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Abstract

Let G be a closed subgroup of the semi-direct product of the n'® Morava stabi-
lizer group S, with the Galois group of the field extension Fy. /IF,. We construct a
“homotopy fixed point spectrum” E,’iG whose homotopy fixed point spectral sequence
involves the continuous cohomology of G. These spectra have the expected functorial
properties and agree with the Hopkins-Miller fixed point spectra when G is finite.

0 Introduction

If a (discrete) group G acts on a spectrum Z, one can form the homotopy fixed point
spectrum, often denoted Z"“. It is given by the G fixed points of the function spectrum
F(EG, Z), where EG is a contractible free G-space. There is then, for each spectrum X, a
conditionally convergent spectral sequence

H*(G,Z*X) = [X, 2",

obtained from the usual filtration of the bar construction for EG. This spectral sequence
is called the homotopy fixed point spectral sequence. Of course, the construction of such
a homotopy fixed point spectrum requires that the group act in an appropriate point-set
category and not just up to homotopy.

However, there are situations in stable homotopy theory where group actions only exist
in the stable category; that is, up to homotopy. In fact, the most important group action
in the whole chromatic approach to stable homotopy theory — the action of the extended
Morava stabilizer group G, on the p-local Landweber exact spectrum F,, (see [22], [5], and §1
for a resumé) — arises in this way. Yet the situation in the case of this action is not hopeless.
Indeed, H. R. Miller and the second author have proved that E,, is an A, ring spectrum and
that the space of Ay, ring maps from E, to itself has weakly contractible path components.
Furthermore, the set of path components of this space is in bijective correspondence with the
set of homotopy classes of ring spectrum maps from E, to itself. (See [27] for an account of
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this theory.) Since G,, acts on E,, by maps of ring spectra, it follows that the action can be
taken to be one of A,, maps, and although this action is still only an action up to homotopy,
it is an honest action up to “all higher A, homotopies.” Standard techniques then allow
one to replace E, by an equivalent spectrum on which G,, acts on the nose. Hence, if G is a
(finite) subgroup of G, there is an A, homotopy fixed point spectrum E"S. These spectra
have already had a number of interesting applications in stable homotopy theory (see e.g.,
[23]). Subsequently, P. G. Goerss and Hopkins [12], [13], [14], [15] extended the machinery
of Hopkins-Miller to the E, setting, and thus E"“ is an F, ring spectrum.

Unfortunately, this is still not an entirely satisfactory state of affairs. G, is a profinite
group, so one might hope to define, for G a closed subgroup of GG,,, a “continuous homotopy
fixed point spectrum” denoted — abusively — by E" whose “homotopy fixed point spectral
sequence” starts with the continuous cohomology of G. (This is why we restricted to finite
subgroups in the previous paragraph.) Indeed, it is the continuous cohomology of G, that
is important in stable homotopy theory — by Morava’s change of rings theorem, the K (n),-
local E,-Adams spectral sequence (see Appendix I) for m, Lg(,)S° has the form

(0.1) H:(Gn,En*) = W*LK(H)SO.

Here K (n) denotes the n'" Morava K-theory, and Ly, denotes K (n).-localization. The
spectral sequence 0.1 thus suggests that Lg(,)S° should be the G, homotopy fixed point
spectrum of F,, in this continuous sense.

The case n = 1 provides further evidence for the existence of continuous homotopy fixed
point spectra. Here we have that E) is the p-completion of the spectrum corepresenting
complex K-theory and that G; = Z;, the group of multiplicative units in the p-adic integers.
The element a in Z; corresponds to the Adams operation 1*. Now the component (25°E; of
the Oth space of E; containing the base point is just the p-completion of BU, and, according
to Quillen [24], this space is equivalent to the p-completion of BGL(F;)* for any prime I
not equal to p. (As usual, BGL(R)" is the connected space representing the algebraic K-
theory of the ring R, and T is the algebraic closure of the field with [ elements.) Under
this equivalence, the automorphism of BGL(F;)* induced by the frobenius automorphism
of F; corresponds to the Adams operation 1' on BU,. More generally, the profinite group

Z = Gal(F,/F,) acts on BGL(F))*; if G = Gal(F,/k) is any closed subgroup of Z, then
mi(BGL(k)*) = [m;( BGL(F,)")]®
for all 4 > 1 [24; Corollary to Theorem 8]. Since
H:(G,m;BGL(F)") =0

for all ¢ and all s > 0 — again by the computations of Quillen — this suggests that BGL(k)*
should be regarded as the continuous homotopy G fixed point spectrum of BGL(IF;)*.

In this paper, we construct spectra E'C for G a closed subgroup of G, having the desired
properties of continuous homotopy fixed point spectra. Our construction proceeds in two



steps. First we construct E" for U an open — and hence closed — subgroup of G,,, then
we construct E"¢ as an appropriate homotopy colimit of the E"V’s for G C U.

We need to introduce a little more notation in order to state our main results. Let
Rgn denote the category whose objects are continuous finite left G,,-sets together with the
left G,,-set G,. The morphisms are continuous G,-equivariant maps, and we denote by
rg : Gy, — G, the map given by right multiplication by g € G,,. Let £ denote the category of
commutative S%-algebras in the category of S°-modules of May et al [11]. (A comparison of
this category with the category of L-spectra for £ the linear isometries operad — and hence
of the category of E, ring spectra — is carried out in [11; I1.4].) Finally, since the natural
number n will be fixed throughout this paper, we write I for the functor L K(n)- Here then
is our first main result.

Theorem 1 There is a functor F : (Rgn)Opp — & with the following properties.
i. F(S) is K(n).-local for each object S in R, .
iw. F(G,) = E, and F(ry) : E, — E, is the action of g € G, on E,,.
111. There is a natural isomorphism

7. L(F(S) A E,) ~ Map(S, Map,(Gy, Eny ))&

~

of completed m,L(E, N E,) = Map, (G, En.)-comodules, where the action of G, on
Map (G, En.), the set of continuous functions from Gy, to E,., is given by

(9f)(g") = flg7"d)
for g,¢' € G, and f € Map, (G, Eny). In particular, F(x) ~ LS.

w. Define EM = F(G,/U), U an open subgroup of Gy, and let Z be any CW -spectrum.
There s a natural strongly convergent spectral sequence

H(U,E,Z) = (E,")'Z

which agrees with the spectral sequence obtained by mapping Z into a K(n).-local E,-
Adams resolution of EM.

Remark 0.2 In what follows—and in the proof of Theorem 1—the necessity of working in a
precise point-set category of structured ring spectra will become apparent. However, many of
our results, such as iii and iv of Theorem 1, are statements occurring in the stable category.
We shall therefore refer to objects as “S°-module spectra” or “commutative S°-algebras”
when we wish to emphasize that we need to work at the point-set level and as “CW-spectra”
or “ring spectra” when our work takes place in the stable category. Furthermore, [X, Y]’
will always denote the group of maps of degree —i between X and Y in the stable category.

Despite our precautions, there are still some ambiguities. For example, suppose X and
Y are commutative S°-algebras, but we wish to understand the stable homotopy type of
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X AY. Then X A'Y might denote the object which is the CW-approximation to the actual
point-set level smash product of X and Y. Or, X A'Y might denote the derived smash
product; that is, the smash product of CW-approximations to X and Y. However, if X and
Y are cofibrant objects in the closed model category structure on £—called g¢-cofibrant in
[11]—then these two recipes give the same stable object (see [11; VII, 6]). Since there is
a functor &€ — £ sending an object to a weakly equivalent g-cofibrant one—in fact, a cell
commutative S%-algebra in the sense of [11]-—we may as well assume that F(.5), for example,
is always g-cofibrant and thus eliminate this ambiguity. We will often use this device of
functorially approximating by a cell object, even if we don’t always mention it.

Remark 0.3 Let I, = (p,v1,... ,05—1) C E,+, and, if Z is any CW-spectrum, let {Z,} be
the directed system of finite CW-subspectra. Then E*Z = lim E}Z,/IFE}Z, is a profinite

—a,k
continuous G,,-module and we define

H(U, E}Z) = lim H} (U, B, Z0 /I E} Z.).
«—

ak

In general, if G is a p-analytic profinite group and M is a profinite continuous Z,[[G]]-module,
then lim H} (G, M,,) is independent of the presentation M = lim M,,. In fact, it is for example
—a —o

the cohomology of the usual cochain complex whose j-cochains are Map,(G?, M) (cf. proof
of Lemma 3.21). We therefore use this as our definition of H}(G, M); see also [31] for a more
general treatment of this object.

For the next step, let
(0.4) Gn=U 20, 20,2---2U; 2 -+

be a sequence of normal open subgroups of G, with (), U; = {e}. For example, using the
notation at the beginning of Section 1 and the description of S, in [7; 2.21], we may take
U; = V; x Gal, where Vj is the group of power series E?;Objxp] with b; = 0 for 0 < j < ¢ and
by =1ifi > 0. -

Definition 0.5 Fiz a sequence {U;} as above. For G a closed subgroup of G, define

E" = Lholim s EMVi®),
=

3

where holim ¢ denotes the homotopy colimit taken in the topological model category &.
%

Remark 0.6 More precisely, one should functorially replace holim gEZ(U"G) by a weakly
—1

equivalent cell commutative S°-algebra before applying L. Then the construction E!"¢ be-
comes functorial in £ (see [11; VIII, 2]).

We will prove the following result in §5.



Theorem 2 The construction E'C has the following properties:

i. mL(E"® A E,) is naturally isomorphic to Map,(Gp, En-)¢ as completed
Map, (G, Ey+)-comodules, where G acts on Map,(Gy,, Ey+) as in Theorem 1iii.

1. Let Z be any CW-spectrum. The spectral sequence obtained by mapping Z into a
K (n).-local E,-Adams resolution of E"C is strongly convergent to (E')*Z and has
Es-term naturally isomorphic to H¥ (G, E%Z).

Remark 0.7 i. Using the first part of this theorem, it’s easy to see that E"“ is canonically
independent (up to weak equivalence in &) of the choice of sequence {U;}.

ii. Since G is a closed subgroup of a p-analytic profinite group, it is itself p-analytic (see
[9; 10.7], and therefore H} (G, E}Z) is defined as in Remark 0.3.

Now by Theorem 1, there are commutative diagrams

I

ENYY = F(G,/U;G)

and

\ng) lg

F(G,) =E,

for < j and g € G, where the unlabeled arrows are induced by the evident projections.
There is thus a canonical map E"® — ES, the G-fixed points of E,. Let us denote by E/€
the ordinary homotopy fixed point spectrum for the action of G on FE,. Composing the
above map with the canonical map ES — EG ([4; X1, 3.5]) yields a map E"¢ — EG. The
next result will be proved in §5.

Theorem 3 Let G be a finite subgroup of G,,. Then:
i. The map E"® — EMG described above is a weak equivalence.

1. Let Z be any CW-spectrum. The homotopy fixed point spectral sequence
H*(G,E;Z) = (EX°)Z = (E})'Z

1s naturally isomorphic to the spectral sequence of Theorem 2ii.



We also have a result on iterated homotopy fixed point spectra. Indeed, if K is a closed
and U is a normal open subgroup of G,, then the opposite of the Weyl group W(K) =
N(K)/K acts on G,/UK via UK +— zhUK for x € G, h € N(K). This yields an
action of W(K) on ES(UK), and hence, upon passing to the homotopy colimit, on E"%. In
particular, if F is a finite subgroup of W (K), we may form (EM )" in the usual way. We
can now state our next result.

Theorem 4 Suppose G is a closed subgroup of G,, K is a closed normal subgroup of G,
and F = G/K is finite. Then E'C is naturally equivalent to (EM< )M

Another sort of consistency result is given by examining the case n = 1. Since the Galois
action on BGL(F;)* corresponds to the action of G| = Z, on E;, where once again [ is a
prime different from p, we would expect a relationship between the continuous homotopy
fixed points of BGL(F;)™ and the continuous homotopy fixed point spectra of E;. This is
indeed the case.

Let R be a commutative ring, and let KR be the algebraic K-theory spectrum of R (so
that Q®°KR ~ Z x BGL(R)"). Quillen’s results deloop (see [20, VIII]); hence (KT;), is
equivalent to the connective cover of E;, and the action of t € 7. on (K Fl)p corresponds to
the action of I' € Z on E;. Now choose s dividing p — 1 such that I* = 1 mod (p), and
define a continuous group monomorphism Z, — Z by sending a € Z, to [°**. (The number
s is needed to guarantee that [°* makes sense for all ¢ € Z,.) If G is a non-trivial closed
subgroup of Z,, then G = p/Z, for some j > 0. Let us also write G for the corresponding
closed subgroup in Z;. We then have the following result.

Theorem 5 With the notation as above, Et¢ ~ Ly1)K (k), where k is the field of invariants
of the action of sp’Z C Z on F;.

Our final result, which will be proven as an application of the machinery developed here,
was originally due to the second author and H. R. Miller, who suggested that this is the
place where it should logically appear.

Theorem 6 (Hopkins-Miller) Suppose ¢ : Gy, = Z, is a continuous homomorphism, and
let ¢ also denote the composition G, i>Zp—> E, .. Thenc € Hcl(Gn, E,+) survives to . LS.

Let us indicate our strategy for constructing E'Y. We will construct a cosimplicial £
spectrum corresponding to the K (n),-local E,-Adams resolution of E"V; then we will define
E" 1o be Tot of this cosimplicial spectrum. To do this, we need only determine the
(expected) homotopy type of E(EZU A E,) together with the comodule structure map

L(E™ A E,) = L(E"™ AS° A E,) — L(EM A E, A E,).
Now we might expect a spectral sequence

H*(U,7,L(E, A E,)) = mL(E" A E,),



since there is such a spectral sequence if U is replaced by a finite subgroup of G,, (see Theorem
4.3). But m,L(E, A E,) = Map,.(G,, E,~), and the action of U is given as in Theorem 1iii
(see §1). Since Map, (G, E,~) is U-acyclic (cf. proof of Lemma 3.20) we should have

. L(EM A E,) = Map,(Gy, En-)V .

The comodule structure map is also determined. But, as F,--modules,
Map, (G, Ey- HEn :

where m is the cardinality of G,/U. We are thus led to take X¢,/v = [in) En as a
model for E(EZU A E,). We can also define the corresponding comodule structure map
Xag, v — Z(Xgn/(] A E,). (Note that this map is not — except in a few very special cases
— the product of the maps E, = L(S° A E,) — L(E, A E,).) With this construction, we
obtain a cosimplicial object, but only in the stable category. However, the technology of
Hopkins-Miller as expanded by Goerss-Hopkins is again available to allow us to conclude
that the requisite diagrams in fact commute up to all higher homotopies in £. The original
cosimplicial object can now be replaced by an equivalent cosimplicial object in £, and Tot
can be formed.

The contents of this paper are as follows. In §1, we recall the relevant parts of Morava’s
theory, and in §2, we discuss the formation of homotopy inverse limits for certain diagrams
commutative up to all higher homotopies. We construct the cosimplicial Adams resolution in
§3 and identify the resultant spectral sequence as having the form of a (continuous) homotopy
fixed point spectral sequence. In §4 we compute W*Z(F(S) A E,); this allows us to identify
the preceding spectral sequence as a K (n).-local F,-Adams spectral sequence and completes
the proof of Theorem 1. We prove Theorems 2 and 3 in §5, Theorem 4 in §6, and, finally,
Theorems 5 and 6 in §7. An appendix summarizes the properties of K (n),-localizations and
K (n),-local E,-Adams spectral sequences that we need. In particular, we prove the strong
convergence of these spectral sequences.

Acknowledgment. The first author would like to thank P. G. Goerss for a helpful
discussion about Theorem 2.2.

1 Resumé of Morava’s theory

Let p be a fixed prime, let n > 1, and let F, denote the spectrum with coefficient ring
Epe = WEFya|[ug, ... ,un1]][u, u™!] obtained via the Landweber exact functor theorem for
BP. WTF,. denotes the ring of Witt vectors with coefficients in the field F,. of p™ elements,
and the map BP, = E,. — which also provides E,, with the structure of BP-algebra in the
stable category — is given by

wu'"? i<n

o .
r(vi) =4 u'™? i=n
0 1> n.



Now let S, denote the n'® Morava stabilizer group; i.e., the automorphism group of
the height n Honda formal group law I, over F,n. Let Gal = Gal(F,» /F,), and let G,, =
Sp x Gal. The Lubin-Tate theory of lifts of formal group laws provides an action of S,
on E,« (see for example [7]), and Gal acts on E,- via its action on WFy. If H is a
subgroup of Gal, let us write EX for the Landweber exact spectrum with coefficient ring
W(FE)[[u1, - - ., tun-a]][u, u™"], where FJ, is the subfield of Fy. fixed by the automorphism
group H. R

We first identify the completed Hopf algebroid n.L(E, A E,) with the split completed
Hopf algebroid (E,«, Map, (G, ZP)Q@ZPEH*); this piece of Morava’s theory is crucial to all of
our subsequent work. We start by observing that Map,(S,, WEF,. )% is a completed Hopf
algebra over Z,; the diagonal map is given by

Map,(Sp, WFy )% — Map, (S, x Sy, WF, )% & Map,(Sy, WF,») I @Map,(S,, WE, )%,

where the first map is induced by the multiplication on S,, and the second is an isomorphism
by [5; AIL3]. There is also a map

n: EEIT(L}:JLI_> Mapc(sm WIFpn )Gal@ZpEgal ﬁ) Mapc(Sn, En* )Gal

which is given by nz(z)(g) = g~z for z € ES3 and g € S,,. With these structure maps, we
obtain a split completed Hopf algebroid (ES2, Map,(S,, WF,»)¢4®z,ES4). A main result
of Morava’s theory is the following identification.

Theorem 1.1 (ES2, 1, L(ES A ESaY)) is isomorphic to (ES, Map,(Sp, Wy )¢8&, ESal)

nx o« n* pn*

as completed Hopf algebroids.

Proof. We showed in [5; §4] that (ES2, Map,(S,, WTF,»)®®ES) is isomorphic to a com-
pleted Hopf algebroid denoted (ES¥ ES2®,USRyES). But we observed in [6; 3.4] that

this Hopf algebroid is isomorphic to (ES¥, ES2® zp, BP, BP® pp, ES?), where the completed

n*
tensor product here denotes I,,-adic completion. Since T, L(ES A ES?) is the I,-adic com-
pletion of ESAES! = ECl @pp BP,BP ®@pp, ES? (see [16]), the proof is complete.

~

To derive the structure of the completed Hopf algebroid 7, L(E,, A E,,) from Theorem 1.1,
we first observe that

m.L(E, A ESY) = 7, L(ES™ A ES™) @y, WE,n
Map,(Sn, En+) % @5, Wy
Mapc(sﬂ.a En*)a

where the last equality follows by [5; 5.4]. Then

~

T L(En A Ey) = mL(Ey A ES™) ©g WEyn
= MapC(Sn, En*) ®Zp W]F n %) Mapc(Gn, En*),
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where

T(f®w)(s,0) =w- (67" (f(5)))

for f € Map,(Sp, En+), w € WFyn, s € S,,, and o € Gal. Now consider the split completed
Hopf algebroid (E,, Map, (G, Z,)®z,E,+); once again 1y, : E,« — Map, (G, E,-) is given
by no(x)(9) = g 'z for x € E,« and g € G,,. Observe that this is not a Hopf algebroid
over W, since n;, and ng are different when restricted to WEF,». Upon chasing down the
identifications, the next result follows from Theorem 1.1.

Proposition 1.2 (E,.,m,L(E, AE,)) is isomorphic to (Ep+, Map, (G, Zy)®z,E,+) as com-
pleted Hopf algebroids.

This isomorphism is used to define the action of G,, on F,,. Indeed, recall that if M is a
completed left Map,.(G,, Fy,+)-comodule, then M is a Gj,-module with the action given by

g(m) =(m)(g ),
where
¥ : M — Map,(G,, En*)@?En*ME)Mapc(Gn, M)

is the comodule structure map. In particular, if X is a finite CW-spectrum, E,- X is naturally
a Gp-module, and the pairing £, X ®g_, Fn-Y — E,«(X AY) is Gp-equivariant, where the
left side is given the diagonal action. Since E,- is profinite in each degree, it follows that
there exists, in the stable category, a unique action of G, on FE,, by ring spectrum maps
inducing the above action on E,« X.

With this action, it is immediate that the isomorphism of Proposition 1.2 is given by

~

sending z € m.L(E, A\ E,,) to h, € Map_(G,, E,~), where h;(g) is given by the composition

- o1 ~
(1.3) S5 L(Ey A Ep) L T (B, A By) 45 B

(An identification of this sort first appears in the literature in [30].) Here suspensions have
been omitted from the notation and y is the ring spectrum multiplication map. Moreover, it
is easy to check using (1.3) that the action of G/, on the left factor of 7, L(E,AE,) corresponds
to the action of G,, on Map, (G, Ey~) described in Theorem 1. For later purposes, we will
also need to know the formula for the action of G, on the right factor of W*E(En AEy,). If
we write gz for this action of g € G, on z € T*Z(En A E,), then it is again easy to see

using (1.3) that g%z corresponds to the map sending ¢’ € G, to gh,(g'g) € E,-.

Remark 1.4 In [5], we used Theorem 1.1 to define a natural WFy-linear action of S,, on
E,-X. There is also the evident action of Gal on E,+X = WF, Qz, ES*X, and these
actions piece together to give a natural action of G,, on E,«X, whence an action of GG,, on
E, in the stable category. This action is the same as the action defined above.



The identifications of 1.2 and 1.3 can be generalized to iterated smash products of E,
and beyond. Indeed, if X is a finite spectrum,

T L(EV"YAX) = Ep B85 . EnEo85, . - Op,. En- Eu®p, . By X,
where F,« acts on the right of each factor F,«E, and on the left of the factor £, X. But

E,- En®En* T @En* E,E, = (Mapc(Gn; Zp) ®Zp En*)®En* T ®En* (Ma’pc(Gn’ ZP) ®Zp En*)
= Mapc(Gm ZP)®Z;; T ®ZpMapc(Gm ZP)®ZpE”*
= Mapc(G%, En*);

and thus

En* En@En* e @En* E'IL* EVL@ETL* E’IL*X = Ma‘pc(G‘ZL’ En*)éEn* En*X
Map,(G?, E,- X).

This isomorphism sends x € W*E(Ey(Lj+1) AX) to h, € Map,(GY, E,+ X ), where hy(g1,... ,9;)
is given by the composition

~ . L
(1.5) S S L(EUHY A X)

(gl_lA---/\g]-_I/\En/\X)
\
(4

BEG A ) XN oA X
More generally, if Z is any spectrum, there is a natural transformation

(1.6) 71 (2, L(EY™)]" — Map, (G, E} Z)

such that 7;(z)(g1,- .. ,g;) is the composite

L(gy " AAg7 T AER)
\
4

(1.7) Z % L(EYHY) L(EV*N 5 E,.

(To show that 7; does in fact have its image in Map,(GY, E:Z), it suffices, by the definition
of the topology on E;Z, to show that this is the case when Z is finite. But when Z is finite,
7; is just the isomorphism described in 1.5 with X the Spanier-Whitehead dual of Z.) Since
Map,(G?,?) is exact on the category of profinite groups (see [29; I, Theorem 3]), it follows
that 7; is a natural transformation of cohomology theories satisfying the product axiom. But
7j is an isomorphism with Z = 59 therefore 7; is an isomorphism for any CW-spectrum Z.

2 Homotopy inverse limits

Let h€ denote the homotopy category of commutative S°-algebras. That is, two maps
f,g: X = Y in & are homotopic if f and g lie in the same path component of £(X,Y),
the topological space of S°-algebra maps between X and Y. Alternatively, £ is a tensored
category (over the category of unbased topological spaces), and f and g are homotopic if
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there exists a map h : X ® I — Y restricting to f and g on the ends of the cylinder (see
[11; VII, 2]).

Now let J be a small category and suppose X : J — h€ is a functor. In some cases,
X can be replaced by a homotopy equivalent strict diagram, and then its homotopy inverse
limit can be formed.

Definition 2.1 Let X : J — hE be as above. X 1is said to be an ho-diagram if for each
a: g1 = jo in J, E(Xj1,X52)xa, the path component of E(Xj1,Xjs) containing X, is
weakly contractible.

The main result of this section is due to W. G. Dwyer, D. M. Kan, and J. H. Smith [10].
We feel that the reader will appreciate an account of the proof.

Theorem 2.2 Let X : J — hé be an hoo-diagram. Then there erists a functor X : J — €
and a natural transformation X — X in h€ such that X (j) — X (j) is a weak equivalence
for each j € ObJ.

The proof makes use of a modification of the cosimplicial replacement of a diagram (cf.
[4; XTI, 5]). We first recall some notation.

If Z is an unbased topological space and Y is a commutative S%algebra, let F(Z,Y)
denote the cotensor product of Z and Y in &; its underlying S°-module is just the function
S%module of maps from ©*°Z, to Y ([11; VII, 2]). We shall also use the notation F/( , )
to denote function spectra in the stable category.

With Z as above, let ['Z denote the geometric realization of the singular simplicial set
of Z. This is of course a functorial cofibrant replacement of Z; it also has the property that
'V x I'W is naturally homeomorphic to I'(V x W) and that this homeomorphism commutes
with the projections onto I'V and I'WW. Hence a pairing V x W — Z induces a pairing
'V xI'W—-TZ.

Construction 2.3 Let X : J — h& be an h-diagram. Define a cosimplicial commutative
SP-algebra []; X by

X = JIXj
jeJ

[I}X = TIF(éXa, Xj),
Jn

where J, is the set of diagrams
PN o 7 Y ¢ 7> S . Qn .
QiJos— s J2 15" In
in J, and

rEXa= Fg(leanO)Xal X« X Fg(Xjn,Xjn—l)an-
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If 0 < i < n+1, the coface d’ is defined via the commutative diagram

dt n
(2.4) 1, X nlx

i

F(TEX !, Xjo) —2» F(TEXa, X jo)

where 7, denotes the projection onto the factor indexed by
a: o 51 & gy e i T G,
o/ denotes the diagram
Jo &t i 4= iy e iy s 4 i € G,
and
(dog)(frs-o o fas) = 9(fr s fifisns oo s o)
for (f1,..., far1) € TEX . (Here f;fi11 denotes the image of (f;, fix1) under the map
TE(Xji, Xji—1) x TE(X jiy1, Xji) = TE(X i1, X i)
induced by the composition pairing
E(XJi, Xji1) X E(X iy, XJi) = E(X i1, Xji1)-)
If i = 0, d° is defined as in 2.4, although now o is the diagram
g1 o - s In+1s
and d° : F(TEXd, Xj)) = F(TEXa, X jy) is defined by
(dgg)(fl, ooy Jora) = f1(9(fes - - -5 farn)),

where f; also denotes the image of f; € ['E(Xj1, Xjo) in E(Xj1, X jo)-
Finally, if i = n + 1, o is the diagram

.1 - - Qn .
Jos— N $In-15"In
and

(d2+lg)(f17 < 7fn+1) = g(fb s 7fn)

As for the codegeneracies, s* is defined via the commutative diagram

n+2 st n+1
(25) h X h X

ek

FTEX !, Xjo) =2~ F(TEXa, X jo)

12



where o is the diagram
.oa1 . a2 . . a1 . oid . Q41 . Qp41 .
Jos— s J2 i1 0 0 7 Jikl 0 S i
and
(Sig)(fla R 7fn+1) = g(fh e afiaida fi+15 e 7f'fl+1)'
Here id denotes the image of * = I'(x) in I'€(X};, X;;) under the evident map.
Recall that a cosimplicial S°-module Y is fibrant if the map
s: Y™ MY ={()° ... 4" EY" x---x Y sy =57y VO<i<j<n}

given by s(y) = (s°(y),...,s"(y)) is a g-fibration—that is, a fibration in the Quillen closed
model sense—for all n > —1. (Properly speaking, M"Y should be defined as an equalizer;
however we will continue to use this shorthand when to do otherwise would result in more
confusion.)

Lemma 2.6 Let X be an hoo-diagram. Then [[; X is fibrant.
Proof. Consider first the map s : [[, X — M°[[; X =[]} X. The composition

[LX STLX =11Xj— Xj
J

is given by

[1,X = I F(TE(X41, Xjo)xas Xio) = F(PE(X, Xj)ia, X5) = X,

jo &1

where the last map is evaluation at id € I'€(X j, Xj). Since id is a vertex of ['€(Xj, Xj), it
follows that this last map is a g-fibration and hence so is s.

Now suppose n > 1. Let J,’f,j be the subset of J, consisting of those n-tuples of maps
with jo = j and oy = id, and set

Dk X = [] TéXa.

aEJﬁJ
Then let

D.;X = |J DX,

1<k<n
and observe that the map s : [[, X — M™ ' []; X restricts to an isomorphism

[[F(Dn;X, Xj) = M"'[[; X.
J

13



But the inclusion

DX - [[T€Xa

In,j

is the inclusion of a summand, where J, ; is the subset of .J,, consisting of those n-tuples
with jo = j. s is therefore a g-fibration in this case as well.

Recall that, given a fibrant cosimplicial S%module Y, TotY = F(A[%],Y), the S°-
module of (unpointed) cosimplicial maps from A[*] to Y. Here A[«] is the cosimplicial space
which in dimension n is the standard n-simplex A[n] with the usual coface and codegeneracy
maps. Let Sk;A[+] be the cosimplicial space which in dimension 7 is the s-skeleton of A[n],
and define Tot Y = F(Sk,A[#]|,Y). The map Tot ;1Y — Tot ;Y is a fibration with fiber
F(A[j +1])/Aj + 1], Y/ Nkersy N --- Nker s;). By mapping a CW-spectrum Z into the
tower {Tot ;Y }, we obtain a spectral sequence

(2.7) Eyt =72, Y]") = [Z, Tot Y]'**  (cf. [4; X.6]).

This spectral sequence is strongly convergent in the sense of [4; IX.5.4] provided lim ' E%* = 0
«J
for all s and t.
In particular, if X is an h.-diagram, we obtain a spectral sequence

2.8 B3 =1im*([Z, X)) = [Z, Tot T X]"**.
2 paa h

This is proved as in [4; XI.7.1], using the fact that T'£X, is contractible for all a.
With these constructions in hand, we can now prove the main result of this section.

Proof of Theorem 2.2. If j is an object of J, let J\j be the category whose objects are
morphisms j — j' in J and whose morphisms are the evident commutative diagrams. The
evident functor y; : J\j — J provides us with an h,-diagram p; X over J \j and hence a
functor X : J — & defined by X (j) = Tot [, u;X.

Now define the map X (j) — X (j) to be the composition
(2.9) Tot [T X — F(A[0], [0 %) = [T X 2 X

J

where p is the projection onto the factor indexed by the object j d, j. To prove that

X() LX)

14



commutes whenever f : j — j', we must prove that

(2.10) X(j) —=X()

N

X

commutes, where the diagonal map is the projection onto H?L w; X followed by the projection
onto the factor indexed by f : j — j'. First observe that the two compositions

X(j) — FA[L], T X ﬁsmmmu> X(7)

F(d!,id)

are homotopic, where the last map is the projection onto the factor indexed by f : (j d, j) —

(4 ER j'). But these compositions are the same as
X(j) = F(A[0], [Tpu; )Z&H}JL*X = X(4").

Now use the definitions of d° and d* to check that these maps give the commutative diagram
2.10.
By 2.8, there is a spectral sequence

Ey' =lim*m_ X = 1 X (7).
e.

J\J

But j — j is an initial object of J\j; therefore

0 s>0
hrn ;X = { mXj s=0
ny ¢

Thus 7, X (j) = 7. X(j), and an unraveling of the identifications shows that the map in 2.9
induces the identity on .

3 Construction of the functor F

We begin by stating the following extensions of the Hopkins-Miller theory due to Goerss and
Hopkins. These are the results needed to show that, for S € ObRgn, the cosimplicial object
Cs we will construct in the stable category lifts to an hy-diagram, and hence, by Theorem
2.2, to a cosimplicial object in £. Then F(S) is defined to be Tot Cs.

Theorem 3.1 ([14]) Let E and F be q-cofibrant commutative S°-algebras with E Landweber
exact. Suppose that m,E is concentrated in even dimensions with an invertible element in

15



degree 2. Suppose in addition that moE is m-adically complete for some ideal m, that Ey/m is
an algebra of characteristic p, and that the relative frobenius for the homomorphism Ey/m —
EoF/mEWF is an isomorphism. Then each path component of E(F, E) is weakly contractible,
and the Kronecker pairing

o€ (F, E) — Hompg, ¢ (E, F, E,)
15 a bijection.

Remark 3.2 Recall that if A is a commutative [F,-algebra, the frobenius homomorphism
¢4 : A — Ais defined by ¢a(xz) = 2P. If f: A — B is a homomorphism of commutative
[F,-algebras, the relative frobenius is defined to be the map given by the dotted arrow in
the following diagram, where the square is a push-out in the category of commutative F,-
algebras:

B——

"
1]
A

A——>

A

Remark 3.3 The condition that £ be Landweber exact can be weakened. Indeed, E need
only satisfy a condition of the sort required by Adams [1; III, 13.3] in his construction
of universal coefficient spectral sequences. For example, Property 1.1 of [6] suffices. In
particular, any Landweber exact spectrum satisfies this property [6; 1.3].

Theorem 3.4 ([14]) Let H be a subgroup of Gal. Then EM has a unique structure of
commutative S°-algebra descending to its ordinary ring spectrum structure.

Remark 3.5 E! is in fact the H homotopy fixed point spectrum of E,, so our notation is
only slightly abusive.

In order to construct Cg, we need to apply Theorem 3.1 to spectra of the form E(X A
(E,)W), where X is a finite product of E,’s. The next result enables us to do this.

Proposition 3.6 Let E = L(X A Eéj)) and let F = L(Y A Eflk)), where X and Y are (non-
empty) products of finitely many copies of E,, and j,k > 0. Then the pair F, E satisfies the
conditions of Theorem 3.1; moreover, the function

m€ (F, E) — Hom,(F., E,)

sending a map F — E to the induced map on homotopy groups is one-to-one.
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Proof. First observe that E and F are commutative S%-algebras — the key point here is that
localization with respect to a homology theory preserves such objects (see [11; VIII]). An
easy reduction also shows that it suffices to consider the case where X = FE,, and Y = FE,,.
By Morava’s theory, E, = Map,(G, E,~) and the action of E, on the right factor of F
induces “right multiplication” of E,« on Map,(G?, E,). It therefore follows that E (resp.
F) is Landweber exact for an appropriate map BP — E (resp. BP — F') and hence, by the
Landweber exact functor theorem. FE,F is a flat F,-module. In addition, Fy is complete with
respect to the ideal m = Map,(GY, I,,), where we also write I, = (p,u1,... ,uy 1) C (Ep)o-
Now

m.L(F A E) = Map,(Git*1 E,.)

and, just as before, E(F A E) is Landweber exact. Since F,E is flat over E,, it also follows

that F'A E is Landweber exact. Thus, if M (p,v%,... ,v"7}) is a finite CW-spectrum whose
Brown-Peterson homology is BP,/(p®, ... ,v,"7'), we have that

F.E/F.E-(p°,... v} Lo

L(FAE)AM®®, ... vir))

» Yn—1

m(FAEANM@p®, ... v )
T

la

» Yn—1

Therefore

~ ~

F.E/F.E-I, = wnL(FANE)/n.L(FAE)-I,
— Map, (G, By u, u™")).
Clearly the frobenius is an isomorphism on Fjy/m, and, from the above equality, it is also
an isomorphism on EyF/mEyF. This implies that the relative frobenius for E,/m —
EoF/mEyF is an isomorphism.
Finally, to prove that mo€(F, E) — Homy, (F}, E,) is one-to-one, it suffices to prove that
the function

Hompg, _a15(E.F, E,) — Hom,,(F, E,)
given by precomposition with the map
F,=7,(S°AF) > m,(EAF)=E,F

is one-to-one. But this follows easily from the commutative diagram

Homg, _4(E.F, E,) Homgg (Fy, Ey) ,

|

Hom(E*®Q)—alg (E*F ® Q: E,® Q)

Hom(E*@JQ)—alg (E* ®F® Q, E, ® Q) —_— Homalg(F* ® Qa E, ® Q)
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and the fact that the vertical maps are monomorphisms since any Landweber exact spectrum
is torsion free.

It will also be convenient to know that, for £ and F' as above, the canonical map from
mo& (F, E) to the set of ring spectrum maps from F' to E in the stable category is a bijection.
The next result enables us to conclude this.

Lemma 3.7 Let E be as in Proposition 3.6, and let F' be a Landweber exact commutative
ring spectrum. Then

i. BE,FU) = E,F @p, E,F ®p, -+ ®g, E.F for any j > 1.

j times

1. The Kronecker pairing
[FY) F*——Homyg, (E,FY_E,)

s an tsomorphism for all j > 1.

Proof. Since E and F' are Landweber exact, E,F is a flat F,-module. This immediately
implies i. As for ii, begin by observing that Fy A F5 is Landweber exact if F; and F; are.
Hence FU) satisfies the hypotheses of the lemma, so we may assume j = 1 without loss of
generality.

There is a universal coefficient spectral sequence

Exti (E,F,E,) = E*F

(see Remark 3.3); it thus suffices to show that Ext%, (E.F, E,) = 0 for all i > 0. We do this
by an argument similar to that in [27; 15.6]. Indeed, E,F = E, ®g,. En+-F and E,-F is flat
over F,«; hence

EXtE; (E*F’ E*) = EXtE;* (En* F: E*)

We thus need only show that ExtéEn)O ((Ep)oF, Eq) = 0foralli > 0, where now E = E(Ey(f“))
for some j > 0. Let m be as in the proof of Proposition 3.6, and write (E,)oF = M. Then
again by flat base change

Ext{y, ), (M, Eo/m) = Extj, . (M/I,M, Ey/m).

This last group is trivial for i > 0 since Fn is a field. Similarly, Exté oo (M, m! /m!*1) = 0 for

i > 0; now use the fact that Ey = lin);l Ey/m’ to conclude that ExtéEn)O (M, Ey) = 0 whenever
«—

1> 0.
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Now let A be the category whose objects are the nonnegative integers—a typical object
will be denoted [n]—and whose morphisms from [n] to [m| are the monotone nondecreas-
ing functions from {0,1,...,n} to {0,1,...,m}. Recall the definition of Ré’;n from the
Introduction. We will construct an h.-diagram

C: (Rf )" x A = hE
such that, for each S € ObR{ ,
Cs=C(S, ):A—hE

is a cosimplicial K(n),-local E,-Adams resolution for the not yet constructed spectrum
F(S). As described in the Introduction (for the case S = G, /U), we seek a K(n),-local
commutative S0-algebra and right E,-module spectrum Xg together with an £-map d :
Xs — L(Xs A E,) such that

(3.8) 7. Xs = Mapg, (S, Map,(Gn, Epn+))

as right E,«-modules, such that

~

(3.9) mnL(XsAE,) & m.Xs®p.mL(E,AE,)
= Mapg, (S, Map, (G, En*))éEn* Map,(Gp, En-)
Mapg, (S, Map, (G, X Gp, Ep+))

and such that m,d corresponds to the map induced by the group multiplication G, xG,, — G,,.

Proposition 3.10 There ezists an hyo-diagram X : (Rén)"pp — h€ and a natural transfor-

mation d : X — E(X A E,) satisfying the above requirements. Moreover, this construction
has the following properties:

1. All maps are maps of right E,-module spectra, where E, acts on the right factor of

~

L(XAE,).
. If S is finite, X = X(S) is a product of a finite number of copies of E,.

. Xg, = E(En A Ey,) and if rg : G, — Gy is right multiplication by g € Gy, X(ry) =

~

L(g A Ey).
. d(Gy) is given by the composition

L(E, ANE,) =L(E, A S°AE,) = L(E, A E, A Ey).
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Proof. If S is finite, then S is a finite disjoint union of sets of the form G,,/U for various open
subgroups U of G,. We thus need only define X¢, /i7; X5 can be defined as an appropriate
finite product of the X¢,/y’s. Define X¢, /v = HGn/U E,; ie., Xg, v is a finite product of
copies of E,, one for each element of G,,/U. Equations 3.8 and 3.9 are certainly satisfied. As
for the map d(G,/U), observe that stable E,-module maps X¢, /v — E(Xgn/U A E,) are in
bijective correspondence with E,.-module maps 7, Xq, /v — W*E(Xgn /U/\En). Furthermore,
by the results of Goerss-Hopkins together with Lemma 3.7, any stable ring map X¢, /v —
E(X(;n/U A E,) lifts to an £ map, unique up to & homotopy. Hence d(G,/U) can be chosen
to induce the requisite map on homotopy groups.

If f:S51 — S;is aG,-map with S, finite, then there exists a unique map Xf : Xg, — Xg,
of E,-module spectra inducing the map

f* : Mapg, (S2, Map,(Gy, En+)) = Mapg, (S1, Map, (G, Ey-))

on stable homotopy groups. As before, X f has a representative in £ and is unique up to €
homotopy.

Finally, the naturality of 7,X and m,.d implies, by Lemma 3.6, that X is a functor and d
is a natural transformation. It also follows from 3.6 that X is an h.-diagram.

Construction 3.11 Let  : S° — E, be the unit map, let u : E, A E, — E, be the
multiplication map, and, for each S € ObR{, , let s : Xg A E, — Xg be the module
structure map. Define an h.-diagram

C: (R(Jgn)Opp X A = hE

by

C(S,[4]) = C% = L(Xs A ED).
The coface and codegeneracy maps are given by
d°(S) = L(d(S)AEY): Y — ¢4t
d'(S) = E(XS/\E(’ DARA (B0 D) 04 —» 03, 1<i<j+1
0S) = L(sAEY):Cit - ¢4
i(S) = L(Xs ANECDAuAEIDY: 0 504, 1<i<j.

n

VA

S

That C is in fact a functor follows from Proposition 3.6; this proposition along with the
Goerss-Hopkins results also implies that C is an h.-diagram. Hence by Theorem 2.2, we

may lift C to a diagram in £. From now on, when we refer to C, we actually mean this lift
of C.

Definition 3.12 The functor F : (R )®* — &£ of Theorem 1 is defined by F(S) =
Tot ([[* Cs), where, as before, [[* Cs is the cosimplicial replacement of the (cosimplicial)
diagram Cs. Since each C% is K(n),-local, so is F(S).

20



By 2.8, there is a spectral sequence

(3.13) lim*[Z, Cs|'= [Z,F(9)]""*

for any CW-spectrum Z. We next claim that

(3.14) lim*[Z, Cs]" = 7*[Z, C%t,
<~

A

where the last term denotes the s®® cohomology group of the cosimplicial abelian group

[Z,Cs]t. This result is of course well-known; however we provide a quick proof for the
convenience of the reader.

Proposition 3.15 Let Ab® be the category of cosimplicial abelian groups. Then the 6-
functors lirg* : AbA — gr  Ab and 7 1 Ab® — gr oAb are naturally equivalent, where gr, Ab
&

denotes the category of nonnegatively graded abelian groups.

Proof. Since lirg0 and 7° are naturally equivalent, it suffices to prove that 7° is effaceable.
F

We begin this proof by making a few recollections. The forgetful functor U : Ab® — gr, Ab
has a right adjoint V—if D is an object of gr, Ab, set

(VD)= [] D™

[n]—=[m]

where the product is taken over all morphisms [n] — [m] in A. It thus follows that if D,,
is injective for each m, then V D is injective in Ab®. Now let C be a cosimplicial abelian
group, and consider the monomorphism C — VUC. We will show that 7*(VUC) = 0 for all
i > 0. Indeed, first observe that V.D = [[V(D(n)), where

m_ | D" m=n
D(n) _{ 0 otherwise °

It then suffices to show that 7¢(V(UC(n))) = 0 for all n and all s > 0. But V(UC(n)) is just
the simplicial cochain complex of the standard n-simplex with coefficients in C™. Therefore
its cohomology is trivial in positive degrees.

In general, if J is a small category and A is a J-diagram of abelian groups, then lim*A
~J

may be computed as the cohomology of the cochain complex of the cosimplicial group []" A,
the cosimplicial replacement of A (see [4; XI, 6.2]). Thus the §-functors 7*C and 7*([]" C)
are naturally equivalent on the category of cosimplicial abelian groups. The next result is
proved in Appendix II; it will be needed to prove Proposition ALS5.
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Proposition 3.16 Let C be a cosimplicial abelian group. There is a natural map T(C) :
C — [I" C of cochain complexes which induces an isomorphism on ©*. Moreover, T can be
chosen so that the composition

X 10l = oo
J

sends x to d°---d°x for any x € C°, j, > 0.

We can use spectral sequence 3.13 to verify Theorem 1ii. This will follow easily from the
next result.

Proposition 3.17 Consider the maps E, — L(E, A E,) and F(G,) = L(E, A E,) given
by the maps

E, = E, AS* 22, T(E, A Ey,)
and
F(G,) = Tot [["Cq, — [1°Cq, — C% = L(E, AE,)

respectively. Let Z be any CW-spectrum. Then there is a unique bijection EXZ — F(G,)*Z
such that the diagram

E*

n

.

L(E, NE,)*Z

N

F(Gn)"Z

commutes.

Proof. The map E, — E(En A Ey) is an augmentation of the cosimplicial object C¢, in
the stable category. Furthermore, Cf, is chain contractible to E, in the stable category (cf.
proof of Lemma 4.4); hence 7*[Z, C¢, |' = E!Z concentrated in degree 0. The desired result
now follows from 3.13, 3.14, and an unraveling of the identifications.

Proof of Theorem 1ii. The preceding proposition provides us with a canonical weak
equivalence E,, — F(G,,). It also implies that the map is G,-equivariant and is a map of
ring spectra (in the stable category). By Lemma 3.7 and Theorem 3.1 this weak equivalence
lifts to an £ map.

Finally, we show that, for S = G,/U, the spectral sequence 3.13 has the form of a
homotopy fixed point spectral sequence. The proof requires some preparation.
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Definition 3.18 Let M be an inverse limit of discrete G,-modules, and let H be a closed
subgroup of G,,. Define a cochain complex D3 (M) by

D}, (M) = (Map, (G, M)
with differential 6 - D,(M) — DI (M) given by
J

6f(90,915--- s gj41) = Z(—l)if(go, o3 ity 5 Gt1)

=0
+(=1)"" g7 f (909541 -+ 5 9597H)-

Warning 3.19 The action of H on Map,(GZ™!, M) is as elsewhere in this paper; that is, if
f € Mapc(ng—}_l’ M) and h € Ha then (hf)(907 s :gj—l—l) = f(hilg(): 915 -- agj—l—l)-

Lemma 3.20 The 0-functor H*(D},(?)) is equivalent to H(H,?) on the abelian category
of discrete G,,-modules.

Proof. Since H°(D3(M)) = M¥, it suffices to prove that H*D}(?) is effaceable. To this
end, let N be a discrete G,-module, and consider Map, (G, N). Map,.(Gn, N) is a discrete
Gn-module, and there is a G,-equivariant monomorphism N — Map, (G, N) defined by
n +— hy,, where h,(g) = g7'n. Now

Djy(Map,(Gn, N)) = (Map (G x G, N))¥,
and there is a contracting homotopy

¢: Dy (Map,(Gn, N)) = Dy (Map, (G, N))
given by

(@) (g0, --- 95> t) = (=17 f(got, .. , g;t, 8, 1),

proving that H*(D} (Map,(Gp, N))) =0 for all i > 0.

We will identify the cochain complex [Z,C¢, ;' with Dy (E;Z). We must thus under-
stand the cohomology of D} (?) for profinite modules.

Lemma 3.21 Let H be a closed subgroup of G,, and let M be a profinite discrete G,,-module,
say M = 1lim M,,, where o ranges over a directed set I. Then
—a

DI, (M) s=0

T o | _
oy - 2400 120

ii. H*D% (M) = lim H* D% (M,) = lim H*(H, M,).
—a —a
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Proof. We have
lim* D (My) = w[T" D}y (M),

where M is the I-diagram o — M, and [[* D;(M) is the cosimplicial replacement of the
I-diagram D%, (M). Now

[T" D}, (M) = D}, (IT'M),
and since each M, is finite, [[* M is profinite. Moreover,
Di. : profinite G,-modules — Ab

is exact; this again follows from the existence of a continuous (set-theoretic) cross-section of
an epimorphism of profinite groups ([29; I, Theorem 3]). Therefore

lim°D(M,) = Djy(x'[['M)

. Dl (M) s=0
J s H
= DH(hIB Ma)—{o s> 0

by the vanishing of lim*, s > 0, for directed systems of profinite groups.
«—

As for the second part, consider the double cochain complex [[* D3 (M). This yields two
spectral sequences

lim*H!(H, M,) = H*([]"D};(M))
—a
H*(lim'Dy(M,) = H™([["Dj(M))
—a
By i, the second spectral sequence collapses to give
H*(IT"Dy(M)) = H* (D (M)).

On the other hand, H is a closed subgroup of a p-analytic profinite group and is therefore
itself a p-analytic group (see [9; 10.7]). Hence H contains an open normal subgroup U which
is a Poincaré pro-p-group ([19]; see also [28] for a summary). This implies that H!(H, M,,)
is finite for each « and so 1(i_1£15H§(H , My) = 0 for all s > 0. The first spectral sequence then

collapses to give
H*(II'Dy;(M)) =lim HX(H, M,).
—a
This completes the proof.

Lemma 3.22 There is a canonical isomorphism [Z, C’gn/U]t ~ D} E!Z of cochain com-
plezes, where E}Z 1is topologized as in Remark 0.3.
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Proof. The quotient map G, — G,,/U induces a map Cf, yu = C¢, and hence a map

of cochain complexes. Now Xg, = Z(En A E,) (Proposition 3.10); therefore, the map ; of
(1.6) provides an isomorphism

[Z,CL 1" — Map,(Git, EL Z) = D!, (E. 7).

{e}

Moreover, this map is easily seen to be a cochain map and is G,-equivariant, if the action
of g € G, on Cf, is given by

~

LX(rg) AEyA---ANE,) =L(gAE, ANE,---AE,).
Since right multiplication by ¢g € U is trivial on G,,/U, the map in 3.23 is actually a map
(3.24) 2,C¢, ) = ((2,C¢,]"N" = (D} (E,2))" = Dy(E,Z)

of cochain complexes. Both [?,Cén/U]* and DJ(EX(?)) = Map,(Gn/U x GJ, E%(?)) are
cohomology theories satisfying the product axiom; it thus suffices to prove that the map in
(3.24) is an isomorphism when Z = S° But, by (3.8) and the fact that X¢, v is a finite
product of E,’s (Prop. 3.10), we have that

T*Cén/U = mXa, v ®r,. Map, (G, E,+)
= Mapc(Gn/U: En*) OE,. MapC(G%, En*)

We also have

m.Cl = mXc,®p, Map,(Gl, E,.)

and the map 7, X, /v — mXg, corresponds to the homomorphism Map,(G,/U, Ep-) —
Map,(G,, E,+) induced by the quotient map G,, — G, /U. From this it is clear that

completing the proof.

Finally, we obtain our desired result.

Proposition 3.25 Let S = G, /U. The spectral sequence 3.13 has Es-term canonically
isomorphic to H:(U, E! 7).

This is the spectral sequence of Theorem 1iv. It is strongly convergent because H: (U, E! Z)
is a profinite group for each s, ¢, and therefore lim ' E3* = 0.
«r
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4 The Morava module of E"

In this section we complete the proof of Theorem 1. The key step is the identification
of L(F(S) A E,) with Xg—this not only immediately implies Theorem 1iii but enables
us to identify the spectral sequence 3.13 with the K(n),-local E,-Adams spectral sequence
converging to [Z, F(S)]*. If S is finite, C's = [[; Ca, /v, for a finite number of open subgroups
U;; thus we may assume from the beginning that S = G,,/U. (If S = G,,, Theorem 1iii is a
consequence of 1ii.)

The techniques involved in our computation of L(F(S) A E,) will be applied in other
contexts in §85, 6; we therefore proceed in a little more generality.

Notation 4.1 Write C : J — £ for any of the following diagrams:
i. J=A and C = Cg, v for U an open subgroup of G,.

ii. J = G for G a finite subgroup of G,,, and C' : G — & is the diagram given by the
action of G on F,,.

iii. J=F, where F and K are as in Theorem 4 of the Introduction, and C' : F' — £ is the
diagram given by the action of F' on (the left factor of) L(EM A EY +1)), j>0.

Given a diagram C : J — &, there is a diagram L(C A E,) : J — £ defined by

LCAE)G) =
LCNENf) =

(C() A En)
(C(f)AEn)

&~ &

for j an object and f a morphism in J. There is also a canonical map
(4.2) L[(Tot[]C) A E,] — Tot ([T'L(C A E,)).
We will prove the following result.

Theorem 4.3 If C' is one of the diagrams in Notation 4.1, then the map 4.2 is a weak
equivalence.

Before proving this theorem, we determine its consequence for C' = Cg,, /7. The left side of
4.2is L(E" A E,). To identify the right side, we examine the spectral sequence !/ E**(Z, C)
obtained by mapping a CW-spectrum Z into the tower of fibrations {Tot ,([[" L(C A E,))}.

Lemma 4.4 Let C = Cgq,v. Then

0 s>0

HEsh(7,C) = 7°|Z, L(C* A B,)]' = { 7 Xl s—0 -
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In particular, the map

Tot ([[*L(C A E,))

bl

L(C°AE,)
L(Xg, v N Ey)

[I°L(C A E,)

1= R

Xa, v

1s a weak equivalence.

Proof. By Proposition 3.15, "E3'(Z,C) = n°[Z,L(C* A E,)]'. Now let Xg, v be the
constant cosimplicial spectrum with X én v = Xg, v- There are cosimplicial—in the stable
category—maps X¢, ;; — E(C’ A E,) and E(C A E,) — X¢, y given on O-simplices by d :

Xe, v — E(Xgn/U/\En) (see Proposition 3.10) and s : Z(XGn/U/\En) — Xg, v respectively.
Furthermore, these maps are chain homotopy equivalences; use the chain homotopy

h:L(CI AE,) — L(CI"' A E,)

defined by h = (=1)Xg,/u A (En)YD A p. This then implies that 7*[Z, L(C* A E,)]" is
as claimed. The weak homotopy equivalence Tot ([[" L(C A E,)) — Xg, v is obtained by
tracking down the identifications.

Corollary 4.5 There is a natural weak equivalence Z(EZU ANE,) S Xg, Ju of commutative
SO-algebras and right E,-module spectra such that the diagram

L(EM A BE,) 2 X6, /u
L(EM A SO A E,) d
~ l (v E, ~
B(EM A By A Ep) —2) T (X0 A En)

18 homotopy commutative. In particular, Theorem 1wt holds.

We now turn to the proof of Theorem 4.3. Let {E**(Z,C) denote the spectral sequence
obtained by mapping a CW-spectrum 7 into the tower

+o+ = L(Tot g1 ([[°C) A E) = L(Tot 4 ([T'C) A Ey) = -+ ;

(4.6) BN (2,0) = [2,L(Fy(C) A E,)]",
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where Fy(C) is the fiber of Tot ((J[*C) — Tot s_1(J[* C). There is a canonical stable map
from the (unraveled exact couple of the) tower {L(Tot (][] C) A E,)} to {Tot ([T L(C A
E,))}; on fibers this map is the canonical map

~

(4.7) L(F,(C) A E,) — F,(L(C A Ey)).

Lemma 4.8 Let TE;*(S°,C) — TE;* (S C) be the map of spectral sequences described
above. If C' is one of the diagrams in 4.1, then this map is an isomorphism.

Proof. If C is a diagram of the form 4.1ii or 4.1iii, then the map 4.7 is an equivalence and
hence the desired result follows immediately.

Now let C = Cg, /v and examine 'E3™(S°, C). By 3.14, H*(|Z, F.(C)]""*) = n*[Z,C*]*
for any CW-spectrum Z, and therefore Lemma 4.4 implies that

Hem o (F(C)NE, AM@P, ... ,vp))) = 7°m(C*AE, AM(PP,...,0p)))

’ Yn—1 ’ Yn—1
_ | mXa o AM@pe, .. v0T)) s=0
0 s # 0.
In particular, these cohomology groups are all finite. Here M (p', v?, ce ,vi":f) is as in the
beginning of §3; the multi-index I = (i, ... ,i,_1) varies over a cofinal sequence as in [6; §4],

so that

LY =holim(Y A M(p®,... ,vi" 1))
%

» Yn—1
I
for any F(n).-local spectrum Y.
We claim that
7 holim(Fi(C) A En A M(p'©, ... v 1)) = limm, (Fi(C) A En A M(p, ... 0™ ));
«— —

» Ypn—1 » Yn—1
1 1

that is

(4.9) lim "7, (Fp(C) A Ex A M(p™°, ..., vi"7})) = 0.
—

» Yn—1
I
Assuming this, it follows from the vanishing of lil? LH*m,_(F.(C) A Ey A M(p®, ... 0"))
e
that

~

H'm  L(F.(C)AE,) = lmH'm_,(F.(C)AE, AM@p°,... v7))
—

» Yn—1
T

_ 7TtXG’n/U S:0
0 s # 0.

Furthermore, one checks easily that the map 'Ey*(S°,C) — Ey*(S°,C) is the identity
under this identification and the identification of Lemma 4.4.
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We now verify the claim. F(C) is equivalent to a product of Cén /U’s and is therefore
Landweber exact. Hence =, (F;(C) A E,) is a flat E,--module, so

T (Fu(C) A Ey A M(p®, ... 0" 0)) = m (Fu(C) A E,) /(0 ..., vin7)).

In particular, the inverse system {m,(Fj(C) A E, A M(pi©, ... v'"7}))} is Mittag-Leffler and
therefore 4.9 holds. This completes the proof.

Corollary 4.10 If C s one of the diagrams in Notation 4.1, then

holim L(Tot 4 ([T°C) A E,) = Tot ([T L(C A Ey,)).

k

Proof. If C' is a diagram of the form 4.1ii or 4.1iii, the result follows from the fact that the
map 4.7 is an equivalence and hence the towers {L(Tot ,([]* C) A E,)} and {Tot x([T* L(C A
E,))} are equivalent.

If C' = Cg, v, the result follows from Lemma 4.8 together with the fact that both spectral
sequences are strongly convergent in the sense of [4; IX, 5.4].

The proof of Theorem 4.3 will now be completed by showing that
L[(Tot[T°C) A E,] = holim L(Tot 4 ([T"C) A E,,).
(_
k
We separate off the following key ingredient.
Let
= Y=Y == Yy =

be a tower of fibrations of S%-modules, so that the canonical map lirlrclYlc — hol}chk is a
“— “~
weak equivalence. Define Y* to be the fiber of limY; — Yj; there is then an inverse system
1

of fibrations

Ykl hinY; Yit1 .

Yk limY; Y

According to [4; XI, 5.5], the map

holim(lim Y;) — holim Y}
Yoo S
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is a fibration with fiber hol}cm Y*. But the commutative diagram
F

holim(lim Y;) —— holim Y},
—

— —
k i k
lim(lim Y;) —= lim Y,
PR 3

shows that this map is a weak equivalence, and thus hol}cm Y* is stably trivial. In certain
“~

cases, we can say a good deal more.

Lemma 4.11 Let {Y;} be as above, and let E**(Z) denote the spectral sequence obtained
by mapping the CW-spectrum Z into this tower. Suppose that there exist natural numbers rq
and sg such that E*(Z) = 0 for all spectra Z whenever s > so. Then given k, there exists
q such that the map Y +® — Y* is stably trivial.

Proof. Let F; be the fiber of Y; — Y,_;. There is a diagram

Yk+1 Yk+2

NSNS

Fitq Fiio

Yk

of exact triangles; let E**(Z) denote the spectral sequence obtained by mapping Z into
this diagram. This spectral sequence is isomorphic to the spectral sequence obtained by
mapping Z into the tower {Y;}i>x. Hence, (E>*(Z) = 0 for s > max{ry — 2,50 — k — 1}.
Since ho(gm Y~ x, 1 E**(Z) is conditionally convergent (in the sense of [2]) to [Z, Y*]*, and

thus the horizontal vanishing line implies that

im([Z,YF+s] — [Z, VE]*) .
: = vEZ(2)
im((Z, YR+ — [Z, VF]")
and that {im([Z,Y*"*]* — [Z,Y*]*)}s>0 is a complete Hausdorff filtration of [Z, Y*]*. It

then follows that im([Z, Y**5]* — [Z,Y*]*) = 0 for s > max{ry — 2,80 — k — 1}. But Z is
arbitrary; therefore Y**% — Y'* is trivial for these values of s, completing the proof.

Lemma 4.12 Let {Y}} satisfy the hypotheses of Lemma 4.11. Then, if W and F are any
spectra, there is an equivalence

Lp[(holim Y3) A W] = holim Ly (Y; A W).
— —
k k
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Remark 4.13 The above map is of course chosen so that composition with the projection
onto L (Y, A W) yields the canonical map

k

We will show that lir]rcll[Z, Lp(Y, AW)]* = 0 for any spectrum Z, so the equivalence of the
—

lemma is uniquely determined.

Proof. We have diagrams (in the stable category)

(4.14) Lp(Y* AW) — Le((holim Y;) AW) — Ly (Yer A W)

2

Lp(YEAW) — LF((hOEm Y)AW) —= Lp(Y, AW)

of fiber sequences. By the previous lemma,

holim Lp(YEAW) ~ x;
k
from this should follow the desired result. However, we prefer to avoid trying to argue
that “the homotopy inverse limit of the fibers is the fiber of the homotopy limits”, and
instead proceed less generally. Indeed, a diagram chase using 4.14 together with the previous
lemma shows that the system {[Z, Lp(Y; A W)]*} is Mittag-Leffler for any Z and therefore
l(i_rlrcll[Z, Lp(Yy AW)]* = 0. A similar argument also shows that

[Z, L ((holim Y;) A W)]* 2 1im[Z, Ly (Y A W)]".
3 k

This completes the proof.

Proof of Theorem 4.3. Start with cases i and ii of Notation 4.1. By virtue of the preceding
work, we need only show that

(4.15) L[(Tot TT*C) A E,] A X S5 holim L(Tot 4 ([T"C) A En) A X
(_
k

for some p-local finite spectrum X Bousfield equivalent to S?p). Nilpotence technology [8;
4.1] tells us that this is the same as requiring X to have torsion free Z)-homology.

We will prove 4.15 by finding a torsion free X such that E5*(Z A DX, C) has a horizon-
tal vanishing line independent of Z, where E**(Z A DX, C) denotes the spectral sequence
obtained by mapping Z A DX into {Tot [[" C}. But

EY(Z ADX,C) = H)(K,E!(Z A DX))

31



for K some closed subgroup of G,,. (K =U in case i, and K = G in case ii.) Moreover,
H!(K,E\,(Z ADX)) =lmH}) (K, E,+X ®g,. En«DZ,),
“—a

where Z = holim Z,, is a presentation of Z as a direct limit of finite CW-spectra.
—Q

Now Hopkins and Ravenel have shown that there exists a finite spectrum X with free Z,)-
homology—in fact, X can be taken to be S® if p—14{n and a summand of an iterated smash
product of a finite complex projective space if p—1 | n—such that H3*(K, E,- X /1, E,- X) =
0 for s bigger than some s,. (This is proved for K = G, in [26; 8.3.5-7]; from this fol-
lows the result for K closed in G,. Or, one can observe that the proof for G, applies to
closed subgroups as well.) An easy induction then shows that H®*(K, E,.X) and hence
H}*(K, Ep X/ I, B+ X) vanish for s > sg and m < n, where I,, = (p,v1,... ,0y_1). Finally,
proceed by induction on a Landweber filtration of E,-DZ, to prove that H>*(K, E,- X Qp, .
E.,«DZ,) =0 for s > s5. (Note that the cross-section theorem [29; I, Theorem 3| allows us
to conclude that H*(K, ?) takes short exact sequences of profinite K-modules to long exact
sequences.)

This vanishing line allows us to apply Lemma 4.12 to the tower {(Tot; [["C) A X} to
complete the proof of 4.15.

As for case iii, we prove that E;”(Z,C) has a horizontal vanishing line independent of
Z. Indeed,

EsNZ,C) = H*(F,|Z, L(EM A EG+DTY
H*(F,Map,(GZ*!, B Z)K)

by Proposition 5.3 and 5.5.
Now if M is any discrete G,-module, there is a spectral sequence

H* (F, H: (K, Map, (G5, M))) = H} (G, Map,(G3*", M)).

But Map (Gt M) = Map, (G, Map,(G%, M)) is both K and G-acyclic (see proof of Lemma
3.20); this implies that Map,(GZ™, M)X is F-acyclic.

If M is profinite, say M = lim M, then there is a spectral sequence
—a

lim*H* *(F, Map,(GZ**, M,)®¥) = H*(F,Map,(G.*', M)¥).
—a
But

H*(F,Map, (G5, Ma)®) = (Map, (G5, Ma)®)"
= Mapc(GﬁlaMa)G

concentrated in degree 0, and by Lemma 3.21i, lim ‘Map,(G%+!, M, )¢ = 0 for ¢ > 0. Thus
—a
E3'(Z,C) =0 for s > 0, and the proof concludes as before.

We conclude this section by proving Theorem 1liv.
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Proposition 4.16 Let U be an open subgroup of G, and let S = G,/U. The spectral
sequence 3.13 is naturally isomorphic to the K(n).-local E,-Adams spectral sequence con-
verging to [Z, EMV]*.

Proof. Consider the cosimplicial S°-module Cg, su- By Corollary 4.5,

Cj

Gy L(E" A EU+D)

and thus by Remark AI.9

is a K (n),-local E,-resolution of E' where § = Y (—1)’d". The desired result now follows
from Proposition AL5.

5 Homotopy fixed point spectra for closed subgroups
of G,

We begin by recalling the construction of the homotopy direct limit in £ for the case of a
direct sequence of commutative S°-algebras.

Definition 5.1 Let
A2y Iy 4y B

be a direct sequence of commutative S°-algebras. Then holimgA; = limgzj, where
—i —j

Zj = AO ® IHfoAl ® IHfl U Hfj—zAjfl ® IHfj—lAj

is a j-fold mapping cylinder in E. That is, all limits (including tensor products) are to be
taken in £.

The next result is crucial in the homotopical analysis of E"C.

Lemma 5.2 Let Ay ﬁ)Al £>A2—> -+ be a sequence of cellular algebra maps between cell

commutative S°-algebras. Then there is a natural weak equivalence holimg A; ~ holim A; of
—i —i
spectra, where holim denotes the ordinary homotopy colimit of {A;} regarded as a sequence

—1
of spectra.
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Proof. Let Z]- be as in the previous definition. The evident map Zj — A; is a homotopy
equivalence in £ and hence in the category of spectra. Moreover, Zj is a relative cell com-
mutative S%-algebra under Zj_l for each 7 > 1. This implies that Zj_l — Zj is a cofibration
of underlying spectra [11; VII, 4.14]. Thus, by [11; VII, 3.10], it follows that

holimgA; = lim¢A; = lim A; ~ holim A; ~ holim 4;.
- - - - -

? J J J J

We can now identify the K (n),-local E,-homology of E*“ and thus prove Theorem 2i.

Proposition 5.3 ,L(E" A E,) = Map,(Gy, En-)¢ as completed right m,L(E, A Ey)-
comodule algebras.

Proof. Just compute:

» Yn—1 » Yn—1

W*(E:;G A En AN M(pio, e /Uin_l)) = hmﬁ*(E:;(UJG) A En A M(pio, o 'Uin_l))
-
J
— lim Map, (G, B /(5,0 )75
-

J
= MapC(Gn, En*/(pioa ‘e avzn:ll))G’

since E,-/(p®, ... ,vi"_‘f) is discrete. The desired result follows easily.

It is now also a simple matter to identify E"® with the usual homotopy fixed point
spectrum when G is finite. As in the Introduction, we denote this spectrum by E¥C.

Proposition 5.4 Let G be a finite subgroup of G,. The map EM' — EZ’G described in the
Introduction is a weak equivalence.

Proof. Since E'¢ and E"% are both K (n),-local, it suffices to prove that the map
m.L(E" A E,) = n,L(E"% A E,)
is an isomorphism. But we have a commutative diagram

Er}zlG Eh’ G )
E,

and by the preceding proposition, W*E(EZG A E,) injects into W*Z(En A E,) with image
Map,(Gp, Ep-)¢. On the other hand, Theorem 4.3 implies that L(EY% A E,) S[L(E, A
E)]"¢, where G acts on the left factor E,. But m,L(E, A E,) = Map,(Gy, E,-) is G-

acyclic (see proof of Lemma 3.20); therefore W*Z(EZ}'G AE,) = Map,.(G,, E,)¢ as well. This
completes the proof.
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Now let G be a closed subgroup of G,, and form a K(n).-local E,-Adams resolution of
E"G as in Remark AL9; that is, set

Clje = LIELS A (Bn)9H).
As in the proof of Lemma 3.22, there is a natural transformation
(5.5) [Z, an/G]t — DLELZ

of cochain complexes; the proof of Proposition 5.3 generalizes to show that this map is
an equivalence when Z = S°. But both [?, C’én /G]* and DLE(?) are cohomology theories
satisfying the product axiom and hence the map in 5.5 is an isomorphism for all Z. Theorem
2ii is thus a consequence of Lemmas 3.20 and 3.21.

Proposition 5.6 Let G be a closed subgroup of G,,. The K(n).-local E,-Adams spectral
sequence converging to [Z, EM|* is strongly convergent and has Ey-term naturally isomorphic
to HX(G,E:Z).

Proof. The only part which hasn’t been proved above is the strong convergence. But this
follows from Proposition Al3.

We can also prove a “covariant” version of Proposition 5.6, although the next result is
probably not the most general result which can be achieved in this direction. Recall that E(n)
denotes the Landweber exact spectrum with coefficient ring E(n), = Zg,[v1, ... , Un, v, ']

Proposition 5.7 Let X be a CW-spectrum such that, for each E(n)-module spectrum M,
there exists a k with I"M,X = 0. Then the K(n),-local E,-Adams spectral sequence con-
verging to m,L(X A E") has Ey-term naturally isomorphic to H! (G, E,-X).

Remark 5.8 The hypotheses imply that FE,-X is a discrete G,-module, so H!(G, E,«X)
makes good sense.

The proof of this proposition requires a little preparation. Let L, denote the E(n),-
localization functor. There is a cofiber sequence

(5.9) > "M,S*— L,S°— L, 1S°

(see [25; §5]) and

(5.10) M,S° = L, (holim =™ M (p',v¥, ...  v'"}),
%
I
n—1
nr=Y_2i(p—1),
r=0
where I = (ig,41,... ,4, 1) ranges over a cofinal sequence of multi-indices [6; §4].
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Lemma 5.11 Let X satisfy the hypotheses of Proposition 5.7, and let M be an E(n)-module
spectrum. Then

i. M AX is K(n).-local
ii. MAXAYS"M,S* S MAXAL,S~MAX.

Proof. i. M is an FE(n)-module spectrum and is therefore F(n).-local. Since F(n) is
smashing ([26; 7.5.6]), M A X is E(n).-local. Hence

L(MAX)=F(S™"M,S° M A X),
and we must show that
MAX=F(L,S° MAX)— F(X™"M,S° M A X)
is an equivalence; i.e.
(M AX)*L,S° = (M A X)*(X27"M,S°).

But ¥"M,S° — L,S° is the composite of the maps L,0;, 0 <7 <n — 1, in the cofibration
sequences

N;S® = L;N;S° = M;S° — N;11S° % ©N;S°,

where NpS® = S9 thus we need only show that (M A X)*M;S° =0 for 0 < i < n-— 1.
Consider the universal coefficient spectral sequence converging to (M A X)*M;S° whose
FEs-term is

Extgm). (v; "E(n)./(p%, ..., v3%), M.X) = Extp. (E(n).M;S°, M. X).
Since there exists k with vfM*X = 0, it follows that
Extg(n). (v; ' E(n)/ (0%, ..., v°), M.X) =0,

completing the proof.
ii. This follows from 5.9 and the fact that, since FE(n — 1) is smashing, we have

(Ln it SOYANMAX ~ Ly (M AX) >~ .

Proof of Proposition 5.7. By Lemma 5.11, we have

12

L(X A E! A EUY) X A EM A EUHD
X AX "M,S° A ERY A EUTY

~ holim X, AX T M(p®, ... ,vi*7)) A ERY A EUHD
_)

» ¥m—1

12

12

) Yn—1

holim Z(Xo AT M(p°,...,0ii5) A ERS A EZHY),
%
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where 1, = ny +n, and the homotopy colimit varies over the finite CW-subspectra X, of X
and the sequence of generalized V' (n — 1)’s of 5.10. But, by Proposition 5.6,

H'mL(X AE A (E)Y) = lim H'mL(Xo ASTIM(p",... 0y=)) A BRSO A (B,) D)
= hmH*(G,( )t (Xa AT "IM( ,v;":f)))
= H(G,(En)(X A" M,5°))
= H(G,(E)X).

This completes the proof.

Finally, if G is a finite subgroup of G,,, we identify the homotopy fixed point spectral
sequence converging to [Z, E?¢]* with the K (n),-local E,-Adams spectral sequence. Let us
first introduce some notation.

If G acts on (the commutative S%-algebra) X, write [[; X for the cosimplicial replace-
ment of the G-diagram defined by the action of G on X. Also write Fy(G, X) for the fiber
of Tot 4(T], X) — Tot s_1([[; X). The next result proves Theorem 3ii.

Proposition 5.12 The sequence
x — EYC = Fy(G, E,) = Fi(G, E,) —
is a K(n),-local E,-Adams resolution of E¥C.

Proof. First observe that F(G, E,) is a product of E,,’s and is therefore E,-injective. We
thus need only show that

(5.13) 0 — [Z, L(EYS A E,)] — [Z, L(Fy(G, E,) A E,)] —

is exact for all CW-spectra Z. Since G is finite, the cochain complex L(F,(G, E,) A E,,) is
equivalent to Fi. (G, L(E, A E,)). Hence

H|Z,L(F.(G,E,) ANE,)] = HYG,[Z L(E, A E,)))
H'(G,Map, (G, EX 7))

B {MapC(Gn,E;Z)G i=0

0 i >0

by the proof of Lemma 3.20. But by Proposition 5.3,
12, L(EYS A B,)J* = Map,(Ga, E32)°.

Tracking down the identifications completes the proof that sequence 5.13 is exact.
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6 Proof of Theorem 4

Let G be a closed subgroup of G, K a closed normal subgroup of G, and suppose F' = G/K
is finite. Then the canonical map E'"¢ — EMX factors through (E"*)¥, the F-fixed points
of EM The next result proves Theorem 4.

Proposition 6.1 The composition E" — (EMOT — (EMORE 45 q weak equivalence.

Proof. Let F' also denote the category with one object * whose automorphism group is F',
and consider the functor Y : A x F' — £ with

Y (5], x) = L(ERS AEJ™D).

F acts on E" and Y maps morphisms in A as in Remark AL9. Write Y7 = Y([j], %).
Since

E"E = holim Y
—
A

by Corollary AI.8, we have that

(EMORE 25 holim holim Y

— —
F A

~ holim(Y7)"¥,
a

Of course, there is a canonical augmentation (E"%)h" — (YO)AF" and hence an augmentation
EhG — (ERORE 5 (YOYME We claim that

x — B — (YORE 5 sy — .

is a K(n).-local E,-Adams resolution of E"“. Assuming this, it follows from Corollary AI.8
that

E"E 2 holim(Y7)"F
<~
A

and hence that
EhG Q(EhK)hF.
To prove the claim, we must show that
0— [Z,L(E" A E,)] = [Z, L(Y)" AE,)] = [Z, LYY ANE,)] = - - -

is exact for any CW-spectrum Z. (Since (Y9)"F" is an E,-module spectrum it is K (n),-local
E,-injective.) Begin by recalling Theorem 4.3 which asserts that

LYY A E,) SIL(Y! A BT
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for all 2 > 0. But
2, L(Y" A E,)]" = Map, (G52, E; 2)X
by 5.5, and since Map, (G2, E* Z)K is F-acyclic (see proof of Theorem 4.3), it follows that
(2, L(Y)"" NE,)" = Map,(Gi?, E3Z)¢
= Map, (G, Map, (G, E; Z))°
Dg(Map, (G, B Z)).
This is in fact an isomorphism of cochain complexes, so

Map, (G, ELZ)E i =0

H(EZ L A E ={ ) >0

Since
2, L(E!C N E,)]' = Map, (G, ELZ)€,

the claim is proved.

7 Two Applications

We begin with the proof of Theorem 6. Let ¢ : G), = Z, be a surjective continuous homo-
morphism, and consider the exact sequence of groups

0—K—G,>Z,— 0.

Then Z, acts—at least regarded as a discrete group—by S%-algebra maps on E"*. We have
the following result.

Proposition 7.1 Let t be the topological generator 1 of Z,. Then there is a fiber sequence
(in the stable category)

L N 3y s

. phK =t  pK
N N
where 1 : S° — EMC denotes the unit map.

Proof. Let X be the fiber of id — t. Since ¢ is an S%-algebra map, the unit  factors to give
a commutative diagram

hK
EhE

™
AN
AN
/NN n

SO
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We claim that 7’ is a K(n).-equivalence, and thus LS° S X. To prove this, it suffices to
show that

~ -~

m. LN NE,) : Ep» — m L(X A Ey)
is an isomorphism. There is a commutative diagram

~ td—1)« ~
DB A By % 1 T (B A B,

U U

Map,(Gy, En- )X % Map (G, Ep» )%,

where 7(f)(g) = f(t tg) for f € Map.(Gy, E,«)X and g € G,,. (Here t also denotes any
element of G, whose image under c is t € Z,.) Since

Map,(Gp, En-)* = Map,(G,/K, E,-) = Map,(Zp, E,-),

a standard argument shows that id — 7; is surjective and hence

~

T L(X N\ E,) = ker(id — 7).

~

But ker(id — 7;) just consists of the constant maps from Z, to E,; this implies that m, L(n' A
E,) is an isomorphism, completing the proof.

The next result implies Theorem 6.

Proposition 7.2 Let 0 be as in Proposition 7.1. Then the composition don : S° — ZESO
is detected by +c € H}(Sy, En-)® in the K(n).-local E,-Adams spectral sequence.

Remark 7.3 Let G be a profinite group and M a discrete G-module, and consider the short
exact sequence

0 = M % Map,(G, M) — Map,(G, M)/M — 0,

1

where i(m)(g) = g~'m. Then the coboundary map provides an epimorphism

(Map, (G, M)/M)® = HJ(G, Map,(G, M)/M) — H (G, M).

If M is a trivial G-module, this map is an isomorphism; moreover, (Map,_(G, M)/M)¢ is just
the group of continuous group homomorphisms from G to M. This gives a canonical identi-
fication of H} (G, M) with this group of homomorphisms. In particular, the homomorphism
¢ : Gy, — Z, defines an element of 1(1_1;1 HXG,,Z/(p")) = H!(G,,Z,) and hence an element

of H{(Gp, Eyx).
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Proof of Proposition 7.2. Write f = Z(a on), and consider the cofiber sequence
(7.4) e DL LIS L () B IS -

By Proposition AI.10, f is detected by d(1) € H!(G,, E,+), where § is the coboundary map
HI(G,, E,) — H*YG,, E,-) for the short exact sequence

0— EXS° L EC(f) S E2S — 0

of G,-modules, and 1 € H°(G,, E,+) is just the unit in (FE,:)¢" = Z,. Now the sequence
7.4 is self-dual; that is, applying the function spectrum functor F'(?, ZSO) yields the same
sequence. Hence f is detected by +6'(1) € H}(G,, E,+), where &' denotes the coboundary
map for the short exact sequence

0— ENLS" B EAC(f) B ELS® — 0.

(By E/. X, we here mean m,L(X A E,,).)
In addition, we have a diagram

10— C(f) 2= TLg0

I
|
7.g0 EYLK id—t

hK
n En

of cofibration sequences; this yields the commutative diagram

(7.5) 0—=FENS°

ENLC(f) E).S°

| -

0 —> EA.S® — > Map, (G, Ep- )X 2% Map, (G, Ene )X —0

Map,(Z,, E,~) Map, (Zy, E,+)

This diagram is a diagram of G,-modules; the action of G,, on Map, (Z,, E,.+) is given by

(gh)(s) = g(h(s + c(9)))

for g € G,,, h € Map,(Z,, E,,») and s € Z,. This follows by naturality from the discussion
preceding Remark 1.4. There is also a commutative diagram

(7.6) 0——> Ep- Map,(Z,, En+) =% Map,(Zy, Ep-) — 0
0 Ly Map,.(Zyp, Zy) e Map,(Zy, Z,) —0
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of G,-modules. Then §'(1) is the image of —6"(1) € H(G,,Z,) in H}(G, E,+), where §" is
the coboundary map associated to the bottom exact sequence and 1 € Map,(Z,, Z,) is the
constant map with value 1. Finally, use the diagram

0—2Zp——- Mapc(Zp, Zp) o Mapc(Zp, Zp) 0
|

H J{Mapc (eyid) I
Y

0 — Zp — Map,(Gh, Zp) — Map,(Gh, Zp)/Zp —0

and Remark 7.3 to complete the proof.
We next turn to the proof of Theorem 5.

Lemma 7.7 Let G be as in the statement of Theorem 5; that is, G is the closed subgroup
of Z, generated by IP". Then E" is the fiber of id — I*"' : B} — Ej.

Proof. Let F' denote this fiber. Since the composition

id—1s7’

EMN 4 B T E
is trivial, there is a commutative diagram

F——EF,

|

ERG
To show that F"¢ 5 F| it suffices to show that
(7.8) 7. L(EM A B)) —=—n,L(F A Ey)

U
Mapc(Z;/Ga El*)
But there is a commutative diagram

~ id—1s7"),  ~
T*L(El AN El)(—l W*L(El A El)

U U

Map, (ZX, Ey-) <% Map, (2, E;-),

where here 7(f)(u) = f(I""'u) for f € Map,.(Z,, E1-) and u € Z). Clearly
ker(id — 7) = Map,(Z, /G, E1+);
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the map in 7.8 is therefore an isomorphism provided that id — 7 is surjective. But this follows
without difficulty from the facts that G ~ Z, and Z /G is finite.

The next result is well known.

Lemma 7.9 Let f : X — Y be a map in the stable category such that m; f is an isomorphism
Jor all i sufficiently large. Then Liq)f : Lxkq)X — Lik@)Y is an equivalence.

Proof. Let M(p’) denote the mod (p’) Moore spectrum, with v; self-map v. Then
FAVTIM@©@) : X AvTIM@) = Y AvTTM(PY)

is an equivalence, since ;(f A M(p’)) is an isomorphism for all i sufficiently large. But, if Z
is any spectrum,

LiZAMP)=Li(ZAM@P)=ZANLiM@{p)=ZAv M)
by the telescope conjecture for n =1 (see [26; 7.5.5]), and

~

J
Hence Ly 1) f is an equivalence as desired.

Proof of Theorem 5. Since K (k) is fixed by Gal(F;/k) = 2/ sp'Z, there is a commutative
diagram

K(k)— F = EIS
|

./

K(F,) — E;
But Quillen showed [24; Theorem 7] that
BGL(k)* = QK (k) — QFF
is an equivalence; hence
K (k) S mErC

for all # > 1. The result now follows from Lemma 7.9.
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Appendix I. The K(n).-local E,-Adams spectral sequence

We begin with some generalities on the Adams-type spectral sequences that we will be
considering.

Let E be a commutative ring spectrum (in the stable category), and let F be any spec-
trum. Then one can construct the E-Adams spectral sequence in the Fi-local category. In
more detail, we follow Miller [21] and define an injective class (see [18]) in this category by
declaring an Fi-local spectrum X to be E-injective if it is a retract of Lg(Y A E) for some
spectrum Y. A sequence X' — X — X" is then E-exact if [ X', I] < [X,I] < [X",I] is
exact for every F-injective I. Given X, one may construct an F-exact sequence

(AL1) * =X =101 — ...

such that I° is E-injective for all s. One may then construct a diagram

i

(AL2) X=Xx0<+—x!

NZEWAN

of exact triangles; observe that the map
Lp(jANE):Lp(X*ANE)— Lp(I' NE)

is a split monomorphism. Conversely, a diagram of exact triangles as in AL.2 with each
Lr(j A E) split monic yields an E-exact sequence AIl. Such a diagram (with each I’
E-injective) is called an F,-local E-Adams resolution of X and is functorial up to chain
homotopy.

By mapping a spectrum Z into an F}-local E-Adams resolution of X, we obtain a spectral
sequence, called the F,-local F-Adams spectral sequence. The work of Bousfield [3] comes
into play in dealing with the convergence question. We define the F,-local E-nilpotent
spectra to be the smallest class C of (Fi-local) spectra such that

i. LpE €C
ii. Lp(N A X) € C whenever N € C
iii. C is closed under retracts and cofibrations.

If X is F,-local E-nilpotent, then the proof of [3; Theorem 6.10] applies to show that the
F.-local E-Adams spectral sequence converges conditionally and strongly to [Z, X|* for Z
any CW-spectrum.

We now specialize to the case E = E,, and F = K(n). Here we have the following result.

Proposition AL.3 If X is K(n).-local, then X is K(n).-local E,-nilpotent.
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Proof. Consider the Landweber exact spectrum E'(n) with coefficient ring E'(n), =
Zplus, - . s un—1][u,u"']. Since E'(n) is equivalent to a wedge of suspensions of E(n) and
SY is E(n)-prenilpotent ([17; Theorem 5.3]), it follows that S° is E’(n)-prenilpotent. But
X is E'(n),-local; therefore X is E'(n)-nilpotent. Since LE'(n) is a retract of E,, X is also
K (n),-local E,-nilpotent.

We now examine some further properties of the K (n),-local E,-Adams spectral sequence
which have been used in the text.

Let X be K(n).-local, and let C be a cosimplicial S’-module with an augmentation
X — C such that

f o X 5> C0Sn ot Sy

is a K (n),-local E,-resolution of X. (The suspensions appear so that each map § = >_(—1)‘d"’
has degree —1.) Consider also the diagram

(AIL4) ho(l_imC’ = Tot ! Tot ° Tot! <=—-"
Fy F

of exact triangles, where Tot! is the fiber of Tot [[*C — Tot;[[*C and F; is the fiber of
Tot ;([T*C) — Tot; (] C) as in §4. Since F; is the product of various C?’s, it is K(n),-
local E,-injective. Therefore, the canonical map h: X — holiAmC’ extends to a diagram

+—

0

* X 0 —> 5 10'—>% ¢

* — holimC F F Fy
—

A

of augmented cochain complexes in the stable category, unique up to chain homotopy. This
diagram is induced by a map of exact triangles and hence defines a map of spectral sequences.

Proposition AI.5 With the notation as above, {h'} induces an isomorphism 7*[Z,C*] —
H*[Z,F,] for any spectrum Z. Hence the spectral sequence obtained by mapping Z into
diagram A4 is isomorphic to a K(n).-local E,-Adams spectral sequence.

Proof. The cochain complex
0—[Z2, R = [Z A" — [Z, BT — -

is the normalized cochain complex of the cosimplicial abelian group [[*[Z, C]*. There is then
a natural cochain equivalence between these two complexes. Hence by Proposition 3.16,
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there is a cochain map, natural in Z, from [Z, C*] to [Z, F,] inducing an isomorphism on
cohomology. This map is then induced by a cochain map {¢‘} from C* to F,. It now suffices
to show that

X ——=(°

(AL6) Lh [90

holim C—— F()
X

commutes, for this implies that {g'} is chain homotopic to {h‘} and thus induces the same
map on cohomology.
To prove the commutativity of AI.6, we need only show that

(AL7) holim C —— (0
—
A

holim C _ FO
F
A

commutes, where the top map is the canonical map

holim C = Tot ([T"C) — Tot o([T"C) = [1,¢7 — C°.
—

a
Now Fy =[], (Y, and by Proposition 3.16, the composition
C° LIL,00— ¢
is given by (dg)?. To prove the commutativity of AL.7, we must therefore prove that
Tot ([T°C) — [1°C =I1;,C7 — C%
is homotopic to
Tot ([TC) — [1°C = [1,¢¢ — ¢° &2, ¢

for each jo. But this follows by a standard argument (cf. proof of Theorem 2.2).

Corollary AIL.8 The map h: X — holimC is a weak equivalence.
e

A
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Proof. By the discussion preceding Lemma 4.11, holim Tot® ~ *. Moreover, the spectral

sequence E**(S° C) obtained by applying .(?) to AL 4 is isomorphic to the K(n),-local E,-
Adams spectral sequence converging strongly to 7, X . It therefore follows that E*(S°, C) is
strongly convergent and that m.A is an isomorphism.

Remark AI.9 Given a K(n),-local S°- module X there is a canonical choice of cosimplicial
resolution C as above. Namely, define C7 = (X AEY +1)) with the coface and codegeneracy
maps defined as in Construction 3.11, where Xy is replaced by (X N Ey,).

We conclude with a “geometric boundary theorem” which was used in §7.

Proposition AI.10 Let G be a closed subgroup of G, and let
iz x Ly sz ..

be a cofibration sequence with EX0 = 0. Suppose x € [X, E"] is detected by u € H} (G, E! X)
in the K (n),-local E,-Adams spectral sequence. Then xod is detected by §(u) € HH (G, EL Z)
up to higher filtration, where § denotes the coboundary map in H}(G,?) associated to the
short exact sequence

0—+EZ—EY —EX—D0.

Remark AI.11 The functor D} (?) of Definition 3.18 is exact on the category of profinite
Gn-modules (see the proof of Lemma 3.21), so that the coboundary map § of the proposition
can be defined.

Proof of AI.10. Let C be the cosimplicial resolution of E"? of AL.9, and write

NANA

101 202

hG _
En

for the associated diagram of exact triangles. Recall also from Lemma 3.22 that [?, C*]" is
naturally isomorphic to D (E®(?)).
Now z lifts to a map 7 : X — W?* such that the composition
XSweLysce
is a representative of u in DE(E}X). The composition joZ o d is trivial since EX0 = 0. We

may therefore construct a diagram

o . xT y 1 g
|
|

»1z
! |
1z z !

v i v

Ws—|—1 _r W _> o sCs _> EWS+1
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of cofibration sequences. It now follows easily that j oz € [Z,C*T|* = D*TY(EXZ) is a
representative of §(u). But j o Z represents x o 0 up to higher filtration as well, completing
the proof.

Appendix II. Proof of Proposition 3.16
The proof of this proposition requires some preparation.

Definition AIL.1 If k > 0, let D; be the cosimplicial abelian group with

D;= (P z

(k] =[n]

the sum ranging over all morphisms [k] — [n] in A. Let v, € D¥ denote the element 1 in
the summand corresponding to the identity [k] — [k].

D; has a convenient universal property: If C is a cosimplicial abelian group and z € C*,
there exists a unique map 7, : D; — C of cosimplicial abelian groups with 7,(ix) = z. We
can also put the D}’s together.

Definition AIL.2 Let D} be the simplicial cosimplicial abelian group whose cosimplicial
group of k-simplices is Dy. If [m] — [k] is a morphism in A, the map Dy — D3, is defined
by sending the summand indexed by [k] — [n] to the summand indezed by [m] — [k] — [n]
via the identity.

Lemma AIL3 There ezists a sequence of maps Ty, : Di — [[" Dj of cosimplicial abelian
groups such that:

1. The composition
T - ,
DY _0, Hj D} —— D}
sends 1y to d°---d% for all jo > 0.
1. The diagram

* g *
Dy Dy

lTk+1 lTk

X Ty Ie] * Ty
H Dk+1—>H Dk

commutes for all k > 0, where D} and [[* D} are here regarded as chain complezes of
cosimplicial abelian groups and O denotes their respective boundary maps.
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Proof. We construct 7T by induction on k. There is a unique cosimplicial map 7} satisfying
i. To construct Ty, it suffices to prove that T (Otx1) is a boundary in the chain complex
[1"" D?; we may then define Tyy1(tx41) = ¢, where ¢ = Ty (tp41).

We claim that H;(J]*"" D*) = 0 for all i > 0. Indeed, for fixed i, H;(D?)is a cosimplicial
group and H;([T*"' D?) = [T""" H;(D?). But the chain complex D7 is just the simplicial
chain complex of the standard j-simplex; therefore
7 i=0
0 otherwise °

H(D!) = {

Since 0 = Ty 1(00tg11) = 0Tk (Otky1) by the inductive hypothesis, it now follows that
Ty (Otk41) is a boundary if £ > 0. If k£ = 0, use the fact that the maps

¥ , .
J 0 Jyx T i
Dy—1I' D — Dy

are augmentation preserving to conclude that 77(0¢1) is a boundary as well. This completes
the induction and the proof.

Proof of Proposition 3.16. For z € C*, define T(C)x to be the image of ¢, under the
maps

D TRy fe)

Since 0 : D}, — Dj maps (541 to S (—1)idiu, it follows that 75, = 7, 0 8. By AIL3ii,
we then have that T'(C)(dx) is given by the image of ;1 under the composition

k+1 9 k+1 Tk AR |
Dy — Dy —1II"" Dy —=1I"" C.

But ([[* 72) o Tk is a cosimplicial map; therefore

k+1

(IT'72) 0 T 0 0) (1) = ((IT'7a) © Tk)(Z(—l)idiLk)

= Zdi((H*Tx)oTk)(Lk)
— 0T(CO)(z) .

Thus T'(C) is a cochain map.
Now it is also clear from the definition of 7" that 7° is as required and hence that 7" is
an isomorphism on 7°. This implies that 7" is an isomorphism on 7*, completing the proof.
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