STRONGLY CLOSED SUBGROUPS AND THE CELLULAR
STRUCTURE OF CLASSIFYING SPACES

RAMON J. FLORES AND RICHARD M. FOOTE

ABSTRACT. In this paper we give a complete classification of the finite groups
that contain a strongly closed p-subgroup, generalizing previous work of the second
author to the case of an odd prime. We use this result to also obtain a description of
the BZ/p-cellularization (in the sense of Dror-Farjoun) of all the classifying spaces

of finite groups.

1. INTRODUCTION

This paper brings to fruition previous endeavors of the two authors working in-
dependently in two areas of Mathematics — Finite Group Theory and Topology —
by completing both the classification of finite groups containing a strongly closed
p-subgroup for every prime p, and the characterization of cellularization of classify-
ing spaces of all finite groups. These two classifications, the latter relying on the
former, epitomize the rich interplay between their subject areas that has histori-
cally been evident and is currently even more vibrant. The results also mirror the
striking advances in topics such as fusion systems, that have recently captured the
interest of both topologists and group theorists. It is interesting that in the precur-
sor to this paper, [FS07], the germs of the ideas for characterizing classifying spaces
were already present. However, the list of simple groups containing strongly closed
p-subgroups for p odd, characterized herein, is much more diverse; and indeed it
uncovered new “obstructions” that had to be dealt with. In particular, one infinite
family exhibits a unique fusion behavior that persists even in under more stringent
(generation) conditions than just strong closure. Thus we see the necessity of having
the full group-theoretic classification in order to effect the complete topological solu-
tion. Finally, although the techniques used in the two classifications tend to be quite

different, the underlying fusion arguments that permeate the group theory sections
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provide deeper insight into, in essence, the fusion that may be “swept under the rug”
for our topological considerations (in a sense to be made precise shortly). Indeed, the
marriage of these elements is seen in high relief in Section 5 where we explore more
explicit configurations that give rise to interesting — what might be called exotic —

classifying spaces.

We now give the necessary terminology and some very brief historical contextu-
alization before stating the main results. Recall that for any finite group G and
subgroup S we say x,y € S are fused if they are conjugate in G (but not necessarily
in S). This concept has played a central role in group theory and representation
theory, particularly in the case when S is a Sylow p-subgroup of G. Of particular
relevance to our work are the celebrated Glauberman Z*-Theorem, [Gla66], and the
Goldschmidt Theorem on strongly closed abelian 2-subgroups, [Gol74]. A subgroup
A of S'is called strongly closed in S with respect to G if for every a € A, every element
of S that is fused in G to a lies in A; in other words, a® NS C A, where a“ denotes
the G-conjugacy class of a. It is easy to verify that if A is a p-subgroup, then A is
strongly closed in a Sylow p-subgroup if and only if it is strongly closed in Ng(A), so
the notion of strong closure for a p-subgroup does not depend on the Sylow subgroup
containing it. For a p-group A we therefore simply say A is strongly closed. The
Z*-Theorem proved that if A is strongly closed and of order 2, then A < Z(G), where
the overbars denote passage to /Oy (G). Goldschmidt extended this by showing
that if A is a strongly closed abelian 2-subgroup, then <XG) is a central product of
an abelian 2-group and quasisimple groups that have either BN-rank 1 or abelian
Sylow 2-subgroups. These two theorems, in particular, played fundamental roles in
the study of finite groups, especially in the Classification of the Finite Simple Groups.

The concept of strong closure has had ramifications even beyond finite group theory,
as our work will illustrate (see also [Foo97a], for example). Furthermore, observe that
if A < S is strongly closed, Ng(S) also normalizes A; in other words, every fusion
automorphism of S restricts to an automorphism of A. This important property
has been used to extend the notion of strong closure to more general frameworks.
For example, in the context of p-local finite groups and linking systems ([BLOO03])
the adequate concept of strong closure has been crucial in the study of extensions
([BCGLOOT]), and in the definition and structure theory of saturated fusion systems
([Lin06] and [Asc07]).
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In this paper we are essentially concerned with the relationship between the (group-
theoretic) notion of strong closure and the concept of cellular classes in Homotopy
Theory. Recall, following Dror-Farjoun [Far95], that given pointed spaces A and
X, X is said to be A-cellular if it can be built from A by iterating pointed ho-
motopy colimits. In a natural way, one may define an A-cellularization functor
CW, : Spaces, — Spaces,, that is idempotent and augmented, with the property
that for every X the space CW 4.X is A-cellular, and the augmentation CW 4 X — X
induces a weak homotopy equivalence: map,(A, CW 4X) ~ map, (A, X). Moreover,
the cellularity class of A is defined as the minimal class of spaces that contains all
the A-cellular spaces. In this way the category of pointed spaces is divided into cel-
lularity classes. All these concepts were formalized by Chacholski [Cha96], and they
have been recently applied in very different contexts such as the theory of algebraic
varieties, commutative rings, stable homotopy and, more generally, Duality Theory
([DGIO1)).

In this paper we classify, for every prime p, the finite groups possessing a strongly
closed p-subgroup. This enables us to give a complete description of the BZ/p-
cellularization of classifying spaces of all finite groups. The philosophy behind our
work is the following: whenever one has a space X with a notion of p-fusion (and
then strong closure), the knowledge of the strongly closed subobjects of X is deeply
related (and in some cases, almost equivalent) to the A-cellular structure of X, for a
certain p-torsion space A. This strategy opens up new perspectives to analyze (from
the point of view of (Co)localization Theory) the p-primary structure of a wide class
of homotopy meaningful spaces, such as p-local finite groups, classifying spaces of
compact Lie groups, p-compact groups or, more generally p-local compact groups
([BLOO0T7]).

To describe the main results we introduce some new notation. Henceforth p is any
prime, S is a Sylow p-subgroup of the finite group G and A is a subgroup of S. It
is completely elementary that there is a unique normal subgroup of G, denoted by
O4(G), that is maximal with respect to the property that A contains one of its Sylow
p-subgroups, i.e., AN O4(G) € Syl,(Oa(G)). Note that A < O4(G) if and only if A
is a Sylow p-subgroup of its normal closure ( A%) in G. In the latter circumstance A
is strongly closed, i.e., Sylow p-subgroups of normal subgroups of G are the “generic”
instances of strongly closed p-subgroups. One may therefore view our classification

as a determination of the “obstructions” to this generic reason that strongly closed
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p-subgroups arise. In what follows let overbars denote passage to G/O4(G), so that
A does not contain a Sylow p-subgroup of any nontrivial normal subgroup of G. The
complete description of groups possessing a strongly closed p-subgroup, Theorems 2.1
and 2.2, is too lengthy and technical to warrant interrupting the flow of this intro-
duction, so — in the spirit of our cursory statement of Goldschmidt’s Theorem — we

present only an abridged version at this point:

Theorem A. Let p be any prime, let G be a finite group possessing a strongly closed
p-subgroup A and assume A is not a Sylow p-subgroup of { A®). Then A # 1 and

(A%Y = (L1 x Ly x -+ x L,)A
where r > 1, each L; is a simple group belonging to an explicitly listed family, A; =
AN L; is a homocyclic abelian group, and A is a (possibly trivial) group acting as

automorphisms on each L;.

This statement combines the p = 2 case (Theorem 2.1) and the p odd case (The-
orem 2.2). In addition to the families of simple groups being explicitly listed, all
possibilities for each A; are given, as is the precise action of A on each L;. A crucial

consequence of this theorem is the following:

Corollary B. Assume the hypothesis of Theorem A, let A < S € Syl,(G), and

assume that G is generated by conjugates of A. Then Ng(A) controls strong fusion
in S.

This classification was the main ingredient we lacked in order to finish the charac-
terization of CW gy, BG for all finite groups G, solving a problem that was posed
by Dror-Farjoun [Far95, 3.C| in the case G = Z/p", and partially solved in [Flo07]
and [FS07] (see Section 4.1 below for an analysis of the previous cases). The latter
paper showed the importance of a specific strongly closed subgroup: for S a Sylow
p-subgroup of G let A;(.S) denote the unique minimal strongly closed subgroup of S
that contains all elements of order p in S (i.e., contains 2;(S), the group generated
by elements of order p in S — sometimes called the p-socle of S). The first main

result on classifying spaces is the following.

Theorem C. Let G be a finite group generated by its elements of order p, let A =
2,(S), and assume A # S. Let overbars denote passage from G to the quotient group
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G/O4(G). Then there ezists a fibration

CWBZ/p(BG;) - BGQ — B(Nz(A) /Z)g.

This is Theorem 4.2. It makes precise what we glibly called “sweeping under the
rug’ earlier. It is important to note that although it is relatively elementary to
prove that for any strongly closed subgroup A the subgroup Ng(A) controls fusion of
subgroups containing A, it does not generally control fusion inside A (or for subsets
that intersect A but do not contain it). Thus the precise “shape” of the classification
— factoring out the “correct” subgroup O4(G) combined with an explicit knowledge
of the structure of the quotient G/O4(G) — is crucial. Furthermore, when G/O4(G)
is simple and equal to one of the “obstruction groups” L; of Theorem A, in all but one
family the “smaller” group Nz(S) controls strong fusion in S (and this was always
the situation for p = 2); however, in that one exceptional family this replacement is
not possible, as we explicate in Section 5.

To describe the culminating main result let 1(G) denote the subgroup of G gener-
ated by the elements of order p in G (where p is always clear from the context), and
let BGI’J\ denote Bousfield-Kan p-completion of BG. For the definition and properties
of this functor, we refer the reader to [BK72] for a thorough account and to [Flo07,
Section 2 | for a brief survey. By 4.1 and 4.3 of the latter, the inclusion Q4(G) — G
induces a homotopy equivalence CWBZ/pBQl(G) ~ CWpyz/,, BG. Thus the follow-
ing result (which is Theorem 4.3 below and combines the information obtained in
[Flo07], [FS07] and the present article), gives all the possible homotopy structures for
CW pz,, BG:

Theorem D. Let G be a finite group generated by its elements of order p, let S €
Syl,(G), and let A =A,(S) be the minimal strongly closed subgroup of S containing
Q(S). Then the BZ/p-cellularization of BG has one the following shapes:

(1) If G = S is a p-group then BG is BZ/p-cellular.

(2) If G is not a p-group and A = S then CW gy, BG is the homotopy fiber of
the natural map BG — ][, BGY.

(3) If G is not a p-group and A # S then CW gy, BG is the homotopy fiber of
the map BG — B(Ng(A)/ A)} x [1,2, BGY-
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The classification of groups containing a strongly closed p-subgroup gives a very
precise description of the fiber of the augmentation CWpgy,,BG — BG' in terms of
normalizers of strongly closed p-subgroups in the simple components of G/O(G).
In this sense the results here further improve those of [FS07], where this degree of
sharpness was only obtained in the description of some concrete examples.

The overall organization of the paper is as follows: Section 2 begins by recapit-
ulating the basic terminology and previous results in group theory; it then states
the main group-theoretic classification in detail. After some preliminary results the
Sylow structure and Sylow normalizers of simple groups containing strongly closed
p-subgroups are elucidated. The main group-theoretic theorem is derived at the end
of this section as a consequence of an inductive special case describing the “mini-
mal configuration” on groups containing a minimal strongly closed p-subgroup, p odd
(Theorem 2.3). Section 3 consists of the proof for this minimal configuration. In
Section 4 we provide additional background and more precise statements of previous
results of a topological nature, and then the main results on cellularization are es-
tablished. Section 5 illustrates the efficacy of our methods by describing Ng(A) and
N (S) as well as computing CW pz,, BG for specific cases of G. More explicitly, we
describe first CW gy, BG for G simple, and then for split extensions, and finally for
certain nonsplit extensions of simple groups. The latter are very illuminating in the
sense that they give an alluring glimpse of what “should be” the BZ/p-cellularization

of more general objects.

Acknowledgements. We thank Carles Broto, David Dummit, Bob Oliver and
Jérome Scherer for helpful discussions, and also George Glauberman for providing a
motivating example. We thank Michael Aschbacher for sharing his lecture notes, and
acknowledge that a number of the results in Section 3 were also proven independently

by him.

2. STRONGLY CLOSED p-SUBGROUPS

Throughout this section G is a finite group, p is a prime and A is a p-subgroup of
G. Following the definitions and description in the Introduction, this section and the
next complete the classification of groups possessing a strongly closed p-subgroup by
carrying out for all odd p the classification scheme that was done in [Foo97] for p = 2
(see Theorem 2.1 below).
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In general let R be any p-subgroup of G. If N; and N, are normal subgroups of G
with RNN; € Syl,(N;) for both i = 1,2, then RNN; N, is a Sylow p-subgroup of Ny N.
Thus there is a unique largest normal subgroup N of G for which RN N € Syl,(N);
denote this subgroup by Og(G). Thus

R is a Sylow p-subgroup of ( R®) if and only if R < Ox(G).

Note that O, (G/Ogr(G)) = 1; in particular, if R = 1 is the identity subgroup then
01(G) = O,(G). In general, ROg(G)/Or(G) does not contain the Sylow p-subgroup
of any nontrivial normal subgroup of G/Og(G); in other words, Of(G) = 1, where
overbars denote passage to G/Ogr(G). Throughout this section we freely use the
observation that strong closure passes to quotient groups (cf. Lemma 2.8), so when
analyzing groups where R £ Og(G) we may factor out Og(G). With this in mind,

the classification for strongly closed 2-subgroups from [Foo97] is as follows:

Theorem 2.1. Let G be a finite group that possesses a strongly closed 2-subgroup A.
Assume A is not a Sylow 2-subgroup of (A“), and let G = G/O4(G). Then A # 1

and (AG> = Ly X Ly X -++ X L., where each L; is isomorphic to Us(2™) or Sz(2")
for some n;, and AN L; is the center of a Sylow 2-subgroup of L;.

The classification for p odd, which is the principal objective of this section, yields

a more diverse set of “obstructions” with added “decorations” as well.

Theorem 2.2. Let p be an odd prime and let G be a finite group that possesses a
strongly closed p-subgroup A. Assume A is not a Sylow p-subgroup of ( A®), and let
G =G/Ox(G). Then A#1 and

(2.1) (A%Y = (Ly x Ly x -+ x L,)(D - Ap)

where r > 1, each L; is a simple group, and A; = ANL; is a homocyclic abelian group.
Furthermore, D = [D, Ap| is a (possibly trivial) p'-group normalizing each L;, and Ap
is a (possibly trivial) abelian subgroup of A of rank at most r normalizing D and each
L; and inducing outer automorphisms on each L;, and the extension (Ay---A,) : Ap

splits. Fach L; belongs to one of the following families:
(i) L; is a group of Lie type in characteristic # p whose Sylow p-subgroup is
abelian but not elementary abelian; in this case the Sylow p-subgroup of L; is

homocyclic of the same rank as A; but larger exponent than A;; here D /(D N
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L,Cs(Ly)) is a cyclic p'-subgroup of the outer diagonal automorphism group
of Li, and Ap/Ca,(L;) acts as a cyclic group of field automorphisms on L;.

(ii) L; = Us(p™) or Re(3™) is a group of BN-rank 1 (p = 3 with n odd and > 2 in
the latter family); in the unitary case A; is the center of a Sylow p-subgroup of
L; (elementary abelian of order p"™), and in the Ree group case A; is either the
center or the commutator subgroup of a Sylow 3-subgroup (elementary abelian
of order 3™ or 32" respectively); in both families D and Ap act trivially on L;.

(ili) L; = Gao(q) with (¢q,3) = 1; here |A;] = 3 and both D and Ap act trivially on
L;.

(iv) L; is one of the following sporadic groups, where in each case A; has prime

order, and both D and Ar act trivially on L;:

(p=3) : Jo,
(p=05) : Coz, Cos, HS, Me,
(p=11): Jy.

(v) Ly 2 Js, p =3, and A; is either the center or the commutator subgroup of a
Sylow 3-subgroup (elementary abelian of order 9 or 27 respectively); here D

and Ar act trivially on L;.

Remark. After factoring out O4(G) — so that overbars may be omitted — the proof
of Theorem 2.2 shows that F*(G) = Ly x --- X L,, and (2.1) may also be written as

<AG>g((L1><"'XLi)DXLi+1X"'XLJ‘)AFX(LJ'_HX---XLT)

where Ly, ..., L; are the components of type PSL or PSU over fields of characteristic
#p, Lit1,..., L are other groups listed in conclusion (i) (but not linear or unitary),
and Ljiq,...,L, are the components of types listed in (ii) to (v). Furthermore,
assume G = (AY) and let A < S € Syl,(G) and S* = SN F*(G). Then we may
choose D generically as [O,(Cg(S*)), S], which is a p’-group normalized by S and
centralized by the Sylow p-subgroup S* of Ly --- L,.

Conversely, observe that any finite group that has a composition factor of one of
the above types for L; possesses a strongly closed p-subgroup that is not a Sylow
p-subgroup of its normal closure in G. More detailed information about the structure
of the Sylow p-subgroups and their normalizers for the simple groups L; appearing in
the conclusion to this theorem is given from Proposition 2.9 through Corollary 2.13

following.
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Theorem 2.2 is derived at the end of this section as a consequence of the next result,

which is the minimal configuration whose proof appears in the next section.

Theorem 2.3. Assume the hypotheses of Theorem 2.2. Assume also that A is a
minimal strongly closed subgroup of G, i.e., no proper, nontrivial subgroup of A is
also strongly closed. Then the conclusion of Theorem 2.2 holds with the additional
results that A is elementary abelian, D = 1, Ap = 1, and G permutes Lq,..., L,

transitively (hence they are all isomorphic).

Although these group-theoretic results are of independent interest, the important
consequences we need for our main theorems on cellularization are the following —

their proofs appears at the end of this section.

Corollary 2.4. Let p be any prime, let G be a finite group containing a strongly closed
p-subgroup A, let S be a Sylow p-subgroup of G containing A, and let G = G/O4(G).
Assume that G is generated by the conjugates of A. Then Ng(A) controls strong G-
fusion in S. Furthermore, if p # 3 or if G does not have a component of type Go(q)
with 9 } q* — 1, then N(S) controls strong G-fusion in S.

In Section 5.3 we demonstrate that the exceptional case to the stronger conclusion
in the last sentence of Corollary 2.4 is unavoidable, even if we impose the condition
that Q;(S) < A: we construct examples of groups G generated by conjugates of a
strongly closed subgroup A containing 2;(S) and G/O4(G) = Gy(q) where Nz (S)
does not control fusion in S.

The next result facilitates computation of Ng(A) in groups satisfying the conclusion

to the preceding corollary.

Corollary 2.5. Assume the hypotheses of preceding corollary and the notation of
Theorem 2.2. For each i let C; = Cg(Ap) N Np,(A;) and S; = SN L;. Then

N@(Z)/Z = (5101/141) X (SQOQ/AQ) X+ X (STCT/AT)

In particular, if L; is a component on which Ar acts trivially — which is the case for
all components in conclusions (ii) to (v) of Theorem 2.2 — the i™ direct factor above
may be replaced by just Np,(A;)/A; (and this applies to all factors if Ap =1).

Example. An example where both D and Ap are nontrivial is G = PGLy1(q)( f)
with p = 5 and ¢ = 3°: Here the simple group L = PSLi;(q) has an abelian Sylow
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5-subgroup of type (25,25), PGL11(q)/L is the cyclic outer diagonal automorphism
group of L of order 11 (this is DL/L), and ( f) = Ap induces a group of order 5
of field automorphisms on PGLyi(q); in particular, G/L is the non-abelian group
of order 55. If f € S € Syl;(G), then A = Q(S) = (f, (SN L)) is elementary
abelian of order 5% and strongly closed in S with respect to G, and A* = (SN L)
is a minimal strongly closed subgroup of G.

In this example, to compute the normalizers of A and A* it is easier to work in
the universal group G'L11(q){( f) — also denoted by G — via its action on an 11-
dimensional F,-vector space V' (since the center of GL;(¢) has order prime to 5) —
see the proof of Lemma 3.4 for some general methodology. Let G* = G'Ly;(q) and
S* = SN G*. Then one sees that Ng(A*) = Ng(S*) is contained in a subgroup

H = ((Gy x Go){t) x C){ f)

where G; = GL4(q), C = GL3(q), t interchanges the two factors and f induces field
automorphisms on all three factors and commutes with ¢ (here G; x Gy x C acts
naturally on a direct sum decomposition of V). Let S; = SN G;, so S; is cyclic of
order 25 and acts Fg-irreducibly on the 4-dimensional submodule for G;. By basic
representation theory, Cg,(S;) is cyclic of order ¢* — 1, and Ng,(S;)/Ce,(S;) is cyclic
of order 4. Thus

Ne(A*) = No(S*) = ((¢* —1) -4 x (¢* —1)-4)(t, f) x GL3(3").
Since Ap = ( f) acts as a field automorphisms, similar considerations show that
Ng(A) = S(Na(S*) N Ce+(f)) = (400 -4 x 400-4)(t, f) x GL3(3).

The G-fusion in S is effected by the group S(4 x 4)(t¢), which is the same for both
normalizers. In this example we may choose D = [Cs(S*), f], which is of type
B x B x (SL3(q)-121) where B is cyclic of order (¢* —1)/5(3* —1); a (smaller) group

of diagonal automorphisms for D could be chosen inside the abelian factor B x B.

The proof of Theorem 2.3 relies on the Classification of Finite Simple Groups. We
reduce to the case where a minimal counterexample, G, is a simple group having
a strongly closed p-subgroup A that is properly contained in a non-abelian Sylow
p-subgroup S of G. The remainder of the proof involves careful investigation of the

families of simple groups to determine precisely when this happens.
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We note that “most” simple groups do possess a strongly closed p-subgroup that is
proper in a Sylow p-subgroup, that is, conclusion (i) of Theorem 2.2 is the “generic
obstruction” in the following sense. Let £,,(¢) denote a simple group of Lie type and
BN-rank n over the finite field F, with (¢,p) = 1. As we shall see in Section 2.1, for
all but the finitely many primes dividing the order of the Weyl group of the untwisted
version of £, (q) the Sylow p-subgroups of £,,(¢) are homocyclic abelian. Furthermore,
the order of £, (q) can be expressed as a power of ¢ times factors of the form &,,(q)™
for various m,r,, € N, where @,,(z) is the m'® cyclotomic polynomial. Then by
Proposition 2.9 below, if myq is the multiplicative order of ¢ (mod p), then p divides
., (q) and the abelian Sylow p-subgroup of £,(gq) is homocyclic of rank r,,, and
exponent |Dp,,(q)|,. In particular it is not elementary abelian whenever p? | @,,,(q).
For example, this is the case in the groups PSL,.1(q) whenever p > n + 1 and p?
divides ¢™ — 1 for some m < n + 1. Thus for fixed n and all but finitely many p, this
can always be arranged by taking ¢ suitably large.

2.1. Preliminary Results. The special case when A has order p has already been
treated in [GLSv3, Proposition 7.8.2]. It is convenient to quote this special case,
although with extra effort our arguments could be reworded to independently subsume
it.

Proposition 2.6. If K is simple and G = AK is a subgroup of Aut(K') such that A
is strongly closed and |A| = p, then A < K = G and either the Sylow p-subgroups
of G are cyclic, or G is isomorphic to Us(p) or one of the simple groups listed in

conclusions (iii) and (iv) of Theorem 2.2.

The authors of this result remark that an immediate consequence of this is the

odd-prime version of Glauberman’s celebrated Z*-Theorem.

Proposition 2.7. If an element of odd prime order p in any finite group X does not

commute with any of its distinct conjugates then it lies in Z(X/Oy(X)).

We record some basic facts about strongly closed subgroups (the second of which

relies on the odd-prime Z*-Theorem).

Lemma 2.8. For p any prime let A be a strongly closed p-subgroup of G.

(1) If N is any normal subgroup of G then AN/N is a strongly closed p-subgroup
of G/N.
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(2) If A normalizes a subgroup H of G with Oy(H) =1 and AN H =1 then A

centralizes H.

Proof. In part (1) let A < S € Syl,(G). This result follows immediately from the
definition of strongly closed applied in the Sylow p-subgroup SN/N of G/N together
with Sylow’s Theorem. The proof of (2) is the same as for p = 2 since, as noted
earlier, the Z*-Theorem holds also for odd primes: by induction reduce to the case
where G = AH and C4(H) = 1. Then any element of order p in A is isolated, hence

lies in the center. O

The next few results gather facts about the simple groups appearing in the conclu-
sions to Theorems 2.1 and 2.2.

The cross-characteristic Sylow structures of the simple groups of Lie type groups
are beautifully described in [GL83, Section 10] and reprised in [GLSv3, Section 4.10].
Let £(q) denote a universal Chevalley group or twisted variation over the field F,. (In
the notation of [GLSv3], L(q) = ¢L(q), where d = 1,2, 3 corresponds to the untwisted,
Steinberg twisted, or Suzuki-Ree twisted variations respectively). Let W denote the
Weyl group of the untwisted group corresponding to £(q). Except for some small
order exceptions, £(q) is a quasisimple group; for example A,(q) = SLs1(q) and
2A¢(q) = SUp1(q). There is a set O(L(q)) of positive integers, and “multiplicities”
r for each m € O(L(q)), such that

meO(L(q))

h

where @,,(z) is the cyclotomic polynomial for the m"™ roots of unity.

Let p be an odd prime not dividing ¢ and assume S is a nontrivial Sylow p-subgroup
of £(g). Let mq be the smallest element of O(L(q)) such that p | ®,,,(q). Let

(2.2) W={me O(L(q)) | m=p*mg, a>1} and b= Z T'm

where b = 0 if W = (). The main structure theorem is as follows.

Proposition 2.9. Under the above notation the following hold:

(1) mg is the multiplicative order of ¢ (mod p).
(2) Except in the case where L(q) = 3Dy(q) with p = 3, S has a nontrivial normal

homocyclic subgroup, St, of rank r.,, and exponent | P, (q)l,.
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(3) With the same exception as in (2), S is a split extension of Sy by a (possibly
trivial) subgroup Sy of order p® (where b is defined in (2.2)), and Sy is
isomorphic to a subgroup of W. In particular, if p MW\ or if pmyg *m for
allm € O(L(q)), then S = St is homocyclic abelian.

(4) If L(q) = 3Dy(q) with p =3 and |¢* — 1|3 = 3%, then S is a split extension of
an abelian group of type (3°T1,3%) by a group of order 3, and S has rank 2.

(5) If L(q) is a classical group (linear, unitary, symplectic or orthogonal) then
every element of order p is conjugate to some element of St.

(6) Except in *Dy(q) (where Sy is not defined), Sw acts faithfully on St; and in
the simple group L£(q)/Z(L(q)) = L(q) we have Sy = Sw acts faithfully on
St except when p = 3 with £(q) = SLs(q) (with3 | ¢—1but9 fq—1) or
SUs(q) (with 3| q+1but9 fq+1).

(7) If a Sylow p-subgroup of the simple group L(q)/Z(L(q)) is abelian but not
elementary abelian then p does not divide the order of the Schur multiplier of

L(q).

Proof. For parts (1) to (6) see [GL83, 10-1, 10-2] or [GLSv3, Theorems 4.10.2, 4.10.3].
If the odd prime p divides the order of the Schur multiplier of £(g) then by [GLSv3,
Table 6.12] we must have £(q) of type SL,(q), SU,(q), Es(q) or >Eg(q) with p dividing
(n,g—1), (n,q+1), (3,¢g—1) or (3,¢+ 1) respectively. It follows easily from (6) that
in each of the corresponding simple groups a Sylow p-subgroup cannot be abelian of

exponent > p?. O

We shall frequently adopt the efficient shorthand from the sources just cited for

the latter families.

Notation. Denote SL,(q) by SL}(q) and SU,(q) by SL;, (¢) (likewise for the general
linear and projective groups); and say a group is of type SL¢ (¢q) according to whether
p | q— € for e = +1, —1 respectively (dropping the “1” from £1). The analogous
convention is adopted for Fg(q) = E4 (q) and 2Es(q) = E; (q).

The following general result is especially important for the groups of Lie type.

Proposition 2.10. If G is any simple group with an abelian Sylow p-subgroup S
for any prime p, then Ng(S) acts irreducibly and nontrivially on Q1(S), and so S is
homocyclic. In particular, a nontrivial subgroup of S is strongly closed if and only if

it 1s homocyclic of the same rank as S.
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Proof. See |GLSv3, Proposition 7.8.1] and [GL83, 12-1]. d

Proposition 2.11. Let G be a simple group of Lie type over F, and let p be an odd
prime not dividing q. Assume a Sylow p-subgroup S of G is abelian and let A = Q4 (S).

Proof. The result is trivial if S = A so assume this is not the case; in particular
the exponent of S is at least p*>. By part (7) of Proposition 2.9, p does not divide
the order of the Schur multiplier of G, so we may assume G is the (quasisimple)
universal cover of the simple group. Clearly Ng(S) < Ng(A). Moreover, since
S € Syl,(Ce(A)), by Frattini’s Argument Ng(A) = Cq(A)Ng(S). Thus it suffices to
show Cg(A) = Cg(S). Since Cg(A) has an abelian Sylow p-subgroup and since any
nontrivial p’-automorphism of S must act nontrivially on A, by Burnside’s Theorem
Ci(A) has a normal p-complement. Let A = [O,(Cg(A)), S]. It suffices to prove S
centralizes A.

Let G be the simply connected universal algebraic group over the algebraic closure
of Fy, and let o be a Steinberg endomorphism whose fixed points equal G. In the
notation of Proposition 2.9, since S = Sz, by the proof of [GLSv3, Theorem 4.10.2]
there is a o-stable maximal torus T of G containing S. Let C denote the connected
component of C=(A), so C is also o-stable. Note that T' < C and since A is generated
by conjugates of S, so too A < C. We may now follow the basic ideas in the proof
of [GLSv3, Theorem 7.7.1(d)(2)], where more background is provided. By [SS70,

4.1(b)], C is reductive, so by the general theory of connected reductive groups

C=7L
where Z is the connected component of the center of C, L is the semisimple component
(possibly trivial), and Z N L is a finite group. Since A < C" we have A < L. The
group of fixed points of o on L is a commuting product L, - - - L, of (possibly solvable)
groups of Lie type over the same characteristic as G and smaller rank, and S induces

inner or diagonal automorphisms on each L;. Since A < O,,(C¢(A)) we have
A < Op(Li++ L) = Op(La) -+ Op (L),

If L; is a p/-group, then Inndiag(L;) is also a p’-group and so S centralizes L;. On the
other hand, if p divides the order of L;, then O, (L;) < Z(L;); in this case Inndiag(L;)

centralizes Z(L;). In all cases S centralizes O, (L;), as needed. O
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Proposition 2.12. Let p be any prime, let G be a simple group containing a strongly
closed p-subgroup, let S € Syl,(G) and let Z = Z(S5).

(1)

Assume G = Us(q) with ¢ = p", or G = Sz(q) withp =2 and g = 2". Then S
is a special group of type ¢* 72 or ¢!+ respectively, and Ng(S) = Ng(Z) = SH,
where the Cartan subgroup H is cyclic of order (¢* —1)/(3,q+ 1) or q — 1
respectively. In both families H acts irreducibly on both Z and S/Z, and
Z = Q4(S) is the unique nontrivial, proper strongly closed subgroup of S.
Assume G = Re(q) with p = 3 and ¢ = 3", n > 1. Then S is of class 3,
Z=E;and S = &(S) = U(S) = Ep. Furthermore, No(S) = No(Z) = SH,
where the Cartan subgroup H is cyclic of order ¢ — 1 and acts irreducibly on
all three central series factors: Z and S'/Z and S/S’. Thus Z and Q1(S) are
the only nontrivial proper strongly closed subgroups of S.

Assume G = Go(q) for some q with (¢,3) =1 and p=3. Then Z = Z3 is the
only nontrivial proper strongly closed subgroup of S. Furthermore, Ng(Z) =
SL5(q) - 2 according to whether 3 | ¢ — €. An element of order 2 in Na(Z) —
Ca(Z) wnwverts Z, and Ng(S)/S = QDig or Ey according as |S| = 3% or
|S| > 3% respectively. No automorphism of G of order 3 normalizes S and
centralizes both S/Z and a 3'-Hall subgroup of Ng(S).

Assume G is isomorphic to one of the sporadic groups: Jo (with p = 3);
Coy, Cos, HS, Mc (with p = 5); or Jy (with p = 11). In each case S is
non-abelian of order p* and exponent p, and Z is the only nontrivial proper
strongly closed subgroup of S. The normalizer of Z [in G] is: 3PGL(9) [in
Jo], 512((4 % SL3(3)) - 2) [in Coyf, 5'T2((4YS3) - 4) [in Cos/, 5'T2(8 - 2) [in
HSJ, (5172-3)-8 [in Mc], or (11'2.SLy(3))-10 [in Jy]. In G = Jo we have
Na(S)/S = Zg; and in all other cases Ng(S) = Ng(A).

Assume G = J3 with p = 3. Then Z = Eqy and Q4 (S) = Eo7 are the only non-
trivial proper strongly closed subgroups of S. Furthermore, Ng(Z) = Ng(S) =
SH where H = Zg acts fized point freely on Q4(S) and irreducibly on Z.

Proof. Part (1) may be found in [HKS72] and [Suz62|. Part (2) appears in [Wa66].
All parts of (4) and (5) appear in [GLSv3, Chapter 5] with references therein.
In part (3), by [GL83, 14-7] the center of S has order 3 and C' = Cx(Z) = SL5(q)

according to the condition 3 ’ q — €. The same reference shows G has two conjugacy

classes of elements of order 3: the two nontrivial elements of Z are in one class, and
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all elements of order 3 in S — Z lie in the other. Now S < SL§(q) acts absolutely
irreducibly on its natural 3-dimensional module over F, (or F,2 in the unitary case),
hence by Schur’s Lemma the centralizer of S in C' consists of scalar matrices. Thus
Z = Cc(S) = Cg(S). Since the two nontrivial elements of Z are conjugate in G,
Ng(Z) = C(t) where an involution ¢ may be chosen to normalize S and induce a
graph (transpose-inverse) automorphism on C. By canonical forms, all non-central
elements of order 3 in SL§(q) are conjugate in GL§(q) to the same diagonal matrix
u = diag(\, A\™1, 1), where ) is a primitive cube root of unity, but are also conjugate
in SL5(q) to u because the outer (diagonal) automorphism group induced by GL§
may be represented by diagonal matrices that commute with u. Thus all elements of
order 3 in S — Z are conjugate in C'.

If |S| = 27, then since S/Z is abelian of type (3,3), all elements of order 3 in S/Z
are conjugate under the action of N¢(S/Z) = No(S)/Z; hence they are conjugate
under the faithful action of a 3’-Hall subgroup, Hy, of N¢(S) on S/Z. This shows
|Ho| > 8. Since a 3'-Hall subgroup H of Ng(S) acts faithfully on S/Z and has order
2|Hy|, it must be isomorphic to a Sylow 2-subgroup, D1, of GLs(3) as claimed.

If | S| = 3%¢t! > 27 then we may describe S as the group, S, of diagonal matrices of
3-power order acted upon by a permutation matrix w of order 3 (where (w) = Sy).
Then Sr = Z3a X Zsa is the unique abelian subgroup of S of index 3 (as |Z] = 3), so
N¢(S) normalizes Sr. Let Hy be a 3/-Hall subgroup of No(.S). One easily sees that
Hy must act faithfully on € (Sr) (and centralize Z), hence |Hy| < 2. Since there is
a permutation matrix of order 2 in C' normalizing S, |Hy| = 2. Thus Ng(S)/S has
order 4, and is seen to be a fourgroup by its action on Q(S7).

To see that Z is the unique nontrivial strongly closed subgroup that is proper in .S
suppose B is another, so that Z < B. If B contains an element of order 9 — hence an
element of order 9 represented by a diagonal matrix in C' — then by conjugating in
C one easily computes that B — Z contains an element of order 3. Since all such are
conjugate in C' this shows €;(S) < B. It is an exercise that ;(S) = S (the details
appear at the end of the proof of Lemma 3.4), a contradiction.

Finally, suppose f is an automorphism of G of order 3 that normalizes S and
centralizes S/Z. Then |S : Cs(f)| < 3 so f cannot be a field automorphism as
|G2(r3) + Ga(r)|z > 32 for all r prime to 3. Thus f must induce an inner automor-

phism on G, hence act as an element of order 3 in S7. We have already seen that no
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such element centralizes a 3’-Hall subgroup of Ng(.S), a contradiction. This completes

all parts of the proof. O

Corollary 2.13. Let p be any prime, let L be a finite simple group possessing a
strongly closed p-subgroup A that is properly contained in the Sylow p-subgroup S of
L. Assume further that L is isomorphic to one of the groups L; in the conclusion of
Theorem 2.1 or Theorem 2.2. Then one of the following holds:

(1) N(S) = Np(4),
(2) |A| =3 and L = Gy(q) for some q with (¢,3) =1, or
(3) |A] =3, L= Jy and N (A) = 3PGLy(9).

Proof. This is immediate from Propositions 2.11 and 2.12. U

2.2. The Proof of Theorem 2.2.

This subsection derives Theorem 2.2 as a consequence of Theorem 2.3, which is
proved in the next section. Throughout this subsection G is a minimal counterexample
to Theorem 2.2.

Since strong closure inherits to quotient groups, if O4(G) # 1 we may apply induc-
tion to G/O4(G) and see that the asserted conclusion holds. Thus we may assume

O4(G) =1, and consequently
AN N is not a Sylow p-subgroup of N for any nontrivial N < G
(2.3)
and Oy (G) = 1.

Likewise if Gy = ( A9) then by Frattini’s Argument, G = GoNg(A), whence ( A% ) =
( A% ). Thus we may replace G' by Gy to obtain

(2.4) G is generated by the conjugates of A.

By strong closure ANO,(G) < G, whence by (2.3), ANO,(G) = 1. Since [4, O,(G)] <
ANO,G) =1, by (2.4) we have

(2.5) 0,(G) < Z(G).

Consequently F*(G) is a product of subnormal quasisimple components Ly, ..., L,
with Oy (L;) = 1 for all i. Moreover S; = SN L; is a Sylow p-subgroup of L; and
S; # 1 by (2.3).

We argue that each component of G is normal in G. By way of contradiction

assume {Li,..., L} is an orbit of size > 2 for the action of G on its components.
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Let Z = AN Z(Y), so that Z normalizes each L;. Thus N = N;_;Ng(L;) is a
proper normal subgroup of G possessing a nontrivial strongly closed p-subgroup,
B = AN N that is not a Sylow subgroup of N. By induction — keeping in mind
that components of N are necessarily components of G and Op(N) = 1 — and
after possible renumbering, there are simple components Ly, ..., L; of N that satisfy
the conclusion of Theorem 2.2 with B N L; # 1, these are all the components of N
satisfying the latter condition, and ¢ > 1. By Frattini’s Argument G = Ng(B)N from
which it follows that L;---L; < G. The transitive action of GG in turn forces t = s.
Thus A permutes {L,...,Ls} and 1 # AN L; < S;. If A does not normalize one of
these components, say L{ = L; for some ¢ # j and a € A, then 5;5¢ = S; x §;. But
then [S;,a] £ (ANL;) x (AN L;), contrary to A < S. Thus A must normalize L; for
1 <i<s. Since A< N <G, (2.4) gives N = G, a contradiction. This proves

(2.6) every component of G is normal in G.

The preceding results also show that A acts nontrivially on each L;. By Lemma 2.8,
A;=ANL; # 1 and A; is not Sylow in L; for every i. By Theorem 2.3 applied to

each L; using a minimal strongly closed subgroup of A; we obtain
(2.7) F*(G)=L; x Ly x --- X L,

and each L; is one of the simple groups described in the conclusion of Theorem 2.2.
Moreover, in each of conclusions (i) to (v), by Propositions 2.10 and 2.12, 4; is a
subgroup of L; described in the respective conclusion.

It remains to verify that the action of A is as claimed when A € F*(G). The
automorphism group of each L; is described in detail in [GLSv3, Theorem 2.5.12 and
Section 5.3] — these results are used without further citation.

Let S*=SNF*(G) =51 x---x S, let H* = H; x -+ x H,, where H; is a p/-Hall
complement to S; in Ny, (S;), and let N* = AS*H*. Note that O, (N*) = Cpy-(S5")
is A-invariant. Now in all cases [A4,5;] < AN S; < &(S;), that is, A commutes with
the action of H* on S*/®(S*). This forces A < Oy ,(N*). By strong closure of A
we get that AO,(N*) < N*. Thus Ny«(A) covers H*/Cy~(S*). Let H be a p/-Hall
complement to AS* in Ny«(A); we may assume H* = HCpy+(S*). We have a Fitting

decomposition

(2.8) A=A H|Ar where Ap=Cy(H).
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By Propositions 2.10 and 2.12 each A; is abelian and H;, hence also H, acts without
fixed points on each A;. Since [A, H] < AN F*(G) we therefore obtain

(29) [A,H]:A1X"'XAT and AFQ[A,H]:l

We now determine the action of Ap on L; for each isomorphism type in conclusions
(i) to (v).

First suppose A acts trivially on some L;, say for ¢ = 1. In this situation A =
Ay x Bwhere B = (Ay x -+ x A)Ar = ANCg(Ly). Then (A%) = L; x { B), and
so we may proceed inductively to identify ( B®) and conclude that Theorem 2.2 is
valid. We now observe that Ag acts trivially on all components listed in conclusions
(ii) to (v) as follows: If L is one of these cases, it follows from Proposition 2.12 that
Cy,(S1) = 1 and so Ap centralizes a p’-Hall subgroup of N, (S7). In case (ii) of
the conclusions, if L; is a Lie-type simple group in characteristic p and BN-rank 1,
by [GL83, 9-1] no automorphism of order p centralizes a Cartan subgroup of L, so
Ap acts trivially on Ly. If Ly & G5(q) is described by case (iii) of the conclusion,
then since [S1, Ap| < Aj, the last assertion of Proposition 2.12(3) shows that Ap acts
trivially on L;. And in cases (iv) and (v) of the conclusions, when L, is a sporadic
group, none of the target groups admits an outer automorphism of order p, and no
inner automorphism that normalizes a Sylow p-subgroup also commutes with a p’-Hall
subgroup of its normalizer. Thus Ap acts trivially in these instances too.

It remains to consider when every L; is described by conclusion (i): L = L; is a
group of Lie type over the field IF;, where p )( ¢; and the Sylow p-subgroups are abelian
but not elementary abelian. Since Ar commutes with the action of a p’-Hall subgroup
of Np(S;), it follows from Proposition 2.10 that Ar induces outer automorphisms on
L. The outer diagonal automorphism group of L has order dividing the order of the
Schur multiplier of L, so by Proposition 2.9(7) no element of G induces a nontrivial
outer diagonal automorphism of p-power order on L. Since Sylow 3-subgroups of
D,(q) and 2D,(q) are non-abelian, L does not admit a nontrivial graph or graph-field
automorphism when p = 3. This shows Ar must act as field automorphisms on L,
and hence Ap/Cy4, (L) is cyclic.

Now G is generated by the conjugates of A, hence the group G=0G /LCq(L) of
outer automorphims on L is generated by conjugates of A r. This implies via [GLSv3,
Theorem 2.5.12] that

(2.10) G=DAr and D=[D,Ay
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where D is a cyclic p’-subgroup of the outer-diagonal automorphism group of L nor-
malized by the cyclic p-group A r of field automorphisms. Moreover, since p > 3 when
L is of type Eg(q), 2Es(q) or Dan(q), the action of Ax on D in (2.10) implies that D
is trivial except in the cases where L is a linear or unitary group.

A p'-order subgroup D that covers the section D for every L; may be defined as
follows (even in the presence of L; that are not of type (i)): We have now established
that S = S*Ap, and that S* is a Sylow p-subgroup of the (normal) subgroup Gp
of G inducing only inner and diagonal automorphisms on F*(G). Thus Ng,(S*)
has a p/-Hall complement, which is then a complement to S = S*Ar in Ng(S*).
Since [S*, Ap] < @(S5*), Ap commutes with the action on S* of this p’-Hall subgroup.
As D = [D, Ag], any choice for D must lie in Cg(S*). However, Cg(S*) has a
normal p-complement, so any D must lie in O, (Cg(S*)). Thus [Oy(Ca(5)), Ar| =
[0y (C(S*)), S| covers D for every component L; (and centralizes all components
that are not of type PSL or PSU).

Finally note that in every case A centralizes L; for every 7. Since then A’ cen-
tralizes F*(G), it must be trivial, that is, A is abelian. Since Ap/C4,.(L;) is cyclic
for all 4, it follows that Ap = Ap/NI_; Ca,(L;) has rank at most r, as asserted. This
completes the proof of Theorem 2.2. O

2.3. The Proofs of Corollaries 2.4 and 2.5.

Considering both corollaries at once, assume the hypotheses of Corollary 2.4 hold.
The result is trivial if either A = S (in which case O4(G) = G) or A = 1 (in which
case G = 1). By passing to G/Os(G) we may assume O4(G) = 1. Since G is
generated by conjugates of A, Theorems 2.1 and 2.2 imply that

(2.11) G=(Lix--xL)(D-Ap),

where the L;, D and Ap are described in their conclusions (with both D and Ap
trivial when p = 2). Let S; = SN L; and A; = AN L;.

For each i let Z; be a minimal nontrivial strongly closed subgroup of AN L;, and
let Z =2 x---x Z,. Then Z is strongly closed in GG, and by Propositions 2.10 and
2.12, Z is contained in the center of S. It is immediate from Sylow’s Theorem and

the weak closure of Z that Ng(Z) controls strong G-fusion in S. Now

Na(Z) = (Np,(Z1) x -+ x Np,(Z.))(D - Ar)
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where by the proof of Theorem 2.2, D = [D, Ar] may be chosen to be an S-invariant

p/-subgroup centralizing each S;. This implies
(2.12) M = (Np,(Zy) x -+ x Ny (Z,))Ar controls strong G-fusion in S.

It suffices therefore to show that Ny (A) controls strong M-fusion in S. Furthermore,
Ny(A) controls strong M-fusion in S if and only if the corresponding fact holds in
M/O,(M); so we may pass to this quotient and therefore assume O, (M) = 1 (with-
out encumbering the proof with overbar notation, since all normalizers considered are
for p-groups).

If L; is a Lie-type component with S; abelian then, as noted in the proof of Theo-
rem 2.2, Ny, (Z;) = Np,(S;) and Arp commutes with the action on S; of an Ap-stable
p’-Hall subgroup H; of this normalizer. Since O, (M) = 1 it follows that H; acts
faithfully on S;, and so [Ar, H;] = 1. On the other hand, if L; is not of this type,
[Ap, L;] = 1. Thus (reading modulo O, (M)) we have

(2.13) M = SCy(Ar)

and so Ny (A) = Ny(A*), where A* = A, --- A,.

For every component L; that is not of type Ga(q) or Ja, by Corollary 2.13, N..(Z;) =
Np,(S;); and therefore in these components Ny, (Z;) = Np,(A;) too. However, for a
component L; of type G2(q) or Jy (with p = 3), by Proposition 2.12 we must have
Z; = A;. In all cases we have N, (Z;) = Np,(A;). Hence Ny (A*) = Ny(Z) = M
and the first assertion of Corollary 2.4 holds by (2.12). This also establishes the
second assertion unless p = 3 and some components L; are of type G5(q) or J, where
the possibility that |S;| > 3 in these exceptions is excluded by the hypotheses of
Corollary 2.4.

In the remaining case let S* = S x --- x S,., where Si,...,S; are the Sylow 3-
subgroups of the components of type G3(q) or J, and Sk, 1, ..., S, are the remaining
ones. Again by (2.13), Np(S) = Npy(S*) so we must prove the latter normalizer
controls strong M-fusion in S; indeed, it suffices to prove control of fusion in S*.
Now Ny (S*) controls strong M-fusion in S* if and only if the corresponding result
holds in each direct factor. This is trivial for ¢ > k as S; is normal in that factor. For
1 <4 < k the result is true since S; = 3'*2, i.e., S; has a central series 1 < Z; < S;
whose terms are all weakly closed in S; with respect to Np,(Z;) (see, for example,
[GiSe85]). This establishes the final assertion of Corollary 2.4.
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In Corollary 2.5 observe that by Theorem 2.2, once O4(G) is factored out we have
equation (2.11) holding, and since Ap acts without fixed points on the cyclic quotient
D/(DNLy---L,), we must have Ng(A) < (Ly---L,)Ap. Thus by (2.13) we have

Ng(A) = Nys(A) < SCui(Ap)Oy (M).

Since Ny (A)NO,y (M) centralizes A we have Ng(A) < SCy(Ar), and hence Ng(A) =
SCh(Ar). All parts of Corollary 2.5 now follow.
U

3. THE PROOF OF THEOREM 2.3

We now prove Theorem 2.3. Throughout this section p is an odd prime, G is a
minimal counterexample, and A is a nontrivial strongly closed subgroup of GG that is a
proper subgroup of the Sylow p-subgroup S of G. The minimality implies that if H is
any proper section of G' containing a nontrivial minimal strongly closed (with respect
to H) p-subgroup Ay, then either Ay is a Sylow subgroup of its normal closure in H
or the normal closure of A, in H is a direct product of isomorphic simple groups,
as described in the conclusion of Theorem 2.2, where overbars denote passage to
H/Oy4,(H). In particular, Ay does not even have to be a subgroup of A, although for
the most part we will be applying this inductive assumption to subgroups Ag < ANH
(which we often show is nontrivial by invoking part (2) of Lemma 2.8).

Familiar facts about the families of simple groups, including the sporadic groups,
are often stated without reference. All of these can be found in the excellent, ency-
clopedic source [GLSv3|. Specific references are cited for less familiar results that are

crucial to our arguments.

Lemma 3.1. G is a simple group.

Proof. Since strong closure inherits to quotient groups, if O4(G) # 1 we may apply
induction to G/O4(G) and see that the asserted conclusion holds. Thus we may

assume O4(G) =1, i.e.,

(3.1) AN N is not a Sylow p-subgroup of N for any nontrivial N < G.
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In particular,
(3.2) Oy (G) =1.

Let Gy = (A%) and assume Gy # G. By (3.1), A is not a Sylow p-subgroup of
Gp. Let 1 # Ay < A be a minimal strongly closed subgroup of GGy. By the inductive
hypothesis A, is contained in a semisimple normal subgroup N of Gy satisfying the
conclusions of the theorem. Since N < G it follows that M = ( N¢) is a semisimple
normal subgroup of G whose simple components are described by Theorem 2.2. Since
A is minimal strongly closed in G and 1 # Ag < AN M, A < M and the conclusion
of Theorem 2.3 is seen to hold. Thus

(3.3) G is generated by the conjugates of A.

By strong closure ANO,(G) < G, hence by (3.1), ANO,(G) = 1. Thus [4, O,(G)] <
ANO,(G) =1, ie., A centralizes O,(G). Since G is generated by conjugates of A,

(3.4) 0,(G) < Z(G).

By (3.2) and (3.4), F*(QG) is a product of commuting quasisimple components, L1, ..., L,
each of which has a nontrivial Sylow p-subgroup. Since A acts faithfully on F*(G),
by Lemma 2.8 AN F*(G) # 1. The minimality of A then forces A < F*(G). Thus

A normalizes each L;, whence so does G by (3.3). Now A acts nontrivially on one
component, say Li, so again by Lemma 2.8, AN L; # 1. By minimality of A we
obtain A < L; < G, so by (3.3)

G = L, is quasisimple (with center of order a power of p).

Finally, assume Z(G) # 1 and let G = G/Z(G). Since A # S but AN Z(G) = 1,
by Gaschiitz’s Theorem we must have that S # AZ(G) and so A is strongly closed
but not Sylow in the simple group G. Since |G| < |G|, the pair (G, A) satisfy the
conclusions of Theorem 2.3; in particular, A = Q;(Z(S)) in all cases. If G is a group of
Lie type in conclusion (i), again by Gaschiitz’s Theorem together with the irreducible
action of Né(g) on 1(5), A must lift to a non-abelian group in G. In this situation
Z(G) < A, contrary to AN Z(G) = 1. In conclusions (ii), (iii) and (iv) the p-part of
the multipliers of the simple groups are all trivial, so Z(G) = 1 in these cases. In case
(v) when G 2 J; and A = Z(S) by the fixed point free action of an element of order
8 in Ng(S) on S it again follows easily that A must lift to the non-abelian group of
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order 27 and exponent 3 in G, contrary to AN Z(G) = 1. This shows Z(G) = 1 and
so G is simple. The proof is complete. O

Lemma 3.2. A is not cyclic and S is non-abelian.

Proof. It A is cyclic then since €;(A) is also strongly closed, the minimality of A
gives that |A| = p. Then G is not a counterexample by Proposition 2.6. Likewise
if S is abelian, by Proposition 2.10 it is homocyclic with Ng(S) acting irreducibly
and nontrivially on ©(S). By minimality of A we must then have A = Q;(S) and
the exponent of S is greater than p. None of the sporadic or alternating groups or
groups of Lie type in characteristic p contain such Sylow p-subgroups, so G must
be a group of Lie type in characteristic # p. Again, GG is not a counterexample, a

contradiction. O

Note that because A is a noncyclic normal subgroup of S and p is odd, A contains
an abelian subgroup U of type (p,p) with U < S. Furthermore, |S : Cs(U)| < p so
U is contained in an elementary abelian subgroup of S of maximal rank.

Lemmas 3.3 to 3.7 now successively eliminate the families of simple groups as
possibilities for the minimal counterexample. The argument used to eliminate the
alternating groups is a prototype for the more complicated situation of Lie type

groups, so slightly more expository detail is included.
Lemma 3.3. GG is not an alternating group.

Proof. Assume G = A, for some n. Since S is non-abelian, n > p%. If p * n then S
is contained in a subgroup isomorphic to A,,_;, which contradicts the minimality of
G (no alternating group satisfies the conclusions in Theorem 2.2). Thus n = ps for
some s € N with s > p.

Let E be a subgroup of S be generated by s commuting p-cycles. Since £ contains
a conjugate of every element of order p in G, ANE # 1. We claim F < A. Let
z=2z1-2 € AN FE be a product of commuting p-cycles z; in E with » minimal. If
r > 3 there is an element o € A, that inverts both z, and z,._; and centralizes all
other z;; and if » = 2, since n > 3r there is an element o € A, that inverts z, and
centralizes z;. In either case, by strong closure 27 € ANE and 227 = 23 ---22 , or 27

respectively. Hence 227 is an element of AN E that is a product of fewer commuting

p-cycles, a contradiction. This shows A contains a p-cycle, hence by strong closure
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E < A. Now A, contains a subgroup H with
(3.5) S < H=N,4,(F) and H=7Z,1As.

By our inductive assumption H contains a normal subgroup N = O4(H) with £ < N
such that ANN is a Sylow p-subgroup of N and H/N a product of simple components
described in Theorem 2.2. Since H is a split extension over E and every element of H
of order p is conjugate to an element of F, by strong closure A # E. Since H/E = A,
is not one of the simple groups in Theorem 2.2 it follows that N = H (in the cases
where s = 3 or 4 as well), contrary to A # S. This contradiction establishes the
lemma.

Alternatively, one could argue from (3.5) and induction that S = €2;(5), and so

again S = A by strong closure, a contradiction. 0

Lemma 3.4. G is not a classical group (linear, unitary, symplectic, orthogonal) over

Fy, where q is a prime power not divisible by p.

Proof. Assume G is a classical simple group. Following the notation in [GLSv3,
Theorem 4.10.2], let V' be the classical vector space associated to G and let X =
Isom (V). We may assume dim V' > 7 in the orthogonal case because of isomorphisms
of lower dimensional orthogonal groups with other classical groups (the dimension is
over F 2 in the unitary case). The tables in [KL90, Chapter 4] are helpful references
in this proof.

First consider when G is neither a linear group with p dividing ¢ — 1 nor a unitary
group with p dividing ¢ + 1. This restriction implies that p * |X : X'| and there
is a surjective homomorphism X’ — G whose kernel is a p’-group. Thus we may
do calculations in X in place of G (taking care that conjugations are done in X’).

Proposition 2.9 is realized explicitly in this case as follows: There is a decomposition
V=VLViL- - LV

of V' (L denotes direct sum in the linear case), where Isom(V}) is a p/-group, the cyclic
group of order p has an orthogonally indecomposable representation on each other V;,
the V; are all isometric, and a Sylow p-subgroup of Isom(V;) is cyclic. Furthermore,
X' contains a subgroup isomorphic to Ay permuting Vi, ..., V, and the stabilizer in

X' of the set {V4,...,V;} contains a Sylow p-subgroup of X. In other words, we may
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assume
(3.6) S < H = Isom(V]) ¢ As.

In the notation of Proposition 2.9, let S NIsom(V;) = (u; ), where u; acts trivially on
V; for all j # 4. Then Sy = (uy,...,us) and Sy is a Sylow p-subgroup of A,. Since
S is non-abelian, Sy # 1 and so s > p > 3. Let z; be an element of order p in (u; ),
and let

E= <Zl,...,ZS> :Ql(ST) ngs.
The faithful action of Sy, on Sy forces Z(S) < Sy, so ANE # 1.

We claim £ < A. As in the alternating group case, let z be a nontrivial element
in AN E belonging to the span of r of the basis elements z; in £ with r minimal.
After renumbering and replacing each z; by another generator for ( z;) if necessary,
we may assume z = z1---2,.. If r > 3 there is an element ¢ € G that acts trivially
on zi, ..., 2z_o and normalizes but does not centralize ( z,_1, 2, ); and if r = 2, since
s > 3 there is an element o € G that centralizes z; and normalizes but does not
centralize { z; ). In both cases 27271 is a nontrivial element of AN E that is a product
of fewer basis elements. This shows z; € A for some ¢ and so I/ < A since all z; are
conjugate in G.

By Proposition 2.9(5) in this setting, every element of order p in G is conjugate
to an element of E. Since the extension in (3.6) is split, A £ Sy. By the overall
induction hypothesis applied in H (or because a Sylow p-subgroup of Ay is generated
by elements of order p), it follows that A covers S/Sr. We may therefore choose a

numbering so that for some x € A, u] = us. Thus
u=uy " = [ug, 2] € ANTsom(Vy L -+ LV, ).

Let Y = GNIsom(V; L -+ L Vi_q) so that Y is also a classical group of the same
type as G over F,. Note that the dimension of the underlying space on which Y
acts is at least 2(s — 1) by our initial restrictions on ¢. Since Y is proper in G, by
induction applied using a minimal strongly closed subgroup Ay of ANY in Y we
obtain the following: either Ay (hence also A) contains a Sylow p-subgroup of Y, or
the Sylow p-subgroups of Y are homocyclic abelian with Ag N'Y elementary abelian
of the same rank as a Sylow p-subgroup of Y. Furthermore, in the latter case a
Sylow p-normalizer acts irreducibly on Ay, and hence the strongly closed subgroup

ANY is also homocyclic abelian. Since A N'Y contains the element u of order d,
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where d = |uy], in either case ANY contains all elements of order d in SNY. Since
u; € SNY this proves u; € A. By (3.6) all u; are conjugate in G to uy, hence Sp < A
and so A = S a contradiction.

It remains to consider the cases where V' is of linear or unitary type and p divides
g — 1 or ¢ + 1 respectively (denoted as usual by p } q — €). Now replace the simple
group G by its universal quasisimple covering SL(V'). Likewise replace A by the
p-part of its preimage. Thus A is a noncyclic (hence noncentral) strongly closed p-
subgroup of SL(V'). In this situation S = SpSy where we may assume Sr is the
group of p-power order diagonal matrices of determinant 1 (over F 2 in the unitary
case), and Sy is a Sylow p-subgroup of the Weyl group W of permutation matrices
permuting the diagonal entries. Furthermore, St is homocyclic of exponent d, where
d = |q — €|y, and is a trace 0 submodule of the natural permutation module for W
of exponent d and rank m = dim V. Since A is noncyclic, it contains a noncentral
element z of order p; and by Proposition 2.9, z is conjugate to an element of S7, i.e.,
is diagonalizable. Arguing as above with E = Q(S7) we reduce to the case where z
is represented by the matrix diag(¢, (%, 1,..., 1) for some primitive p™ root of unity
(. The action of W again forces F < A. Again, every element of order p in S is

conjugate in GG to an element of E, so by strong closure
(3.7) 0,(9) < A

Consider first when m > 5. Then Cg(z) contains a quasisimple component [ =
SLt, 5(q). Since L contains a conjugate of z, the inductive argument used in the
general case shows that A N L contains a diagonal matrix element of order d, hence
contains such an element centralizing an n — 2 dimensional subspace. The strong
closure of A then again yields St < A; and as before by induction or because S =
S71(S) we get A =S, a contradiction.

Thus dim V' < 4, and since Sy # 1 we must have p = 3. If G = SL(q) then let z
be represented by the diagonal matrix diag(¢,¢, ¢, 1), where ( is a primitive 3™ root
of unity. Then Cg(z) contains a Sylow 3-subgroup of G' and a component of type
SL5(q), so the preceding argument leads to a contradiction.

Finally, consider when G = SL§(gq). The Sylow 3-subgroups of SL§(q) are described
in the proof of Proposition 2.12. In both instances St is homocyclic of rank 2 and
exponent d with generators uy, us, and with Sy, = (w) = Z3 acting by

wo_ w_ . —1, -1
uy =ug and u; =uj U, .
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Thus wyw has order 3, and so u; = (yyw)w™ € Q;(S). By (3.7), this again forces
A = S, which gives the final contradiction. O

Lemma 3.5. G is not an exceptional group of Lie type (twisted or untwisted) over

F,, where q is a prime power not divisible by p.

Proof. Assume G = L(q) is an exceptional group of Lie type over F, with p * q.
Throughout this proof we rely on the Sylow structure for G as described in Propo-
sition 2.9. It shows, in particular, that we need only consider when the odd prime p
divides both order of the Weyl group of the untwisted group corresponding to G and
pPMyg } m for some m € O(G); in all other cases the proposition gives that the Sylow
p-subgroup is homocyclic abelian. The cyclotomic factors @,,(¢) and their “multiplic-
ities” 1, for each of the exceptional groups are listed explicitly in [GL83, Table 10:2].
Note that 3 ’ ¢*> — 1, so in this case mg is 1 or 2; also, 5 ’ g* — 1, so in this case myq
is 1, 2, or 4; finally, 7 | ¢® — 1, so in this case mg is 1, 2, 3, or 6. In the notation of
Proposition 2.9, except in the case D, (q) we have S = S7Sy (split extension) where
St is a normal homocyclic abelian subgroup of exponent |9,,,(¢)|, and rank r,,,, and
|Sw| = p°, where b is defined in (2.2).

The exceptional groups are listed in Table 3A along with p dividing the order of
the Weyl group, permissible mg such that m = p®mg for some m € O(G) with a > 1,
and the corresponding r,,, and p® for each of these (in the case of 3D,(q) we define
30 50 that |S] = (|8, (q)l,)703").

We consider all these cases, working from largest to smallest — the latter requiring
more delicate examination. Table 4-1 in [GL83] is used frequently without specific
citation: it lists all the “large” subgroups of various families of Lie type groups that
we shall employ. It is helpful to keep in mind the description of the order of a Sylow
p-subgroup in Proposition 2.9 when comparing the p-part of |G| to that of its Lie-type

subgroups.

Case p="T: E(q) contains both Ag(q) and *Ag(q) and so, by inspection of orders,
shares a Sylow 7-subgroup with it in the cases (1,8,7) and (2,8,7) respectively (the
Sylow 7-subgroup order is seen to be 7 - |q — €| for each group). Likewise E7(q)
contains both A7(q) and ?A7(q) and so shares a Sylow 7-subgroup with it in the cases
(1,7,7) and (2,7,7) respectively. By minimality of G all the p = 7 cases are eliminated.
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Table 3A

Group Prime p Permissible (mg, 7mg, 2°)
*Dy(q) 3 (1,2,3%), (2,2,3%)
Ga(q) 3 (1,2,3), (2,2,3)
Fi(q) 3 (1,4 32) (2,4,37)
2F(2) 3 (2,2,3)
Es(q) 3 (1,6, 34) (2,4,3%)

5 (1,6,5)
*Es(q) 3 (1,4 32) (2,6,37)

5 (2,6,5)
Ex(q) 3 (1,7, 34) (2,7,3%)

5 (1,7,5), (2,7,5)

7 (1,7,7), (2,7,7)
Es(q) 3 (1,8,3%), (2,8,3°)

5) (1,8, 52) (2,8,5%), (4,4,5)

7 (1,8,7), (2,8,7)

Case p = 5: The same containments in the preceding paragraph for E7(q) show these
groups share a Sylow 5-subgroup in cases (1,7,5) and (2,7,5). Similarly, Eg(q) contains
SUs(q*) and shares a Sylow 5-subgroup with it in the case (4,4,5). By minimality
these p = 5 cases are eliminated.

Assume G = FEg(q). Using the same large subgroups as in the p = 7 case, the
Sylow 5-subgroup S has a subgroup Sy of index 5 that lies in a subgroup Gy of G
of type As(q) or 2Ag(q) according to whether we are in cases (1,8,5%) or (2,8,5?)
respectively. By Proposition 2.9 applied to Gy it follows that Sy is non-abelian; and
since |A] > 5, AN Sy # 1. Thus by induction applied to a minimal strongly closed
subgroup Ag < AN Sy in Gy we obtain Sy < A. Moreover, by Proposition 2.9 it
follows that Sr < Sy. Since A is non-abelian and since the normalizer of a Sylow
5-subgroup of the Weyl group of Eg acts irreducibly on the Sylow 5-subgroup of W
(which is abelian of type (5,5)), the strongly closed subgroup A containing St cannot

have index 5 in S, a contradiction. This eliminates all Es(q) cases for p = 5.
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Adopting the notation following Proposition 2.9, assume G = E§(q), where 5 } q—¢€
and St has rank 6 and index 5 in S. Then G shares the Sylow 5-subgroup S with
Go = Ly* Lo, where Ly and Lo are central quotients of SLS(q) and SL§(q) respectively
(both of whose centers have order prime to 5). Since A is not cyclic, it does not
centralize Lo; hence it follows from Lemma 2.8 that A N Ly # 1. Since SN Ly is
non-abelian, by induction SN Ly < A. In particular, A contains a homocyclic abelian
subgroup of rank 5 and exponent |¢ — €|5, and S/A is cyclic. Now G also contains
a subgroup G; = Kj * Ky % K3 with each K; = SL§(q), where we may assume
S NGy € Syls(Gy). Each K; contains a homocyclic abelian subgroup B; of rank 2
and exponent |q¢ — €[5 with Nk, (B;) acting irreducibly on €;(B;). Because S/A is
cyclic it follows that By x By x B3 = Sp < A; and since A is non-abelian, A = S.
This completes the elimination of all p = 5 cases.

We next consider the various p = 3 cases, leaving the nettlesome groups of type
G(q) and 3D,(q) until the very end.

Case p =3 and my = 1: Here 3 } g — 1. If G = Fy(q) then it contains the universal
group Gy = By4(q)". By inspection of the order formulas, Gy may be chosen to contain
a subgroup Sy of index 3 in S which, by Proposition 2.9, is non-abelian. Since |A| > 3
we have Sy N A # 1 so, as usual, the minimality of G forces Sy < A. Thus Sy = A
has index 3 in S. Furthermore, since a Sylow 3-subgroup of the Weyl group of B,
has order 3, we get that A has an abelian subgroup of index 3. But now by [GLSv3,
Table 4.7.3A] there is an element ¢ of order 3 in G such that C' = O¥ (Cq(t)) = Ly * Ly
where L; = SL3(q) for i = 1,2. Choose a suitable representative of this class so that
Cs(t) € Syl3(C). Then AN L; £ Z(L;), so because each Sylow subgroup S N L; is
non-abelian, by induction SN L; < A for i = 1,2. This gives a contradiction because
SN LiLy clearly does not have an abelian subgroup of index 3.

Since 2Fg(q) shares a Sylow 3-subgroup with a subgroup of type Fj(q) this family
is eliminated by minimality of G.

Consider when G is one of Eg(q), E7(q) or Es(q). In these cases St is homocyclic
of the same rank as G and Sr lies in a maximal split torus 7" of G with W =
N¢(T)/Cq(T) isomorphic to the Weyl group of G. Note that W acts on the Sylow 3-
subgroup St of T'; moreover, in each case W acts irreducibly on €4 (Sr), and Z(S) <

St. By strong closure of A we obtain

(3.8) 0 (Sr) < A



CELLULARIZATION VIA STRONGLY CLOSED SUBGROUPS 31

There are containments: Fy(q) < Eg(q) < Er(q) < Es(q), with corresponding con-
tainments of their maximal split tori. Thus by (3.8), in each exceptional family A
nontrivially intersects a subgroup, Gy, of G of smaller rank in this chain. Since the
Sylow 3-subgroups of each GGy are non-abelian, by minimality of G and the preceding
results we get that A contains a Sylow 3-subgroup of the respective subgroup Gj.
Since then A is non-abelian, it is not contained in Sr. Now the Weyl group of G is
of type Uy(2) - 2, Zy x Sg(2), or 2+ OF (2) - 2, so by induction applied in Ng(T) it
follows that A covers a Sylow 3-subgroup of W. Finally, the irreducible action of W
on St/P(St) forces Sy < A, and so A = S, a contradiction.

Case p=3 and my = 2: Here 3 } q + 1. The argument employed when 3 ’ qg—1
mutatis mutandis eliminates Fy(q) as a possibility (using L; = SUs(q) in this case).
The groups 2F;(2") — including the Tits simple group — share a Sylow 3-subgroup
with their subgroups SU;3(2"), and so are eliminated by induction. Also, Eg(g) shares
a Sylow 3-subgroup with its subgroup Fj(q), hence it is eliminated. To eliminate
FEs(q), E7(q) and 2E4(q) we refer to the table of centralizers of elements of order 3 in
these groups: [GLSv3, Table 4.7.3A].

First assume G = Eg(q). By [GLSv3, Table 4.7.3B], G contains a subgroup X =
Ly x Ly, where the two components are conjugate and of type Us(q). We may assume
SNX € Syl3(X). Since ©(Sr) is the unique elementary abelian subgroup of S of
rank 8, ©Q(S7) < X; in particular, AN X # 1. As usual, by minimality of G we
obtain SNX < A, and the “toral subgroup” for SN.X lies in S7. Order considerations
then give S7 < A and |S : A| < 33. Now the centralizer of an element of order 3 in
Z(S) is of type (*Eg(q) * SU3(q))3, where the two factors share a common center of
order 3. Since Sp < A it follows that A acts nontrivially on, hence contains a Sylow
3-subgroup of, each component (or of SU3(2) when ¢ = 2). This implies A covers
S/Str = Sy, as needed to give the contradiction A = S.

Let G = Er(q). Then G contains a subgroup X = SUg(q) with SN X € Syls(X).
Since S N X has the same “toral subgroup” as S, as usual we obtain SN X < A,
Sr < Aand |S : Al < 32. Now S also contains an element of order 3 whose
centralizer has a component of type ?Eg(q) (universal version). Since as usual A
contains a Sylow 3-subgroup of this component it follows that A covers S/Sp and so

A =S, a contradiction.
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Finally, assume G = 2FE(q). Since by [CCNPW] 2E(2) shares a Sylow 3-subgroup
with a subgroup of type F'iys, by minimality of G we may assume ¢ > 2. Let X
be the centralizer of an element of order 3 in Z(S), so X = (L; % Ly * L3)(3 x 3),
where each L; & SUs(q), the central product L;LsLs has a center of order 3, an
element of S cycles the three components, and another element of S induces outer
diagonal automorphisms on each L;. As usual, it follows easily that A contains a

Sylow 3-subgroup of S N X. By order considerations
|St : SN A <3 and |S Al <O.
Now there is an element ¢ of order 3 in .S such that
C=Cq(t)=D=x*T, where D = Dy (q) and T) = Z,4,

and we may choose ¢ so that Sy = Cg(t) € Syl3(C). Let S; = SND and Sy = SNT7,
and note that (t) = ;(71). Since the Schur multiplier of D has order prime to 3,
So = S1 X Sy. It follows as usual that S; < A.

Now let w € S — Sy and let t; = ¢*. Then t; # t and Sy € Syl3(Ce(t1)). By
symmetry, the strongly closed subgroup A contains the Sylow 3-subgroup S}’ of the
component D" of Cg(t1). Since t; acts faithfully on D, so too S¥ acts faithfully on
D, from which it follows that

Sy < 518¥ < A.

Moreover, A contains the “toral subgroup” of C' of type (¢ + 1)° (in the universal
version of ), so Sp < A and hence A is the subgroup of S that normalizes each
component L; of X. Since Sy is generated by elements of order 3 (in the universal
version of G), S = A(x) for some element x of order 3. Since no conjugate of x lies in
A we may further assume Cg(z) € Syl3(Cq(x)). Since (x) cycles Ly, Lo, Lo it follows
that the 3-rank of C(z) is at most 5: this restricts the possibilities for the type of
x in [GLSv3, Table 4.7.3A]. In all possible cases C(z) contains a product, L, of one
or two components with C'(L) cyclic. The same argument that showed Sy < A may
now be applied to show x € A, a contradiction. This completes the proof for these

families.

Case G3(q) and 3D4(q) where ¢ =€ (mod 3): If G = Gy(q) then by Proposi-
tion 2.12 Z(S) = Z; is the unique candidate for A, contrary to Lemma 3.2. Thus the

minimal counterexample is not of type Ga(q).
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Assume G = 3Dy(q). Then G contains a subgroup Gy isomorphic to G(q) (the
fixed points of a graph automorphism of order 3), and by order considerations we
may assume Sy = S N Gy is Sylow in GGy and so has index 3 in S. As noted above,
(z) = Z(S)) is of order 3 and is the unique nontrivial strongly closed (in Gg) proper
subgroup of Sy. Consider first when |A N Sy| > 3. Then since Sy is non-abelian,
induction applied to Go gives Sy < A, and so A = Sy. Since by Proposition 2.6,
260N Sy = {2*1}, whereas ( 2 ) is not strongly closed in G, there must be G-conjugates
of zin S—5Sy, contrary to A being strongly closed (one can see this fusion in a subgroup
of *Dy(q) of type PGL5(q)).

Thus AN Sy = (z) and so by Lemma 3.2, A = (z) x (y) with z ~ y in G.
Since [S,y] < (z), y centralizes @(S). Since *Dy(q) has 3-rank 2 and y ¢ &(S), by
Proposition 2.9(4) we must have |S| = 3%. But then Sy is the non-abelian group of
order 27 and exponent 3, and y centralizes a subgroup of index 3 in it, contrary to
the 3-rank of 3Dy4(q) being 2. This eliminates the possibility that G = 3D,(q) and so

completes the consideration of all cases. O
Lemma 3.6. G is not a group of Lie type (untwisted or twisted) in characteristic p.

Proof. Assume G is of Lie type (untwisted or twisted) over F, where ¢ = p™. Since G
is a counterexample, it follows from Proposition 2.10 that G has BN-rank > 2. An
end-node maximal parabolic subgroup P; for each of the Chevalley groups (untwisted
or twisted) containing the Borel subgroup S is described in detail in [CKS76] and
[GLS93] (for the classical groups these parabolics are the stabilizers in G of a totally
isotropic one-dimensional subspace of the natural module.) For the groups of BN-
rank 2 the other maximal parabolic, P, is also described in [GLS93]. In each group
P, = Q,L;H, where Q; = O,(F,), L; is the component of a Levi factor of P, and H is
a p’-order Cartan subgroup.

Except for the 5-dimensional unitary groups and some groups over Fs (which will
be dealt with separately), for some i € {1,2} the group M = OP(P;) satisfies the

following conditions:

Properties 3A.

(1) S< M,

(2) F*(M) = O,(M),

(3) M = M/O,(M) is a quasisimple group of Lie type in characteristic p,
(4) M is not isomorphic to Us(p™) or Re(3") (when p = 3), for any n > 2,



34 RAMON J. FLORES AND RICHARD M. FOOTE

(5) [Op(M), M] = O,(M), and
(6) if @ =0,(M) and Z = ,(Z(S)), then one of the following holds:
(i): Q is elementary abelian of order ¢* for some k, or
(ii): Q is special of type ¢'™* for some k, all subgroups of order p in Z are

conjugate in G, and 29 € S — () for some z € 7, g € G.

Basic information about this parabolic is listed in Table 3B. The last column of
Table 3B indicates which of the two alternatives in Properties 3A(6) holds. The proofs
that the fusion in Properties 3A(6ii) holds in each case may be found in [CKST76].

Table 3B
Group Parabolic Q L/Z(L) 3A(6)
Li(q), k>3 Py ¢! Li_1(q) (i)
Oi(q), k> 7 Py ¢ Or(q) (i)
Sor(q), k > 2 Py g' k=l Sok—2(q) (ii)
Ue(q), k>4, k#5 P, g 2k=2) Us_2(q) (ii)
Es(q) Py 't Le(q) (i)
Ex(q) Py g O13(q) (i)
Es(q) P q'*to Ex(q) (i)
*Es(q) Py q'*+* Us(q) (i)
Ga(q), ¢ >3 Py g Ly(q) (ii)
Fi(q) P gt Se(q (i)
°Du(q) P q'*® Lo(q?) (i)
Us(q) P q'*° Us(q) (i)

Putting aside the last row for the moment, let M = O (P;) be chosen according
to Table 3B. Since M does not have any composition factors isomorphic to Us(p™) or
Re(3™), the minimality of G gives inductively that A € Syl,({ AM)). If A £ Q, then
by the structure of M in Properties 3A(3) and (5), M < ( AM). But then A = S by

(1), a contradiction. Thus
(3.9) A<Q and A<M

Assume first that Properties 3A(6ii) holds. Then since A < S, ZN A # 1. The

strong closure of A together with (6ii) forces Z < A, contrary to the existence of
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some 29 € S — (). This contradiction shows that G can only be among the families
in the first two rows or the last row of Table 3B.

Assume now that () is abelian, i.e., G is a linear or orthogonal group. In these
cases (Q is elementary abelian and is the natural module for M; in particular, M
acts irreducibly on @. By (3.9) we obtain A = ). However, in these cases when G
is viewed as acting on its natural module, () is a subgroup of GG that stabilizes the
one-dimensional subspace generated by an isotropic vector and acts trivially on the
quotient space. Since the dimension of the space is at least 3, one easily exhibits
noncommuting transvections that stabilize a common maximal flag; hence there are
conjugates of elements of () in S that lie outside of @), a contradiction.

In Us(q) for ¢ > 3 the unipotent radical of the parabolic P, is special of type ¢'*°
with Z = Z(S) = Z(Q1) and all subgroups of order p in Z conjugate in P; (so Z < A).
As in the other unitary groups, there exist z € Z and g € G such that 29 € S — Q.
Now L; = Us(q) acts irreducibly on )1/Z and, by the strong closure of A, ANQ is
normal in P;. Since 29 € A and [@1, 29] < AN Qq, the irreducible action of L; forces
@1 < A. But now there is a root group U of type Us(q) with U contained in ()7 such
that S = Q,U”, for some x € (G. Since U < A, this forces A = 5, a contradiction.

It remains to treat the special cases when the Levi factors in Table 3B are not
quasisimple: G = Ly(q), L3(3), G2(3), S4(3), or Uy(q) (in line 3 of Table 3B, Sy(q) =
Ly(q)). Properties of small order groups may be found in [CCNPW]. The groups
Lo(q) have elementary abelian Sylow p-subgroups so G is not a counterexample in
this instance. In L3(3) we have S = 3'*2 and the action of the two maximal parabolic
subgroups (stabilizers of one- and two-dimensional subspaces) easily show that the
strong closure Z(S) in S is all of S, contrary to A # S.

If G = G5(3) then since G has two (isomorphic) maximal parabolics containing S,
A is not normal in one of them, say P;. By [CCNPW], P, = (W x U) : L where
W =312 U = 7y x Zs, O3(Py) = WU, and L = GLy(3) acts naturally on both U
and W/W’. Since A projects onto a subgroup of order 3 in P;/O3(P;) = L, we see
that [A, W] £ W' and [A, U] # 1. Both these commutators lie in the strongly closed
subgroup A, so the action of L forces O3(P) < A. Thus A = S, a contradiction.

If G = S4(3) there are maximal parabolics of type P, = 32 : SLy(3) and P, =
33(Sy x Zy). Since P, = Ng(Z(S)) it follows that the S; Levi factor in P, acts
irreducibly on O3(P,). Now AN O3(P,) # 1 so O3(P,) < A. Likewise since A is a
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noncyclic strongly closed subgroup, it follows easily from the action of the Levi factor
in P; that O3(P;) < A. These together give A = S, a contradiction.

Finally, assume G = Uy(q). From the isomorphism Uy(q) = Of (¢) we see that
G contains a maximal parabolic P, = ¢*Of(q) = ¢*Ls(¢?), where the Levi factor
is irreducible on the (elementary abelian) unipotent radical. This case has been
eliminated by previous considerations. This final contradiction completes the proof

of the lemma. 0
Lemma 3.7. GG is not one of the sporadic simple groups.

Proof. The requisite properties of the sporadic groups for this proof are nicely doc-
umented in [CCNPW], [GL83, Section 5], or [GLSv3, Section 5.3]; many of their
proofs may be found in [Asc94]|. Facts from these sources are quoted without fur-
ther attribution. Verification that the sporadic groups in conclusions (iv) and (v) of
Theorem 2.2 indeed have strongly closed subgroups as asserted may also be found in
these references. We clearly only need to consider groups where p? divides the order;
indeed, when the Sylow p-subgroup has order exactly p? it is elementary abelian and
(G is not a counterexample in these cases.

If |S| = p3, then in all cases the Sylow p-subgroup is non-abelian of exponent p
and, with the exception of Ms, Ng(S) acts irreducibly on S/Z(S). In My with
p = 3: S contains distinct subgroups U; and Us, each of order 9, such that Ng(U;)
acts irreducibly on U; for each i. Since A is noncyclic and strongly closed, in all cases
these conditions force A = S, a contradiction. Thus we are reduced to considering
when |S| > p*.

We first argue that the following general configuration cannot occur in G:

Properties 3B.
(1) 2(8) = 2= 2,
(2) N = Ng(Z) has Q = O,(N) extraspecial of exponent p and width w > 1
(denoted @ = p'T2v),
(3) N acts irreducibly on Q/Q’, and
(4) N/Q does not have a nontrivial strongly closed p-subgroup that is proper in
a Sylow p-subgroup of N/Q.

By way of contradiction assume these conditions are satisfied in G. If A £ @

then by (4) we obtain that A covers a Sylow p-subgroup of N/Q. In this case, the
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irreducible action of N on @/Q’ then forces @ < A and so A = S, a contradiction.
Thus A < Q. Now Z < A but |A| > p so the irreducible action of N forces A = Q.
Since A is minimal strongly closed, whence Z is not strongly closed, there is some
x € Q — Z such that x ~ z for z € Z. Thus by Sylow’s Theorem there is some g € G
such that

Co(x)!<S and 29=z2

By strong closure, Cp(z)? < Q. But since ) has width > 1 we obtain Z9 <
(Co(z)9) < Q' = Z and so g normalizes Z. This contradicts the fact that 29 ¢ Z
and so proves these properties cannot hold in G.

Most sporadic groups are eliminated because they satisfy Properties 3B, or because
they share a Sylow p-subgroup with a group that is eliminated inductively. All cases
where |S| > p* are listed in Table 3C along with the isomorphism type of the corre-
sponding normalizer of a p-central subgroup (or another “large” subgroup, or reason

for elimination). Some additional arguments must be made in a few cases.

When p = 5 and G = Co; the extraspecial @) = O5(N) listed in the table has width
1. As before, if A £ @ then the irreducible action of N on Q/Q’ forces A = S, a
contradiction. Thus A < @) and again the irreducible action yields A = ). However
G contains a subgroup Gy = C'oy whose Sylow 5-subgroup Sy is isomorphic to @) and
has index 5 in S. Since |A N Sy| > 25, the irreducible action of Ng,(Sp) on Sy/Sh
forces Sy < A, and hence Sy = A. But by Proposition 2.6, Z(Sy) is strongly closed
in Gy but not strongly closed in G. Thus there is some g € G such that Z(Sy)¢ < S
but Z(S5)¢ £ Sp. This contradicts the fact that A = Sy is strongly closed in G, and
so G % Coy.

When p = 3 and G = Fliys it contains a subgroup H of type Of (3) : S that may
therefore be chosen to contain S. Let Hy = H"” = OF (3). By Lemma 2.8, AN H, # 1;
and so by induction A contains the non-abelian Sylow 3-subgroup Sy = S N Hy of
Hy. Thus |S @ A| = 3. Now H is generated by 3-transpositions in G, and so there

are 3-transpositions ¢, ¢; such that
D1:<t,t1>253 and H:HO:Dl.

Likewise t inverts some element of order 3 in Hy, i.e., there is some ¢ty € Hy(t) such
that Dy = (t,t3) = S3. By the rank 3 action of G on its 3-transpositions, D; and D,
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Table 3C

Group Z(S) normalizer (or other reason)

p=1
M 71+4(3 x 25)

pP=3
Ly 5174 ((4 % SLy(9)).2)
001 51+2GL2(5)
HN 54 (21H4(5 - 4))
B 5U(((Qs * Ds) As) - 4)
M 5176((4 % 2J,) - 2)

p=3
MecL 31+4(255)
Suz 3U4(3)2
Ly 3MclL2
O’N (one class of Z3 and S = Q4(95))
001 31+4G5p4(3)
002 31+4((D8 * QS) . 55)
003 31+4((4 * SLQ(Q)) . 2)
Fligy (S <0:(3))
Fiy 310(Us(2) - 2)
HN 31444 5 S Ly(5))
Th (see separate argument)
B 31+8(21+6O6—(2))
M 3H12(2Suz) - 2

are conjugate in G. Thus D] is conjugate to the subgroup D) of Hy, contrary to A

being strongly closed. This proves G 2 Flios.

Finally, assume p = 3 and G = Th. Following the Atlas notation and the com-

putations in [Wi98], the centralizer of an element of type 3A in S has isomorphism
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type
N =Ng((34))=(Z3x H).2  where  H = Gy(3).

Since an element of type 3B in Z(S) N A commutes with 3A and therefore acts
nontrivially on H, by induction A contains a Sylow 3-subgroup of H. In the Atlas
notation for characters of Gy(3), the character x of degree 248 of T'h restricts to
Z3 x H as

X|zsxn =1® (x1+ Xx6) + (w+ @) ® x5

where the characters of the Z3 factor are denoted by their values on a generator. By
comparison of the values of these on the Go(3)-classes it follows that H contains a
representative of every class of elements of order 3 in Th. The calculations in [Wi9§]
show that S = Q;(S), which leads to A = S, a contradiction.
This eliminates all sporadic simple groups as potential counterexamples, and so
completes the proof of Theorem 2.3.
O

4. THE BZ/p-CELLULARIZATION OF CLASSIFYING SPACES OF FINITE GROUPS

Throughout this section p is an arbitrary prime, G is a finite group and S €
Syl,(G). Now that we have described precisely the structure of the finite groups
possessing a strongly closed p-subgroup, we are prepared to analyze in detail how
this is related with the BZ/p-cellular structure of the classifying spaces of the groups.
Before undertaking the complete description of CW gz, BG we describe what it is

known so far about this problem.

4.1. Previous results. As we said in the introduction, the starting point was the
computation done by Dror-Farjoun in [Far95, 3.C], where he establishes that the
BZ/p-cellularization of the classifying space of a finite cyclic p-group has the homo-
topy type of BZ/p.

Subsequently Rodriguez-Scherer investigated in [RS01] the M (Z/p, 1)-cellularization,
where M(Z/p,1) denotes the corresponding Moore space for Z/p. When the target
is BG, this can be considered a precursor to our study because M(Z/p,1) can be
described as the 2-skeleton of BZ/p. In their description the authors use the concept
of cellularization in the category of groups (developed afterwards in [FGS07]). Their
work in this subject allows one to prove, in particular, that the BZ/p-cellularization

of the classifying space of a p-group is the same as that of its p-socle; as the latter is
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BZ/p-cellular in this case ([Flo07, Proposition 4.14]), one obtains that CW gz, BG' ~
BQ,(G) if G is a finite p-group.

The aforementioned is proved using a characterization of the cellularization discov-
ered by Chachodlski, that is perhaps the most useful tool available to attack these kind
of problems. Because of its importance and ubiquity in our context we reproduce it

here:

Theorem ([Cha96, 20.3]). Let A and X be pointed spaces, and let C' be the homotopy
cofiber of the map \/[qu* A — X, defined as evaluation over all the homotopy classes
of maps A — X. Then CWpg,, X has the homotopy type of the homotopy fiber of
the composition X — C — PxaC.

Here P denotes the nullification functor, first defined by A.K. Bousfield in [Bou94].
Recall that given spaces A and X, X is called A-null if the natural inclusion X —
map(A, X) is a weak equivalence. In this way one defines a functor P4 : Spaces —
Spaces, coaugmented and idempotent, such that P4X is A-null for every X, and
such that for every A-null space Y the coaugmentation induces a weak equivalence
map(P4X,Y) ~ map(X,Y). This functor can also be defined in the pointed category,
and its main properties can be found in [Far95] and [Cha96].

In our case the role of A and X in the Chachoélski result will be played by BZ/p
and BG, respectively. If C' is the corresponding cofiber, from now on we shall denote
the ¥ BZ/p-nullification of C' by P.

As a consequence of previous results, describing CW gz, BG is equivalent to de-
scribing P, which is in general a more accessible problem. In our particular situation
it is convenient to assume G generated by order p elements because this implies au-
tomatically (using Whitehead’s Theorem) that P is a simply-connected space. Thus
we can use fracture lemmas [BK72, VI.8.1]; and as P is rationally trivial, we see that
P ~ [ P, the product of the g-completions for all primes g. On the other hand,
note that the additional hypothesis on the generation of G' causes no restriction, as
for every finite GG there is a homotopy equivalence CW gz /pBQI(G) ~ CWgy,,BG
induced by the natural inclusion ([F1lo07, Proposition 4.1]).

It is easily proved that the g-torsion part of P (for every prime g # p) has the
homotopy type of [] ot BGQ. Hence the difficult part is to compute PpA. According
to [['S07, 3.2], P coincides with the base of the Chachdlski fibration when the total
space is BG)), so we are actually studying the BZ/p-cellularization of BG). More
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precisely, if G is generated by order p elements, the equivalence CWBZ/p(BGQ) ~
(CWpz,, BG),) is proved in [FF'S07, Proposition 3.2]. This is a very peculiar property
for spaces which, in general, cannot be decomposed via an arithmetic square.

In the philosophy of [BLOO03], the homotopy theory of BG) is codified in the p-
fusion data of G. From this point of view it can be observed that the structure of PpA
strongly depends on the minimal strongly closed p-subgroup 2 (S) of S that contains
the p-socle of S (called C1 S in [FS07]). In particular, it is a consequence of the Puppe
sequence and the definition of nullification that if 2, (S) = S then P} is trivial. This
shows one should consider the case in which 20 (5) is strictly contained in S.

In [FSO7] the latter case is studied under the additional assumption that Ng(S5)
controls (strong) G-fusion in S. Recall that the normalizer controls (strong) fusion if
for every subgroup P < S and g € G such that gPg~! < S, there exist h € Ng(S)
and ¢ € Cg(P), such that g = he. Since 24 (S) is normal in Ng(S), [FS07] shows
that P is homotopy equivalent to the p-completion of B(Ng(S)/1(S)); this also
shows, roughly speaking, that the structure of the mapping space map, (BZ/p, BG})
depends heavily on 24;(.S). This result is used, in particular, to compute the BZ/2-
cellularization of classifying spaces of simple groups (relying on Theorem 2.1 there).

In the next subsection we describe the remaining cases, giving very explicit descrip-

tions of PpA in all the situations in which this space is not trivial.

4.2. The description of CWgy,, BG. In [FS07] it was already anticipated that a
complete description of the BZ/p-cellularization of classifying spaces of finite groups
would depend on a structure theorem for groups that contain a non-trivial strongly
closed p-subgroup that is not a Sylow p-subgroup; in that time such a classification
was only known for p = 2 (Theorem 2.1). But even in this case there were examples
of groups such that ;(S) # S and Ng(S) does not control fusion in S — in other
words, groups that were beyond the scope of [FS07].

The key step missing in that paper was the role of the subgroup O4(G), whose
importance was already evident — in an independent group-theoretic context — in
[Foo97]. First, O4(G) is by definition a subgroup of A, so in the case A = A;(S) it
is likely that it controls a “part” of the structure of CW gz, BG. Moreover, O4(G)
is normal in GG, so one might expect a strong relationship between the cofiber of

Chachélski fibration for BG)) and for B(G/OA(G)),. The significance of O4(G) is

p
also suggested by the fact that passing to the quotient G/O4(G) gives a considerable
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simplification in the p-fusion structure of this quotient group in the sense that — as
we shall see in Section 5 — there are normalizers (of subgroups/elements) that do not
control fusion in G with images that do so in the quotient. These ideas, combined
with the explication of the role of O4(G) in the classification result Theorem 2.2,
allow us to prove the main theorem, Theorem 4.2, which covers all extant cases for

CW 7, BG, subsuming all by a uniform treatment.

For the remainder of this subsection A = 2 (S), and overbars will denote passage
to the quotient G — G/O4(G). The normalizer of A in G will be denoted by N, and
N /A will be called T.

We begin with a technical lemma that we will need in the proof of the main theorem.
Lemma 4.1. The group I" is p-perfect, i.e., has no normal subgroup of index p.

Proof. By contradiction, assume that there is a nontrivial homomorphism ¢ : I' —
Z/p. Precomposing with the map BN — BT induced by the canonical projection
yields an essential map BN — BZ/p, which is trivial when restricted to BA. More-
over, as N controls p-fusion in G, we have another nontrivial map BGQ — BN;\ —
BZ/p that is induced by a (also nontrivial) homomorphism ¢ : G — Z/p. As the
image of A under the natural projection G — G is A, the definition of  implies that
the composition BA — BG — BG) — BZ/p is homotopically trivial. In particular,
every element of order p of G should go to zero under the map ¥. But G is generated
by order p elements, so 1 should be nontrivial. This is a contradiction, and we are
done. 0

Alternatively, Theorem B of [Gol75] says that for any strongly closed A we have
(G'NS)A = (Ng(A)' N S)A. Thus if G has no normal subgroup of index p, neither
does Ng(A)/A. Corollary 2.5 therefore also shows I' is p-perfect since each L; is

simple.
Now we are in a position to prove the principal result of this section.

Theorem 4.2. In the previous notation, PpA 15 homotopy equivalent to the p-completion
of the classifying space of N /A.

Proof. Let D be the cofiber of the Chachdlski map \/ BZ/p — BG) (extended to
all the homotopy classes of maps BZ/p — BGP), whose ¥BZ/p-nullification is P)'.
We denote by h : BGj) — D the natural map, and by 1 : D — P} the canonical
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coaugmentation. Moreover, if A; < Ay, we will call 74, 4, the group inclusion A; —
As.

We claim there are maps BI') — P and P}' — BI') that are homotopy inverses
to one another.

First we define PpA 4, BT IA). Recall that, as N controls G-fusion in S, the inclusion
N — @ induces a homotopy equivalence BW; (BZEJ_E)Q B@; (see for example [MP98,

Proposition 2.1]) . Now consider the diagram

v h n
(4.1) VBZfp = BGy =~ D —~ F}
Br) / //
P / /
—A / /
BG, // !
/ /

and call o the composition of all vertical maps.
According to the definition of G and A, the composition BZ/p — BG) = BI) is

inessential for every map BZ/p — BGQ. This implies that the composition « o v is

so, and hence there exists the lifting ¢’. As BI') is ¥BZ/p-null, ¢" also lifts to g, and

that is the map we were looking for.

(Bia,g)y
—

A Toh
BG,; —

PPA. As the induced homomorphism of fundamental groups is trivial when restricted

To construct f : BI') — P, consider now the composition BA

to every generator of A (by construction), the composition must be null-homotopic

on BA. In particular, it is inessential when precomposing with the map B(O4(G) N

Bio 4 (c)na,a

A) == " BA. As P} is p-complete (by [FFS07, 3.2]), and O(G)N A is p-Sylow in
O4(G) by definition of O4(G), we can apply [Dwy96, Theorem 1.4] to obtain that the

(Bio 4 (c),6)p
4%

composition BO4(G) BG) — P} is again homotopically trivial. Then,
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by Zabrodsky’s Lemma [Dwy96, 3.4], there exists a lifting f’

BO4(G)
Bio ,(@),¢ l

noho(—)p

BG Py

7
Bﬂl -

P

BG

where (—)) denotes the p-completion BG — BG). Now we have another map BN —

P} given by the composition

— —n Biga)h A
BN — BN, 25" penLh pr

where we have used the fact that PpA is p-complete.

The next diagram is clearly commutative by construction:

Bia g
BA BG
Bma l/ Br l \
BA BN BG P

. Biag noho(—)p A . ..
Note that the composition BA — BG = —" P} is homotopically trivial, and

_ Bigvw — ’ _
hence the composition BA — BA -3 BG AN P} is so. As A is by definition a
quotient of A, every generator of the former comes from a generator from the latter.
__ Bigx _—
This implies that the composition BA Y pGg L PpA is also homotopically trivial,
and thus again by [Dwy96, 3.4, the map (f), lifts to a map f:
)y

—A P
BN, — P}

|

BI).

This is the map f that we wanted; and we have another commutative diagram:

(4.2) BG, —= P}
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It remains to prove that f o g ~ Idpy and g o f =~ Idgry. In the first case, the
universal property of the nullification functor implies that it is enough to prove that
f o ¢ is homotopic to the coaugmentation 7. As PpA is simply connected, we only
need to prove that f o ¢’ ~ n in the unpointed category. Hence we can use the long
exact sequence of the cofibration BG; KN JR VYBZ/p to establish that fog ~n
if and only if f o g oh ~noh. According to diagram 4.1, ¢’ o h is homotopic to a,
and by diagram 4.2, f oa ~ no h, so we are done.

To see that go f is homotopic to the identity of BFS, a repeated application of the
universal property of the quotient shows that it is enough to prove that go foa ~ «. By
Lemma 4.1 and [BK72, I1.5], BI') is simply connected, and we can apply the previous
arguments to ensure that it is enough to find the homotopy in the unpointed category.
Again by diagram 4.2 the latter is homotopic to gono h, and has the same homotopy

class as a by diagram 4.1. So the statement is proved. U

When we combine the previous statement with [Flo07, Proposition 4.14] and [FS07,
Theorem 2.5] we obtain a complete description of CW gz, BG for every p and every

finite group G.

Theorem 4.3. Let G be a finite group generated by its elements of order p, let S €
Syl,(G), and let A =A,(S) be the minimal strongly closed subgroup of S containing
Q(S). Then the BZ/p-cellularization of BG has one the following shapes:

(1) If G = S is a p-group then BG is BZ/p-cellular.

(2) If G is not a p-group and A = S then CW gy, BG is the homotopy fiber of
the natural map BG — ][, BGY.

(3) If G is not a p-group and A # S then CW gy, BG is the homotopy fiber of
the map BG — B(Ng(A)/ A)) x [1,2, BGY-

Theorems 2.1 and 2.2 and Corollary 2.5 determine Ng(A)/A, whose structure is
very rigid and depends on a restricted set of well-known simple groups. It is very
likely that an analogous classification can be obtained exactly in the same way for

CWpyz/r BG, v > 1, but we have restricted ourselves to the case r = 1 for the sake
of simplicity (cf. also [CCS, Theorem 3.6]).

In the cases where O4(G) = 1 and A < G — which are implicit in the computations
— the BZ/p-cellularization of BG7) is the homotopy fiber of the natural map BG) —
B(G/A)). Tt is then tempting to identify CW pz,, BG' with BA. But this would mean,



46 RAMON J. FLORES AND RICHARD M. FOOTE

in particular, that map, (BZ/p, BG))) would be discrete. However, an analysis of the
fibration

map,(BZ/p, BG))) — map(BZ/p, BG)) — BG))

together with the description of its total space — which is given, for example, in
[BKO02, Appendix] — shows that map,(BZ/p, BG})) is non-discrete in general, and
then usually CW pz/, BG' is not an aspherical space.

It is conceivable that our results can also have interesting consequences from the

point of view of homotopical representations of groups. In [FS07, Section 6] the results

A
p

that enjoyed two particular properties: they did not come from group homomorphisms

on cellularization gave rise to specific examples of nontrivial maps BG — BU(n)

G — U(n), and they were trivial when precomposing with any map BZ/p — BG.
While there are a number of examples in the literature with the first feature (see for
example [BW95] or [MT89]), no representations were known at this point for which
the second property holds. The classification results of this paper give hope of finding
a systematic and complete treatment of all these kinds of representations. We plan
to undertake this task in a separate paper.

In the next section we show the applicability of our results by computing the
BZ/p-cellularization of various specific families of classifying spaces. We have chosen
the simple groups (as they have shown their cornerstone role in the computation of
CW ), BG), certain split extensions that signaled there was something beyond the
results of [FS07], and certain nonsplit extensions of G5(g) that illuminate the roles of

the normalizers of A and S in the BZ/p-cellular context.

5. EXAMPLES

Throughout this section p is any prime, G is a finite group possessing a nontrivial
Sylow p-subgroup S and 2, (S), as before, denotes the unique smallest strongly closed
(with respect to G) subgroup of S that contains € (S). In Theorem 4.3 a description
of the BZ/p-cellularization of BG for every group G and every prime p is given. In
this section we describe some families of concrete examples for which CW gz, BG is

interesting. We begin with the case of simple groups.

5.1. Simple groups. In [FS07, Corollary 5.7] the BZ/2-cellularization of the clas-
sifying spaces of all the simple groups was computed. In this section we use the

classification, Theorem 2.2, to show that for every prime p and every simple group
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G, CW gy, BG is included in cases (ii) and (iii) of Theorem 4.3. The key result is
the following immediate consequence of Theorems 2.1 and 2.2 (where O4(G) =1 by
the simplicity of G):

Corollary 5.1. Let G be a simple group in which A;(S) # S. Then G is isomorphic

to one of the groups L; that appear in the conclusions of Theorems 2.1 and 2.2.

Next, recall that if G is the simple group Gs(q) for some ¢ with (¢,3) = 1, then we
showed in the proof of Proposition 2.12 (and at the end of the proof of Lemma 3.4)
that S = (5). Then by Corollary 2.4, in all cases in Corollary 5.1 the normalizer of

S controls strong fusion in S. Thus Theorem 4.3 yields the following characterization:

Proposition 5.2. Let G be a simple group, let p a prime and let S be a Sylow
p-subgroup of G. Then CW pz,, BG' has one of the following two structures:

(1) If Ay (S) = S, then CWpy,,, BG is the homotopy fiber of the natural map
BG — [],., BGy-
(2) If A1 (S) # S, then we have a fibration

CW 2/, BG — BG — B(Ng(S)/2(9))) x [[ BG,.

Note that the inclusion Ng(S) — Ng(24(S)) induces a homotopy equivalence
BNq(S), ~ BNg(21(S)); when Ng(S) (and then Ng(1(S))) controls p-fusion
in S. This happens for every simple group in the second case of the previous
proposition, and in particular a comparison of Chachodlski fibrations for BNg(S)]/D\
and BNg(21(S)), (which are homotopy equivalent) gives that the induced map
B(Ng(S)/4:(5)); = B(Ng(2:(5))/21(5)); is also a homotopy equivalence.

In the following we use Theorem 4.3 to describe explicitly the BZ/p-cellularization
of the classifying spaces of the groups of the second kind in the previous statement,
which turn out to be some of the ones that appear in the classification. With the
exception of the groups of Lie type in characteristic # p, the Sylow-p normalizers of
the simple groups appearing in the conclusions to Theorems 2.1 and 2.2 are described
explicitly in Proposition 2.12. We therefore add here only some observations on the
structure of the normalizers in the remaining case.

Let G be a group of Lie type over a field of characteristic » # p and suppose
the Sylow p-subgroup S of G is abelian but not elementary abelian (here p is odd).

The overall structure of Ng(S) is governed by the theory of algebraic groups, as
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invoked in the proof of Proposition 2.11. Recapping from that argument: since the
Schur multiplier of G is prime to p we may work in the universal version of G to
describe Ng(S). Let G be the simply connected universal simple algebraic group
over the algebraic closure of F,., and let ¢ be a Steinberg endomorphism whose fixed
points equal G. In the notation of [SS70], p is not a torsion prime for G, so by 5.8
therein Cx(5) is a connected, reductive group whose semisimple component is simply
connected. The general theory of connected, reductive algebraic groups gives that
Cx(S) = Z L, where Z is the connected component of the center of Cx(S), L is the
semisimple component (possibly trivial), and Z N L is a finite group. Furthermore,
L is a product of groups of Lie type over the algebraic closure of F, of smaller rank
than G. It follows that Cz(S) is a commuting product of the fixed points of o on Z
and L, i.e.,

Ca(S) = Cz(0)Cr(o)
where S < C5(0) is an abelian group (a finite torus) and C¢(o) is either solvable or
a product of finite Lie type groups in characteristic r.

To complete the generic description of Ng(.S) we invoke additional facts from [SS70]
and [GLSv3, Section 4.10]. As above, S is contained in a o-stable maximal torus 7',
where T; is obtained from a o-stable split maximal torus 7 by twisting by some
element w of the Weyl group W = Ng(T)/T of G. Since S is characteristic in the
finite torus Ty = (T1), it follows that Ng(S)/Ca(S) = Ne(Th)/Ti. ITn most cases, by
1.8 of [SS70] or Proposition 3.36 of [Ca85] we have Ng(T1)/Ty = W, = Cw(w) (see
also [GLSv3, Theorem 2.1.2(d)] and the techniques in the proof of Theorem 4.10.2 in
that volume).

In the special case where G is a classical group (linear, unitary, symplectic, orthog-
onal) the normalizer of S can be computed explicitly by its action on the underlying
natural module, V| as described in the proof of Lemma 3.4. In the notation of this
lemma, the semisimple component of order prime to p comes from the normal sub-
group Isom(Vp) in Isom(V'), where V5 = Cy(S), and S is the direct product of the
cyclic groups S NIsom(V;) for i = 1,2,...,s. The Weyl group normalizing S acts as
the symmetric group Sy permuting the subgroups Isom(V;). The orders of the central-
izer and normalizer of a (cyclic) Sylow p-subgroup in each subgroup Isom(V;) depend
on p and the nature of G — Chapter 3 of [Ca85] gives techniques for computing these.

For an easy explicit example of this let G = SL,1(q) where ¢ = r™ and p > n+1,

and assume p } q—1. In this case we may choose S contained in the group of diagonal
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matrices T" of determinant 1, which is an abelian group of type (¢—1,...,¢—1) of rank
n (here T is the split torus). In this case T = Cg(S) and Ng(S) = Ng(T) = TW,
where W = S, ., is the group of permutation matrices permuting the entries of
matrices in 7' in the natural fashion (as the “trace zero” submodule of the natural
action on the direct product of n + 1 copies of the cyclic group of order ¢ — 1). To
obtain the Sylow p-normalizer in the simple group PSL,1(q) factor out the subgroup

of scalar matrices of order (n+1,q — 1).

5.2. Split extensions. In this subsection we consider some non-simple groups. Here
we give some explicit examples of BZ/p-cellularization of split extensions which are
beyond the scope of [FS07], and show the usefulness of Theorems 4.2 and 4.3.

In [FS07] the BZ/p-cellularization of BG is described when G is generated by
elements of order p, 2 () is a proper subgroup of S, and the normalizer of S controls
strong fusion in S. No example was given there of a group for which the first two
conditions hold but not the third. George Glauberman suggested an example of
a group of the latter type: a wreath product (Z/2)1Sz(2"). In this section we
generalize this example, showing that many split extensions for which these conditions
hold can be constructed. The computation of the cellularization of their classifying
space is then easy from Corollaries 2.4 and 2.5. This construction demonstrates that
even when Nz(S) (or Ng(A)) controls G-fusion in S, where overbars denote passage
to G/OA(G), it need not be the case that Ng(A) controls fusion in S (or in A),

even when Ng(A) = Ng(A). This highlights the importance of “recognizing” the
subgroup O4(G) as well as the isomorphism types of the components of G/O4(G) in

our classifications.

Proposition 5.3. Let R be any group that is not a p-group but is generated by
elements of order p. Assume also that Ay (T) # T for some Sylow p-subgroup T of
R. Let E be any elementary abelian p-group on which R acts in such a way that
R/CRr(FE) is not a p-group. Let G be the semidirect product E x R, and let S = ET
be a Sylow p-subgroup of G. Then G is generated by elements of order p, A, (S) # S,

and N (S) does not control fusion in S.

Proof. Note that the split extension G = ER is clearly generated by elements of
order p since both E and R are. Also, ;(S) contains E, and by Lemma 2.8, since
the extension is split we obtain 244 (S)/E = 4,(T) < T, so A;(S) # S. It remains to

show that Ng(S) does not control fusion in S.
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Let 0= FEy< By <---< E, 1 < E, = F be a chief series through F, so that each
factor E;/FE;_; is an irreducible F, R-module. If each such factor is one-dimensional,
then R is represented by upper triangular matrices in its action on E. Since R
is generated by elements of order p, it must be represented by unipotent matrices,
hence R/Cg(F) is a p-group, a contradiction.

Thus there is some chief factor E;/E; ; that is not one-dimensional. If a Sylow
normalizer controlled fusion in S, then by Lemma 2.8 the same would be true in
the quotient group G/FE;_1; we show this is not the case. To do so, we may pass to
the quotient and therefore assume FE; is a minimal normal, noncentral subgroup of
G. Now Z; = Z(S)N E; # 1 and Z; is invariant under Ng(S). However, R acts
irreducibly and nontrivially on F; and R is generated by conjugates of S, so Z; # E;
and hence Z; is not R-invariant. Thus for some z € Z; and ¢ € G we must have
29 € By — Zy, which shows Ng(S) does not control fusion in S. O

This proposition can be invoked to create a host of examples: Let R be any of
the simple groups L; (or their quasisimple universal covers) in the conclusion to
Theorem 2.2 and let £ be an F, R-module on which R acts nontrivially (for example,
any nontrivial permutation module). More specifically, for p odd let ¢ be any prime
power such that p? } g — 1, so that Sylow p-subgroups of R = SLy(q) are cyclic
of order > p? (for example, p = 3 and ¢ = 19). Then R permutes the g + 1 lines
in a 2-dimensional space over [F;, and so permutes g + 1 basis vectors in a ¢ + 1-
dimensional vector space E over F,. Then G = E x R gives a specific realization for
Proposition 5.3.

If G = E'x R is any group satisfying the conditions of the previous proposition with
R simple and A = E4(T'), in the notation of Section 2 it is clear that E = O(G).
As the extension is split, the canonical projection G — R sends 2;(S) to 24 (T).
Then, according to Theorem 4.2, the BZ/p-cellularization of BGS has the homotopy
type of the fiber of the composition

BG) — BR) — B(Ng(2,(T))/2,(T))..

As R is simple, the base of the fibration was studied in the previous subsection.
Building on the preceding example where R = SL(2,q) for any prime power ¢

such that p* | ¢ — 1: then T may be represented by diagonal matrices over F,,

so is cyclic of order p" = |¢ — 1|,; moreover, Cg(7T) is the group of all diagonal

matrices of determinant 1, hence is cyclic of order ¢ — 1. In particular, 24 (7T) =
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0 (T) = Z/p. Furthermore, Ng(T') = Nr(24 (7)) is of index 2 in Cr(7T") and an
involution in Ng(T) inverts Cr(T). Thus Ngr(:(T))/2:1(T) is isomorphic to the
dihedral group of order 2(¢ —1)/p. Again comparing Chachdlski fibrations, we obtain
that B(Ng(21(T)))/%:(T));, is homotopy equivalent to B(Ng(T)/2:(T));.

5.3. Exotic extensions of Ga(g). When G is the simple group Ga(q) for some ¢
with (¢,3) = 1, although a Sylow 3-subgroup S contains a strongly closed subgroup
A = Z(S) of order p = 3, when we impose the additional hypothesis that our strongly
closed subgroup must contain all elements of order 3 the strongly closed subgroup A
does not arise in our considerations because S = €;(S5). For the same reason, if
G = ER is any split extension of R = G(q) by an elementary abelian 3-group and
S = ET for T € Syl3(R), then again S = Q;(S) = 2;(S). In this subsection we
describe a family of extensions that we call “half-split” in the sense that they split
over a certain conjugacy class of elements of R but do not split over another. In this
way we construct extensions G of R = G5(q) by certain elementary abelian 3-groups
E such that for S € Syl3(G) we have ;(S)/F mapping onto the strongly closed
subgroup of order 3 in a Sylow 3-subgroup S/E of G5(q). In particular, these “exotic”
extensions show that the exceptional case of Corollary 2.4 cannot be removed: when
9 ’ q®> — 1 these groups G are generated by elements of order 3, have 2,(S) # S, but
N¢/e(S/E) does not control fusion in S/E (here E' = O4(G) where A = ;(S5)).

The following general proposition will construct such extensions.

Proposition 5.4. Let p be a prime dividing the order of the finite group R and let

X be a subgroup of order p in R. Then there is an F,R-module E and an extension
l—F—G—R—1

of R by E such that the extension of X by E does not split, but the extension of
Z by E splits for every subgroup Z of order p in R that is not conjugate to X. In
particular, for nonidentity elements x € X and z € Z every element in the coset tF

has order p* whereas zE contains elements of order p in G.

Proof. Let Ej be the one-dimensional trivial F, X-module. By the familiar cohomol-

ogy of cyclic groups ([Bro82], Section III.1):

(5.1) H*(X,Ey) =2 Z/pZ
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and a non-split extension of X by Ej is just a cyclic group of order p?. Now let
E = Coind%¥ Ey = Homyx (ZR, Ey)

be the coinduced module from X to R (which is isomorphic to the induced module
Ey ®p,x Fp,R in the case of finite groups), so that £ has F,-dimension }D|R|. By
Shapiro’s Lemma ([Bro82], Proposition I11.6.2)

(5.2) H*(R,FE) = H*(X, E).

Thus by (5.1) there is a non-split extension of R by £ — call this extension group G
and identify E as a normal subgroup of G with quotient group G/FE = R.

The isomorphism in Shapiro’s Lemma, (5.2), is given by the compatible homomor-
phisms ¢ : X < R and 7 : Coind¥ Ey — Ej, where 7 is the natural map 7(f) = f(1).

In particular, this isomorphism is a composition
H*(R,E) =% H%(X,E) = H*(X, Ey).

Thus the 2-cocycle defining the non-split extension group G, which maps to a non-
trivial element in H?(X, Ey), by restriction gives a non-split extension of X by E as
well.

For any subgroup Z of R of order p with Z not conjugate to X, by the Mackey

decomposition for induced representations

1

(5.3) Resf Ind¥ By = @ Ind7 x, 1 Resi? - gFy

ZngXg
geER
where R is a set of representatives for the (Z, X)-double cosets in R. By hypothesis,
ZNgXg~t=1forevery g € R, hence each term in the direct sum on the right hand
side is an F,Z-module obtained by inducing a one-dimensional trivial F,-module for
the identity subgroup to a p-dimensional F,Z-module, i.e., is a free F,Z-module of
rank 1. (Alternatively, E is the F,-permutation module for the action of R by left
multiplication on the left cosets of X; by the fusion hypothesis, Z acts on a basis of £
as a product of disjoint p-cycles with no 1-cycles.) This shows E is a free F,Z-module,

and hence the extension of Z by E splits. This completes the proof. U

The p*"-power map on elements in the lift of X to G can be described more precisely.

By the Mackey decomposition in (5.3) inducing from X but rather restricting to X
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instead of Z, or by direct inspection of the action of X on the IF,-permutation module

E, we see that £ decomposes as an F, X-module direct sum as
E = El ) E27

where Ej is a trivial F,X-module and Ej is a free F,X-module. Since X splits over

the free summand Es, we see that X does not split over F;, and hence
XE 2 (Z)p*) xZ[px ---xZ[p  with By =0 (XE)).

Thus for every element x in G — E mapping to an element of X in G/E, 2P has a

nontrivial component in Ej.

One may also observe that by taking direct sums we can arrange more generally that
if X1, Xo,..., X, are representatives of the distinct conjugacy classes of subgroups of
order p in R, then for any i € {1,2,...,n} there is an F, R-module E and an extension
of R by E such that in the extension group each of Xy, ..., X, splits over £ but none
of X;1q,...,X, do.

We are particularly interested in the case R = Gs(q) with p = 3 and (¢,3) = 1.
The normalizer of a Sylow 3-subgroup of R is described in Proposition 2.12: Let
T € Syls(R) and let Z = Z(T) = (z). In the notation preceding Proposition 2.10,
Np(Z) = SL5(q) - 2 according as 3 | g — . Moreover, if 9 | ¢ — € then Np(T) does not
control fusion in 7': all elements of order 3 in 7" — Z are conjugate in Cg(Z) whereas
by Proposition 2.12, Ng(T')/T has order 4 for this congruence of q. Thus BNg(T)}
is not homotopy equivalent to BG2(q)5.

Now consider the extension group G constructed in Proposition 5.4 with p = 3,
R=Gy(q),Z = (z)and X = (x) forany x € T—Z of order 3. Let S € Syl3(G) with
S mapping onto 7' in G/E = R. Since Proposition 2.12 shows all elements of order
3 in T — Z are conjugate to x but not to z, the structure of the extension implies
that A = Q;(S5) = 2A4(S5) contains E and maps to Z in S/E. Thus O4(G) = E
and A = Z. By Corollary 2.4, the normalizer of Z in R = Gy(q) controls 3-fusion
in G3(q), so in particular SL%(q) has the same mod 3 cohomology as Ga(q), where
SL%(q) denotes the group SL§(q) together with the outer (graph) automorphism of
order 2 inverting its center (Ng(Z) = SL%(q)). On the other hand, Z is normal in
SL%(q), and SL3(q)/Z is isomorphic to PSL3(q). Hence, by Theorem 4.2, the BZ/3-
cellularization of (BG)j is the homotopy fibre of the map (BG){ — BPSL;(q)5, but
not of the map (BG)j — B(Ng(T)/T)4 when 9 | ¢* — 1.
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From this computation one can deduce that the object that determines the X BZ/p-
nullification of the cofibre of the Chachdlski map in the case of finite groups is the
normalizer of A, and not the Sylow normalizer, as might be inferred from the partic-
ular cases studied in [FS07]. This example also highlights the importance of having a
classification of all groups possessing a nontrivial strongly closed p-subgroup that is
not Sylow — not just the simple groups having such a subgroup that contains €2;(.5)

— since the subgroup 2;(S) does not pass in a transparent fashion to quotients.

In conclusion, some interesting open questions remain. We have characterized with
precision CW gz, BG for every finite GG, and in the course of the proof we have also
described CWBZ/pBGI’O\ when G is generated by order p elements. However we do
not address the issue of what happens in general with the cellularization of BGQ if we
remove the generation hypothesis. There are some cases that can be deduced from
the previous developments — for example if G is not equal to €;(G) but is mod p
equivalent to a group that is so — but it would be nice to have a general statement.

The extensions of our techniques and results to more general p-local spaces with
a notion of p-fusion seem to be the natural next step of our study; in particular,
classifying spaces of p-local finite groups and some families of non-finite groups offer

enticing possibilities.
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