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ABSTRACT. We use methods of combinatorial number theory to
prove that, for each n > 2 and any prime p, some homotopy group
7;(SU(n)) contains an element of order p™~'*torde(l7/P1) ' where
ord,(m) denotes the largest integer o such that p* | m.

1. INTRODUCTION

Let p be a prime number. The homotopy p-exponent of a topological space X,
denoted by exp,(X), is defined to be the largest e € N = {0, 1,2,...} such that some
homotopy group 7;(X) has an element of order p°. This concept has been studied by
various topologists (cf. [3], [4], [12], [15], [16], and [5]). The most celebrated result
about homotopy exponents (proved by Cohen, Moore, and Neisendorfer in [3]) states
that exp,(S*"*!) =n if p # 2.

The special unitary group SU(n) (of degree n) is the space of all n x n unitary
matrices (the conjugate transpose of such a complex matrix equals its inverse) with
determinant one. (See, e.g., [10, p.68].) It plays a central role in many areas of math-
ematics and physics. The famous Bott Periodicity Theorem ([2]) describes m;(SU(n))
with ¢ < 2n. In this paper, we provide a strong and elegant lower bound for the

homotopy p-exponent of SU(n).
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As in number theory, the integral part of a real number ¢ is denoted by [¢|. For a
prime p and an integer m, the p-adic order of m is given by ord,(m) = sup{n € N :
p" | m} (whence ord,(0) = +00).

Here is our main result.

Theorem 1.1. For any prime p and n = 2,3, ..., we have the inequality

exp, (SU(n)) > n — 1+ ord, Q%J !) .

We discuss in Section 2 the extent to which Theorem 1.1 might be sharp.

Our reduction from homotopy theory to number theory involves Stirling numbers
of the second kind. For n,k € Nwith n+k € Z* = {1,2,3,...}, the Stirling number
S(n, k) of the second kind is the number of partitions of a set of cardinality n into &
nonempty subsets; in addition, we define S(0,0) = 1. In Sections 2 and 4 we prove
the following standard result.

Proposition 1.2. Let p be a prime, and let k,n € Z* and k > n. Set e,(n, k) =
ming,>, ord,(m!S(k,m)). Then, we have exp,(SU(n)) > e,(n, k) unless p = 2 and
n =0 (mod 2), in which case expy(SU(n)) > es(n, k) — 1.

Our innovation is to extend previous work ([13]) of the second author in com-
binatorial number theory to prove the following result, which with Proposition 1.2
immediately implies Theorem 1.1 when p or n is odd. In Section 4, we explain the
extra ingredient required to deduce Theorem 1.1 from 1.2 and 1.3 when p =2 and n
is even.

Theorem 1.3. Let p be any prime and n be a positive integer.

(i) For any a,h,l,m € N, we have

ord, <m'2<> S (Ehlp = D 40 =1, m) )

> min{l(a‘Fl)a n—1+ord, Q%J >}
1))

(ii) If we define N=n—1+ [n/(p(p — , then

]
ep(n,(p—l)pL+n—1) > n—14ord, QZ v) forL =N,N+1,....
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In Section 3, we prove the following broad generalization of Theorem 1.3, and in
Section 2, we show that it implies Theorem 1.3.

Theorem 1.4. Let p be a prime, a,n € N and r € Z. Then for any polynomial
f(z) € Z[x] we have

o5 (e 2) e )

Here we adopt the standard convention that (Z) is 0 if k£ is a negative integer.

In Theorem 5.1, we give a strengthened version of Theorem 1.4, which we conjecture
to be optimal in a certain sense. Our application to topology uses the case r = 0 of
Theorem 1.4; the more technical Theorem 5.1 yields no improvement in this case.

In [5], the first author used totally different, and much more complicated, methods

to prove that

2 — 2 _p_1
exp,(SU(n)) >n —1+ {LHJ + {n—l—p b

2 3 ’
p p J (1.5)
where p is an odd prime and n is an integer greater than one. Since
ord,(m!) =) {@l| for every m =0,1,2,...
i=1 LP
(a well-known fact in number theory), the inequality in Theorem 1.1 can be restated

) exp,(5U() > n -1+ 3 | 2]

a nice improvement to (1.5).

2. OUTLINE OF PROOF

In this section we present the deduction of Theorem 1.1 from Theorem 1.4, which
will then be proved in Section 3. We also present some comments regarding the extent
to which Theorem 1.1 is sharp.

Let p be any prime. In [8], the first author and Mahowald defined the (p-primary)
vi-periodic homotopy groups v; 'm,(X; p) of a topological space X and proved that if
X is a sphere or compact Lie group, such as SU(n), each group v; 'm;(X;p) is a direct
summand of some actual homotopy group 7,;(X). See also [7] for another expository

account of vy-periodic homotopy theory.
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In [6, 1.4] and [1, 1.1a], it was proved that if p is odd, or if p = 2 and n is odd, then
v 1ok (SU(n); p) = Z/p™P)7, (2.1)

for all & > n, where e,(n, k) is as defined in 1.2 and we use Z/mZ to denote the
additive group of residue classes modulo m. Thus, unless p = 2 and n is even, for

any integer k > n, we have
epr(SU(n)) 2 ep(nv k)a

establishing Proposition 1.2 in these cases. The situation when p = 2 and n is even
is somewhat more technical, and will be discussed in Section 4.

Next we show that Theorem 1.4 implies Theorem 1.3.

Proof of Theorem 1.3. (i) By a well-known property of Stirling numbers of the second
kind (cf. [11, pp. 125-126)),

m!S(kh(p—1)p* +n—1,m) =) <m> (—1)md jhh- D n-L
J

for any k£ € N. Thus

m'Z() S(kh(p — 1)p* +n —1,m) =3, + Xy,
where
l m .\ n—1+kh(p—1)p*®
5 = Z (l) (_1)kpn—1+kh(p—1)p°‘ Z (m) (_1)]' (l)
io \k j=0 \J p
plj
and

22 — Z < > i:( > k -n—1+kh(p—1)p*
j20(mod p) \J =
= Z (m) (_1)3']%—1 (1 _ jh(p—l)p“)l.

j£0(mod p) \J
Clearly ord, () > n — 1+ ord,(|m/p|!) by Theorem 1.4, and ord,(3s) > I(a + 1)
by Euler’s theorem in number theory. Therefore the first part of Theorem 1.3 holds.
(ii) Observe that

R s i O EDI 1 B (1D
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By part (i) in the case [=h =1and o« =L > N, if m > n then
ord, (m!S(n —1,m)—m!S((p—1)p* +n—1, m))

zn—1+ordpqg|!>.

Since S(n — 1, m) = 0 for m > n, we finally have

e,(n,(p— 1)p~ +n—1)>n—1+ord, Q%D

as required. H

The following proposition, although not needed for our main results, sheds more
light on the large exponents N and L which appear in Theorem 1.3(ii), and is useful

in our subsequent exposition.

Proposition 2.2. Let p be a prime n > 1 be an integer. Then there exists a com-
putable integer Ny > 0, only depending on p and n, such that e,(n, (p— 1)p" +n—1)
has the same value for all L > Nj.

Proof. For integers m > n and L > 0, we write
(—=1)™m!S((p—1)p"+n—1,m) = Z ( ) j= Dpf+n—1 Sm—i-S;l,L—i-SZLL,

where

S = (
J%O( od p)

7171,L = ( ) p e _1)7
J?EO( od p)

" <
m,L T
7=0 mod D)
Note that both S}, ; and S}, ; are divisible by p**
Assume that S, S,y1,... are not all zero. (This will be shown later.) Then
Ly = ming,>, ord,(Sy,) is finite. Let mo > n satisfy ord,(Sm,) = Lo. Whenever
L > Ly, we have ord, (S, + S;,; + Sy.1) > Lo for every m > n, and equality is

p1p+n1
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attained for m = mgy. Thus, if L > Ly then
ep(n, (p—p* +n—1) = gggordp(m!S((p —Dpt+n—1,m))
— %;% ord, (Sm + S, 1 + S, 1) = Lo.

Although Ly is finite, it may not be effectively computable. Instead of Ly we use the
p-adic order Ny of the first nonzero term in the sequence S, S,11,.... This Ny is
computable, also e,(n, (p — 1)p* +n — 1) = L, for all L > N, since Ny > Ly.

To complete the proof, we must show that S,,, is nonzero for some m > n. First note
that this is clearly true for p = 2 since then .S,, is a sum of negative terms. If p is odd
and S, = 0 for all m > n, then e,(n, (p—1)p" +n—1) = miny,>, ord, (S}, , + S5, 1) >
L+ 1 for any L > 0. By (2.1), this would imply that v; 'm,(SU(n);p) has elements
of arbitrarily large p-exponent. However, this is not true, for in [6, 5.8], it was shown
that the v;-periodic p-exponent of SU(n) does not exceed e := | (n—1)(1+(p—1) '+

(p —1)72)]; i.e., for this e, p®v; 'm.(SU(n);p) =0. M

In the remainder of this section and in Section 4, once a prime p and an integer
n > 1 is given, L will refer to any integer not smaller than max{N, Ny} where N and

Ny are described in Theorem 1.3(ii) and Proposition 2.2 respectively.

We now comment on the extent to which Theorem 1.1 might be sharp. In Table 1,
we present, for p = 3 and a representative set of values of n, three numbers. The first,
labeled exp,(v; 'SU(n)), is the largest value of e3(n, k) over all values of k > n; thus
it is the largest exponent of the 3-primary v;-periodic homotopy groups of SU(n).
The second number in the table is the exponent of the v;-periodic homotopy group
on which we have been focusing, which is certainly the best universal choice, but not
always quite the best. The third number is the nice estimate for this exponent given
by Theorem 1.3.

Note that, for more than half of the values of n in the table, the largest group
vy ' (SU(n); 3) occurs when k = 2- 3L +n — 1. In the worst case in the table,

n = 29, detailed Maple calculations suggest that if £ > 29 and £ = 10 (mod 18), then
e3(29, k) = min{ordsz(k — 28 — 8 - 3%°) + 12, 34}.
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TABLE 1. Comparison of exponents when p = 3

n | exps(v;'SUN)) e3(n,2-3L4+n—1) n—1+ords([n/3]!)
19 21 20 20
20 22 21 21
21 22 22 22
22 25 25 23
23 26 26 24
24 28 28 25
25 29 28 26
26 30 30 27
27 31 31 30
28 32 32 31
29 34 32 32
30 34 33 33
31 34 34 34
32 35 35 35
33 37 37 36
34 38 37 37
35 39 39 38
36 41 41 40
37 42 41 41
38 43 42 42
39 43 43 43
40 45 44 44
41 45 45 45

Shifts (as by 8 - 32°) were already noted in [6, p.543]. Note also that for more than
half of the cases in the table, our estimate for es(n,2 - 3% +n — 1) is sharp, and it
never misses by more than 3.

The big question for topologists, though, is whether the v;-periodic p-exponent
agrees (or almost agrees) with the actual homotopy p-exponent. The fact that they
agree for S?*! when p is an odd prime ([3]) leads the first author to conjecture that
they will agree for SU(n) if p # 2, but we have no idea how to prove this. Theriault
([15], [16]) has made good progress in proving that some of the first author’s lower

bounds for p-exponents of certain exceptional Lie groups are sharp.
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3. PROOF OF THEOREM 1.4

In this section, we prove Theorem 1.4, which we have already shown to imply
Theorem 1.1.

Lemma 3.1. Let p be any prime, and let a,n € N and r € Z. Then

(o 35 ()00 o (] = 3 o (]

Proof. The equality is easy, for,

(=) = S =20
- sl e ()

When a = 0 or n < p®~!, the desired inequality is obvious.
Now let a > 0 and m = |n/p*~'] > 1. Observe that

o m 1 m
ord,(m!) = —==) —=_—. = )
L) ZIM gp ]Zopf p 1-pt' p-—1
Thus (p — 1) ord,(m!) < m — 1, and hence
m—1 n/p*t -1 {n —pa_lJ
ord,(m) < | —— | = | L—r— | = | ——|,
7l )_L?—lJ { p—1 | o (p°)

where ¢ is Euler’s totient function. By a result of Weisman [18],

ol ()0 = )

(Weisman’s proof is complicated, but an easy induction proof appeared in [13].) So

we have the desired inequality. W

Lemma 3.2. Let m,n € Z* and r € Z, and let f(x) be a complez-valued function
defined on 7Z. Then we have

> (e (2) s (e

k=r (mod m) k=r (mod m)

=5 ()2 Q) (a2,

where rj =1 —j+m—1and Af(x) = f(r+1) — f(z).




A NUMBER-THEORETIC APPROACH TO HOMOTOPY EXPONENTS OF SU(n) 9

Proof. Let  be a primitive mth root of unity. Clearly

Sl =m if k=7 (mod m),

m—1
S (s = { e
s=0

T
Thus

= (e ()
- s e (e ([]) - m S e

=0

=0 otherwise.

where

6 = Y

Applying Lemma 2.1 of Sun [13] we find that

e -orr(|21)
= S (o-er oy (T ear(BRR)

Jj=0 J k=r; (mod m)

In view of the above, it suffices to note that

s=0 1 i=0

i=r (mod m)

This concludes the proof. M

With help of Lemmas 3.1 and 3.2, we are able to prove the following equivalent

version of Theorem 1.4.



10 DONALD M. DAVIS AND ZHI-WEI SUN

Theorem 3.3. Let p be a prime, and let a,l,n € N. Then for any r € Z we have

o5 (e ()2 2)

Proof. We use induction on [.

In the case [ = 0, the desired result follows from Lemma 3.1.

Now let [ > 0 and assume the result for smaller values of [. We use induction on n
to prove the inequality in Theorem 3.3.

The case n = 0 is trivial. So we now let n > 0 and assume that the inequality

holds with smaller values of n. Observe that

PN
=, e (5)
k=r (mod p<) k p
!
-1 -1 _
-2 () E)) e (5)
k=r (mod p«) k k—1 P
!
_ Z (n;1>(_1)k <k—a7">
k=r (mod p%) p
~1 (K= (r=1))
_ Z (n / )(_1)k ( (7; )) ‘
k'=r—1(mod pv) k p
In view of this, if p® does not divide n, then, by the induction hypothesis for n — 1,
n E—r\'
(2 e (5)
k=r (mod p«) k p
n—1 n
> ord = ord —1].
2o (|52 ]) = [

Below we let p® | n and set m = n/p“.

we have
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Case 1. r =0 (mod p®). In this case,

-1
1 n k r k—r
i S e G ) (5)
m: k=r (mod p%) p p p
@ . . -1
5 ()
m: k=r (mod p<) o p
-1
S e ()
_ _1)
m! k=r (mod p*) k pe

- T, B (1) (57

: LZ;)ZJ! kr(nzm:d ) <Z> =1 (kp_“r>l1'

Thus, by the induction hypothesis for [ — 1,
1

G s (e (5

is a p-integer (i.e., its denominator is relatively prime to p) and hence the desired

inequality follows.
Case 2. v Z 0 (mod p®). Note that 3, 1mod po) (Q)(—l)i = 0. Also,

)

ord, < > <Z> (—1)’“) > ord, < :_1!> = m + ord,(m!)
k=r (mod p<) p

by Lemma 3.1. Thus, in view of Lemma 3.2, it suffices to show that if 0 < 5 < n then

the p-adic order of

(;‘) pz (Z) (—1)ipa|zk:rj (n —ij' - 1) (—1)*Af (k ;arj>

is at least ord,(m!), where r; =7 — j+p® — 1 and f(z) = z'.

Let 0 <7 <n —1 and write j = p®s +t, where s,t € N and ¢t < p®. Note that

j n—j—1 41
-~ | =35 and — | =1Mm-—-S8 — :m—S—l.
pe pe p*
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Since Af(z) = (v +1) -2l = X2} (i) z', by Lemma 3.1 and the induction hypothesis

we have
()3, Qe 3 (7 s (5))

()
k=rj (mod p%) ( k ( ) P~

+ (s 4+ ord,(s!)) + ord,((m — s — 1)!)

_|_
o
BQ—-
N
™

v
]
=
o

=

Observe that

o (71) = S5 (L e )
-2 (157125

2] L2252 o ()

o ) )t m = s)!
Py s+ )1 (m = s) — 1)!
— Ordperordp H ZM

pes +t 0<ict pPEs + 14

For 0 <1 < p* we clearly have

ord,(p*(m — s) — i) = ord,(p®“s + i) = ord, (i) < a.
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Therefore
prm m o
ord, <pas N t) —ord, <s> = ord,(m—s)+a—ord,(p®s+t) > ord,(m—s)—s,

where in the last step we note that if ¢ = 0 then s # 0 and ord,(s) < s. This concludes
the analysis of the second case.

The proof of Theorem 3.3 is now complete. N

Note that, in the proof of Theorem 3.3, the technique used to handle the first case
is of no use in the second case, and vice versa. Thus, the distinction of the two cases

is important.

Corollary 3.4. Let p be a prime, and let a,l,n € N and r € Z. Then we have

(L5 () o[z}

Proof. Simply apply Theorem 1.4 with f(x) = l!(f) €Zzx]. W

4. CHANGES WHEN p = 2 AND n IS EVEN

When p = 2 and n is even, the relationship between v; 7o (SU(n); p) and e,(n, k)
(with & > n) is not so simple as in (2.1). As described in [1] and [9], there is a spectral
sequence converging to vy ', (SU(n); p) and satisfying Ey 21 (SU(n)) ~ Z/p("F)Z.
If p or n is odd, the spectral sequence necessarily collapses and vy 'mo (SU(n); p) ~
Ey**!. (Here we begin abbreviating EX*(SU(n)) just as E5*.) If p = 2 and n is
even, there are two ways in which the corresponding summand of vy 7o (SU(n); 2)
may differ from this.

It is conceivable that there could be an extension in the spectral sequence, which
would make the exponent of the homotopy group 1 larger than that of EL2*! How-
ever, as observed in [9, 6.2(1)], it is easily seen that this does not happen.

It is also conceivable that the differential dy : By * "' — E3*" ~ 7./27. & 7./27
could be nonzero, which would make the exponent of v 'mo(SU(n);2) equal to
ea(n, k) — 1. This is the reason for the —1 at the end of Proposition 1.2. By 9,
1.6],if n =0 (mod 4) and k = 2F +n — 1, then ds : B3 *™" — E3*** must be 0.
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Now suppose n = 2 (mod 4). If n = 2, then n—14ordy(|n/2]!) = 1 < exp,(SU(n))
since m4(SU(2)) ~ Z/127Z ([17]). Below we let n > 2, hence n/2 + 1 is even and not
larger than n — 1. As first noted in [1, 1.1] and restated in [9, 6.5], for k = 2L +n —1,

ds : Eé’%“ — E§’2k+3 is nonzero if and only if
ea(n, 2" +n—1)=ey(n—1,2" +n—1)4+n— 1L
We show at the end of the section that
ex(n — 1,2 +n — 1) = ordy((n — 1)!). (4.1)
Thus, if the above d3 is nonzero, then ey(n, 2L +n —1) =n — 1 + ordy((n — 1)!) and
hence
exp,(SU(n)) > ea(n, 28 4+n—1)—1 = n—1+ordy((n—1)!)—1 > n—1+ordy(|n/2]!),
as claimed in Theorem 1.1.
Proof of (4.1). Puttingp =2, a =L, l =h =1and m = n — 1 in the first part of
Theorem 1.3, we get that
ords ((n —)S(n—1,n—1)—(n-DISRY+n—1,n— 1))
-1

>n— 1+ ordy Qn J') >n—1>ordy((n —1)!).

Therefore ordy((n — 1)!1S(2L +n —1,n — 1)) = ordy((n — 1)!). On the other hand, by
the second part of Theorem 1.3, ordy(m!S(2F +n—1,m)) > n— 1+ ordy(|n/2]!) for
all m > n. So we have (4.1). N

5. STRENGTHENING AND SHARPNESS OF THEOREM 3.3

In this section, we give an example illustrating the extent to which Theorem 3.3 is
sharp when r = 0, which is the situation that is used in our application to topology.
Then we show in Theorem 5.1 that the lower bound in Theorem 3.3 can sometimes
be increased slightly.

We begin with a typical example of Theorem 3.3. Let p = o = 2, r = 0 and
n =100. Then |n/p*| = 25 and ord,([n/p™|!) = 22. For | > 25, set

-5 ()(5)) -
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The range [ > |n/p®| = 25 is that in which we feel Theorem 3.3 to be very strong.
(See Remark 5.3(2).) Clearly §(!) measures the amount by which the actual p-adic
order of the sum in Theorem 3.3 exceeds our bound for it. The values of §(I) for

25 <[ < 45 are given in order as
0,0,0,0,2,3,2,4,1,1,1,1,2,2,4,1,0,0,0,0, 3.

When r» = 0 and in many other situations, Theorem 3.3 appears to be sharp for
infinitely many values of [.

Before presenting our strengthening of Theorem 3.3 we need some notations. For
a € Z and m € Z*, we let {a},, denote the least nonnegative residue of a modulo
m. Given a prime p, for any a,b € N we let 7,(a, b) represent the number of carries

occurring in the addition of @ and b in base p; actually

on=£([52 o] L))

as observed by E. Kummer.

Here is our strengthening of Theorem 3.3. The right hand side is the amount by
which the bound in Theorem 3.3 can be improved. This amount does not exceed «,

by the definition of 7,. In Table 2, we illustrate this amount when p = 3 and o = 2.

Theorem 5.1. Let p be a prime, and let a,l,n € N. Then, for all r € Z, we have

(2, (e (57)) o ()

e e R S G

Proof. We use induction on n.
In the case n = 0, whether r = 0 (mod p®) or not, the desired result holds trivially.
Now let n > 0 and assume the corresponding result for n — 1. Suppose that
Tp({r}pe, {n —r}p) > 0. Then neither r nor n — r is divisible by p®.

Set
1

=l (i) (kp_>
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and
wep 2, () ()
Clearly
o= P o) (5)
- T P (v ()
and thus

TRt R =1 > <Z>(_1)k (k_r>l+1.

p* [n/p*|! k=r (mod p~) p-
This is a p-integer by Theorem 3.3; therefore ord,(rR + p*R') > «.
Let 8 = ord,(n). We consider three cases.
Case 1. B > «. In this case, |n/p*|!/(n/p*) = [(n — 1)/p*]! and hence R’ is a
p-integer by Theorem 3.3. In view of the inequality ord,(rR + p*R’) > «, we have

ord,(R) > a — ord,(r) = 7, ({r}pe, {n — r}pe),
where the last equality follows from the definition of 7, and the condition n = 0 #
r (mod p%).
Case 2. ord,(r) < f < a. Since |n/p*| = [(n—1)/p®|, the definition of R’ implies
that

e e v R VR (e (W)

Applying the induction hypothesis, we find that

ordy(p*R) =B > 7p({r—1}pe, {n—1=(r—1) }pe) = 7 ({r—1}pa, {n—r}pe).
Since {r}pe +{n —r}pe =n %0 (mod p*) and
<{T}p“ +{n - T}p“> _ {rhe+{n—rhe <{T}pa +{n—r}p — 1)
{r}pe {r}pe {ripe —1
{r}pe +{n—r}p <{7" — 1} +{n— 70}1)“)
{r}pe {r—1}pe ,




A NUMBER-THEORETIC APPROACH TO HOMOTOPY EXPONENTS OF SU(n) 17

we have
T ({r}pes {n = r}pe) = 7, ({r = L}pe, {n = 7}pe) + § — ord,(r).
Thus
ordy (p* ') Z ordp(r) + 7, ({r}pe, {n = r}pe).
Clearly 7,({r}pe, {n —r},e) < a—ord,(r) by the definition of 7,, so we also have
ord,(rR 4+ p*R') > ord,(r) + 7, ({r}pe, {n — r}p).

Therefore

ordy(R) = ordy (1) — ordy(r) = 7,({r by, {1 — T}pe).

Case 3. < min{a, ord,(r)}. In this case, ord,(7) = f < a where 7 = n —r. Also,

B e O I N () S |

- e 3 (e ()

Thus, as in the second case, we have

ord)(R) = ord, (ka(n%jd N <Z>(_1)k (k];r>l>
> p({Thpe, {n = mhpe) = ({r}pe, {n — 1}pe).

The induction proof of Theorem 5.1 is now complete. N

The following conjecture is based on extensive Maple calculations.

Conjecture 5.2. Let p be any prime. And let a,l € N, n € Z* and r € Z. Then
equality in Theorem 5.1 is attained if | > |n/p*| and
r n—r o
l=|—|+ mod (p — 1)ploen/PI1Y |
2 ] (moa o o)
Remark 5.3. (1) The conjecture, if proved, would show that Theorem 5.1 would be

optimal in the sense that it is sharp for infinitely many values of [.

(2) Note that the conjecture only deals with equality when [ > |n/p®|. For smaller
values of [, our inequality is still true, but not so strong. In [14], we obtain a stronger

inequality when [ < [n/p®].
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We close with a table showing the amount by which the bound in Theorem 5.1
improves on that of Theorem 3.3. That is, we tabulate 7,({r}e,{n — r},») when

p=3and a=2.

TABLE 2. Values of 73({r}g, {n —r}9)

{r}o
0123456 78
0/10 2 21 2 21 2 2
110 0 211211 2
2/0 00111111
{n}y 3|0 1 1 0 2 2 1 2 2
40 01 00 211 2
5/0 00000111
6/0 11 01 10 2 2
710 01 0 01 00 2
810 0 00 0O0O0O0TO
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