LOCALIZATION WITH RESPECT TO A CLASS OF MAPS II -
EQUIVARIANT CELLULARIZATION AND ITS APPLICATION

BORIS CHORNY

ABSTRACT. We present an example of a homotopical localization functor which
is not a localization with respect to any set of maps. Our example arises from
equivariant homotopy theory. The technique of equivariant cellularization is
developed and applied to the proof of the main result.

INTRODUCTION

Coaugmented idempotent functors, or localizations, occur all over mathematics
under different names (e.g., idempotent monads [11], orthogonal reflections [2, 1.36]
or coreflections on the full subcategory [15, IV.3]). These are functors L: € — C
equipped with a natural transformation n: Id — L, such that the natural maps
Lyy,nry: LX =3 LLX are equal isomorphisms. For example, any multiplicative
system S in a commutative ring R gives rise to the localization functor L: R-mod —
R-mod and a natural coaugmentation map nar: M — L(M) = M ®g R[S !],
which justify the name localization. Another example is given by the abelianization
functor in the category of groups.

The purpose of such construction L is to “forget” certain information about the
mathematical structure one studies. In the case when the information we want
to discard may be described in terms of a set of generators, the existence of the
localization is usually implied by the standard results from the category theory
[2, 1.37]. But if the description of the undesired information is available only in
terms of a proper class of generating maps, no general results are available in the
standard set-theoretical framework. However, if the underlying category is locally
presentable [2, Def. 1.17], then it is known that the general question of existence of
orthogonal reflection is equivalent to the weak Vopénka’s principle [2, 6.22, 6.23].
Moreover, if one is ready to assume a more powerful Vopénka’s principle, then by
[2, 6.24] any class of maps (which is closed under limits in the category of maps)
may be generated by just a set of maps (i.e., it is a small-orthogonality class [2,
Def. 1.32]).

Vopénka’s principle and weak Vopénka’s principle are set theoretical statements
which are known to be unprovable in the standard set theory, but not known to be
independent of the rest of the axioms. See Chapter 6 of J. Addmek and J. Rosicky’s
book [2] for more information.

In this paper we give a counterexample to the similar question about homotopical
localization. We do not assume here any of the non-standard axioms.
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Homotopical localizations played an important role in algebraic topology and
algebraic geometry over past thirty years. Most of the previously known homo-
topy idempotent functors (except few rare cases like [12], [14]) are known to be
equivalent to the localization with respect to a set of maps, though sometimes it
is non-trivial to find an appropriate set (see [9, 1.E] for examples and discussion).
This lead E. Dror Farjoun to ask in [8]: whether any homotopy idempotent functor
on the category of spaces is an S-localization for some set of maps S? Like in the
non-homotopical version, it turned out that this question cannot be settled using
only the standard axioms of set theory, but the answer is affirmative if one assumes,
additionally, Vopénka’s principle [3]. Recently these results were extended to any
simplicial combinatorial(= cofibrantly generated & locally presentable) model cat-
egory [6].

In this work we show that it is impossible to remove the assumption on the model
category to be cofibrantly generated. In more detail, we consider the category of
diagrams of spaces with the equivariant model structure [7], which is known to be
non-cofibrantly generated [5], but still reasonable enough to admit the standard
localization theory with respect to a set of maps and even with respect to a class
of maps satisfying some restrictive conditions [4]. The main result of the present
paper is that the functor which associates the constant diagram of points to any
diagram X is not a localization functor with respect to any set of maps of diagrams.
This is really a localization with respect to a class of maps.

We would like to stress that our counterexample is not based on some anomaly
of the underlying category (in fact, it can be chosen to be locally presentable). Our
argument uses the observation that the considered model category is not cofibrantly
generated, but it does not mean that our example may be generalized to any non-
cofibrantly generated model category: there exists an example of a model category
which is Quillen equivalent to the trivial model category, but it is not cofibrantly
generated [1], hence any localization functor in this model category is a localization
with respect to an empty set of maps - a fibrant replacement.

Together with the works [3, 6] our example provides an answer to Dror Farjoun’s
question.

Organization of the paper. We continue here the discussion started in [4] and
use freely results and notions introduced there. Let us recall only the definition of
the equivariant model structure on the category of D-shaped diagrams of spaces
[7]: a diagram T is called an orbit if colimpT = *; amap f: X — Y is a weak
equivalence or fibration if the induced map hom(7T', f): hom(T, X) — hom(7T,Y) is
a weak equivalence or fibration of simplicial sets respectively. Here and further in
the paper hom( -, -) denotes the simplicial function complex.

In the fist section we develop the theory of equivariant colocalizations or cel-
lularizations, which is complementary to the theory of equivariant localizations
introduced in [4]. We do not treat here the question of the existence of the fixed-
pointwise cellularization, since we do not have applications for this notion. The
category of spaces may be taken to be the category of simplicial sets or the com-
pactly generated topological spaces with the standard simplicial model structure.

In the second section we apply the results of the first section in order to prove
that the functor L which entirely discards the homotopical information of diagrams
of spaces: L(X) = # is not a localization with respect to any set of arrows between
diagrams. Our proof works only for the case of diagrams of topological spaces, so
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that every diagram is fibrant in the equivariant model category. In order to obtain
an example of a category which is still locally presentable we may use the category
of I-generated topological spaces introduced recently by J. Smith. A useful account
of J. Smith’s ideas on the I-generated spaces is given by D. Dugger [10].

Acknowledgements. T would like to thank Emmanuel Dror Farjoun for his support
and many helpful ideas. I am grateful to Jeff Smith for catching a mistake in an
early version of this work.

1. CONSTRUCTION OF THE EQUIVARIANT COLOCALIZATION FUNCTOR

In this section we explain the complementary approach to the localization.
Namely, we construct for any set of cofibrant diagrams A = {A} the augmented
functor CW,: 8P — SP such that for each X € SP, CW4(X) is A-colocal and
the natural map px: CWa(X) — X is an A-colocal equivalence (see below). We
prove also that the natural map px : CWa(X) — X is terminal (up to homotopy)
among all the maps of the A-colocal spaces into X, thus CW X is characterized
up to a weak equivalence.

The crucial difference between the equivariant framework and the ordinary one
is that it is not pointless to consider the cellularization of non-pointed diagrams
(cf. 9, p- 40], [13, 3.1.10]). Already in the case of a group G acting on topological
spaces there are non-trivial augmented homotopy idempotent functors on S, e.g.,
for any subgroup H of G there exists the augmented functor which assigns to any
G-space X its subspace fixed by H with the natural inclusion px : (X)¥ — X. The
homotopy idempotence is clear. B

1.1. Preliminaries on colocal diagrams and colocal equivalences.

Definition 1.1. Let A be a set of cofibrant diagrams.
e Amap f: X = Y is an A-colocal equivalence (or just an A-equivalence) if
for any fibrant replacement f of f the induced map
hom(4, f): hom(4, X) — hom(4,Y)

is a weak equivalence of simplicial sets for every 4 € A.
e A cofibrant diagram B is A-colocal if for any A-colocal equivalence g: X —
Y and any fibrant replacement § of g the induced map

hom(B,§): hom(B, X) — hom(B,Y)
is a weak equivalence of simplicial sets.

Remark 1.2. The above notions are well-defined, i.e., they do not depend on the
choice of the fibrant replacement. It follows from [13, 9.7.2]. We shall use also an
A-colocal version of the Whitehead theorem (see [13, 3.2.13] for the proof).

Proposition 1.3 (A-colocal Whitehead theorem). A map g: Q1 — Q2 is a weak
equivalence of A-colocal diagrams if and only if g is an A-colocal equivalence.

Proposition 1.4. A map g: X =Y of diagrams is an A-colocal equivalence if and
only if there exists a fibrant replacement § of g which has the right lifting property
with respect to the following families of maps:

e generating trivial cofibrations J;
e Hor(A) ={0A"®@ A—>A"®@A|n >0, Aec A}
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Proof. If g is an A-colocal equivalence, then there exists a fibrant replacement
g: X — Y such that hom(4, g) is a weak equivalence for every A € A. Consider
the factorization of § = ¢'i into the trivial cofibration ¢ followed by the fibration §’,
which is also an A-equivalence by Remark 1.2. Hence, §' is a fibrant approximation
of g, which has the right lifting property with respect to the elements of J, as a
fibration of diagrams, and with respect to the elements of Hor(A) by adjunction.
Conversely, if § is a fibrant replacement of g with the right lifting property
with respect to the elements of J and Hor(A), then, by adjunction, hom(4, §) is
a trivial fibration of simplicial sets for every A € A, therefore g is an A-colocal
equivalence. O

Proposition 1.5. The class of maps K = J U Hor(A) may be equipped with an
instrumentation.

The proof of this proposition is similar to the proof of Proposition [4, 6.6] and
is left to the reader.

1.2. Construction of CW,. The naive approach which is dual to the construction
of the localization does not work: if for any diagram X we factor the map § — X
into a K-cellular map followed by a K-injective map, then for non-fibrant X we
will not be able to show that the K-injective map is an A-equivalence. See [13,
5.2.7] for a counterexample in the category of pointed simplicial sets.

The right properness of the category of diagrams is essential for the following
construction (compare [13, 5.3.5]). For any diagram X choose a functorial cofibrant
fibrant approximation j: X <> X. Apply the generalized small object argument,
with respect to the instrumented (by Proposition 1.5) class K, to factorize the map
) — X into a K-cellular map r followed by a K-injective map s:

P W X,

Next, take W = X x I/i/'; then the natural map t: W — I/i/' is a weak equivalence
as a pullback of a weak equivalence j along the fibration s in the right proper
model category of diagrams. (s is a fibration, since s € K-inj.) The natural map
v: W — X is in K-inj as a pullback of the K-injective map s. The functorial
fibrant cofibrant approximation § < CW4X i» W supplies us with an augmented

functor CW4 X, where the augmentation px is given by the composition
CWaX W 3 X, Px = vu.

Summarizing, we have the commutative diagram
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The map px: CWaX — X is an A-colocal equivalence by Proposition 1.4, since
its fibrant approximation s: W — X is K-injective, i.e., it has the right lifting
property with respect to the sets J and Hor(A).

Remark 1.6. We note, for future reference, that px € K-inj. px = vu is a com-
position of two fibrations, hence a fibration, i.e., it has the right lifting property
with respect to any element of J. For any element C — D of Hor(A) and any
commutative square

we construct first a lift h: D — [/Ii/', which exists since s € K-inj. Let h: D —
W be the natural map into the pullback W. Finally, the required lift I: D —
CW X exists, since the map w is a trivial fibration and any element of Hor(A) is
a cofibration.

It remains to show that CW4 X is A-colocal for any diagram X. But CW4 X is
cofibrant and weakly equivalent to the K-cellular complex W, hence it will suffice to

show that [/Ii/' is A-colocal. But any K-cellular diagram is A-colocal. The following
proposition completes the proof.

Proposition 1.7. Any K-cellular complex B is an A-colocal diagram.

Proof. We will prove this by the transfinite induction on the indexing ordinal of
the A-sequence ) = By < By < -+ < B; < -+, whose colimit is B.

The diagram ) is obviously A-colocal for any set of diagrams A, hence the base
of the induction.

For each k the map iy: By — Bp41 is a pushout of a coproduct of the elements
of K. FEach map in K has the homotopy left lifting property with respect to
the class of fibrations which are A-equivalences. For the elements of Hor(A4) this
follows from [13, 9.4.8(1)] (substitute i by ) — A, A € A and (K, L) = (0A™, A™)).
Maps of J are trivial cofibrations, therefore they have the homotopy left lifting
property with respect to all fibrations [13, 9.4.4]. Next, a coproduct of a set of
maps with homotopy left lifting property with respect to any class of maps again
has the homotopy left lifting property with respect to the same class: first note that
coproducts commute with pushouts and with the left adjoint functors - ® K for any
simplicial set K, then apply [13, 9.4.7(2)]. But the homotopy left lifting property
is preserved under pushouts, hence the map iy : By < Bjy1 has the homotopy left
lifting property with respect to any fibration which is an A-equivalence.

First we prove the inductive step for successor ordinals. Suppose By, is A-colocal.

For any A-equivalence g: X — Y take g: ):( — 1:/ to be its fibrant approximation.
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In the commutative diagram
hom(By1, X) o= hom(By41,Y)
\ /
m n
o / £ hom(in ¥)

hom(By, X)

hom(Brg)  Rom(Bi, Y)

the map hom(By, § ) is a weak equivalence of simplicial sets by 1nduct1ve assumption.
The map hom(ik,if) is a fibration, since ¢ is a cofibration and Y is a fibrant
diagram. Let

P = hom(By, X) x hom(B+1,Y);

hom(B,Y)
therefore the map n is a weak equivalenge as a pullback of the weak equivalence
hom(By, g) along the fibration hom(i,Y). The map m is a weak equivalence,
since iy has the homotopy left lifting property with respect to the map g, which is a
fibration and an A-equivalence. Finally, hom(Bj1,§) = nom is a weak equivalence
as a composition of weak equivalences m and n. This proves the inductive step for
successor ordinals.

If 4 < Xis a limit ordinal, then B, = colimy<, By. For any A-equivalence
g: X =Y, let g: X — Y be its fibrant approximation. If By is A-colocal for each
k< u, then the induced map of simplicial sets hom(By, g) is a weak equivalence.
This implies that hom(B,, §) = hom(colimy<, By, §) = limg<, hom(By,§) is a
weak equivalence of simplicial sets, since limy«, hom(By, )j ) and limy <, hom(By, Y)
are homotopy inverse limits of towers of fibrations.

Hence, the step of the induction. O

1.3. Universality of CWy4.

Proposition 1.8 (CW4 is terminal). For any map u: U — X from an A-colocal
diagram U there exists a factorization U — CWa(X) — X which is unique up to
simplicial homotopy.

Proof. By Remark 1.6 the natural map px: CW4X — X is in K-inj. The map
0 — U is in K-cof, since U is A-colocal (one adopts the proof of [13, 3.4.1] in our
case). Then the following commutative square

) —— CWyX

b
-
- Px
-
Ve

admits a lift, which provides the required factorization.

The factorization above is unique, since the map hom(U,px) is a weak equiva-
lence by [13, 13.2.2(2)], thus the induced map on simplicial homotopy classes is a
bijection and, in particular, injection, therefore non-homotopic lifts cannot corre-
spond to the same class of maps [q] € [U, X]. O
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Like the localization functor, CW 4 has also the second universal property, more
precisely, its restriction to the subcategory of fibrant diagrams does. The augmen-
tation map px is a fibration for any X, hence the subcategory of fibrant diagrams
is stable under localizations. Denote by CWJ the restriction of CW4 on the sub-
category of fibrant diagrams (do nothing for the diagrams of topological spaces).
Then CW) is initial with respect to the A-equivalences. In more detail, we have
the following

Proposition 1.9 (CWY is initial). On the subcategory of fibrant diagrams the
augmentation map px: CW4(X) — X is initial, up to homotopy, among all A-
colocal equivalences, i.e., for any A-equivalence of fibrant diagrams f:Y — X,
there exists a unique, up to homotopy, map g: CW3(X) =Y such that px R fg.

Proof. Apply the functor CW} on the A-colocal equivalence f, then the map
CWi(f) = CWa(f) is an A-equivalence by the ‘2 out of 3’ property for A-
equivalences [13, 3.2.3]. The A-colocal Whitehead theorem implies that CW4(f)
is a weak equivalence, therefore it has a homotopy inverse ¢. If we take g = pyq,

then fg = fpyq = pxCWa(f)q ~ pxidcw,(x) = px-

o
cway ¥ Wow,x

b
e
Py - Px
Y e X
e

Y X

Suppose there exists g': CWa(X) =Y, ¢’ # g, and such that fg' ~ px. By the
terminal property of the cellularization functor there exists a map ¢': CWa (X)—
CWa(Y) such that g’ = pyq'. It will suffice to show that ¢' X g, since it implies
that ¢’ X g by [13, 9.5.4]. The induced map on simplicial homotopy classes 1) =
[CWA(X), fpy] is a bijection, since fpy is an A-equivalence of fibrant diagrams

and CW4(X) is A-colocal. But ¢([q]) = ¥([¢']), because fpyq = fg ~px ~ fg' =
fpyq’7 hence [q] — [q/] or ¢ s . -

2. APPLICATION: AN EXAMPLE OF A COAUGMENTED, HOMOTOPY IDEMPOTENT
FUNCTOR THAT IS NOT A LOCALIZATION WITH RESPECT TO A SET OF MAPS

Assuming Vopénka’s principle, every continuous localization functor in a combi-
natorial, simplicial model category is a localization with respect to a set of maps
[6]. May this property be generalized? No, in this section we introduce a coun-
terexample.

We will prove that if the index category D has the proper class of orbits (which
satisfy some mild conditions, see below), then the simplest localization functor
which associates to any diagram X the final object * = pt is not equivalent to an
S-localization functor for any set of maps S of diagrams, i.e., there is no set of maps
S such that Lg(X) is contractible for every diagram X. The current proof works
only for S being the category of compactly generated spaces or I-generated spaces
[10], since we use the assumption that all the objects of SP are fibrant.

This example is a continuation of Example [4, 7.1], where the fixed-pointwise
localization of diagrams of spaces with respect to the map f: § — * of spaces
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was considered. This is essentially the localization with respect to the class F' of
inclusions of the empty diagram into the orbits of O. The class of horns on F in
our case is Hor(F) = {0A"®T — A"®T |n >0, T € 0}. Note that Hor(F') = I,
the class of generating cofibrations. This suggests that the proof would be similar
to the proof that the model category on the category of diagrams of spaces is not
cofibrantly generated [5]. In fact, the method developed in [5] works: we find a
class of orbits each of which is a retract of a diagram built out of a fixed set of
cofibrations, and this is a contradiction to [5, 2.2].

Definition 2.1. An orbit T is regular if there exists a map * — T or, equivalently,
lim T # 0. Otherwise, T is singular.

Example 2.2. If D = J = (e — o) is the category with two objects and one
non-identity morphism, then the only singular orbit is To = (# — *). The rest
of the orbits are regular. In this case we have a proper class of regular orbits;
this is precisely the condition on the category D that guarantees that the functor
L(X) =  is not an S-localization for any set of maps S.

Example 2.3. If D = (e e — o) is the category with three objects and one
non-identity morphism, then there are no regular orbits at all, though there is a
proper class of orbits {(x 0—0); @ X — %) | X € §}. For this indexing
category we do not know whether the functor L(X) = * is equivalent to some Lg.

Theorem 2.4. Let D be a small category that satisfies the following condition: the
category Op of D-orbits contains a proper class of reqular orbits. Then there does
not exist a set of maps S of D-diagrams such that Lg(X) ~ * for every diagram
X.

Lemma 2.5. Suppose that there exists a set B of cofibrant diagrams with the
following property: a fibrant diagram Z is contractible if and only if the simplicial
set hom(B, Z) is contractible for every B € B. Then every regular D-orbit T is
B-colocal.

Proof. Every orbit T is cofibrant in the model category generated by orbits, hence it
is enough to show that if T is regular, then for any B-colocal equivalence g: X — Y
and for any fibrant replacement §g: X — Y of g, the induced map
hom(T, 3): hom(T, X) = hom(T,Y)

is a weak equivalence of simplicial sets.

Without loss of generality we may assume that g is a fibration. Take any map
* — Y. It may happen that such a map does not exist, in which case there are no
maps T — Y, since T is a regular orbit and admits a map * — T'. There are also

no maps ' — X, otherwise it could be concatenated with §. In this case we are
done, since hom(T, §) is the identity map of §, i.e., a weak equivalence.
If the map * — Y exists, then let F' = * xy X. According to the terminology of

[13], F' is the homotopy fiber of § over the p(;int * — 12', since the pullback square

F—

b>

h

* &—
“$—
@

=
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is a homotopy fiber square by [13, 13.3.8].

For every B € B we apply the functor hom(B, ) on the commutative square of
fibrant diagrams above and obtain the pullback of simplicial sets:

hom(B, F) —— hom(B, X

hom(B,h) lhom(B,g

= hom(B, *) —» hom(B,Y).

By the assumption, g is a B-colocal equivalence, therefore hom(B, §) is a weak
equivalence for every B € B, hence hom(B, h) is a weak equivalence of simplicial
sets, since trivial fibrations are preserved by pullbacks. In other words, hom(B, F')
is contractible for every B € B, but the assumption on the set B implies that F is
contractible.

Next, apply the functor hom(7T',-) on the initial pullback square. We obtain a
pullback square of simplicial sets, which is also a homotopy fiber square

The map hom(T, F') — * is a weak equivalence, since F' is contractible, hence the
homotopy fiber of the map hom(T', §) over the point z is contractible.

We obtain the same conclusion if we consider the homotopy fibre of hom(T, g)
over any connected component of hom(7, }A’) The point = may be chosen in any
component, since every 0-simplex of hom(T, Y) corresponds to a map T — }f
but T is a regular orbit, therefore we can choose z = hom(T, k), where k is the
composition * — T — }:f But a map of simplicial sets with the contractible
homotopy fiber over each component of the base is a weak equivalence! Since g was
an arbitrarily chosen B-colocal equivalence, T' is B-colocal. O

In the next lemma we were unable to get rid of the assumption S = Top. One
should expect that it could be replaced by the right properness.

Lemma 2.6. Let B be a set of cofibrant diagrams in the model category of diagrams
of topological spaces generated by the collection of orbits. If Hor(B) = {0A"® B —
A™® B |n >0,B € B}, then:

(1) Any map g: X =Y in Hor(B)-inj is a B-colocal equivalence;
(2) Any B-colocal diagram X is a retract of a Hor(B)-cellular diagram C(X).

Proof. The advantage of the diagrams of topological spaces is that every object
is fibrant, hence the fibrant replacement functor may be chosen to be the iden-
tity. The first claim follows by applying adjunction and concluding that for every
B € B, hom(B,g): hom(B, X) — hom(B,Y) is a trivial fibration, hence a weak
equivalence.
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The second claim follows from the following commutative diagram:

05 : C(X)
o
k .
CWB (X) t
- ~ K
xZ , X
X dx X

In this diagram the map s is in Hor(B)-cell and ¢ is in Hor(B)-inj, for they are
obtained by the application of the small object argument on the map § — X
with respect to the set of maps Hor(B). The maps k and px are obtained upon
application of the CWg( - ) functor on X. -

The dashed arrow exists by the terminal property of the CWg( - ) functor,
since the diagram X is B-colocal. The dotted arrow exists by the initial property
of the CWg( - ) functor, since the map ¢t € Hor(B)-inj and, hence, a B-colocal
equivalence by the first claim (recall that all the diagrams are fibrant). Let us
denote the composition of the dashed with the dotted arrows by <.

Summarizing, X is a retract of the Hor(B)-cellular diagram C(X), since the

composition X = C(X) EN X is the identity on X. O
Finally, we are able to prove our main result.

Proof of Theorem 2.4. Suppose that there exists a set of maps (which are, without
loss of generality, cofibrations between cofibrant diagrams) S = {f: A — B} such
that the localization functor Lg: SP — S associates a contractible space to each
diagram. This means that X is S-local if and only if X is contractible.

Consider the set of (cofibrant) diagrams B = {4, B | A = dom(f), B = codom(f),
f € S}. The set B has the following property: a diagram X is contractible if and
only if hom(B, X) is contractible for all B € B. The ‘only if’ direction being clear,
the inverse direction follows from the fact that such X must be S-local, since any
map between contractible simplicial sets is a weak equivalence of spaces.

Hence, the set B of cofibrant diagrams satisfies the assumptions of Lemma 2.5.
Then every regular orbit T is B-colocal (recall that there is a proper class of regular
orbits).

By Lemma 2.6, every regular orbit is a retract of some Hor(B)-cellular diagram.
But Hor(B) is a set of cofibrations, therefore, by [5, Lemma 2.2], absolute Hor(B)-
cellular complexes contain only a set of orbits, hence the contradiction. O
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