ON THE HOMOTOPY TYPE OF LIE GROUPOIDS

HELLEN COLMAN

ABSTRACT. We propose a notion of groupoid homotopy for generalized
maps. This notion of groupoid homotopy generalizes the notions of nat-
ural transformation and strict homotopy for functors. The groupoid
homotopy type of a Lie groupoid is shown to be invariant under Morita
equivalence. As an application we consider orbifolds as groupoids and
study the orbifold homotopy between orbifold maps induced by the
groupoid homotopy.

1. INTRODUCTION

We develop a notion of homotopy between groupoid maps which is suit-
able for applications to orbifolds. There are notions of homotopy for functors
in general categories that can be applied to groupoids. But they fail to be
invariant of Morita equivalence when considering Lie groupoids. Since two
Lie groupoids define the same orbifold if they are Morita equivalent, we need
a notion of homotopy between Lie groupoid maps to be invariant of Morita
equivalence.

For general categories (no topology nor smooth structure involved) nat-
ural transformations play the role of homotopy for functors [13, 4]. Two
functors are homotopic if there is a natural transformation between them.
We call this notion of homotopy a natural transformation.

For topological categories 7 and 7’ the usual notion of homotopy is just
a functor which is an ordinary homotopy on objects and on arrows. We
say that two continuous functors f,g: 7 — 7' are homotopic if there is a
continuous functor H: 7 x I — 7’ such that Hy = f and Hy = g. We call
this notion of homotopy a strict homotopy.

Both notions of natural transformation and strict homotopy can be adapted
to Lie groupoids by requiring all the maps involved to be smooth. None of
the two notions is invariant of Morita equivalence.

For an example of Morita equivalent Lie groupoids which are not equiv-
alent by a natural transformation nor a strict homotopy, consider the holo-
nomy groupoid associated to a Seifert fibration Fg on a Mobius band M,
G = Hol(M, Fg) and its reduced holonomy groupoid X = Holr (M, Fs) to
a transversal interval 7. Since the double covering of the Mobius band by
the annulus has no global section, these two groupoids cannot be equivalent
by a natural transformation (Section 3.10). These groupoids are clearly not
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equivalent by a strict homotopy since the space of objects of G = Hol(M, Fg)
is a Mobius band and the space of objects of K = Holp(M, Fg) is an interval.

We look for a notion of homotopy which is invariant of Morita equivalence
and generalizes the notions of natural transformation and strict homotopy.
To achieve this, we follow a bicategorical approach as emphasized by Lands-
man in [11]. We introduce a homotopy bicategory $) of Lie groupoids and
invert the essential homotopy equivalences W. Our notion of weak homotopy
equivalence for Lie groupoids amounts to isomorphism of objects in H[W 1]

The bicategory & of Lie groupoids, functors and natural transformations
is a subbicategory of $ and when inverting the essential equivalences F, the
following diagram of bicategories commutes:

Ule

where U is the universal homomorphism as defined in [22].

As amain application we study the homotopy type of orbifolds as groupoids
by considering the induced homotopy between orbifold morphisms.

The organization of the paper is as follows. In Section 1 we introduce
some basic definitions and constructions for Lie groupoids. We set the no-
tion of Morita equivalence and give examples. We give some background
on bicategories in Section 2 and emphasize the bicategorical viewpoint by
presenting two equivalent constructions of the Morita bicategory 9t of Lie
groupoids and generalized maps. In the last two sections we present our
notion of homotopy. First we recall in Section 3 the construction of the
Haefliger’s G-paths and the fundamental groupoid of a groupoid. In Section
4 we introduce the homotopy bicategory $) of Lie groupoids and prove that it
admits a right calculus of fractions that inverts the essential homotopy equiv-
alences W. Our notion of homotopy between groupoid maps corresponds
to 2-morphisms in the bicategory $(W ~1). We call groupoid homotopy to
this notion of homotopy. We prove that the notion of groupoid homotopy
equivalence obtained in this bicategory is invariant of Morita equivalence
and generalizes the notions of natural transformation and strict homotopy.
In Section 5 we study the notion of homotopy for orbifolds induced by a
groupoid homotopy.

Acknowledgements. I am indebted to Peter May and Ieke Moerdijk for
helpful suggestions. I also would like to thank Bruce Bartlett for inspiring
discussions and Dorette Pronk for her careful reading of an early version of
this article and her enlightening comments.
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2. LIE GROUPOIDS

2.1. Preliminaries. A groupoid G is a small category in which each arrow
is invertible [15]. Thus a groupoid consist of a set of arrows G; and a set of
objects Gg, together with five structure maps:
(1) The maps s,t: Gy —=% G called source and target maps. An
element g € G with s(g) = x and t(g) = y is an arrow from z to y
and will be denoted by g : z — y.
(2) The composition map m : G1 Xg, G1 — G1 mapping a pair (h, g)
with s(h) = t(g) to the composition m(g,h) = hg.
(3) A unit map u : Go — G mapping each x € Gy to a two-sided unit
u(z) = 1, for the composition.
(4) An inverse map ¢ : G; — G mapping each arrow g : x — y in G to
a two-sided inverse i(g) = g~! for the composition.
The set of arrows from z to y is denoted G(z,y) = {g € Gi|s(g) =
x and t(g) = y}. The set of arrows from z to itself is a group called the
isotropy group of G at x and denoted by G, = G(x,z). The orbit of x is
the set ts~!(z). The orbit space |G| of G is the quotient of G under the
equivalence relation: x ~ y iff x and y are in the same orbit.
A Lie groupoid G is a groupoid such that G; and Gy are manifolds, the
structure maps are smooth and s and t are submersions [14].

Example 2.1. Unit groupoid. Let M be a smooth manifold. Consider the
groupoid G with Gg = G; = M. This is a Lie groupoid whose arrows are all
units, called the unit groupoid and denoted G = u(M). The orbit space |G|
is again the manifold M.

Example 2.2. Pair groupoid. Let M be a smooth manifold. Consider
the groupoid G with Gg = M and G; = M x M. This is a Lie groupoid
with exactly one arrow from any object x to any object y, called the pair
groupoid and denoted G = Pair(M) or M x M. The orbit space |G| has only
one point.

Example 2.3. Point groupoid. Let G be a Lie group. Let e be a point.
Consider the groupoid G with Gy = e and G; = G. This is a Lie groupoid
with exactly one object ® and G is the manifold of arrows in which the maps
s and t coincide. We denote the point groupoid by ¢“. If G is also a point,
then the point groupoid is called the trivial groupoid and denoted by 1.

Example 2.4. Translation groupoid. Let K be a Lie group acting (on the
left) on a smooth manifold M. Consider the groupoid G with Go = M and
G1 = K x M. This is a Lie groupoid with arrows (k, x) from any object x to
y = kx, called the translation or action groupoid and denoted G = K x M.
The orbit space |G| is the orbit space of the action M /K which is not always
a manifold.

Example 2.5. Holonomy groupoid. Let (M,F) be a foliated manifold M.
Consider the groupoid G with Go = M and whose arrows from x to y on the
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same leaf L. € F are the holonomy classes of paths in L from x to y. There
are no arrows between points in different leaves. This is a Lie groupoid
called the holonomy groupoid and denoted G = Hol(M, F). The orbit space
|G| is the leaf space of the foliation.

2.2. Morphisms and equivalences. From now on all groupoids will be
assumed Lie groupoids.

A morphism ¢ : K — G of groupoids is a functor given by two smooth
maps ¢ : K1 — G1 and ¢ : Ky — G that together commute with all the
structure maps of the groupoids K and G.

A natural transformation T between two homomorphisms ¢, ¢ : K — G
is a smooth map T : Ky — G with T'(x) : ¢(x) — ¢ (x) such that for any
arrow h : x — y in K, the identity ¢(h)T(x) = T(y)¢(h) holds. We write
¢ ~r .

A morphism ¢ : K — G of groupoids is an equivalence of groupoids if there
exists a morphism v : G — K of groupoids and natural transformations T
and T” such that ¢ ~r idc and @) ~pr idg.

A morphism € : K — G of groupoids is an essential equivalence of groupoids
if

(i) € is essentially surjective in the sense that
tmy : G1 XGo K() — Go

is a surjective submersion where G X, Ky is the pullback along the
source s : G1 — Go;

(ii) € is fully faithful in the sense that K is given by the following
pullback of manifolds:

K, : Gy

(Syt)l J{(Si)

K0><K064X6>G0><G0

The first condition implies that for any object y € G, there exists an object
x € Ky whose image €(x) can be connected to y by an arrow g € G1. The
second condition implies that for all z, z € Ky, € induces a diffeomorphism
K(x,z) — G(e(x),€(z)) between the submanifolds of arrows.

For general categories the notions of equivalence and essential equiva-
lence coincide. This applies to the particular case in which the categories
are groupoids. But when some extra structure is involved (continuity or
differentiability) these two notions are not the same anymore. An essen-
tial equivalence implies the existence of the inverse functor using the axiom
of choice but not the existence of a smooth functor. The impossibility of
somehow invert essential equivalences is what will lead to the definition of
generalized maps, a category where essential equivalences can be inverted.

Proposition 2.6. [18] Every equivalence of Lie groupoids is an essential
equivalence.
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Remark 2.7. The converse does not hold for Lie groupoids.

Morita equivalence is the smallest equivalence relation between Lie groupoids
such that they are equivalent whenever there exists an essential equivalence
between them.

Definition 2.8. Two Lie groupoids K and G are Morita equivalent if there
exists a Lie groupoid J and essential equivalences

K&ET3g6.

This defines an equivalence relation that we denote K ~j; G. In this
case, it is always possible to chose the equivalences € and ¢ being surjective
submersions on objects.

Remark 2.9. An essential equivalence of Lie groupoids € : K — G induces
a homeomorphism |e| : || — |G| between quotient spaces.

Example 2.10. Reduced holonomy groupoid. Let G = Hol(M,F) be the
holonomy groupoid of a foliation F. Given a complete transversal T' C M,
consider the arrows whose source and target are in T'. The reduced holonomy
groupoid to T', K = Holy(M, F), is defined as the groupoid whose manifold
of objects is Ko = T and the manifold of arrows K is given by the following
pullback of manifolds:

K, G1

(&t)l i(&t)

TXT —">MxM

The inclusion functor Holp(M,F) — Hol(M,F) is an essential equiva-
lence. For a given foliation, all the reduced holonomy groupoids to complete
transversals are Morita equivalent.

The notion of groupoid homotopy to be invariant of Morita equivalence
will be introduced in a more general context of Hilsum-Skandalis or gener-
alized maps. We review some general constructions for Lie groupoids to be
used in the definition of these maps.

2.3. Weak pullbacks. Given the morphisms of groupoids ¢ :  — G and
¢ : L — G, the weak pullback K xg L is a groupoid whose space of objects is

(K xg L)o = Ko xg, G1 X, Lo

consisting of triples (z, g,y) with = € Ky, y € Ly and g an arrow in G from
¥(x) to ¢(y). An arrow between (z,g,y) and (2/,¢',y’) is a pair of arrows
(k,1) with k € Ky, I € Ly such that ¢'t)(k) = ¢(l)g. The space of arrows
can be identify with (K xg £)1 = K1 X¢, G1 Xq, L1.
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If at least one of the two maps is a submersion on objects, then the weak
pullback K xg L is a Lie groupoid. In this case, the diagram of Lie groupoids

KxglP -

| ¢ ¥

L——=G

commutes up to a natural transformation and it is universal with this prop-
erty.

Remark 2.11. If ¢ is an essential equivalence, then K xg L is a Lie groupoid
and p; is an essential equivalence too.

2.4. Actions of groupoids on manifolds. Let M be a manifold, G a
groupoid and p : M — Gg a smooth map. A right action of G on M is a
map

M xg, Gi—=M,  (z,9) — ag
defined on M ><tG0 (G1 given by the following pullback of manifolds along the
target map:

MXE;OGlpl M

| lu
G —— Gy
such that u(zg) = t(g), 1 =z, (xg)h = z(gh).

Analogously, we have a left action by considering the pullback G1 x¢, M
along the source map.

The translation groupoid M x G associated to a right action of G on M is
given by (M x G)g = M and (M x G)1 = M xg, Gy where the source map
is given by the action s(z,g) = xg and the target map is just the projection
t(z,g) = x.

Remark 2.12. There is a natural right action of G on the space of objects
(M x G)o = M given by the original action.

The double translation groupoid IC x M x G associated to a left action of
K on M and a right action of G on M is given by (KX x M x G)g = M and
(Kx M xGg) =K X%o M xtGD (G1 where the space of arrows is obtained
by the following pullbacks of manifolds:

Kl X%OMXtGO Gl Kl

| j

M xt, Gy - M—1= K,

| lp

G
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then Ky x%, M xg, Gi1={(h,x,9) | s(h) = 7(z) and t(g) = p(z)}

Remark 2.13. There is a natural left action of X and right action of G on
the space of objects (K x M x G)o = M.

3. THE BICATEGORY I

3.1. Bicategories. A bicategory B consists of a class of objects, morphisms
between objects and 2-morphisms between morphisms together with various
ways of composing them. We will picture the objects as points:

¥

the morphisms between objects as arrows:

¢

Ko———e(g

and the 2-morphisms between morphisms as double arrows:

®
Ke aﬂ/ [ X&)

P

Definition 3.1. A 2-morphism a : ¢ = 1 is a 2-equivalence if it is invertible:
i.e. if there exists a 2-morphism b : ¢ = ¢ such that ab = idy, and ba = idy.
In this case we will say that the morphisms ¢ and v are equivalent and write

¢~ 1.

Definition 3.2. A morphism ¢ : K — G is an equivalence if it is invertible
up to a 2-equivalence: i.e. if there exists a morphism £ : G — K such that
w& ~ idg and &p ~ dic. In this case we will say that the objects K and G
are equivalent and write IC ~ G.

The composition ¢ of morphisms ¢ : £L — K and ¢ : K — G is denoted
by:
%)

LO———0——>—0(,

We can compose 2-morphisms in two ways called horizontal and vertical
composition. The horizontal composition ab of 2-morphisms b : ¢ = ¢’ and
a: ¢ = ¢ is denoted by:

¥ ¢

NN
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The vertical composition a - b of 2-morphisms b: ¢ = p and a : p = ¥ is
denoted by:

¢
VRN
Ke———0(G,
\\aU
P
The following interchange law relates horizontal and vertical compositions:

(a-b)(c-d) = (ac) - (bd)
4 ¢
AN AN
LO————0—>——0(,

@ "
Vertical composition is strictly associative whereas horizontal composition
is only associative up to 2-equivalence (associator). The unit laws for mor-
phisms hold up to 2-equivalences (left and right unit constrains). Associator
and unit constrains are required to be natural with respect to their argu-
ments and verify certain axioms [2].

A 2-category is a bicategory in which the natural 2-equivalences above
are the identity. The category of Lie groupoids and functors can be seen as
a 2-category & with natural transformations as 2-morphisms. We will show
two different constructions of a bicategory 91 O & in which the essential
equivalences are invertible.

3.2. Hilsum-Skandalis maps. These maps were introduced by Skandalis
for holonomy groupoids [10] and by Moerdijk in the context of topos theory
[16]. Mrcun studied these maps for general groupoids in his 1996 thesis [21],
on which work this section is largely based.

A right G-bundle M over B is a surjective submersion 7 : M — B with a
right action of G on M preserving the fibers. A right G-bundle is principal
if the map

M xg, G135 M xpg M, a(z,g) = (xg,x)
is a diffeomorphism.

A K-G bibundle M is a left IC-bundle over Gy as well as a right G-bundle
over Ky. We represent a KC-G bibundle by the following diagram:

M
RN
Go Ky

where p is a left K-bundle and 7 is a right G-bundle. We denote a K-G
bibundle M as (KC, M, G) and we write (K, p, M, G, ) if we need to specify
the submersions.
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A K-G bibundle M is right principal if the right G-bundle 7 : M — Kj is
principal. In this case, M ><’5G0 G, is diffeomorphic to M X, M and M/G
is diffeomorphic to Ky. Analogously, left principal.

A K-G bibundle M is biprincipal if both left and right bundles p and 7
are principal.

Two K-G bibundles M and N are isomorphic if there is a diffeomorphism
f: M — N that intertwines the maps M — Gy, M — Ky with the maps
N — Gy, N — K and also intertwines the X and G actions. In other words,
f(hxg) = hf(z)g and 7 =7'f, p=p'f. We write (I, M,G) ~ (K, N,G).

Definition 3.3. A Hilsum-Skandalis map |(K, M,G)| is an isomorphism
class of right principal K-G bibundles.

Proposition 3.4. [11] The collection of all Lie groupoids as objects, right
principal -G bibundles as morphisms and isomorphisms f as 2-morphisms
is a bicategory.

We will denote this bicategory by 9. All 2-morphisms in 9 are isomor-
phisms. For each groupoid G the unit arrow is defined as the G-G bibundle

G1
VRN
Go Gy

The left and right actions of G on G are given by the multiplication in the
groupoid G.

The composition of arrows (IC, M, G) and (G, N, L) is given by the bibun-
dle (K, (M x¢, N)/G, L) where M X, N is given by the following pullback
of manifolds:

M xg, N2
p2l ipM
N— > Gy

In addition, G acts on the manifold M xg, N by the right: (z,y)g =
(xg, 9 'y). The orbit space is a K-L bibundle:

(M xg, N)/G
PN
Ly Ky

where 7([z, y]) = Tam(x) and p([z,y]) = pn(y). The left -action is given by
klx,y] = [kx,y] and the right L-action by [z,y]|l = [z, yl]. This bibundle is
right principal.

This multiplication is associative up to isomorphism.
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The unit arrow (G, G1,G) is a left and right unit for this multiplication of
arrows up to isomorphism. We have that the bibundle (C, (M x¢, G1)/G, )
is isomorphic to (KC, M, G) since the map

(M xb, G)/GE M, f(lz,y) =y

is a diffeomorphism verifying f(hlz,y|g) = hf[x,y]g. Hence there is a 2-
morphism f from (K, M,G) to the composition (G,G1,G) o (K,M,G) =
(K, (M xg, G1)/G,9).

3.3. Generalized maps. The bicategory 9 can be obtained also as a
bicategory of fractions [22, 6]. We describe in this section the generalized
maps obtained by this approach.

A generalized map from K to G is a pair of morphisms

K<Eghg

such that e is an essential equivalence. We denote a generalized map by
(e, ¢). Roughly speaking, a generalized map from K to G is obtained by first
replacing K by another groupoid J essentially equivalent to it and then
mapping J into G by an ordinary morphism.

Two generalized maps from K to G, K £ T ﬂ Gand K & 7' ﬁ g, are
isomorphic if there exists a groupoid £ and essential equivalences

gLty
such that the diagram

commutes up to natural transformations. We write (e, ) ~ (€, ¢').
In other words, there are natural transformations 7' and 7" such that the
generalized maps

K&
kL
verify ea ~p € 3 and ¢pa ~pr ¢ 3.

Remark 3.5. (1) If K £ T 4, Gand K & TF ﬂ G are two generalized
maps with ¢ ~p ¢’ then (e, ) ~ (e, ¢').
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(2) If K T 4, G and K £ J’ LA G are two generalized maps and
0 :J — J an essential equivalence with ¢ = ¢4 and € = €d then

(€, ¢) ~ (€, ¢).

Proposition 3.6. The collection of Lie groupoids as objects, generalized
maps as morphisms and diagrams as 2-morphisms is a bicategory.

We will denote this bicategory by 9t. All the 2-morphisms in 9% are
isomorphisms.
For each groupoid G the unit arrow (id, id) is defined as the generalized map

g Jd g d, G. The composition of two arrows (G S J % K)o(K & T LA g)
is given by the generalized map:

KE Txe T 2K

where p; and p3 are the projections in the following pullback of groupoids:

TIxg I s g5k

The morphism p; is an essential equivalence since it is the pullback of the es-
sential equivalence §. Then ep; is an essential equivalence. This composition
is associative up to isomorphism.

The unit arrow is a left and right unit for this multiplication of arrows

up to isomorphism. The composition (G Jd g i, Go(K & T LA G) is

the generalized map K L J xg G RLEN G. Since ¢ = ¢ = id implies that
©ps = ¢p1 and p; is an essential equivalence. We have that (epy, ¢p1) ~ (€, 9)
by Remark 3.5 (2).

Considering the bicategory & of Lie groupoids, functors and natural trans-
formations, the bicategory 91 is obtained as the bicategory of fractions of &
when inverting the essential equivalences E, 91 = &[E~1].

3.4. The isomorphism between bicategories " and M. We will show
an explicit construction of a bijective correspondence between generalized
maps and bibundles which will allow us to switch from one formulation to
the other when needed. In addition 9 is biequivalent to 9t. This completes
the construction given in [11], [12] and [19].

Recall that a homomorphism of bicategories 8 — B’ is a generalization
of the notion of a functor sending objects, morphisms and 2-morphisms of
B to items of the same types in B’ preserving compositions and units up to
2-equivalence [2].
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Given a right principal -G bibundle M:
M
N
Go Ko

where p is a left IC-bundle and 7 is a right G-bundle we construct a general-
ized map

oy A
by taking J = K x M x G and the following morphisms e and ¢:

MgKQ, € =T and Kl X;(OMXGO Gngl, €1 = P1

M% Gy, go=p and Kixj, M xg, G1 3G1, ¢ =ps

since T is a principal bundle, we have that € is an essential equivalence.

We will show that if (IC, M, G) ~ (K, N, G) then the associated generalized
maps (¢, ¢) and (¢, ¢’) are isomorphic. Let f : M — N be the equivariant
diffeomorphism that intertwines the bundles. Define

f:KxMxG—KxNxGg

by fo = f on objects and fi(h,,g) = hxg on arrows. These maps commute
with all the structural maps by the equivariance of f. Since f; is a diffeomor-
phism, it is in particular a surjective submersion and the manifold of arrows
Ky X3, M X, G1 is obtained from the following pullback of manifolds:

Ky X, M xgy Gi o Ky x5 N xy G

@% ym
M x M JoxJo N x N

Then f is an essential equivalence. Also, as f intertwines the bundles,
we have that ¢/ = ¢f and € = ef and by Remark 3.5 (2) follows that

(€, 0) ~ (¢, ).
We can define a morphism of bicategories by

r:om — om, F((IC7M7 g)) = (6’¢)

as constructed above on morphisms and being the identity on objects.
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For 2-morphisms f : M — N, we define I'(f) as the following diagram:

KxMxgG

e i>\K

K Kx MxGg g

,ﬁ/
e 6

KxNxgG

where §: K x M x G — K x N x G is defined by §(z) = f(x) on objects
and B(h,x,g) = (h, f(x),g) on arrows. Since 7'f = 7 and p'f = p we have
that s(h) — 7/(f(x)) and t(g) = o (f(x)).
Conversely, given a generalized map from K to G
KEgtg

we construct an associated right principal K-G bibundle M
M
RN
Go Ko

where M is obtained as the quotient by the action of J on M = K ><tKO
K XtGo GG1 given by the following pullbacks of manifolds:

D2

t t s
Ko XKoKl XKOKO XG0G1*>K0 XKOK1*>K1*>K0

’ Lk
Pa é(o XGo G1 Ko —— Ko
° ¢
N o
Gl GO
Go

The maps p and 7 are induced in the quotient by p = sps and 7 = spz. The
action of J on M is given by

M x% Ki— M,  ((a,b,c,d), k) — (s(k),be(k™"), s(k), dp(k™1)).
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The left action of K on M = M /J is given by

Ki x5, M — M,  (h,[a,b,c,d]) — [a,b"",c,d]
and the right action of G by

M XTGO GiL— M, ([a,b,c,d]), g) — [a,b,c,dg].

If (¢, ¢) ~ (€/,¢') then the associated bibundles (IC, M, G) and (K, N, G) are
isomorphic.
The isomorphism I' preserves compositions and units up to 2-equivalence.

3.5. Strict maps. We will use now this isomorphism to characterize the
generalized maps that come from an strict map.
Any strict morphism ¢ :  — G can be viewed as a generalized map by

KK g.
The corresponding bibundle is constructed by taking
M = (K1 x%, K1 xg, G1)/K.
Considering the following identifications:
(Ko x'%, K1 Xk, Ko xg, G1)/K = Ko X, Ko x¢, G1 = Ko xg, G1
[a,b,c,d] — (b,c,d) — (c,d)b = (s(b),dp(b™"))

this bibundle is isomorphic to

t
KO XGO G1

sp2 P1
Go / \ Ko

Proposition 3.7. [12] Let K < J 2, G be a generalized map and (I, p, M, G, T)
the associated right principal bibundle. Then ¢ is an essential equivalence
iff p is principal.

Remark 3.8. Essential equivalences correspond to biprincipal bibundles.

In both bicategories M and 9V, Morita equivalences are the invertible

morphisms (equivalences in Definition 3.2). If K ~j; G, let K LT 9, g
be the associated generalized map in 9 with € and § essential equivalences,

then the inverse generalized map is G i J S K.
In the category 9, let

M
N
Go K



ON THE HOMOTOPY TYPE OF LIE GROUPOIDS 15

be the biprincipal -G bibundle representing the Morita equivalence, then
the inverse biprincipal G- bibundle is

M
N
K Go

where the new actions are obtained from the original ones composing with
the inverse: the left action of G on M is given by g * x = xg~' induced by
the right action of G on the original bibundle. Similarly, the left action of
K induces a right action in the inverse bundle.

Proposition 3.9. Let (K, p, M,G,T) be a right principal K-G bibundle and
(e,0) =T((K, M, G)) its associated generalized map. Then (e, @) ~ (id, ) if
and only if T has a section.

In other words, a generalized map comes from a strict map iff when seen
it as a bibundle, the right principal G-bundle has a section.

If a strict map ¢ : X — G is an essential equivalence, regarded as a
generalized map it will be invertible. The inverse of a generalized (strict)
map

Keg5g
is the generalized map G < J K which will not always come from a strict

map.

Example 3.10. Consider the holonomy groupoid associated to the Seifert
fibration on the Mo6bius band, G = Hol(M,Fs), and the reduced holo-
nomy groupoid K = Holp(M, Fg) to a transversal T given by an interval I
transversal to the leaves. The inclusion functor ix : K < G is an essential
equivalence. The associated K-G right principal bibundle is

Ixh, (MxSH=1xs1

T

which has a section since it comes from the strict map ix.
The inverse G-XC bibundle is

Ixt, (MxShH=1xS?

/\

where the map p : I x S' — M is the double covering of the Mobius band by
an annulus, which does not have a section. So the corresponding generalized
map is not isomorphic to a strict map. This example shows that the strict
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map ix has an inverse which is not an strict map. The groupoids K and G are
Morita equivalent but they are not equivalent by a natural transformation.

4. THE FUNDAMENTAL GROUPOID OF A GROUPOID

We first recall the notions of equivalence and homotopy of G-paths due to
Haefliger [7, 9]. Let G be a Lie groupoid and z, y objects in Go. A G-path
from z to y over a subdivision 0 =ty <t; <-.- <t, =1 is a sequence:

(90, a1, 91, ..., Qn, gn)
where
(1) o : [ti—1,t;] — Go is a path for all 1 <i <n and
(2) gi € Gy is an arrow such that

s(g0) = x and t(g,) = y
s(gi) = a;(t;) forall0 < i <n
t(g;) = ajp1(t;) forall 0 <i<n

g0 al g1 Qn gn
TO——— @~ 0—>—0 - O~ 0—>——0
We define an equivalence relation ~ among G-paths generated by the follow-
ing operations:
(1) Add anew point s € [t;_1,t;] to the subdivision, take the restrictions
o) and of of the corresponding path «; to the new intervals [t;_1, s]
and [s, ;] and add the identity arrow 1)

. /! / "
o a; <)> a;

@~ 0 N @0 0
(2) leen a ma‘p h’l : [tl—latl] - G]_ Wlth SO h’L = oy, I‘eplace:
gi—1 by hi(ti—1)gi—1 and
gi by gi(hi(t:))~!

A deformation between the G-paths (go, a1, g1, - - -, 0, gn) and (gg, &, 61, - -

from z to y is given by homotopies
H; : [ti—lati] x I — Gy with (HZ)O = o; and (Hz)l = Oz;
fori=1,...,n and

i : I — Gy with (v;)o = g; and ()1 = g;

5 0l On)
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for i = 1,...,n — 1, such that (go, (H1)s, (71)sy---s (Yn-1)s, (Hn)s, gn) is a
G-path for each s € I

gi—1 Q; 9i
———0 ~>0—— 0

(Vi—1)s (Hi)s (vi)s
o P——0 O ———

Definition 4.1. Two G-paths between x and y are homotopic if one can be
obtained from the other by a sequence of equivalences and deformations.

We define a multiplication of the homotopy classes of the G-paths by

[(9670/17 ces 704;179;1)] [(g()aala R ,Ctn,gn)] = [907a17 B 70471796971705{[7' . -7a;ug;1j

where g(g, is the multiplication of two composable arrows in G and the
paths «; are reparametrized to the new subdivision.

The inverse of the homotopy class of the G-path [(go, a1, ..., an, gn)] from
x to y is the class of the G-path from y to x

(g s 0t 0k g0 )]
over the same subdivision where o : [t;_1,t;] — Gy is given by
Ly to—i — th—it1
a;(t) = ap—it1 | thmiv1 + | ——————— | (tic1 — 1)
ti-1—t;

Definition 4.2. [19] The fundamental groupoid m1(G) of the Lie groupoid
G is a groupoid over Gy whose arrows are the homotopy classes of G-paths
with the multiplication defined above.

We will denote the fundamental groupoid 71(G) also by G..

Proposition 4.3. [19] The fundamental groupoid G. of a Lie groupoid G is
a Lie groupoid.

A morphism ¢ : K — G of Lie groupoids induces a morphism ¢, : K, — G,
between the fundamental groupoids given by ¢. = ¢ on objects and

¢+([90, 1,91, .-,y gn]) = [0(90), @ 0 a1, P(g1), ..., P 0 an, P(gn)]

on arrows.
Let ix : K — K, be the identity on objects and ix(g) = [g] on arrows.
We have the following commutative diagram of morphisms of Lie groupoids:

K—sg

b, e
¢*
Ky —Gs
The Haefliger’s fundamental group of a groupoid [3, 8, 7, 9] at x¢ , 71(G, o),
coincides with the isotropy group (G). at zp of the fundamental groupoid

G

Zo
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Proposition 4.4. [19]

(1) If e : K — G is an essential equivalence, then €, : Kix — Gy is an
essential equivalence as well.

(2) If K ~p1 G then Ky ~pr Gy and the fundamental groups are isomor-
phic.

(3) The fundamental groupoid G of Gi is isomorphic to G.

5. THE GROUPOID HOMOTOPY

5.1. The bicategory . Consider the category of Lie groupoids and func-
tors. We are now ready to introduce a notion of homotopy as an arrow
between functors.

Definition 5.1. The morphisms ¢ : K — G and ¢ : K — G are homotopic
if their induced morphisms ¢, and 1, are equivalent by a natural transfor-
mation in the fundamental groupoids.

Since a natural transformation of ¢, in v, associates to each object = in
(Gy)o = Gp an arrow gz = [go, @1, 91, - - -, On, gn) In (G)1 from ¢(x) to ¥ (x),
this notion of homotopy corresponds to the intuitive idea of continuously
deforming ¢ into ¥ by morphisms from K to G along G-paths.

We have that ¢ ~p ¢ if ¢, ~4 ¥, where a is a natural transformation:

Lie groupoids, functors and homotopies as 2-morphisms form a bicategory
$. All the 2-morphisms in §) are isomorphisms.

Horizontal and vertical composition of 2-morphisms are given by the hor-
izontal and vertical composition of natural transformations, a.b, and a. - b,
respectively.

This notion of homotopy generalizes the concepts of natural transforma-
tion and strict homotopy, we have the following

Proposition 5.2. Let ¢ : K — G and ¥ : K — G be morphisms of Lie
groupoids.
(1) If ¢ ~p ¢ where T is a natural transformation, then there is a 2-
morphism H : ¢ = .
(2) If ¢ ~p ¢ where F is a strict homotopy, then there is a 2-morphism
H:¢p=1.
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Proof. We will construct in each case a natural transformations a : Ky —
Gl* Verifying 1/}([907 1,915 -5 Cn, gn])a(x) = a(y)¢([90, 1,915+ 5Cn, gn]
(1) If T': Ko — Gy is a natural transformation with 7'(z) : ¢(x) — ()
an arrow in (G, define a natural transformation a : Ky — G1x by
a(x) = [T(x)]. We have that a(z) is an arrow in G, from s(T'(x)) =
¢(x) to t(T(x)) = ¢(x) verifying the required equality.
(2) A strict homotopy F': KxI — G with Fy = ¢ and F; = 1 determines
for each x € Ky a path F, : I — Gy from ¢(x) to (z). Define
a: Ko — G by a(z) = [1402), Fir, Ly(a))

WIAW,

O~ e
([

A homotopy equivalence is a morphism ¢ : K — G such that there exists
another morphism ¢ : G — K and 2-morphisms ¢p = idg and ¢¢ = idg.
We will say that two groupoids K and G have the same homotopy type if
they are equivalent in the bicategory $). But this notion of homotopy is
not invariant of Morita equivalence. We need to add more morphisms and
2-morphisms to the bicategory $ and define our notion of homotopy in an
extended bicategory.

We can characterize the homotopy equivalences in terms of the morphisms
that induce a (strong) equivalence between the fundamental groupoids. Re-
call that & is the bicategory of Lie groupoids, functors and natural trans-
formations.

Proposition 5.3. If ¢ : K — G is a homotopy equivalence in £, then
s : K« — Gy is an equivalence in &.

Proof. We have the following diagram:
¢ ° »
/ H \\
)co/'—ﬁ

idic

K.

then (¢@)« ~q (idic)« where a : Ky — (K,)1 is a natural transformation.
Since (¢@)« = @sds and (idi )« = id,, we have that p.¢. ~q idi,. In the
same way @,y ~p idg, and ¢, is an equivalence. O

Consider a 2-functor 7 : & — & between bicategories given by 7(G) = G,
m(p) = ¢ and 7(T') = Ty, where Ty : ¢, = 1, is a natural transformation
defined in the following way. For each x € (K)o = Ko, we define Ty (z) :
¢(x) — (x) as the arrow in G, given by Ty (x) = [T'(x)]. This arrow verifies
the equahty ¢([goa 1,915+ 5Cn, gn])T*(x) = T*(y)¢([go? 1,01, - - aanvgn]‘
Then two morphisms ¢ and 1 are homotopic if their images by 7w are equiv-
alent. All the (strong) equivalences in & are homotopy equivalences in §,
but there are homotopy equivalences that do not come from (strong) equiv-
alences.
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Now we introduce the essential homotopy equivalences as the morphisms
that induce an essential equivalence between the fundamental groupoids.

Definition 5.4. A morphism ¢ : K — G is an essential homotopy equiva-
lence if ¢, : Ky — G, is an essential equivalence.

In this case, ¢, defines an isomorphism between fundamental groups.

Remark 5.5. If ¢ : £ — G is an essential equivalence, then € is an essen-
tial homotopy equivalence since it induces an essential equivalence between
fundamental groupoids by Proposition 4.4(1).

Let E be the set of essential equivalences and W the set of essential
homotopy equivalences.

Proposition 5.6. Every (strong) equivalence is a essential homotopy equiv-
alence.

Proof. Every strong equivalence is an essential equivalence [18] and E C W
by Remark 5.5. U

Proposition 5.7. Every homotopy equivalence is a essential homotopy equiv-
alence

Proof. By Proposition 5.3, we have that ¢, : i — G, is an equivalence.
Then ¢, is an essential equivalence. |

Strong equivalences = Essential equivalences = Essential homotopy equiv-
alences
Strong equivalences = Homotopy equivalences = Essential homotopy equiv-
alences.

Definition 5.8. Two Lie groupoids K and G are weakly homotopic if there
exist essential homotopy equivalences:

k&rtag
for a third Lie groupoid L.

This defines an equivalence relation that we denote by ~y.

5.2. Bicategories of fractions. Given a bicategory B and a subset S C By
of morphisms verifying certain conditions, there exists a bicategory B(S~!)
having the same objects as B but inverse morphisms of morphisms in S have
been added as well as more 2-morphisms. This new bicategory is called a
bicategory of fractions of % with respect to S and was constructed by Pronk
in [22]. The bicategory of fractions B(S~1) is characterized by the universal
property that any homomorphism F : B — ® sending elements of .S into
equivalences factors in a unique way as F = F o U

B > B(S)

i

D
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The following conditions are needed on S to admit a bicalculus of right
fractions [22]:

BF1 All equivalences are in S.

BF2 If ¢ and v are in S, then ¢y € S

BF3 For all e : 7 — G and ¢ : K — G with € € S there exists an object
P and morphisms § : P — K and ¢ : P — J with § € S such that
the following square commutes up to a 2-equivalence:

Py

b
K—2>g

BF4 If H : n¢ = ne is a 2-morphism with n € S then there exists a
morphism € € S and a 2-morphism G : ¢e = pe such that H-e = n-G.
BF5 If there is a 2-equivalence € = ¢ with § € S then € € S.

We will prove now that the set of essential homotopy equivalences W allows
a bicalculus of right fractions.

Conditions BF1 and BF2 follow from Proposition 5.7 and from the fact
that the set of essential equivalences is closed under composition. To prove
BF3 we start by defining the weak homotopy pullback P of the morphisms

J
le
é
K——G
as follows. Objects are triples (z, [go, @1, .., Qn, gn),y) Where z € Jy, y €
Ky and [go,a1,...,an,9n] is a G-path from €(z) to ¢(y). Arrows in P
from (z,[go,a1,...,an, gnl,y) to (&, ]9y, 4, ..., 0, g,],y) are pairs (j, k)

of arrows j € J; and k € K; such that

[g(/)7 a/17 e 7a;L791/1]6(j) = (b(k)[gOa at, ... 7anagn]

In other words, P is the weak pullback J xg, K of the morphisms ¢.ix and
e«i7. Since €, is an essential equivalence and iy is the identity on objects
we can assume that €,i 7 is a submersion on objects and P is a Lie groupoid.
The square

P

P—J
p3 \Le
K—2>g

does not necessarily commute but it does when taken the induced morphisms
in the fundamental groupoids. Consider the weak pullback J, xg, K. of
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groupoids
T« X Gy ,C* L‘ T«

-,k
> g,

where €,m ~ ¢,m3 and 73 is an essential equivalence. We have that J,. xg,

K« =Py, m1 = p1, and w3 = ps3,, then P, is the weak pullback of €, and ¢..

Since the weak pullback square commutes up to natural transformation, we

have that there is a 2-morphism H : ep; = ¢ps with ps € W.

If ¢,v : K — G are morphisms, n : J — K is an essential homotopy
equivalence and H : n¢ = np is a 2-morphism, we have that 7, is an
essential equivalence. Then there exist a natural transformation b [16] with
s« ~p Yy and b = a, where a is the natural transformation between 7, ¢,
and 7,¢,. The natural transformation b defines a 2-morphisms G : ¢ =
such that H = nG and condition BF4 follows.

Finally, if € = § is a 2-equivalence, then there is a natural transformation
between €, and J,. Since § is an essential homotopy equivalence, J, is an
essential equivalence and this implies that €, is an essential equivalence as
well. Then, € is an essential homotopy equivalence.

Therefore, there exists a bicategory of fractions (W 1) inverting the
essential homotopy equivalences.

5.3. The bicategory $(W~!). The objects of H(W 1) are Lie groupoids.
The morphisms from K to G are formed by pairs (w, ¢)

=
such that w is an essential homotopy equivalence. We call weak generalized

maps to the morphisms (w, ¢) in this bicategory.

The composition of weak generalized maps (G ¢ J’ e, Lyo(K & T 2, g)

is given by a morphism
AP p @' p1 r
where P is the weak homotopic pullback of w’ and ¢.
A 2-morphisms from (w, @) to (w', ¢’) is given by the following diagram:

J

N
K g £ v G

v
kA
jl
where L is a Lie groupoid, u and v are essential homotopy equivalences and

H :wu= w'vand H : ¢pu = ¢'v are 2-equivalences in §). The horizontal
and vertical composition of diagrams are defined as in [22].
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The notion of homotopy we propose corresponds to 2-morphisms in the
bicategory H(W1).

Definition 5.9. Two weak generalized maps (w, ¢) and (', ¢') are homo-
topic if there is a 2-morphism between them.

In this case, we write (w, ¢) ~ (w', ¢') and we say that there is a groupoid
homotopy between (w, ¢) and (o', ¢').

In particular, when w and w’ are essential equivalences, we have a notion
of homotopy for generalized maps and when they are identities, we have a
notion of homotopy for strict maps.

Two objects K and G are equivalent in $(W 1) if there are morphisms
(w,¢) from K to G and (6,%) from G to K such that (w, ¢) o (0,) is homo-
topic to the identity (idg,idg) and (0,1) o (w, ¢) =~ (idk,idk).

Proposition 5.10. A morphism (w, ¢) in H(W 1) is invertible if and only
if ¢ is an essential homotopy equivalence. In this case, the inverse of (w, @)
is the morphism (¢,w).

In other words, the definition of weak homotopy equivalence in subsection
5.1 amounts to isomorphism of objects in the bicategory (W ~1). So, we
write K~y G for equivalence of objects in (W ~1). The groupoid homotopy
type (or weak homotopy type) of G is the class of G under the equivalence
relation ~yy.

We show now that the groupoid homotopy type is invariant of Morita
equivalence.

Proposition 5.11. If K ~3; G then K ~w G.

Proof. If I and G are Morita equivalent, then there is Lie groupoid £ and
essential equivalences:

K&Es g,

The morphisms € and § are also weak homotopy equivalences by Remark
5.5. Then the morphisms (¢, d) and (6, €) are inverse and K is equivalent to
G in the bicategory $(W~1). O

The bicategory $(W ') comes equipped with a universal homomorphism
U:$ — 9(W1) [22] sending essential homotopy equivalences to equiv-
alences and with the following universal property: any homomorphism of
bicategories F': § — B sending essential homotopy equivalences to equiva-
lences factors in a unique way as F' = G o U where G : §(W ') — B is a
homomorphism of bicategories.

We have the following square of bicategories which relates in particular
the notions of strong equivalence, Morita equivalence, homotopy equivalence
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and groupoid homotopy equivalence (weak homotopy equivalence):

U
&2 g[E-1]

i@J/ li@wl]

§—F WY

5.4. The classifying space. We will show that the homotopy groups of
a groupoid defined in terms of the classifying space are invariant of the
groupoid homotopy type as defined above. First we recall the construction of
the homotopy groups of a groupoid as the homotopy groups of its classifying
space [24, 8|.

The classifying space BG of a groupoid G is the geometric realization
of the simplicial manifold whose n-simplices are the contravariant functors
[n] — G where [n] is the linearly ordered set {0,1,...,n}. We can describe
the simplicial manifold G, as a sequence of manifolds of composable strings
of arrows:

Gn: {(9177971) ‘ gi € les(gi) :t(gi-‘rl):i: lvan_l}

connected by face operators

d; : G, — Gp—1
(927"'agn) =0
given by di(g1,.--,9n) =< (91, -+, 9iGit1,---,gn) 0<i<n
(917"'7971—1) l:n

when n > 1 and dyp(g) = s(g), di(g) = t(g) when n = 1.
The classifying space of G is the geometric realization of the simplicial
manifold G:

BG = |G.| =|_|(Gn x A™)/(di(g), ) ~ (g, 6i(x))
where A" is the standard topological n-simplex and d; : A1 — A" is the
linear embedding of the i-th face.

Definition 5.12. The fundamental group of a groupoid G is defined as the
fundamental group of BG:

m1(G,2) = m(BG, z)
where x € Gy.
Proposition 5.13. [24, 16] A morphism ¢ : K — G induces a map B¢ :

BK — BG. If ¢ is an essential equivalence, then B¢ is a weak homotopy
equivalence.

If two groupoids are Morita equivalent, then they have isomorphic ho-
motopy groups. We will show that this remains true for the much weaker
invariant of groupoid homotopy type.
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Proposition 5.14. If ¢ : K — G is an essential homotopy equivalence, then
(K, z) = m1(G, ¢(v))

Proof. The morphism ¢ : L — G induces an essential equivalence ¢, : K, —
G. on the fundamental groupoids. Then B¢, : BK, — BG, is a weak
homotopy equivalence and we have that 71 (BK,,x) = 71 (BGs, ¢(x)). Since
71 (Ky,x) = m1(BKy,x) by definition and 71 (K,) = K, by Proposition 4.4
(3), we have that m (BK,x) = 71 (K, z). Analogously, 71(BG., ¢(x)) =
7m1(G, ¢(x)) and the claim follows. O

6. ORBIFOLDS AS GROUPOIDS

We recall now the description of orbifolds as groupoids due to Moerdijk
and Pronk [20, 17]. Orbifolds were first introduced by Satake [23] as a gen-
eralization of a manifold defined in terms of local quotients. The groupoid
approach provides a global language to reformulate the notion of orbifold.

We follow the exposition in [1]. A groupoid G is proper if (s,t) : G —
Gy x Gg is a proper map and it is a foliation groupoid is each isotropy group
is discrete.

Definition 6.1. An orbifold groupoid is a proper foliation groupoid.

For instance the holonomy group of a foliation F is always a foliation
groupoid but it is an orbifold groupoid if and only if F is a compact-
Hausdorff foliation.

Given an orbifold groupoid G, its orbit space |G| is a locally compact
Hausdorff space. Given an arbitrary locally compact Hausdorff space X we
can equip it with an orbifold structure as follows:

Definition 6.2. An orbifold structure on a locally compact Hausdorff space
X is given by an orbifold groupoid G and a homeomorphism f : |G| — X.

If € : K — G is an essential equivalence and [e| : || — |G| is the induced
homeomorphism between orbit spaces, we say that the composition f o |e] :
|| — X defines an equivalent orbifold structure.

Definition 6.3. An orbifold X is a space X equipped with an equivalence
class of orbifold structures. A specific such structure, given by G and f :
|G| — X is a presentation of the orbifold X

If two groupoids are Morita equivalent, then they define the same orb-
ifold. Therefore any structure or invariant for orbifolds, if defined through
groupoids, should be invariant of Morita equivalence.

We define an orbifold map ) — X as a generalized map (€, ¢) from K to
G between presentations of the orbifolds such that the diagram commutes:

K] — 9]

b

Y —X
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A specific such generalized map K £ T ﬂ G is called presentation of the
orbifold map.

And then, the notion of groupoid homotopy gives a notion of homotopy
for orbifolds:

Proposition 6.4. Two orbifold maps Y —= X are homotopic if their
presentations (e, ) and (v,1) are groupoid homotopic.

In other words, if IC £ T i G and K £ J' i G are the presentations of
the orbifold maps, they are homotopic if there exists a Lie groupoid £ and
essential homotopy equivalences

/
JELs g
such that e w, ~ VWl and ¢uws ~ Pwl.

Proposition 6.5. Orbifold homotopy equivalence is an equivalence relation
in the set of orbifolds maps.

A weak generalized map (w, ¢) defines a homotopy class of orbifold maps.
The bicategory of orbifolds and homotopy classes of orbifold maps is biequiv-
alent to a full subbicategory of H[W ~1].

With the obvious notion of orbifold homotopy type, we have that the
orbifold fundamental group of X defined as the fundamental group of a
presentation groupoid G [8, 7, 9, 5],

ﬂ-frb(‘)(v j) =T (gv LU)
is an invariant of orbifold homotopy type.

Example 6.6. Consider the orbifold X having as a presentation groupoid
the holonomy groupoid associated to the Seifert fibration on the Mobius
band, G = Hol(M, Fs). The orbifold X has the same homotopy type as
the orbifold Y represented by the point groupoid e%2. Consider the weak
generalized map o2 £ 7 Y G where J = Hol; (M, Fg) is the reduced
holonomy groupoid to a transversal interval I, and c is the constant map
on objects Jy = I and the constant map on each connected component of
the manifold of arrows J; = I LI I. This weak generalized map is invertible
since both the constant map ¢ and the inclusion map ¢ are weak homotopy
equivalences. The inverse weak generalized map is

G gL ol
The orbifold Y has the same underlying space Y = e than the trivial point
orbifold 1, but they are not homotopically equivalent.
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