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Abstract. We develop Kunneth theorems and obtain detailed results on un-
stable operations in 2-adic KO-cohomology and, more generally, in united 2-
adic K-cohomology. These results are needed for work on the K-localizations
of H-spaces at the prime 2 and should be of independent interest. Our proofs
of relations for unstable operations rely on Atiyah's Real K-theory and on a
convenient mod 2 simpli�cation of 2-adic KO-cohomology.

1. Introduction

In [9], we determined the K-localizations of �nite H-spaces and related spaces at an odd prime,

and we recently found that this work can be extended to the prime 2 with some modi�cations

and restrictions. For this, we must use various basic results on Kunneth theorems and unstable

operations, particularly in 2-adic KO-cohomology, that are not covered in the literature, and we

provide the required background in this paper.

In [2], Atiyah proved a Kunneth theorem for the K-cohomology of a product of �nite CW-

complexes but noted that the corresponding theorem fails for KO-cohomology because of diÆculties

at the prime 2. As suggested in [6] and [4], these diÆculties may be overcome by using united

K-theory. For a space X , the united 2-adic K-cohomology

bK�

CRTX = K�

CRT (X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2);KT

�(X ; Ẑ2)g

consists of the complex, real, and self-conjugate 2-adicK-cohomologies ofX together with the reali�-

cation, complexi�cation, and other \stable KO-module operations" relating these cohomologies (see

[5, Sections 2]). This has much better homological algebraic properties than 2-adic KO-cohomology

alone, and we now obtain a Kunneth short exact sequence

0 �! bK�

CRTX
̂CRT
bK�

CRTY �!
bK�

CRT (X�Y ) �! T̂or
CRT

1 ( bK�+1
CRTX;

bK�

CRTY ) �! 0
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for arbitrary spaces X and Y in Theorem 2.12. This Kunneth theorem can often be simpli�ed by

eliminating the self-conjugate components and using the (partial) united 2-adic K-cohomology

bK�

CRX = K�

CR(X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g

instead of bK�
CRTX , as we show in Theorem 2.8 under the common condition that K�

CR(X ; Ẑ2) is

CR-exact. In this case, KO�(X �Y ; Ẑ2) depends on the 2-adic K-cohomology as well as the 2-adic

KO-cohomology of X and Y .

A major purpose of this paper is to study the unstable operations in the united 2-adic KO-

cohomology,K�
CR(X ; Ẑ2) = fK

�(X ; Ẑ2);KO
�(X ; Ẑ2)g, of a space X . The basic unstable operations

in K�(X ; Ẑ2) are just the exterior squares

� = ��2 : K0(X ; Ẑ2) �! K0(X ; Ẑ2)

� = ��2 : K�1(X ; Ẑ2) �! K�1(X ; Ẑ2)

which give it the structure of a Z=2-graded 2-adic �-ring (see 3.4), and which combine with the stable

Adams operations to give it the structure of a Z=2-graded 2-adic �-ring (see [7, Theorem 6.2]). We

�nd that the other basic unstable operations in fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g are the exterior squares

� = ��2 : KOn(X ; Ẑ2) �! KO0(X ; Ẑ2) for n = 0;�4

� = ��2 : KOn(X ; Ẑ2) �! KO�1(X ; Ẑ2) for n = �1;�5

� = ��2 : KOn(X ; Ẑ2) �! KO1(X ; Ẑ2) for n = 1;�3

and the multiplicative operations

� : K0(X ; Ẑ2) �! KO0(X ; Ẑ2)

� : K�1(X ; Ẑ2) �! KO0(X ; Ẑ2)

of Seymour [16], which are all constructed in [10, Section 6] using Atiyah's Real K-theory. These

operations satisfy a large assortment of algebraic relations which we present in Section 3. Some of

the relations are well-known or are easily proved using the methods of Real K-theory, while others

seem to defy those methods. To establish these diÆcult relations, we use a mod 2 simpli�cation

j�X of the cohomology KO�(X ; Ẑ2) as explained below.

For a spaceX , we let j�X denote the quotient ofKO�(X ; Ẑ2) by the reali�cation ideal rK
�(X ; Ẑ2).

We �nd that j�X is an algebra over the 8-periodic exterior algebra j� = Z=2[�;BR; B
�1
R ] with

j�j = �1 and jBRj = �8, and we obtain a Kunneth isomorphism j�X
̂j�j
�Y �= j�(X � Y ) in

Theorem 5.2 for an arbitrary space Y when K�
CR(X ; Ẑ2) is CR-exact with K

�(X ; Ẑ2) torsion-free.
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For many H-spaces X , this applies to show that j�X is actually a Hopf algebra over j�. In partic-

ular, j�dKOm and j� bKm are such Hopf algebras, where dKOm and bKm are the in�nite loop spaces

representing the cohomologies gKOm
(�; Ẑ2) and eKm(�; Ẑ2). To prove a relation � = � for unstable

operations in fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g, we �rst check that the possible error �� � is additive and

has trivial complexi�cation. We then deduce that this error is represented by a primitive element

� 2 Pj�dKOm or � 2 Pj� bKm. We �nally show that this � must vanish by using our knowledge of

Pj�dKOm and Pj� bKm, and we thereby deduce � = �. This method allows us to establish all of the

diÆcult relations for our unstable operations.

For a spaceX such as dKOm or bKm, we may approach j�X by �rst studying a mod 2 simpli�cation

h�X of K�(X ; Ẑ2), where h
nX = ker(1 � t)= im(1 + t) for the conjugation t =  �1 on Kn(X ; Ẑ2).

We �nd that h�X is an algebra over the 4-periodic algebra h� = Z=2[B2; B�2] and that h�X has a

natural di�erential @ : h�X ! h��1X satisfying a Leibniz formula (see Theorem 5.9). Moreover, this

di�erential vanishes if and only if K�
CR(X ; Ẑ2) is CR-exact, which happens if and only if j�X is free

over j�. In this case, we have j�X=� �= h�X , and we may view h�X as a �rst approximation to the

algebra j�X . For many H-spaces X , we can go even farther and view h�X as a �rst approximation

to the Hopf algebra j�X . We use this approach to derive the needed properties of j�dKOm and

j� bKm, and we believe that the functors j� and h� are of independent interest.

The paper is divided into the following sections:

1. Introduction

2. Kunneth theorems for united 2-adic K-cohomology

3. Unstable operations in united 2-adic K-cohomology

4. Proofs of the Kunneth theorems

5. The mod 2 K-cohomological functors j� and h�

6. On the j� groups of some in�nite loop spaces

7. Proofs of relations for unstable operations

The present work will allow us to determine the structure of the united 2-adic K-cohomology

K�
CR(X ; Ẑ2) = fK

�(X ; Ẑ2);KO
�(X ; Ẑ2)g for many H-spaces X , and this will allow us to derive the

promised 2-primary extensions of our results in [9] on K-localizations of spaces. It will also allow us

to complete the work of [10] on the v1-periodic homotopy theory of compact Lie groups.
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2. Kunneth theorems for united 2-adic K-cohomology

In this section, we �rst discuss the 2-adic version of Atiyah's original Kunneth theorem [3] and

then develop our Kunneth theorems for the united 2-adic K-cohomology theories

K�

CR(X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g;

K�

CRT (X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2);KT

�(X ; Ẑ2)g;

of spectra or spaces X . We note that the Kunneth theorem for K�
CRT (�; Ẑ2) is the strongest, but

may be somewhat cumbersome since it involves the self-conjugate theoryKT �(�; Ẑ2). For simplicity,

we shall focus mainly on the version for K�
CR(�; Ẑ2). The results of this section immediately extend

to an odd prime p, but these extensions add nothing valuable beyond the Kunneth theorem for

K�(�; Ẑp) since K
�
CR(X ; Ẑp) and K�

CRT (X ; Ẑp) are naturally determined by K�(X ; Ẑp) as in [5,

Theorem 4.6].

2.1. The 2-pro�nite abelian groups. Recall that a 2-pro�nite abelian group is the topological

inverse limit of an inverse system of �nite 2-torsion abelian groups. For instance, each �nitely

generated Ẑ2-module is a 2-pro�nite abelian group with the canonical topology. In general, the

2-pro�nite abelian groups correspond to the 2-torsion abelian groups by Pontrjagin duality, and

they form an abelian category Âb. For 2-pro�nite abelian groups A;B 2 Âb, let A
̂B 2 Âb be

the complete tensor product with A
̂B = lim�;� A� 
 B� where A� and B� range over the �nite

2-torsion quotients of A and B (see e.g. [15, p.184]). Note that A
̂B �= A

Ẑ2
B when A and B are

�nitely generated Ẑ2-modules. The operation 
̂ gives a symmetric monoidal structure to the abelian

category Âb. For A 2 Âb, the functor A
̂� : Âb! Âb is right exact, and we call A 
at when A
̂�

is exact. Using Pontrjagin duality, we see that the following conditions on A are equivalent:

(i) A is 
at in Âb;

(ii) A is torsion-free;

(iii) A is projective in Âb.

Moreover, there are enough projectives in Âb, and the complete tensor product 
̂ has left derived

functors T̂orn(A;B) 2 Âb for A;B 2 Âb and n � 0. As usual, T̂or0(A;B) �= A
̂B and T̂orn(A;B) =

0 for n > 1.

2.2. The 2-adic K�-modules. By a 2-adic K�-module M , we mean a Z-graded 2-pro�nite abelian

group with operation B : M� �=M��2. We let K̂� denote the abelian category of these modules. For

a spectrum or space X , we obtain a 2-adic K�-module K�(X ; Ẑ2) using the Bott periodicity B and
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the limit topology on K�(X ; Ẑ2) �= lim�K
�(X�; Ẑ2) where X� ranges over the �nite subcomplexes

of X . For M;N;P 2 K̂�, a K�-pairing f : (M;N)! P consists of homomorphisms f : Mm
̂Nn !

Pm+n for m;n 2 Z such that Bf = f(B
̂1) = f(1
̂B) on each Mm
̂Nn. The complete tensor

product M
̂K�N 2 K̂� may be de�ned as the target of the universalK�-pairing (M;N)!M
̂K�N ,

and we note that

(M
̂K�N)0 �= (M0
̂N0)� (M1
̂N1);

(M
̂K�N)1 �= (M1
̂N0)� (M0
̂N1):

The operation 
̂K� in the abelian category K̂� inherits the basic properties of 
̂ in Âb (see 2.1),

and 
̂K� has left derived functors T̂or
K�

n (M;N) 2 K̂� for M;N 2 K̂� and n � 0. As usual,

T̂or
K�

0 (M;N) �= M
̂K�N and T̂or
K�

n (M;N) = 0 for n > 1. For spectra X and Y , the product

homomorphisms

� : Km(X ; Ẑ2)
̂K
n(Y ; Ẑ2) �! Km+n(X ^ Y ; Ẑ2)

give a product homomorphism

� : K�(X ; Ẑ2)
̂K�K�(Y ; Ẑ2) �! K�(X ^ Y ; Ẑ2)

of 2-adic K�-modules. This also holds for spaces X and Y when X ^ Y is replaced by X � Y . We

can now state a 2-adic version of Atiyah's Kunneth theorem [2], where we write K�(X ; Ẑ2) as bK�X .

Theorem 2.3. For spectra X and Y , there is a natural short exact sequence

0 �! bK�X
̂K�
bK�Y

�
��! bK�(X ^ Y ) �! T̂or

K�

1 ( bK�+1X; bK�Y ) �! 0

of 2-adic K�-modules. This also holds for spaces X and Y when X ^ Y is replaced by X � Y .

This will be proved in 4.7, and we now develop our Kunneth theorems for the united 2-adic

K-cohomology theories.

2.4. The 2-adic CR-modules. By a 2-adic CR-module, we mean a CR-module over Âb in the

sense of [10, Section 4.1]. Thus, a 2-adic CR-module consists of Z-graded 2-pro�nite abelian groups

MC and MR with operations

B : M�

C
�=M��2

C ; t : M�

C
�=M�

C ; BR : M
�

R
�=M��8

R ;

� : M�

R !M��1
R ; c : M�

R !M�

C ; r : M�

C !M�

R;

satisfying the relations

2� = 0; �3 = 0; �BR = BR�; �r = 0; c� = 0;
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t2 = 1; tB = �Bt; rt = r; tc = c; cBR = B4c;

rB4 = BRr; cr = 1 + t; rc = 2; rBc = �2; rB�1c = 0:

These operations are patterned after the usual periodicity, conjugation, Hopf, complexi�cation, and

reali�cation operations in K-theory. For z 2 M�
C , the element tz is sometimes written as  �1z or

z�. We let ĈR denote the abelian category of 2-adic CR-modules. For a spectrum or space X , we

obtain a 2-adic CR-module

K�

CR(X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g

using the operations coming from the standard maps of the spectra K and KO [5, Section 1.9]

and using the limit topology on K�
CR(X ; Ẑ2) �= lim�K

�
CR(X�; Ẑ2) where X� ranges over the �nite

subcomplexes of X .

2.5. Bott exactness and CR-exactness. As in [5, Section 4.7] or [10, Section 4.1], we say that a

2-adic CR-module M 2 ĈR is Bott exact when the Bott sequence

: : : �!M�+1
R

�
��!M�

R

c
��!M�

C

rB�1

���!M�+2
R

�
��! : : :

is exact, and we say that M is CR-exact when it is Bott exact and the chain complex

: : : �!M�+1
R =r

�
��!M�

R=r
�
��!M��1

R =r
�
��! : : :

is exact. For a short exact sequence 0 ! L ! M ! N ! 0 of 2-adic CR-modules, we note that if

any two of the three modules are Bott exact or CR-exact, then so is the third. We also note that

a Bott exact CR-module M is automatically CR-exact when MC is concentrated in even or odd

degrees. Thus, for a spectrum or space X , the 2-adic CR-module K�
CR(X ; Ẑ2) is always CR-exact

when ~K�(X ; Ẑ2) is concentrated in even or odd degrees.

2.6. Complete tensor products of 2-adic CR-modules. For 2-adic CR-modules M;N;P 2

ĈR, a CR-pairing f : (M;N) ! P consists of homomorphisms fC : M
m
C 
̂N

n
C ! Pm+n

C and

fR : M
m
R 
̂N

n
R ! Pm+n

R for m;n 2 Z such that:

(i) BfC = fC(B
̂1) = fC(1
̂B) on each Mm
C 
̂N

n
C ;

(ii) BRfR = fR(BR
̂1) = fR(1
̂BR) on each Mm
R 
̂N

n
R;

(iii) �fR = fR(�
̂1) = fR(1
̂�) on each Mm
R 
̂N

n
R;

(iv) tfC = fC(t
̂t) on each Mm
C 
̂N

n
C ;

(v) cfR = fC(c
̂c) on each Mm
R 
̂N

n
R;

(vi) rfC(c
̂1) = fR(1
̂r) on each Mm
R 
̂N

n
C and rfC(1
̂c) = fR(r
̂1) on each

Mm
C 
̂N

n
R.
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The complete tensor product M
̂CRN 2 ĈRmay be de�ned as the target of the universal CR-pairing

(M;N)!M
̂CRN . We note that (M
̂CRN)C �=MC
̂K�NC while (M
̂CRN)R depends on both

real and complex components; it is generated by terms Mm
R 
̂N

n
R together with terms r(Mm

C 
̂N
n
C).

The operation 
̂CR gives a symmetric monoidal structure to the abelian category ĈR. ForM 2 ĈR,

the functor M
̂CR : ĈR ! ĈR is right exact, and we call M 
at when M
̂CR is exact.

Lemma 2.7. For a 2-adic CR-module M , the following are equivalent:

(i) M is 
at in ĈR;

(ii) M is CR-exact with M�
C torsion-free;

(iii) M is projective in ĈR.

The abelian category ĈR has enough projectives.

This will be proved in 4.3. The complete tensor product 
̂CR in ĈR now has left derived func-

tors T̂or
CR

n (M;N) 2 ĈR for M;N 2 ĈR and n � 0. As usual, T̂or
CR

0 (M;N) �= M
̂CRN and

T̂or
CR

n (M;N) = 0 for n > 1 when M or N is CR-exact. For spectra X and Y , the product

homomorphisms

� : Km(X ; Ẑ2)
̂K
n(Y ; Ẑ2) �! Km+n(X ^ Y ; Ẑ2)

� : KOm(X ; Ẑ2)
̂KO
n(Y ; Ẑ2) �! KOm+n(X ^ Y ; Ẑ2)

give a CR-pairing by [5, Section 1], and they consequently determine a product homomorphism

� : Km
CR(X ; Ẑ2)
̂CRK

n
CR(Y ; Ẑ2) �! Km+n

CR (X ^ Y ; Ẑ2)

of 2-adic CR-modules. This also holds for spaces X and Y when X ^ Y is replaced by X � Y . We

can now state our Kunneth theorem for the cohomology K�
CR(�; Ẑ2), which we write as bK�

CR(�).

Theorem 2.8. For spectra X and Y with K̂�
CRX (or bK�

CRY ) CR-exact, there is a natural short

exact sequence

0 �! bK�

CRX
̂CR bK�

CRY
�
��! bK�

CR(X ^ Y ) �! T̂or
CR

1 ( bK�+1
CR X;

bK�

CRY ) �! 0

of 2-adic CR-modules. This also holds for spaces X and Y when X ^ Y is replaced by X � Y .

This will be proved in 4.6. Finally, we develop an unrestricted general Kunneth theorem for

K�
CRT (�; Ẑ2). Since this is basically similar to the version over CR, we shall be quite brief and shall

assume familiarity with [5].
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2.9. The 2-adic CRT -modules. A 2-adic CRT -module M = fMC ;MR;MT g consists of Z-graded

2-pro�nite abelian groups MC , MR, and MT with the operations and relations of [5, Section 2.1],

but with cohomological indexing. We let ĈRT denote the abelian category of 2-adic CRT -modules.

For a spectrum or space X , we obtain a 2-adic CRT -module

K�

CRT (X ; Ẑ2) = fK�(X ; Ẑ2);KO
�(X ; Ẑ2);KT

�(X ; Ẑ2)g

using the operations coming from the standard maps of the spectraK, KO, and KT [5, Section 1.9].

We say that a 2-adicCRT -moduleM is CRT -exact when the three chain complexes of [5, Section 2.3]

(including the Bott sequence) are exact forM . For a short exact sequence 0! L!M ! N ! 0 of

2-adic CRT -modules, if any two of the modules are CRT -exact, then so is the third. For a spectrum

or space X , the 2-adic CRT -module K�
CRT (X ; Ẑ2) is always CRT -exact.

2.10. Complete tensor products of 2-adic CRT -modules. For 2-adic CRT -modulesM;N;P 2

ĈRT , a CRT -pairing f : (M;N)! P consists of homomorphisms fC : M
m
C 
̂N

n
C ! Pm+n

C , fR : M
m
R 
̂N

n
R !

Pm+n
R , and fT : M

m
T 
̂N

n
T ! Pm+n

T , for m;n 2 Z such that:

(i) BfC = fC(B
̂1) = fC(1
̂B) on each Mm
C 
̂N

n
C ;

(ii) BRfR = fR(BR
̂1) = fR(1
̂BR) on each Mm
R 
̂N

n
R;

(iii) BT fT = fT (BT 
̂1) = fT (1
̂BT ) on each Mm
T 
̂N

n
T ;

(iv) �fR = fR(�
̂1) = fR(1
̂�) on each Mm
R 
̂N

n
R;

(v) �fT = fT (�
̂1) = fT (1
̂�) on each Mm
T 
̂N

n
T ;

(vi) tfC = fC(t
̂t) on each Mm
C 
̂N

n
C ;

(vii) tT fT = fT (tT 
̂tT ) on each Mm
T 
̂N

n
T where tT =  �1

T ;

(viii) �fR = fT (�
̂�) on each Mm
R 
̂N

n
R;

(ix) �fT = fC(�
̂�) on each Mm
T 
̂N

n
T ;

(x) �fT (1
̂�) = fR(�
̂1) on each Mm
T 
̂N

n
R and �fT (�
̂1) = (�1)mfR(1
̂�)

on each Mm
R 
̂N

n
T ;

(xi) 
fC(1
̂�) = fT (

̂1) on each Mm
C 
̂N

n
T and 
fC(�
̂1) = (�1)mfT (1
̂
)

on each Mm
T 
̂N

n
C ;

(xii) ��fT = fT (��
̂1) + (�1)mfT (1
̂��) + �fT on each Mm
T 
̂N

n
T .

The complete tensor product M
̂CRTN 2 ĈRT may be de�ned as the target of the universal CRT -

pairing (M;N) ! M
̂CRTN . The operation 
̂CRT gives a symmetric monoidal structure to the

abelian category ĈRT . For M 2 ĈRT , the functor M
̂CRT : ĈRT ! ĈRT is right exact, and we

call M 
at when M
̂CRT is exact.
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Lemma 2.11. For a 2-adic CRT -module M , the following are equivalent:

(i) M is 
at in ĈRT ;

(ii) M is CRT -exact with M�
C torsion-free;

(iii) M is projective in ĈRT .

The abelian category ĈRT has enough projectives.

This will be proved in 4.10. The complete tensor product 
̂CRT in ĈRT now has left derived

functors T̂or
CRT

n (M;N) 2 ĈRT forM;N 2 ĈRT and n � 0. As usual, T̂or
CRT

0 (M;N) �=M
̂CRTN

and T̂or
CRT

n (M;N) = 0 for n > 1 when M or N is CRT -exact.

For spectra X and Y , the product homomorphisms

� : Km(X ; Ẑ2)
̂K
n(Y ; Ẑ2) �! Km+n(X ^ Y ; Ẑ2)

� : KOm(X ; Ẑ2)
̂KO
n(Y ; Ẑ2) �! KOm+n(X ^ Y ; Ẑ2)

� : KTm(X ; Ẑ2)
̂KT
n(Y ; Ẑ2) �! KTm+n(X ^ Y ; Ẑ2)

give a CRT -pairing, where conditions (i){(xi) follow by [5, Section 1] and (xii) follows by Lemma

4.11 below, and they consequently determine a product homomorphism

� : Km
CRT (X ; Ẑ2)
̂CRTK

n
CRT (Y ; Ẑ2) �! Km+n

CRT (X ^ Y ; Ẑ2)

of 2-adic CRT -modules. This also holds for spaces X and Y when X ^Y is replaced by X �Y . We

can �nally state our Kunneth theorem for K�
CRT (�; Ẑ2), where we write K

�
CRT (X ; Ẑ2) as bK�

CRTX .

Theorem 2.12. For spectra X and Y , there is a natural short exact sequence

0 �! bK�

CRTX
̂CRT bK�

CRTY
�
��! bK�

CRT (X^Y ) �! T̂or
CRT

1 ( bK�+1
CRTX;

bK�

CRTY ) �! 0

of 2-adic CRT -modules. This also holds for spaces X and Y when X ^ Y is replaced by X � Y .

This will be proved in 4.12.

3. Unstable operations in united 2-adic K-cohomology

In this section, we discuss the unstable operations in the united 2-adicK-cohomologyK�
CR(X ; Ẑ2) =

fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g of a space X and determine their algebraic relations. We �rst consider:
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3.1. The CR-algebra operations. For a space X , the cohomology K�
CR(X ; Ẑ2) has commuta-

tive associative multiplication K�
CR(X ; Ẑ2)
̂CRK

�
CR(X ; Ẑ2) ! K�

CR(X ; Ẑ2) induced by the di-

agonal X ! X � X using the homomorphism � of Theorem 2.8. In particular, for elements

x 2 KOm(X ; Ẑ2), y 2 KOn(X ; Ẑ2), z 2 Ks(X ; Ẑ2), and w 2 Kt(X ; Ẑ2), there are products

xy 2 KOm+n(X ; Ẑ2) and zw 2 K
s+t(X ; Ẑ2) satisfying the usual relations including:

(i) xy = (�1)mnyz and zw = (�1)stwz;

(ii) c(xy) = (cx)(cy);

(iii) r((cx)z) = x(rz);

(iv) (zw)� = z�w�.

For odd dimensional elements, we obtain additional squaring properties which will be re�ned in

Proposition 3.11 below.

Proposition 3.2. For a space X and elements x 2 KOm(X ; Ẑ2) and z 2 K
s(X ; Ẑ2), we have:

(i) x2 = 0 when m � 1;�3 mod 8;

(ii) x4 = 0 when m � �1;�5 mod 8;

(iii) z2 = 0 when s is odd.

Proof. Part (i) follows by [11, p.66]. Part (ii) follows since x4 = (��2x)2 = �2(��2�2x) = 0 by

[11, p.67] when m = �1 and by [12, Proposition 2.2] when m = �5. Part (iii) follows by, e.g., [7,

Theorem 1.11]. �

The algebraic structure of K�
CR(X ; Ẑ2) is shaped by two important families of unstable operations

which we call the �'s and �'s.

3.3. The operations �. By [10, Theorem 6.5], for a space X , there are natural operations

� : K0(X ; Ẑ2) �! KO0(X ; Ẑ2)

� : K�1(X ; Ẑ2) �! KO0(X ; Ẑ2)

such that the following relations hold for elements a; b 2 K0(X ; Ẑ2) and x; y 2 K
�1(X ; Ẑ2):

(i) �(a+ b) = �a+ �b+ r(a�b);

(ii) �(x + y) = �x+ �y + rB�1(x�y);

(iii) �(a�) = �(a) and �(x�) = ��(x);

(iv) �(ab) = (�a)(�b);

(v) �(ax) = (�a)(�x);
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(vi) �B�1(xy) = (�x)(�y);

(vii) �(1) = 1;

(viii) �(ka) = k2�a and �(kx) = k2�x for k 2 Ẑ2;

(ix) c�(a) = a�a and c�(x) = B�1(x�x).

For convenience, we extend the operation � periodically to give � : K2i(X ; Ẑ2)! KO0(X ; Ẑ2) and

� : K2i�1(X ; Ẑ2) ! KO0(X ; Ẑ2) with �w = �Biw for all i 2 Z and elements w. This corrects an

inconsistent extension of � used in [10, Theorem 6.5]. We note that the operation � on K�1(X ; Ẑ2)

was implicitly introduced by Seymour [16]. We now consider:

3.4. The complex operations �. For a space X , we let

� = ��2 : K0(X ; Ẑ2) �! K0(X ; Ẑ2)

� = ��2 : K�1(X ; Ẑ2) �! K�1(X ; Ẑ2)

be the speci�ed exterior power operations and let  2 : K0(X ; Ẑ2) ! K0(X ; Ẑ2) be the Adams

operation with  2(a) = a2 + 2�a. As in [7], we have the following �-ring relations for elements

a; b 2 K0(X ; Ẑ2) and x; y 2 K
�1(X ; Ẑ2):

(i) �(a+ b) = �a+ �b� ab;

(ii) �(x + y) = �x + �y;

(iii) �(a�) = (�a)� and �(x�) = (�x)�;

(iv) �(ab) = (�a)b2 + a2(�b) + 2(�a)(�b);

(v) �(ax) = ( 2a)(�x);

(vi) �(B�1xy) = B�1(�x)(�y);

(vii) �(1) = 0;

(viii) �(ka) = k(�a)�
�
k
2

�
a2 and �(kx) = k(�x) for k 2 Ẑ2.

For convenience, we extend the operation � periodically to give � : K2i(X ; Ẑ2) ! K2j(X ; Ẑ2) and

� : K2i�1(X ; Ẑ2) ! K2j�1(X ; Ẑ2) with �w = B�j�Biw for all i; j 2 Z and elements w. We note

that K0(X ; Ẑ2) and K
�1(X ; Ẑ2) have additional exterior power operations, but these are captured

by the action of the stable 2-adic Adams operations as shown in [7]. Since we are primarily interested

in the unstable operations, we now turn to:

3.5. The real operations �. For a space X , we let

� = ��2 : KOn(X ; Ẑ2) �! KO0(X ; Ẑ2) for n = 0;�4

� = ��2 : KOn(X ; Ẑ2) �! KO�1(X ; Ẑ2) for n = �1;�5
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� = ��2 : KOn(X ; Ẑ2) �! KO1(X ; Ẑ2) for n = 1;�3

be the speci�ed exterior power operations of [10, Section 6]. To simplify formulae, we now treat

the cohomology KO�(X ; Ẑ2) as Z=8-graded with BR = 1, and we periodically extend the above

operations � to KO�(X ; Ẑ2). We likewise treat the cohomology K�(X ; Ẑ2) as Z=8-graded with

B4 = 1, and we periodically extend the preceding operations � and � toK�(X ; Ẑ2). For convenience,

we also use the Adams operations

 2 : KOm�4i(X ; Ẑ2) �! KOm(X ; Ẑ2)

de�ned for m � 0;�2 mod 8 and i 2 Z by

 2(x) =

(
x2 + 2�x for m � 0 mod 8

r�cx for m � �2 mod 8

where the target dimensions of the complex operations � are determined by the context. There are

elementary relations:

(i)  2(x+ y) =  2x+  2y for m � 0;�2 mod 8,

(ii)  2(x+ y) =  2x+  2y + �2xy for m � 2 mod 8,

(iii) c 2x =  2cx for m � 0;�2 mod 8,

which may be derived using the �-ring formula  2a = �a � �(�a) and the CR-module formula

�2 = rBc. We devote the rest of this section to a detailed study of the algebraic relations involving

the real 2-adic operations �, starting with sum and product formulae.

Proposition 3.6. For a space X and elements x; y 2 KOn(X ; Ẑ2), we have

�(x+ y) =

8><>:
�x+ �y � xy for n � 0;�4 mod 8

�x+ �y for n � �1;�5 mod 8

�x+ �y + �xy for n � 1;�3 mod 8:

Proof. This follows from [10, Theorem 6.4] since � = ��2. �

Proposition 3.7. For a space X and elements x 2 KOm(X ; Ẑ2) and y 2 KO
n(X ; Ẑ2), we have

�(xy) =

8>>>>>><>>>>>>:

(�x)y2 + x2(�y) + 2(�x)(�y) for m;n � 0;�4 mod 8

( 2x)(�y) for m even and n odd

(�x)( 2y) for m odd and n even

(�x)(�y) for m;n odd and m+ n � 0;�4 mod 8

r(�cx)(�cy)) � x2y2 for m;n � �2 mod 8:

This will be proved in 7.7. For brevity, we have not speci�ed the target dimensions of the

operations  2 and � in these formulae, since they are suÆciently determined by the context.
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Proposition 3.8. For a space X and elements x 2 KOn(X ; Ẑ2), k 2 Ẑ2, and 1 2 KO0(X ; Ẑ2), we

have �(1) = 0 and

�(kx) =

(
k�x�

�
k
2

�
x2 for n � 0;�4 mod 8

k�x for n odd:

Proof. This follows from [10, Theorem 6.4] since � = ��2. �

Proposition 3.9. For a space X and element x 2 KOn(X ; Ẑ2), we have

�(�x) =

8><>:
� 2x for n � 0;�4 mod 8

��x for n � 1;�3 mod 8

0 for n � �2 mod 8:

This will be proved in 7.3. In the case n � 0;�4 mod 8, we can equivalently write �(�x) = �x2

since  2x = x2 + 2�x. We next consider the operation

� = rB2c : KO�(X ; Ẑ2) �! KO��4(X ; Ẑ2):

Proposition 3.10. For a space X and element x 2 KOn(X ; Ẑ2), we have

�(�x) =

(
2�x� x2 for n � 0;�4 mod 8

2�x for n odd:

This will be proved in 7.5.

The operations � play an important role in formulae for squares of elements in KO�(X ; Ẑ2).

Proposition 3.11. For a space X and element x 2 KOn(X ; Ẑ2), we have

x2 =

8><>:
��x for n � �1;�5 mod 8

0 for n � 1;�3 mod 8

�r�cx for n � �2 mod 8:

This will be proved in 7.2 using results of Crabb and Minami. A similar result is:

Proposition 3.12. For a space X and element x 2 KOn(X ; Ẑ2), we have

�cx =

8>>><>>>:
x2 for n � 0;�4 mod 8

0 for n � �1;�5 mod 8

��x for n � 1;�3 mod 8

r�cx for n � �2 mod 8:

This will be proved in 7.4. Our last three propositions will give formulae for the commutation of

� with the operations c, r, and �.

Proposition 3.13. For a space X and element x 2 KOn(X ; Ẑ2) with n 6� �2 mod 8, we have

�cx = c�x.
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Proof. This follows by [10, Theorem 6.4]. �

Proposition 3.14. For a space X and element z 2 Kn(X ; Ẑ2), we have

�rz =

8><>:
r�z � �z for n � 0;�4 mod 8

r�z + ��z for n � �1;�5 mod 8

r�z for n � 1;�3 mod 8:

Proof. This follows by [10, Theorems 6.4 and 6.5]. �

Proposition 3.15. For a space X and element z 2 Kn(X ; Ẑ2), we have

��z =

(
r(z2�z� + (�z)(�z�)) for n = 0

��z for n = �1:

This will be proved in 7.6. Although we are primarily interested in unstable operations, we �nally

consider:

3.16. The stable 2-adic Adams operations. For a spaceX , the cohomologyK�
CR(X ; Ẑ2) of 3.1 is

endowed with the usual stable Adams operations  k : K�(X ; Ẑ2)! K�(X ; Ẑ2) and  
k : KO�(X ; Ẑ2)!

KO�(X ; Ẑ2) for units k 2 Z
�

(2) or more generally for units k 2 Ẑ�2 (see, e.g., [10]). Moreover, for

elements x 2 KOm(X ; Ẑ2), y 2 KOn(X ; Ẑ2), z 2 Ks(X ; Ẑ2), and w 2 Kt(X ; Ẑ2), we have the

usual relations including:  k(xy) = ( kx)( ky),  k(wz) = ( kw)( kz),  kBRx = k4BR 
kx,

 kBz = kB kz,  kcx = c kx,  krz = r kz, and  k�x = � kx. We also have the following

formulae for the commutation of  k with the operations � and �:

(i)  k�x = � kx for m = 0;�1; 1;

(ii)  k�x = �(k�2 kx) for m = �4;�5;�3;

(iii)  k�z = � kz for s = 0;�1;

(iv)  k�z = � kz for s = 0 and  k�z = k�1� kz for s = �1.

These will be proved in 7.8.

4. Proofs of the Kunneth theorems

The rest of this paper will be devoted to proving results of Sections 2 and 3. In this section, we

prove the Kunneth theorems 2.3, 2.8, and 2.12, together with the lemmas 2.7 and 2.11 for united

2-adic K-theory. We start with the CR-results. To use the work of [5], we need:
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4.1. Pontrjagin duality for 2-adic CR-modules. Recall that Pontrjagin duality gives contravari-

ant equivalences (�)] : ~Abop � Âb : (�)] between the category ~Ab of 2-torsion abelian groups and

the category Âb of 2-pro�nite abelian groups. As in [10, Theorem 3.1], this prolongs to contravariant

equivalences (�)] : ~CRop
� ĈR : (�)] between the category ~CR of 2-torsion CR-modules [5, Section

4.7] and the category ĈR of 2-adic CR-modules, where the former are indexed homologically. More

explicitly, a 2-torsion CR-module M 2 ~CR corresponds to a 2-adic CR-module M ] 2 ĈR with

(M ])nC = (MC
n )

] and (M ])nR = (MR
n+4)

] for n 2 Z, where the operations B,t, BR,�, c, and r in M
]

correspond respectively to B, t, BR, �, rB
2, and B�2c in M . We note that M is Bott exact or

CR-exact if and only if its Pontrjagin dual M ] has this property. For a spectrum X , there are now

natural isomorphisms of 2-adic CR-modules

K�

CR(X ; Ẑ2) �= KCR
� (X ;Z21)

] �= KCR
��1(�2X)]

by [10, Theorem 3.1], where �2X is the 2-torsion part of X given by the homotopy �ber of X !

X [1=2]. To prove Lemma 2.7 on projectivity and 
atness in ĈR, we need:

4.2. Free 2-adic CR-modules. For a 2-pro�nite abelian group G 2 Âb and integer n, there are

free 2-adic CR-modules FC(G;n) and FR(G;n) whose maps into a 2-adic CR-moduleM correspond

to the maps G!Mn
C and G!Mn

R. We may obtain FC(G;n) and FR(G;n) explicitly by tensoring

G with the free CR-modules of [5, Secton 2.4]. When G is torsion-free, FC(G;n) and FR(G;n) are

projective in ĈR since G is projective in Âb, and they are 
at in ĈR since G is 
at in Âb and since

(FC(G;n)
̂CRM)�C
�= (G
̂M��n

C )� (G
̂M��n
C )

(FC(G;n)
̂CRM)�R
�= G
̂M��n

C

(FR(G;n)
̂CRM)�C
�= G
̂M��n

C

(FR(G;n)
̂CRM)�R
�= G
̂M��n

R

for 2-adic CR-modules M 2 ĈR.

4.3. Proof of Lemma 2.7. There are enough projectives in ĈR given by �nite direct sums of

FC(G;n)'s and FR(G;n)'s for various torsion-free G 2 Âb and n 2 Z. The implication (iii) ) (i)

now follows since each projective M 2 ĈR is a quotient (and hence direct summand) of a 
at

projective module of the above sort. The implication (i) ) (ii) follows by applying M
̂CR to the

exact sequences

: : : �! FR(Ẑ2; n�1)
[�]
���! FR(Ẑ2; n)

[r]
���! FC(Ẑ2; n)

[B�1c]
�����! FR(Ẑ2; n�2)

[�]
���! : : :

0 �! FC(Ẑ2; n)
[2]
���! FC(Ẑ2; n):
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The remaining implication (ii)) (iii) follows from the Pontrjagin dual result in ~CR, which in turn

follows from [5, Proposition 4.9]. �

The proof of the Kunneth theorem 2.8 will depend on two lemmas.

Lemma 4.4. If X and Y are spectra with bK�
CRX (or bK�

CRY ) 
at in ĈR, then � : bK�
CRX
̂CR

bK�
CRY !bK�

CR(X ^ Y ) is an isomorphism.

Proof. When Y is the sphere spectrum S, this follows since bK�
CRS = FR(Ẑ2; 0) is the unit for 
̂CR.

When Y is a �nite spectrum, it follows by induction on the number of cells in Y since bK�
CRX is 
at.

The general result then follows by a limit argument. �

Lemma 4.5. For a spectrum X, there exists a spectrum P and a map f : X ! P such that bK�
CRP

is 
at in ĈR and f� : bK�
CRP !

bK�
CRX is onto.

Proof. Let f : X ! P be a map from X to a (possibly in�nite) product P of spectra �iKẐ2 and

�iKOẐ2 such that f� : bK�
CRP !

bK�
CRX is onto. This P is a �nite wedge of suspensions of spectra

KG and KOG for various products G =
Q
Ẑ2, and we must show that bK�

CR carries such KG and

KOG to 
at modules in ĈR. For this, it suÆces by 2.5 and Lemma 2.7 to show that K�(KG; Ẑ2)

and K�(KOG; Ẑ2) are torsion-free and concentrated in even degrees. This follows by 4.1 since �2KG

and �2KOG are (possibly in�nite) wedges of spectra ��1KZ21 and ��1KOZ21 which have suitable

K-homologies by [5, Theorem 8.2]. �

4.6. Proof of Theorem 2.8. By Lemmas 4.5 and 2.7, we may choose a spectrum P and a map

f : X ! P with homotopy co�ber P 0 such that f� : bK�
CRP !

bK�
CRX is onto and such that bK�

CRP

and bK�
CRP

0 are 
at in ĈR. Thus, by Lemma 4.4, we obtain a short exact Kunneth sequence from

the long exact bK�
CR-sequence of X ^ Y ! P ^ Y ! P 0 ^ Y , and we deduce the required naturality

by the argument of Atiyah [2]. The result for spaces follows easily from the result for spectra. �

4.7. Proof of Theorem 2.3. Lemmas 4.4 and 4.5 remain valid when bK�
CR, ĈR, and 
̂CR, are

replaced by bK�, K̂�, and 
̂K� . Hence, Theorem 2.3 follows as in 4.6. �

We now proceed to prove the corresponding CRT -results assuming some familiarity with the

work of [5] and [10].

4.8. Pontrjagin duality for 2-adic CRT -modules. As in [10, Theorem 3.1], the Pontrjagin

duality equivalences (�)] : ~Abop � Âb : (�)] prolong to equivalences (�)] : ~CRT op
� ĈRT : (�)]

between the category ~CRT of 2-torsion CRT -modules [5, Section 2.1] and the category ĈRT of
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2-adic CRT -modules, where the former are indexed homologically. More explicitly, a 2-torsion

CRT -module M 2 ~CRT corresponds to a 2-adic CRT -module M ] 2 ĈRT with (M ])nC = (MC
n )

],

(M ])nR = (MR
n+4)

], and (M ])nT = (MT
n+3)

] for n 2 Z, where the operations B, t, BR, BT , tT , �, �,

� , �, and 
 in M ] correspond to B, t, BR, BT , tT , �, � , �, 
B
2, and B�2� in M . We note that M

is CRT -exact if and only if its Pontrjagin dual M ] has this property. For a spectrum X , there are

now natural isomorphisms of 2-adic CRT -modules

K�

CRT (X ; Ẑ2) �= KCRT
� (X ;Z21)

] �= KCRT
��1 (�2X)]

by [10, Theorem 3.1].

4.9. Free 2-adic CRT -modules. For a 2-pro�nite abelian group G 2 Âb and integer n, there

are free 2-adic CRT -modules FC(G;n), FR(G;n), FT (G;n) whose maps into a 2-adic CRT -module

M correspond to the maps G ! Mn
C , G ! Mn

R, and G ! Mn
T as in 4.2. Moreover, when G is

torsion-free, the modules FC(G;n), FR(G;n), and FT (G;n) are projective and 
at in ĈRT .

4.10. Proof of Lemma 2.11. The above proof of Lemma 2.7 is easily modi�ed to prove Lemma

2.11 using 4.8, 4.9, and [5, Theorem 3.3]. �

Before proving the general Kunneth theorem 2.12 for united 2-adic K-cohomology, we note the

following technical lemma which was used to construct the product homomorphism in that theorem.

Lemma 4.11. The relation

(��) Æ � = � Æ (�� ^ 1) + � Æ (1 ^ ��) + � Æ �

holds in [KT ^KT;KT ]1 where � : KT ^KT ! KT is the multiplication map.

This will be proved in 4.15.

4.12. Proof of Theorem 2.12. Lemmas 4.4 and 4.5 remain valid when bK�
CR, ĈR, and 
̂CR are

replaced by bK�
CRT , ĈRT , and 
̂CRT . Hence, Theorem 2.12 follows as in 4.6. �

To prove Lemma 4.11, we must show that the di�erence map

D = (��) Æ �� � Æ (�� ^ 1)� � Æ (1 ^ ��)� � Æ �

is trivial in [KT ^KT;KT ]1, and we �rst consider:
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4.13. The action of �� on ��KT . By [5, Section 1.6], the graded commutative ring ��KT has

�4iKT = Z = hBi
T i, �4i+1KT = Z=2 = hBi

T �i, �4i+3KT = Z = hBi
T!i, and �4i+2KT = 0 for

i 2 Z, where the product is determined by the relations �2 = 0, �! = 0, and !2 = 0. Moreover, by

[5, Sections 1.6 and 1.7], the map �� 2 [KT;KT ]1 induces a homomorphism ��� : ��KT ! ��+1KT

with ���(B
i
T ) = �Bi

T for i even, with ���(B
i
T ) = 0 for i odd, with ���(�B

i
T ) = 0 for all i, and with

���(B
i
T!) = 2Bi+1

T for all i.

Lemma 4.14. The compositions D Æ (1^ e) and q ÆD are trivial where 1^ e : KT ^S ! KT ^KT

is the canonical map and where q : KT ! KTQ is the rationalization.

Proof. It is straightforward to verify that D Æ (1 ^ e) is trivial since (��) Æ e = � 2 �1KT by

4.13. To verify that q Æ D is trivial, it suÆces to show that D�(x ^ y) is trivial in �i+j+1KT

for each x 2 �iKT and y 2 �jKT . This follows by a calculation using 4.13 together with the

relation (f ^ g)�(x ^ y) = (�1)nif�x ^ g�y in �i+j+m+n(KT ^KT ) for maps f 2 [KT;KT ]m and

g 2 [KT;KT ]n. �

4.15. Proof of Lemma 4.11. As in [5, Section 1.2], we let C(�2) = S [�2 e
3 and recall that

the unit map S ! KT may be extended to a map w : C(�2) ! KT that induces a KO-module

equivalence KO ^ C(�2) ' KT . Since �� 2 [KT;KT ]1 is a KO-module map, the desired triviality

of D 2 [KT ^KT;KT ]1 will follow from the triviality of D Æ (w ^ w) 2 [C(�2) ^ C(�2);KT ]1. By

[5, Section 1.3], we have

C(�2) _ �3C(�2) ' C(�2) ^ C(�2)

[C(�2);KT ]1 �= Z=2�Z

[�3C(�2);KT ]1 �= Z�Z

where the wedge summand C(�2) is mapped by 1 ^ e : C(�2) ! C(�2) ^ C(�2). Consequently, the

triviality of DÆ (w^w) will follow from the triviality of the maps DÆ (w^w)Æ (1^e) 2 [C(�2);KT ]1

and q ÆD Æ (w ^ w) 2 [C(�2) ^ C(�2);KTQ]1, which in turn follows from Lemma 4.14. �

5. The mod 2 K-cohomological functors j� and h�

In preparation for our proofs of relations for unstable operations, we now introduce mod 2 sim-

pli�cations, j�X and h�X , for the cohomologies KO�(X ; Ẑ2) and K
�(X ; Ẑ2) of a spectrum or space

X . These simpli�cations will help us to handle the purely real parts of these cohomologies. We
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show that j�X and h�X have convenient multiplicative properties, and we obtain Kunneth theo-

rems for them. We also show that h�X has a natural di�erential satisfying a Leibniz formula and

show that this di�erential vanishes if and only if K�
CR(X ; Ẑ2) is CR-exact. Although we approach

j�X and h�X directly, we note that they may equivalently be derived from the Bott exact couple

for KO�(X ; Ẑ2) and K
�(X ; Ẑ2) (see Proposition 5.7).

5.1. The functor j�. For a spectrum or space X , we let j�X be the graded pro�nite Z=2-module

j�X = KO�(X ; Ẑ2)=rK
�(X ; Ẑ2) �= �KO�+1(X ; Ẑ2):

We may view j�X as a module over the graded commutative Z=2-algebra j� = j�S with j�8k =

Z=2 = hBk
Ri and j�8k�1 = Z=2 = h�Bk

Ri for k 2 Z and with jn = 0 for n 6� 0;�1 mod 8. For

spectra X and Y , there is a product homomorphism

� : j�X
̂j�j
�Y �! j�(X ^ Y )

induced by the KO-cohomological product homomorphisms jmX
̂jnY ! jm+n(X ^ Y ) for m;n 2

Z. Likewise, for spaces X and Y , there is a product homomorphism

� : j�X
̂j�j
�Y ! j�(X � Y )

and j�X has a commutative graded algebra structure over j�. For a spectrum or space X , we see

from 2.5 that K�
CR(X ; Ẑ2) is CR-exact if and only if j�X is free as a j�-module.

Theorem 5.2. If X and Y are spectra with K�
CR(X ; Ẑ2) CR-exact and K

�(X ; Ẑ2) torsion-free (or

with K�
CR(Y ; Ẑ2) CR-exact and K

�(Y ; Ẑ2) torsion-free), then � : j�X
̂j�j
�Y ! j�(X ^ Y ) is an

isomorphism. This also holds for spaces X and Y when X ^ Y is replaced by X � Y .

Proof. We may assume that X and Y are spectra. Then

� : K�

CR(X ; Ẑ2)
̂CRK
�

CR(Y ; Ẑ2) �! K�

CR(X ^ Y ; Ẑ2)

is an isomorphism by Theorem 2.8, and it suÆces to show that the natural map

(MR=r)
̂j�(NR=r) �! (M
̂CRN)R=r

is an isomorphism whenever M and N are 2-adic CR-modules with M CR-exact and MC torsion-

free. By 4.3, we may assume thatM is FR(G;n) or FC(G;n) for some torsion-free 2-pro�nite G and

integer n, and the result then follows easily using 4.2. �
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5.3. The functor h�. For a spectrum or space X , we let h�X be the graded pro�nite Z=2-module

with

hnX =
ker(1� t)

im(1 + t)

for the involution t =  �1 : Kn(X ; Ẑ2) ! Kn(X ; Ẑ2). We may view h�X as a module over the

graded commutative Z=2-algebra h� = h�S with h�4k = Z=2= hB2ki for k 2 Z and with hn = 0 for

n 6� 0 mod 4. For spectra X and Y , there is a product homomorphism

� : h�X
̂h�h
�Y �! h�(X ^ Y )

induced by the K-cohomological product homomorphisms � : hmX
̂hnY �! hm+n(X ^ Y ) for

m;n 2 Z. Likewise, for spaces X and Y , there is a product homomorphism

� : h�X
̂h�h
�Y �! h�(X � Y )

and h�X has a commutative graded algebra structure over h�.

Theorem 5.4. If X and Y are spectra with K�(X ; Ẑ2) (orK
�(Y ; Ẑ2)) torsion-free, then � : h

�X
̂h�h
�Y �!

h�(X^Y ) is an isomorphism. This also holds for spaces X and Y when X^Y is replaced by X�Y .

Proof. We may assume that X and Y are spectra. Then

� : K�(X ; Ẑ2)
̂K
�(Y ; Ẑ2) �! K�(X ^ Y ; Ẑ2)

is an isomorphism by Theorem 2.3, and we may proceed algebraically. Let Înv be the category of

2-pro�nite abelian groups with involution t (i.e., with endomorphism t having t2 = 1). Then, by [5,

Proposition 3.8] and 4.1, each torsion-free N 2 Înv has a direct sum decomposition

M �= I � J � (G� tG)

for 2-pro�nite abelian groups I , J , and G, where t = 1 on I and t = �1 on J . This may be used to

decompose K�(X ; Ẑ2). We also note that, for each N 2 Înv, the object (G � tG)
̂N 2 Înv, with

diagonal t action, is isomorphic to (G
̂N) � t(G
̂N) 2 Înv. This allows us to ignore the G � tG

components of K�(X ; Ẑ2), and the result follows easily. �

5.5. The complexi�cation and reali�cation maps. For a spectrum or spaceX , we let c : j�X !

h�X and r0 : h�X ! j�+3X be the complexi�cation and reali�cation maps given by c[x] = [cx] for

x 2 KO�(X ; Ẑ2) and by r0[z] = [y] for z 2 K�(X ; Ẑ2) with tz = z and for y 2 KO�+3(X ; Ẑ2) with

�y = rB�1z, where such a y exists by Bott exactness since c(rB�1z) = (1+ t)B�1z = 0. For spectra

X and Y with m;n 2 Z, the maps c and r0 have the usual multiplicative properties:

c� = �(c
̂c) : jmX
̂jnY �! hm+n(X ^ Y )
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�(1
̂r0) = r0�(c
̂1): jmX
̂hnY �! jm+n+3(X ^ Y )

�(r0
̂1) = r0�(1
̂c) : hmX
̂jnY �! jm+n+3(X ^ Y ):

These also hold for spaces X and Y when X ^ Y is replaced by X � Y . Moreover, the map

c : j�X ! h�X is an algebra homomorphism, while r0 : h�X ! j�+3X is a left or right j�X-module

homomorphism. Other basic properties are given by:

Proposition 5.6. For a spectrum or space X, the operations c : j�X ! h�X and r0 : h�X ! j�+3X

satisfy:

(i) cBR = B4c and BRr
0 = r0B4;

(ii) c� = 0, r0c = 0, and �r0 = 0;

(iii) r0B2c = �;

(iv) B2cr0 = cr0B2.

Proof. The relations (i){(iii) follow easily from the CR-module relations in 2.4. The relation (iv)

requires additional input from united K-theory and will be proved in 5.14. �

Proposition 5.7. For a spectrum or space X, the sequence

: : : �! j�+1X
�
��! j�X

c
��! h�X

r0

��! j�+3X
�
��! : : :

is exact.

Proof. This sequence is equivalent to the derived couple of the Bott exact couple

: : : �! KO�+1(X ; Ẑ2)
�
��! KO�(X ; Ẑ2)

c
��! K�(X ; Ẑ2)

rB�1

�����! KO�+2(X ; Ẑ2)
�
��! : : :

�

5.8. The di�erential in h�X. For a spectrum or space X , we de�ne a di�erential @ : h�X !

h��1X by @ = B2cr0 = cr0B2. Of course, this is equivalent to the di�erential cr0 of the above

derived couple. It has the properties @2 = 0, B2@ = @B2, @c = 0, and r0@ = 0 by Proposition 5.6,

and it obeys a Leibniz rule by:

Theorem 5.9. For spectra X and Y and for elements x 2 hmX and y 2 hnY , we have @(xy) =

(@x)y + x(@y) in hm+n�1(X ^ Y ). This also holds for spaces X and Y when X ^ Y is replaced by

X � Y , and holds for a space X = Y when X ^ Y is replaced by X.

This will be proved in 5.15. Our main interest in @ stems from its connection with the CR-

exactness condition.
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Proposition 5.10. For a spectrum or space X, the cohomology K�
CR(X ; Ẑ2) is CR-exact if and

only if @ = 0 in h�X. This happens if and only if j�X is free as a j�-module.

Proof. The following conditions are successively equivalent: (i) K�
CR(X ; Ẑ2) is CR-exact; (ii) ker � �

im � in j�X ; (iii) im r0 � ker c in j�X ; (iv) cr0 = 0 in h�X ; and (v) @ = 0 in h�X . The proposition

now follows from 5.1. �

When the cohomology K�
CR(X ; Ẑ2) is CR-exact, we may view h�X as a �rst approximation to

j�X by:

Proposition 5.11. If X is a spectrum or space such that K�
CR(X ; Ẑ2) is CR-exact, then the com-

plexi�cation map

c+B�2c : (j�X)=� � (j��4X)=� �! h�X

is an isomorphism.

Proof. There is a short exact sequence

0 �! (j�X)=�
c
��! h�X

r0

��! (j�+3X)n� �! 0

by Proposition 5.7 where (j�+3X)n� denotes the kernel of � : j�+3X ! j�+2X . When K�
CR(X ; Ẑ2)

is CR-exact, there is an isomorphism � : (j�+4X)=� �= (j�+3X)n� which factors as the composition

of B2c : (j�+4X)=� ! h�X and r0 : h�X ! (j�+3X)n� by 5.6 (iii). This gives a splitting of the

short exact sequence, and the result follows using BR : j
�+4X �= j��4X . �

We devote the rest of this section to proving 5.6(iv) and Theorem 5.9 using inputs from united

K-theory. For a spectrum or space X , we let h�TX denote the graded pro�nite Z=2-module

h�TX = KT �(X ; Ẑ2)=(
K
��1(X ; Ẑ2) + �rK�(X ; Ẑ2));

and we let � : h�TX ! h�X be the homomorphism induced by � : KT �(X ; Ẑ2) ! K�(X ; Ẑ2) using

the relations t� = �, �
 = 0, and ��r = 1 + t of [5, Section 1.9].

Lemma 5.12. For a spectrum or space X, � : h�TX ! h�X is an isomorphism.

Proof. The homomorphism

� : KT �(X ; Ẑ2)=
 �! K�(X ; Ẑ2)n(1� t)

is an isomorphism since K�
CRT (X ; Ẑ2) is CRT -exact by 2.9. The lemma now follows since the

homomorphism �r : K�(X ; Ẑ2) �! KT �(X ; Ẑ2)=
 composes with the above isomorphism � to give

1 + t. �
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We may now replace h�X by h�TX in the exact sequence of Proposition 5.7. Let � : j�X ! h�TX

and �B�1
T : h�TX ! j�+3X be the homomorphisms induced by � : KO�(X ; Ẑ2)! KT �(X ; Ẑ2) and

�B�1
T : KT �(X ; Ẑ2)! KO�+3(X ; Ẑ2) using the relations �B�1

T 
 = rB�2 and �B�1
T � = 0.

Lemma 5.13. The composition of � : j�X ! h�TX with � : h�TX
�= h�X is c : j�X ! h�X, and the

composition of � : h�TX
�= h�X with r0 : h�X ! j�+3X is �B�1

T : h�TX ! j�+3X.

Proof. This follows from the equality �� = c : KO�(X ; Ẑ2)! K�(X ; Ẑ2) and the equality rB�1� =

��B�1
T : KT �(X ; Ẑ2)! KO�+2(X ; Ẑ2) of [5]. �

5.14. Proof of 5.6(iv). By Lemma 5.13, the operations ��B�1
T and BT in h�TX correspond to

the operations cr0 and B2 in h�X under the isomorphism � : h�TX
�= h�X . Thus, it suÆces to

show BT (��B
�1
T ) = (��B�1

T )BT in h�TX . This follows from the relations BT �� = ��BT + �BT and

� = 
B� in KT �(X ; Ẑ2). �

5.15. Proof of Theorem 5.9. As in 5.14, the operation �� in h�TX corresponds to the operation

@ in h�X under the isomorphism � : h�TX
�= h�X . Thus, for spectra X and Y and for elements

x 2 hmT X and y 2 hnTY , it suÆces to show ��(xy) = (��x)y+x(��y) in hm+n�1
T (X^Y ). This follows

since, for elements z 2 KTm(X ; Ẑ2) and w 2 KT
n(Y ; Ẑ2), we have

��(zw) = (��z)w + (�1)mz(��w) + �zw

in KTm+n�1(X ^ Y ; Ẑ2) by Lemma 4.11. �

6. On the j� groups of some infinite loop spaces

In this section, we complete our preparations for proofs of relations for unstable operations. For

a spectrum E and integer m, we let Em denote the in�nite loop space 
10 �mE given by the base

component of 
1�mE. Thus, for a connected space X , there is a natural isomorphism eEm(X) �=

[X;Em] which specializes to isomorphisms gKOm
(X ; Ẑ2) �= [X;dKOm] and eKm(X ; Ẑ2) �= [X; bKm]

where dKO and bK denote the 2-adic completions of KO and K. Our main results in this section

(Theorems 6.1 and 6.2) will show the sparseness of primitive elements in the j� groups of dKOm andbKm. After stating these results, we turn to their proofs, which require some extensive preliminaries

and need not detain the reader.

Theorem 6.1. For each integer m, the cohomologies K�
CR(

dKOm; Ẑ2) and K�
CR(

bKm; Ẑ2) are CR-

exact with K�(dKOm; Ẑ2) and K
�( bKm; Ẑ2) torsion-free.
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The proof is in 6.5. Letting Lm denote the in�nite loop space dKOm or bKm, we may now apply

the Kunneth theorem for j� to show that j�Lm is a 2-pro�nite Hopf algebra over j� = j�(pt). Using

the spectrum B1Lm, we let � : j
�B1Lm ! Pj�Lm denote the in�nite cohomology suspension from

j�B1Lm to the primitives in j�Lm. We now give the needed sparseness results for Pj�KOm and

Pj�Km.

Theorem 6.2. We have:

(i) PjidKO0 = 0 for i 6� 0;�1 mod 8 and � : PjidKO0 ! Pji�1dKO0 is monic

for i � 0 mod 8 with � = 0 on Pji�1dKO0;

(ii) PjidKO1 = 0 for i 6� 1; 0 mod 8 and � : PjidKO1 ! Pji�1dKO1 is monic

for i � 1 mod 8 with � = 0 on Pji�1dKO1;

(iii) PjidKO2 = 0 for i 6� 2; 1 mod 8 and � : PjidKO2 ! Pji�1dKO2 is monic

for i � 2 mod 8 with � = 0 on Pji�1dKO2; in fact, � : j�B1dKO2
�=

Pj�dKO2;

(iv) PjidKO3 = 0 for i 6� 3; 2;�1;�2 mod 8 and � : PjidKO3 ! Pji�1dKO3 is

monic for i � 3;�1 mod 8 with � = 0 on Pji�1dKO3;

(v) PjidKO�4 = 0 for i 6� 0;�1;�4;�5 mod 8 and � : PjidKO�4 ! Pji�1dKO�4

is monic for i � 0;�4 mod 8 with � = 0 on Pji�1dKO�4;

(vi) PjidKO�3 = 0 for i 6� 1; 0;�3;�4 mod 8 and � : PjidKO�3 ! Pji�1dKO�3

is monic for i � 1;�3 mod 8 with � = 0 on Pji�1dKO�3;

(vii) PjidKO�2 = 0 for i 6� �2;�3 mod 8 and � : PjidKO�2 ! Pji�1dKO�2 is

monic for i � �2 mod 8 with � = 0 on Pji�1dKO�2; in fact, � : j�B1dKO�2
�=

Pj�dKO�2;

(viii) PjidKO�1 = 0 for i 6� �1;�2 mod 8 and � : PjidKO�1 ! Pji�1dKO�1 is

monic for i � �1 mod 8 with � = 0 on Pji�1dKO�1;

(ix) Pji bK�1 = 0 for i 6� 1; 0;�1 mod 8 and �� : Pji bK�1
�= PjiS1 for i � 1

mod 8 where � : S1 ! bK�1 is obtained from the inclusion U(1) � U ;

(x) Pji bK0 = 0 for i 6� 0;�1 mod 8 and � : Pji bK0 ! Pji�1 bK0 is monic for

i � 0 mod 8 with � = 0 on Pji�1 bK0.

The proof is in 6.10. In preparation, we �rst recall a result from [7], using notation and terminology

of that paper. For a 2-pro�nite abelian group G, we let ~IG = G � G � G � : : : denote the 2-adic

 2-module with  2(x1; x2; x3; : : : ) = (0; x1; x2; : : : ).
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Theorem 6.3. Let E be a 0-connected spectrum with K�(E; Ẑ2) torsion-free. Then K�(
1E; Ẑ2)

is torsion-free, and if K0(E; Ẑ2) = 0, then there is a natural isomorphism

K�(
1E; Ẑ2) �= �̂~IK1(E; Ẑ2)
̂�̂H
1(E; Ẑ2)
̂JH

2(E; Ẑ2)

of Z=2-graded 2-adic �-rings and Hopf algebras. Also, if K1(E; Ẑ2) = 0 and H1(E; Ẑ2) = 0, then

K1(
1E; Ẑ2) = 0 and there is a natural isomorphism

K0(
1E; Ẑ2) �= W (K0(E; Ẑ2) # H
2(E; Ẑ2))

of 2-adic �-rings and Hopf algebras.

Proof. This is obtained from [7, Theorem 8.3]. �

The above result applies to the spectra B1dKOm and B1 bKm by:

Theorem 6.4. For each m, K�(B1dKOm; Ẑ2) andK
�(B1 bKm; Ẑ2) are torsion-free with K

m+1(B1dKOm; Ẑ2) =

0 and Km+1(B1 bKm; Ẑ2) = 0. Moreover, for each m, Km(B1dKOm; Ẑ2) has  �1 = 1 with

c : KOm(B1dKOm; Ẑ2) �= Km(B1dKOm; Ẑ2), and K
m(B1 bKm; Ẑ2) is of the form G� �1G (under

the  �1 action) for some 2-pro�nite abelian group G.

Proof. Since all Postnikov spectra and all uniquely 2-divisible spectra are K=2�-acyclic, the maps

B1dKOm ! �mdKO  �mKO and B1 bKm ! �mK̂  �mK are K=2�-equivalences. Hence, they

are also KẐ�2-equivalences and KOẐ�2-equivalences. Thus, it suÆces to prove the version of the

theorem with m replaced by 0, with B1dKOm replaced by KO, and with B1 bKm replaced by K.

This version follows using our knowledge of KCR
� (KOZ21) and K

CR
� (KZ21) from [5, Theorem 8.2]

and using the Pontrjagin duality of [10, Theorem 3.1] between KCR
� (EZ21) and K

�
CR(E; Ẑ2) for a

spectrum E. �

6.5. Proof of Theorem 6.1. Let Lm denote dKOm or bKm. Then K�(Lm; Ẑ2) is torsion-free by

Theorems 6.3 and 6.4. Moreover, for m even, K�
CR(Lm; Ẑ2) is CR-exact since K

1(Lm; Ẑ2) = 0 by

the above theorems. Now let m be odd, and let ~Lm be the 1-connected cover of Lm. By Theorems

6.3 and 6.4, h� ~Lm �= �̂M is a 2-pro�nite exterior Hopf algebra on primitives M � h� ~Lm which

are concentrated in a single degree modulo 4. Since the di�erential @ of 5.8 must carry primitives

to primitives, it must vanish on M and hence vanish on h�Lm �= �̂M by Theorem 5.9. Thus,

K�
CR(

~Lm; Ẑ2) is CR-exact by Proposition 5.10. Moreover, K�
CR(K(�1Lm; 1); Ẑ2) is CR-exact since

�1Lm is Ẑ2, Z=2, or 0. Finally, since Lm ' ~L � K(�1Lm; 1), we conclude that K�
CR(Lm; Ẑ2) is

CR-exact by Theorems 5.4, 5.9, and 5.10. �

To prove Theorem 6.2, we shall use:



26

6.6. The functor �j�. For a spectrum or space X , we let �j�X be the graded pro�nite Z=2-module

�j�X = j�X=�j�+1X:

We may view �j�X as a module over the graded commutative Z=2-algebra �j� = �j�S with �j�8k =

Z=2 = hBk
Ri for k 2 Z and �jn = 0 for n 6� 0 mod 8. For spaces X and Y , there is a product

homomorphism

� : �j�X
̂�j�
�j�Y �! �j�(X � Y )

which is an isomorphism by Theorem 5.2 when K�
CR(X ; Ẑ2) is CR-exact with K

�(X ; Ẑ2) torsion-

free. By Theorem 6.1, this applies when X = Lm where Lm denotes the in�nite loop space dKOm

or bKm. Thus, �j
�Lm is a 2-pro�nite Hopf algebra over �j�, and there is a short exact sequence

0 �! �j�+1Lm
�
��! j�Lm

q
��! �j�Lm �! 0

where q is the quotient map. Furthermore, we have:

Lemma 6.7. For each m, there is an exact sequence

0 �! P�j�+1Lm
�
��! Pj�Lm

q
��! P�j�Lm

Proof. This follows by comparing the preceding short exact sequence with the short exact sequence

0 �! �j�+1(Lm � Lm)
�
��! j�(Lm � Lm)

q
��! �j�(Lm � Lm) �! 0

whose terms are expanded using the Kunneth theorems for j� and �j� (5.2 and 6.6). �

Lemma 6.8. The following results hold for each m and n:

(i) if P�jn+1Lm = 0 and P�jnLm = 0, then PjnLm = 0;

(ii) if P�jn+1Lm = 0, then � = 0 on Pjn+1Lm and � : PjnLm ! Pjn�1Lm is

monic;

(iii) if � : �j�B1Lm �= P�j�Lm, then � : j�B1Lm �= Pj�Lm.

Proof. These results are obtained from Lemma 6.7 using the factorization � = �q : Pj�Lm !

Pj��1Lm and using the short exact sequence

0 �! �j�+1B1Lm
�
��! j�B1Lm

q
��! �j�B1Lm �! 0

�

To obtain Theorem 6.2, we may now use:

Theorem 6.9. We have:
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(i) P�jidKO0 = 0 for i 6� 0 mod 8;

(ii) P�jidKO1 = 0 for i 6� 1 mod 8;

(iii) P�jidKO2 = 0 for i 6� 2 mod 8 and � : �j�B1dKO2
�= P�j�dKO2;

(iv) P�jidKO3 = 0 for i 6� 3;�1 mod 8;

(v) P�jidKO�4 = 0 for i 6� 0;�4 mod 8;

(vi) P�jidKO�3 = 0 for i 6� 1;�3 mod 8;

(vii) P�jidKO�2 = 0 for i 6� �2 mod 8 and � : �j�B1dKO�2 = P�j�dKO�2;

(viii) P�jidKO�1 = 0 for i 6� �1 mod 8;

(ix) P�ji bK�1 = 0 for i 6� 1; 0 mod 8 and �� : P�ji bK�1
�= P�jiS1 for i � 1

mod 8 where � : S1 ! bK�1 is obtained from the inclusion U(1) � U ;

(x) P�ji bK0 = 0 for i 6� 0 mod 8.

6.10. Proof of Theorem 6.2. This theorem follows easily from Lemma 6.8 and Theorem 6.9. �

We devote the rest of this section to proving Theorem 6.9. We may approach P�j�Lm via Ph�Lm

using:

Lemma 6.11. Let X be a connected loop space such that K�
CR(X ; Ẑ2) is CR-exact and K

�(X ; Ẑ2)

torsion-free. Then there is an isomorphism

c+B�2c : P�j�X � P�j��4X �= Ph�X:

Proof. This follows since there is a Hopf algebra isomorphism

c+B�2c : �j�X � �j��4X �= h�X:

by 5.5 and Proposition 5.11. �

The components of Ph�X are now given by P�j�X �= Ph�X \ c�j�X and P�j��4X �= Ph�X \

B�2c�j��4X . This lemma may be combined with:

Lemma 6.12. We have Ph�K(Z=2r; 1) = 0 for r � 1, Ph�K(Ẑ2; 2) = 0, Ph1K(Ẑ2; 1) = Z=2, and

PhiK(Ẑ2; 1) = 0 for i 6� 1 mod 4. Moreover, h0K(Ẑ2; 2) = Z=2 and hiK(Ẑ2; 2) = 0 for i 6� 0

mod 4.

Proof. By Theorem 6.3, for a �nite 2-torsion group G, we have K1(K(G; 1); Ẑ2) = 0 and

K0(K(G; 1); Ẑ2) �= J(G]) �= Ẑ2(G
])

where Ẑ2(G
]) is the group ring on G] with  �1 inverting elements of G]. Thus, Ph�K(G; 1) = 0

since h0K(G; 1) �= Z=2(G=2)] and since hiK(G; 1) = 0 for i 6� 0 mod 8. Now the results for
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K(Z=2r; 1) follow immediately; the results forK(Ẑ2; 2) follow by limit arguments since h�K(Ẑ2; 2) �=

h�K(Z21; 1); and the results for K(Ẑ2; 1) follow since h�K(Ẑ2; 1) �= h�S1. �

6.13. Proof of Theorem 6.9 except for parts (iii) and (vii). Let Lm denote dKOm or bKm, and

let ~Lm denote the 1-connected cover of Lm. Form odd, we have Ph�Lm �= Ph� ~Lm�Ph
�K(�1Lm; 1)

by Theorem 6.3, and we easily determine these summands using Lemma 6.12 and Theorem 6.4. We

then extract the groups P�j�Lm from Ph�Lm using Lemma 6.11 together with the operations � of

3.5 (when Lm = dKOm) and � of 3.3 (when Lm = bKm). This gives parts (ii), (iv), (vi), (viii), and

(ix) of Theorem 6.9. Next, let Lm = dKOm with m = 0 or m = 4. Then K1(Lm; Ẑ2) = 0 and

K0(Lm; Ẑ2) is torsion-free with  
�1 = 1 by Theorems 6.3 and 6.4. Hence,

� : Q̂K�+1(~Lm+1;Z=2) �= PK�(Lm;Z=2) �= Ph�Lm

by [8, Theorem 10.2]. We may now determine Ph�Lm by Theorems 6.3 and 6.4, and we then extract

the groups P�j�Lm from Ph�Lm using Lemma 6.11 together with the operator � of 3.5. This gives

parts (i) and (v) of Theorem 6.9. Finally, let L0 = bK0 and let ~L0 be the 2-connected cover of

L0. Using the splitting L0 ' ~L0 � K(Ẑ2; 2) of [13], we obtain Ph�L0
�= Ph� ~L0 by Theorem 5.4

and Lemma 6.12. We may now determine Ph�L0 and extract P�j�L0 as above to give part (x) of

Theorem 6.9. �

Before proving parts (iii) and (vii) of Theorem 6.9, we must make some algebraic preparations.

For a moduleM over F2 (=Z=2) with involution t : M �=M , we let h(M) be the homology ofM with

respect of the di�erential d = 1+ t. For such modules M and N , there is a pairing h(M)
h(N)!

h(M 
N) since d(x
y) = dx
y+x
dy+dx
dy, and we obtain h(M)
h(N) �= h(M 
N) since

such modules decompose as direct sums of components F2 � tF2 and F2. Thus, if A is an abelian

F2-Hopf algebra, then h(A) inherits this structure, where t : A �= A is the involution given by the

antipode (see [17]). As in [8, Appendix A], we let W1 = F2[x0; x1; : : : ] be the in�nite Witt Hopf

algebra. Then:

Lemma 6.14. h(W1) is an exterior Hopf algebra on the generator x0.

Proof. We giveW1 the grading with jxij = 2i for i � 0, and we consider the short exact sequence of

graded abelian Hopf algebras W0 �W1 �W 0
1 of [8, Appendix A], where W0 = F2[x0] and where

W 0
1 = F2[x

0
0; x

0
1; : : : ] is the in�nite Witt Hopf algebra with jx0ij = 2i+1 for i � 0. Then W1 is a free

graded W0-module on any graded set of elements in W1 which project to a graded basis for W 0
1,

as shown by an argument using the faithfulness of F2 
W0
�. We may now obtain an F2-basis for

W1 consisting of 1 and x0 followed by elements of the form fg�; tg�g� in higher dimensions. This
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is accomplished by copying partial bases of W1 to W 0
1, then lifting these copies back to W1, and

then multiplying these lifts by powers of x0, with special arguments for the lowest lifts. �

Next, recall that the abelian F2-Hopf algebras form an abelian category [18, Corollary 4.16], and

let B� A� C be a short exact sequence of such Hopf algebras. Suppose A is irreducible (see e.g.

[7, Section 10.5]); suppose B �=W1; and suppose C �= (JẐ2=2)
]. Then:

Lemma 6.15. The map h(B)! h(A) is an isomorphism.

Proof. Following Radford [14], we let B = B(0) � B(1) � B(2) � : : : be the natural �ltration of A by

\wedges" of B, and we recall that there is a natural isomorphism of left B-modules B
Cs=Cs�1
�=

B(s)=B(s�1) for each s, where F2 = C0 � C1 � C2 � : : : is the coradical �ltration of C. Since the

above �ltrations all respect the action of t, we obtain a spectral sequence fEs
rAg of left h(B)-modules

converging to h(A) with Es
1A = h(B(s)=B(s�1)) for s � 0. We �nd that the spectral sequence fEs

rCg

collapses to h(C) = F2 with Cs=Cs�1 = F2 for s � 0 and with d1 : E
2m
1 C �= E2m�1

1 C for m � 1.

Using the natural chain isomorphism F2 
h(B) E
�
1A
�= E�1C together with our knowledge of h(B)

from Lemma 6.14, we deduce that d1 : E
2m
1 A �= E2m�1

1 A for m � 1. Hence, the spectral sequence

fEs
rAg collapses to give h(A) �= h(B). �

For a 2-pro�nite abelian group A with involution t : A �= A, we let h�A = fh+A; h�Ag be the

Z=2-graded pro�nite F2-module with h+A = ker(1� t)= im(1+ t) and with h�A = ker(1+ t)= im(1�

t). When A is torsion-free, we obtain a natural isomorphism h+A � h�A �= h(A=2) using the

decomposition of A described in the proof of Theorem 5.4. Moreover, for such torsion-free groups

A and B, we obtain a natural isomorphism h�A
̂h�B �= h�(A
̂B) which agrees with the natural

isomorphism h(A=2)
̂h(B=2) �= h(A=2
̂B=2). We now consider the torsion-free 2-pro�nite Hopf

algebra W (f) of [7, Sections 7.6 and 7.9], where f : M ! H is a map of torsion-free 2-pro�nite

abelian groups. Using the involutions induced by t = �1 on M and H , we obtain a Z=2-graded

pro�nite F2-Hopf algebra h
�W (f) with a natural map h�M ! Ph�W (f).

Lemma 6.16. If f : M ! H is a map of torsion-free 2-pro�nite abelian groups with H = 0 or

H = Ẑ2, then the natural map h�M ! Ph�W (f) is an isomorphism.

Proof. Since M and W (f) are torsion-free, it suÆces to show that h(M=2) ! Ph(W (f)=2) is an

isomorphism. When f : Ẑ2! 0, this follows by [7, Section 7.6] and Lemma 6.14. When f : Ẑ2! Ẑ2,

it follows by [7, Section 7.7] and Lemma 6.15. When f : 0 ! Ẑ2, it follows by retraction from the

preceding case with f = 0. The general result now follows by limit arguments since the given map
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f : M ! 0 or f : M ! Ẑ2 may be decomposed as (possibly in�nite) products of maps Ẑ2 ! 0,

Ẑ2! Ẑ2, and 0! Ẑ2. �

6.17. Proof of parts (iii) and (vii) of Theorem 6.9. For Lm = dKOm with m = �2, we have

� : h�B1Lm �= Ph�Lm by Theorem 6.3 and Lemma 6.16, and hence � : �j�B1Lm �= P�j�Lm by

Lemma 6.11. The desired results now follow since �j�B1Lm = 0 for i 6� m mod 8 by Theorem

6.4. �

7. Proofs of relations for unstable operations

In this section, we prove Propositions 3.7, 3.9, 3.10, 3.11, 3.12, and 3.15, giving all of the remaining

relations for unstable operations in fK�(X ; Ẑ2);KO
�(X ; Ẑ2)g. Before focusing on speci�c relations,

we describe:

7.1. The basic method of proof. Suppose that we seek to prove a relation � = � for natural

operations �; � : KOm(X ; Ẑ2)! KOn(X ; Ẑ2) de�ned for spaces X . We may assume that X is con-

nected since our operations � and � will act coordinatewise onKO�(
`

�X�; Ẑ2) �=
Q

�KO
�(X�; Ẑ2)

for a disjoint union of spaces
`

�X�. We check:

(i) � = � when X is a point;

(ii) �� � is additive for all X ;

(iii) c� = c� : KOm(X ; Ẑ2)! Kn(X ; Ẑ2) for all X .

By (i) and (ii), it now suÆces to show � = � : gKOm
(X ; Ẑ2)!gKOn

(X ; Ẑ2) for connected spaces X .

Equivalently, using the universal example X = dKOm, it suÆces to show �� = �� for the canonical

class � 2 gKOm
(dKOm; Ẑ2). This stable class � is primitive in the sense that ��� = p�1� + p�2� ingKOm

(dKOm�
dKOm; Ẑ2) where p1, p2, and � are the projection and addition maps from dKOm�

dKOm

to dKOm. Hence, the element �� � �� 2 gKOn
(dKOm; Ẑ2) is also primitive since � � � is additive.

Moreover, ����� is in the image of � since it is in the kernel of c, and thus ����� corresponds to a

unique element � 2 Pjn+1dKOm with �� = ����� by Theorems 5.2 and 6.1. It now suÆces to show

that this error element � 2 Pjn+1dKOm is trivial, and this may usually be accomplished using our

sparseness results on Pjn+1dKOm from Theorem 6.2. In a few cases, we shall rely on other methods

involving Real K-theory.

7.2. Proof of Proposition 3.11. For a space X and element x 2 KOn(X ; Ẑ2), we have x2 =

��2x = ��x for n � �1;�5 mod 8 by Crabb [11, p.67], Minami [12, Proposition 2.2], and [10,

Section 6.9]. We likewise have x2 = 0 for n � 1;�3 mod 8 by Crabb [11, p.66] and [10, Section
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6.9]. For an element x 2 KOn(X ; Ẑ2), we must show x2 = �rB�2�Bcx when n = 2 and show

x2 = �rB2�B�1cx when n = �2, using the operation � on K0(X ; Ẑ2). We verify 7.1(i){(iii)

using the relations �(y + z) = �y + �z � yz and �(y) + �(�y) = �y2 in K0(X ; Ẑ2). Hence, there

is an error element � 2 Pj2n+1dKOn with an isomorphism � : j2n+1B1dKOn
�= Pj2n+1dKOn by

Theorem 6.2. Since the v1-stabilization homomorphism � of [10, Section 7.1] is left inverse to

�, it also gives an isomorphism �: Pj2n+1dKOn
�= j2n+1B1dKOn, and there is a monomorphism

� : j2n+1B1dKOn ! KO2n(B1dKOn; Ẑ2) by 5.1. We now deduce that � = 0 since ��� = 0 by [10,

Section 7.4], and the result follows. �

7.3. Proof of Proposition 3.9. For a (possibly nonconnected) pointed space X and element x 2gKOn
(X ; Ẑ2) with n = 1 or n = �3, we must show ��x = ��x in gKO0

(X ; Ẑ2). When X is a �nite

complex, this follows as in [10, Section 6.9] since

� : gKO1
(X ; Ẑ2)�gKO�3

(X ; Ẑ2) �!gKO0
(X ; Ẑ2)�gKO�4

(X ; Ẑ2)

may be obtained by tensoring the �-homomorphism

i� : gKR(�1;0 ^X)�gKH(�1;0 ^X) �!gKR(�0;0 ^X)�gKH(�0;0 ^X)

with the �-ring Ẑ2 where i : �0;0 ^ X ! �1;0 ^ X is the standard inclusion. The general result

now follows by an inverse limit argument. For a pointed space X and element x 2 gKOn
(X ; Ẑ2)

with n = 0 or n = �4, we must show ��x = � 2x. This follows from the relation �� = �� ongKOn+1
(�X ; Ẑ2). Finally, for a space X and element x 2 KOn(X ; Ẑ2) with n = �2, we must show

��x = 0. We verify 7.1(i){(iii) using Propositions 3.6 and 3.13, and we obtain an error element

� 2 PjndKOn. As in 7.2, there is a monomorphism ��: PjndKOn ! KOn�1(B1dKOn; Ẑ2), and we

deduce that � = 0 since ��� = 0. This shows ��x = 0. �

7.4. Proof of Proposition 3.12. For a space X and element x 2 KOn(X ; Ẑ2), we must show

�cx = x2 when n = 0 and show �B�2cx = B�1
R x2 when n = �4. The case n = 0 follows since

�cx = r�cx � �rcx = 2�x� �(2x) = x2 by Propositions 3.13 and 3.14, and the case n = �4 follows

similarly. For x 2 KOn(X ; Ẑ2), we must show �cx = 0 when n = �1 and show �B�2cx = 0 when

n = �5. We easily verify 7.1(i){(iii) and obtain an error element � 2 Pj1dKOn. The results now

follow since � = 0 by Theorem 6.2. For x 2 KOn(X ; Ẑ2), we must show �Bcx = ��x when n = 1

and show �B�1cx = ��x when n = �3. We easily verify 7.1(i){(iii), and we also obtain ��Bcx =

�2�x and ��B�1cx = �2�x by Propositions 3.9, 3.13, and 3.14. Hence, there is an error element

� 2 Pj1dKOn with �� = 0 in Pj0dKOn. The results now follow since � = 0 by Theorem 6.2. Finally,
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for x 2 KOn(X ; Ẑ2), we must show �Bcx = r�Bcx when n = 2 and show �B�1cx = r�B�1cx

when n = �2. The case n = 2 follows since �Bcx = r�Bcx � �rBcx = r�Bcx � ��2x = r�Bcx by

Propositions 3.9 and 3.14, and the case n = �2 follows similarly. �

7.5. Proof of Proposition 3.10. Since � = rB2c, the result now follows easily from Propositions

3.12 and 3.14. �

7.6. Proof of Proposition 3.15. For a space X and element z 2 K0(X ; Ẑ2), we must show

��z = r(z2(�z�)+(�z)(�z�)) in KO0(X ; Ẑ2). We verify the 7.1(i){(iii) conditions using 3.3, 3.4, and

3.13, and we obtain an error element � 2 Pj1 bK0. The result now follows since � = 0 by Theorem

6.2. For z 2 K�1(X ; Ẑ2), we must show ��z = ��z. We verify the 7.1(i){(iii) conditions using 3.3,

3.4, 3.6, 3.13, and 3.14, and we obtain an error element � 2 Pj1 bK�1. Using the map � : S1 ! bK�1

of 6.2(ix), we obtain ��� = 0 in Pj1S1 since the relation �� = �� holds on eK�1(S1; Ẑ2). The result

now follows since � = 0 by Theorem 6.2. �

7.7. Proof of Proposition 3.7. It suÆces to prove the corresponding results for external co-

homology products of spaces X and Y . Thus, for a pair of elements x 2 KOm(X ; Ẑ2) and

y 2 KOn(Y ; Ẑ2), we must verify the given formula for �(xy) 2 KOq(X � Y ; Ẑ2) with q = m + n

or q = m + n + 4 depending on the dimensions m and n. Using the method of 7.1 with two vari-

ables, we �rst check the given formula when X or Y is a point; we next check the additivity in

each variable of the di�erence in the sides of the given formula; and we then check the complex-

i�cation of the given formula. This is all straightforward using the known results in Section 3.

We then obtain an error element � 2 jq+1(dKOm �
dKOn) which is primitive with respect to the

multiplication of dKOm and of dKOn. Thus, � belongs to the intersection of Pj�dKOm
̂j�j
�dKOn

and j�dKOm
̂j�Pj
�dKOn in j�dKOm
̂j�j

�dKOn. By Theorem 6.2, we may extend Pj�dKOm and

Pj�dKOn to free j�-submodules �Pj�dKOm � j�dKOm and �Pj�dKOn � j�dKOn on generators in di-

mensions congruent to m and n mod 4. Moreover, these j�-submodules are direct summands since

j�dKOm=
�Pj�dKOm and j�dKOn=

�Pj�dKOn are �-acyclic. Hence, the error element � belongs to the

free j�-submodule �Pj�dKOm
̂j� �Pj
�dKOn � j

�dKOm
̂j�j
�dKOn on generators in dimensions congru-

ent to m+ n mod 4. Since � is of dimension congruent to m+ n+ 1 mod 4, this implies � = 0, and

the result follows. �
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7.8. Proofs of the relations 3.16(i){(iv). The relation 3.16(iii) follows since Adams operations

commute with exterior power operations in p-adic �-rings. The remaining relations follow by veri-

fying the 7.1(i){(iii) conditions and showing the vanishing of the resulting error elements as in the

preceding proofs. �
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