762, KO (Xi22), 5RO (X:22))

has a natural 2-adic Adams A-module structure by 4.3, 5.3, and [11, 3.16] where:
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Lemma 6.2. If X is a connected space with HI(X;ig) = 0, then the 2-adic Adams A-module
IN(EI(X; 22) is O-pronilpotent.

Proof. The condition N;#*K°(XX;Z,) = 0 holds by [6, 5.4 and 5.5] since H2(£X;Z,) = 0, and a
similar proof shows ﬂiOiI?aO(EX; Z) = 0 since H'(£X;Z/2) = 0. This proof uses the fact that
the A-ideal I?aoY is y-nilpotent for a connected finite CW complex Y by [10, Theorem 6.7] and the
fact that the real line bundles over Y are classified by H(Y;Z/2). O

6.3. The functor F. We shall construct a functor F: AA — MA where AA is the abelian
category of stable 2-adic Adams A-modules (5.3) and MA is that of 2-adic Adams A-modules
(6.1). This functor will carry each N € AA to a universal -pronilpotent target module FN € MA.
For N € AA, we first let Ngy € A denote the pushout of N +— No -5 Ny with a map
¢: Ngrg — N¢ induced by ¢ and ¢/, and with a map 7: No — Ngg induced by r or ¢. We also let
Ney € A denote N¢ /(1 —t)N¢ and let Ny € A denote N¢/(eNr + ¢ N + 2N¢). We next let

pN = {N07NRH@NC¢7NC+}

be the stable 2-adic Adams A-module with operations given by tz = tz, c¢(z,w) = ¢z, rz = (z, [z]),

c'[z] = (1 +t)z, and gz = [z]. We then obtain a stable 2-adic Adams A-module

FN = N xpN xpN x ...
with components
FoN = Nex Ne x Nex ...,
FrN = N x Npg x Noy X Nrg x Nog % ...,

FyN = Ng x Ney x Nog X ...
We finally define operations #: FoN — FoN, 0: FgN — FrN, and 0: FgN — FgN respectively
by the formulae

0(z1,22,23,...) = (0,21,292,23,...),
0(xy,x2,29,23,25,...) = (0,[z1],0,22,0,25,0,...),
0(y1,22,23,...) = (0,[y1],0,722,0,723,0,...).

This gives a natural 2-adic Adams A-module FN and hence a functor F': AA = MA. We let
v: N = FN be the map in AA with 1o(z) = (2,0,0,...), tr(z) = (,0,0,...), and tg(y) =
(y,0,0,...), and we show:
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Theorem 6.4. For a stable 2-adic Adams A-module N € AA, the 2-adic Adams A-module FN €
MA s 6-pronilpotent and the map v: N — FN has the universal property that, for each 6-
pronilpotent M € MA and map f: N — M in AA, there exists a unique map f: FN — M
in MA with fu = f.
Proof. F'N is f-pronilpotent since it is the inverse limit of its quotient modules
FN/#™*! = N x pN x --- x pN.
For i > 1, we define a map f: pN — M in AA by
éf) = 0'fc: No — Mc,
i = O fr.6'fn) + 6" fo: Npm @ Nog — M,
f}? = ¢0'fc: Noy — My.

We then define f: FN — M as the inverse limit of the maps

FHfD 4 g fD: N xpN x -+ x pN —s M/

in MA, and we check that fi = f. The uniqueness condition for f follows since the 2-adic Adams

A-modules FN/§"*! = N x pN x --- x pN are generated by tN. O
To show the robustness (4.7) of FN for suitable N, we need:

6.5. The functor p: AA — AA. For N € AA, we let pN = {N¢, Ngm, Ncy } be the stable 2-adic
Adams A-module with operations given by tz = z, cx = ¢z, rz = 7z, c[z] = (1 +t)z, and
gz = [z]. Thus, pN is the quotient of pN = {N¢, Nrg ® Ncg, No+} by Neog. If N is torsion-free
and exact, then pN is also torsion-free and exact by Lemma, 4.2 since it is isomorphic to the module

{N¢,Ng+ Ng,Np N Ng} with ¢ and ¢ treated as inclusions.
Lemma 6.6. If N € AA is torsion-free and ezact, then FN € MA s robust.

Proof. We check that ¢: FoN — FgN is given by

¢(21,Z2,Z3, .. ) = (0,0, [2’1],0, [22],0, . )

for z; € N¢ and [2;] € Neg. Thus, ker¢ = cFrN+c FyN+2F-N and F'N/gz_ﬁ ~ NxpNxpN x...
Hence, FN /¢ is torsion-free and exact by 6.5 as required. O

Our main result in this section is:
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Theorem 6.7. If E is a 0-connected spectrum with H'(E; Z2) = 0 = H2(E; L), with KO(E; Z,) =
0, and with K ~Y(E; Z,) positively torsion-free (5.8), then there is a natural isomorphism LFK'(E; Zp) =
K:p(Q°E; Ly).

Proof. Since I?gl (Q>E; 22) is @-pronilpotent by Lemma, 6.2, the infinite suspension map o: K&l (E; Z2) —
I?;l(QOOE;Zg) induces a map 7: FKgl(E;Zg) — I?;l(QOOE;Zg) in MA, where F’K&l(E;Z2 is

robust by Lemmas 5.4 and 6.6. Thus, & induces an isomorphism LFKX!(E;Zs) = K% (Q° E; Zs)

by Theorem 4.9, since it induces an isomorphism of the complex components by [6, Theorem 8.3]. O

7. STRONG 2-ADIC ADAMS A-MODULES

Our main results on K/2,-localizations in Section 8 will involve a space X with K& p(X;Zs) &
LM for a 2-adic Adams A-module M that is strong (7.11) in the sense that it is robust (7.1), 13-
splittable (7.2), and regular (7.8). In this section, we provide the required algebraic definitions and

explanations of these notions. We first recall:

7.1. The robust modules. We say that a 2-adic Adams A-module M is robust when it is robust
in the sense of 4.7, ignoring stable Adams operations. When M is robust, the underlying 2-adic
A-module M /¢ satisfies the conditions of Lemma 4.2 and may be factored as a (possibly infinite)

product of monogenic free 2-adic A-modules
FC(2) = {Ly®tho, Lo, Tn} = {(2) ® (tz), (rz), (gz)},

FR(2) = {Z,22,7} = {{cx),(x),(gex)},

FH(y) = {22,22,25} = {(cy),(rdy), (¥)}
by an argument using the factorization of positively torsion-free groups in 5.3. We let gen, M,
genp M, and gengy M respectively denote the number of complex, real, and quaternionic monogenic
free factors of M/¢. These numbers do not depend on the factorization since they respectively equal
the Z/2-dimensions of the Pontrjagin duals (Mcs)#, (Mgr/(¢Mc + rMc))#, and (Mg /qMc)¥.
Using the factorization of M/, we find that

gen Mc = 2gen~ M +genp M + geny M

where gen M denotes the number of Zg factors in the 2-profinite abelian group Mc¢.
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7.2. The ¢3-splittable modules. For a 2-adic Adams A-module M € MA, we consider the stable
2-adic Adams A-module M = M/$ € AA, and we say that M is 1*-splittable when the quotient
map M —» M has a right inverse s: M — M in AA. We call such a map s a 3-splitting of
M, and we note that it corresponds to a left inverse s’': Mgr/rMc — ¢Mc of the canonical map
¢My — Mp/rMc in the category A of stable 2-adic Adams modules (5.1), or equivalently in the
category of profinite Z/2-modules with automorphisms 3. We deduce that M is automatically

3-splittable in some important cases:

Lemma 7.3. If M is a robust 2-adic Adams A-module with geno M =0 or genyp M = 0, then M
is 1> -splittable.

Proof. Since M is positively torsion-free, the map ¢r = 1+ t: Moy — M is monic, and hence

c: rMc — Mg is also monic. Thus, ¢Mc NrMe = 0 and there is a short exact sequence
0— (Z)MC — MR/TMC — MR/((]EMC +rM¢g) — 0

in A. Since gens M = 0 or genp M = 0, this has ¢M¢c = 0 or Mg/(¢Mc + M) = 0, and hence
the map Mg — Mp/rMc has an obvious left inverse in A. O

We shall use the 13-splittability condition to construct:

7.4. f-resolutions of modules. Let M € MA be a 2-adic Adams A-module that is #-pronilpotent,
robust, and 1/3-splittable. These conditions will hold when M is strong (7.11). For a 1)3-splitting
s: M = Min AA, we shall construct an associated 0-resolution
0 —s Fpil —Ls FIT 5 M — 0

of M in MA, with pM = {M¢, Mpg, Mcy} as in 6.5, where 5: FM — M is induced by s via
Theorem 6.4. To specify d, we use the commutative square

oM —'— N1

_ s

pM — M
in AA with pM = {Mc, Mgy ® Mcy, Mc+} as in 6.3, where s(1) is given by the proof of Theorem
6.4, where 6 = {0, (0,6), ¢}, and where o = {1,(1,604),1}, using the map 05: Mrg — Mcy = Mcy

given by the composition of the sequence

— s 6,0 — roj
Mprg — Mgy QMR = Mp® Mcy p—OJ)MC¢
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in which the isomorphism is the inverse of (s,$): Mg ® Mcy = Mg. The commutative square now
gives a map
d = (0,-0,0,0,...): pM — FM

in AA with sd = 0, and this induces the required map d: FpM — FM in MA with sd = 0.

Lemma 7.5. If M € MA is 8-pronilpotent and robust with a 1*-splitting s: M — M, then the
B-resolution 0 — F M 9 FM 2 M — 0 is ezact in MA.

Proof. We easily check that 0 — ¢(FpM)c — ¢(FM)c — ¢Mc — 0is exact and that 5/¢: FM /¢ —
M/¢ is onto. Hence, it suffices to show that the map FjM /¢ — ker(5/¢) is an isomorphism. This
follows by [10, Lemma 4.8] since the 2-adic A-modules F5M /¢ and ker(3/¢) are exact by Lemma
6.6 and [10, 4.8] and since the map (FpM/¢)c — ker(5/d)c is clearly an isomorphism. 0

To formulate our regularity condition for M, we use:

7.6. The 2-adic Adams modules. These are the unstable versions of the stable modules in 5.1,
previously discussed in [8, 2.8]. By a finite 2-adic Adams module A, we mean a finite abelian 2-group
with endomorphisms ¢*: A — A for k € Z such that:

(i) ¥' =1 and ¢Yip* = ¥ for j,k € Z;

(ii) when n is sufficiently large, the condition j = & mod 2" implies ¢/ = ¢*.
By a 2-adic Adams module A, we mean the topological inverse limit of an inverse system of finite
2-adic Adams modules. Such an A has an underlying 2-profinite abelian group with continuous
endomorphisms ¥*: A — A for k € Z (and in fact for k € Zs). For a space X, the cohomology
Kl(X;Zg) is a 2-adic Adams module with the usual Adams operations ¢* for k € Z as in [6,
Example 5.2]. We note that the operations 1? and ¥, for k odd, in Kl(X;Zg) correspond via
Bott periodicity to 6 and to k~'4* in K~1(X;%Z,). In general, for a #-pronilpotent 2-adic Adams
A-module M, we obtain a 2-adic Adams module M having the same group as M¢c but having

¥ = 0 and having 12" equal to k~14*6" on M¢ for k odd and i > 0.

7.7. Linear and strictly nonlinear modules. As in [8, Section 4] and [7, Section 2], a 2-adic
Adams module H is called linear when it has 1* = k for all k € Z, and H is called quasilinear when

2H C ¢?>H. Each 2-adic Adams module A has a largest linear quotient module
Lind = A/((W? = DA+ (6" +1)A+ (1 - 3)4)

and also has a largest quasilinear submodule A, C A by Lemma 13.1 below. A 2-adic Adams module

A is called strictly nonlinear when A, = 0. This implies that A is torsion-free with N;(¢)?)!4 = 0,
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and A will be strictly nonlinear by 13.2 and [7, 2.5] whenever it is torsion-free with (¢2)?A C 2iT1 A

for some ¢ > 1.

7.8. Regular modules. As in [8, 4.4], we say that a 2-adic Adams module A is regular when the
kernel of A — Lin A is strictly nonlinear. This implies that N;(1)?)*A = 0, and A will be regular
whenever it is an extension of a strictly nonlinear submodule by a linear quotient module. We
also say that a 2-adic Adams A-module M is regular when it is -pronilpotent with M regular
as a 2-adic Adams module. Thus, for a connected space X with H'(X; Z2) = 0, the 2-adic Adams
A-module Kx*(X;%y) is regular if and only if K'(X;Z,) is regular as a 2-adic Adams module. The

following two lemmas will often guarantee regularity for our modules.

Lemma 7.9. Let X be a connected space with H(X;Zs) = 0, with H™(X;Zs) = 0 for suffi-
ciently large m, and with K'(X; Zs) torsion-free. Then K'(X;Zs) is reqular with *: K*(X;Z,) —
KY(X;7Z>) monic, and hence I?gl(X; 7y) is regular with 8: K—Y(X;%2) — K~Y(X;Zs) monic.

The proof is in 13.5.

Lemma 7.10. For a regular 2-adic Adams module A, each submodule is reqular, and each torsion-

free quotient module is reqular when A is finitely generated over Zs.

The proof is in 13.4. Combining the preceding definitions, we finally introduce:

7.11. Strong modules. We say that a 2-adic Adams A-module M € MA is strong when:
(i) M is robust (7.1);
(ii) M is >-splittable (7.2);
(iii) M is regular (7.8);

Such an M is automatically #-pronilpotent (and hence profinite) since it is regular.

8. ON THE K/2,-LOCALIZATIONS OF OUR SPACES

We recall that the K/2.-localizations of spaces or spectra are the same as the K*(—;Zg)—
localizations since the K/2,-equivalences are the same as the K*(—;Zs)-equivalences. In this sec-
tion, we give our key result (Theorem 8.6) on the K/2.-localization of a connected space X with

K¢ p(X; Z,) = LM for a strong 2-adic Adams A-module M. We first consider:



22

8.1. Building blocks for K/2.-localizations. For a torsion-free exact stable 2-adic Adams A-
module N € AA, we let EN denote the K/2.-local spectrum £ 1N of Theorem 5.5 with an isomor-
phism K}z (EN; Zg) =~ CR'N in the category ACR of stable 2-adic Adams C'R-modules. As in 8,
3.5], we let EN = EN — P2EN denote the Postnikov fiber sequence of spectra with mEN = 1,EN
for i > 2, with mEN = 0 for i < 2, and with mEN = {hmEN, where frmEN C mEN denotes
the Ext-2-completion of the torsion subgroup of meEN. We now obtain a simply-connected infinite
loop space Q®EN which is K/2,-local by [8, Theorem 3.8]. These Q°EN, with their companions
Q=&pN, will serve as our building blocks for K /2.-localizations of spaces, where pN denotes the

torsion-free exact stable 2-adic Adams A-module pN = {N¢, Ng + Ng, Ng N Ny} of 6.5.

8.2. Strict homomorphisms and isomorphisms. For a 2-adic Adams A-module M € MA and
a connected space X, a strict homomorphism (resp. strict isomorphism) LM — KgR(X;ZQ) is
a homomorphism (resp. isomorphism) of special 2-adic ¢C R-algebras induced by a map M —

I?KI(X; Zg) of 2-adic Adams A-modules. For instance, there is a strict isomorphism
LFN = K:p(Q°EN; Zy)
for each torsion-free exact stable 2-adic Adams A-module N € AA by Theorem 6.7, and we have:

Lemma 8.3. For a torsion-free exact module N € AA and a connected space X with H' (X;Z) =
0= HZ(X;Z2), each strict homomorphism LEN — K}}R(X;Zg) is induced by a (possibly non-
unique) map X — QPEN.

Proof. A strict homomorphism LEN — KéR(X;Zg) corresponds successively to: a map FN —
Kx'(X;Zs) in MA, amap N — KXY(X;Z9) in AA, and a map CR™'N — K (52X ;Zs) in
ACR. By Theorem 5.6, this last map is induced by a map X*°X — EN, which lifts uniquely to a
map X — EN, and we now check that the adjoint map X — Q°EN induces the original strict

homomorphism. |

8.4. The key construction. For a strong 2-adic Adams A-module M € MA, we may take a
f-resolution (7.4)

0 —s FpM -2 FM 55 M — 0
using the torsion-free exact module M = M/¢ € AA. We may then apply Lemma 8.3 to give a map
f: Q®EM — Q&M inducing the KéR(—;Zg)—homomorphism f* = Ld: ﬁFﬁM — LFM. Any
such f will be called a companion map of M, and its homotopy fiber Fib f will be K/2,-local since
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Q®°EM and Q°EpM are. As in [8, 4.6] and 8.1, we let

Fibf — Fib f — P?Fib f
denote the Postnikov fiber sequence with nif‘\igf = 7; Fib f for i > 2, with wif‘\igf =0fori < 2, and
with Fiﬁgf o fg@ﬁigf. We note that P2Fib f is an infinite loop space which is K/2.-local by [8,
Theorem 3.8], and we conclude that Fibf is also K/2,-local. Moreover, we have K}}R(ﬁgf; L) =
LM by:

Theorem 8.5. For a strong 2-adic Adams A-module M € MA and any companion map f: Q¥EM —
O°EFM, there is a strict isomorphism LM =~ KéR(f‘\iBf; Z2)

Thus, LM is topologically realizable for each strong M € MA. This theorem will be proved in

14.7 and leads immediately to our key result on K /2,-localizations of spaces.

Theorem 8.6. If X is a connected space with a strict isomorphism LM = K¢ p(X; ZQ) for a strong
2-adic Adams A-module M € MA, then there is an equivalence Xy p ~ ﬁBf for some compan-
ion map f: QXEM — Q®EpPM of M, where the equivalence induces the canonical isomorphism

K% p(Fibf; Zy) = LM = K25 (X; Zy). Moreover, H(X;Zy) = 0 = H2(X; Zy).

Proof. The last statement follows by [6, 5.4]. For the first, we take a #-resolution 0 — FpM i)
FM 2 M — 0 of M and apply Lemma 8.3 to give a map h: X — Q&M with h* = Ls: LFM —
LM. We then apply Lemma 8.3 again to give a map k: Cof h — Q®EpM with

k* = Ld: LFpM —s K} p,(Cof h;Zy) C LEM.
Composing k with the cofiber map, we obtain a companion map f: Q®°EM — Q®EpM of M such

that h lifts to a map v: X — ﬁgf which is a K/2,-equivalence by Theorem 8.5. Since ﬁgf is
K /2.-local, this gives the desired equivalence Xp /s ~ 1,3‘\16]” |

In this theorem, M is uniquely determined by the space X since there is a canonical isomorphism
M = QKX(X;%s) in MA by 4.10 and [11, Section 3].
9. ON THE v1-PERIODIC HOMOTOPY GROUPS OF OUR SPACES

The p-primary v;-periodic homotopy groups v, L7, X of a space X at a prime p were defined by
Davis and Mahowald [15] and have been studied extensively (see [13]). In this section, we apply the
preceding result (Theorem 8.6) on the K/2,-localizations of our spaces to approach their v;-periodic

homotopy groups at p = 2 using:
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9.1. The functor ®;. As in [4], [9], [16], and [19], there is a vy -stabilization functor ®; from the
homotopy category of spaces to that of spectra such that:
(i) for a space X, there is a natural isomorphism v, '7, X = 7,7®; X where
To®1 X is the 2-torsion part of ®; X (given by the fiber of its localization
away from 2);
(il) ®,X is K/2,-local for each space X;
(iii) for a spectrum FE, there is a natural equivalence ®;(Q*FE) ~ Eg ,;
(iv) ®; preserves fiber squares.
Various other properties of ®; are described in [10, Section 2], and the isomorphism v, ', X =

m«T2®1 X may be applied as in [10, Theorem 3.2] to show:

Theorem 9.2. For a space X, there is a natural long exact sequence
. 3_ .
o KO3 (01X, Z0) L% KO"3(81 X Zn) — (vy by X)#
. 5_ .
s KO"™2(®1X;Zy) L=% KO" 2($1X;Z) — ...

where (=)# gives the Pontrjagin dual.

This may be used to calculate v 'm, X from KO*((I)IX;ZQ) up to extension. To approach
KO*(®,X;Z,) or K*(®,X;Z,), we work with:

9.3. K/2.-durable spaces. Following [8, 7.8], we say that a space X is K/2,-durable when the
K /2,-localization X — X/, induces an equivalence ®; X ~ ®; Xg/, (or equivalently induces an
isomorphism U1_17T*X = vl_lmXK/Q), and we recall that each connected H-space is K/2.-durable.

For such X, we may apply our key result on K/2.-localizations (Theorem 8.6) to deduce:

Theorem 9.4. If X is a connected K/2.-durable space (e.g. H-space) with a strict isomorphism
LM = KER(X;ZQ) for a strong module M € MA, then there is a (co)fiber sequence of spectra
& X = EM S EpM such that €*: K@R(Eﬁ]\z;zg) — KER(EM;Z2) is given by CR™'0: CR™'pM —
CR'M.

Here, the map 8: pM — M is given by

0 = (0,0,0): {Mg, Mg+ My, MpN My} — {Mc, Mg, My}

in AA. This theorem will be proved below in 9.9 and may be used to calculate K*(®,X;7Z,) and
KO*(9, X; 22) since it immediately implies:
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Theorem 9.5. For X as in Theorem 9.4, there is a K*(—; 22) cohomology exact sequence
0 — K~2(®,X;20) — M~ Mo — K~'(®1X;Z5) — 0,
and there is a KO*(—; Z2) cohomology ezxact sequence
0 — KO 8(®1X;72) — Mc/(Mr+My) 2 Mc /Mg — KO (1 X;72) — 0
— My /(MpNMp) — KO~ 5(®,X;Zs) — MpnMy 2 My — KO (9, X;Z»)
— 0 — 0 — KO (®,X; %) — Mc /(Mg N Mp) 2 Ne /My

— KO (®,X;2) — (Mg + M) /(Mg 0 Myr) —2 Mg /(Mg 0 My)

— KO™2(®,X; %) — Mg + My — Mp — KO~ (®1X;72) — 0
In these sequences, 8 may be replaced by \> = —0. Also, for i,k € Z with k odd, the Adams
operation ¥ in KQi_l((I)lX;ZQ), KQi_Q((I)lX;ZQ), K02i_1((I>1X;22), or KOQi_Q(fI)lX;ZQ) agrees
with k~"* in the adjacent M terms.

Thus, for X as in Theorem 9.4, we may essentially calculate vj '7.X from M (up to extension
problems) using Theorems 9.2 and 9.5. By [10, 7.6], this approach to v; '7,X may be extended to

various other important spaces X using:

9.6. The IA(q)l-goodness condition. For a space X, we let ®q: I~(5R(X;22) — KBR(¢1X;ZQ)
denote the v -stabilization homomorphism of [10, 7.1], and we recall that it induces a homomorphism
$: QK7 (X;Z2)/0 — K2 (9,X;Z,) in AA for n = —1,0 by [10, 7.4], where QK% (X;Z5)/0 is
as in 4.10 and 6.1. Following [10, 7.5], we say that a space X is K®;-good when the complex v;-
stabilization homomorphism ®;: QK" (X;Z,)/0 — K™(®,X;Z,) is an isomorphism for n = —1,0.
Our next theorem will provide initial examples of K ®;-good spaces from which other examples may

be built.

Theorem 9.7. If X is a connected K/2.-durable space (e.g. H-space) with a strict isomorphism
LM = K@R(X;Z2) for a strong module M € MA such that 6: M¢ — Mc is monic, then X is
IA(q)l—good with K0(¢1X;Z2) =0, with K‘l(‘I)lX;ZQ) = Mc¢/0, and with Kgl(¢1X;22) ~ M/6.

To prove Theorems 9.4 and 9.7, we first consider the spectrum EN for a torsion-free exact module

N € AA and note that ;Q°EN ~ (EN)g/s ~ EN.

Lemma 9.8. The space Q©EN is I?fln-good, and the vy -stabilization gives a natural isomorphism

& : QKN (O®EN;Zo) /0 = KX'(EN;Zo)
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Proof. By [10, 7.1], the homomorphism ®;: K (Q®EN;Zs) — K (EN;Zs) is left inverse to the
infinite suspension homomorphism, and the lemma now follows by Theorem 6.7 together with 4.11,

and 6.3. O

9.9. Proof of Theorem 9.4. Applying the functor ®; to the fiber sequence of Theorem 8.6, we

obtain a (co)fiber sequence of spectra

By Xy )p — 8,06 2215 &,0°EpN1
for some companion map f of M. We then deduce that ®,f corresponds to a map EM — EpM
having the desired properties by Lemmas 9.8 and 5.4. O

9.10. Proof of Theorem 9.7. The results on K*(®,X;Z,) and K NP, X; Z5) follow from Theo-
rem 9.5. Since K*(X; ZQ) =~ AM¢ by Lemma 4.6, we obtain isomorphisms QKO(X; Z2)/0 =0 and
QK~Y(X;7Z5)/8 = M/, and we deduce that ®;: QK™(X;Z,)/0 = K"(®,X;Z,) for n = —1,0
by Lemma 9.8 and naturality. |

10. APPLICATIONS TO SIMPLY-CONNECTED COMPACT LIE GROUPS

We now apply the preceding results to a simply-connected compact Lie group GG. We first use
the representation theory of G to functorially determine the united 2-adic K-cohomology ring
K&p(G;Zy) = {K*(G;Z,), KO*(G;Z5)} in Theorem 10.3. Then, with slight restrictions on the
group, we show that G is K ®,-good, and we use the representation theory of G to give expressions
for the K/2,-localization Gk /2, for the v;-stabilization ®,G, and for the cohomology KO*(®,G; Zg)
Our results are summarized in Theorem 10.6 and permit calculations of the 2-primary v;-periodic
homotopy v, '7.G using Theorem 9.2 as accomplished very successfully by Davis [14]. In this sec-
tion, we assume some general familiarity with the representation rings of our Lie groups as described

in [12, Sections II.6 and VI.4] and [14, Theorem 2.3].

10.1. The representation ring RAG. For a simply-connected compact Lie group G, we let RG
be the complex representation ring and let RrG, RuG C RG be the real and quaternionic parts
of RG with the usual A-ring structures on RG and RrG @ RgG. We also let t = ¢~ ': RG =
RG, ¢: RRG C RG, r: RG — RRrG, ¢: RgG C RG, and q¢: RG — RygG be the usual
operations satisfying the A-module relations of 4.1. These structures are compatible in the expected
ways and combine to give a AX-ring RaAG = {RG, RrRG,RyG} in the sense of [10, 6.2]. We let
RAG = {RG, RRG, RHG} be the augmentation ideal of RaG given by the kernel RG of the complex
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augmentation dim: RG — Z, where RRG = RrGnN RG and RHG = RgGnN RG. We also let
QRAG = {QRG,QRrG,QRiG} be the indecomposables of RAG given by
QRG = RG/(RG)?,
QRrG = RpG/((RrG)? + (RyG)* + r(RG)?),
QRyG = RuG/((RrG)(RuG) + q(RG)?).

It is straightforward to show that RaG and QRAG inherit AX-ring structures (without identities)
from RAG. Since QRAG is a Al-ring with trivial multiplication, it is equipped with additive
operations t: QRG = QRG, c¢: QRRG — QRG, r: QRG — QRgrG, : QRgG — QRG,
q: QRG — QRuG, 6 = -)\?: QRG = QRG, 0 = —)\*: QRrG — QRRrG, 6§ = —)\?: QRyG —
QRrG, Y*: QRG — QRG, v*: QRRG — QRgrG, and ¢*: QRyG — QRpG for the odd
k € Z. We now let QRAG = {QRG,QRRG,QRHG} be the 2-adic completion of Q RAG with the
induced additive operations on the components QRG = Z, ® QRG, QRrG = Z» ® QRrG, and
QRuG = 7> ® QRuG.

Lemma 10.2. For a simply-connected compact Lie group G, QRAG is a robust 2-adic Adams
A-module.

This will be proved later in 10.9. To determine the cohomology ring K} (G} Lo) = {K*(G; %), KO*(G; L)}
from the representation theory of G, we now let [3: QRAG — I?EI(G;Z2) be the 2-adic Adams

A-module homomorphism induced by the composition of the canonical homomorphisms RaG —

KO (BG; Zy) = KXNG; Ly).

Theorem 10.3. For a simply-connected compact Lie group G, there is a natural strict isomorphism

B: L(QRAG) = K& 5(G; 7).

Proof. This follows by Lemma 10.2 and Theorem 4.9 since 8: QRG — K~'(G;Z,) induces an
isomorphism A(QRG) = K*(G;Z5) by [18]. O

We note that K ,(G;Z,) has a simple system of generators (3.3) consisting of the Bz, €
K~YG; L), the Bz, € KO~'(G;Zs), and the Bjs € KO~>(G;Z,) obtained from the analysis
of QRAG below in 10.8. Thus, by Proposition 3.4, K (G; Zg) is a free 2-adic C R-module on the
associated products. However, our description of KEVR(G;ZQ) as ﬁ(QRAG) is more natural and

includes the full multiplicative structure. Moreover, it will let us apply our main results to G.
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Lemma 10.4. For a simply-connected compact Lie group G, the 2-adic Adams A-module QRAG s
reqular with 0: QRG — QRG monic.

Proof. This follows by Lemmas 7.9 and 7.10 since 8: QRG — K~'(G;Z) is monic by Theorem
10.3. O

Thus, QRAG is strong (robust, ¢3-splittable, and regular) if and only if it is ¢3-splittable, and
this is usually the case by:

Lemma 10.5. For a simply-connected compact simple Lie group G, the 2-adic Adams A-module
QRAG is ¢3-splittable (and hence strong) if and only if G is not Eg or Spin(4k + 2) with k not a

2-power.

This will be proved later in 10.11 using work of Davis [14]. For a simply-connected compact
Lie group G, we now let Qa = {Q,Q R,QH} briefly denote the associated stable 2-adic Adams
A-module m = (QARG)/¢. This agrees with the notation of [10, 9.2] and [14], since our
Qa = {Q, Qr, QH} is the 2-adic completion of their QA = {Q, Qr, @x}. Our main results now give
the following omnibus theorem, whose four parts may be expanded in the obvious ways to match

the cited theorems.

Theorem 10.6. Let G be a simply-connected compact Lie group such that the 2-adic Adams A-
module QARG is 13 -splittable (see Lemma 10.5), and let Qa = {Q, Qr. QH} be the associated stable
2-adic Adams A-module. Then:
(i) the K/2.-localization G o is the homotopy fiber of a map Q®EQA —
Q"ogﬁQA with low dimensional modifications as in Theorem 8.6;
(ii) the 2-adic v;-stabilization ®1G is the homotopy fiber of a map of spectra
EQa — EpQa as in Theorem 9.4;

(iii) there is an ezact sequence
0 — KO 8(®:G;22) — Q/(Qr+ Q) = Q/Qr — ...

continuing as in Theorem 9.5;

(iv) G is K&, -good at the prime 2 as in Theorem 9.7.

This permits calculations of the 2-primary v;-periodic homotopy v; L7, G using Theorem 9.2.
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Remark 10.7. Slightly extending the present work, it is straightforward to show that the above
conclusions remain valid for the exotic 2-compact group DI(4) of Dwyer-Wilkerson [17]. In particu-
lar, parts (i)—(iv) remain valid with DI(4) in place of G, with QKQ (BDI(4); Z5) in place of QA RG,
and with QKQ (BDI(4); Zs)/$ in place of Qa.

We devote the rest of this section to proving Lemmas 10.2 and 10.5 and start by giving:

10.8. Generators for representation rings. For a simply-connected compact Lie group G, stan-
dard results summarized in [14, Theorem 2.3] show that RG is a finitely generated polynomial
ring Z[zy, 23, Ta, Ygly,a,5 O certain basic complex representations 2z, together with their conjugates

L

Py

tz,, certain basic real representations z,, and certain basic quaternionic representations yg.
Moreover, in terms of these generators, the Z /2-graded ring { R G, R G} is characterized by the fact
that its quotient { RrRG/rRG, RyG/qRG} is a Z /2-graded polynomial algebra Z /2[za, ¢z, Ysla,.5
on the real generators z, and ¢z, (with cgz, = 2%z,) and the quaternionic generators yg. Conse-

quently, the indecomposables QRAG = {QRG,QRrG, QR G} may be expressed as
QRG = Z{g'y: 2:” €T, Clﬂﬁ}'y,a,ﬁa
QRRG = Z{rz,,%a,vCGs}yap © Z/2{¢Z,},
QRHG = Z{qu, QCi'aa gﬁ}%a,ﬁ
where @ denotes w—dim w for w € RG. Thus, the 2-adic indecomposables QRAG = {QRG, QRRG, QRHG}
may be expressed similarly using 75 in place of Z, and the stable 2-adic indecomposables QA =
{Q, Qr, QH} may be expressed as
Q = ZQ{ZW,Z:,CQQ,C':&B}%@’B,
QR = 22{7"2%«%&77"0’?76}7,&,67
QH = ZZ{q'gw chon gﬁ}w,a,ﬁ-
10.9. Proof of Lemma 10.2. Since QRAG is a A-ring with trivial multiplication, it is straightfor-
ward to check all of the required relations for operations (see 4.3 and 6.1) . In particular, we deduce
60r = Orf from the relations A\*r = rA* + A2, A2 = —X2A2, 6 = X%r — A2, 2 = 0, and § = —)\2,
which hold generally in A)-rings with trivial multiplication [10, 6.2]. We next observe that QRG,
QRRrG, and QRpG are stable 2-adic Adams modules by [6, 6.2], since QRG and QRRGPQRpuG are
~v-nilpotent and finitely generated abelian (because they have trivial multiplications and have finite

generating sets of elements w for representations w). Thus, QRAG is a 2-adic Adams A-module,

and it must be robust by the analysis of 10.8. O
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To check the 3-splittability of QRAG, we let hG = ker(1—t)/im(1+4t) be the augmented algebra
over Z /2 obtained from RG using the involution ¢t = 1~!: RG = RG. This is a polynomial algebra

hG = Z/2[cZq, Z3%y, c'§pla,y,s Which is Z/2-graded since there is an isomorphism
c+c: RRG/TRG ® RyG/qRG = hG,

and we let QrhG = Z/2{c¥q,Z}%,}a,, denote the real (degree 0) indecomposables. We define a
homomorphism s: QRG — QrhG by s[u] = [u*u] for u € RG and note that sQRG = L[2{Z32 } .
We view s as a homomorphism of 1/*-modules (abelian groups with endomorphisms ¢3) as in [14,

2.4].

Lemma 10.10. For a simply-connected compact Lie group G, QRAG is V> -splittable if and only if
the 13 -submodule sQRG C QrhG is a direct summand.

Proof. By 7.2 and the proof of Lemma 7.3, QRAG is 13-splittable if and only if the 13-submodule
#QRG C QRRG/TQRG ( or equivalently pQRG C QRrG/rQRG) is a direct summand. The
lemma now follows since ¢Q RG corresponds to sQ RG under the isomorphism c: QRrG/rQRG =
QrhG. O

10.11. Proof of Lemma 10.5. By Lemma 10.10 and Davis [14, Theorem 1.3], the following condi-
tions are equivalent: QRaG is ¢3-splittable; the 13-submodule sQRG C QghG is a direct summand;
G satisfies the Technical Condition of [14, Definition 2.4]; G is not Eg or Spin(4k + 2) with &k not a

2-power. O

11. PROOFS OF BASIC LEMMAS FOR L

We shall prove Lemmas 4.5, 4.6, and 4.11 showing the basic properties of the functor L: 6AMod —
#CRAlg, where 0AMod is the category of 2-adic #A-modules (4.3) and #CRAlg is that of special
2-adic ¢C R-algebras (3.2). We first introduce an intermediate category of modules.

11.1. The 2-adic nA-modules. By a 2-adic nA-module N = {N¢,Ngr,Npg,Ng}, we mean a
2-adic A-module {N¢, Ng, Ng}, with operations ¢, ¢, r, ¢, and ¢ as in 4.1, together with a 2-
profinite abelian group Ns and continuous additive operations ¢: No — Ng, n: Ng — Ng,
OPl: Np = Ng, and ()?I: Ny — Ng satisfying the following relations for elements z € Ng,
x € Ng, and y € Np:

pcx =0, oc'y =0, Ptz = pz, 202 =0, coz =0,

@) =0, 2mw=0, rz=0, (¢2)P=(r2)" =nge.
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We let nAMod denote the category of 2-adic nA-modules.

11.2. A functorial interpretation of admissible maps. Let J: §AMod — nAMod be the
functor carrying a 2-adic #A-module M to the 2-adic nA-module JM = {M¢c, Mg, My, Mg/rMc}
having the original operations ¢, ¢, r, ¢/, ¢, and ¢ together with operations n: Mg — Mg/rMc,
OBl: Mp — Mg/rMc, and ()?1: My — Mg/rMc given by ne = [z], 2Pl = [#z], and y!?! = [9y]
forx € Mg andy € My. Let I: ngCRAlg — nAMod be the functor carrying a special 2-adic ¢C R-
algebra A to the 2-adic nA-module TA = {fial, Agl , AES, AEZ} having the operations t, ¢, r, ¢, and
q of A=A (see 4.1) together with operations ¢: /Ial — 141}1, n: /I;il — 141}2, O 141}1 — /I]_f,
and ()21 AR® — A7? given by ¢z = n¢z, nr = nz, 23 = 2%, and yP? = Bp'y? for z € A7,

T € A;%l, and y € AES. We now easily see:

Lemma 11.3. For M € 6AMod and A € $CRAlg, an admissible map f: M — A (see 4.4) is
equivalent to a map f: JM — IA in nAMod.

To construct the functor f/, we need:
Lemma 11.4. The functor I: ¢CRAlg — nAMod has a left adjoint V : nAMod - ¢CRAlg.

Proof. This follows by the Special Adjoint Functor Theorem (see [20]) since I preserves small limits
and since ¢CRng has a small cogenerating set by Lemma 11.5 below. O

A special 2-adic ¢C R-algebra A will be called finite when the groups Ag and Ag are finite for

all m.

Lemma 11.5. FEach special 2-adic ¢CR-algebra A is the inverse limit of its finite quotients in
¢CRAlg.

Proof. This is similar to the corresponding result for topological rings in [23, 5.1.2]. For a 2-adic
CR-submodule G C A with A/G finite, we must obtain a special 2-adic ¢C R-ideal H of A with
H C G and A/H finite. We first obtain an ideal M of Ag (closed under Bg, B;il, 7, and &) with
M C Gg and Ap/M finite as in [23]. We next obtain an ideal N of A¢ (closed under B, B~', and
t) with N C GoNr~'M N¢~'M° and Ax/N finite as in [23]. The desired ideal H is now given by
He =N and Hp = MO e 'N. O
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11.6. Proof of Lemma 4.5. Using Lemmas 11.3 and 11.4, we obtain the desired universal algebra
LM from the functor L = V.J: §AMod — $CRMod. O
A 2-adic nA-module N is called sharp when n: Ng/rNc — Ng is an isomorphism, and we may

now derive the properties of L from the corresponding properties of V on such sharp modules,

Lemma 11.7. For a sharp 2-adic nA-module N, the canonical map ANe — (VN)C s an algebra

isomorphism.

Proof. Let W (bCR/U g— Cfllg be the forgetful functor carrying each A € ¢CR/U g to its complex
part Ac € CAlg where CAlg is the category of special 2-adic C-algebras, which are defined similarly
to special 2-adic $C R-algebras (3.2) but using only complex terms and their operations. The functor
W has a right adjoint H: CAlg — ¢CRAlg where (HX)c = X and (HX)g = {z € X|tz = z}
withe=1 r=14+¢t n=0, ¢z = 2"z for z € X°, and ¢pw = B~ 'w*w for w € X~!. For each
N € nAMod and each X € CAlg, amap N — IHX in nAMOd corresponds to a map No — X 1
respecting ¢, which in turn corresponds to a map ANe = X in C.Alg. Hence, since WV is left

adjoint to I H, the canonical map AN¢ — WV N is an isomorphism. O

11.8. Proof of Lemma 4.6. For a 2-adic A-module M, the canonical map AM¢ — (LM)¢ is an
isomorphism by 11.6 and Lemma 11.7. ]

Let Q: ¢CRAlg — ¢CRMod be the functor carrying each A € (bCR/ilg to its indecomposables
QA € ¢CRMod where ¢CRMod is the category of special 2-adic ¢C R-modules, which may be

defined as the augmentation ideals of the special 2-adic ¢C R-algebras having trivial multiplication.

Lemma 11.9. For a sharp 2-adic nA-module N, the canonical map {N¢c, Np, Ny} — A”QVN

s an tsomorphism.

Proof. The functor Q has a right adjoint E': ¢CRMOd — ¢CRAlg where EX = e ® X. Since
Qv : nAMod — ¢CRMod is left adjoint to I E, a detailed analysis shows that QV N is a special
2-adic ¢C'R-module with (QVN)5' = No, (QVN)g' = Ng, and (QVN)z° = Ng. 0

11.10. Proof of Lemma 4.11. For a 2-adic #A-module M, the canonical map M — A’lQAIA/M is
an isomorphism by 11.6 and Lemma 11.9. a

12. PROOF OF THE BOTT EXACTNESS LEMMA FOR L

We must now prove Lemma 4.8 showing Bott exactness of LM for a robust 2-adic #A-module M.

This lemma, will follow easily from the corresponding result for nA-modules (Lemma 12.1), whose



33

proof will extend through most of this section. We say that a 2-adic nA-module N is profinitely
sharp when it is the inverse limit of an inverse system of finite sharp 2-adic nA-modules. This
obviously implies that IV is sharp. We call N robust when:
(i) N is profinitely sharp;
(ii) the 2-adic A-module {N¢, Nr/¢N¢c, Ng} is torsion-free and exact (4.1);
(iii) ker ¢ = cNg + /Ny + 2Nc.

Lemma 12.1. If N is a robust 2-adic nA-module, then the special 2-adic ¢C R-algebra VN s
Bott exact; in fact, VN s the inverse limit of an inverse system of finitely generated free 2-adic

C R-modules.

This will be proved in 12.9.

12.2. Proof of Lemma 4.8. For a robust 2-adic #A-module M, the 2-adic nA-module JM is also
robust, and hence LM has the required properties by 11.6 and Lemma 12.1. a

Before proving Lemma, 12.1, we must analyze the robust 2-adic nA-modules, and we start with:

12.3. The complex 2-adic pA-modules. The functor (=)c: npAMod — Ab from the 2-adic
nA-modules to the 2-profinite abelian groups has a left adjoint C': Ab — nAMod with C(G)¢c =
GpG=GatG, C(Q)r=G®G/2=rG 3 ¢G, C(G)g =G =qG, and C(G)s = G/2 = (¢G)]
for G € Ab. If G is torsion-free, then C(G) is obviously robust. For an arbitrary N € nAMod
and G € Ab, we may describe the possible maps N — C(G) as follows. Let f: No — G and
g: Ns — G/2 be maps such that the diagram

Nr & Ng M) G

Jo |
Ng L} G/2

commutes. Then there is a map F(f,g): N — C(G) with components (f, ft): N¢ — G @ G,

(fe,gn): Nr = G®G/2, fc': Ng — G, and g: Ng — G/2. Moreover, each map N — C(G) is of

the above form for some f and g. When N is robust, the compatibility condition on f: No — G

and g: Ng — G/2 may be expressed by the commutativity of the diagram

NG L5 @

b

Ng L} G/2
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where N = {z € N¢|tz = z} and 7 is the composition of (¢,¢): Nr/¢Nc [Iy, Na = Nf and
OB Ng/oN¢ [In. Nu — Ns. Letting Ng = {z € N¢|tz = —z}, we now have:

Lemma 12.4. If N C N is an inclusion of robust 2-adic nA-modules such that NC/NC is torsion-
free and Ng = Nz, then each map N = C(G) for G € Ab may be extended to a map N — C(G)
of 2-adic nA-modules.

Proof. For a given map F(f, §): N = C(Q@), we first extend §: Ng — G/2to amap g: Ng — G/2.
Since N¢/NZ = N5, N¢/NJG = Ng, and N5 = N, we see that N¢ is the pushout of the
inclusions NZ; < N} — Ng. Thus, the maps gn: N — G/2 and [f]: N¢ — G/2 induce a map
f't Noe — G/2, and we obtain a commutative diagram

NC L) G
e b
N¢ L) G/2
Since NC/NC is projective in Ab, we may now choose a lifting f: No — G in the diagram, and this

gives the desired extension F(f,g): No — C(G) of F(f,3). O

Lemma 12.5. For a robust 2-adic nA-module N, there exists a decomposition N = C(G)® P where

G is torsion-free and P is robust witht =1 on Pc.

Proof. By the factorization of positively torsion-free groups in 5.3, there exists a decomposition
Ne =2 (GotG) ® H with t =1 on H, and we let i: C(G) — N be the induced map. Then i
is monic since i: {G @ tG,G,G} — {N¢,Nr/éNc, Ng} is monic by [10, Lemma 4.8], and since
i: G/2 — ¢N¢c and : ¢No — Ng are monic by the proof of Lemma 7.3. Thus, i: C(G) — N has

a left inverse by Lemma 12.4, and the result follows. O

12.6. The t-trivial robust 2-adic nA-modules. A robust 2-adic nA-module N will be called
t-trivial when t = 1 on Ng. Such an N must have gz_S =0: N¢ — Ng since No = ¢cNg + ¢/ Ng by
the exactness of {N¢, Nr/¢Nc, Ng}. Moreover, it must also have (rN¢ )2l =0, (¢gN¢)?! =0, and
c+¢': Ngr/rNc @ Ng/qNc = Ng/2 by [10, Lemma 4.7]. Hence, the operations ()I?!: Ng — Ng
and ()?!: Ny — Ng induce operations §: Ng/rNo — Ng/rN¢ and §: Ng/qNo — Ng/rNeg,
where the #-module Ng/rN¢ is profinite since N is profinitely sharp. In this way, a ¢-trivial robust
2-adic nA-module N corresponds to a torsion-free group G € Ab together with a decomposition

(G/2)r®(G/2)n = G/2 equipped with operations §: (G/2)r — (G/2)g and : (G/2)n — (G/2)r
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such that the §-module (G/2)g is profinite. We say that a 2-adic nA-module N is of finite type

when N¢, Ng, Ng, and Ng are finitely generated over ZQ, and we now easily deduce:

Lemma 12.7. A t-trivial robust 2-adic nA-module may be expressed as the inverse limit of an

inverse system of t-trivial robust quotient modules of finite type.

A similar result obviously holds for the robust 2-adic nA-modules C(G) with G torsion-free, and

this will allow us to focus on the robust modules of finite type since we have:

Lemma 12.8. If a 2-adic nA-module N is the inverse limit of an inverse system {N,}, of quotient

modules, then VN 2 lim, VN,.

Proof. For afinite special 2-adic ¢C R-algebra F', there is a canonical isomorphism Hom(lim,, VNQ, F)
Hom (V' N, F). Hence, the map VN — lim, VN, is an isomorphism by Lemma 11.5. O

12.9. Proof of Lemma 12.1. It now suffices to show that VN is a free 2-adic C R-module when
N = C(G)@® P for a finitely generated free Zy-module G and a t-trivial robust 2-adic nA-module P of
finite type. By 7.1, we may choose finite ordered sets of elements {2y} in G, {z;}; in Pg, and {y;};

in Py such that G is a free Zs-module on {z1}r and {Pc, PR, Pg} is a free 2-adic A-module on {z;};

2 _

and {y;};. Since Pgs is a free Z /2-module on the generators {nx;};, there are expressions z;

and y?] = s; for each 7 and j where the r; and s; are Z/2-linear combinations of these generators.
We may now obtain VN as the free augmented 2-adic C' R-algebra on the generators z; € (IT/\J/V)?,
yj € (‘T/JVV)I_;, 2 € (IT/\J/V)EI, and ¢z € (‘T/JVV)% subject to the relations z7 = r;, yj = Brsj,
22 =0, 2}z, = Begzy, and (¢z;)? = 0 for each 4, j, and k. It follows by a straightforward analysis

that VN is a free 2-adic C R-module on the associated products (3.3) of {;}s, {y;};, and {z;}r. O

13. PROOFS FOR REGULAR MODULES

We first show that our strict nonlinearity condition (7.7) for 2-adic Adams modules agrees with
that of [7, 2.4], and we then prove Lemmas 7.9 and 7.10 for regular modules. For a 2-adic Adams

module A, we let TA C A be given by the pullback square
TA —— (A/y?A)\2

e e

A ——  A/pPA
where (A/y?>A)\2 is the kernel of 2: A/¢p?A — A/p?A. Since the square is also a pushout, A is
quasilinear if and only if TA = A. Now let T> A be the intersection of the submodules T¢A C A for

1> 0.

1
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Lemma 13.1. T A is the largest quasilinear submodule of A, and hence Ay =T A.

Proof. Using the inverse limit of the pullback squares for T*A with i > 0, we find that 7°° A contains
each quasilinear submodule of A and that T(T>A) = T A. O

13.2. Strict nonlinearity conditions. Our definition of strict nonlinearity in 7.7 is equivalent to
our earlier definition in [7, 2.3 and 2.4]. In fact, for a 2-adic Adams module A, the largest quasilinear
submodule 4, remains unchanged in the earlier category of 2-adic ¢»*-modules, since it is still given

by T A. To prove Lemma 7.10, we need:

Lemma 13.3. For a strictly nonlinear 2-adic Adams module A, each submodule is strictly nonlin-
ear. Moreover, when A is finitely generated over Zg, each torsion-free quotient module is strictly

nonlinear.

Proof. The first statement is clear, and we shall prove the second by working in the earlier category
N of 2-adic 1?-modules that are ¢2-pronilpotent. Let 0 — A — A — A — 0 be a short exact
sequence in N with A strictly nonlinear and finitely generated over 75 and with A torsion-free. To
show that A is strictly nonlinear, it suffices to show that Hom N (H, A) = 0 for each torsion-free
quasilinear H € N that is finitely generated over Z. Since A is torsion-free, it now suffices to
show that Hom g (H, A) is finite for such H. Hence, since Hom y(H, A) = 0 by strict nonlinearity,
it suffices to show that Extjl\»[(H ,A) is finite for such H. This finiteness follows using the exact

sequence

0 — Hom g (H, A) — Hom 4,(H, A) — Hom 4,(H, A) — Ext}(H,A) — 0
with Hom - (H, fi) = 0 by strict nonlinearity, where Ab is the category of 2-profinite abelian groups.
O

13.4. Proof of Lemma 7.10. This result follows easily from 7.8 and Lemma 13.3. a

13.5. Proof of Lemma 7.9. By [8, Lemma 5.5], there is an exact sequence

0 — K'(X/X?3Zy) — K" (X;Zy) — H*(X;Zy)
of 2-adic Adams modules with H3(X;Z,) linear and K'(X/X3;Z,) torsion-free, where X3 is the
3-skeleton of X. Hence, it suffices to show that K'(X/X3;Z,) is strictly nonlinear with monic
@2, Since H™(X;Zy) = 0 for sufficiently large m, the map K'(X/X3;Z,) — K'(X™/X3;Zy) is
monic for such m. Thus by skeletal induction, the operator ¢? on Q ® K'(X/X3;Z,) is annihilated
by the polynomial f(z) = (x — 22)(x — 2°)...(x — 2%) for sufficiently large k. It follows that
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Q ® K'(X/X3;Z,) is the direct sum of the eigenspaces E; of 12 with eigenvalues 2/ for 2 < i < k,
and hence 1?2 is monic on K(X/X?;Zs,) as desired. Moreover, the projection to Ej is given by
the operator f;(12)/fi(2') on Q ® K'(X/X3;Z,) where f;(z) = f(z)/(z — 2¢). This implies that
2UK " (X/X?3;Zs) is contained in @%_, BE;NK"'(X/X?; Z5) where 2V is the highest power of 2 dividing
an integer f;(2) for some i. Since the above direct sum is strictly nonlinear, so is 2V K (X/X3; Z,)

by Lemma 13.3, and hence so is K*(X/X?; Z,). O

14. PROOF OF THE REALIZABILITY THEOREM FOR LM

We shall prove Theorem 8.5 giving a strict isomorphism LM = K & R(ﬁig f375) for a companion
map f: Q®EM — Q®EpM of a strong 2-adic Adams A-module M. For this, it will suffice by
our comparison theorem (4.9) to obtain an isomorphism AMe = K*(f‘%f;zg) of the complex
components. We do this by adapting our proof of the corresponding odd primary result (Theorem
4.7) in [8]. First, to determine the 2-adic K-cohomology of the loops on Q&M or Q®EpM, we
may replace Theorem 11.2 of [8] by the following two theorems.

Theorem 14.1. If X = QFE for a I-connected spectrum E with H2(E; Z5) = 0, with KO(E; Zy) =
0, and with K*(E; Z2) torsion-free, then K'(QX; Z2) =0 and K°(QX; Z2) is torsion-free.

Proof. This follows by [6, Theorem 8.3]. O

Theorem 14.2. If X is a I-connected H-space with K'(QX; Z2) =0 and K°(QX; Zg) torsion-free,
then o: U(QK'Y(X;Z5) | H3(X;Zs)) = K°(QX; Z5).

Proof. This follows from [7, Theorem 10.2]. O

When X is Q®EM or Q®EpM, we shall determine H3(X;Z,) from the united 2-adic K-
cohomology of X. For any 1-connected space X, we let ap: I?a_l(X;Zg) — H3(X;Zg) be the
homomorphism induced by the Postnikov section K OZy — P*KOZs. Using the indecomposables
QKO*(X;Z5) of 2.7 and 4.10, we have:

Lemma 14.3. If X is a I-connected space with H*(X;Zs) = 0, then ag: If(\(/)il(X;ig) —
H3(X;Zs) factors through QKO (X %) and vanishes on the following subgroups: ¢K (X ;Zs),
0 —2)KO  (X;Zs), (6—rB2)K0 (X;Zs), and (¢ — KO (X;2s).

Proof. The map ag factors through QK o 1(X ;Zg) by a suspension argument using the isomor-
phism H?(X;Z,) = H2(QX;Z,). Since X is 1-connected with H2(X;Z,) = 0, there is a natural
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isomorphism H3(X;Zs) 2 (m5(m5X))# by [8, Lemma 11.4]. Thus, it suffices by naturality to prove
the desired vanishing results when X is S% Uy €® for k > 1, and these results now follow from the

3

elementary case X = S® since the collapsing map S? Uqx €3 — S? induces epimorphisms of the

~ L 1 . — 5
cohomologies K—1(—;Z3), KO (—;Zs), and KO (—;Z2). O

For a 1-connected space X with H?(X ;22) = 0, the above ag now induces a homomorphism
ag: Lin® QAKEI(X;ZQ) — H3(X;Zsy) where QAKEI(X;ZQ) is the 2-adic Adams A-module of in-
decomposables given by 4.10 and 6.1, and where Lin® carries a 2-adic Adams A-module M to the
group

Lin® M = Mg/(¢Mc + (0 — 2)Mp + (6 — r¢') Mg + (¢ — 9)Mp).
To determine H?(X; Z2) when X is Q®EM or Q®°EpM, we may replace Proposition 11.3 of [8] by:
Proposition 14.4. If N is a torsion-free exact stable 2-adic Adams A-module, then
ag: Lin® QK H(Q®EN; Ly) = H*(Q®EN; Ly).

Proof. Since there is a stable isomorphism ag: KO '(EN;Zy)/(%* — 9) = H3(EN;Zs) by [10,
Theorem 3.2] and [8, Lemma 11.4], the proposition follows using Theorem 6.7 and Lemma 4.11. O

For any #-pronilpotent 2-adic Adams A-module M, we obtain a homomorphism r: M¢ —
Lin® M of 2-adic Adams modules with M€ as in 7.6 and Lin® M linear. Such a homomorphism is
called properly torsion-free [7, 4.5] when its source is torsion-free and its kernel is strictly nonlinear

(7.7). We shall need:

Lemma 14.5. If M is a strong 2-adic Adams A-module, then r: M® — Lin® M is properly

torsion-free.

Proof. Since M is strong, M is torsion-free and ker(M® — Lin M) is strictly nonlinear. Using
the maps r: Lin M¢ — Lin® M and ¢: Lin® M — Lin M€ with er = 2, we see that 2ker(M¢ —
Lin® M) is contained in ker(MC — Lin M). Thus, ker(M¢ — Lin® M) is strictly nonlinear by
Lemma 13.3. d

As in [8, Section 11], for a strong 2-adic Adams A-module M and a companion map f, we obtain

a ladder of p-complete fiber sequences

Fibf —— Xx 14 vy

! ! |

Fibf — Q©&M —L 5 Qx&pn1
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such that:

(i) X and Y satisfy the hypotheses of Theorems 14.1 and 14.2;

(ii) the vertical maps from X and YV are K*(—; Zg)—equivalences;

(iii) H3(Y;Zs) = 0 and the sequence H3(Q®EpM;Zy) — H3(Q®EM; Zy) —
H3(X;Zs) — 0 is exact.
Lemma 14.6. There is a canonical isomorphism H®(X;Z5) = Lin® M.
Proof. Since f*: KE«R(QOOgﬁM;ZQ) — K}}R(ngﬂ;ig) is equivalent to Ld: LEpM — LFM for
the A-resolution map d, the homomorphism f*: H?(Q>*°EpM; Z2) — H3(Q>EM, Zg) is equivalent
to Lin® d: Lin® FpM — Lin® F M by Proposition 14.4. Hence, there is an isomorphism of cokernels
H3(X;75) & Lin® M. 0

14.7. Proof of Theorem 8.5. The proof of Theorem 4.7 in [8] is now easily adapted to give
Theorem 8.5. In more detail, Propositions 11.5 and 11.6 of [8] remain valid in our setting using

Lemmas 14.5 and 14.6 together with the short exact sequence

0 — (FM® | 0) — (FMC | Lin® M) — (M€ | Lin® M) — 0

1

induced by the #-resolution. Propositions 11.7 and 11.8 likewise remain valid, and thus AMC

K*(ﬁgf; 75), so that Theorem 8.5 follows by Theorem 4.9.
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