EQUIVARIANT HOMOTOPY THEORY FOR PRO-SPECTRA

H. FAUSK

ABSTRACT. We extend the theory of equivariant orthogonal spectra from fi-
nite groups to profinite groups, and more generally from compact Lie groups to
compact Hausdorff groups. The G—homotopy theory is “pieced together” from
the G/U—homotopy theories for suitable quotient groups G/U of G; a motiva-
tion is the way continuous group cohomology of a profinite group is built out of
the cohomology of its finite quotient groups. In this category Postnikov tow-
ers are studied from a general perspective. We introduce pro—G—spectra and
construct various model structures on them. A key property of the model struc-
tures is that pro-spectra are weakly equivalent to their Postnikov towers. We
give a careful discussion of two version of a model structure with “underlying
weak equivalences”. One of the versions only make sense for pro—spectra. In
the end we use the theory to study homotopy fixed points of pro—G—spectra.

CONTENTS

1. Introduction

1.1.  Acknowledgements

2. Unstable equivariant theory

2.1. G—Spaces

2.2.  Collections of subgroups of G

2.3. Model structures on the category of G—spaces

2.4. Some change of groups results for spaces

3. Orthogonal G—Spectra

3.1. jg—spaces

3.2. Orthogonal R—modules

3.3. Fixed point and orbit spectra

3.4. Examples of orthogonal G—Spectra

3.5. The levelwise W—model structures on orthogonal G—Spectra
4. The stable WW—model structure on orthogonal G —spectra
4.1. Verifying the model structure axioms

4.2. Fibrations

4.3. Positive model structures

4.4. Homotopy classes of maps between suspension spectra
4.5. The Segal-tom Dieck splitting theorem

4.6. Self-maps of the unit object

5. The W — C—model structure on orthogonal G—spectra
5.1. The construction of WCMpg

Date: August 28, 2006.

1991 Mathematics Subject Classification. Primary 55P91; Secondary 18G55.

Key words and phrases. Equivariant homotopy, pro—spectra, profinite groups.

Support by the Institut Mittag-Leffler (Djursholm, Sweden) is gratefully acknowledged.

1



2 H. FAUSK

5.2. Tensor structures on Mg 26
5.3. The C—cofree model structure on Mg 28
6. A digression: G—spectra for noncompact groups 28
7. Postnikov t-model structures 32
7.1. Preliminaries on t-model categories 32
7.2. The d—Postnikov t-model structure on Mg 33
7.3. An example: Greenlees connective K-theory 34
7.4. Postnikov sections 34
7.5. Coefficient systems 36
7.6. Continuous G—modules 38
8. Pro—G-—spectra 38
8.1. Examples of pro—G—Spectra 39
8.2. The Postnikov model structure on pro— Mg 39
8.3. Tensor structures on pro — Mg 42
8.4. Bredon cohomology 43
8.5. Group cohomology 44
8.6. Homotopy orbits and group homology 44
8.7. The Atiyah-Hirzebruch spectral sequence 45
9. The C—free model structure on pro — Mpg 46
9.1. Construction of the C—free model structure on pro — Mpg 46
9.2. Comparison of the free and the cofree model structures 47
10. Homotopy fixed points 49
10.1. The homotopy fixed points of a pro—spectrum 49
10.2. Homotopy orbit and homotopy fixed point spectral sequences 51
10.3. Comparison to Davis’ homotopy fixed points 53
Appendix A. Compact Hausdorff Groups 55
References 56

1. INTRODUCTION

This paper is devoted to explore some aspects of equivariant homotopy theory
of G—equivariant orthogonal spectra when G is a profinite group. We develop the
theory sufficiently to be able to construct homotopy fixed points of G—spectra in
a natural way. A satisfactory theory of G—spectra, when G is a profinite group,
requires the generality of pro—G—spectra. The results needed about model struc-
tures on pro—categories are presented in two papers joint with Daniel Isaksen [19]
[20]. Most of the theory also works for compact Hausdorff groups and discrete
groups.

We start out by considering model structures on G—spaces. This is needed as a
starting point for the model structure on G—spectra. A set of closed subgroups of
G is said to be a collection if it is closed under conjugation. To any collection C of
subgroups of GG, we construct a model structure on the category of G—spaces such
that a G—map f is a weak equivalence if and only if f¥, for H € C, is a underlying
weak equivalence.

The collections of subgroups of G that play the most important role in this
paper are the cofamilies, i.e. collections of subgroups that are closed under passing
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to larger subgroups. The example to keep in mind is the cofamily of open subgroups
in a profinite group.

We present the foundation for the theory of orthogonal GG—spectra, indexed on
finite orthogonal GG—representations, with minimal assumptions on the group G
and the collection C. Most of the results extend easily from the theory developed
for compact Lie groups by Mandell and May [35]. We include enough details to
make our presentation readable, and provide new proofs when the generalizations
to our context are not immediate. Equivariant K —theory and stable equivariant
cobordism theory both extend from compact Lie groups to general compact Haus-
dorff groups. A generalization of the Atiyah—Segal completion theorem is studied
in [18].

Let R be a symmetric monoid in the category of orthogonal G—spectra indexed
on a universe of G—representations. In Theorem 4.7 the category of R—modules,
denoted Mg, is given a stable model structure, such that the weak equivalences are
maps whose H —fixed points are stable equivalences for all H in a suitable collection
W. For example VW might be the smallest cofamily containing all normal subgroups
H of G such that G/H is a compact Lie group. A stable G—equivariant theory of
spectra, for a profinite group G, is also given by Gunnar Carlsson in [5].

We would like to have a notion of “underlying equivalence” even when the trivial
subgroup, {1}, is not included in the collection C. We consider a more general
framework. In Theorem 5.5 we show that for two reasonable collections, W and C,
of subgroups of G such that WU is in C, whenever W € W and U € C, there is a
model structures on Mg such that the cofibrations are relative C—cell complexes
and the weak equivalences are maps f such that I (f) = colimyecmVV(f) is
an isomorphism for every W € W. For example, C can be the collection of open
subgroups of a profinite group G and W the collection, {1}, consisting of the trivial
subgroup in G.

In the rest of this introduction we assume that IIY (R) = 0 whenever n < 0
and U € W. We can then set up a good theory of Postnikov sections in Mpg.
The Postnikov sections are used in our construction of the model structures on
pro — Mpg. Although we are mostly interested in the usual Postnikov sections that
cut off the homotopy groups at the same degree for all subgroups W € W, we give
a general construction that allow the cutoff to take place at different degrees for
different subgroups.

In Theorem 8.4 we construct a stable model structure, called the Postnikov
W — C—model structure, on pro — Mpg. It can be thought of as the localization
of the strict model structure on pro — Mg, where we invert all maps from a pro-
spectrum to its levelwise Postnikov tower, regarded as a pro-spectrum. Here is one
characterization of the weak equivalences: The class of weak equivalences in the
Postnikov W — C —model structure is the class of pro-maps that are isomorphic to a
levelwise map {fs}ses such that fs; becomes arbitrarily highly connected (uniformly
with respect to the collection W) as s increases [19, 3.2].

In Theorem 8.27 we give an Atiyah-Hirzebruch spectral sequence. It is con-
structed using the Postnikov filtration of the target pro-spectrum. The spectral
sequence has good convergence properties because any pro-spectrum can be recov-
ered from its Postnikov tower in our model structure.
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The category pro—M g inherits a tensor product from M g. This tensor structure
is not closed, and it does not give a well-defined tensor product on the whole
homotopy category of pro — Mg with the Postnikov YW — C—model structure.

The Postnikov W — C—model structure on pro — Mg is a stable model struc-
ture. But the associated homotopy category is not an axiomatic stable homotopy
category in the sense of Hovey—Palmieri-Strickland [27].

We discuss two model structures on pro — Mpg with two different notions of
“underlying weak equivalences”. Let G be a finite group and let C be the collection
of all subgroups of G. There are many different, but Quillen equivalent, W —
A—model structures on Mp with W = {1} and A C C. Two extreme model
structures are the cofree model structure, with 4 = C, and the free model structure,
with A =W = {1}. The cofibrant objects in the free model structure are retracts
of relative G—free cell spectra.

Now let G be a profinite group and let C be the collection of all open subgroups
of G. In this case the situation is more complicated. The {1}—weak equivalences
are maps f such that Hil}(f) = colimyeemY (f) is an isomorphism. We call these
maps the C—underlying weak equivalences. Let G be a nonfinite profinite group,
and let C be the collection of all open subgroups of G. The Postnikov {1} —C—model
structure on pro — Mg is the closest we can get to a cofree model structure. It
is given in Theorem 8.5. Certainly, it not sensible to have a model structure with
cofibrant objects relative free G—cell complexes, because S™ AG is equivalent to a
point. In pro— Mg, unlike Mg, we can form an arbitrarily good approximation to
the free model structure by letting the cofibrations be retracts of levelwise relative
G —cell complexes that become “eventually free”. That is, as we move up the inverse
system of spectra, the stabilizer subgroups of the relative cells become smaller and
smaller subgroups in the collection C. The key idea is that the cofibrant replacement
of the constant pro-spectrum $°°S° should be the pro-spectrum

{XFEG/Ny},

indexed by the normal subgroups N of G in C, ordered by inclusion. We use the
rather technical theory of filtered model categories, developed in [19], to construct
the free model structure on pro — Mpg. This C—free model structure is given in
Theorem 9.2.

The C—free and C—cofree model structures on pro — Mg are Quillen adjoint,
via the identity maps, but there are fewer weak equivalences in the free than in the
cofree model structure. Thus, we actually get two different homotopy categories.
We relate this to the failure of having an inner hom functor in the pro-category.
Let Ho(pro — Mpg) denote the homotopy category of pro — Mg with the Postnikov
C—model structure. Assume that X is cofibrant and that Y is fibrant in the Post-
nikov C—model structure on pro — Mpg. Then Theorem 9.10 says that the homset
of maps from X to Y in the homotopy category of the C—free model structure on
pro — Mg is:

Ho(pro — Mpg) (X A{EG/N4+},Y)

while the homset in the homotopy category of the C—cofree model structure on
pro — Mg is:
Ho(pro — Mpg) (X, hocolimy F(EG/N,,Y),

where the colimit is taken levelwise.
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The Postnikov model structures are well-suited for studying homotopy fixed
points. For definiteness, let G be a profinite group, let C be the collection of open
subgroups of GG, and let R be a non-equivariant S—cell spectrum with trivial homo-
topy groups in negative degrees. The homotopy fixed points of a pro—G —spectrum
{Y}} is defined to be the G—fixed points of a fibrant replacement in the Postnikov
C—cofree model structure. It is equivalent, in the Postnikov model structure on
R—spectra, to the pro-spectrum

hocolimy F(EG/Ny, PnY;ﬁ)G

indexed on n and t. The spectrum associated to the homotopy fixed point pro-
spectrum (take homotopy limits) turns out to be equivalent to

holim, ,,hocolimx F((EG/N){™ ,v;)€.

These expressions resemble the usual formula for homotopy fixed points.

The appropriate notion of a ring spectrum in pro— Mg is a monoid in pro— Mpg.
This is more flexible than a pro—monoid. The second formula for homotopy fixed
point spectra shows that if Y is a (commutative) fibrant monoid in pro — Mg with
the strict C—model structure, then the associated homotopy fixed point spectrum
is a (commutative) monoid in Mg.

Under reasonable assumptions there is an iterated homotopy fixed point formula.
This appears to be false if one defines homotopy fixed points in the C—strict model
structure on pro — Mpg. We obtain a homotopy fixed point spectral sequence as a
special case of the Atiyah—Hirzebruch spectral sequence.

The explicit formulas for the homotopy fixed points, the good convergence prop-
erties of the homotopy fixed point spectral sequence, and the iterated homotopy
fixed point formula are all reasons for why it is convenient to work in the Postnikov
C—model structure.

A general theory of homotopy fixed point spectra for actions by profinite groups
was first studied by Daniel Davis in his Ph.D. thesis [8]. His theory was inspired
by a homotopy fixed point spectral sequence for E,, with an action by the ex-
tended Morava stabilizer group, constructed by Ethan Devinatz and Michael Hop-
kins [12]. We show that our definition of homotopy fixed point spectra agrees with
Davis’ when G has finite virtual cohomological dimension. Our theory applies to
the example of E,, above, provided we follow Davis and use the “pro-spectrum
K (n)—localization” of E,, rather than (the K (n)—local spectrum) E,, itself.

1.1. Acknowledgements. The model theoretical foundations for this paper is
joint work with Daniel Isaksen. I am also grateful to him for many discussions
on the foundation of this paper. I would like to thank Andrew Blumberg and
Daniel Davis for their interest in the paper and their help.

2. UNSTABLE EQUIVARIANT THEORY

We associate to a collection, W, of closed subgroups of G a model structure on
the category of based G—spaces. The weak equivalences in this model structure are
maps f such that the H —fixed points map f is a non-equivariant weak equivalence
for each H € W.
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2.1. G—Spaces. We work in the category of compactly generated weak Hausdorff
spaces. Let G be a topological group. A G—space X is a topological space together
with a continuous left action by G. The stabilizer of x € X is {g € G | gz = x}. This
is a closed subgroup of G since it is the preimage of the diagonal in X x X under the
map g — = X gx. Let Z be any subset of X. The stabilizer of Z is the intersection
of the stabilizers of the points in Z, hence a closed subgroup of G. Similarly, for any
subgroup H of G the H —fixed points, X = {z € X | hx = x for each h € H},
of a G—space X is a closed subset of X. The stabilizer of X contains H and is a
closed subgroup of G. So XH = X for any subgroup H of G, where H denotes
the closure of H in G. Hence, we consider closed subgroups of G only.

A based G—space is a G—space together with a G—fixed basepoint. We denote
the category of based G—spaces and basepoint preserving continuous G—maps by

GT.
Lemma 2.1. The category of based G—spaces G'T is complete and cocomplete.

Proof. The limits and colimits are created via the forgetful functor to spaces [34].
O

We denote the category of based G—spaces and continuous basepoint preserving
maps by Tg. The space of continuous maps is given a G—action by (g - f)(z) =
gf(g~1z) (and topologized as the Kellyfication of the compact open topology). The
corresponding categories of unbased G'—spaces are denoted GU and Uc.

Lemma 2.2. Let X and Y be two G—spaces. The action of G on Ta(X,Y) is
continuous.

Proof. 1t suffices to show that the adjoint, G x Tg(X,Y) x X — Y, of the action
map is continuous. The map is a composition of several continuous maps. (|

The category G7T is a closed symmetric tensor category, where S° is the unit
object, the smash product X AY is the tensor product, and the G—space T¢(X,Y)
is the inner hom functor.

Define a functor GU — GT by attaching a disjoint basepoint, X — X . This
functor is a left adjoint to the forgetful functor G7 — GU. The morphism set
GU(X,Y) is naturally a retract of GT (X4, Y, ). More precisely, we have that

GT(X+7Y+) = HZ GU(Z, Y)

where the sum is over all open and closed G—subsets Z of X. Let f: X, — Y,
be a map in GT. Then the corresponding unbased map is f|Z: Z — Y where
Z = X, — f1(+). Hence, statements about based spaces often give analogous
statements for unbased spaces.

2.2. Collections of subgroups of GG. We are mostly concerned with cofamilies
in this paper. For completeness, we consider more general collections of subgroups
when this is suitable.

Definition 2.3. A collection W of subgroups of G is a nonempty set of closed
subgroups of G such that if H € W, then gHg~' € W for any g € G. A collection
W is a normal collection if for all H € W there exists a K € W such that K < H
and K is a normal subgroup of G.
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Definition 2.4. A collection W of subgroups of G is a cofamily if K € WV implies
that L € W for all subgroups L > K. A collection C of subgroups of G' contained
in a cofamily W is a family in W, if, for all K € C and H € W such that H < K,
we have that H € C.

Let W be a collection of subgroups of G. The smallest cofamily of closed sub-
groups of G containing W is called the cofamily closure of W and is denoted W.
A cofamily is called a normal cofamily if it is the cofamily closure of a collection
of normal subgroups of G.

We now give some important cofamilies.

Example 2.5. The collection of all subgroups U of G such that G/U is finite and
discrete is a cofamily. This collection of subgroups is closed under finite intersection
since G/UNV < G/U x G/V. A finite index subgroup of G has only finitely many
G—conjugate subgroups of G. Hence, if U is a finite index subgroup of G, then
NgeagUg™" is a normal subgroup of G such that G/ Ny gUg™" is a finite discrete
group. Let fnt(G) be the collection of all normal subgroups U of G such that G/U
is a finite discrete group.

Example 2.6. Define dsc(G) to be the collection of all normal subgroups U of
G such that G/U is a discrete group. This collection is closed under intersection.
We call a collection that is contained in the cofamily closure of dsc(G) a discrete
collection of subgroups of G.

Example 2.7. Let Lie(G) be the collection of all normal subgroups U of G such
that G /U is a compact Lie group. This collection is closed under intersection since a
closed subgroup of a compact Lie group is a compact Lie group. We call a collection
that is contained in the cofamily closure of Lie(G) a Lie collection of subgroups
of G.

Lemma 2.8. Let G be a compact Hausdorff group, and let K be a closed subgroup
of G. Then {UNK |U € Lie(G)} is a subset of Lie(K), and for every H € Lie(K)
there exists a U € Lie(G) such that UNK C H.

Proof. Let U € Lie(G). The subgroup UNK is in Lie(K) since K/KNU is a closed
subgroup of the compact Lie group G/U.

Let H be a subgroup in Lie(K). We have that Nyepie(q)U = 1 by Corollary
A3. Hence UNK/H for U € Lie(G) is a collection of closed subgroups of the
compact Lie group K/H whose intersection is the unit element. Since Lie(G) is
closed under finite intersections, the descending chain property for closed subgroups
of a compact Lie group [13, 1.25, ex. 15] gives that there exists a U € Lie(G) such
that U N K is contained in H. O

We order fnt(G) and Lie(G) by inclusions. We recall the following facts.
Proposition 2.9. A topological group G is a profinite group precisely when
G — limUefnt(G)G/U

is a homeomorphism. A topological group G is a compact Hausdorff group precisely
when
G — limUeLie(G) G/U

s a homeomorphism.
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Proof. These facts are well-known. The second claim is also proved in Proposition
A2 O

Even though we are mostly interested in actions by profinite groups, we find it
natural to study actions by compact Hausdorff groups whenever possible.

2.3. Model structures on the category of G—spaces. We associate to a col-
lection W of closed subgroups of G' a model structure on the category of based
G —spaces.

Definition 2.10. Let f: X — Y be a map in G7. The map f is said to be
a W—equivalence if the underlying unbased maps fYV: XV — YU are weak
equivalences for all U € W.

Definition 2.11. Let p: E — B be amap in GT7. We say that p is a WW—fibration
if the underlying unbased maps pV: EYV — BY are Serre fibrations for all U € W.

We next define the generating cofibrations and generating acyclic cofibrations.
We use the conventions that S~ is the empty set and D° is a point.

Definition 2.12. Let WI be the set of maps
{(GJU x $"71)4 = (GU x D")4},
forn > 0and U € W. Let WJ be the set of maps
{(GJU x D")4 = (G/U x D" x [0,1])},
form>0and U e W.
Recall that an object X in a category K is said to be a small object in I if
[Hoea K(X, Vo) = K(X, ][], Ya)
is an isomorphism for any indexing set A and any objects Y, in K.

Lemma 2.13. Let H be a closed subgroup of G, and let Y be a H—space. Then
(G xg Y)y is a small object in GT whenever Yy is a small object in HT .

Proof. The result follows from the adjunctions
GT(GxugY):,Z)=2 HUY,Z) =2 HT (Y,, Z|H).
The restriction map G7 — HT respects arbitrary (wedge) sums. O

The following model structure is called the YW —model structure on G7T . For
the definition of relative cell complexes see [25, 10.5].

Proposition 2.14. There is a proper model structure on GT with weak equiva-
lences W—weak equivalences, fibrations W—fibrations, and cofibrations retracts of
relative W— cell complexes. The set WI is a set of generating cofibrations and W.J
is a set of generating acyclic cofibrations.

Proof. A map p: E — B in G7T is a W—fibration if and only if it has the right
lifting property with respect to all maps in W.J. A map f is a W—acyclic fibration
if and only if it has the right lifting property with respect to all maps in WI.
This follows from the corresponding non-equivariant result and by the fixed point
adjunction [26, 2.4].

To use the small object argument we need that GT (G/Uy A S"~!, —) commutes
with directed colimit of spaces obtained by adjoining cells in WI and WJ. This
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follows from Lemma 2.13. The verifications of the model structure axioms follows
as in [26, 2.4]. The model structure is both left and right proper. This follows from
the corresponding non-equivariant results since pullbacks commute with fixed points
and since pushouts along closed inclusions also commute with fixed points. a

An alternative way to set up the model structure on G7 is given in [35, IIL.1].
Let WGT, or simply WT, denote GT with the W—model structure, and let
Ho(WGT) denote its homotopy category.

Proposition 2.15. Let X be a retract of a WI—cell complex, and let Y be a
G—space. Then the set HoOVT)(X,Y) is isomorphic to the set of ordinary (based)
G—homotopy classes of maps from X to Y.

Proof. All objects are fibrant and a retract of a WI—cell complex is cofibrant in the
W—model structure. The cylinder object of (a cofibrant object) X in the YW—model
structures is X A [0,1]4. O

The next result has also been proved by Bill Dwyer [14, 4.1]. Note that a G—cell
complex X is a WI—cell complex if and only if all its isotropy groups are in W.

Corollary 2.16. Let X and Y be WI—cell complexes. If a map f: X = Y is a
W—uweak equivalence, then f is a G—homotopy equivalence.

To get a topological model structure on our model category we need some as-
sumptions on the collection W.

Definition 2.17. A collection W of subgroups of G is called an Illman collection
if (G/U x G/U")4 is a WI—cell complex for any two U and U’ in W.

In particular, all Illman collections are closed under intersections since U N U’ is
an isotropy group of G/U x G/U".

Lemma 2.18. If W is a discrete or a Lie collection of subgroups of G and WV is
closed under intersection, then W is an Illman collection of subgroups of G.

Proof. The statement is clear when W is contained in dsc(G). When W is contained
in Lie(G), then the claim follows from a result of Illman [29]. a

Lemma 2.19. Let W be an Illman collection. If X and Y are two WI—cell
complezes, then X A\Y is again (homeomorphic to) a WI—cell complex.

Proof. 1t suffices to show that
(8" L x S x G/U xGJU" — D" x D™ x GJU x GJU")4

is a relative WI—cell complex. Since W is an Illman collection this reduces to
showing that

(S x §™1 x S x GJU — D™ x D™ x D¥ x GJU),
is a relative WI—cell complex. This is so. a

We follow the treatment of a topological model structure given in [35, IIL.1].
Note that the G—fixed points of the mapping spaces in T are the mapping spaces
in GT. Let M be a category enriched in G7. Let GM be the G—fixed category of
M. Simplicial structures are defined in [25, 9.1.1,9.1.5]. We modify the definition
of a simplicial structure by model theoretically enriching M in the model category
WT instead of the model category of simplicial sets.
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Let i: A— X and p: E — B be two maps in M. Let
Ma(i*,pe): Ma(X,E) - Ma(A,E) X Mg (A,B) Ma(X, B)
be the G—map induced by precomposing with i and composing with p.

Definition 2.20. Let Mg be enriched over GT. A model structure on GM is said
to be W—topological if it is topological (see [25, 9.1.2]) and the following holds:

(1) There is a tensor functor XOT and a cotensor functor Fg(7T', X) in Mg, for
X € Mg and T € Tg, such that there are natural isomorphisms of based G—spaces

MG(XDT) Y) = TG(TvMG(X) Y)) = MG(Xv FD(Tay))a

for X, Y e Mg and T € Tg.

(2) The map Mg (i*,p.) is a W—fibration whenever i is a cofibration and p is a
fibration in GM, and if i or p in addition is a weak equivalence, then M (i*, p.)
is a W—equivalence.

Remark 2.21. The G—fixed points of Mg (i*,p.) is GM(i*,p,). So if {G} e W,
then a W—topological model structure on GM gives a topological model structure.

We prove the pushout-product axiom [39, 2.1,2.3].

Lemma 2.22. Let W be an Illman collection of subgroups of G. Assume that
fiA—=Bandg: X =Y arein WI, then fOg: (AANY)Uanx (BAX) > BAY
is a W—cofibration. Moreover, if at least one of f and g is in WJ instead of WI,
then fOg is a W—acyclic cofibration.

Proof. This reduces to our assumption on W; if U and U’ are in W, then G/U x
G/U" is a W—cell complex. See also [35, I1.1.22]. O

Proposition 2.23. Let W be an Illman collection of subgroups of G. Then the
model structure in Proposition 2.14 is a YW—topological model structure.

Proof. This follows from [35, III.1.15-1.21] and Lemma 2.22. a

Remark 2.24. A based topological model category M has a canonical based sim-
plicial model structure. In the topological model structure denote the mapping
space by Map (M, N), the tensor by MOX, and the cotensor by F(X, M). Here
X is a based space, and M and N are objects in M. The singular simplicial set
functor, sing, is right adjoint to the geometric realization functor | — |. The corre-
sponding based simplicial mapping space is given by sing (Map (M, N)). The sim-
plicial tensor and cotensor are MO|K| and Fo(|K|, M), respectively, where K is a
based simplicial set and M and N are objects in M. We use that |K AL| = |K|A|L].

A based simplicial structure gives rise to an unbased simplicial structure. We get
a unbased simplicial structure by forgetting the basepoint in the based simplicial
mapping space, and by adding a disjoint basepoint to unbased simplicial sets in
the definition of the tensor and the cotensor. Hence we can apply results about
(unbased) simplicial model structures to a topological model category.

2.4. Some change of groups results for spaces. We describe the usual adjoint
functors related to change of groups. Let K be a closed subgroup of G. The forgetful
functor from G7 to KT is given by restricting the G—action to K. It has a left
adjoint given by sending X to G4 Ax X and a right adjoint given by sending X to
Tk (G4,X). Let N be a normal subgroup of G. A functor from G /N —spaces to
G—spaces is induced by the quotient map G — G /N. The N—fixed point functor is
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a right adjoint functor, and the N —orbit functor is a left adjoint functor. In general
these six functors do not behave well with respect to the model structures on the
categories of G—spaces, G/N —spaces, and K —spaces. We give some conditions on
the collections of subgroups of G, G/N, and K that guarantee that we get Quillen
adjunctions.

Let Wk be a collection of subgroups of K, let W¢ be a collection of subgroups of
G, and let Wg/n be a collection of subgroups of G/N. The forgetful functor from
We GT to Wik KT is a Quillen right adjoint functor if W is contained in Weg. It
is a Quillen left adjoint functor if, in addition, H N K € Wy for every H € Wg.

The functor from Wg/n G/NT to Wg GT is a right Quillen adjoint functor if

{HN/N|H € Wg} C Wg/n-
It is a left Quillen adjoint functor if, in addition,
{HN|HN/N € WG/N} CWea.

Example 2.25. The forgetful functor from Lie(G) GT to Lie(K) KT is both a left
and a right Quillen adjoint functor if K is in Lie(G). It is neither a left nor a right
Quillen adjoint functor if K is not in Lie(G).

Let N be a normal subgroup of G. Then the functor from Lie(G/N)G/NT to

Lie(G) GT is both a left and a right Quillen adjoint functor.

3. ORTHOGONAL (G—SPECTRA

Equivariant orthogonal spectra for compact Lie groups was introduced by Man-
dell and May in [35]. We generalize their theory to allow more general groups. We
develop the theory with minimal assumptions on the collection of subgroups used
to define cofibrations and weak equivalences. We follow Chapters 2 and 3 of their
work closely.

3.1. JY —spaces. We define universes of GG—representations.

Definition 3.1. A G—universe U is a countable infinite direct sum ©$2,U" of
a real G—inner product space U’ satisfying the following: (1) the one-dimensional
trivial G—representation is contained in U’; (2) U is topologized as the union of all
finite dimensional G —subspaces of U (each with the norm topology); and (3) the
G—action on all finite dimensional G—subspaces V of U factors through a compact
Lie group quotient of G.

If G is a compact Hausdorff group, then the G—action on a finite dimensional
G —representation factors through a compact Lie group quotient of G by Lemma
A.1. This is not true in general (consider the representation Q/Z < S'). We only
use the finite dimensional G —subspaces of U, so one might as well assume that 2/’
is a union of such.

Definition 3.2. Let SV denote the one-point compactification of a finite dimen-
sional G —representation V.

The last assumption in Definition 3.1 is added to guarantee that spaces like SV
have the homotopy type of a finite G—cell complex.

Definition 3.3. If the G—action on U is trivial, then U/ is called a trivial uni-
verse. If each finite dimensional orthogonal G—representations is isomorphic to a
G —subspace of U, then U is called a complete G—universe.
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All compact Hausdorff groups have a complete universe. However, it might not
be possible to find a complete universes with a countable dimension. Traditionally,
the universes have been assumed to have countable dimension [37, IX.2.1].

Remark 3.4. There are alternative notions of a G—universes. We use the or-
thogonal finite dimensional G—representations, that factor through a compact Lie
quotient group of G, as the indexing representations. This suffices to construct a
sensible equivariant homotopy theory for compact Hausdorff groups with the weak
equivalences determined by the cofamily closure of Lie(G).

We recall some definitions from [35, II].

Definition 3.5. Let I/ be a universe. An indexing representation is a finite
dimensional G—inner product subspace of ¢. If V and W are two indexing repre-
sentations and V' C W, then the orthogonal complement of V' in W is denoted by
W — V. The collection of all real G—inner product spaces that are isomorphic to
an indexing representation in U is denoted YV (U).

When U is understood, we write V instead of V(i) to make the notation simpler.

Definition 3.6. Let JC‘; be the unbased topological category with objects V €
V and morphisms linear isometric isomorphisms. Let GJY denote the G'—fixed
category (JX)¢.

Definition 3.7. A continuous G—functor X : j(‘;} — Tg is called a Jg—space.
(The induced map on hom spaces is a continuous unbased G—map.) Denote the cat-
egory of J¥ —spaces and (enriched) natural transformations by JY T . Let GTYT
denote the G—fixed category (JX 7).

Definition 3.8. Let SY%: JY — T be the JY —space defined by sending V' to the
one point compactification S¥ of V.

The external smash product
A TET x TET = (T x TNT

is defined to be XAY (V,W) = X(V) AY(W) for X,Y € JY and V,W € V.
The direct sum of finite dimensional real G—inner product spaces gives j(’; the
structure of a symmetric tensor category. A topological left Kan extension gives
an internal smash product on JY T [36, 21.4, 21.6]. We give an explicit description
of the smash product. Let W be a real N—dimensional G—representation in V(Uf).
Choose G—representations V;, of dimension n and V) of dimension N —n in V(U)
for n = 0,1,...,N. For example let V;, = Vy,_,, be the trivial n—dimensional
G —representation, R”. Then we have a canonical equivalence

XAYW) 2V JEW, Ve & Vi) Nowayxowy_ ) X(Va) ANY (Vy_).
The inner hom from X to Y is the JY —space
Vs JET(X(-),Y(Ve-))

given by the space of continuous natural transformation of 7Y T —functors. The
internal smash product and the inner hom functor give j(‘;} T the structure of a
closed symmetric tensor category [35, 11.3.1,3.2]. The unit object is the functor
that sends the indexing representation V to S° when V = 0, and to a point when
V # 0. By passing to fixed points we also get a closed symmetric tensor structure

on GTVT.
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3.2. Orthogonal R—modules. For the definition of monoids and modules over
a monoid in tensor categories see [34, VIL.3 and 4]. The functor SY is a strong
symmetric functor. Hence the j(’; —space SV is naturally a symmetric monoid in
GJVT. The following definition is from [35, 11.2.6].

Definition 3.9. An orthogonal G—spectrum X is a 7Y —space X: 7Y — Tg
together with a right module structure over the symmetric monoid S¥ in GFYT.
Denote the category of G—spectra by J¥S. Let GJYS be the G—fixed category
(JXS)C.

The smash product and inner hom functors of orthogonal spectra are the smash
product and inner hom functors of S¥—modules, respectively. So the category of
orthogonal G—spectra JY S is itself a closed symmetric tensor category with SY as
the unit object [35, 3.9]. The fixed point category G.7¥S inherits a closed tensor
structure from j(‘;} S. Explicit formulas for the tensor and inner-hom functors are
obtained from the formulas after Definition 3.8 and [35, I1.3.9].

Definition 3.10. We call a monoid R in GJVS an algebra. We say that R is a
commutative algebra, or simply a ring, if it is a symmetric monoid in G7VS. We
sometimes add: orthogonal, G, and spectrum, to avoid confusion.

Let R be an orthogonal algebra spectrum.

Definition 3.11. An R—module is a left R—module in the category of orthogonal
spectra. Let M}; denote the category of R—modules.

The category of R—modules is bicomplete. If R is a commutative monoid, then
the category Mp is a closed symmetric tensor category [35, IIL.7]. A monoid
T in the category of R—modules is called an R—algebra. Any R-—algebra is an
S—algebra.

Let T be an R—algebra. Then the category of T'—modules, in the category
of R—modules, is equivalent to the category of T'—modules, in the category of
S—modules, when T is regarded as an S—algebra.

We now give a pair of adjoint functors between orthogonal G—spectra and
G—spaces. The V —evaluation functor

Qvi j(}78—>7'c;

is given by X — X(V). We abuse language and let {2y also denote the functor
Qy precomposed with the forgetful functor from R—modules to orthogonal spectra.
There is a left adjoint, denoted 2‘1}, of the V' —evaluation functor in the category
of R—modules. The R—module S£Z, for a G—space Z, sends W € V(U) to

(3.12) SEZ(W) =ZAOW)4 Aow vy R(IW = V)

when V' C W, and to a point otherwise [36, 4.4]. This functor is called the V —shift
desuspension spectrum functor and is also denoted Fy and X$° (when R = S)
in [35]. When V' = 0 we denote this functor by £3°. We have that 27 = S ZAR.

3.3. Fixed point and orbit spectra. We define fixed point and the orbit spectra.
The details on adjunction functors and change of universes from [35, V] extends to
our setting. The results on Quillen adjoint functors between the model structures
(constructed in later sections) require some assumptions like the ones given in
Subsection 2.4. We do not make those results explicit.
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Let X be an orthogonal spectrum and let H be a subgroup of G. Then the
quotient X/H is defined to be X/H (V) = X(V)/H with structure maps

X/HV)ASY = X(V)/HASY/H = (X(V)ASY)/H - X(Veo W)/H.

The H—orbit spectrum is a G—spectrum with trivial H —action.

Let H be a closed subgroup of G. Let X be a i/—spectrum where I/ is a uni-
verse with trivial H—action. Then the H—fixed point spectrum X is defined by
XHW) = (X(V)H for V € V(U), and the structure map is

XEWVYASY =2(X(V)ASMYE 5 XH(V o W).

This is a NgH —spectrum. One can also define geometric fixed point spectra as in
[35, V.5].

3.4. Examples of orthogonal G—Spectra. Let T: 7¢ — T be a continuous
G—functor. Then we define the corresponding J% —space by T o S%: V(G) — T&.
This JY —space is given an orthogonal G—spectrum structure by letting 7'(SV) A
SW - T(SVOW) 2 T(SV A SW) be the adjoint of the map

SV 5 768V, SV ASW) L Ta(T(SY), T(SY A S™Y))

where the first map is a G—map adjoint to the identity on SV A SW.

We can define a G—equivariant K —theory spectrum for a compact Hausdorff
group G. If X is a compact G—space, then K (X) is the Grothendieck construction
on the semiring of isomorphism classes of finitely generated real bundles on X. The
Atiyah-Segal completion theorem generalizes to compact Hausdorff groups if we
make use of a suitable completion functor [18].

Let G be a compact Hausdorff group. We define a Thom spectrum as TOg(V) =
colimyTOgq (V) where the limit is over U € Lie(G) such that V' has a trivial
U—action. For more detail see [18, 7].

3.5. The levelwise YW—model structures on orthogonal G—Spectra. We
make some minor modifications to the discussion of model structures in [35, III].
Throughout this subsection we work in the category of R—modules Mg for a ring
R.

The category of R—modules can be described as the category of continuous
D—spaces for an appropriate diagram category D. The objects are the same as
those of 7Y, but the morphisms are more elaborate. See [36, sec.23] and [35, 11.4]
for details. Interpreted as a continuous diagram category in G7, we give Mpg
the projective model structure inherited from the YW —model structure on GT [25,
11.3.2].

Definition 3.13. Let X WI denote the collection of Y4, for all i € WI and
all indexing representations V' in I{. Let X% WdJ denote the collection of sE j, for
all j € WJ and all indexing representation V in U.

We call the following model structure on orthogonal G—spectra the levelwise
W —model structure.

Proposition 3.14. The category of R—modules has a compactly generated proper
model structure with levelwise W—weak equivalences and levelwise VW — fibrations
(as JY —diagrams). The cofibrations are gemerated by YWI, and the acyclic
cofibrations are generated by XEWJ. If W is an Illman collection, then the model
structure is YW—topological.
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Proof. The proof of the first part is similar to [36, 6.5]. The adjunction between
£ and Qy, gives that the maps in the classes S¥WI and S¥W.J are Hurewitz
cofibrations (satisfies the homotopy extension property). Hence relative W—cell
complexes are Hurewitz cofibrations. Since W is an Illman collection the cofibration
hypothesis [35, II1.2.6] holds. The results of Theorem 2.7 in [35, III] extends if we
replace based G—CW complexes with based W—CW complexes. O

Definition 3.15. A spectrum X is called a W — Q2 —spectrum if the adjoint of
the structure maps, X (V) — QW =V X (W) are unbased WW—equivalences of spaces
for all pairs V.C W in V(U).

4. THE STABLE W—MODEL STRUCTURE ON ORTHOGONAL (G—SPECTRA
We define stable equivalences between orthogonal G—spectra [35, IT1.3.2].

Definition 4.1. The n-th homotopy group of an orthogonal G—spectrum X at
a subgroup H of G is

7 (X) = colimy 2 (QV X (V)

n

forn >0, and
(X)) = colimy-pn nfl (VR X(V))

—n
for n > 0, where the colimit is over indexing representations in /{. A map f: X - Y
of orthogonal G—spectra is a stable W—equivalence if 7 (f) is an isomorphism
forall H € W and all n € Z.

We show in Theorem 4.7 below that we can Bousfield localize the levelwise
model structure on the category of orthogonal G—spectra with respect to the stable
W —equivalences.

We follow our program of giving model structures to the category of orthogonal
G—spectra with minimal assumptions on the collection of subgroups used. We
need to strengthen the notion of an Illman collection of subgroups of G. The extra
condition added is needed in the proof of Corollary 4.4 and Proposition 4.5.

Definition 4.2. Given a G—universe i{. We say that a collection C is a U —Illman
collection if C is an Illman collection (see Def. 2.17), and if in addition the following
holds: whenever H is the stabilizer of and element in the universe U, then H N U
isin C for all U € C.

If U is a trivial G—universe, then a collection is &/ —Illman if it is Illman. If I/ is
a complete universe, then C is a ¢/ —Illman collection if C is a family in the cofamily
closure of Lie(G) (see Def. 2.4).

4.1. Verifying the model structure axioms.

Lemma 4.3. Let X, Y, and Z be based G—spaces. Let W be an Illman collection.
If Z is a W—cell complex and f: X — Y is a W—equivalence, then Ta(Z,X) —
Ta(Z,Y) is a W—equivalence.

Proof. The higher lim spectral sequence shows that is enough to prove the result
when K is S? AG/L, for L € W. An adjunction gives that

nf (Ta(S% A G/Ls, X)) =[S} A S A (GL x GH). X]e,
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where the square brackets are G—homotopy classes of maps (see Prop. 2.15). Since
51 A Sk is a based CW-complex and (G/L x G/H), is a based W—cell complex
by the definition of an Illman collection in 2.17, the result follows. O

Corollary 4.4. Let W be a U-Illman collection of subgroups of G. A levelwise
W—equivalence of G—spectra is a stable VW— equivalence.

Proof. We have assumed that any finite dimensional GG—representation V' in the
universe U is a G/U —representation for a compact Lie group quotient G/U of G.
Since the collection W is U —Illman, it then follows that SV is a (finite) W—cell
complex. Lemma 4.3 gives that Q" f(V') is a W—equivalence for all V,V' € V. 0O

Each 7Y, for U € W, is a homology theory on the homotopy category of orthog-
onal G—spectra with the levelwise WW—model structure. This follows by Corollary
4.4 since the H —fixed point functor commutes with wedges and with pushout along
a closed inclusion (all Hurewicz cofibrations are closed inclusions since our spaces
are weak Hausdorff). We get a stable YW—model structure on orthogonal G—spectra
by Bousfield localizing the levelwise WW—model category of orthogonal spectra with
respect to the homology theory h = @er U,

We give a more precise description of this stable ¥ —model structure, and de-
termine the h—local objects. We follow [35, ITT.4]. A set of generating cofibrations
is X WI. We give a set of generating acyclic cofibrations. Let

Avw: S o SV — 580
be the adjoint of the map
SW - (SESOHV e W) 20V & W)i Aow) R(W)

given by sending an element w in SV to e Ai(W)(w) where e is the identity map in
O(V e W), and i: S° — R is the unit map. Let ky,w be the map from E{?EBWSW
to the mapping cone, M Av,w, of Av,w. Let WK be the union of X¥W.J and the
set of maps of the form ¢Oky,w for i € WI and indexing representations V, W in
U. The box is the pushout-product map. The set WK of maps in Mp is a set of
generating acyclic cofibrations.

Note that if W is a &/ —Illman collection of subgroups of G, A is a based W—cell
complex, and V is an indexing representation in /, then A A SV is again a based
W—cell complex by Lemma 2.19. The next result, together with Corollary 4.4,
show that a map between (2 — W—spectra is a levelwise YW —equivalence if and only
if it is a W—equivalence. This fundamental result is an extension of [35, II1.9].

Proposition 4.5. Assume that W is a U—Illman collection of subgroups of G. Let
f: X =Y be a map of W — Q — G—spectra. If

for md (X) = m(Y)
is an isomorphism for any H € W, then for all indexing representations V. C U
FWV)e: (X (V) = nl(Y/(V))
is an isomorphism for all H € W. So f is a level W—equivalence.

Proof. Let Z be the homotopy fiber of f. It is again an 2 — G—spectrum. We
want to show that 77(Z) = 0 for all H € W, implies that 77 (Z(V)) = 0 for
any indexing representations V' and any H € Y. Fix an indexing representation
V and a normal subgroup N € Lie(G), such that N acts trivially on V. With
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these choices (2 Z(V))" = QV(Z(V)") for all H < N. Hence 7!, (Z(V)) is
isomorphic to 72 (QY Z(V)) for all H < N in W. Since Z is an ) — G—spectrum,
an easy argument gives that 72 (Z(V)) = 0 for all H € W such that H < N [35,
I11.9.1].

We now prove the result for subgroups H in WV that are not necessarily contained
in N. Fix a subgroup H € W. Assume by induction that 7% (Z(V)) = 0 for all
subgroups K € W such that K S H. If L is an orbit type in V, then H N gLg™*
is in W for all g € G since C is a UY—Illman collection. The argument given in [35,
I11.9] implies that 72 (Z(V)) = 0. We now justify that we can make the inductive
argument. The quotient group H/H N N is isomorphic to H - N/N, which is a
subgroup of the compact Lie group G/N. Hence the partially ordered set of closed
subgroups of H containing H N N satisfies the descending chain property. We have
that 75(Z(V)) = 0 for all K < HN N in W. We start the induction with the
subgroup H N N which by assumption is in V. For more details see [35, II1.9]. O

As in [35, IIL.4.8] and [36, 9.5], the fact that the YW—model structure on G — T
is W—topological gives the following characterization of the maps that satisfy the
right lifting property with respect to WK.

Proposition 4.6. A map p: E — B satisfies the right lifting property with respect
to WK if and only if p is a levelwise fibration and the obvious map from E(V') to
the pullback of the diagram

OV E(V & W)

|

B(V)——= QW BV aW)
is an unbased W—equivalence of spaces for all V. W € V(U).

Proof. The only modification of the proof in [35, II1.4.8] is that we now have a
topological model category such that if i is a YW—cofibration, and p is a W—fibration
then (MRg)a(i*,p«) is a W—fibration of spaces. O

Theorem 4.7. Let W be a U—Illman collection of subgroups of G. Let R be a ring.
The category of R—modules is a compactly generated proper W—topological tensor
model category such that the weak equivalences are the stable W— equivalences, the
cofibrations are retracts of relative XF WI—cell complezes, and the acyclic cofibra-
tions are retracts of relative WK — cell complezes.

Proof. The proof is almost identical to the proofs in [35, II1.4],[35, I11.7.4], and [36,
9]. Note that the proofs uses a few lemmas, given in [35], that are not explicit in
this paper. More details of the tensor structure are given in Lemma 5.9. a

We sometimes denote Mg together with the YW—model structure by WMpg.

Lemma 4.8. Let H be in W. The stable homotopy group w2 is corepresented
by ©E_.G/H., for n < 0, and by SRG/H, A S™, for n > 0, in the category
of R—modules. The homotopy group X is a homology theory which satisfies the
colimit aziom.

The colimit axiom says that colim, 7(X,) — 7H(X) is an isomorphism,

*

where the colimit is over all finite subcomplexes X, of the cell complex X.
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4.2. Fibrations. We summarize the description of the fibrations in the stable
W—model structure.

Proposition 4.9. A map f: X =Y is a fibration if and only if the map X(V) —
Y(V) is a W—fibration and the obvious map from X (V) to the pullback of the
diagram

AYX(Vaew)

|

Y(V)—=QVY (Ve W)
is a unbased W—equivalence of spaces, for all V,W € V. The fibrant spectra are

exactly the W — Q—spectra. A map f: X =Y is an acyclic fibration if and only if
f is a levelwise acyclic fibration.

A natural fibrant replacement functor in Mg is given by sending an R—module
X to the R—module

(4.10) V = colimy QW X (V @ W)

where the colimit is over indexing representations in {{. In particular, a natural
fibrant replacement of the suspension spectrum E{}Z (see 3.12) is the spectrum
that sends V' to

colimw QW+VO(V © V’ &) W) Ao(vr@w) R(V’ D W) NZ.
The next Lemma (and the claim after it) follows as in [35, 3.6, 3.11].

Lemma 4.11. Let f: X = Y be a map of spectra and let V € V. Then X ASV —
Y ASY is a stable W—equivalence if and only if f is a stable W— equivalence.

More generally, X A A — Y A A is a W—equivalence for all WW—cell complexes
A and W—equivalences X — Y.

Definition 4.12. Let W be a collection of subgroups of GG, and let K be a subgroup
of G. The intersection KNW is defined to be the collection of all subgroups H € W
such that H < K.

If W is a Ud—Illman collection of subgroups of G and K € W, then K N W is a
U|K —Tllman collection of subgroups of G.

Lemma 4.13. Let W be a U—Illman collection of subgroups of G and let K € V.
Let Y be a fibrant object in W — GMpg. Then Y regarded as a K—spectrum is
fibrant in (K N W) — K Mp.

Proof. This follows from the explicit description of fibrant objects in Proposition
4.9. (Alternatively, check that G Ak — is left Quillen adjoint to the forgetful functor
from G—spectra to K —spectra.) O

Lemma 4.13 need not remain true when the subgroup K is not in W. For
applications in Section 10 we give some assumptions that guarantee that the result
remains true even when K ¢ W.

Lemma 4.14. Let W be a U —Illman collection of subgroups of a compact Hausdorff
group G. Let f: X — Y be a fibration in WMpg. Assume that both X and Y
are W — S—cell complezes. Let K be any closed subgroup of G, and let W' be a
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U|K —Illman collection of subgroups of K such that W'W C W. Then f, regarded
as a map of K—spectra, is a fibration in the W' —model structure on KMpg (with
the universe U|K, and R regarded as a K -spectrum).

Note that X and Y are required to be YW — S—cell complexes not just W — R—cell
complexes. This holds if they are W — R—cell complexes and R is a W — S—cell
complex.

Proof. Let f: X — Y be a WW—fibration between YW—cofibrant objects in WG Mg.
Since W' is U|K —Illman as a K-collection of map, it suffices, by Proposition 4.9,
to show that for any L € W' the map f(V)L: X(V)L - Y(V)F is a fibration, for
V €V, and to show that the map from X (V)¥ to the pullback of the diagram

(4.15) Y (V)"

|

QX VaoW)l — (VY (V e W)L

is an equivalence of spaces, for V,W € V.

We need that maps from a compact space C to the L—fixed points of X (V') and
Y (V) factor through the UL—fixed points of X (V) and Y (V) for some U € W.
Since X and Y are WW — S—cell complex. A map from a compact space C' into a
W — S—cell complex factors through a finite sub cell complex. Hence it suffices to
verify the claim for individual cells.

Let Z be a W—cell complex space. Then a map from a compact space C into
Sy Z(V) factors through (Sv:(V)Z)Y for some U € W. We prove this claim.
Note that O(W) and G/H are W-cell complex for every indexing representation
W and every H € W, respectively [29]. Recall, from 3.12, that Xy~ (V) is the space
ZNOWV)y Aowv—vr SV=V' for V > V', and a point otherwise. A map from a
compact space C' into the quotient of a WW-cell complex Z' divided out by a compact
group action, lies in the quotient of a compact subset of Z'. The claim follows.

Hence a map from a compact space C into the L—fixed points of X (V) and
Y (V) factor through X (V)UE and Y (V)VL, respectively, for some U € W.

We are now ready to prove the Lemma. Let

(4.16) D X(V)E

Jl lf(V)L

(D" x I)y — Y (V)L

be a diagram of based spaces. There exists a U € W such that the map from j
to (V)L factors through f(V)VL. Since f(V)UL is a fibration we get a lift in the
diagram 4.16. Hence f(V)! is a fibration.

The proof of the second claim is similar. We note that a map from a compact
space C to (QY X (V @ W))¥, composed with the inclusion into QW X (V @ W), is
adjoint to a based map from Cy A SW to X(V @ W). Hence it factors through
X (Ve W)U, for some U’ € W. By choosing a smaller U < U’ such that U acts
trivially on W, the map from C factors through (2" X (V@ W))VE. Hence to check
that the map from X (V') to the pullback of 4.15 is a weak equivalence, it suffices to
check this on all U L—fixed points for U € W. This follows by our assumptions. O
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Lemma 4.17. Let W be a U —Illman collection of subgroups of a compact Hausdorff
group G. Let f: X =Y be a (co)—n—equivalence in Mg between fibrant objects X
and Y in the W—model structure on GMpg, that are also W — S—cell complezes.
Let K be any closed subgroup of G, and let W' be a U|K—Illman collection of
subgroups of K such that W'W C W. Then f regarded as a map of K—spectra is
a (co)—n—equivalence in the W'—model structure on K MRg.

Proof. Both X and Y are fibrant, so
X(V)=Y((V)

is a W—(co) —n—equivalence, for every indexing representation V' (by a modification
of the proof of 4.14). Since X and Y are cofibrant we get, as in the proof of Lemma
4.14, that X (V)X = V(V)¥ is a (co)—n—equivalence for any L € W'.

O

4.3. Positive model structures. We give some brief remarks about other model
categories of spectra. Prespectra are defined by replacing the category V(U), in
Definitions 3.6 and 3.9, by a smaller category consisting of the indexing represen-
tations and the inclusions. There is a stable W—model structure on the category
of pre-spectra. This model category is Quillen equivalent to the stable YW—model
structure on G—orthogonal spectra [35, I111.4.16].

We can also consider model structures on the category of algebras. We need
to remove some of the cofibrant and acyclic cofibrant generators to make sure the
free symmetric algebra construction takes acyclic cofibrant generators to stable
W—equivalences. Let EEWI and EEWJ consist of all V' —desuspensions of ele-
ments in WI and WJ by indexing representations V in I such that V& # 0.
The positive levelwise YW—model structure on the category of orthogonal spectra
is the model structure obtained by replacing X WI and XFW.J by EEWI and
EEWJ , respectively. The positive stable YW—model structure on orthogonal spec-
tra is obtained by replacing WK by the set WK consisting of the union of .7
and the maps :Oky,w with ¢ € I and V& £ 0. The discussion of the positive model
structure goes through as in [35, II1.5].

Proposition 4.18. Let R be a commutative monoid in the category of G— orthogonal
spectra. Then there is a compactly generated YW—topological model structure on the
category of R—algebras such that the fibrations and weak equivalences are created
in the underlying positive W—model category of orthogonal G—spectra. The same
applies to the category of commutative R—algebras.

4.4. Homotopy classes of maps between suspension spectra. We first give
a concrete description of the set of morphisms between suspension spectra in the
W —stable homotopy category on M p. We then prove some results about vanishing
of the negative stable stems; they are used in Section 7.

Recall that WT denote GT with the YW—model structure.

Lemma 4.19. Let X and Y be two based G—spaces. Then there is a natural
isomorphism

HoOWMER)(EFX,E%XY) = HoOWT)(X, colimw QY (R(W) A Y,)),

where Y, is a cofibrant replacement of Y.
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Proof. Recall the description of ¥% in 3.12. The functors X% and Qg are a Quillen
adjoint pair. The result follows by replacing X and Y by cofibrant objects, X. and
Y., in WT, and then replace X%Y,. by a fibrant object as in 4.10. O

Corollary 4.20. Let X and Y be two based G—spaces. Then there is a natural
isomorphism

Ho(WM3)(E°X,2°V) = HoWT)(X, colimy Q" SVY).
In particular, if X is a finite W—cell complex, then
Ho(WM3)(E*X,2°Y) = colimy HoOWT)(X ASY,Y ASY).
We next show that the negative stable stems are zero. In what follows homotopy

means usual homotopy (a path in the space of maps).

Lemma 4.21. Let V be a finite dimensional real G—representation, with G—action
factoring through a Lie group quotient of G. Let X be a based G—space, and let
n > 0 be an integer. Then any based G—map

SV 5 SV AXASY

is G—null-homotopic.
Proof. Assume the action on SV factors through the compact Lie group quotient
G/K. The problem reduces to show that SV — SV A XK A S" is G/K—null
homotopic for all n > 0. Hence we can assume that G is a compact Lie group.
By Illman’s triangulation theorem SV is a finite G—cell complex [29]. We choose a
G—CW structure on SV. Let (G/H; x D™), be a cell of SV. We take the H;—fixed
points of SV and compare the real manifold dimensions, denoted dim, of the fixed
points of SV and the cells in SV. This gives that n; = dim(V#i) — dim(NgH;/H;).
To prove the Lemma it suffices to show that any given map f: SV — SV A X A S
extends over the cone SY A I of SV. There is a sequence

SV =Y 5Yy=sYi = - Yy=8S"AI
where Y;,;1 is obtained from Y,, by a pushout

V. G/H;, A S™ Y,

| |

VG/Hiy AD™H —— Yy

where the wedge sum is over all 7 such that n; = n, and N satisfies n; < N for all
i. Hence it suffices to show that any map VG/H; A S™ — SV AX AS™is G—null

homotopic for all i. This is equivalent to showing that S™ — SV AXH: AS™ is null
homotopic, which is true because n; = dim(V#i) — dim(Ng H;/H;) < dim(VHi) +
n. O

Lemma 4.22. Let U be any G—universe, and let W be a U—Illman collection of
subgroups of G. Then we have that

HoOWMg)(XE*G/Hy, ¥°G/K{ AS™) =0,
for all HHK € W and n > 0.
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Proof. Since W is a U—Illman collection of subgroups of G, SV A G/H, is a finite
W—cell complex by Lemma 2.19 and compactness of SV A G/H. Corollary 4.20
gives that the group HoOOWMg)(E°G/Hy, ¥*°G /K4 A S™) is isomorphic to

COlimVEy(u)HO(WT)(SV AN G/H+, SV A G/K+ N Sn)

It suffices to show that any map SY A G/Hy — SV AG/Ky A S™ is G—null
homotopic. This is equivalent to show that S¥ — SV A (G/K)4 A S™ is H—null
homotopic. This follows from Lemma 4.21. O

This Lemma allow us to form WW—CW-complex approximation.

Lemma 4.23. Let W be a U—Illman collection of subgroups of G. Let T be an

S—module such that TJH =0, for j <n and H € W. Then there is a cell complez,
T', built out of cells of the form Eﬂ‘g’k,S’“’l/\G/HJr — Eﬂ‘zﬁe,Dk/\G/H+, fork—k' >n
and H € W, and a W—weak equivalence T' — T.

Proof. The approximation can be constructed as a WW—CW-complex using Lemma
4.22. O

Lemma 4.24. Let W be a U—Illman collection of subgroups of G. Let R and T
be two S—modules. If RE =0, fori <m and H € W, and TjH =0, for j <n and
HeW, then (RAT)T =0 fork<m+mn and H € W.

Proof. We can replace R and T' by WI—cell complexes made of cells in dimension
greater or equal to m and n, respectively by Lemma 4.23. The spectrum analogue
of Lemma 2.19 gives that R A T is again a W—cell complex made out of cells in
dimension greater or equal to m + n. The result now follows from Lemma 4.22. O

Proposition 4.25. Let W be a U—Illman collection of subgroups of G. Let R be
a ring spectrum such that RZ =0 for alln < 0 and H € W. Then we have that

HoOWMR)(ERG/Hy, L5 G/KL ANS™) =0,
for all H/K € W and n > 0.
Proof. The group HoOWMRg)(EFG/H4, ERG /K A S™) is isomorphic to
Ho(WMs)(Z*G/H,X°G/Ky ANRAS™).
The result now follows from Lemma 4.21 and Proposition 4.24. (Let T'be ¥°G /KA
S™.) O

Lemma 4.26. Let W be a U—Illman collection of subgroups of G. Let R be a ring
such that RY = 0, whenever n < 0 and H € W. Let T be an R—module such that
TjH =0, for j < n and H € W. Then there is a cell complex, T', built out of
cells of the form X¥S** AG/Hy — S¥D*¥ ANG/H,, for k > n, and a W—weak
equivalence T' — T .

Proof. This follows from Lemma 4.25 and the proof of Lemma 4.23. g

If the universe U is trivial and K is a not subconjugated to H in G, then there
are no nontrivial maps from X*°G/H AS™ to Z*°G /K AS™. We take advantage
of this to strengthen Lemma 4.25.
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Proposition 4.27. Let U be a trivial universe. Let VW be an Illman collection of
subgroups of G. Let R be ring spectrum such that RE = 0 for alln <0 and H € W.
Then, for each H, K in VW, we have that

HoOWVMR)(XxG/H,, SFG/K4 AS™) =0,
whenever n > 0 or H is not subconjugated to K.

Proof. If n > 0, then the result follows from 4.25. If H is not subconjugated to K,
then

Ho(WMp)(S5G/Hy, SXG/K s AS™) = colimmmoQ™(G /K. A(RAS™)(R™))H.
This is 0 since G/K¥ is the basepoint. 0

4.5. The Segal-tom Dieck splitting theorem. We consider homotopy groups
of suspension spectra. Let G be a compact Hausdorff group, let ¢/ be a complete
G —universe, and let Mg have the Lie(G))—model structure.

Proposition 4.28. If Y is a G—space, then there is an isomorphism of abelian
groups

Dy T (EWGH; Awo g SAMWeH) Y H) s 7G(52Y)
where the sum is over all G—conjugacy classes of subgroups H in Lie(G).

Proof. We have an isomorphism
colimNeLie(G) F*(ColimVEL{N (QVSVYN)G) — Wf(Z?Y)

and UV is G/N—complete. The result follows from the splitting theorem for com-
pact Lie groups [33, V.9.1]. d

If U is a complete G—universe, then U restricted to K is again a complete
K —universe [17, Sec. 3]. So for any K € Lie(G), the stable K —homotopy groups
of a G—space Y calculated in the G—homotopy category are isomorphic to those
calculated in the K—homotopy category. Hence the calculation of the n-th homo-
topy group at K € Lie(G) of a G—space Y reduces to Proposition 4.28 (with G
replaced by K).

4.6. Self-maps of the unit object. The additive tensor category, HoOWWMp), is
naturally enriched in the category of modules over the ring,

HoWMGEg)(EFS°, 5% 5°),
of self map of the unit object, ¥%.S%, in the homotopy category. Let us denote this
ring by B{,{v, and denote Bf\? simply by Byy. The ring Bﬁ, depends on G, W, R,
and the G—universe U. If G € W, then we can identify Bf, with 7{'(R).
If A is an R—algebra, then B3}, is an BE,—algebra. Since all algebras of orthog-
onal spectra are S—algebras, it is important to understand the ring Byy.
If G is a compact Lie group, the universe is complete, and W is the collection of

all closed subgroups of GG, then By is naturally isomorphic to the Burnside ring,
A(G), of G [37, XVIIL.2.1].

Lemma 4.29. LetU be a complete G—universe and let YV be the collection Lie(G).
Then the self-maps of S°, in the homotopy category of WM, is naturally isomorphic
to

colimUeLie(G) A(G/U),
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where A(G/U) 2 Ho(WM)(G /U4, S°) is the Burnside ring of the Lie group G/U
and the maps in the colimit are induced by the quotient maps G/Uy — G/Vy, for
V < U in Lie(G).

In general, it is difficult to determine Byy. For example, when G is a finite group
and W is a family, then the proof of the Segal conjecture gives that the ring Byy is
isomorphic to the Burnside ring A(G) of G completed at the augmentation ideal

Nrew ker(A(G) — A(H)),

where the maps A(G) — A(H) are the restriction maps [37, XX.2.5].
We give an elementary observation which shows that different collections W
might give rise to isomorphic rings Byy.

Lemma 4.30. Let N be a normal subgroup of a finite group G, and let Wy be
the family of all subgroups contained in N. If X € GT has a trivial G—action and
Y € GT, then

Ho({N}Mp)(E*X,X°Y) = HOOWNMR)(EXX,E®Y)
s an tsomorphism.
In particular, Byyy is isomorphic to By, .

Proof. Let X' be a cell complex replacement of X built out of cells with trivial
G—actions. The space EWy is Lie(G)—equivalent to E(G/N). This is a {N }—cell
complex. Hence X' A EG/Ny — X' is a cofibrant replacement of X both in the
{N} and and in the Wy —model categories. A Wy —fibrant replacement Y’ of Y is
also a { N}—fibrant replacement. O

Remark 4.31. If X does not have trivial G—action, then the homotopy classes
[X>*°X,X*°Y]in Lemma 4.30 are typically different for the collections { N} and Wy,
respectively.

5. THE W — C—MODEL STRUCTURE ON ORTHOGONAL (G—SPECTRA

Let R be a ring and let C be a U/—Illman collection of subgroups of G. We
define K —equivalences in the C—model structure on the category of R—modules,
Mg, for K not necessarily in C. Then we construct a model structure with weak
equivalences detected by a collection W of subgroups of G that is not necessarily
contained in C. We start by briefly describing the W — C—model structure on Mg
in the case when W is contained in C.

Let C be a U—TIllman collection of subgroups of G. Let H € C. Then 7 is a
corepresented homology theory that satisfies the colimit axiom by Lemma 4.8. The
direct sum

h = ®Kew,nez ”rlz(
is also a homology theory that satisfies the colimit axiom. The h—equivalences
are closed under pushout along cofibrations in CMpg. We can now (left) Bousfield
localize CMp with respect to the homology theory h [4] [25, 13.2.1]. Hence for
any subcollection W in C there is a model structure on G—spectra such that the
cofibrations are retracts of relative C—cell complexes and the weak equivalences are
maps f such that 72 (f) is an isomorphism, for all H € W and all n € Z.
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5.1. The construction of WCMpg. We define homotopy groups in the C—model
category with respect to subgroups not necessarily in C.

Definition 5.1. Let C be a {/—Illman collection of subgroups of G. Let K be
a subgroup of G such that the closure UK € C, for all U € C. The n-th stable
homotopy group at K is defined to be IT¥ (X)) = colimyec nV¥ (X).

The colimit is over the category with objects subgroups U of G that are in C and
with morphisms containment of subgroups. The colimit is directed since C is an
Illman collection. If K € C, then ITX and 7X are canonically isomorphic functors.

Definition 5.2. Let C and W be two collections of subgroups of G. Then the
product collection CW has elements the closure, U H, of the product subgroup UH
in G, forall U € C and all H € W.

Example 5.3. The collection W = {1} satisfies CW C C for any collection C. If C
is a cofamily, then CW C C for any collection W.

Definition 5.4. Let WV be a collection of subgroups of G such that CWW C C. Then
we say that a map f between orthogonal spectra is a W—equivalence if T1X(f)
is an isomorphism for all K € W and all integers n.

Directed colimts of abelian groups respect direct sums and exact sequences. So
MK is a homology theory which satisfies the colimit axiom by Lemma 4.8. The
direct sum

_ K
h = @KGW,nEZ Hn

is again a homology theory which satisfies the colimit axiom. Hence we can Bous-
field localize with respect to h.

Theorem 5.5. Let C be a U—Illman collection of subgroups of G, containing the
subgroup G, and let W be any collection of subgroups of G such that CW C C.
Then there is a cofibrantly generated proper simplicial model structure on Mg such
that the weak equivalences are YW—equivalences and the cofibrations are retracts of
relative C—cell complezes.

Proof. There exists a set K of relative C—G—CW complexes with sources C—G—CW
complexes such that a map p has the right lifting property with respect to all
h—acyclic cofibrations with cofibrant source, if and only if p is a fibration and p
has the right lifting property with respect to K. To find such a set of maps K
we use the cardinality argument of Bousfield. We need to take into account both
the cardinality of G' and the cardinality of [],, R(V'), where the product is over
indexing representations in the universe U. The class of h—equivalences is closed
under pushout along C—cofibrations. Hence we can apply [25, 13.2.1] to conclude
that if p has the right lifting property with respect to the maps in the set K,
then it has the right lifting property with respect to all h.—acyclic cofibrations.
Hence there is a cofibrantly generated left proper model structure on Mg with the
specified class of cofibrations and weak equivalence [25, 4.1.1]. It remains to show
that the model structure is right proper and simplicial.

We show that the model structure is right proper. The U —fixed point functor,
for U € C, takes pull-back squares to pull-back squares, and fibrations to fibrations.
Hence the claim follows from properness of the model category of orthogonal spectra
[36, 9.2].
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We show that the model structure is simplicial. This is where we use the as-
sumption that G is contained in C. The tensor and cotensor functors are given by
IX|K|AX and F(ER|K|, X), respectively, for a simplicial set K and an R—module
X. The simplicial hom functor is given by singGMpg(X,Y). It is clear that the
pushout-product map applied to a simplicial cofibration and a C—cofibration in Mg
is again a C-cofibration. If the simplicial cofibration is acyclic, then the pushout-
product map is in fact a C—acyclic cofibration. This follows since Mg, with the
C—model structure, is a C-simplicial model structure. It suffices to show that if
Xy = Y5 is a W — C—acyclic cofibration with C—cofibrant source, then the map
from the the pushout of

DSl A Xy —> SR DA X,

|

LRSTLAY,

to L D™ AY; is again a W — C—acyclic cofibration [39, 2.3]. This is the case since
our weak equivalences are given by a homology theory in the homotopy category
of the tensor C—model structure on Mp (see Theorem 4.7). O

This model structure is called the W — C—model structure on Mpg. The
W—model structure is the YW — W—model structure. We sometimes denote Mg
together with the W — C—model structure by WCMpg.

Proposition 5.6. Let C; C Cy be two U—Illman collections of subgroups of G and
let W be a collection of subgroups of G such that CrYV C Cy and CoWW C Cy. Then
the identity functors WCi Mg — WCsMpg and WCs Mg — WCi Mg are left and

right Quillen adjoint functors, respectively. Hence a Quillen equivalence.

Given two U —Illman collections C; and Cy such that C;W C C; and CaWVW C Cs.
Then the union of the two collections C = C; U C» is also a U —Illman collection
such that CW C C. The identity functors are left Quillen equivalences from the
C; — W—model structure on Mpg, and from the Co — W—model structure on Mg
to the C; U Cy — W—model structure on Mpg.

Remark 5.7. One can also construct a YW — C—model structure on the category
of based G—spaces, GT . This is obtained by localizing with respect to the class of
YW—homotopy equivalences.

5.2. Tensor structures on Mp. The category Mg is a closed symmetric tensor
category. We follow [39, 2] when considering the interaction of model structures
and tensor structures. A model structure is said to be tensorial if the following
pushout-product axiom is valid.

Definition 5.8. The pushout-product axiom [39, 2.1]: Let f;: X; — Y3 and
f2: X2 = Y5 be cofibrations. Then the map from the pushout, P, to Y7 ® Y5 in the
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diagram

X, %X, 295 v, @ X,

o

X, 9Y,——>P 1®f2

Yl ®Y27

is again a pushout. If, in addition, one of the maps f; or f> is a weak equivalence,
then P — Y] ® Y5 is also a weak equivalence.

The monoid axiom [39, 2.2]: Any acyclic cofibrations tensored with arbitrary
object in M is a weak equivalence. Moreover, arbitrary pushouts and transfinite
composition of such maps are weak equivalences.

Lemma 5.9. The W—levelwise model structure on Mg satisfies the pushout-
product axiom and the monoid axiom.

Proof. Since ¥ is a left adjoint functor, the verification of the pushout-product
axiom for Mg reduces to W7, which is Lemma 2.22.

It suffices to check the monoid axiom [39, 2.2]. The acyclic cofibrant generators
are of the form (G /U x D), — SE(G/U x D" x [0, 1])+. This is a deformation
retract. So its smash product with any spectrum X is again a deformation retract.
Hence a W-equivalence. Pushout along a deformation retract is again a deformation
retract. The class of YW—equivalences is closed under transfinite composition. Hence
the class of acyclic cofibrations tensor arbitrary objects in M g are contained in W,
and pushout and transfinite compositions of such maps is again in W. O

Lemma 5.10. Let M, ® be a closed tensor category. If M is a cofibrantly generated
model structure that satisfies the pushout-product azxiom, then a localized model
structure on M, with the same cofibrations and a larger class of weak equivalences,
W', also satisfies the pushout-product aziom provided the following holds:

(1) the sources of the cofibrant generators of M are cofibrant;
(2) the class of cofibrations in W' is closed under pushouts; and
(3) if X is cofibrant and f is a cofibration in W', then X ® f is in W'.

Proof. The first part of the pushout-product axiom is immediate since the cofibra-
tions are unchanged in the localized model structure.

Let fi: X1 — Y5 be a cofibration in W'. Let fs: X5 — Y3 be a cofibrant
generator. Consider the diagram

X, %X 295 v, @ X,

o

X, 9 P 1®f2

Yl ®Y27
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where P is the pushout. The first and third conditions give that f; ® 1x, and
f1 ® 1y, are cofibrations in W’. The second condition gives that X; ® Y2 — P is
in W'. The two out of three axiom now gives that P — Y} ® Y5 is in W'. a

Proposition 5.11. The tensor (closed) category Mg, with the W—C—model struc-
ture, satisfies the pushout-product axiom. Hence it is a tensor model category.

Proof. This follows from Lemmas 5.9 and 5.10. The third condition in the Lemma
reduces to cell level considerations. See the proof of Theorem 5.5. O

Remark 5.12. In fact, Remark 5.7 and Proposition 5.11 give that the W —
C—model structure on Mg is a YW — C—topological model structure.

Proposition 5.13. LetU be a complete G—universe. Let W be a UU—Illman Lie col-
lection of subgroups of G. Then the dualizable objects in WM g (with the W—model
structure) are precisely retracts of V(U)— desuspensions of finite W— cell complezes.

Proof. The proof in [37, XVI 7.4] goes through with modifications to allow for
general R—modules instead of S°—modules. O

5.3. The C—cofree model structure on Mpg. The W — C—model structure on
Mg is of particular interest when W = {1}.

Definition 5.14. We say that f is a C—underlying equivalence if TI{1}(f) =
colimyree 7Y (f) is an equivalence.

The name, C—underlying equivalence, is justified by the next lemma.

Lemma 5.15. Assume that G is a compact Hausdorff group and let C be the col-
lection Lie(G). Let R be a non-equivariant ring spectrum. Then a map f: X - Y
between cofibrant objects (retracts of C—cell complezxes) is a C—underlying equiva-
lence if and only if f is a non-equivariant weak equivalence.

Proof. This follows as in the proof of Lemma 4.14. O

Theorem 5.16. Assume that U is a trivial G-universe. Let C be an Illman col-
lection of subgroups of G such that G € C. Then there is a cofibrantly generated
proper simplicial tensor model structure on Mpg such that the weak equivalence
are C—underlying equivalences and the cofibrations are retracts of relative C—cell
complexes.

Proof. This is a special case of Theorem 5.5 and Proposition 5.11. g
We refer to this model structure as the C—cofree model structure on Mg.

Remark 5.17. We require the universe to be trivial as part of the definition of
the C—cofree model structure. When {1} is in C there is no loss of generality in
making this assumption.

6. A DIGRESSION: G—SPECTRA FOR NONCOMPACT GROUPS

In this section we consider an example of a model structure on orthogonal G-
spectra where the homotopy theory is “pieced together” from the genuine homotopy
theory of the compact Lie subgroups of G. This example is inspired by conversations
with Wolfgang Liick. This section plays no role later in the paper.

The model structure we construct below in Proposition 6.5 is in many ways
opposite to the model structure (to be discussed) in Theorem 8.4: Compact Lie
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subgroups versus compact Lie quotient groups, ind-spectra versus pro-spectra, pro-
universes versus ind-universes. The difficulties here lies in dealing with inverse
systems of universes for the finite subgroups of G.

Let G be a topological group, and let X’ be a trivial G-universe. Let R be a
symmetric monoid in the category of orthogonal G—spectra indexed on X. Let M
denote the category of R—modules indexed on X

Definition 6.1. Let F¢g denote the family of compact Lie subgroups of G.

If G is a discrete group or a profinite group then F¢ is the family of finite
subgroups of G. The results in this section remains true if we replace Fg with any
collection of subfamilies such that whenever J < G and H € F), then H € F(,.

By Proposition 3.14 there is a cofibrantly generated model structure on M
such that the cofibrations are retracts of relative X% FgI—cell complexes and the
weak equivalences are levelwise Fg—equivalences. We would like to stabilize M
with respect to H-representations for all compact Lie subgroups H of G. An
H —representation might not be a retract of a GG—representation restricted to H
(there might not be any nontrivial H —representations of this form).

Our approach is to localize M with respect to stable H—homotopy groups de-
fined using a complete H —universe, one universe for each H in Fg.

Definition 6.2. An Fg—universe consists of an H —universe Uy, for each H €
Fa, such that whenever H < K, then Uk is a subuniverse of Uy |K. For any
subgroups H < K < L the three resulting inclusions of universes are required to
be compatible.

We say that the F—universe, {U}, is complete if Uy is a complete H —universe
for each H € Fg.

Lemma 6.3. There exists a complete Fg—universe.

Proof. Choose a complete H—universe Uy for each H € Fg. Let Uy be defined to
be

Dw>n UklH)
where the sum is over all K € Fg that contains H. O

Let H be a compact Lie group. Then there is a stable model structure on
orthogonal H —spectra, indexed on a trivial H—universe, that is Quillen equivalent
to the “genuine” model structure on orthogonal H —spectra indexed on a complete
H —universe. This is proved in [35, V.1.7] (note that the condition ¥V C V', used
there, is not necessary). The point of view of doing “genuine” stable equivariant
homotopy theory in the category of spectra indexed on a trivial universe has been
advocated by Morten Brun.

Let H be a compact Lie group and let ¥V and V' be collections of H —representations
containing the trivial H—representations. Typically, V is the collection V(U) of
all H—representations that are isomorphic to some indexing representation in an
H —universe U. There is a change of indexing functor

B gy s — Jks
defined in [35, V.1.2]. The functor I}, is an equivalence of categories with Il‘j’ as

the inverse functor. The functor Il‘j, is a strong symmetric tensor functor. These,
and other, claims are proved in [35, V.1.5].
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Lemma 6.4. For each compact Lie subgroup H of G the functor

H7V(Us)

* (Iv(/\{;l _)
is a homology theory on M with the levelwise Fg— X —model structure, that satisfies
the colimit aziom.

See the discussion after Corollary 4.4. Note that any family of subgroups of H
is an U —Illman collection. (See Definition 4.2).

Proof. This follows since I,‘j, respects homotopy colimits and weak equivalences
since V(X) C V(U) [35, V.1.6]. O

We localize the stable Fo — X' —model category with respect to the homology
theory given by

V(U
h = @H Wf(Ivéx) )_):

where the sum is over all H € Fg.

Proposition 6.5. Given an Fg—universe {Ug}. Then there is a cofibrantly gen-
erated proper stable model structure on M such that the cofibrations are retracts of
relative L% Fql— cell complexes and the weak equivalences are the h,— equivalences.
If Fe is an Illman collection of subgroups of G (see Def. 2.17), then the model
structure satisfies the pushout-product axiom.

This model structure is called the stable {{/g}—model structure on M.

Proof. See the proof of Theorem 5.5. The argument given there shows that the
model structure is proper. If Fg is an Illman collection, then the model structure
is tensorial by Lemma 5.10 and [35, IT1.3.11]. O

The cofibrant replacement of %°°S? in this model structure (regardless of {Ug})
is given by ©®°(EFg),, where EFg is an Fg—cell complex such that (EFg)" is
contractible whenever H € F¢, and empty otherwise [35, IV.6].

Lemma 6.6. Assume G is a discrete group. If X is a G—cell complex, then
X N (EFa)+ is a cofibrant replacement of X.

Proof. Note that G/Jy A G/H; is an Fg—cell complex, whenever H € Fg and
J is an arbitrary subgroup of G. The collapse map (EFg)+ — S° induces an
Fa—equivalence X A (EFg)y - X O

Lemma 6.7. If G has no compact Lie subgroups besides {1} (e.g. torsion-free dis-
crete groups), then the stable {Um} —model structure M is the stable model structure
with underlying weak equivalences.

Lemma 6.8. If G is a compact Lie group, then the stable {Uy }—model structure
on M is Quillen equivalent to the {all} — Ug—model structure on M.

Let J be a subgroup of G. Let R be a monoid in the category of orthogonal
G —spectra. Let M denote the category of R-modules in the category of orthogonal
G—spectra indexed on X, and let M’ denote the category of R|J-modules in the
category of orthogonal J—spectra indexed on X|J. Let {/g} be an Fg—universe,
and set {Up}mer, be the Fy—universe.

Note that the condition in the next Lemma is trivially satisfied if G is a discrete

group.
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Lemma 6.9. Assume that G/K, has the structure of a J — Fj—cell complez for
any K € Fg. Give M the stable Fo — {Un}—model structure, and give M' the
Fr—A{Un}uer,—model structure. Then the functor

Fy(Gy,—): My = Mg
is right Quillen adjoint to the restriction functor
MG — MJ.

Proof. The restriction functor from G—spectra to J—spectra respects weak equiva-
lences by the definition of weak equivalences. Since G/K is a J — Fj—cell complex
for all K € F¢, by our assumption, the relative G — Fg—cell complexes are also
relative J — Fj—cell complexes. O

Lemma 6.10. Assume G is a discrete group. Give M the stable Fo—{Up}—model
structure, and give M' the stable Fy — {Un}uer,—model structure. Then the
functor

G+ ANj—: Mj— Mg
is left Quillen adjoint to the restriction functor

MG—>MJ.

Proof. Since G4 Ny J/K; = G/K, and the functor G4 Aj — respects change of
universe functors and colimits, it follows that G Aj; — respects cofibrations.

Let f: X - Y be a J—Fj—equivalence. We observe that G A; X is isomorphic
to

Vigremayr H+ Ngg-10m 9X
as an orthogonal H —spectrum. Hence the map G Ay f is an Fg—weak equivalence
if each Hy Agjg-1nm 9(f) is a H—equivalence for H € Fg. This follows from [35,
V.1.7,V.2.3] since g(f) is a K —equivalence for every K < gJg~—! N H, because
K € Fg and K < gJg ! implies that K € Forg-1-
(|

Lemma 6.11. Assume G is a discrete group. Let X be in M' and let Y be in M.
Then

[G+ N X, Y]G = [Xv (Y|J)]J)
where the first hom-group is in the homotopy category of the {Uy}—model struc-

ture on R-modules, and the second hom-group is in the homotopy category of the
{Un}Hery —model structure on R|H —modules.

In particular, if X and Y are G—spectra and H € Fg, then
[G/Hy ANX,Y]e =2 [X,Y]n.

Remark 6.12. A better understanding of the fibrations, or at least the fibrant
objects would be useful. They are completely understood when G is a compact Lie
group [35, 111.4.7,4.12]. Calculations in the stable {{/y } —homotopy theory reduces
to calculations in the stable homotopy categories for the compact Lie subgroups of
G (via a spectral sequence). This follows from Lemma 6.10 using a cell filtration
of a cofibrant replacement of the source by a Fg—cell complex.
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7. POSTNIKOV T-MODEL STRUCTURES

We modify the construction of the YW —C—model structure on M g by considering
the n — WW—equivalences, for all n, instead of YW—equivalences. This is used when
we give model structures to the category of pro—spectra, pro — Mg, in Section 8.2.

The homotopy category of a stable model category is a triangulated category
[26, 7.1]. We consider t-structures on this triangulated category together with
a lift of the t-structure to the model category itself. The relationship between
n—equivalences and t-structures is given below in Definition 7.4 and Proposition
7.10.

7.1. Preliminaries on t-model categories. We recall the terminology of a t-
structure [3, 1.3.1] and of a t-model structure [20, 4.1].

Definition 7.1. A homologically graded t-structure on a triangulated category
D, with shift functor X, consists of two full subcategories D<o and Dyq of D,
subjected to the following three axioms:

(1) D<o is closed under X, and D¢ is closed under —1;

(2) for every object X in D, there is a distinguished triangle

X' -X—-X">532X'
such that X’ € Dy and X" € E71D5; and
(3) D(X,Y) =0, whenever X € Dcg and Y € 71Dy
For convenience we also assume that D<o and D¢ are closed under isomorphisms
in D.
Definition 7.2. Let D<,, = ¥"D<g, and let Dy, = X"Dx.
Remark 7.3. A homologically graded t-structure (D<o, D>o) corresponds to a co-

homologically graded t-structure (D<°,D2%) as follows: D" = D<_,, and D" =
D _n.

Definition 7.4. The class of n—equivalences in D, denoted W,,, consists of all
maps f: X — Y such that there is a triangle

FsXLyossr

with F' € D<,,. The class of co—n—equivalences in D, denoted coW,, consists
of all maps f such that there is triangle

xhysoosex
with C € DZn-

If D is the homotopy category of a stable model category K, then a map f in £ is
called a (co-)n—equivalence if the corresponding map f in the homotopy category,
D, is a (co-)n—equivalence. We use the same symbols W,, and coW,, for the classes
of n—equivalences and co—n—equivalence in K and D, respectively.

Definition 7.5. A t-model category is a proper simplicial stable model category
K equipped with a t-structure on its homotopy category together with a functorial
factorization of maps in K as an n—equivalence followed by a co—n—equivalence in

K.

T-model categories are discussed in detail in [20]. They give rise to interesting
model structures on pro—categories.
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7.2. The d—Postnikov t-model structure on M pg. We construct t-model struc-
tures on Mg making use of Postnikov sections. In Section 8 we use this t-model
structure to produce model structures on the category of pro—spectra. We allow
Postnikov sections where the cut-off degree of 7 depends on H.

Construction 7.6. Assume that D is the homotopy category of a proper simplicial
stable model category M. Let D be the homotopy category of M. Let D<¢ be
a strictly full subcategory of D that is closed under . Define D<,, to be X"D<o.
Define W, as in Definition 7.4, and lift W, to M. Let C' denote the class of
cofibrations in M, and define C, = W, N C and F;, = inj C,. Let D>,41 be the
full subcategory of D with objects isomorphic to hofib(g) for all g € F,. If there
is a functorial factorization of any map in M as a map in C,, followed by a map
in Fj,, then D<o, D> is a t-structure on D. Hence the model category M, the
factorization, and the t-structure on D is a t-model structure on M [20, 4.12].

Let C and W be collections of subgroups of G such that CVW C C. Let R be a
ring, and let D be the homotopy category of WC MEg.

Definition 7.7. A class function on W is a function d: W — Z U {—00, 00}
such that d(H) = d(gHg '), for all H € W and g € G.

Definition 7.8. Let d be a class function. Define a full subcategory of D by
DLy ={X |I{(X)=0fori<d(U), UeW}
Let Ddz1 be the full subcategory of D given by Construction 7.6.

If H is in the closure of a sequence H, and 72«(X) = 0, then 72 (X) = 0,
for a G-space X. Hence it suffices to consider continuous class functions, where
Z U {—o00,00} has the topology given by letting the open sets be {n > N}, for
N € Z U {—00,00}, and W has the Hausdorff topology.

The next result is needed to get a t-model structure on Mpg.

Lemma 7.9. Any map in Mg factors functorially as a map in C, followed by a
map in F,. Moreover, there is a canonical map from the n-th factorization to the
(n — 1)-th factorization.

Proof. The proof is similar to the proof of Theorem 5.5. See also [16, Appendix]. O

Lemma 7.10. Let d be a class function on YW. The W — C—model structure on
Mg, the two classes DL, and DL, together with the factorization in Lemma 7.9
is a t-model structure. B

Proof. This follows from Theorem 5.5 and [20, 4.12]. O

This t-model structure is called the d—Postnikov t—model structure on
WCMpg. We call the 0—Postnikov t-model category simply the Postnikov t-model
category.

A map f of spectra is an n—equivalence with respect to the d—Postnikov t-
structure if and only if IT7} (f) is an isomorphism for m < d(U) +n and I, , (f)
is surjective for all U € W.
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7.3. An example: Greenlees connective K-theory. To show that there is
some merit to the generality of d—Postnikov t—structures, we recover Greenlees equi-
variant connective K —theory as the d—connective cover of equivariant K —theory
for a suitable class function d. Let G be a compact Lie group, and let W = C be
the class of all closed subgroups of G. Note that {1} is an open closed point in C.
(In fact, any family gives an open subset of C by Montgomery and Zippin’s theorem
[38].) Let P, denote the n-th Postnikov section functor, and let C,, denote the n-th
connective cover functor.

Lemma 7.11. Let G be a compact Lie group. Let d be the class function such that
d({1}) =0 and d(H) = —oo for all H # {1}. Then

X5, =F(EG4,P,X)
is a functorial truncation functor for the d-Postnikov t-model structure on WMpg.

The n-th d—connective cover is given by the homotopy pullback of the left most
square in the diagram

(7.12) Xen X F(EG4, Py X)

| | \

F(EG4,CyX) —> F(EG,,X) — F(EG,, Pyy1X).

In particular, (K¢)<o is Greenlees’ equivariant connective K —theory [22, 3.1].

Proof. Axiom 1 of a t-structure is satisfied since

YF(EG:,Py1X) 2 F(EG,, %P, 1 X).
We combine the verification of axioms 2 and 3 of a t-structure. Let X<, denote
the homotopy fiber of the natural transformation X — F(EG4,P,1X). Since
X — F(EG4,X) is a non-equivariant equivalence we conclude, using Diagram

7.12, that X<, and C, X are non-equivariant equivalent. Hence X<, € D<, for all
X eD. IfY € D, and X € D, then

D(Yv F(EG+7P7H-1X)) =0
since Y A EGy is in C,,D. O
This example can also be extended to arbitrary compact Hausdorff groups [18].

7.4. Postnikov sections. Suppose d is a constant function and R has trivial
W—homotopy groups in negative degrees. Then there is a useful description of
the full subcategory D>q of the homotopy category D of WC M.

Definition 7.13. We say that a spectrum R is W—connective if IIY (R) = 0 for
alln <0Oandall U € W.

In other words R is WW—connective if R € D<o for the Postnikov t-structure on

WCMg.

Proposition 7.14. Let R be a WW—connective ring. Then there is a t-structure on
the homotopy category D of WCMpg defined by the two full subcategories of D:

D<o = {X | IY(X) = 0 whenever i <0, U € W}

and
Dso = {X | IY(X) = 0 whenever i >0, U € W}.
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Proof. Recall that the full subcategory D> of D has objects Y such that D(X,Y) =
0 for all X € D« [3, 1.3.4]. Proposition 4.25 gives that G/H A S™ € D<o, for all
n >0 and all H € C. This gives that

Dsi C{V | TIY (V) = 0 whenever U € W,i > 0}.

The converse inclusion is proved in two steps. We first prove it when W C
C. Assume that X € D<o and that IIY(Y) = 0, whenever U € W and i > 0.
By Lemma 4.23 there is a C—cell complex approximation X’ — X such that X'
is a cell complex built from cells in non-negative dimensions, and X’ — X is a
C—isomorphism in non-negative degrees, hence a W-equivalence. So we get that
D(X,Y) = 0. Since this is true for all X € D<o we conclude that ¥ € D;.

We now consider the general case. Assume that X € D<o and that IIY (Y') =0,
whenever U € VW and i > 0. By the first part of the proof there are C—truncations
k: X' - X and [:' Y — Y’ such that: (1) #(X') = 0, for all H € C and

i < 0, 7 (k) is an isomorphism, for all H € C and i > 0, (2) 7 (Y") = 0, for all
H € C and i > 0, and 7 (l) is an isomorphism, for all H € C and i < 0. Our
assumptions on X and Y give that X’ — X and Y — Y’ are YW—equivalences.
Hence D(X,Y) = D(X',Y’) vanish. Since X € D<o was arbitrary we conclude

that Y € D>;. The result follows. O

Hence a map g is a co—n—equivalence in the (0—)Postnikov t-structure if and
only if ¥ (g) is an isomorphism for m > n and I1Y (g) is injective for U € W.

When the universe is trivial we can give a similar description of the t-model
structure for more general functions d. We say that a class function d: W —
Z U {—00,00} is increasing if d(H) < d(K) whenever H < K.

Proposition 7.15. Assume the G—universelU is trivial, and let R be a YW— connective
ring. Let d be an increasing class function. Then there is a t-structure on the ho-
motopy category D of WC Mg defined by the two full subcategories of D:

DL, = {X | ¥ (X) = 0 whenever i < d(U), U € W}

and
Ddzo ={X | H?(X) = 0 whenever i > d(U),U € W}.

Proof. This follows from 4.27, the proof of Proposition 7.14, and [20, 4.12]. O

Definition 7.16. Let X be a spectrum in M. The n-th Postnikov section of X
is a spectrum P, X together with a map p,X: X — P, X such that IY (P, X) =0,
form >n and all U € W, and [I,,,(p, X ) : 1Y (X) — NY (P,,X) is an isomorphism,
for all m < n and all U € W. A Postnikov system of X consists of Postnikov
factorization p,: X — P, X, for every n € Z, together with maps r,X: P, X —
P, X, for all n € Z, such that r, X op, X =p,_1X.

Dually, one defines the n-th connected cover C, X — X of X. The n-th
connected cover satisfies II¥ (C, X) = 0, for k < n, and IIY (C,,X) — MY (X) is an
isomorphism, for k£ > n.

Definition 7.17. A functorial Postnikov system on Mg consists of functors
P,, for each n € Z, and natural transformation p,: 1 = P, and, r,: P, = P, 1
such that p,(X) and r,(X), for n € Z, is a Postnikov system for any spectrum X.

Proposition 7.18. Let R be a W—-connective ring. Then the category WCMpg
has a functorial Postnikov system.
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Proof. This follows from Lemma 7.9. g

Remark 7.19. Classically, one also requires that the maps r, X are fibrations for
every n and X. We can construct a functorial Postnikov tower with this property,
if we restricted ourself to the full subcategory D<,, for some n [20, Sect.7].

7.5. Coefficient systems. In this subsection we describe the Eilenberg—Mac Lane
objects in the Postnikov t-structure. Let C be a U/ —Illman collection. Let W be a
collection such that WC C C. Let R be a YW—connective ring spectrum.

Definition 7.20. The heart of a t-structure (D<o, D>0) on a triangulated category
D is the full subcategory D<o N Dxg of D consisting of objects that are isomorphic
to object both in D<g and in D>¢.

The heart of a t-structure is an abelian category [3, 1.3.6].

Definition 7.21. An R—module X is said to be an Eilenberg—Mac Lane spec-
trum if IY(X) =0, for all n # 0 and all U € W.

Lemma 7.22. Let C and W be collections of subgroup of G such that CW C C,
and let R be a W—connective ring spectrum. If d: W — Z is the O—function, then
the heart of the homotopy category of WCMp is the full subcategory consisting of
the Eilenberg—Mac Lane spectra.

Proof. This follows from Proposition 7.14. O

We give a more algebraic description of the heart in terms of coefficient systems
when W C C. Let D denote the homotopy category of WCMEg.

Definition 7.23. The orbit category, O, is the full subcategory of D with objects
L®G/Hy, for He W.

This definition makes sense since W is contained in C. The orbit category de-
pends on G, W, (C, and the G—universe U.

Definition 7.24. A YW — R—coefficient system is a contravariant additive func-
tor from O°P to the category of abelian groups.

Denote the category of W — R—coefficient systems by G. This is an abelian
category. An object Y in D naturally represents a coefficient system given by

Y¥G/Hy - D(EFG/HL,Y).
We make use of Lemma 4.8 in the next definition.

Definition 7.25. Let X be an R—module spectrum. The n-th homotopy coefficient
system of X, 7V (X), is the coefficient system naturally represented by X AXE, S°
when n is positive, and by X A X% S™" when n is negative.

Lemma 7.26. There is a natural isomorphism
G(my" (SFG/H), M) = M(G/H)
for any H € W.
Proof. This is an immediate consequence of the Yoneda Lemma. a

Proposition 7.27. Let R be a W— connected ring spectrum. The functor )" in-
duces a natural equivalence from the full subcategory of Filenberg—Mac Lane spectra
in the homotopy category of WC Mg, to the category of VW — R— coefficient systems.
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Proof. We need to show that for every coefficient system M, there is a spectrum
HM such that 7Y (H M) is isomorphic to M as a coefficient system, and further-
more, that 7" induces an isomorphism D(HM,HN) — G"Y(M,N) of abelian
groups.

We construct a functor, H, from G to the homotopy category of spectra. The
natural isomorphism in Lemma 7.26 gives a surjective map of coefficient systems

fFM): @uew @uaymyy m(G/Hy) = M.

This construction is natural in M. Let Cps be the kernel of f(M) and repeat the
construction with C'ys in place of M. We get an exact sequence
(7.28)

DO rew Beyc/xy) ™ (GIEL) = @ ey Orraymy ™ (G/Hy) = M — 0.

This sequence is natural in M. We have that Guew Sna/m,) m0" (G/Hy) is
naturally isomorphic to

71'(1)/\)(\/15[61/\/ \/M(G/H+) G/Hy)
and
GV (my" (G/K+), 70" (V rew Ve, ) G/H))
is naturally isomorphic to

D(G/K+,Vrew Varcey i,y G1H):

Hence there is a map

MM): Vigew Ve ry) GIE+ = Ngew Ve m,) G/H+,
unique up to homotopy, so m3Y(h(M)) is isomorphic to the leftmost map in the
exact sequence 7.28. Proposition 4.25 says that 7)V(G/K.) = 0, for all n <
0 and K € W. So m,(hocofib(h(M))) = 0, for n < 0, and there is a natural
isomorphism 7}” (hocofib(h(M))) = M. Now define HM to be the zeroth Postnikov
section, Pyhocofib(h(M)), of the homotopy cofiber of h(M). We get that HM is
an Eilenberg—Mac Lane spectrum and there is a natural isomorphism
oV (HM) = M.

Conversely, let X be an Eilenberg—Mac Lane spectrum. Then there is a natural
equivalence
HrV(X) - X
in D. This proves the first part.
The map hocofib(h(M)) — HM induces an isomorphism

[HM,HN] — [hocofib(h(M)), HN].
We then get an exact sequence
0= [HM,HN] = [Vgew Vue/m,) G/H+, HN] = [V kew Voo, G/ K+, HN],

where the rightmost map is induced by h(M) and the leftmost map is injective.
Applying 7}V gives an isomorphism between the last map and the map

g(@HeW,M(G/H+) ¥ (G/Hy),N) = g(@KGW,C(G/K+) ¥ (G/K4),N).
The kernel of this map is G(M, N), so my” induces an isomorphism
[HM,HN] = G(M,N)
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of abelian groups. O

Remark 7.29. When d is not a constant class function, then the homotopy groups
of the objects in the heart need not be concentrated in one degree. For exam-
ple the heart of the t-structure in Lemma 7.11 consists of spectra of the form
F(EG4,HM), where M is an Eilenberg-MacLane spectrum. The heart of the
Postnikov t-structure on D is not well understood for general functions d and non-
connective ring spectra R.

7.6. Continuous G—modules. When W ¢ C it is harder to describe the full
subcategory of Eilenberg—Mac Lane spectra as a category of coefficient systems. We
give a description of the heart of the Postnikov t-structure on the homotopy category
of fnt(G)—free model structure on Mg when G is a compact Hausdorff group.

Let R® denote the (continuous) G—ring colimyry (R). We have that Hél}(X ) 2

colimymy (X) is a continuous R — G—module.

Proposition 7.30. The heart of D is equivalent to the category of continuous
R® — G—modules and continuous G—homomorphisms between them.

Proof. Let M be a continuous R® — G—module. For any m € M let st(m) denote
the stabilizer, {g € G | gm = m}, of m. We get a canonical surjective map

h: @ R°[G/st(m)] - M
where the sum is over all elements m in M. The map R[G/st(m)] — M, corre-
sponding to the summand m, is given by sending the element (r, g) to r-gm. This is
a G—map since g'r - g'gm = ¢'(rgm), for ¢’ € G. Repeating this construction with
the kernel of h gives a canonical right exact sequence of continuous R® —G—modules
(7.31) @ R°[G/U"] 5 @ RV[G/U] — M — 0.
We want to realize this sequence on spectra level. We have that
1§ (RAG/UL) = RIG/U)
as R® — G—modules, for all U € fnt(G). The map f is realized as Hél} applied
toamap h(M): VRAG/U, - VRAG/U,. Let Z be the homotopy cofiber of

h(M). The right exact sequence in 7.31 is naturally isomorphic to Hgl} applied to
the sequence

VRAG/U, - \VRANG/U; — Z.
This follows from Proposition 4.25. We define H M to be the O0th Postnikov section,
Py(Z), of Z. Proposition 4.25 gives that Hill}(HM) = 0 when n # 0, and there
is a natural isomorphism Hgl}(HM) =~ M of continuous R? — G—modules, for any
continuous R® — G—module M, and there is a natural equivalence H Hél}(X )= X

in D, for an object X in the heart. It remains to show that H[{)l} is a full and faithful
functor. The same argument as in the proof of Proposition 7.27 applies. O

8. PRO—G —SPECTRA

In this section we use the W — C—Postnikov t-model structure on Mg, discussed
in Section 7, to give a model structure on the pro—category, pro — M pg. For termi-
nology and general properties of pro—categories see for example [20, 31]. We recall
the following.
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Definition 8.1. Let M be a collection of maps in C. A levelwise map g = {gs}ses
in pro — C is a levelwise M —map if each g; belongs to M. A pro-map f is an
essentially levelwise M —map if f is isomorphic, in the arrow category of pro—C,
to a levelwise M —map. A map in pro —C is a special M —map if it is isomorphic
to a cofinite cofiltered levelwise map f = {fs}scs with the property that for each
s € S, the map

Msf: XS — 1imt<th Xlimt<3Yt Y;

belongs to M.

Definition 8.2. Let F': A — B be a functor between two categories A and 5. We
abuse notation and let F': pro— A — pro — B also denote the extension of F' to the
pro-categories given by composing a cofiltered diagram in A by F. We say that we
apply F levelwise to pro—A.

8.1. Examples of pro—G—Spectra. We list a few examples of pro-spectra.

(1) The finite p-local spectra M constructed by Devinatz assemble to give
an interesting pro—spectrum {M;} [10]. The pro—spectrum is more well
behaved than the individual spectra. This pro-spectrum is important in
understanding the homotopy fixed points of the spectrum E,, [7] [12].

(2) There is an approach to Floer homology is based on pro-spectra [6].

(3) The spectrum RP>_ | and more generally, the pro-Thom spectrum associ-
ated to an element in K(X), are non-constant pro-spectra.

Construction 8.3. Let N be a normal subgroup of G in C. Let EG/N denote
the free contractible G /N —space constructed as the (one sided) bar construction of
G/N. Then EG/Ny is a cell complex built out of cells (G/N x D™), for integers
m > 0. The bar construction gives a functor from the category with objects quotient
groups G/N, of G, and morphisms the quotient maps, to the category of unbased
G—spaces. In particular, we get a pro—G—spectrum {£*°EG /N, } indexed on the
directed set of normal subgroups N € C ordered by inclusion. This pro-spectrum

plays an important role in our theory. The notation is slightly ambiguous; the
N —orbits of EG are denoted by (EG)/N.

8.2. The Postnikov model structure on pro—Mpg. The most immediate can-
didate for a model structure on pro — Mg is the strict model structure obtained
from the W — C—model structure on R—modules [31]. In this model structure the
cofibrations are the essentially levelwise C—cofibrations and the weak equivalences
are the essentially levelwise YW —equivalences.

A serious drawback of the strict model structure is that ¥ — holim, P,Y is
not a weak equivalence in general, for pro-spectra ¥ = {Y;} in pro—Mpg. We
explain why. The Postnikov towers in Mg extends to pro — Mg (Def. 8.2). The
homotopy limit in pro — Mg, holim,, P,,{Y;}, of the Postnikov tower P,,{Ys}, for
{Ys} € pro — Mg, is strict weakly equivalent to the pro-object {P,Y;}. Hence, in
general, Y — holim, Y is not a weak equivalence in the strict model category.
To rectify this flaw we construct an alternative model structure in Section 8.2; it
has the same class of cofibrations but more weak equivalences than the strict model
structure. The class of weak equivalences is the smallest class of maps closed under
composition and retracts, containing both the strict weak equivalences and maps
Y — {P,Y }nez, for Y € pro — Mp. This model structure on pro — Mp is called
the Postnikov W — C—model structure. It is the localization of the strict
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model structure on pro— Mg with respect to all maps of the form Y — {P,Y },¢z,
for Y € pro — Mpg. The techniques we use to construct the model structure are
not localization techniques. We construct the Postnikov YW — C—model structure
on pro — Mg from the Postnikov t-structure on WC Mg using a general technique
developed in [19, 20].

The benefits of replacing pro-spaces (and pro-spectra) by their Postnikov towers
was already made clear by Artin-Mazur [2, §4]. Dwyer-Friedlander has also made
use of this replacement [15].

In the next theorem we give a general model structure, called the d—Postnikov
W — C—model structure on pro — Mp. The Postnikov W — C—model structure
referred to above is the model structure obtained by letting d be the constant class
function 0.

Theorem 8.4. Let C be a U—Illman collection of subgroups of G and let VW be a
collection of subgroups of G such that CVW C C. Let R be a W—connective ring
spectrum. Let d: W — Z U {—00,00} be a class function. Then there is a proper
simplicial stable model structure on pro — Mg such that:
(1) the cofibrations are essentially levelwise retracts of relative C—cell com-
plexes;
(2) The weak equivalences are essentially levelwise n — W—equivalences in the
d—Postnikov t-model structure on WCMpg for all integers n; and
(3) the fibrations are retracts of special F~°° —maps.

Here F~° is the class of all maps that are both W — C—fibrations and co—n —
W—equivalences, for some n, in the d—Postnikov t-model structure on WCMEg.

Proof. This is a consequence of [20, 6.3, 6.13], [30, 16.2], and Remark 2.24. O

We consider a particular example. Since {1}C = C there is a d—Postnikov
{1} — C—model structure on pro — Mp. This is only interesting for a function d
that takes values in Z. The model structure is independent on such a function,
so we omit d from the notation. We call this model structure the (Postnikov)
C—cofree model structure on pro — Mp and denote it C—cofree pro — Mpg.

Theorem 8.5. Let U be a trivial G—universe. Then there is a model structure on
the category of pro — Mpg such that:
(1) the cofibrations are essentially levelwise retracts of relative C—cell com-
plexes;
(2) the weak equivalences are essentially levelwise C—underlying n— equivalences,
for all integers n; and
(3) the fibrations are retracts of special F~°°—maps.

Here F~° is the class of all maps that are both {1}—C— fibrations and C —underlying
co—n—equivalences, for some n, in the Postnikov t-model structure on {1}CMg.

We return to the general situation. Let D denote the homotopy category of the
W — C—model structure on Mg, and let P denote the homotopy category of the
d—Postnikov W — C—model structure on pro — Mg

Proposition 8.6. There is a t-structure on P such that the truncation functors
T<n and T>y, are given by applying the truncation functors in Theorem 8.5 levelwise
to pro—spectra.

Proof. This follows from [20, 9.4]. O
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The following result gives an alternative description of the weak equivalence in
the Postnikov model structure.

Proposition 8.7. A map f: X — Y between pro—G—spectra is a weak equivalence
in the d—Postnikov W — C—model structure on pro — Mg if and only if f is an
essentially levelwise m— equivalence, for some m, with respect to the d— Postnikov
t-model structure on WCMpg, and I (f) is an isomorphism in the heart of P, for
all n.

Proof. This follows from [20, 9.13]. O

If there is a functor H(D) — Mg such that the composite H(D) - Mgr — D
is the inclusion functor, then the heart of the homotopy category of pro — Mp is
equivalent to the category pro — H(D) [20, 9.11]. This is the case in the settings
of Propositions 7.27 and 7.30. In general, there is a full embedding of H(P) into
pro — H(D) [20, 9.12]. So, via this embedding, IT1?V(f) is an isomorphism in H(P),
if and only if it is a pro-isomorphism in pro — H (D).

Let Map denote the simplicial mapping space in Mg with the W — C—model
structure. We give a concrete description of the homsets in the homotopy category
of the d—Postnikov W — C —model structure on pro — M. We assume that G € C
to make sure that Mg is a simplicial model category.

Lemma 8.8. Let X and Y be objects in pro — Mp such that each X, is cofibrant
and each d— Postnikov section P,Y3 is fibrant in WCMpg. Then the group of maps
from X to Y, in the d— Postnikov VW — C—model structure on Mg, is equivalent to

mo (holimy, yhocolimg Map(X,, PpYs)).
Proof. This follows from [20, 8.4]. O

Recall that the constant pro—object functor ¢: Mg — pro— Mg is a left adjoint
to the inverse limit functor lim: pro — Mg — Mpg. The composite functor lim o ¢
is canonically isomorphic to the identity functor on Mpg.

Proposition 8.9. Let Mg have the W — C—model structure, and let pro — Mg
have the d— Postnikov W — C—model structure. Then c is Quillen left adjoint to
lim. If d is a uniformly bounded below class function (d > n for some integer n),
then the constant pro—object functor ¢ induces a full embedding Le: Ho(Mpg) —
Ho(pro — Mg).

Proof. 1t is clear that ¢ respects cofibrations and acyclic cofibrations. Let X and
Y be in M. We have isomorphisms

mo(pro—Map(e(X), e(Y))) = mg(holim,Map(X, P,Y)) = mo(Map(X, holim,, P,,Y)).

By our assumption on d this is isomorphic to mo(Map(X,Y’). This shows that L¢
is a full embedding. See also [20, 8.1-8.3]. O

Remark 8.10. If d is a uniformly bounded (above and below) class function on
W, then a map is an essentially levelwise (n + d)—equivalence for every integer n,
if and only if it is an essentially levelwise n—equivalence for every integer n. Hence
under this assumption the d—Postnikov W — C—model structure on pro — Mp is
the same as the Postnikov W — C—model structure on pro — Mpg.
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Remark 8.11. It is not clear if there is a Wirthmiiller isomorphism and an Adams
isomorphism when G is not a compact Lie group or if {1} is not contained in W.
There are no free G—cell complexes (that are cofibrant) so the usual statements
does not make sense. One might try to replace G by {G/N}, indexed on normal
subgroups, NV, of G in W. The most naive implementations of this approach does
not work. Assume that G is a compact Hausdorff group which is not a Lie group,
and let W = Lie(G). Assume in addition that U/ is a complete G—universe. Propo-
sition 4.28 and Lemma 8.8 applied to the pro—suspension spectrum {£*°EG/N;}
give that 7¢ ({S*°EG/N,}) is 0.

Example 8.12. It is harder to be an essentially levelwise 7V

;. —isomorphism than
it is to be an essentially levelwise w2 —isomorphism for each H € W individually.
The difference is fundamental as the following example shows (in the category of
spaces, or the category of spectra indexed on a trivial universe). Let W be a
normal collection that is closed under intersection. Let NV be a normal subgroup
of G. The fixed point space (EG/N)H is empty, for H £ N, and it is EG/N, for
H < N. The pro-map {E*°EG/N;} — {x}, where the first object is indexed on
the directed set of normal subgroups of G contained in W ordered by inclusion, is
a mH —isomorphism, for all H € W and any integer n. But this map is typically
not an essentially levelwise )Y —isomorphism for any n. The observation still holds
when the universe is not trivial by (an (in)complete universe version of) Proposition

4.28 (see Remark 8.11).
We include a result about fibrations for use in Section 10.

Lemma 8.13. Let W be a U —Illman collection of subgroups of a compact Hausdorff
group G. Let f: X — Y be a fibration in pro — Mpr between fibrant objects X and
Y in the Postnikov W—model structure on pro— GMpg. Assume in addition that X
and Y are W — S—cell complezes. Let K be any closed subgroup of G, and let W'
be a U—Illman collection of subgroups of K such that W'W C W. Then [ regarded
as a map of pro— K —spectra is a fibration in the Postnikov W'—model structure on
pro — K Mg.

Proof. This reduces to Lemmas 4.14 and 4.17, since fixed points respect the limits
used in the definition of special F~°°—maps (see Def. 8.1). O

8.3. Tensor structures on pro — Mpg. The category Mg is a closed symmetric
tensor category. The category pro— Mg inherits a symmetric tensor structure. Let
{Xs}ses and {Y:}ier be two objects in pro — Mpg.

Definition 8.14. The smash product {Xs}ses A {Yi}ier is defined be the pro—
spectrum { X AY;}oxtesxT-

The tensor product in pro — Mg is not closed. Worse, the smash product does
not commute with direct sums in general [20, 11.2].

The tensor product does not behave well homotopy theoretically for general
R—modules.

Definition 8.15. A pro—object Y is bounded below if it is isomorphic to a
pro—object X = {X,} and there exists an integer n such that each * — X, is an
n—equivalence. A pro-object YV is levelwise bounded below if it is isomorphic
to a pro—object X = {X,} and for every s there exists an integer n, such that
x — X, is an ny;—equivalence.
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The simplicial structure on Mg is compatible with the tensor structure [20,
12.2]. The Postnikov t-structure on D is compatible with the tensor product [20,
12.5]. Hence we conclude that pro— Mg, with the strict model structure, is a tensor
model category [20, 12.7], and the full subcategory of pro— Mg, with the Postnikov
model structure, consisting of essentially bounded below objects is a tensor model
category [20, 12.10].

We can define a pro—spectrum valued hom functor. Let F' denote the inner hom
functor in Mg.

Definition 8.16. We extend the definition of F' to pro — Mg by letting F(X,Y)
be the pro—object

{ colimses F(Xs,Y:) }eer.

The pro—spectrum valued hom functor is not an inner hom functor in general.
The next result shows that under some finiteness assumption the pro—spectrum
valued hom functor behaves as an inner hom functor in the homotopy category.

Lemma 8.17. Let {X} be a pro—spectrum such that each X is a retract of a
finite C—cell spectrum. Let {Y;} be an essentially bounded below pro—spectrum and
let {Z,} be a pro—spectrum. Then there is an isomorphism

P(XANY,Z)=2P(X,F(Y,Z))
Proof. This follows from Lemma 8.8. g

We refer the reader to Sections 12 in [20] for results about the interaction of the
tensor structure and the Postnikov model structures on pro— M g. See also Lemma,
4.24.

8.4. Bredon cohomology. Assume that YW C C or that G is a profinite group
and W = {1} and C is fut(G).

Definition 8.18. The n-th Bredon cohomology of a pro—spectrum X with co-
efficient in a pro—coefficients system {M,}, is defined to be

P(X, 8" A {HM,)).

The Bredon cohomology of X with coefficients in { M, } is denoted by H™(X; {M,}).
This is the cohomology functor with coefficients in the heart, in the terminology of
[20, 2.13] (when {HM,} is in the heart of P [20, 9.11, 9.12]).

Lemma 8.19. Let M be a constant coefficient system. Then the n-th Bredon
cohomology of a pro—spectrum X = {X;} is

colims H™ (Xs; M).
Proof. This follows from Lemma 8.8. O

Definition 8.20. The n-th Bredon homology of an essentially bounded below
pro—spectrum X with coefficients in a pro—coefficient system {M,}, is defined to be

P(S"™, X N{HM,}).
The Bredon homology of X with coefficients in {M,} is denoted H, (X ;{M,}).
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8.5. Group cohomology. Assume that G is a profinite group, W = {1}, and C
is fnt(G). Let {M,} be a pro-discrete G — R°—module, and let {HM,} be the
associated Eilenberg-Mac Lane pro—spectrum.

Definition 8.21. The group cohomology of G with coefficients in {M,} is

the fnt(G) Bredon cohomology of { EG /N } with coefficients in {H M,}.

We denote the n-th group cohomology by HZ .(G;{Ma}). The group coho-
mology is equivalent to the homotopy groups of { HM,} in the Postnikov fnt(G)—cofree
model structure on pro — Mg (or the free model structure of Section 9.1). If M is
a constant coefficient system, then we recover the usual definition of group coho-
mology as

H (G M) = colimyH™(G/N; M™),
where the colimit is over all subgroups N € fnt(G). In general, there is a higher
lim spectral sequence relating the continuous group cohomology of a pro—coefficient
system {M,} to the continuous group cohomology of the individual modules M,.

Lemma 8.22. A short exact sequence of pro—G—modules gives a long exact se-
quence in group cohomology.

Proof. This follows from the fact that a short exact sequence of pro—G—modules
gives rise to a cofiber sequence of the corresponding Eilenberg—MacLane pro-
spectra, in the Postnikov fnt(G)—model structure on pro—Mg. O

Lemma 8.23. The group cohomology functor in Definition 8.21, composed with
the functor from towers of discrete G—modules and levelwise maps between them to
pro—G— coefficient systems, agrees with Jannsen’s group cohomology [32].

Proof. A comparison to Jannsen’s cohomology follows from the proof of [32, Lemma
3.30]. O

Remark 8.24. It does not matter if we use the strict model structure, instead
of the Postnikov model structure, on pro — Mg to define group cohomology and
group homology. The two model structures give isomorphic theories, since { H My}
is bounded above.

Homotopy fixed points are discussed in Section 10.
8.6. Homotopy orbits and group homology.
Definition 8.25. Let Y be a C — G—pro-spectrum. Then the G—homotopy

orbit pro-spectrum Y,g of Y is
{EG/N-i-} Na Ye = {(EG/N+ A (Ya)c)/G}Nﬂlv
where {(Y,)c}q is a cofibrant replacement of Y.

Definition 8.26. The group homology of G with coefficients in {M,} is
the homotopy groups of the homotopy orbits of {H M,}.

We denote the n-th group homology by HE™ (G5 {M,}). Note that this need
not agree with (a shift of) the Borel homology of {EG/N,}. See Remark 8.11.

We give a description of the homology groups in the two lowest degrees. The
n-th homology group of G with coefficients in {M,} is isomorphic to

o (holimg n (EG/N4 A (HM,).)/G)
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by Lemma 8.8. There is an associated higher lim spectral sequence. Let {M,} be
a discrete pro—G—module. The zeroth homology is Ho(G;{M,}) =2 lim,(M,/G).
The first homology group is given by the short exact sequence

lim! (M,/G) — H,(G,{M,}) —= lim, nH,(G/N; M,/N).
In particular, we have that
Hi (G, M) = limyH™ (G/N; M)

for a constant discrete pro-G-module M. We give a generalization from finite to
profinite groups of a well known description of H; (G, Z). The group HIG/N(G/N; Z)
is naturally isomorphic to G/N/[G/N,G/N]. Let [G,G] be the closure of [G, ] in
G. Since the commutator [G/N,G/N]is [G,G]/N, we get that

H\(G;Z) = G/[G,G].
If we topologize H1(G;Z) via this isomorphism, then, for any trivial G—module
M

)

HY(G;c(M)) = cont(H, (G;Z), M).

8.7. The Atiyah—Hirzebruch spectral sequence. A t-structure on a triangu-
lated category gives rise to an Atiyah—Hirzebruch spectral sequence [20, 10.1]. Let
C be a U—Illman collection of subgroups of G and let W be {1} or a collection
such that W C C. We can relax this assumption to WC C C if we work with
objects in the heart instead of coefficient systems. Let R be a YW—connective ring
spectrum. Let P denote the homotopy category of pro — Mg with the Postnikov
W — C—model structure. Let square brackets denote homotopy classes in P. Recall
Definition 8.15.

Theorem 8.27. Let X and Y be any pro—G—spectra. Then there is a spectral
sequence with

Ep' = HP(X, 1% (Y))

converging to [X, Y]‘g;'q. The differentials have degree (r,—r + 1). The spectral
sequence is conditionally convergent if:

(1) X is bounded below; or
(2) X is levelwise bounded below and Y is a constant pro—G—spectrum.

The E;—term is the Bredon cohomology of X with coefficients in the pro—
coefficient system HK‘Z(Y), defined in 8.18. This is the cohomology theory in P
represented by (the Eilenberg-Mac Lane pro-spectrum associated to) II'% (V).

Proof. The following follows from [20, 10.3] and our identification of the heart in
Propositions 7.27 and 7.30. g

Lemma 8.28. If Y is a monoid in the homotopy category of pro — Mg with the
strict model structure obtained from the W — C—model structure on Mg, then the
spectral sequence is multiplicative.

Proof. By Lemma 4.24 the Postnikov t-structure respects the smash product [20,
10.4]. The result follows from [20, 12.11]. O
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Remark 8.29. If X is a bounded below CW — R—module, then it is possible to
filter F(X,Y) by the skeletal filtration of X instead of the Postnikov filtration of
Y. The two filtrations give rise to two spectral sequences. When Y is a constant
bounded above pro-spectrum the two spectral sequences are isomorphic [21, App.B].

However, in general we get two different spectral sequences. For a discussion of this
see [9].

9. THE C—FREE MODEL STRUCTURE ON PRO — Mp

Suppose the trivial subgroup {1} is not contained in a normal Illman collection
C. Then it is not possible to have a W — C—model structure on Mg such that
the cofibrant objects are free G—cell complexes; this is so because * — G4 is a
W—equivalence for any collection W such that CW C C. When NgecH = 1, it
turns out that it is possible to construct a model structure on pro — Mg with
cofibrations that are arbitrary close approximations to G—free cell complexes. The
weak equivalences in this model structure is a slightly smaller class of maps than
the weak equivalences in the Postnikov {1} — C—model structure on pro — Mp.

In this section we assume that I/ is a trivial G—universe, and that C is a normal
Illman collection of subgroups of G (see Defs. 2.3 and 2.17). We also assume that
R is a C—connective ring spectrum.

9.1. Construction of the C—free model structure on pro — Mpz. We use
the framework of filtered model structures defined in [19, Def. 4.1]. Let A be the
product of the directed set of subgroups H € C, ordered by containment, and the
integers, with the usual totally ordering.

Lemma 9.1. There is a proper simplicial filtered model structure on Mg, indexed
on the directed set A, such that:

(1) Cy., = Cy is the class of retracts of relative G— cell complexes with cells of
the form G/H4 A S™, for some integer m and H € C such that H < U;

(2) Fu.n is the class of maps f such that f¥ is a fibration and a co—n— equivalence,
for each H € C such that H < U; and

(3) Wy, = Wy, is the class of maps f for which there exists an H € C such
that fX is an n—equivalences for every K € C such that K < H.

Proof. The directed set of classes Cy and W,, are decreasing and the directed set
of classes Fy,, is increasing. The verification of the proper filtered model structure
axioms is similar to the verification of the axioms in the case of G—spaces. We
omit the details and refer the reader to the detailed discussion given in Section 7
of [19]. O

Theorems 5.15 and 5.16 in [19] give the following model structure on pro — Mp.
Let F~°° denote the union Uy, Fy,p.

Theorem 9.2. There is a proper simplicial model structure on pro — Mg such
that:

(1) the cofibrations are maps that are retracts of essentially levelwise Cy—maps
for every U € C;
(2) the weak equivalences are maps that are essentially levelwise W, —maps for
every n € Z; and
e fibrations are special F~°°—maps.
(3) the fibrati pecial F'—° D
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We call this model structure the C—free model structure on pro — Mpg. We
denote the model category by C—free pro — Mpg.

Lemma 9.3. Assume the universe is trivial and C is normal Illman class. Let
{EREG/N,} be indexed on all N € C which are normal in G. If X is cofibrant
in the C—model structure on pro — Mg, then X A {EREG/N.}, is a cofibrant
replacement of X in the C—free model structure on pro — Mpg.

Proof. By assumption each X is a retract of a C—cell complex. Hence, since
C is an Illman collection, X; A X% EG/Ny is also a retract of a C—cell complex
built out of G/H—cells for H < N. Since C is a normal Illman collection, * —
X ANEFEG/Ny}n<v is an essentially levelwise Cyy—map for every U € W. We
conclude that X A {E®EG/N4} is a cofibrant replacement of X. O

In particular, {¥¥ EG/N+} — R is a cofibrant replacement of R in the C—free
model structure on Mpg.

9.2. Comparison of the free and the cofree model structures. We compare
the C—cofree model structure on pro— Mg, given in Theorem 8.5, with the C—free
model structure on pro — Mg, given in Theorem 9.2.

Clearly a C—free cofibration is a C—cofree cofibration, and a Wy, —equivalence
is a C—underlying n—equivalence. Hence the identity functors give a Quillen ad-
junction

C — freepro — Mpr S C — cofree pro — Mp.

If {1}isin C (so C is the collection of all closed subgroups of G by our assumptions
on C), then the C—free model structure on pro— M g, is the model structure obtained
from the Postnikov t-model structure on {1}{1}Mp. Hence the C—free model
structure on pro — Mp is Quillen equivalent to the C—cofree model structure on
pro — Mg by Proposition 5.6. If {1} is not in C, then the C—free and the C—cofree
model structures on Mg are typically not Quillen equivalent, as shown by the next
example.

Example 9.4. Let f: Vy S EG/N; — VNR be the sum of the collapse maps
Y¥EG/N; — % S°, for all normal subgroups N € C. The map f is a C—underlying
equivalence, but if C does not contain a smallest element (ordered by subconjuga-
tion), then f is not a C—free weak equivalence by Remark 8.11.

Let X be a cofibrant object and let Y be a fibrant object in pro — Mg with
the Postnikov C—model structure. Then, by Lemma 9.3, X A {EFEG/N.} is
a cofibrant object in the C—free model structure on pro — Mg, and Y is a fi-
brant object in the C—free model structure on pro — Mpg. The cofibrations in the
C—cofree model structure and the Postnikov C —model structure on pro — Mg are
the same. For the purpose of calculating mapping-spaces in the C—cofree model
structure on pro — Mg it suffices to replace Y by a levelwise fibrant replacement
in the C—cofree model structure on Mp. This follows from [20, 5.3,7.3] since Y is
essentially levelwise YW—bounded above. We choose a natural fibrant replacement
for bounded above objects in the C—cofree model structure on Mg and denote it by
adding a subscript f. We describe the fibrant replacement functor in the C—cofree
model structure on Mg after the next lemma.
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Lemma 9.5. Let G be a compact Lie group and let C = fnt(G). Let L < K be two
normal subgroups of G. Let M be a C—coefficient system. The group of equivariant
(weak) homotopy classes of maps

[E%OEG/K-H HM]G

is isomorphic to the group cohomology of G | K with C— coefficients in the G | K —module
M(G/K). Moreover, let M be the coefficient system obtained from a G—module M
[21, 6.1]. Then the map [S¥EG/K ., HM]g — [SXEG/L,,HM]g, induced by
EG/L — EG/K, is isomorphic to the canonical map from the group cohomology
of G/K with coefficients in M to the group cohomology of G/L with coefficients
in MT.

Proof. This follows from the equivariant chain homotopy description of Bredon
cohomology. See for example [17, 8.1]. O

Recall that I’ denotes the inner hom functor in Mg.

Proposition 9.6. We assume that G is a compact Hausdorff group, C = Lie(G),
and furthermore that the universe is trivial. Let R be a C—connective ring, and let
Y be a C—bounded above fibrant object in the C—model structure on Mpg. Then the
two maps

hocolimyF (3R EG/N,Y) — hocolimny F (Y5 EG/Ny,Yy) «— Y5
are weak equivalences in C — Mpg.

Proof. We need to show that both maps induce isomorphisms on 7¢. For K € C
we get that 7% applied to the sequence above is isomorphic to

(9.7) colimy[ X EG/N4,F(G/K+,Y)] —

colimy SR EG /Ny, F(G/K1,Yy)] +— [S°, F(G/K4,Yy)]
where the square brackets denote the homsets in the homotopy category of CGMg.
The second map is an equivalence since G/K; A {EFEG/Ny} - G/K4 is an
underlying equivalence of cofibrant objects in the C—cofree model structure on
GMg.

We now prove that the first map is an isomorphism. There is a map between
conditionally convergent spectral sequences converging to the first map in 9.7. The
map between the Fs—terms is

1
HE, (G U (F(GK L, Y))) — HE,

1
cont cont (G7 H{—q} (F(G/K+7 Yf)))
induced by ¥ — Y}. The spectral sequences are the Atiyah-Hirzebruch spectral
sequences in the Postnikov C—model structure on pro — GMpg [20, 10.3]; see also
Subsections 7.6 and 8.7.

The map H{_lq}(F(G/K+, Y)) — H{_lq}(F(G/K+,Yf)) is an isomorphism of con-
tinuous G—modules since K € Lie(G). So the map between the E;—terms is an
isomorphism. The spectral sequences converges conditionally since {¥¥ EG /N, }
is bounded below. Hence for each K € C the first map in 9.7 is an isomorphism. O

Corollary 9.8. Let Y be in Mpg. Then the fibrant replacement, Y¢, of Y in the
Lie(G)— cofree model structure on Mg is equivalent to

holimy, hocolimy F(E% EG [Ny, P,Y)
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in the Lie(G)—model structure on Mp, where the homotopy colimit is over N €
Lie(G), and the homotopy limit and colimit are formed in the Lie(G)—model struc-
ture.

Remark 9.9. Note that the proof of Proposition 9.6 only uses the Postnikov W —
C—model structures on pro — Mpg. It does not depend on the existence of the
C—free model structure, which is technically more sophisticated.

Let Map denote the simplicial mapping space in the C—model structure on Mg.
We let {P,} denote a natural Postnikov tower (for n > 0) [20, Sec.7]. In the
following we use a cofibrant model for ¥ EG /N, .

The next result clarifies the relationship between the C—free and the C—cofree
model structures on pro — Mpg.

Theorem 9.10. We assume that G is a compact Hausdorff group, C = Lie(G),
and the universe is trivial. Let R be a C—connective ring. Let {X;} and {Yi} be
objects in pro — Mg such that each X is cofibrant, and each P,Y; is fibrant in
CMpg. Then the homset in the C—free model structure on pro— Mg is isomorphic
to

mo holimy phocolims v Map(Xs AN EG/Ny, P, Y1),
and the homset in the C—cofree model structure on Mg is isomorphic to
mo holimy phocolims Map(X,, hocolimny F(EG /N4, P,Yy)).

Proof. This follows from the description of mapping spaces in [20, 5.3,7.3] and from
Proposition 9.6. g

Remark 9.11. One can also let pro — Mg inherit a model structure from the
W — C—model structure on GMg along the (right adjoint) inverse limit functor
[25, 12.3.2]. The cofibrant generators are £CI and CK included as constant objects
in the pro—categories. The weak equivalences are pro—maps f: X — Y such that
f:limg X, — limY; are weak equivalences in Mpg. The fibrations are the pro—
maps such that the inverse limits are fibrations in Mpg. (This follows from the
right lifting property.) We have that ¢ and lim are a Quillen adjoint pair between
Mg and pro — Mp. This model structure does not play any role in this paper.

10. HOMOTOPY FIXED POINTS

We define homotopy fixed points of G—spectra at closed subgroups of G. We
show that they behave well with respect to iteration.

10.1. The homotopy fixed points of a pro—spectrum. Let G be a compact
Hausdorff group, U a trivial G—universe, and C the cofamily closure, Lie(G), of
Lie(G@). Let R be a C—connective S—cell complex ring with a trivial G—action.
The last assumption guarantee that we can apply Lemma 4.14.

Definition 10.1. Let Y be a pro—G — R—module. The homotopy fixed point
pro-spectrum, Y& of Y is defined to be the G—fixed points of a fibrant replace-
ment of Y in the Postnikov Lie(G)—cofree model structure on pro — Mpg.

By choosing a fibrant replacement functor, ¥ — Y}, we get a homotopy fixed
point functor.
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Lemma 10.2. Let Y be a pro—G — R—module. Then the homotopy fized point
pro-spectrum Y is weakly equivalent to

(hocolimye i) F (S EG [Ny, {P, Y })¢

in the Postnikov Lie(G)—model structure on pro — Mg.
Proof. This follows from Proposition 9.6. O

In particular, if GG is a compact Lie group, then the G—homotopy fixed points of
Y are equivalent to F(X% EG, {P,Y})“ in the Postnikov Lie(G)—model structure
on pro — Mgp.

If K € Lie(G), then the K—fixed points of a fibrant G-spectrum Y are the
G—fixed points of F(S¥G/K,Yy). When K ¢ Lie(G) we replace G/K4 by the
pro-spectrum {E£%G /KN, } indexed on N € Lie(G), ordered by inclusion, and use
the pro—spectrum-valued hom—functor defined in 8.16.

Definition 10.3. Let Y be a pro—G — R—module. The K — G—homotopy
fixed point pro—spectrum Y?¢¥ of Y is defined to be

hocolimy ((Y)5N)
where the colimit is over N € Lie(G), and Y7 is a fibrant replacement of ¥ in the
Postnikov Lie(G)—cofree model structure on pro — Mp.

The pro-spectrum Y"¢X is canonically an NgK/K —pro-spectrum. If K €
Lie(G), then the canonical map Y"¢K — (YV;)K is an equivalence in the Post-
nikov Lie(G)—model structure on pro — Mpg. So if G is a compact Lie group, then
YheK is equivalent to (Y|K )X for all closed subgroups K in G, by Proposition 4.9
and Lemma 4.14. This need not be true when K ¢ Lie(G). For example, consider
the suspension G—spectrum X% G4 and K = {1} ¢ Lie(G). The next two lemmas
show that for certain spectra Y we still have that Y¢¥ is equivalent to (Y|K)"K
even when K ¢ Lie(G).

Lemma 10.4. Let K be a closed subgroup of G. Let Y be a pro—G—spectrum
in pro — Mg which is both fibrant and cofibrant in the Postnikov Lie(G)— cofree
model structure on pro — Mpg. Then the K—fized points, Y, is equivalent to the
K —homotopy fized points of Y regarded as a pro—K —spectrum.

Proof. Proposition 4.9 and Lemma 4.14 give that Y is fibrant in the Postnikov
Lie(K)—model structure on K Mg. Hence, Y is equivalent to the K —homotopy
fixed points of V| K. O

Lemma 10.5. Let K<L be two closed subgroups of G. LetY be a pro—G—spectrum
that is both fibrant and cofibrant in the Postnikov Lie(G)— cofree model structure on
pro — Mpg. Then YE is fibrant in the Postnikov Lie(L]K)— cofree model structure
on pro—L/K Mg, and the map Y"eX — YK is a weak equivalence in the Postnikov

Lie(L/K)—cofree model structure on pro — L/ K MEg.

Proof. The first claim follows from Lemma 4.14, since Y is fibrant in the Postnikov
Lie(L)—model structure on pro— LM g, and by the K —fixed points adjunction. The
second claim follows since the Lie(G)—equivalence hocolimyY XN — YK ig a level-

wise Lie(L)—equivalence by Lemma 4.17, hence a levelwise Lie(L/K)—equivalence.
g
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Proposition 10.6. Let G be a compact Hausdorff group and let K be a closed
normal subgroup of G. Let R be a Lie(G)—connective S—cell complex ring with
trivial G—action. Then there is an equivalence of pro—spectra

(Yhe K\hG/K ~ yhG
in the (nonequivariant) Postnikov model structure on pro — Mgp.
Proof. We have that (Yhe¢K)hG/K ig equivalent to
(10.7)  hocolimy F(E¥ EG/W K, hocolimy v F (3% EG/N,,{P,Y})V¥)“.

We use that the inner hom functor respects the functor that sends a spectrum to
an Q—spectrum (4.10). Since

hocolimy v F(S%¥ EG/N,,{P,Y})VE

is levelwise bounded above in the Lie(G'/ K') —model structure on Mg, and ¥ EG/W K.
has a dualizable n-th skeleton for all n, 10.7 is equivalent to

hocolimy v F (2% EG /WK 1, F(EG /N4, {P,Y})V¥)¢.

(See Proposition 10.18.) By cofinality, 10.7 is equivalent to the colimit over N =
V = W. The fixed point adjunction now gives

(hocolimy F (2% (EG/KNy A EG/Ny),{P,Y}))®.
This is equivalent to Y*¢ by Lemma, 10.2. ad

10.2. Homotopy orbit and homotopy fixed point spectral sequences. In
this subsection we work in the Postnikov Lie(G)—model structure on pro— Mg for
a compact Hausdorff group G. We denote the homsets in the associated homotopy
category by [X,Y]q.

If X is essentially bounded below (see Def. 8.15), then the smash product X. A
{E®EG/N.} is well-defined in the Postnikov homotopy category [20, 12.9].

Definition 10.8. Let X be an essentially bounded below cofibrant G—pro—spectrum.
The homotopy orbit, X;q, of X is (X, A {E¥¥EG/N,})/G. The Borel homol-
ogy of X is m, (X AM{EXEG/N1})/G).

The next result is an instance of Theorem 8.27.

Proposition 10.9. Let X and Y be objects in pro — Mpg with the Postnikov
Lie(G)—model structure. Assume that X is cofibrant and essentially bounded below.
Then there is a spectral sequence with

Lie(G
EYY = HY(X AMEFEG/N, ;159 (v))
converging conditionally to [X A {SRYEG/N,},YIE™. If Y is a monoid in the
homotopy category of pro — Mg with the strict Lie(G)—model structure, then the
spectral sequence is multiplicative.

The homotopy orbit and fixed point spectral sequences are special cases of the
spectral sequence in Proposition 10.9. We first consider the homotopy orbit spectral
sequence.
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Corollary 10.10. Let X and Y be two objects in pro — Mg, and assume that
X is cofibrant and bounded below, and that Y comes from a non-equivariant pro—
spectrum. Then there is a spectral sequence with

By = HP((X AMSFEG/N, /Gl (1)

converging conditionally to YPT4(Xyg). If, in addition, Y is a monoid in the
homotopy category of pro — Mg with the strict Lie(G)—model structure, then the
spectral sequence is multiplicative.

Remark 10.11. Let X be an essentially bounded below object in pro— Mpg. Then
we can form a homological homotopy orbit spectral sequence, calculating 7. (Xq),
using a filtration of . (X A{EF EG/N+}/G) by m (Cp, X AN{EX EG/N4}/G), where
CpX is the n-th Lie(G)—connective cover of X. This type of homological spectral
sequence of an essentially bounded below object makes sense in general triangulated
categories with a t-structure that respects the tensor structure [20, 12.4].

We now consider the homotopy fixed point spectral sequence. If each X; in
X = {X;} is a retract of a finite Lie(G)—cell complex, then the abutment of the
spectral sequence in Proposition 10.9 is naturally isomorphic to

[X, hocolimy F (2% EG/N,, Y )|
by Lemma 8.17. If, in addition, X is a pro— G/ K —spectrum for some K € C (made
into a pro — G—spectrum), then the abutment is isomorphic to

[X, hocolimy F (X% EG/Ny, V)K 1();/%('

Proposition 10.12. Let Y be in pro— Mp. Then there is a spectral sequence with
1
B = Hu( G (V)

cont

converging conditionally to w_,—,(Y"¥). IfY is a monoid in the homotopy category
of pro — Mp with the strict Lie(G)—model structure, then the spectral sequence is
multiplicative.

Proof. This follows from Lemma 8.17 and Proposition 10.9. O

A spectral sequence like this was first studied by Devinatz—Hopkins for the spec-
trum E,, with an action by the extended Morava stabilizer group [12]. It has also
been studied by Daniel Davis [8].

We combine the homotopy fixed point spectral sequence and Proposition 10.6
to obtain a generalization of the Lyndon—-Hochschild—Serre spectral sequence. A
spectral sequence like this was obtained by Ethan Devinatz for E, [11].

Proposition 10.13. Let K < L be closed subgroups of G. LetY be any pro— G —
R—module. Then there is a spectral sequence with

By = HY,,(L/ KTV (Y1)
converging conditionally to m_,_,(Y"¢L). IfY is a monoid in the homotopy cate-

gory of pro— Mg with the strict Lie(G)—model structure, then the spectral sequence
s multiplicative.

Proof. This follows from Lemma 10.6 and Proposition 10.12 using the pro-spectrum
(hocolimNeLie(G)YfN)K in L/KMpg. This replacement respects monoids in the
strict homotopy categories. O
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We now give a more concrete description of the homotopy fixed point spectral
sequence for certain pro-spectra.

Proposition 10.14. Let K be a closed subgroup of G. Let {Y,,} be a countable
tower in pro — Mpg. Then there is a spectral sequence with

. — 1
0 — timb, ,HY (G /KT (P Yo) e K)) — BB

cont

cont

= limgn o HY, (G /I T (P, Y) e K)) = 0
converging conditionally to w_, ,(Y"%).

10.3. Comparison to Davis’ homotopy fixed points. In this subsection we
show that the definition of homotopy fixed points given in 10.1 agrees with the
classical homotopy fixed points when G is a compact Lie group. We also compare
our definition of homotopy fixed points to a construction by Daniel Davis [7]. We
work in homotopy categories. The next lemma says that if G is a compact Lie
group, then the R—module associated to the homotopy fixed points in pro — Mg,
with the strict or with the Postnikov cofree model structures are equivalent.

Lemma 10.15. Let G be a compact Lie group (or a discrete group), and let C be
the collection of all (closed) subgroups of G. Let X be any G — R—spectrum. Then
the map
F(S¥EG,,X)% = holim, F(S3EG,,P,X)%

s an equivalence.

Proof. Since {1} € C, the pro—spectrum {E¥EG/N,}, indexed on normal sub-
groups N in G, is equivalent to X% EG . The spectrum X% EG is the homotopy
colimit of the skeleta E%OEGSFm), for m > 0. Hence, F(X% EG 4, Z) is equivalent to

F(hocolim,,, S¥ EG™ | Z) ~ holim,, F(SF EG™, 7)
for any G—spectrum Z. The canonical map
F(EFEG™, X)% » F(ESREG™, P, X)%
is (n —m — dim G)—connected. So
holim,, F(£3 EG!™, X)& = holim,, , F(S% EGU™ , P, X)¢
is a weak equivalence. This proves the claim. a

Daniel Davis defines homotopy fixed point spectra for towers of discrete simplicial
Bousfield-Friedlander G—spectra for any profinite group G [7]. The main difference
from our construction, translated into our terminology, is that he uses the strict
model structure on pro — Mg obtained from the fnt(G)—cofree model structure
on GMg, rather than the Postnikov fnt(G)—cofree model structure on GMg. He
shows that if G has finite virtual cohomological dimension, then his definition of
the homotopy fixed points of a (discrete) pro—G—spectrum {Y}} is equivalent to

(10.16) (holimy Tot hocolimy T, (¥5)) 7,

where N runs over all open normal subgroups of G. Here I‘&/N(Yb) is defined to

be the cosimplicial object given by Fii(G/N*t1,Y}), where F is the the cotensor
functor, and G/N**! is a simplicial object obtained from a group [8]. When G has
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finite virtual cohomological dimension, one can use 10.16 as the definition of homo-
topy fixed points for categories of G—spectra other than the category of discrete
simplicial G—spectra.

Since Tot is the homotopy inverse limit of the Tot,,, and Tot,, is a finite (homo-
topy) limit in our case, we get that 10.16 is equivalent to

(holimb,nhocolimNTotnI"G/N (YI,))G .

By definition, TotnFE;/N(Yb) is equivalent to the inner hom F(X¥ (EG/N4)™,Ys)
in Mg, where (EG/N,)(™ denotes the n-th skeleton of EG/N,. Hence Davis’
homotopy fixed points are equivalent to

(10.17) holimy , (hocolimy F(£® (EG/N )™, ¥;))¢.

We compare 10.17 to the spectrum associated to our definition of homotopy fixed
points.

Proposition 10.18. Let G be a profinite group. The canonical maps from
{hocolimy F (2 (EG/N )™, Y3)% Yy

and
{hocolimn F (2 EG [Ny, P, Ys)% }o.m
to
(10.19) {hocolimn F (£ (EG/N) ™, P Ys) Yo.mon

are both equivalences in pro— Mg with the strict model structure.

Proof. Tt suffices to prove the result when Y is a constant pro-spectrum. Since
P,.Y is co—m—connected, the skeletal inclusion gives an equivalence

F(X®(EG/Ny),P,Y) = F(X>*(EG/N,)™, P,Y)

when n > m. Hence the map from the second expression to 10.19 is an equivalence.
Since (EG/N4)™ only has cells in dimension less than or equal to n we get that

F(E®(EG/N,)™Y) = F(2*(EG/N,)™, P,.Y)

is an equivalence when n < m. Hence the map from the first expression to 10.19 is
an equivalence. a

Hence, the spectrum associated to our definition of the homotopy fixed point
pro-spectrum agrees with Davis’ definition when G is a profinite group with finite
virtual cohomological dimension.

Corollary 10.20. IfY is a strict fibrant (commutative) R—algebra in pro — Mg,
then Yhe K for all K, are also (commutative) R—algebras in pro — Mg.

Proof. By Proposition 10.18 we get that Y¢X is equivalent to
{hocolimy (hocolimy F (£ (EG /N )™ V)V E Yy .

The result follows since the pro-category is cocomplete by [20, 11.4], directed colim-
its of algebras are created in the underlying category of modules, and fixed points
preserves algebras. O
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APPENDIX A. CoMPACT HAUSDORFF GROUPS

In this appendix we recall some well known properties of compact Lie groups.
We show that the relationship between compact Lie groups and compact Hausdorff
groups are analogue to the relationship between finite groups and profinite groups.

We give a point set topological remark. Since we work in the category of
weak Hausdorff spaces closed subgroups of compact spaces are again compact.
We first note that if G is a compact Hausdorff group, then the finite dimensional
G —representations are all obtained from G /N —representations via a suitable quo-
tient map G — G/N where G/N is a compact Lie group quotient of G.

Lemma A.1. LetV be a finite dimensional G—representation. Then the G—action
on V factors through some compact Lie group quotient G/N of G.

Proof. A G—representation V' is a group homomorphism
p: G — GL(V).

The action factor through the image p(G). Since G is a compact group p(G),
with the subspace topology from GL(V'), is a closed subgroup of the Lie group
GL(V). Hence p(G) is itself a Lie group. Again, since G is compact Hausdorff, the
subspace topology on p(G) agrees with the quotient topology from p. Hence we
have a homeomorphism G/ ker p 2 p(G); and G/ ker p is a compact Lie group. O

Recall from Example 2.7 that Lie(G) denotes the collection of closed normal
subgroups, N, of G such that G/N is a compact Lie group. We consider the inverse
system of quotients G/N such that G/N is a compact Lie group. If G/N and G/K
are compact Lie groups, then G/N N K is again a compact Lie group, since it is
a closed subgroup of G/N x G/K. Hence the inverse system is a filtered inverse
system.

In the next theorem it is essential that we work in the category of weak Hausdorff
compactly generated topological spaces.

Proposition A.2. Let X be a topological space with a (not necessarily continuous)
G—action. Then the G—action on X is continuous if and only if the action by G
on X/N is continuous for all subgroups N € Lie(G) and the canonical map

p: X = limyX/N,

where the limit is over all N € Lie(G), is a homeomorphism.

Proof. Assume that p is a homeomorphism. Then the G—action on X is continuous
since the G—action on limyX/N is continuous.
We now assume that the G—action on X is continuous. We first show that

p: X = limyX/N

is a bijection. The Peter—Weyl theorem for compact Hausdorff groups implies that
there are enough finite dimensional real G—representations to distinguish any two
given elements in G [1, 3.39]. Hence Ny N is {1}, and p is injective. Now let { Nz}
be an element in limyX/N. Since G is a compact group and since the G—action
on X is continuous we get, for every N € Lie(G), that Nz is a compact subset of
X. We get that Gy = Gzy for all N and V in Lie(G). We denote this compact
set K. Since NyN = 1 and Nzy N Vzy D N N Vzyny, we conclude that the
intersection of the closed sets Nz, for N € Lie(G), is a point. Call this point z.
We then have that p(z) = {Nzn}. So p is surjective.
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We need to show that p is a closed map. This amounts to showing that for any
closed set A of X, and for any N € Lie(G) we have that N - A is a closed subset
of X. When A is a compact (hence closed) subset of X this follows since N - A
is the image of N x A under the continuous group action on X. Since we use the
compactly generated topology the subset N - A of X is closed if for all compact
subsets K of X the subset (V- A) N K is closed in X. This is true since

(N-AANK=(N-(AN(N-K))NK
and N - K is a compact subset of X. Hence p is a homeomorphism. a

Corollary A.3. Any compact Hausdorff group G is an inverse limit of compact
Lie groups.

Proof. This follows from Theorem A.2 by letting X be G. O
Corollary A.4. The category of GT is a retract of the category pro — GL*(G) T,

Proof. A G-space X is sent to the pro — G1¢(%) —space {X/N}. The retract map
is given by taking the inverse limit. By Theorem A.2 the composite is isomorphic
to the identity map on G7T. Let X and Y be two G—spaces. We have that

GT(X,Y) — limy colimy GT (X/N,Y/V)
is a bijection (but not necessarily a homeomorphism). a

Remark A.5. Let GG be a profinite group. We observe that in the category of sets,
X is a continuous G'—set if and only if

colimy XV - X

is a bijection. On the other hand, in the category of compactly generated spaces,
X is a continuous G—space if and only if X — limyX/N is a continuous G —space.

It is worth mentioning that the category of pro—compact Lie groups is equivalent
to the category of compact Hausdorff groups. This follows since a closed subgroup
of a compact Lie group is again a compact Lie group. Actually, the categories
are equivalent as topological categories (both homspaces are compact Hausdorff
spaces).

Groups which are inverse limits of Lie groups have been studied recently. See
for example [24].
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