KUNNETH THEOREMS AND UNSTABLE OPERATIONS IN 2-ADIC
KO-COHOMOLOGY
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ABSTRACT. We develop Kunneth theorems and obtain detailed results on un-
stable operations in 2-adic K O-cohomology and, more generally, in united 2-
adic K-cohomology. These results are needed for work on the K-localizations
of H-spaces at the prime 2 and should be of independent interest. Our proofs
of relations for unstable operations rely on Atiyah’s Real K-theory and on a
convenient mod 2 simplification of 2-adic K O-cohomology.

1. INTRODUCTION

In [9], we determined the K-localizations of finite H-spaces and related spaces at an odd prime,
and we recently found that this work can be extended to the prime 2 with some modifications
and restrictions. For this, we must use various basic results on Kunneth theorems and unstable
operations, particularly in 2-adic K O-cohomology, that are not covered in the literature, and we
provide the required background in this paper.

In [2], Atiyah proved a Kunneth theorem for the K-cohomology of a product of finite CW-
complexes but noted that the corresponding theorem fails for K O-cohomology because of difficulties
at the prime 2. As suggested in [6] and [4], these difficulties may be overcome by using united
K-theory. For a space X, the united 2-adic K-cohomology

KeprX = Kopp(X;Lo) = {K*(X;L2), KO"(X; L), KT"(X; Z2)}
consists of the complex, real, and self-conjugate 2-adic K-cohomologies of X together with the realifi-
cation, complexification, and other “stable K O-module operations” relating these cohomologies (see

[5, Sections 2]). This has much better homological algebraic properties than 2-adic K O-cohomology

alone, and we now obtain a Kunneth short exact sequence

~ R ~ ~ ~ CRT 6 =~ =
1
0 — K&pp XQoRTKEprY — KEpp(XXY) — Tory  (K&pp X, KoppY) — 0
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for arbitrary spaces X and Y in Theorem 2.12. This Kunneth theorem can often be simplified by

eliminating the self-conjugate components and using the (partial) united 2-adic K-cohomology
KepX = Kop(XiZo) = {K7(X;2), KO*(X;Z2)}

instead of K gy X, as we show in Theorem 2.8 under the common condition that Kg(X;Zs) is

C R-exact. In this case, KO*(X x Y Zg) depends on the 2-adic K-cohomology as well as the 2-adic

K O-cohomology of X and Y .

A major purpose of this paper is to study the unstable operations in the united 2-adic KO-
cohomology, K& (X; Zn) = {K*(X; %), KO*(X;Z)}, of a space X. The basic unstable operations
in K*(X; 22) are just the exterior squares

0= -2 K°(X;Zs) — K°(X;Z5)
0 =N K~'(X;Zs) — K~'(X;Zo)
which give it the structure of a Z /2-graded 2-adic §-ring (see 3.4), and which combine with the stable
Adams operations to give it the structure of a Z/2-graded 2-adic A-ring (see [7, Theorem 6.2]). We
find that the other basic unstable operations in {K*(X;Zs), KO*(X;Z,)} are the exterior squares
9 =-X\: KO"(X;Zs) — KO°(X;Zy) forn=0,—4
9 =-X\: KO"(X;Zs) — KO~ (X;Zs) forn=—-1,-5
0 =-\: KO"(X;Zy) — KO (X;Z,) forn=1,-3
and the multiplicative operations
¢: K°(X;Zs) — KO°(X;Zo)
¢: K™HX;Zy) — KO°(X; Zy)
of Seymour [16], which are all constructed in [10, Section 6] using Atiyah’s Real K-theory. These
operations satisfy a large assortment of algebraic relations which we present in Section 3. Some of
the relations are well-known or are easily proved using the methods of Real K-theory, while others
seem to defy those methods. To establish these difficult relations, we use a mod 2 simplification
j*X of the cohomology KO*(X; Zg) as explained below.

For a space X, we let j* X denote the quotient of K O*(X; Z2) by the realification ideal 7 K* (X; Zg)
We find that j*X is an algebra over the 8-periodic exterior algebra j* = Z/2[n, Bg, Bgl] with
In| = —1 and |Bg| = —8, and we obtain a Kunneth isomorphism j*X®;.j*Y & j*(X x Y) in
Theorem 5.2 for an arbitrary space Y when K¢ ,(X; Z,) is C R-exact with K*(X;Zs) torsion-free.
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For many H-spaces X, this applies to show that j*X is actually a Hopf algebra over j*. In partic-
ular, 7 *@m and j *K m are such Hopf algebras, where @m and K m are the infinite loop spaces
representing the cohomologies I?am(—; Zg) and I?m(—; Zg) To prove a relation a = § for unstable
operations in {K*(X; Z2), KO*(X; Zg)}, we first check that the possible error o — 3 is additive and
has trivial complexification. We then deduce that this error is represented by a primitive element
€€ Pj*@m or € € Pj*Km. We finally show that this € must vanish by using our knowledge of
Pj*@m and Pj*Km, and we thereby deduce a = . This method allows us to establish all of the
difficult relations for our unstable operations.

For a space X such as @m or K m» We may approach j*X by first studying a mod 2 simplification
h*X of K*(X;7Zs), where h"X = ker(1 — t)/im(1 + t) for the conjugation t = ¢~ on K"(X;Zs).
We find that h*X is an algebra over the 4-periodic algebra h* = Z/2[B? B~2] and that h*X has a
natural differential 9: h*X — h*~! X satisfying a Leibniz formula (see Theorem 5.9). Moreover, this
differential vanishes if and only if K¢ ,(X; 22) is C' R-exact, which happens if and only if j*X is free
over j*. In this case, we have j*X/n = h*X, and we may view h*X as a first approximation to the
algebra j*X. For many H-spaces X, we can go even farther and view hA*X as a first approximation
to the Hopf algebra j7*X. We use this approach to derive the needed properties of j*@m and
j*Km, and we believe that the functors j7* and h* are of independent interest.

The paper is divided into the following sections:

Introduction

Kunneth theorems for united 2-adic K-cohomology
Unstable operations in united 2-adic K-cohomology
Proofs of the Kunneth theorems

The mod 2 K-cohomological functors j* and h*

On the j* groups of some infinite loop spaces

NS e e

Proofs of relations for unstable operations

The present work will allow us to determine the structure of the united 2-adic K-cohomology
K& p(X;Z9) = {K*(X;7s), KO*(X;Zs)} for many H-spaces X, and this will allow us to derive the
promised 2-primary extensions of our results in [9] on K-localizations of spaces. It will also allow us

to complete the work of [10] on the v;-periodic homotopy theory of compact Lie groups.



2. KUNNETH THEOREMS FOR UNITED 2-ADIC K-COHOMOLOGY

In this section, we first discuss the 2-adic version of Atiyah’s original Kunneth theorem [3] and
then develop our Kunneth theorems for the united 2-adic K-cohomology theories
Kp(X3Zs) = {K*(X;22), KO*(X; L)},
Kopr(X;Lz) = {K*(X;Ls), KO*(X;22), KT*(X;Z2)},
of spectra or spaces X. We note that the Kunneth theorem for K pp(—;7Zs) is the strongest, but

A~

may be somewhat cumbersome since it involves the self-conjugate theory KT*(—; Z2). For simplicity,
we shall focus mainly on the version for K¢ p(—; 22) The results of this section immediately extend
to an odd prime p, but these extensions add nothing valuable beyond the Kunneth theorem for
K*(—;7,) since Kzp(X;Z,) and K&pp(X;7Z,) are naturally determined by K*(X;7Z,) as in [5,

Theorem 4.6].

2.1. The 2-profinite abelian groups. Recall that a 2-profinite abelian group is the topological
inverse limit of an inverse system of finite 2-torsion abelian groups. For instance, each finitely
generated Zymodule is a 2-profinite abelian group with the canonical topology. In general, the
2-profinite abelian groups correspond to the 2-torsion abelian groups by Pontrjagin duality, and
they form an abelian category Ab. For 2-profinite abelian groups A, B € Ab, let ASB € Ab be
the complete tensor product with A®B = lim, 3 Ay ® Bs where A, and Bjs range over the finite
2-torsion quotients of A and B (see e.g. [15, p.184]). Note that A®B = A ®5, B when A and B are
finitely generated Z»modules. The operation & gives a symmetric monoidal structure to the abelian
category Ab. For A € Ab, the functor A&—: Ab — Ab is right exact, and we call A flat when AQ—
is exact. Using Pontrjagin duality, we see that the following conditions on A are equivalent:
(i) A is flat in Ab;

(if) A is torsion-free;

(ili) A is projective in Ab.
Moreover, there are enough projectives in flb, and the complete tensor product ® has left derived
functors Tor, (4, B) € Abfor A, B € Aband n > 0. Asusual, Tory(A4, B) = A®B and Tor,,(A, B) =
0 for n > 1.

2.2. The 2-adic K*-modules. By a 2-adic K*-module M, we mean a Z-graded 2-profinite abelian
group with operation B: M* =2 M*~2. We let K* denote the abelian category of these modules. For
a spectrum or space X, we obtain a 2-adic K*-module K*(X; Zg) using the Bott periodicity B and
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the limit topology on K*(X;Zs) & limg K*(X4; Zs9) where X, ranges over the finite subcomplexes
of X. For M,N,P € K*, a K*-pairing f: (M,N) — P consists of homomorphisms f: M™QN" —
Pt for m,n € Z such that Bf = f(B®1) = f(1&B) on each M™&N". The complete tensor
product M&g-N € K* may be defined as the target of the universal K*-pairing (M, N) = M &g« N,

and we note that
(M&g-N)° = (M°&N%) @ (M'&N"),

(M®K*N)1

12

(M'®&N°) @ (M°&N').
The operation &g~ in the abelian category K* inherits the basic properties of & in Ab (see 2.1),

and ®g~ has left derived functors TornK (M,N) € K* for M,N € K* and n > 0. As usual,

ri‘oré(*(M, N) = M®g-N and ’i‘orf* (M,N) = 0 for n > 1. For spectra X and Y, the product
homomorphisms
p: K™(X;Zo)®K"(YiZo) — K™ ™(X AY; )
give a product homomorphism
p: K*(X;Z) 0k K*(YV;Zo) — K*(X AY;Zy)
of 2-adic K*-modules. This also holds for spaces X and Y when X AY is replaced by X x Y. We
can now state a 2-adic version of Atiyah’s Kunneth theorem [2], where we write K*(X;Zs) as K*X.
Theorem 2.3. For spectra X and Y, there is a natural short exact sequence
0 — R*Xop-K*Y 25 R*(XAY) —s Tor (B*'X,R*Y) — 0
of 2-adic K*-modules. This also holds for spaces X and Y when X AY is replaced by X x Y.

This will be proved in 4.7, and we now develop our Kunneth theorems for the united 2-adic

K-cohomology theories.

2.4. The 2-adic CR-modules. By a 2-adic C R-module, we mean a CR-module over Ab in the
sense of [10, Section 4.1]. Thus, a 2-adic C R-module consists of Z-graded 2-profinite abelian groups

Me and My with operations
B: M} = M2, t: M = M, Br: My = M8,
n: My — My~', er Mjy— MEL, v ME — Mp,
satisfying the relations

2n =0, n° =0, nBR = BRn: nr =0, en =0,



2 =1, tB = —Bt, rt =r, tc =c, ¢Br = B¢,
rB* = Bpgr, cr =1+1t, rc =2, rBe = 1?, rB~tc =0.
These operations are patterned after the usual periodicity, conjugation, Hopf, complexification, and
realification operations in K-theory. For z € M, the element ¢z is sometimes written as ¢!z or

z*. We let CR denote the abelian category of 2-adic C'R-modules. For a spectrum or space X, we

obtain a 2-adic C R-module

Kep(X5Zo) = {K*(X;25), KO*(X;Z2)}
using the operations coming from the standard maps of the spectra K and KO [5, Section 1.9]
and using the limit topology on K} (X; 22) = lim,, K& p(Xa; ZQ) where X, ranges over the finite

subcomplexes of X.

2.5. Bott exactness and C'R-exactness. As in [5, Section 4.7] or [10, Section 4.1], we say that a
2-adic CR-module M € CR is Bott ezact when the Bott sequence

* rB—1!

oo MY My S MG s MR
is exact, and we say that M is C'R-exact when it is Bott exact and the chain complex
oo M e s My s My e s
is exact. For a short exact sequence 0 - L — M — N — 0 of 2-adic C R-modules, we note that if
any two of the three modules are Bott exact or C'R-exact, then so is the third. We also note that
a Bott exact C R-module M is automatically C' R-exact when M¢ is concentrated in even or odd

degrees. Thus, for a spectrum or space X, the 2-adic CR-module K¢ ,(X; Zg) is always C R-exact

when K*(X;7Z5) is concentrated in even or odd degrees.

2.6. Complete tensor products of 2-adic C'R-modules. For 2-adic C'R-modules M, N, P €
CR, a CR-pairing f: (M,N) — P consists of homomorphisms fo: MZQNE — P2 and
fr: MPONE — P}i”*'" for m,n € Z such that:
(i
(i

) Bfc = fo(B®1) = fo(1®B) on each MZRQNE;
) Brfr = fr(Br®1) = fr(1&Bg) on each MPQNE;
) nfr = frR®1) = fr(1&n) on each MEANE;

(iv) tfc = fo(t®t) on each MZQONE;
)
)

(iii

cfr = fo(c®c) on each MPONE;

~—~~

v
rfo(c®l) = fr(1®r) on each MPONE and rfo(1®c) = fr(r®1) on each
MZ®QNR.

(vi
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The complete tensor product M&crN € CR may be defined as the target of the universal C'R-pairing
(M,N) = M®crN. We note that (M&crN)e = Mc@ g+ Ne while (M&cgN) g depends on both
real and complex components; it is generated by terms M}?@N}% together with terms r(M@”@Ng)
The operation ®cp gives a symmetric monoidal structure to the abelian category CR. For M € CR,

the functor M&cr: CR — CR is right exact, and we call M flat when M&c g is exact.

Lemma 2.7. For a 2-adic CR-module M, the following are equivalent:
(i) M is flat in CR;
(ii) M is CR-exact with M, torsion-free;
(ili) M is projective in CR.

The abelian category CR has enough projectives.

This will be proved in 4.3. The complete tensor product &cg in CR now has left derived func-

. CR N A . CR R
tors Tor, (M,N) € CR for M,N € CR and n > 0. As usual, Tor, (M,N) = M®crN and

. CR
Tor, (M,N) = 0 for n > 1 when M or N is CR-exact. For spectra X and Y, the product

homomorphisms
p: K™(X;Lo)@K"(Y;Zy) — K™(X ANY; L)
p: KO™(X;7)@KO™(Y;Zs) — KO™(X AY;Zy)
give a C'R-pairing by [5, Section 1], and they consequently determine a product homomorphism
p: K2n(X;Z9)@0rKER(Y;Zy) — KZE"(X AY; L)
of 2-adic C'R-modules. This also holds for spaces X and Y when X AY is replaced by X x Y. We
can now state our Kunneth theorem for the cohomology K¢ p(—; Z5), which we write as I?EVR(—).
Theorem 2.8. For spectra X and Y with K}}RX (or K@RY) CR-exact, there is a natural short
exact sequence
0 — KepX&orKapY o Kip(X AY) — Tor, (KX, KgpY) — 0
of 2-adic CR-modules. This also holds for spaces X andY when X AY is replaced by X x Y.
This will be proved in 4.6. Finally, we develop an unrestricted general Kunneth theorem for

K% pr(—; ). Since this is basically similar to the version over C'R, we shall be quite brief and shall

assume familiarity with [5].
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2.9. The 2-adic CRT-modules. A 2-adic CRT-module M = {M¢, Mg, M7} consists of Z-graded
2-profinite abelian groups M, Mg, and M with the operations and relations of [5, Section 2.1],
but with cohomological indexing. We let CRT denote the abelian category of 2-adic C RT-modules.

For a spectrum or space X, we obtain a 2-adic C RT-module

Kepp(X;2o) = {K*(X;2), KO*(X;22), KT*(X; Z)}
using the operations coming from the standard maps of the spectra K, KO, and KT [5, Section 1.9].
We say that a 2-adic C RT-module M is C RT -ezact when the three chain complexes of [5, Section 2.3]
(including the Bott sequence) are exact for M. For a short exact sequence 0 = L — M — N — 0 of

2-adic C RT-modules, if any two of the modules are C'RT-exact, then so is the third. For a spectrum
or space X, the 2-adic CRT-module K} pp(X; Zg) is always C'RT-exact.

2.10. Complete tensor products of 2-adic C RT-modules. For 2-adic C RT-modules M, N, P €
CRT,aCRT-pairing f : (M,N) — P consists of homomorphisms fo: MZQNE — Pg“'", fr: MPRQNE —
Pyt and fr: MPQNR — PP for m,n € Z such that:
(i) Bfc = fo(B®1) = fo(1&B) on each MZ&QNE;
(ii) Brfr = fr(Br®1l) = fr(1&Bg) on each MPQNE;
(iii) Brfr = fr(Br®1) = fr(1&B7) on each MG N;
(iv) nfn = fa(r®1) = fa(1dn) on each MPENE;
(v) nfr = fr(né1) = fr(18n) on each MP&NY;
(vi) tfc = fo(t®t) on each MEZONE;
(vii) trfr = fr(tr®tr) on each Mm®N% where t7 = ’QZJT ;
(viii) efr = fr(e®e) on each MTONE;
(ix) (fr = fo(C®C) on each MTGNZ;
(x) Tfr(1®e) = fr(r®1) on each MPONE and 7fr(e®l) = (—1)™ fr(1®7)
on each MBQNE;
() 7/c(18¢) = fr(751) on each MEGNF and vfc((E1) = (~1)™ fr(169)
on each MIMQNE;
(xil) erfr = fr(er®1) + (~1)™ fr(1er) + nfr on each MFENG.
The complete tensor product M&crrN € CRT may be defined as the target of the universal CRT-
pairing (M,N) — M&crrN. The operation QcRrT gives a symmetric monoidal structure to the
abelian category CRT. For M € CRT, the functor M&cprr: CRT — CRT is right exact, and we
call M flat when M &cgy is exact.



Lemma 2.11. For a 2-adic CRT -module M, the following are equivalent:
(i) M is flat in CRT;
(ii) M is CRT-exact with M, torsion-free;
(ili) M is projective in CRT.

The abelian category CRT has enough projectives.

This will be proved in 4.10. The complete tensor product &gy in CRT now has left derived

. CRT 5 N . CRT R

functors Tor,, (M,N) € CRT for M,N € CRT andn > 0. Asusual, Tor, (M,N) = M®crrN
. CRT

and Tor, (M,N)=0forn > 1 when M or N is CRT-exact.

For spectra X and Y, the product homomorphisms
pr K™(X;Lo)@K" (Y Zo) — K™ (X NY; L)
p: KO™(X;7)@KO™Y;Zs) — KO™(X AY; 7o)
p: KT™(X; Zo)OKT(Y;Zy) — KT (X AY;Zy)
give a C RT-pairing, where conditions (i)—(xi) follow by [5, Section 1] and (xii) follows by Lemma

4.11 below, and they consequently determine a product homomorphism
i K3pr(X; Lo)@crr Kepr(ViLa) — KZRH(X AY; L)
of 2-adic C RT-modules. This also holds for spaces X and Y when X AY is replaced by X xY. We

can finally state our Kunneth theorem for K¢ pp(—; Z), where we write K¢ pr(X; 7)) as I?EVRTX.

Theorem 2.12. For spectra X and Y, there is a natural short exact sequence

CRT
(

0 — Kipr XOorrKeprY = Kapp(XAY) — Tor,  (K5H X, KiprY) — 0

of 2-adic CRT-modules. This also holds for spaces X and Y when X AY is replaced by X x Y.
This will be proved in 4.12.
3. UNSTABLE OPERATIONS IN UNITED 2-ADIC K-COHOMOLOGY

In this section, we discuss the unstable operations in the united 2-adic K-cohomology K¢ (X; ZQ) =

{K*(X; Z,), KO*(X; Zg)} of a space X and determine their algebraic relations. We first consider:
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3.1. The CR-algebra operations. For a space X, the cohomology KgR(X;ig) has commuta-
tive associative multiplication K p(X;Z9)@crKEr(X;%s) = K&p(X;7Zs) induced by the di-
agonal X — X x X using the homomorphism p of Theorem 2.8. In particular, for elements
z € KO™(X;Zs), y € KO"(X;Zs), z € K¥(X;Zs), and w € K'(X;Zs), there are products
zy € KO™™M(X:Z,) and zw € K5T(X; Z,) satisfying the usual relations including:

(-

t

(i) zy = (-1)™"yz and zw = (—1)"wz;
(i) c(zy) = (cz)(cy);
(iii) r((cx)z) = z(rz);
(iv) (zw)* = z*w*.

For odd dimensional elements, we obtain additional squaring properties which will be refined in

Proposition 3.11 below.

Proposition 3.2. For a space X and elements x € KO™(X; 22) and z € K*(X; 22), we have:
(i) 22 =0 when m =1,—3 mod &;
(i) z* =0 when m = —1,—5 mod &;

(iii) 2% = 0 when s is odd.

Proof. Part (i) follows by [11, p.66]. Part (ii) follows since z* = (nA%z)? = p?(nA2A%z) = 0 by
[11, p.67] when m = —1 and by [12, Proposition 2.2] when m = —5. Part (iii) follows by, e.g., [7,
Theorem 1.11]. O

The algebraic structure of K z(X; 22) is shaped by two important families of unstable operations

which we call the ¢’s and 6’s.

3.3. The operations ¢. By [10, Theorem 6.5], for a space X, there are natural operations
¢: K°(X;Zs) — KO°(X;Zy)
¢: K Y(X;Zy) — KO°(X;Zy)

such that the following relations hold for elements a,b € K°(X; 22) and z,y € K~}(X; 22):

¢(a+b) = da + ¢b + r(a*b);

¢(z +y) = ¢z + ¢y +rB~ (z*y);

p(a*) = ¢(a) and ¢(z") = —¢();

¢(ab) = (¢a)(4b);

plaz) = (¢a)(¢z);
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(vi) ¢B~!(zy) = (¢)(dy);

(vii) ¢(1) =1;

(viii) p(ka) = k2¢a and ¢(kz) = k2px for k € Zy;
(ix) co(a) = a*a and co(z) = B~ (z*x).

For convenience, we extend the operation ¢ periodically to give ¢: K?!(X; Zg) - KO°(X; Zg) and
¢: K271(X;Zy) — KO°(X;Zsy) with ¢pw = ¢B'w for all i € Z and elements w. This corrects an
inconsistent, extension of ¢ used in [10, Theorem 6.5]. We note that the operation ¢ on K~ (X;Zs)

was implicitly introduced by Seymour [16]. We now consider:
3.4. The complex operations . For a space X, we let
=—X: K°X;Zy) — K°(X;2,)
§=—X: K '(X;29) — K (X;25)
be the specified exterior power operations and let ¢2: K°(X;Zs) — K°(X;Zs) be the Adams

operation with ©%(a) = a® + 2a. As in [7], we have the following #-ring relations for elements

az) = (V?a)(fz);
B~'zy) = B~ (6x)(0y);

ka) = k(fa) — (5)a® and 0(kz) = k(0z) for k € Zo.

For convenience, we extend the operation @ periodically to give 8: K2!(X; Zg) — K% (X; Zg) and
0: K> Y(X;Z,) — K%~V (X;Z,) with fw = B~70B'w for all i,j € Z and elements w. We note
that K°(X;Zs,) and K~(X;Z,) have additional exterior power operations, but these are captured
by the action of the stable 2-adic Adams operations as shown in [7]. Since we are primarily interested

in the unstable operations, we now turn to:
3.5. The real operations 6. For a space X, we let
0 =-X\: KO"(X;Zs) — KO°(X;Zy) forn=0,—4

0 =-\2: KO"(X;Zy) — KO™Y(X;Z,) forn=-1,-5
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0 =-X: KO"(X;Zs) — KO'(X;Zs) forn=1,-3
be the specified exterior power operations of [10, Section 6]. To simplify formulae, we now treat
the cohomology KO*(X;Zs) as 7 /8-graded with Bg = 1, and we periodically extend the above
operations 8 to KO*(X;Z,). We likewise treat the cohomology K*(X;Z,) as Z/8graded with
B* = 1, and we periodically extend the preceding operations ¢ and 6 to K*(X; Zg) For convenience,

we also use the Adams operations
WP KO™ Y (X;Zy) — KO™(X;Zy)
defined for m = 0,42 mod 8 and i € Z by

5 2?2+ 20z form =0 mod 8
Y (z) = _
rfcx for m = 4+2 mod 8

where the target dimensions of the complex operations 8 are determined by the context. There are
elementary relations:
(i) ¥*(z +vy) =%z + 9%y for m =0,—2 mod 8,
(i) ¥2(z +y) = %z + >y + n’zy for m =2 mod 8,
(iii) ey®x = ¢%cx for m =0,4£2 mod 8,
which may be derived using the #-ring formula ¢?a = fa — 6(—a) and the CR-module formula
n? = rBc. We devote the rest of this section to a detailed study of the algebraic relations involving

the real 2-adic operations @, starting with sum and product formulae.

Proposition 3.6. For a space X and elements x,y € KO™(X; 22), we have

0r+0y—zy forn=0,—4 mod 8
Oz +y) = <0z+0y forn=-1,-5 mod 8
Ox +0y +nxy forn=1,-3 mod 8.

Proof. This follows from [10, Theorem 6.4] since § = —\2. O

Proposition 3.7. For a space X and elements x € KO™(X; Zg) and y € KO™(X; Zg), we have
(0z)y? + 2*(0y) + 2(0z)(8y) for my,n=0,—4 mod 8

(V%) (8y) for m even and n odd

O(zy) = 4 (8z)(¥?y) for m odd and n even
(0x)(0y) for myn odd and m+n=0,—4 mod 8
r(fcx)(Bey)) — z2y? for m,n =+2 mod 8.

This will be proved in 7.7. For brevity, we have not specified the target dimensions of the

operations 1? and # in these formulae, since they are sufficiently determined by the context.
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Proposition 3.8. For a space X and elements x € KO™(X; ZQ), k€Zs and 1€ KO°(X; 22), we
have (1) = 0 and

_ (k)2 — 0
O(kz) = {kﬁx (;)2* forn=0,-4 mod8

kfx for n odd.

Proof. This follows from [10, Theorem 6.4] since § = —\2. O

Proposition 3.9. For a space X and element x € KO™(X; Zg), we have
np?x  forn=0,—4 mod 8§
f(nx) = <nfdz forn=1,—-3 mod 8
0 forn =42 mod 8.
This will be proved in 7.3. In the case n = 0,—4 mod 8, we can equivalently write 8(nz) = na?

since Y%z = 22 + 20x. We next consider the operation
€ = rB%: KO*(X;Zy) — KO*™(X;Zy).

Proposition 3.10. For a space X and element © € KO"(X; 22), we have
20 —x2 forn=0,—-4 mod 8
(&) =
20x for n odd.
This will be proved in 7.5.

The operations # play an important role in formulae for squares of elements in KO*(X; Z2).

Proposition 3.11. For a space X and element x € KO™(X; Zg), we have
nbx forn=-1,—-5 mod8
2 =40 forn=1,-3 mod 8
—rfcx forn =+2 mod 8.

This will be proved in 7.2 using results of Crabb and Minami. A similar result is:

Proposition 3.12. For a space X and element x € KO™(X; 22), we have
x? forn=0,—4 mod 8

0 formn=-1,—-5 mod 8

nfr forn=1,—-3 mod 8

r@cx forn =42 mod 8.

pcx =

This will be proved in 7.4. Our last three propositions will give formulae for the commutation of

# with the operations ¢, r, and ¢.

Proposition 3.13. For a space X and element € KO™(X; %) with n 2 +2 mod 8, we have

Ocx = chzx.
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Proof. This follows by [10, Theorem 6.4]. O

Proposition 3.14. For a space X and element z € K"(X; 22), we have
r@z — ¢z forn=0,—4 mod8

Orz = {rfz+nopz forn=-1,—-5 mod 8
rfz forn=1,-3 mod 8.
Proof. This follows by [10, Theorems 6.4 and 6.5]. O

Proposition 3.15. For a space X and element z € K"(X; 22), we have
b6 = r(2%02* + (62)(0z*)) forn =0
@0z forn =—1.
This will be proved in 7.6. Although we are primarily interested in unstable operations, we finally

consider:

3.16. The stable 2-adic Adams operations. For a space X, the cohomology K¢ ,(X; Zg) of 3.1is
endowed with the usual stable Adams operations ¥ : K*(X;Zs) — K*(X;Zs) and % : KO*(X;Z5) —
KO*(X;Zs) for units k € Z(XQ) or more generally for units k € ZJ (see, e.g., [10]). Moreover, for
elements = € KOm(X;Z2), Yy € KO”(X;zg), z € KS(X;ZQ), and w € Kt(X;Z2), we have the
usual relations including: ¢*(zy) = (*z)(W*y), V*(wz) = WFw)(Y*z), Y*Brz = k*Bgri’z,
Y*Bz = kBykz, Yrex = cpfz, YFrz = ryFz, and ¢YFnz = nyFz. We also have the following
formulae for the commutation of ¢* with the operations # and ¢:
(i) Y*0z = Op*x for m =0, —1,1;

(ii) *0z = O(k 2*x) for m = —4, -5, —3;

(iii) ¢*0z = Ok 2 for s = 0, —1;

(iv) Y*pz = ¢p*z for s = 0 and V¥ ¢z = k= ok 2 for s = —1.
These will be proved in 7.8.

4. PROOFS OF THE KUNNETH THEOREMS

The rest of this paper will be devoted to proving results of Sections 2 and 3. In this section, we
prove the Kunneth theorems 2.3, 2.8, and 2.12, together with the lemmas 2.7 and 2.11 for united
2-adic K-theory. We start with the C' R-results. To use the work of [5], we need:
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4.1. Pontrjagin duality for 2-adic C'R-modules. Recall that Pontrjagin duality gives contravari-
ant equivalences (—)f : AP = Ab : (—)* between the category Ab of 2-torsion abelian groups and
the category Ab of 2-profinite abelian groups. As in [10, Theorem 3.1], this prolongs to contravariant
equivalences (=) : CR? < CR : (—)* between the category CR of 2-torsion C' R-modules [5, Section
4.7] and the category CR of 2-adic CR-modules, where the former are indexed homologically. More
explicitly, a 2-torsion CR-module M € CR corresponds to a 2-adic CR-module M! ¢ CR with
(M*)2, = (MS)* and (M*)% = (ME ,)* for n € Z, where the operations B,t, Bg,n, ¢, and r in M*
correspond respectively to B, t, Bg, n, rB%, and B~2c in M. We note that M is Bott exact or
C R-exact if and only if its Pontrjagin dual M* has this property. For a spectrum X, there are now

natural isomorphisms of 2-adic C'R-modules
Kep(X;2s) = KOR(X;5Z0=) = KIB (rX)F

by [10, Theorem 3.1], where 72X is the 2-torsion part of X given by the homotopy fiber of X —
X|[1/2]. To prove Lemma 2.7 on projectivity and flatness in CR, we need:

4.2. Free 2-adic CR-modules. For a 2-profinite abelian group G € Ab and integer n, there are
free 2-adic C R-modules F¢ (G, n) and Fr(G,n) whose maps into a 2-adic C R-module M correspond
to the maps G — My and G — M7. We may obtain F(G,n) and Fr(G,n) explicitly by tensoring
G with the free C R-modules of [5, Secton 2.4]. When G is torsion-free, F:(G,n) and Fr(G,n) are

projective in CR since G is projective in Ab, and they are flat in CR since @ is flat in Ab and since

(Fo(Gn)®crM)s = (GOME") & (GOME™)

(Fo(G,n)®crM)g
(Fr(G,n)®crM)E: = GOME"

GoME™"

(Fr(G,n)®crM)y = GOM "

for 2-adic C R-modules M € CR.

4.3. Proof of Lemma 2.7. There are enough projectives in CR given by finite direct sums of
Fo(G,n)’s and Fr(G,n)’s for various torsion-free G € Ab and n € Z. The implication (i) = (i)
now follows since each projective M € CR is a quotient (and hence direct summand) of a flat
projective module of the above sort. The implication (i) = (i) follows by applying M&cr to the

exact sequences

... — Fr(Zyn-1) SUN Fr(Zy,n) 1, Fe(Zg,m) 1B, Fr(Za,n—2) UG

0 — Fo(Zo,n) -2 Fo(Zo,n).
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The remaining implication (ii) = (iii) follows from the Pontrjagin dual result in CR, which in turn
follows from [5, Proposition 4.9]. O

The proof of the Kunneth theorem 2.8 will depend on two lemmas.

Lemma 4.4. If X andY are spectra with I?EVRX (or I?EVRY) flat inCR, then - I?}}RX®CRI/(\'5RY —

I?ER(X AY) is an isomorphism.

Proof. When Y is the sphere spectrum S, this follows since I?EVRS = FR(Z2, 0) is the unit for ®cg.
When Y is a finite spectrum, it follows by induction on the number of cells in V" since K, &rX is flat.

The general result then follows by a limit argument. O

Lemma 4.5. For a spectrum X, there exists a spectrum P and a map f: X — P such that IA(ERP
is flat in CR and f: I?BRP — I/(\'éRX is onto.

Proof. Let f: X — P be a map from X to a (possibly infinite) product P of spectra YiK 7, and
YiKOZ, such that f*: I?BRP — I?EVRX is onto. This P is a finite wedge of suspensions of spectra
KG and KOG for various products G = [] Z2, and we must, show that K, &g carries such KG and
KOG to flat modules in CR. For this, it suffices by 2.5 and Lemma 2.7 to show that K*(KG;Z,)
and K*(KOG; Zy) are torsion-free and concentrated in even degrees. This follows by 4.1 since s KG
and 7, KOG are (possibly infinite) wedges of spectra £~ KZ s~ and £ 7! KOZs~ which have suitable
K-homologies by [5, Theorem 8.2]. O

4.6. Proof of Theorem 2.8. By Lemmas 4.5 and 2.7, we may choose a spectrum P and a map
f: X — P with homotopy cofiber P’ such that f*: I?BRP — I?éRX is onto and such that I?BRP
and IA(g » P are flat in CR. Thus, by Lemma 4.4, we obtain a short exact Kunneth sequence from
the long exact IAQ} g-sequence of X AY = PAY — P'AY, and we deduce the required naturality
by the argument of Atiyah [2]. The result for spaces follows easily from the result for spectra. O

4.7. Proof of Theorem 2.3. Lemmas 4.4 and 4.5 remain valid when IA(E*R: (fR, and ®cg, are
replaced by IA(*, /6*, and ®g~. Hence, Theorem 2.3 follows as in 4.6. O
We now proceed to prove the corresponding C'RT-results assuming some familiarity with the

work of [5] and [10].

4.8. Pontrjagin duality for 2-adic CRT-modules. As in [10, Theorem 3.1], the Pontrjagin
duality equivalences (=) : Ab°® < Ab : (=)f prolong to equivalences (—)! : CRT°P S CRT : ()
between the category CRT of 2-torsion C'RT-modules [5, Section 2.1] and the category CRT of
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2-adic C' RT-modules, where the former are indexed homologically. More explicitly, a 2-torsion
CRT-module M € CRT corresponds to a 2-adic C RT-module M* € CRT with (M*)2 = (MS)E,
(M*#) = (M§+4)ﬂ, and (M*)% = (M}f_‘_3)’i for n € Z, where the operations B, t, Bg, Br, tr, 1, €,
7, ¢, and v in M* correspond to B, t, Bgr, Br, tr, 1, T, €, YB?, and B~2( in M. We note that M
is C RT-exact if and only if its Pontrjagin dual M* has this property. For a spectrum X, there are
now natural isomorphisms of 2-adic C'RT-modules
K pp(X;2s) = KOT(X; Zgw)t 2= KEAT (7,X)F
by [10, Theorem 3.1].

4.9. Free 2-adic C'RT-modules. For a 2-profinite abelian group G € Ab and integer n, there
are free 2-adic CRT-modules Fe(G,n), Fr(G,n), Fr(G,n) whose maps into a 2-adic C RT-module
M correspond to the maps G =+ Mp%, G — Mg, and G —+ M} as in 4.2. Moreover, when G is

torsion-free, the modules Fo(G,n), Fr(G,n), and Fr(G,n) are projective and flat in CRT.

4.10. Proof of Lemma 2.11. The above proof of Lemma 2.7 is easily modified to prove Lemma
2.11 using 4.8, 4.9, and [5, Theorem 3.3]. O
Before proving the general Kunneth theorem 2.12 for united 2-adic K-cohomology, we note the
following technical lemma which was used to construct the product homomorphism in that theorem.
Lemma 4.11. The relation
(et)ou = po(erAl)+po(1Aer)+nopu

holds in [KT AN KT,KT], where u: KT AN KT — KT is the multiplication map.

This will be proved in 4.15.

4.12. Proof of Theorem 2.12. Lemmas 4.4 and 4.5 remain valid when I?BR, éR, and ®cp are
replaced by K@RT, éRT, and &crr. Hence, Theorem 2.12 follows as in 4.6. O

To prove Lemma, 4.11, we must show that the difference map
D = (er)op—po(erAl)—po(lAer) —nop

is trivial in [KT A KT, KT1);, and we first consider:
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4.13. The action of er on 7. KT. By [5, Section 1.6], the graded commutative ring . KT has
74 KT = 7 = (BLY, 741 KT = 7,/2 = (Bhn), mi3KT = 7 = (Bhw), and 74,12 KT = 0 for
i € Z, where the product is determined by the relations > = 0, nw = 0, and w? = 0. Moreover, by
[5, Sections 1.6 and 1.7], the map er € [KT, KT]; induces a homomorphism er,: 7. KT — Ty 1 KT
with er.(B%) = nBl for i even, with er.(B%) = 0 for i odd, with er.(nB%) = 0 for all i, and with

€T (Brw) = 2BE! for all 4.

Lemma 4.14. The compositions Do (1 Ae) and go D are trivial where 1ANe: KTAS - KT ANKT

is the canonical map and where q: KT — KTgq is the rationalization.

Proof. It is straightforward to verify that D o (1 A e) is trivial since (er) oe = n € m KT by
4.13. To verify that ¢ o D is trivial, it suffices to show that D.(z A y) is trivial in m;4 ;11 KT
for each z € m KT and y € m; KT. This follows by a calculation using 4.13 together with the
relation (f A g)«(z Ay) = (1) fux A gy in Titjrmin (KT A KT) for maps f € [KT,KT),, and
g € [KT, KT].. O
4.15. Proof of Lemma 4.11. As in [5, Section 1.2], we let C(n*) = S U,2 €® and recall that
the unit map S — KT may be extended to a map w: C(n?) — KT that induces a KO-module
equivalence KO A C(n?) ~ KT. Since er € [KT,KT); is a KO-module map, the desired triviality
of D € [KT A KT, KT); will follow from the triviality of D o (w Aw) € [C'(n?) A C(n?), KT),. By
[5, Section 1.3], we have
C*) vVEC(n?) = C*) AC(n?)

C®), KT 2 Z/26 L

(XC(n*), KT, 2 Z o Z
where the wedge summand C(n?) is mapped by 1 Ae: C(n?) — C(n*) A C(n?). Consequently, the

triviality of Do (wAw) will follow from the triviality of the maps Do (wAw)o(1Ae) € [C(n?), KT)x
and go D o (w Aw) € [C(n?*) AC(n?), KTg]1, which in turn follows from Lemma 4.14. O

5. THE MOD 2 K-COHOMOLOGICAL FUNCTORS j* AND h*

In preparation for our proofs of relations for unstable operations, we now introduce mod 2 sim-
plifications, j*X and h*X, for the cohomologies KO*(X; Zg) and K*(X; Z2) of a spectrum or space

X. These simplifications will help us to handle the purely real parts of these cohomologies. We
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show that j*X and h*X have convenient multiplicative properties, and we obtain Kunneth theo-
rems for them. We also show that h*X has a natural differential satisfying a Leibniz formula and
show that this differential vanishes if and only if K¢ p,(X; 22) is C' R-exact. Although we approach
j*X and h*X directly, we note that they may equivalently be derived from the Bott exact couple
for KO*(X;Z5) and K*(X;Zs) (see Proposition 5.7).

5.1. The functor j*. For a spectrum or space X, we let j*X be the graded profinite Z /2-module
J*X = KO*(X;Zy)/rK*(X;Zy) = nKO*Y(X;Z,).
We may view j*X as a module over the graded commutative Z /2-algebra j* = j*S with j78% =

Z]2 = (BY) and j 781 = Z/2 = (nBL) for k € Z and with j® = 0 for n # 0,—1 mod 8. For
spectra X and Y, there is a product homomorphism

p: FX@5 7Y — jF(XAY)
induced by the K O-cohomological product homomorphisms j™ X ®;"Y — j™t*(X AY) for m,n €
Z. Likewise, for spaces X and Y, there is a product homomorphism

pr X @Y = 75 (X xY)
and j*X has a commutative graded algebra structure over j*. For a spectrum or space X, we see

from 2.5 that K¢ ,(X; Z2) is C'R-exact if and only if j*X is free as a j*-module.

Theorem 5.2. If X and Y are spectra with K} p(X; Z) CR-ezact and K*(X;Z,) torsion-free (or
with K&p(Y; %) CR-exact and K*(Y;Zy) torsion-free), then p: j*X&;.j*Y — j*(X AY) is an
isomorphism. This also holds for spaces X and Y when X AY is replaced by X x Y.
Proof. We may assume that X and Y are spectra. Then
i Kap(X3 2)onK (Vi) — Kap(X AY;2)
is an isomorphism by Theorem 2.8, and it suffices to show that the natural map
(Mg/r)®j-(Nr/r) — (M&crN)R/T

is an isomorphism whenever M and N are 2-adic C R-modules with M CR-exact and M¢ torsion-
free. By 4.3, we may assume that M is Fr(G,n) or Fo(G,n) for some torsion-free 2-profinite G and

integer n, and the result then follows easily using 4.2. O
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5.3. The functor h*. For a spectrum or space X, we let h*X be the graded profinite Z /2-module
with

ker(1 —t)

im(1+¢)

for the involution t = ¢ 1: K"(X;Zy) — K™(X;Zs). We may view h*X as a module over the
graded commutative Z /2-algebra h* = h*S with h~*F = Z /2 = (B?**) for k € Z and with h" = 0 for

X =

n Z 0 mod 4. For spectra X and Y, there is a product homomorphism

p: W X&ph*Y — (X AY)
induced by the K-cohomological product homomorphisms p: h™X®h"Y — A™H(X AY) for
m,n € 7. Likewise, for spaces X and Y, there is a product homomorphism

p: h*X&ph*Y — h*(X x Y)

and h*X has a commutative graded algebra structure over h*.

Theorem 5.4. If X and Y are spectra with K*(X; Zs) (or K*(Y'; Zy)) torsion-free, then p: h*X &p-h*Y —»
h*(X AY) is an isomorphism. This also holds for spaces X and Y when X AY is replaced by X XY .

Proof. We may assume that X and Y are spectra. Then
p: K*(X;Z0)OK*(Y; Zy) — K*(X AY; Zy)
is an isomorphism by Theorem 2.3, and we may proceed algebraically. Let Inv be the category of

2-profinite abelian groups with involution ¢ (i.e., with endomorphism ¢ having #> = 1). Then, by [5,

Proposition 3.8] and 4.1, each torsion-free N € Inv has a direct sum decomposition

M= IeJe (GatG)
for 2-profinite abelian groups I, J, and G, where t =1 on I and t = —1 on J. This may be used to
decompose K*(X; Z2) We also note that, for each N € Inv, the object (G o tG)®N € Inv, with

diagonal ¢ action, is isomorphic to (G&N) ® t(G&N) € Inv. This allows us to ignore the G' & tG
components of K*(X; Zg), and the result follows easily. O

5.5. The complexification and realification maps. For a spectrum or space X, welet c: j*X —
h*X and r': h*X — j*T3X be the complexification and realification maps given by c[z] = [cz] for
@ € KO*(X;Z) and by r'[z] = [y] for z € K*(X;Zs) with tz = z and for y € KO*t3(X;Z,) with
ny = rB~1z, where such a y exists by Bott exactness since ¢c(rB~1z) = (1+t)B~'z = 0. For spectra

X and Y with m,n € Z, the maps ¢ and 7’ have the usual multiplicative properties:

cp = p(ce): jmXR5"Y — KX AY)
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p(1r") = ' p(e®l): jPXOAY — jPIT3 (X AY)

p(r'@1) = r'p(1&e): hmX&5"Y —s jm T3 (X AY).
These also hold for spaces X and Y when X AY is replaced by X x Y. Moreover, the map
c: j*X — h*X is an algebra homomorphism, while »': h*X — j**3X is a left or right j* X-module

homomorphism. Other basic properties are given by:

Proposition 5.6. For a spectrum or space X, the operations c: j*X — h*X andr': h*X — j*3X
satisfy:
(i) ¢Br = B*c and Bgrr' = r'B*;
(ii) en =0, r'¢ =0, and nr' =0;
(iii) r'B%c=1n;
)

B2cr' = er' B2.

—

(iv
Proof. The relations (i)—(iii) follow easily from the C'R-module relations in 2.4. The relation (iv)
requires additional input from united K-theory and will be proved in 5.14. a
Proposition 5.7. For a spectrum or space X, the sequence

s LY T xS X Ty iy Ty

18 exact.

Proof. This sequence is equivalent to the derived couple of the Bott exact couple
e KON (X ) s KO* (X3 2) —55 K*(X;20) — 23 KO*™(X;25) s ...
O

5.8. The differential in A*X. For a spectrum or space X, we define a differential 9: h*X —
h*~'X by 8 = B%cr' = cr'B2. Of course, this is equivalent to the differential cr’' of the above
derived couple. It has the properties 8% = 0, B?0 = dB?, 0c = 0, and r'd = 0 by Proposition 5.6,

and it obeys a Leibniz rule by:

Theorem 5.9. For spectra X and Y and for elements x € h™X and y € h"Y, we have O(xy) =
(0z)y + x(y) in K™ Y X AY). This also holds for spaces X and Y when X A'Y is replaced by
X xY, and holds for a space X =Y when X AY is replaced by X.

This will be proved in 5.15. Our main interest in 0 stems from its connection with the C'R-

exactness condition.
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Proposition 5.10. For a spectrum or space X, the cohomology KE«R(X;ZQ) is CR-exact if and
only if 0 =0 in h*X. This happens if and only if 7*X is free as a j*-module.

Proof. The following conditions are successively equivalent: (i) K% (X ;Zs) is C R-exact; (ii) kern C
imn in j7*X; (iii) im7’ C kerc in j*X; (iv) er' =0 in h*X; and (v) @ =0 in h*X. The proposition
now follows from 5.1. O

When the cohomology K¢ ,(X; 7,) is C R-exact, we may view h*X as a first approximation to

7*X by:
Proposition 5.11. If X is a spectrum or space such that K} p(X; Zg) is C R-exact, then the com-
plexification map

e+ B (U X)/ne ("X — WX

s an tsomorphism.

Proof. There is a short exact sequence
0 — (j*X)/n - B*X 5 ("3 X)\n — 0

by Proposition 5.7 where (%13 X)\n denotes the kernel of 5: j*™3X — j**2X. When K 5(X;Zo)
is C' R-exact, there is an isomorphism n: (j*71X)/n = (j*+3X)\n which factors as the composition
of B%c: (j**1X)/n — h*X and r': h*X — (j*T3X)\n by 5.6 (iii). This gives a splitting of the
short exact sequence, and the result follows using Br: j*t*X = j*~1X. |

We devote the rest of this section to proving 5.6(iv) and Theorem 5.9 using inputs from united
K-theory. For a spectrum or space X, we let h%.X denote the graded profinite Z/2-module

BeX = KT*(X;Zo)/(yK* N (X;Zo) + erK*(X; Z)),

and we let : h%X — h*X be the homomorphism induced by ¢: KT*(X; Z5) — K*(X;7Zs) using
the relations t¢ = ¢, ¢y =0, and (er =1+t of [5, Section 1.9].

Lemma 5.12. For a spectrum or space X, ¢: h7:X — h*X is an isomorphism.

Proof. The homomorphism
¢ KT*(X;2) [y — K*(X;Zo)\(1 - 1)
is an isomorphism since Kgpp(X;Z2) is CRT-exact by 2.9. The lemma now follows since the

homomorphism er: K*(X;Zy) — KT*(X;Z,)/y composes with the above isomorphism ¢ to give
1++¢. a
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We may now replace h* X by h}, X in the exact sequence of Proposition 5.7. Let €: j7*X — A5 X
and 7B7': %X — j*73X be the homomorphisms induced by e: KO*(X; Z5) — KT*(X;Z5) and
7Byt KT*(X;Zy) — KO*™3(X; Zy) using the relations 7B 'y = B2 and 7By'e = 0.

Lemma 5.13. The composition of e: j*X — h7 X with (: b5 X 2 h*X isc: j*X — h*X, and the
composition of (: h%X = h*X withr': h*X — j*3X is 1B;': b X — j*H3X.

Proof. This follows from the equality (e = ¢: KO*(X; Z2) - K*(X; Zz) and the equality rB~1( =
nTBrl: KT*(X;Zs) — KO*2(X;7Zs) of [5]. .

5.14. Proof of 5.6(iv). By Lemma 5.13, the operations eTBfl and Br in h}p X correspond to
the operations cr’ and B? in h*X under the isomorphism (: h%X = h*X. Thus, it suffices to
show Br(erB;') = (erB;')Br in h%X. This follows from the relations Brer = erBr + nBr and
n=~B(in KT*(X;Zs). O

5.15. Proof of Theorem 5.9. As in 5.14, the operation er in h}X corresponds to the operation
0 in h*X under the isomorphism (: h%X = h*X. Thus, for spectra X and Y and for elements
x € kX and y € h2Y, it suffices to show er(zy) = (erx)y +a(ery) in KT (X AY'). This follows
since, for elements z € KT™(X;Z,) and w € KT™(Y; Z,), we have

er(zw) = (et2)w + (—1)"z(eTw) + nzw

in KT™=1(X AY;Z,) by Lemma 4.11. 0

6. ON THE j* GROUPS OF SOME INFINITE LOOP SPACES

In this section, we complete our preparations for proofs of relations for unstable operations. For
a spectrum E and integer m, we let £, denote the infinite loop space Q§°X™E given by the base
component of Q>°YX™FE. Thus, for a connected space X, there is a natural isomorphism Em(X) =~
[X, E,,] which specializes to isomorphisms I?am(X;Zg) = X, @m] and K™(X;Z,) = [X,Km]
where KO and K denote the 2-adic completions of KO and K. Our main results in this section
(Theorems 6.1 and 6.2) will show the sparseness of primitive elements in the j* groups of @m and

K m- After stating these results, we turn to their proofs, which require some extensive preliminaries

and need not detain the reader.

Theorem 6.1. For each integer m, the cohomologies K@R(@m;zg) and KER(Km;Zg) are CR-
exact with K*(@m; Z5) and K*(Km; Z5) torsion-free.
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The proof is in 6.5. Letting L,, denote the infinite loop space @m or K m, We may now apply
the Kunneth theorem for j* to show that j*L,, is a 2-profinite Hopf algebra over j* = j*(pt). Using
the spectrum B*L,,, welet o: j*B*L,, — Pj*L,, denote the infinite cohomology suspension from
j*B*® Ly, to the primitives in j*L,,. We now give the needed sparseness results for Pj*KQ,, and

Pi*K, .

Theorem 6.2. We have:
(i) Pji@() =0 fori#0,—1 mod 8 and n: Pji@() - PjFl@O is monic
fori=0 mod 8 withn =0 on Pji’1@0;

(i) Pj"@1 =0 fori# 1,0 mod 8 and n: Pj"@1 — Pj"_lﬁ1 is monic
fori=1 mod 8 withn =0 on Pji_1@1;

(iii) PjiKO, =0 fori #2,1 mod 8 and n: PjiKO, — Pji*KQO, is monic
for i = 2 mod 8 with n = 0 on Pji’1@2; in fact, o: j*B"O@2 =
Pj*KO,;

(iv) PjiKOs =0 for i #3,2,—1,—-2 mod 8 and n: PjiKO; — Pji KO, is
monic for i =3,—1 mod 8 withn =0 on Pji’1@3;

(v) PjiKO_, =0fori#0,—1,—4,—5 mod 8 andn: PjiKO_, — Pji"'KO_,
is monic for i =0,—4 mod 8 withn =0 on Pji_1@74;

(vi) PjiKO_5 =0 fori#1,0,—3,—4 mod 8 andn: PjiKO_, — Pj" KO _,
is monic for i =1,—3 mod 8 withn =0 on Pji”@_:i;

(vii) PjiKO _, =0 fori# —2,—3 mod 8 and n: PjiKO_, — Pji"'KO _, is
monic fort = —2 mod 8 withn =0 on Pji_1@_2; in fact, o: j*Bm@_Q =
Pj*@—w'

(viii) PFPKO_, =0 fori# —1,—2 mod 8 and n: Pi*KO_, — Pji"'KO_, is
monic for i = —1 mod 8 withn =0 on Pji_lﬁfl;

(ix) PjPK_, =0 fori # 1,0,—1 mod 8 and a*: PjiK_, = PjiS! fori =1
mod 8 where a: S* — K_, is obtained from the inclusion U(1) C U;

(x) PjiKO =0 fori# 0,—1 mod 8 and n: PjiK0 — Pji_IKO is monic for
i =0 mod 8 withn =0 on Pji~'K,.

The proofis in 6.10. In preparation, we first recall a result from [7], using notation and terminology
of that paper. For a 2-profinite abelian group G, we let IG = G x G x G x ... denote the 2-adic

Y%-module with ¥?(x1, 2, 73,...) = (0,21, T2,...).
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Theorem 6.3. Let E be a 0-connected spectrum with K*(E;7Z5) torsion-free. Then K*(Q%E; Z,)

is torsion-free, and if K°(E; Zg) =0, then there is a natural isomorphism
K*(Q%®E;Zy) = AK'(E;Z)&ANH' (E; %)% JH?(E; Z)
of 7./2-graded 2-adic \-rings and Hopf algebras. Also, if K'(E;Zs) = 0 and H'(E;Zs) = 0, then

KY(Q>FE; 22) =0 and there is a natural isomorphism
KU (Q®E;7y) = W(K°(E; L) | H?(E; 2,))
of 2-adic A-rings and Hopf algebras.
Proof. This is obtained from [7, Theorem 8.3]. O
The above result applies to the spectra Bm@m and BOOKm by:

Theorem 6.4. For each m, K*(Bm@m; 7.5) and K*(BOOKm; 75) are torsion-free with Km+1(B°°@m; Zy) =
0 and Km‘H(BOOKm;ZQ) = 0. Moreover, for each m, Km(B“@m;Z2) has v=' = 1 with

c: KO™(B®KO, ;%) = K™(B®KO, :7s), and K™(B¥K, :75) is of the form G®1 G (under

the =t action) for some 2-profinite abelian group G.

Proof. Since all Postnikov spectra and all uniquely 2-divisible spectra are K/2.-acyclic, the maps
B*KO,, — S"KO + Y™KO and B®K, — Y™K + Y™K are K/2.-equivalences. Hence, they
are also K Z;—equivalences and K OZ;—equivalences. Thus, it suffices to prove the version of the
theorem with m replaced by 0, with B‘”@m replaced by KO, and with B“Km replaced by K.
This version follows using our knowledge of KCF(KO0Za~) and K¢E(KZy) from [5, Theorem 8.2]
and using the Pontrjagin duality of [10, Theorem 3.1] between KCF(EZyw) and K} 5(E; Z) for a
spectrum FE. |

6.5. Proof of Theorem 6.1. Let L,, denote @m or Km Then K*(Lm;Zg) is torsion-free by
Theorems 6.3 and 6.4. Moreover, for m even, K¢ p(Lm; 7Z5) is CR-exact since K*(Ly;Z2) = 0 by
the above theorems. Now let m be odd, and let L,, be the 1-connected cover of L,,. By Theorems
6.3 and 6.4, h*L,, = AM is a 2-profinite exterior Hopf algebra on primitives M C h*L,, which
are concentrated in a single degree modulo 4. Since the differential @ of 5.8 must carry primitives
to primitives, it must vanish on M and hence vanish on h*L,, = AM by Theorem 5.9. Thus,
K¢ (Lo Z,) is C'R-exact by Proposition 5.10. Moreover, K¢ p(K(m Ly, 1); Z,) is C'R-exact since
71 Ly, is Zo, Z/2, or 0. Finally, since L, ~ L x K(m Ly, 1), we conclude that KE«R(Lm;ZQ) is
C R-exact by Theorems 5.4, 5.9, and 5.10. |

To prove Theorem 6.2, we shall use:
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6.6. The functor j*. For a spectrum or space X, we let j*X be the graded profinite Z /2-module
X = X/ X
We may view j*X as a module over the graded commutative Z /2-algebra j* = j*S with j 8% =
Z]2 = (B) for k € Z and j® = 0 for n Z 0 mod 8. For spaces X and Y, there is a product
homomorphism
pe X &5 Y — (X x V)
which is an isomorphism by Theorem 5.2 when K&, (X;%s) is CR-exact with K*(X;7Zs) torsion-
free. By Theorem 6.1, this applies when X = L,,, where L,, denotes the infinite loop space @m

or K m- Thus, j*L,, is a 2-profinite Hopf algebra over j*, and there is a short exact sequence
0— L, 5 j*Lyy % "Ly — 0

where ¢ is the quotient map. Furthermore, we have:

Lemma 6.7. For each m, there is an exact sequence

0 — Pj**'L,, — Pj*Ly — Pj*Ly,

Proof. This follows by comparing the preceding short exact sequence with the short exact sequence
0 — 7" (L X Lin) =5 §*(Lyn X L) = §*(Lin % Ly) — 0

whose terms are expanded using the Kunneth theorems for j* and j* (5.2 and 6.6). a

Lemma 6.8. The following results hold for each m and n:
(i) if Pj"1 L, =0 and Pj"L,, =0, then Pj"L,, = 0;
(i) #f Pj"*L,, =0, thenn =0 on Pj"*'L,, and n: Pj"L,, — Pj" 'L, is
monic;

(iti) if o j*B>®Ly, = Pj* Ly, then o j*B® Ly, & Pj* L.

Proof. These results are obtained from Lemma 6.7 using the factorization n = nq: Pj*L,, —

Pj*~1L,, and using the short exact sequence

0— j*"'B*L,, 25 j*B*L,, - j*B*L,, — 0

To obtain Theorem 6.2, we may now use:

Theorem 6.9. We have:
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) PjiKO, =0 fori#0 mod 8;
) PJiKO, =0 fori#1 mod 8;
) PjiKO, =0 fori#2 mod & and o: j*B*KO, = Pj*KO,;
) PjiKO, =0 fori#3,—1 mod §;
(v) PJiKO_, =0 fori#0,—4 mod 8;
) PJKO_4=0 fori#1,—3 mod 8&;
) Pji@_Q =0 fori# —2 mod 8 and o: j*B"o@_Q = Pj*@_Q;
) PJiKO_, =0 fori# —1 mod 8;
) leK,l =0 for i Z 1,0 mod 8 and a*: leK,l = PjiSl for g

1l
—

mod 8 where a: S* — K_, is obtained from the inclusion U(1) C U;

(x) PjiK, =0 fori#0 mod 8.

6.10. Proof of Theorem 6.2. This theorem follows easily from Lemma 6.8 and Theorem 6.9. O
We devote the rest of this section to proving Theorem 6.9. We may approach Pj*L,, via Ph*L,,

using:
Lemma 6.11. Let X be a connected loop space such that K¢ p(X; Zs) is CR-ezact and K*(X;75)
torsion-free. Then there is an isomorphism
c+ B %¢c: Pj*X @ Pj* X = Ph*X.
Proof. This follows since there is a Hopf algebra isomorphism
c+B%: X & X 2 h*X.
by 5.5 and Proposition 5.11. |

The components of Ph*X are now given by Pj*X = Ph*X N¢j*X and Pj* X = Ph*X N

B~2¢j*~*X. This lemma may be combined with:

Lemma 6.12. We have Ph*K(Z/2",1) =0 for r > 1, Ph*K(Z4,2) = 0, Ph K (Zy,1) = Z /2, and

PhiK (Zy,1) = 0 for i Z 1 mod 4. Moreover, h°K (Z5,2) = 7./2 and hiK (Z2,2) = 0 for i Z 0

mod 4.

Proof. By Theorem 6.3, for a finite 2-torsion group G, we have K!(K(G,1); Zg) =0 and
K°K(G,1);Z) = J(G*) = Zy(G*)

where Zo(G*) is the group ring on G* with ¢! inverting elements of G¥. Thus, Ph*K(G,1) = 0

since WK (G,1) = Z/2(G/2)* and since h'K(G,1) = 0 for i Z 0 mod 8. Now the results for
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K(Z/2",1) follow immediately; the results for K (Zs,2) follow by limit arguments since h* K (Zo, 2) =
h* K (Ziye,1); and the results for K (Zs,1) follow since h* K (Zo, 1) = h*S*. 0

6.13. Proof of Theorem 6.9 except for parts (iii) and (vii). Let L,, denote @m or Km, and
let L, denote the 1-connected cover of L,,. For m odd, we have Ph*L,, = Ph*im@Ph*K(mLm, 1)
by Theorem 6.3, and we easily determine these summands using Lemma 6.12 and Theorem 6.4. We
then extract the groups Pj*L,, from Ph*L,, using Lemma 6.11 together with the operations 6 of
3.5 (when L,, = @m) and ¢ of 3.3 (when L,, = Km) This gives parts (ii), (iv), (vi), (viii), and
(ix) of Theorem 6.9. Next, let L,, = @m with m = 0 or m = 4. Then Kl(Lm;ZQ) = 0 and
K°(Lym; Z5) is torsion-free with =1 = 1 by Theorems 6.3 and 6.4. Hence,

0: QK* Y (Lypi1;7)2) =2 PK*(Lym;Z/2) = Ph*Ly,

by [8, Theorem 10.2]. We may now determine Ph*L,, by Theorems 6.3 and 6.4, and we then extract
the groups Pj*L,, from Ph*L,, using Lemma 6.11 together with the operator # of 3.5. This gives
parts (i) and (v) of Theorem 6.9. Finally, let Ly = Ko and let Lo be the 2-connected cover of
Lo. Using the splitting Lo ~ Lo x K(Zs,2) of [13], we obtain Ph*Lo = Ph*Ly by Theorem 5.4
and Lemma 6.12. We may now determine Ph*Ly and extract Pj* Lo as above to give part (x) of
Theorem 6.9. d

Before proving parts (iii) and (vii) of Theorem 6.9, we must make some algebraic preparations.
For a module M over F» (=Z/2) with involution t: M 22 M, we let h(M) be the homology of M with
respect of the differential d = 1 + ¢. For such modules M and N, there is a pairing h(M) @ h(N) —
h(M ® N) since d(z®y) = dz @y + Q@ dy + dr ® dy, and we obtain h(M) @ h(N) = h(M ® N) since
such modules decompose as direct sums of components Fy & tF5 and F». Thus, if A is an abelian
F>-Hopf algebra, then h(A) inherits this structure, where ¢t: A = A is the involution given by the
antipode (see [17]). As in [8, Appendix A], we let W, = F[x0,1,...] be the infinite Witt Hopf
algebra. Then:

Lemma 6.14. h(W,) is an exterior Hopf algebra on the generator xy.

Proof. We give W, the grading with |z;| = 2! for i > 0, and we consider the short exact sequence of
graded abelian Hopf algebras Wy — W, - W of [8, Appendix A], where Wy = Fz[zo] and where
W., = Fyx},z},...] is the infinite Witt Hopf algebra with |z}| = 2i*! for i > 0. Then W, is a free
graded Wy-module on any graded set of elements in W, which project to a graded basis for W/_,
as shown by an argument using the faithfulness of F5 ®w, —. We may now obtain an F»-basis for

W consisting of 1 and x followed by elements of the form {g,,tgq}« in higher dimensions. This
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is accomplished by copying partial bases of W, to W/, then lifting these copies back to W, and

then multiplying these lifts by powers of xg, with special arguments for the lowest lifts. O

Next, recall that the abelian F>-Hopf algebras form an abelian category [18, Corollary 4.16], and
let B — A — C be a short exact sequence of such Hopf algebras. Suppose A is irreducible (see e.g.

[7, Section 10.5]); suppose B = W..; and suppose C' = (JZ5/2)!. Then:
Lemma 6.15. The map h(B) — h(A) is an isomorphism.

Proof. Following Radford [14], we let B = B(® ¢ B") ¢ B® C ... be the natural filtration of 4 by
“wedges” of B, and we recall that there is a natural isomorphism of left B-modules B® C;/Cs_1 =
B(S)/B(Sfl) for each s, where Fy, = Cy C Cy C Cy C ... is the coradical filtration of C'. Since the
above filtrations all respect the action of ¢, we obtain a spectral sequence { EZ A} of left h(B)-modules
converging to h(A) with Ef A = h(B®) /B(-1) for s > 0. We find that the spectral sequence {E:C'}
collapses to h(C) = Fy with C;/Cs_; = F for s > 0 and with d;: E}™C = E?™'C for m > 1.
Using the natural chain isomorphism Fy ®p(p) EfA = E7C together with our knowledge of h(B)
from Lemma 6.14, we deduce that di: E?™A = E¥™ 1A for m > 1. Hence, the spectral sequence

{E$A} collapses to give h(A) = h(B). O

For a 2-profinite abelian group A with involution #: A = A, we let h*A = {h+A,h~ A} be the
Z /2-graded profinite Fr-module with h* A = ker(1—¢)/im(1 +¢) and with h~ A = ker(1+t¢)/im(1 —
t). When A is torsion-free, we obtain a natural isomorphism h*A & h™A = h(A/2) using the
decomposition of A described in the proof of Theorem 5.4. Moreover, for such torsion-free groups
A and B, we obtain a natural isomorphism h* A®h* B = h*(A&B) which agrees with the natural
isomorphism h(A/2)®h(B/2) = h(A/20B/2). We now consider the torsion-free 2-profinite Hopf
algebra W (f) of [7, Sections 7.6 and 7.9], where f: M — H is a map of torsion-free 2-profinite
abelian groups. Using the involutions induced by ¢ = —1 on M and H, we obtain a Z/2-graded
profinite Fy-Hopf algebra h*W (f) with a natural map h*M — PhEW(f).

Lemma 6.16. If f: M — H is a map of torsion-free 2-profinite abelian groups with H = 0 or
H = 7o, then the natural map hXM — PhEW (f) is an isomorphism.

Proof. Since M and W(f) are torsion-free, it suffices to show that h(M/2) — Ph(W(f)/2) is an
isomorphism. When f: Z, — 0, this follows by [7, Section 7.6] and Lemma 6.14. When f: Lo = Lo,
it follows by [7, Section 7.7] and Lemma 6.15. When f: 0 — Zs, it follows by retraction from the

preceding case with f = 0. The general result now follows by limit arguments since the given map
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f: M = 0or f: M — Z» may be decomposed as (possibly infinite) products of maps Ty — 0,
ZQ — 22, and 0 — 22. O

6.17. Proof of parts (iii) and (vii) of Theorem 6.9. For L,, = @m with m = +2, we have
0: h*ByLy, & Ph*Ly, by Theorem 6.3 and Lemma 6.16, and hence o: j*B*L,, = Pj*L,, by
Lemma 6.11. The desired results now follow since j*B*L,, = 0 for i # m mod 8 by Theorem

6.4. d

7. PROOFS OF RELATIONS FOR UNSTABLE OPERATIONS

In this section, we prove Propositions 3.7, 3.9, 3.10, 3.11, 3.12, and 3.15, giving all of the remaining
relations for unstable operations in {K*(X;Z,), KO*(X;Zs)}. Before focusing on specific relations,

we describe:

7.1. The basic method of proof. Suppose that we seek to prove a relation @ = [ for natural
operations a, 3: KO™(X; 22) — KO™(X; 22) defined for spaces X. We may assume that X is con-
nected since our operations a and f will act coordinatewise on KO*([[,, Xa; L) = [I, KO*(Xq; Zs)
for a disjoint union of spaces [ [, Xo. We check:
(i) @ = when X is a point;

(il) a — @ is additive for all X;

(i) ca = cB: KO™(X; %) — K"(X;Zs) for all X.
By (i) and (ii), it now suffices to show a = 3: Ko™ (X;Zs) — I?én(X; Z) for connected spaces X.

Equivalently, using the universal example X = KO, , it suffices to show i = B for the canonical

m>
class ¢ € If(\ém(@m;ig). This stable class ¢ is primitive in the sense that p*t = pj¢ + p3¢ in
f{?)m(@m x@m; Z2) where p1, p2, and p are the projection and addition maps from @m x@m
to @m Hence, the element ar — 51 € If(\(/)n(@m; Zg) is also primitive since a — 3 is additive.
Moreover, at — (¢ is in the image of 7 since it is in the kernel of ¢, and thus ar — St corresponds to a
unique element € € Pj”“@m with ne = ar — S by Theorems 5.2 and 6.1. It now suffices to show
that this error element ¢ € P j"“@m is trivial, and this may usually be accomplished using our

sparseness results on Pj "+1I/(bm from Theorem 6.2. In a few cases, we shall rely on other methods

involving Real K-theory.
7.2. Proof of Proposition 3.11. For a space X and element = € KO"(X;Zg), we have 22 =

n\2z = nfz for n = —1,—5 mod 8 by Crabb [11, p.67], Minami [12, Proposition 2.2], and [10,
Section 6.9]. We likewise have 22 = 0 for n = 1,—3 mod 8 by Crabb [11, p.66] and [10, Section
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6.9]. For an element # € KO™(X;Z,), we must show > = —rB~20Bcx when n = 2 and show
22 = —rB20B 'cz when n = —2, using the operation § on K°(X;Z,). We verify 7.1(i)~(iii)
using the relations 0(y + z) = 0y + 0z — yz and 0(y) + 6(—y) = —y? in K°(X;Z,). Hence, there
is an error element € € Pj2"+1@n with an isomorphism o: j2”+1B°°@n = Pj2"+1@n by
Theorem 6.2. Since the vy-stabilization homomorphism ® of [10, Section 7.1] is left inverse to
o, it also gives an isomorphism &: Pj2”+1@n = janB"O@n,
n: ;"B KO, — KO*"(B*KO,,;7s) by 5.1. We now deduce that € = 0 since n®e = 0 by [10,
Section 7.4], and the result follows. O

and there is a monomorphism

7.3. Proof of Proposition 3.9. For a (possibly nonconnected) pointed space X and element z €
—~— N ——0 A
KOn(X;Zg) with n = 1 or n = —3, we must show dnz = nfx in KO (X;Z,). When X is a finite

complex, this follows as in [10, Section 6.9] since
n: I?(/)I(X;Zz) © 1?6_3()(;22) — %O(X;Zﬁ ©® 1?6_4()(;22)
may be obtained by tensoring the A-homomorphism
i*: KRS AX)® KH(SYY A X) — KR(S™° A X) @ KH(X%° A X)

with the A-ring Z» where i: ¥%° A X — 10 A X is the standard inclusion. The general result
now follows by an inverse limit argument. For a pointed space X and element z € I?an(X ;Zg)
with n = 0 or n = —4, we must show dnz = n?z. This follows from the relation n = nf on
If(\énH(ZX; Z2). Finally, for a space X and element x € KO™(X; 22) with n = £2, we must show
Onx = 0. We verify 7.1(i)—(iii) using Propositions 3.6 and 3.13, and we obtain an error element
€€ Pj"@n. As in 7.2, there is a monomorphism n®: Pj"@n — KO”’l(BOO@n; Zg), and we
deduce that € = 0 since n®e = 0. This shows Onz = 0. O

7.4. Proof of Proposition 3.12. For a space X and element = € KO”(X;ZQ), we must show
¢cx = z° when n = 0 and show ¢B~2cx = Bp'2? when n = —4. The case n = 0 follows since
dcx = rfcz — Orex = 20z — 6(2x) = 2? by Propositions 3.13 and 3.14, and the case n = —4 follows
similarly. For z € KO™(X;Z,), we must show ¢cz = 0 when n = —1 and show ¢B~2cz = 0 when
n = —5. We easily verify 7.1(i)—(iii) and obtain an error element € € Pj1@n. The results now
follow since € = 0 by Theorem 6.2. For z € KO™(X; Zg), we must show ¢Bcx = nfx when n =1
and show ¢B~lcx = nfx when n = —3. We easily verify 7.1(i)—(iii), and we also obtain n¢Bcx =
0?0z and ndB 'cx = n?0z by Propositions 3.9, 3.13, and 3.14. Hence, there is an error element
€€ Pj1@n with ne = 0 in Pj0@n. The results now follow since € = 0 by Theorem 6.2. Finally,
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for z € KO™(X;Z,), we must show ¢Bcx = rfBcxz when n = 2 and show ¢B~'cx = rdB 'cx
when n = —2. The case n = 2 follows since ¢Bcx = r@Bcx — OrBcx = rfBcx — 0n*x = r@Bcx by

Propositions 3.9 and 3.14, and the case n = —2 follows similarly. |

7.5. Proof of Proposition 3.10. Since ¢ = rB?c, the result now follows easily from Propositions

3.12 and 3.14. 0

7.6. Proof of Proposition 3.15. For a space X and element z € KO(X;ZQ), we must show
B¢z = r(22(02%) + (02)(8z*)) in KO°(X;Zs). We verify the 7.1(i)—(iii) conditions using 3.3, 3.4, and
3.13, and we obtain an error element ¢ € Pj'K o- The result now follows since € = 0 by Theorem
6.2. For z € K *(X;Z,), we must show f¢z = ¢fz. We verify the 7.1(i)(iii) conditions using 3.3,
3.4, 3.6, 3.13, and 3.14, and we obtain an error element € € leﬁ,l. Using the map a: S — K?l
of 6.2(ix), we obtain a*e = 0 in Pj1S" since the relation 8¢ = ¢6 holds on K ~1(S;Z,). The result

now follows since € = 0 by Theorem 6.2. O

7.7. Proof of Proposition 3.7. It suffices to prove the corresponding results for external co-
homology products of spaces X and Y. Thus, for a pair of elements z € KOm(X;Zg) and
y € KO™(Y;Z,), we must verify the given formula for 6(zy) € KOU(X x Y;Zs) with ¢ = m +n
or ¢ = m + n + 4 depending on the dimensions m and n. Using the method of 7.1 with two vari-
ables, we first check the given formula when X or Y is a point; we next check the additivity in
each variable of the difference in the sides of the given formula; and we then check the complex-
ification of the given formula. This is all straightforward using the known results in Section 3.
We then obtain an error element € € jq“(@m X @n) which is primitive with respect to the
multiplication of @m and of @n Thus, € belongs to the intersection of Pj*@mé@j* j*@n
and j*@m@)ﬁpj*@n in j*@m(i)j*j*@n. By Theorem 6.2, we may extend Pj*@m and
Pj*@n to free j*-submodules Pj*@m C j*@m and Pj*@n C j*@n on generators in di-
mensions congruent to m and n mod 4. Moreover, these j*-submodules are direct summands since
j*KO,,/Pj*KO,, and j*KO, /Pj*KO, are n-acyclic. Hence, the error element € belongs to the
free j*-submodule Pj*KO, &;- Pj*KO, C j*KO, ®;-j*KO, on generators in dimensions congru-
ent to m + n mod 4. Since € is of dimension congruent to m + n + 1 mod 4, this implies € = 0, and

the result follows. O
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7.8. Proofs of the relations 3.16(i)—(iv). The relation 3.16(iii) follows since Adams operations
commute with exterior power operations in p-adic A-rings. The remaining relations follow by veri-
fying the 7.1(i)—(iii) conditions and showing the vanishing of the resulting error elements as in the

preceding proofs. |

REFERENCES

[1] J.F. Adams, Lectures on Lie Groups, W.A. Benjamin, New York-Amsterdam, 1969.
[2] M.F. Atiyah, Vector bundles and the Kunneth formula, Topology 1(1962), 245-248.
[3] M.F. Atiyah, K -theory and reality, Quart. J. Math. Oxford 17(1966), 367—386.
[4] J.L. Boersema, Real C*-algebras, united K -theory, and the Kunneth formula, K-Theory
26(2002), 345-402.
[5] A.K. Bousfield, A classification of K -local spectra, J. Pure Appl. Algebra 66(1990), 121-163.
[6] A.K. Bousfield, On Kx-local stable homotopy theory, Adams Memorial Symposium on Al-
gebraic Topology, Vol.2, London Math. Soc. Lecture Note Ser. 179, Cambridge University
Press, 1992, pp.23-33.
[7] A.K. Bousfield, On A-rings and the K-theory of infinite loop spaces, K-Theory 10(1996),
1-30.
[8] A.K. Bousfield, On p-adic A-rings and the K -theory of H-spaces, Mathematisches Zeitschrift
223(1996), 483-519.
[9] A.K. Bousfield, The K -theory localizations and vi-periodic homotopy groups of H-spaces,
Topology 38(1999), 1239-1264.
[10] A.K. Bousfield, On the 2-primary vi-periodic homotopy groups of spaces, Topology 44(2005),
381-413.
[11] M.C. Crabb, Z/2-homotopy theory, London Math. Soc. Lecture Note Ser. 44, Cambridge
University Press, 1980.
[12] H. Minami, The real K -groups of SO(n) forn = 3,4 and 5 mod 8, Osaka J. Math. 25(1988),
185-211.
[13] G. Mislin, Localization with respect to K -theory, J. Pure Appl. Algebra 10(1977), 201-213.
[14] D.E. Radford, Pointed Hopf algebras are free over Hopf subalgebras, J. Algebra 45(1977),
266—-273.
[15] L. Ribes and P. Zalesskii, Profinite Groups, Springer-Verlag, Berlin, 2000.
[16] R.M. Seymour, The Real K-theory of Lie groups and homogeneous spaces, Quart. J. Math.
Oxford 24(1973), 7-30.
[17] M.E. Sweedler, Hopf Algebras,Benjamin, New York, 1969.
[18] M. Takeuchi, A correspondence between Hopf ideals and sub-Hopf algebras Manuscripta
Math. 7(1972), 251-170.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT CHICAGO, CHICAGO, ILLINOIS 60607
E-mail address: bous@uic.edu



