DIRECTED HOMOTOPY THEORY, |. THE FUNDAMENTAL CATEGORY

by Marco GRANDIS (*)

Résumé. La Topologie Algébrique Dirigée est en train d'émerger, a partir
de plusieurs applications. La structure de base que nous étudions ici, un
espace dirigé ou d-éspace, est un éspace topologique muni d'une famille
convenable de chemins dirigés. Dans ce cadre, les homotopies dirigées,
généralement non réversibles, sont répresentées par des foncteurs cylindre
et cocylindre. L'existence des recollements fournit une réalisation géomé-
trique des ensembles cubiques en tant que d-éspaces, ainsi que les construc-
tions homotopiques usuelles. On introduit la catégorie fondamentale d'un
d-éspace, calculable moyennant un théoréme de type van Kampen; son
invariance homotopique est ramenée a I'homotopie dirigée de catégories.
On pourra aussi noter que cet étude révele de nouvelles "formes', pour les
d-éspaces ainsi que pour leur modéle algébrique élémentaire, les catégories
petites. Des applications de ces outils sont suggérées, dans le cas d'objects
qui modélisent une image dirigée, ou une portion d'éspace-temps, ou un
systéme concurrent.

Introduction

Directed Algebraic Topology is arecent subject, for which some references are
given below. Its domain should be distinguished from classical Algebraic Topology
by the principle that directed spaces have privileged directions and directed paths
therein need not be reversible. Its homotopical tools, corresponding to ordinary
homotopies, fundamental group and fundamental n-groupoids, should be similarly
'non-reversible’: directed homotopies, fundamental monoids and fundamental n-
categories. Its applications will deal with domains where privileged directions
appear, like concurrent processes, traffic networks, space-time models, etc.
Formally, new 'shapes’ arise, whose interest and elegance is often strengthened by
the logical necessity of homotopy constructs (cf. 1.2, 1.6, 4.4).

(") Work supported by MIUR Research Projects.



As an elementary example of the notions and applications we are going to treat,
consider the following (compact) zones X, Y of the plane, equipped with the order
<g. We shall see that there are, respectively, 3 or 4 homotopy classes of 'directed
paths from a to b, inthe fundamental categories 1111(X), tI11(Y), whilethere
arenonefrom b to a and every loop is constant (the prefixes 1, d- are used to
distinguish a directed notion from the corresponding 'reversible’ one)

1D xy)=ssX,y) < -yl=x-X

First, these 'directed spaces can be viewed as representing a stream with two
idands; the order expresses the fact that lateral movements have an upper bound for
velocity, equal to the speed of the stream. Secondly, one can view the abscissa as
time, the ordinate as position in a 1-dimensiona physical medium and the order as
the possibility of going from (x,y) to (X', y') with velocity < 1 (with respect to a
'rest frame, linked with the medium). The two forbidden rectangles are now linear
obstacles in the medium, with alimited duration in time. Finally, our figures can be
viewed as execution paths of concurrent automata, as in [6], fig. 14. In all these
cases, the fundamental category distinguishes between obstructions (islands,
temporary obstacles, conflict of resources) which intervene together (at the left) or
one after the other (at the right). Note that, even if other cases can exhibit non trivial
loops and vortices (1.6), the fundamental monoids 1x1(X, X) = tI11(X)(X, X)
often carry avery minor part of the information of 1TI1(X).

Now, to develop the basic theory of directed homotopy, corresponding to the
ordinary theory in Top (topological spaces), we have to choose a precise notion of
'directed space'. We will use, in this sense, atopological space X equipped with a
set dX of directed paths [0, 1] — X, closed under: constant paths, increasing
reparametrisation and concatenation. Such objects, called directed spaces or d-
spaces, form acategory dTop which has genera propertiessimilar to Top: limits
and colimits exist and are easily computed (1.1), and there is an exponentiable
directed interval (1.7, 2.2).
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Direction is quite different from orientation (1.3a); the links with ordering are
more subtle. Various d-spaces of interest derive from an ordinary space equipped
with an order relation (1.4d), asin the case of the directed interval 11 = 1[0, 1]; or,
more generally, from a space equipped with alocal preorder (1.4b), as for the
directed circle 1S'. However, the frame of locally preordered spaces would be
insufficient for our purposes. they do not have general 'pastings’ (colimits, cf. 4.6)
and it would not be possible to form there the homotopy constructs of Part Il [14]:
homotopy pushouts, mapping cones and suspension (1.4b, 1.6). Another
interesting directed structure, Kelly's bitopological spaces[17], lacks path-objects
(1.4c).

The theory developed hereis essentially based on the standard directed interval
11, the (directed) cylinder 11(X) = Xxtl and itsright adjoint, the path functor
tP(X) = X' (2.1-2). Such functors, with a structure consisting of faces,
degeneracy, connections and interchange, satisfy the axioms of an IP-homotopical
category, as studied in [10] for a different case of directed homotopy, cochain
algebras; moreover, here, paths and homotopies can be concatenated. The theory
produces two congruences on dTop, d-homotopy and reversible d-homotopy
(2.3-4). The fundamental monoid and the functors 1IT11(X)(X, X') are strictly
invariant up to (bi)pointed d-homotopy (3.3). The invariance of the fundamental
category as a whole, proved in Theorem 3.2, is more delicate, being based on
parallel notions of d-homotopy and reversible d-homotopy for categories (4.1): the
latter amounts to ordinary equivalence but the former is coarser (and gives a
classification of categories which might be of interest in itself). See also the
commentsin 3.5.

Section 1 begins with basic properties and examples of d-spaces, Theorem 1.7
on exponentiable objects allows us to put a directed structure on the path-space.
Section 2 deals with the cylinder and path functors, (directed) homotopies and
double homotopies. Then, in Section 3, the fundamental category 1I11(X) of ad-
space is defined; computations are essentially based on a van Kampen-type theorem
(3.6). We end by treating, in Section 4, d-homotopy of categories, the geometric
realisation of a cubical set as ad-space (4.5-6) and directed metrisability (4.7) with
respect to asymmetric distances in Lawvere's sense [18]. Part I1 [14] will deal with
some basic constructs of homotopy, like homotopy pushouts and pullbacks,
mapping cones and homotopy fibres, suspension and loop objects, cofibre and fibre
sequences.

Notions of directed Algebraic Topology, including directed paths and
homotopies, have recently appeared within the analysis of concurrent processes,
such notions have been developed for classical combinatorial structures, like
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simplicia and cubical sets, for topological spaces with local orders and for Chu-
spaces [6, 7, 8, 9, 13, 22]. Higher fundamental n-categories 1I1,(X) have been
developed by the author for ssimplicial sets[12]. On amore formal level, it can be
noted that a setting based on the (co)cylinder functor can be effectively adapted to a
situation where reversion is missing, as already showed in [10]. Kamps-Porter's
text [15] isageneral reference for such settings, which go back to Kan [16]; while
Quillen model structures[23] might be less suited for the directed case.

Category theory will be used at an elementary level. Some basic facts are
repeatedly used: al (categorical) limits (extending cartesian products and projective
limits) can be constructed from products and equalisers; dually, all colimits
(extending sums and injective limits) can be constructed from sums and
coequalisers; left adjoint functors preserve al the existing colimits, while right
adjoints preserve limits (see[19, 1]). F — G meansthat F isleft adjointto G.

A precedence isareflexive relation; apreorder isaso transitive; an order isalso
anti-symmetric (and need not be total). A mapping which preserves precedence
relations is said to be increasing (always used in the weak sense). A map between
topological spaces is a continuous mapping. | isthe standard euclidean interval
[0,1]. Theweight o takesvalues 0, 1, written —, + in superscripts.

1. Directed topological spaces

Directed spaces are introduced, with their basic properties, their relations with other
directed structures (1.4) and a first analysis of directed paths (1.5-7). Standard models
are defined in 1.2.

1.1. Basics. A directed topological space, or d-space X = (X, dX), will be a
topological space equipped with aset dX of (continuous) maps a: | — X, caled
directed paths or d-paths, satisfying three axioms:

(i) (constant paths) every constant map | — X isdirected,

(i) (reparametrisation) dX isclosed under composition with (weakly) increasing
maps | — |,

(iii) (concatenation) dX isclosed under concatenation.

Plainly, (iii) meansthat, if the d-paths a, b are consecutivein X (a(1) = b(0)),
then their concatenation ¢ = at+b isaso ad-path
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(1) c(t) = a2t), if O<t<Lo,  c(t) = b(2t—1), if Yo<t=<1.

By reparametrisation, directed paths are also closed under the n-ary concatena-
tion & + ... + a, of consecutive paths, based on the partition 0 < 1/n<2/n<...< 1.

A directed map, or d-map f: X — Y, isa continuous mapping between d-
spaces which preserves the directed paths: if a& dX, then fac dY. Their cate-
gory will be denoted as dTop (or 1Top).

The d-structures on a space X are closed under arbitrary intersections in
P(Top(l, X)) and form therefore a complete lattice for the inclusion, or 'finer'
relation (corresponding to the fact that idX be directed). A (directed) subspace X'
C X has thus the restricted structure, selecting those paths in X' which are
directed in X. A (directed) quotient X/R has the quotient structure, formed of
finite concatenations of projected d-paths; in particular, for asubset A C [X|, X/A
will denote the d-quotient of X which identifiesall pointsof A. Similarly, dTop
has al limits and colimits, constructed asin Top and equipped with theinitial or
final d-structure for the structural maps; for instance, apath | — IIX; isdirected
if and only if al its components | — X; are so, whileapath | — XX; is
directed if and only if itisso in some X;.

The forgetful functor U: dTop — Top has adjoints ¢ — U — C9, defined
by the d-discrete structure of constant paths co(X) = (X, |X|) (the finest) and,
respectively, the natural d-structure of all paths CO(X) = (X, Top(l, X)) (the
largest). Topological spaces will generally be viewed in dTop viathe natural
embedding C°, which preserves products and subspaces.

Reversing d-paths, by theinvolution r: | — 1, r(t) = 1—t, givesthereflected,
or opposite, d-space; this forms a (covariant) involutive endofunctor, called
reflection (not to be confused with path reversion, cf. 1.5)

(2) R:dTop — dTop, R(X) = X°P, (@€ d(XP) = a®=ar & dX).

A d-space is symmetric if it isinvariant under reflection. It isreflexive, or self-
dual, if it isisomorphic to its reflection, which is more genera (1.2).

1.2. Standard models. The euclidean spaces R", I", S" will have their
natural d-structure, admitting all (continuous) paths. | will be called the natural
interval.

The directed real line, or d-line 1R, will be the euclidean line with directed
paths given by the increasing maps | — R (with respect to natural orders). Its
cartesian power in dTop, the n-dimensional real d-space tR" is similarly
described (with respect to the product order, x < x' iff x;<x for al i). The



standard d-interval tl = 1[0, 1] has the subspace structure of the d-line; the
standard d-cube 11" isits n-th power, and a subspace of 1R". These d-spaces are
not symmetric (for n>0), yet reflexive; in particular, the canonical reflecting iso-
morphism

@ r:1tl — R, t — 1+,
will play arole, in reflecting (not reversing!) paths and homotopies.

The standard directed circle 1St will be the standard circle with the anticlock-
wise structure, where the directed paths a: | — S' move this way, in the plane:
a(t) = [1, 9(t)], withanincreasing function 9 (in polar coordinates). It can also be
obtained as the coequaliser in dTop of the following two pairs of maps

(2 o7, 0% {*x} = 11, 07 (x) =0, 9%(*) = 1,
3 id, f: 1R = 1R, fx) = x+ 1

The 'standard realisation’ of the first coequaliser is the quotient 11/dl, which
identifies the endpoints (note that the d-quotient has the desired structure precisely
because of the axiom on concatenation of d-paths). More generally, the directed n-
dimensional sphere will be defined as the quotient of the directed cube 11" modulo
its (ordinary) boundary 91", while 1S° has the discrete topology and the natural
d-structure (obvioudly discrete)

@) 18" = (1NN (n>0), 1% = S0 = {1, 1}.

All directed spheres are reflexive; their d-structure, further analysed in 1.6, can
be described by an asymmetric distance (4.7.5). The standard circle has another d-
structure of interest, induced by RxtR and called the ordered circle

(5) 10! C RxtR,

where d-paths have to ‘'move up'. It is the quotient of 11 + 11 which identifies
lower and upper endpoints, separately. It is thus easy to guess that the unpointed d-
suspension of S° will give 101, while the pointed one will give 1S, aswell as
all higher 1S" (Part Il [14]). Various versions of the projective plane will be
constructed in Part 11, as directed mapping cones. For the disc, see 1.6.

1.3. Remarks. (a) Direction should not be confused with orientation. Every
rotation of the plane preserves orientation, but only the trivial rotation preserves the
directed structure of 1R?2; on the other hand, the interchange of coordinates
preserves the d-structure but reverses orientation. Moreover, a non-orientable
surface like the Klein bottle has a d-structure locally isomorphic to 1R2.
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(b) A linein tR? inherits the canonical d-structure (isomorphicto tR) if and only
if it hasapositive dope (in [0, +]); otherwise, it acquires the discrete d-structure
(on the euclidean topology). Similarly, the d-structure induced by tR? on any
circle has two d-discrete arcs, where the slope is negative; 1S! cannot be embed-
ded in the directed plane (1.6).

(c) Thejoin of the d-structures of tR and 1R isnot the natural R, but afiner
structure R™: ad-path there is a piecewise monotone map [0, 1] — R, i.e.a
finite concatenation of increasing and decreasing maps. Thereversibleinterval 1~ C
R~ will be of interest, for reversible paths.

(d) For ad-topological group G, one should require that the structural operations
be directed maps GxG — G and G — G°. Thisisthecaseof tR" and 1St

1.4. Preorders and bitopologies. We discuss now three other possible
notions of directed topology, in increasing order of generality and linked by
forgetful functorsto d-spaces

(1) pTop C IpTop — bTop — dTop.

(a) Firstly, a preordered topological space X = (X, =) will be here a topological
space equipped with a preorder relation (reflexive and transitive), under no
coherence assumptions. Such objects, with increasing (continuous) maps, form a
category pTop which hasall limits and colimits, calculated asin Top, with the
adequate, obvious preorder. But one cannot realise thus the directed circle and we
have to look for a more general notion, localising the transitive property of
preorders.

(b) A locally preordered topological space, or Ip-space X = (X, <), will havea
precedence relation < (reflexive) which is locally transitive, i.e. transitive on a
suitable neighbourhood of each point; (a similar, stronger notion is used in [6, 8]
and called alocal order: the space is equipped with an open cover and a coherent
system of closed orders on such open subsets). A map f: X — Y isrequired to be
locally increasing, i.e. to preserve < on some neighbourhood of every x&X.
(Note that on a given space, infinitely many local preorders may give equivalent Ip-
structures, isomorphic viathe identity. Thisisaminor problem: it can be mended,
replacing the local preorder by its germ, the equivalence class of the previous
relation, in the same way as a manifold structure is often defined as an equivalence
class of atlases; or it can be ignored, since our mending would just replace IpTop
with an equivaent category.)
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This category IpTop has obvious limits and sums, but not al colimits (cf.
4.6). The forgetful functor IpTop — dTop isdefined by al locally increasing
paths a [0, 1] — X on the ordered interval. By compactness of [0, 1] and local
transitivity of <, this amounts to a continuous mapping, preserving precedence on
each subinterval [tj_1, tj] of a suitable decomposition 0 =tp<t;<.. <ty =1
Thereflection R of IpTop reversesthe precedence relation.

A d-space will be said to be of (pre)order type or of local (pre)order typeif it can
be obtained, as above, from a topological space with such a structure. Thus, 1R",
11" and the ordered circle 1O are of order type; R", I" and S" are of chaotic
preorder type; the product RxtR isof preorder type. The d-space 1St isof local
order type, deriving from an anticlockwise precedence relation x <. X' given by
8(X, X') =&, with O<e < 2n (the quasi-pseudo-metric 8(Xx, X') measures the
length of the anticlockwise arc from x to x'; see4.7).

The higher directed spheres 1S" are not of local preorder type, for n = 2,
essentially because |p-spaces cannot have pointlike vortices (cf. 1.6). This geomet-
ric fact can be an advantage in other contexts (for instance, all pre-cubical sets —
with faces but no degeneracies — can be realised as locally ordered spaces[6]). But
itisat the origin of the defect of colimitsin IpTop, recalled in the Introduction and
proved below (4.6), which makes this category insufficient for our purposes.

(c) Finally, a bitopological space (a notion introduced by J.C. Kelly [17]) is a set
equipped with a pair of topologies X = (X, v, t*). Their category bTop, with
the obvious maps — continuous with respect to past (x~) and future topologies
(x*), separately — has al limits and colimits, calculated separately on both sorts.
Reflection exchanges past and future.

The forgetful functors IpTop — bTop — dTop are easily defined. Given an
Ip-space X, afundamental system of past or future neighbourhoods at xp derives
from any fundamental system 'V of the original topology, setting

(2 V- ={xXEV | X=X}, V* = {XEV | xg < x} Vev.

1 inherits thus the left- and right-euclidean topologies. Then, a bitopological
space has a canonical d-structure, with dX = bTop(11, X).

Problems for establishing directed homotopy in bTop derive from pathologies
of (say) left-euclidean topologies; in fact, for a fixed Hausdorff space A, the
product —xA preserves quotients (if and) only if A islocaly compact ([21], Thm.
2.1 and footnote (5)). Thus, the cylinder endofunctor —tI in bTop does not
preserve colimits and has no right adjoint: the path-object is missing (and homotopy
pullbacks as well, while homotopy pushouts have poor properties; cf. Part 11 [14]).



1.5. Directed paths. A path in ad-space X will bead-map a 1l — X
defined on the standard d-interval. Plainly, thisisthe same as a structural map a&
dX, and will also be called a directed path when we want to stress the difference
from ordinary pathsin the underlying space UX. The path a has two endpoints,
or faces 97(a) = a(0), 9*(a) = a(1). Every point x&X has adegenerate path Oy,
constant at x. A loop (9(a) = 9*(a)) amountstoad-map 1St — X (by 1.2.2).

By the very definition of d-structure (1.1), we already know that the
concatenation a+b of two consecutive paths (3*ta= ob) isdirected. This amounts
to saying that, in dTop, the standard concatenation pushout — pasting two copies
of the d-interval, one after the other — can berealised as 11 itsalf (similarly to what
happensin Top)

a+

{*} —— 1l

(1) - k<(t) = tl2, K*(t) = (t+1)/2.

“T“

The existence of apathin X from x to x' givesapath preorder, x = X' (X'
is reachable from x). For an Ip-space, the path preorder implies the transitive
relation spanned by the precedence relation (by the characterisation of directed paths
in 1.4b); it can be chaotic, as it happens in the directed circle. For a space of
preorder type, the path preorder implies the given preorder and can fairly replace it
(giving the same d-paths): for instance, in 1OY, the path order is strictly finer than
the preorder induced by RxtR and plainly more relevant.

The equivalence relation ~ spanned by < gives the partition of a d-spacein its
path components and yields a functor

(2) 1o dTop — Set, (X)) = [X|/=~.

A non-empty d-space X is path connected if 1T1p(X) isapoint. Then, also the
underlying space UX is path connected, while the converseis obviously false (cf.
1.3b). The directed spaces 1R", 11", 1S" are path connected (n> 0); but 1S"
is more strongly so, because already = is chaotic (every point can reach each
other).

The path a will be said to bereversibleif also a°P(t) = a(1-t) isadirected path
in X, orequivaently if a |~ — X isad-map on the reversible interval (1.3c);
plainly, such paths are closed under concatenation. (Requiring that a be directed on
the natural interval | isastronger condition, not closed under concatenation: the
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pasting, on a point, of two copiesof | in dTop isnotisomorphicto |; however,
if X isof local preorder type, the two facts are equivaent, by the characterisation
of d-pathsin 1.4b.)

1.6. Vortices, discs and cones. Loosely speaking, a non-reversible path with
equal (resp. different) endpoints can be viewed as revealing a vortex (resp. a
stream). If X isof preorder type, any loopin X isreversible, asit livesin azone
where the preorder is chaotic; if X isordered, any loop is constant. An Ip-space
(not of preorder type) can have non-reversible loops, like 1St

We shall say that the d-space X has a pointlike vortex at x if every
neighbourhood of x in X contains some non-reversible loop. It iseasy toredlise a
directed disc having a pointlike vortex (see below, (2) and (3)), while 1S! has
none. In fact, Ip-spaces cannot have pointlike vortices. (If X = (X, <) hasa
pointlike vortex at X, choose aneighbourhood V of x onwhich < istransitive;
then, any loop a 11 — V livesin apreordered space and isreversible.)

All higher directed spheres 1S" = (11M)/(aI"), for n= 2, have a pointlike
vortex at the class [0] (of the boundary points), as showed by the following non-
reversible loops, 'arbitrarily small', in 1S?

(1) /é

Therefore, such objects are not of local preorder type. As each other point X =
[0] has a neighbourhood isomorphic to 1R", this aso shows that our higher d-
spheres are not locally isomorphic to any fixed 'model’. (This cannot be avoided,
since they are determined as pointed suspensions of SP.)

There are various d-structures of interest on the disc B2 (or compact cone). In
(2), we have four cases which induce the natural structure St on the boundary:

o () & (@ O
1CH(SY) 1C(ShH afoliated structure B2

adirected path there is represented in polar coordinates asamap [p(t), 9(t)], where
p s, respectively: decreasing, increasing, constant, arbitrary. They are all of
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preorder type (p=p'; p=p’; p=p"; chaotic). One can view thefirst (resp. second)
as a conical peak (resp. sink), and its d-structure as a decision of never going
down.

Then we have four structures which induce 1S on the boundary (p as above,
9 increasing); all of them have a pointlike vortex at the origin (four other structures
can be derived from 101)

R O R O
1C*(1Sh 1C~(1SY)  afoliated vortex avortex

In Top, thediscisthe cone CS!, i.e. the mapping cone of idSt. Here, the
first two cases of each row will be obtained as upper or lower directed cones (Part
I1 [14]) and are named accordingly.

1.7. Theorem (Exponentiable d-spaces). Let 1A be any d-structure on a locally
compact Hausdorff space A. Then tA isexponentiablein dTop: for every d-
space Y

(1) Y™ = dTop(1A,Y) C Top(A, UY),

isthe set of directed maps, with the compact-open topology restricted from (UY)A
and the d-structure where a path c: | — U(Y ™) C (UY)? isdirected if and only if
the corresponding map €: IxA — UY isad-map tIxtA — Y.

Proof. It is well known that a locally compact Hausdorff space A is
exponentiablein Top: the functor —xA: Top — Top hasaright adjoint (9A:
Top — Top. Thespace YA isthe set of maps Top(A, Y) with the compact-
open topology; the adjunction consists of the natural bijection

(2) Top(X,YA) — Top(XxA,Y), f — f, f(x, a) = f(x)(a).
Now, the structure of Y ' defined aboveiswell formed, asrequired in 1.1.

(i) Constant paths. If c:1 — Y'A isconstant at thed-map g: tA — Y, then ¢
can befactored as tIxtA — tA — Y, andisdirected aswell.
(i) Reparametrisation. For any h: 11 — 11, themap (ch) =¢.(hxtA) isdirected.

(iii) Concatenation. Let c=cq + ¢y | — U(Y ™), with &: 11xtA — Y. By the
lemma below, the product —tA preserves the concatenation pushout 1.5.1.
Therefore €, asthe pasting of ¢ on this pushout, is a directed map.
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Finally, we must prove that (2) restricts to a bijection between dTop(X, Y'4)
and dTop(XxtA, Y). Infact, we have achain of equivalent conditions
(3) f: X — Y'A isdirected,
vxedX, fx: 1l — YA isad-path,
vxedX, (fx)” =f.(xx1A): tIxtA — Y isdirected,
VxedX, Yhedtil, YaediA, f.(xhxa): tIxtl — Y isdirected,
f: XxtA — Y isdirected. o

1.8. Lemma. For every d-space 1X, the functor 1Xx— dTop — dTop pre-
serves the standard concatenation pushout (1.5.1).

Proof. In Top, thisistrue because Xx[0, 1/2] and Xx[1/2, 1] form a finite
closed cover of Xxl, sothat each mapping defined on the latter and continuous on
such closed partsis continuous.

Consider thenamap f: XxI — UY deriving from the pasting of two maps fo,
f1 onthetopological pushout Xxl

(1) f(x,t) = fo(x,2t), for O<t<1/2, f(x,t) = fi(x, 2t-1), for 2<t<1.

Let now (a h): 11 — 1Xxtl be any directed map. If the image of h is
contained in one half of 1, then f.(a h) iscertainly directed. Otherwise, since h
isincreasing, there is some partition O<t; <1 sentby h to tg<1/2<ty; and we
can assume that t; = 1/2 (up to precomposing with an automorphism of 11).
Now, the path f.(a, h): 1 — UY isdirectedin Y, becauseit isthe concatenation
of the following two directed paths ¢: 11 — Y

(2) ) = fat2), h(t2)) = fo(ati2), 2h(t/2)),
caot) = f(a((t+1)/2), h((t+1)/2)) = fi(a((t+1)/2), 2h((t+1)/2) - 1). o

2. Directed homotopies

The directed interval 11 produces two adjoint endofunctors, cylinder and
cocylinder, which define homotopies in dTop. Theletter o denotes an element of
theset {0, 1}, written — + in superscripts.
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2.1. The cylinder. The directed interval 11 = 1[0, 1] isalatticein dTop; its
structure consists of two faces (-, %), adegeneracy (€), two connections or
main operations (g, g*) and an interchange ()

9o gO(
Q) {*} = 11 = 1? s 112 = 112
e
9**) = a, gt t) = tvt', gt(t, t') = tat st t) = (t) 1),
where tvt' = max(t, t'). Asaconsequence, the (directed) cylinder endofunctor
(2) tI:dTop — dTop, =) = —x1l,

has natural transformations, which will be denoted by the same symbols and names

a(l g(X.
R 1 = 11 = 1?2 s 112 — 112,

and satisfy the axioms of a cubical monad with interchange [10, 11].

Consecutive homotopies will be pasted via the concatenation pushout of the
cylinder functor

6+

X —— @1IX
(4) LY
X —— IX

k+

obtained from the standard pushout 1.5.1, by applying the cartesian product Xx—
(Lemma 1.8). k*X: tIX — 11X are now two natural transformations. (The fact
that pasting two copies of the cylinder gives back the cylinder is rather peculiar of
spaces, e.g., it does not hold for chain complexes.)

The directed cylinder 11 has no reversion but a generalised reversion, viathe
reflection of d-spaces (asfor differential graded algebras[10]; 2.2, 4.9)

(5) rX = Xxr: t1.LRX — RIX, X, t) — (x,1-1),
RrR.r = id, Rer = eR,
r.o R = Ro, r.gR = Rg*.ril.qlr.
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2.2. The path functor. As a consequence of Theorem 1.7, the directed interval

11 is exponentiable: the cylinder functor 11 = —xt1 has a right adjoint, the
(directed) path functor, or cocylinder 1P. Explicitly, in this functor
(1) tP: dTop — dTop, tP(Y) = Y,

the d-space Y'' isthe set of d-paths dTop(tl, Y) with the compact-open
topology (induced by the topological path-space P(UY) = Top(l,UY)) and the d-
structure where amap

(2) ¢ | — dTop(tl,Y) C Top(l, UY),

isdirected if and only if, for all increasing maps h, k: | — 1, the derived path t
— c(h(t))(k(t)) isin dY.

The lattice structure of 11 in dTop produces — contravariantly — a dual
structureon 1P (acubical comonad with interchange [10, 11]); the derived natural
transformations (faces, etc.) will be named and written as above, but proceed in the
opposite direction and satisfy dual axioms (note that 1P4(Y) = Y''?, by adjunc-
tion)

9o gO(

R {*} = 1P = 1P s 1P2 — 1P?

e

9*(@) = &), e(X)(t) = X, g @ t) = altvt), ..

Again, the concatenation pullback (the object of pairs of consecutive paths) can
bereadlised as 1PX

1PX .L 1PX
@ |
1PX —+> X
J
(5) k% tPX — 1PX, k(@) = atl2), k'@t = a(t+1)/2).

2.3. Homotopies. The category of d-spaces is thus an IP-homotopical category
[10]: it has adjoint functors tI — 1P, with the required structure (faces, etc.); it
has pushouts (preserved by the cylinder) and pullbacks (preserved by the cocylin-
der); it hasterminal and initia object. Therefore, all results of [10] for such a struc-
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ture apply (asfor cochain algebras); moreover, here we can concatenate paths and
homotopies.

A (directed) homotopy ¢:f — g: X — Y isdefined asad-map ¢: 11X =
Xxtl — Y whose two faces, 0*(¢) =¢.0%: X — Y are f and g, respectively.
Equivalently, itisamap X — tPY =Y, with faces as above. A path is ahomo-
topy between two points, a x — X" {*} — X.

The category dTop will always be equipped with such homotopies and the
operations produced by the (co)cylinder functor (where ¢:f — g X — Y, u
X'—= X, v:Y¥Y =Y, y:g— h: X = Y):

(8 whisker composition of maps and homotopies

vegeu: Vfu — vgu (Vegeu = Veg.tlu: ¢1IX' — YY),
(b) trivial homotopies: O f—f (0 = fe 11X —Y),
(c) concatenation of homotopies: oty f — h.

(The horizontal composition of homotopies produces a double homotopy, 2.6a.)
Concatenation is defined in the usual way, by means of the concatenation pushout
(2.1.9)

(D) (e+rw)k™ = g, (pry)k™ =y (0% = 07y),
(p+y)(X, t) = (X, 2t), for O=<t=<1/2,
(e+y)(x, 1) = w(x, 2t-1), for U2<ts 1.

Directed homotopies cannot generally be reversed, but just reflected (as paths,
1.5)
(2) ¢°": Rg — Rf: RX — RY, ¢ = Ro.rX: t1(RX) — R(11X) — RY.

Reversible d-homotopies ¢: XxI~ — Y, defined on the reversible cylinder
(1.3c), have asimilar structure, plus reversion; but they arerare.

The endofunctors 11 and 1P can be extended to homotopies, but this must be
doneviatheinterchange s, for ¢:f — g: X — Y, let
(3) 1i(@) = 11(e)-8X: 11HX) — 11(Y), 1P(g) = SY.1P(g): 1P(X) — 1PY),

aT(1X)(11(@)) = (@x11).(Xx8).(Xxt1x07) = (gx11).(Xxd7x11)
= fx1l = 11(f).

2.4. Directed homotopy equivalence. Directed homotopies and reversible d-
homotopies produce two congruence relations on dTop, which will be written f
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~ g and f ~, g. The second is 'harmless, yet generally too fine; the first is
coarser and can destroy information of interest (cf. 3.5); this fact, however, can be
restrained by 'fixing base points (3.3).

The d-homotopy preorder f < g, defined by the existence of a homotopy f —
g, isconsistent with composition (f = g and f' < g imply f'f = g'g) but non-
symmetric (f = g isequivalentto Rg = Rf). It extends the path-preorder of
points, X = X' (1.5). Weshal write f ~ g the equivalence relation generated by
=< thereisafinite sequence f < f; » fo < f3 ... g (of d-maps between the same
objects); it is a congruence of categories. Aswe have just seen, the functors 11 and
1P are d-homotopy invariant: they preserve therelations < and ~.

A d-homotopy equivalence will bead-map f: X — Y having a d-homotopy
inverse g Y — X, inthesensethat gf ~ idX, fg ~ id Y. Then wewrite X =~
Y, and say that they are d-homotopy equivalent, or have the same d-homotopy
type. A d-subspace u: X CY isa(directed) deformation retract of Y if thereisa
d-map p: Y — X suchthat pu=idX, up ~ idY; and astrong deformation retract
if one can choose p and the d-homotopies up =hg — h; < hy ... hy=idY so
that al the latter are trivial on X. A d-spaceis d-contractible if it is d-homaotopy
equivalent to a point, or equivaently if it admits a deformation retract at a point.
(Classical relations between ordinary homotopy equivalence and deformation
retracts can be seenin [24], 1.5.)

Plainly, all these relations imply the usual ones, for the underlying spaces. In
fact, they are strictly stronger. As atrivial example, the d-discrete structure cgR on
thereal line (where all d-paths are constant, 1.1) is not d-contractible. Lesstrivially,
within path connected d-spaces, it is easy to show that St, 1St and 1O?® are not
d-homotopy equivalent: a directed map St — 10! or 1St — 1Ol must stay in
the left or right half of 1O, whence its underlying map is homotopically trivial.
And ad-map S! — 1S! isnecessarily constant.

Reversible d-homotopies (2.3) give a stronger congruence f ~, g, and related
notions: reversible d-homotopy equivalence (X =~,Y) etc. The directed interval 11
is d-contractible, but not reversibly so. Of the four d-structures considered in 1.6.2
(or 1.6.3) for the disc, the first and second are just d-contractible, the third is not,
the last isreversibly d-contractible.

Each d-space A gives a covariant 'representable’ homotopy functor (and a
contravariant one)

(D) [A,-]: dTop — Set, ([- A]: dTop® — Set),
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where [A, X] denotes the set of d-homotopy classes of maps A — X. These
functors are plainly d-homotopy invariant: if f ~ g in dTop, then [A, f] =
[A,qg]. Inparticular, 1TIo(X) = [{*}, X] (1.5); also [1S!, ], [St, -], [t1O%, -]
express invariants of interest; the first gives the set of homotopy classes of directed
free loops (not to be confused with the fundamental monoid, 3.3).

2.5. Double homotopies and 2-homotopies. Roughly speaking, double

homotopies (and double paths, in particular) behave asin Top, aslong aswe

work on the ordered square 112 viaincreasing maps. The second order cylinder

112X = Xx112 has four 1-dimensional faces, written

(D) 9 = 119* = Xxd%1tl: 11X — 112X, %X, 1) = (X, o, ),
g = a4l = Xxtlxd® 11X — 112X, g% ) = (X, t, ).

A double homotopy isamap ®: Xxt12=112X — Y (or, equivalently, X —
1P2Y); it hasfour faces, which will be drawn as below

(2) (D) = .0 = D.(Xxd%x1), 05(®) = @.05 = D.(Xxt1xd?),

9,0
f — h - — 1
ER l P l X l
k — g 2
,®

and four vertices, 0797(®) =f = 9795(®P), etc. The concatenation, or pasting, of
double homotopies in direction 1 or 2 is defined as usual (under the obvious
boundary conditions) and satisfies a strict middle-four interchange property

() (A+1B)+2(C+.D) = (A+,C)+1(B+,D),

Lo l>]

A (directed) 2-homotopy ®: ¢ — y:f — g: X — Y isadouble homotopy
whose faces 9 are degenerate, while the faces 95 are ¢,y (the other choice
being equivalent, by interchange)
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@
f — 9 I(P) = o, I5(P) = v,
(4 o | @ % oo =f=dvy g =g=d,
f — g a7(®) = O, H(®) = Og.
Y

Such particular double homotopies are closed under pasting in both directions
(also because Of + O = O¢). The preorder ¢ <2y (i.e., there is a 2-homotopy
@ — ¢) Spansan equivalencerelation ~».

2.6. Constructing double homotopies. (a) Two 'horizontally' consecutive d-
homotopies
Q) gpf-—=fHX-—=Y, v.g —ghY — Z

can be composed, to form a double homaotopy e

gee
gf-—— gif* yep = P.(ext): Xxt12 — Yxtl — Z,
@ v oy |t IHD) = .(pd%11) = yef,
gt —— g'f’ I5(P) = p.(¢xd*) = geq.
gree

(Together with the whisker composition, in 2.3, thisis a particular instance of the
cubical enrichment produced by the (co)cylinder functor: composing a p-uple
homotopy @: tIPX — Y with ag-uple one W: 119Y — Z gives a (p+q)-uple
homotopy We® =W.119%0 = 1PPY.®.)

(b) Acceleration. For every homotopy ¢:f — g, there are acceleration 2-
homotopies

3 0:0+q¢ — q, 0" ¢ — ¢+ 0y,

(but not the other way round: slowing down conflicts with direction). To construct
them, it suffices to consider the particular case ¢ = idsl

¢

f — g o = idtl, f =97, g=0"{*x} — 1,
4 | e |0% o) =t (p+0g(t) = (2041,
f — g O"(t, t) = (1-t).t + t.((20)a1).

¢+0
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(and compose with an arbitrary homotopy). Infact, ®" isalinear interpolation (in
t) from ¢ to ¢ + Oy, since o(t) < (p+0g)(t), O" preserves the order of the
square and isad-map 112 — 1l.

(c) Folding. A double homotopy ®: Axt12 — X with faces ¢, y, o, (as below)
produces a 2-homotopy W, by pasting ® with two double homotopies of
connection (denoted by #)

(5) H # cpl @ lw # H W: Optoty — ¢+t+0q4: f — g,
f — k —— _— g
o) T

which, together with accelerations, showsthat o+y =~ o+t (2.5).

2.7. Controlling deformation. Directed homotopy equivalence and deforma-
tion retracts (2.4) can be controlled, step by step.

We shall speak of an (immediate) d-homotopy equivalence in the future when
both composed maps can be reached, from the identities, in one deformation step, at
theendof it (t=1)

QD f: X=Y :q, . idX — of, y:idY — fg;

of an (immediate) d-homotopy equivalence in the past in the reflection-dual case:
both homotopies ¢, ¢ start from the composed maps; and of an n-step homotopy
equivalence for asequence of n immediate equivaences (of any type)

(2) X = Xg= X1 = ... = X, =Y,
composing them, itiseasy to seethat X ~ Y, asalready defined (2.4).

Similarly, a subspace X of ad-space X will be said to be an (immediate)
future (resp. past) deformation retract of X if itsinclusion u hasaretraction p
with idX = up (resp. up = idX). Wesay that Xy isadeformation retract in n
stepsif there is afinite sequence

(3) XOCX1C...CXn=X,

where each d-space is an immediate deformation retract of the following one; and in
precisely n stepsif a shorter chain does not exist. Again, composing all retractions,
itiseasy to seethat X isadeformation retract of X aspreviously defined (2.4)
and that Xg and X are d-homotopy equivalentin n steps. Note also that, in (3)
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and with reference to the path preorder, each X; iseither upper bounded by Xi_3
(each point of X; has some upper bound in Xj_;) or lower bounded.

Painly, XoC X isafuture deformation retract of X if and only if thereisad-
map ¢ suchthat (for al xEX, XgEXq)

(4) Q: XXTI - X, (p(X, O) =X, (p(X, l) = XO! (p(XO, 1) = Xo;

for instance, the cylinder Xxtl has a strong future deformation retract at its upper
basis 9*(X) C 11X, by the lower connection (reaching the upper basisat t' = 1)

(5) g Xxth)xtl — Xxtl, gt t) = (x tvt),
and a strong past deformation retract at itslower basis 97(X).

A d-space X isfuture contractible, or past contractible, or contractible in n
steps, if it has such adeformation retract, at apoint. X isfuture contractibleif and
only if thereisahomotopy idX — v with aconstant map v: X — X; then x* =
V(X) isamaximum for the path preorder <.

The cones 1C*(Sh), 1C*(1SY) (1.6.2-3) are future contractible to their vertex,
while the lower ones are past contractible The half-line 1]—w, 0] C 1R isfuture
contractibleto 0 (which isreached by the d-homotopy o(X, t) = (1-t)x, attime t
=1), but not past contractible. The d-line 1R is 2-step contractible, as 1]—, 0]
is a past deformation retract (reached by the homotopy (X, t) = xa(tx) at t=0);
two steps are needed, since the line has no extreme for the (path) order.

Similarly, al tR" are precisely contractiblein 2 steps (n> 0): one can take as
apast deformation retract X = 1]—o, 0]", moving all points of the complement to
the boundary of X along lines parallel to the main diagonal x; = ... =Xn. The V-
shaped d-space V

(6) V = ([0, 1]x{0}) u ({0}x[0, 1])) C tR?
is past contractible (to the origin). Theinfinite stairway W
(M) W = Ukez ((Tk, k+1]x{—k}) U ({K}x[-k, 1K])) C 1R?,

is not d-contractible (in fact, f < idW or idW = f imply f(W) =W). A finite
stairway consisting of 2n or 2n-1 consecutive segmentsof W is contractiblein
n steps (in the even case, each step contracts the first and last segment; in the odd
case, thefirst step contracts one of them).
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3. Computing the fundamental category

The fundamental category of a d-space is introduced. Non obvious computations
are based on a van Kampen-type theorem (3.6), similar to R. Brown's version for the
fundamental groupoid of spaces [3].

3.1. The fundamental category. Directed paths are now considered modulo 2-
homotopy, i.e. homotopy with fixed endpoints.

A double pathin X isad-map A: 112 — X. Itisthe elementary instance of a
double homotopy (2.5), defined on the point, and the previous results apply; its
four faces are pathsin X, between four vertices. A 2-path is a double path whose
faces 9y are degenerate; it isa2-homotopy A:ax,b:x — X' between its faces
0%, which have the same endpoints. A 2-homotopy class of paths [a] isaclass of
the equivalence relation =~, spanned by the preorder =, .

The fundamental category 1I11(X) of ad-space hasfor objects the points of X;
for arrows [a]: x — X' the 2-homotopy classes of pathsfrom x to X', asdefined
above. Composition —written additively —isinduced by concatenation of consecu-
tive paths, while identities derive from degenerate paths

(1) [al +[b] = [ath], Ox = [e(x)] = [04].

We prove below that 1111(X) isindeed a category and that the obvious action
on arrows defines afunctor 1I11: dTop — Cat (small categories)

(2 LX) = f(x), (e = f.afa] = [fa],

invariant with respect to notions of directed homotopy in Cat which will be devel-
oped in the next Section (4.1). The fundamental category of X islinked to the
fundamental groupoid of the underlying space UX, by the obvious comparison
functor

(3) tIy(X) — Hy(UX), X = X% [a — [d,

which is the identity on objects, but need not be full (obviously) nor faithful (3.5).
Plainly, if X isatopological spacewith the natural d-structure (X = COUX), then
Iy (X) = H1(UX).

3.2. Invariance Theorem. (a) For every d-space X, 1I11(X) isa category and
the previous formulae (3.1.2) do define a functor, which preserves sums and
products. The reflected d-space gives the opposite category, 1I11(RX) =
(1T11(X))°P.
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(b) If & x — x' isareversible path (1.5), itsclass [a] isinvertiblein 1111(X).

(c) The functor 1I1;: dTop — Cat is d-homotopy invariant, in the following
sense: a d-homotopy ¢: f — g: X — Y induces a natural transformation (a d-
homotopy of categories, 4.1)

(D @1l fer = Gerr (X)) — tI(Y),  @ea(¥) = [o(X)]: F(X) — 9(%),

(p(X) beingthe pathin Y derived fromthe map ¢: X — tPY). Therefore 1111
preserves d-homotopy, d-homotopy equivalence and deformation retracts (cf. 4.1).

(d) A reversible d-homotopy ¢ induces an invertible transformation o, 1.
Therefore 1111 turns reversible d-homotopy equivalence into equivalence of
categories.

Proof. (@) Composition is well defined, in 3.1.1. Given 2-homotopies A: a =, a:
X — X and B:b=z,b:x" — x", thepasting A +; B: atb <, a+b" x — x"
shows that [a+b] = [a+b']. The general case, for the equivalence relation =~ 5,
follows by taking, in A or B, atrivia 2-homotopy and applying transitivity. The
fact that ad-map f: X — Y gives awell-defined transformation 1I11(f)[a] = [fal
isalso obvious: for A:a=,a, take fA: fa=,fa.

In 1I11(X), constant paths produce (strict) identities, because of the
acceleration 2-homotopies Oy+a — a — at+0y (2.6.3). Associativity, on three
consecutive paths a b, ¢ in X, follows from considering a 2-homotopy B:
(0+a)+(b+c) — (at+b)+(c+0), constructed by pasting double paths deriving from
degeneracy and connections (all denoted by #)

a b c
X —m—&@m X — Yy V4 "
L
X — y —/ vy Z W
1) [ A |
X — Yy — z —/ 7 — W
[ I N A
X —_— y —_— Z I W p— W
a b c

The argument is concluded by two other 2-homotopies, deriving from
accderations; they cannot be pasted with B, because of conflicting directions

(2) A:(atb)+c — (atb)+(c+0), C: (0+a)+(b+c) — at(b+c).
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The preservation of sums and cartesian products by the functor 1I1; isproved
in the same (easy) way asin the ordinary case.

(b) By definition, a: |~ — X isassumed to be a d-map. The double path
0
X — X
(3) A = ag.(I™x1): 172 — X, | A |0
X — X'

a

is indeed directed with respect to the reversible structures; in fact, given two
piecewise monotone real functions h, k, also hvk isso (if h isincreasing and k
decreasing on some interval [tg, t1], and h(t) = k(t) at some intermediate point,
possibly not unique, then hvk coincides with k on [to, t], with h on [t, t1]).
Finally, by folding (2.6c), and recalling that 11 isfiner than I~, we get a2-path

4 A:12 = 12— |7 = X, A:0 — a®+a+0: 1l — X.

(c) The naturality of the transformation associated to ¢: f — g onthearrow [a]:
X — X' in 1I11(X) amounts to the relation [fa] + [¢(X")] = [¢(X)] + [ga]. This
follows from the existence of the double path @ = gea= ¢.(axtl): {*}x112 — X

fa

fx) —— f(x)
) o | ga | 000 fa+ o(x) <2 ¢(X) + ga
90— 9K)

(d) Isastraightforward consequence of (b) and (c). o

3.3. Homotopy monoids. The fundamental monoid tx1(X, X) of the d-space
X atthepoint x isthe monoid of endoarrows [c]: X — X in tI13(X). Itformsa
functor from the (obvious) category dTop, of pointed d-spaces, to the category of
monoids

(1) tmq:dTop, — Mon, tea(X, X) = (X)X, X),

which is strictly d-homotopy invariant: a pointed d-homotopy ¢: f — g: (X, X) —
(Y,y) has, by definition, atrivial path at the base-point (¢(x) = 0y), whence f,; =
0.1 (3.2.5).
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Similarly, we have a functor from the comma category dTop\S® of bipointed
d-spaces

(2) tag: dTop\S? — Set, tar(X, X, X') = tI1(X)(X, X),

which is strictly d-homotopy invariant, up to bipointed d-homotopies (leaving fixed
each base point). One can view (1) and (2) as representable homotopy functors
(2.4) on dTop, and dTop\S®, which 'accounts for their strict invariance.
Moreover, both can be computed by the methods developed below for 1I1,X. (For
the homotopy structure of comma categories, see[11].)

The existence of a reversible path (1.5) from x to x' implies that their
fundamental monoids are isomorphic (by 3.2b); without reversibility, this need not
be true (cf. 3.5). However, in a homogeneous d-space, where Aut(X) acts
transitively, all 1x1(X, xX) are plainly isomorphic; this applies, for instance, to the
directed circle 1St

3.4. Simple d-spaces. Say that a d-space X is 1-simple if its fundamental
category is a preorder, or equivalently if 1II:X = cat(X, =), the category
associated with the path preorder:

(1) 1II.X(X, X") has one arrow when x < X', no arrow otherwise.

(a) Every convex subset X of R", with the order structureinduced by 1R", is1-
simple. In fact, if x < X', thereisad-path from x to x', eg. a(t) = (1-t).x +
t.x"; the converse is obvious. Moreover, given two increasing paths a, b: 11 — X
from x to X', wecanawaysassumethat a<b (otherwise, replace the first with
O«+a <» a, the second with b+0y =5 b); then, the interpolation 2-path A(t, t') =
(1-t).a(t) + t'.b(t) preservesthe order of 112 and provides a directed 2-homotopy
A:a— b o
(b) It follows that a d-space X is certainly 1-simple whenever the following
condition holds: if x' = x", then the d-subspace {x&eX | x' = x = X"} is
isomorphic to some convex d-subspace of 1R".

(c) Thefollowing objects are 1-simple: any interval JC 1R; any product of such
in tR", V, W C tR? (2.7.6-7); any ‘fan' formed by the union of (finitely or
infinitely many) segments or half-lines spreading from a point, in some tR".
(Here, one should not confuse the path-order with the order induced by 1R",
which is coarser and of lessinterest.)

(d) The ordered circle 1O (1.2.5) isnot 1-simple. Any d-path there stays either in
the left half or in the right one, whence the two obvious d-paths moving in such
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half-circles g b: x~ — x* (from the minimum x~ = (0, -1) to the maximum x* =
(0, 1)) are not 2-homotopic. Adding this consideration to the previous ones, it is
easy to determine the fundamental category

(9 tHtOMx, x) = {[a, [b]} if x=x7, x'=x" ([& = [b]),

and, otherwise, one arrow if x < X', no arrowsin the contrary.

3.5. Comments. The fundamental category contains information which can
disappear modulo d-homotopy, yet not modulo (bi)pointed d-homotopy (3.3) nor
reversible d-homotopy (3.2d). This can be traced back to the fact that, for a d-
homotopy equivalence p: X — Y, theinduced functor p,1: 1I1:X — t1I1Y need
not be full nor faithful (even when p isastrong deformation retraction).

For the first case, just consider the fact that 11 isstrongly past contractibleto O,
while 1I11(11) = cat(l, <) keeps the information of the (path) order; thus p,1:
tII1(11) — 1111{0} isnot full.

The infraction to faithfulness can produce even more unusual effects (but we
snall seethat it cannot happen if 111X satisfies the cancellation laws, 4.3a):

(i) astrongly d-contractible object X can have loops ¢ which are not homotopi-
caly trivia ([c] = 0),

(ii) such loops are then annihilated by the deformation retraction p: X — {*} (p.1
is not faithful),

(iii) such loops are 'loop-homotopic' to the constant loop, without being 2-
homotopic to it.

In fact, take the disc with the structure X = 1C~(SY) (1.6.2), which isstrongly
past contractible to its centre v—, but not reversibly so. Any concentric circle C
inherits the natural structure of St, and no path between two of its points x', X"
can leave it; thus, the restriction of 113X to the points of C coincides with the
fundamental groupoid of the circle and has d-loops ¢: St — X with [c] = 0. Any
deformation ¢: Xxtl — X with ¢(X, 0) = v, (X, 1) =x (2.7.4) yields aloop-
homotopy ¢.(cxt1): Sixtl — X from 0,- to c. Notealso that, if ¢ isaloop at
Xo, the homotopy class of the path a= ¢.(Xg,—): V- — Xg is not cancellable in
12X (not epi): [a] +[c] =[a].

Similar arguments also allow us to completely determine the fundamental
category of 1C~(S1): from the origin to any point there is one arrow (this would
follow directly from 4.1: v— must beinitia in 1T1yX); otherwise, there are arrows
determined by their 'winding number' around the origin



26

(1) HLX)(x, x) = TSYAX), q(x)) (O <ixll = IpTl),

where q(x) = x/||x||; there are no other arrows; concatenation works accordingly, as
in H]_Sl.

3.6. Pasting Theorem (‘Seifert - van Kampen' for fundamental categories). Let
X bead-space; X1, X2 two d-subspaces and Xg = X1NnXo.

@ If X =int(Xy)uint(X>y), the following diagram of categories and functors
(induced by inclusions) isa pushout in Cat

U

X — 111Xy

u. \'
) o, m
Xy — 111X

(b) More generally, the same fact holds provided one can find two d-subspaces w;:
Y C X; withretractions p;: Y; — X; (d-mapswith pw; =idYj; no deformation
isrequired) such that:

(2) X = int(Yuint(Yy), pp and po coincideon Yg=Y1NYo.

Proof. (a) We shall use the n-ary concatenation of consecutive d-paths, written a;
+...+a, (L.1). Let F: 1T13X; — C be two functors which coincide on 111:Xg
(F1u1 = Fouy); we have to prove that they have a unique 'extension’ F: 113X —
C. Ontheobjects, thisisobvioussince |X|=|X1] U |[X2| and [Xo| = [X1| N [X2].

Letthen a: x — y: {*} — X beapath. By Lebesgue's covering lemma, there
isafinite decomposition 0 < 1/n < 2/n ... < 1 of the standard interval such that each
subinterval [(i-1)/n, i/n] is mapped by a into X; or X, (asuitable
decomposition for our data). Thus, a=a; + ... + &, whereeach g: [0, 1] — X
isadirected path (by increasing reparametrisation) contained in some Xy, hencea
d-path there. Define (using the additive notation also for compositionin C)

(3 Hal = Rqlag] +... + R an] € C(F(x), F(x)).

First, this does not depend on choosing k;: if Im(g) C X1nX5 = Xp, then
Fius = Foup showsthat Fq[g] = Fo[g]. Second, this does not depend on the
choice of n: if dso m gives asuitable partition, use the partition deriving from
mn to prove that they give the same result. Third, F[a] does not depend on the
representative path a. It is sufficient to show this for a second path a: x — X,
linked to the first by a 2-path A: a — a&; in other words, A: 112 — X has
degenerate 1-directed faces, and 2-directed faces coinciding with a, &. Again by



27

L ebesgue's covering lemma, applied to the compact metric square [0, 1]2, thereis
someinteger n> 0 such that all elementary squares [(i—1)/n, i/n] x [(j—1)/n, j/n]
aremapped by A into X1 or X,. A can be obtained as an 'nxn-pasting' of its
(reparametrised) restrictions to these squares, Ajj: 112 — Xj C X
(4) A = (Air+1Az+1 .. t1Am) *+2 .. +2 (Ain 1 Agn 1. +1 Ann).
Every square B = Aj; produces, by folding (2.6c), a 2-homotopy relation in
Xk(i.j)
(5) B+91B ~, 9B +95B.
Therefore, using the fact that all 1-faces on the boundary are degenerate (97A 1,

d7Ani), and the coincidence of faces between contiguous 'little’ squares, we can
gradually movefrom a to &

(6) Flal = Fya,nlozA11] + ... + Fkn,pl95An1]
Frr,nl07A11] + ... + Fn,p[95An] + Fkn,p[97An]  (by degeneracy)
Fr,nl07A11] + .. + Fn,n[07An] + Frn,p[05An1] (by (5))
Fr,nl02A11] + ... + Frn[07An-1,1] *+ Fi(n,2)[95An2] (by contiguity)
= Fa2ldzA21] + ... + Fin2)[05An]
o = FamlopAnd] + o + Funn)0An] = Fla].

Thus, F: 1II)X — C isalso well defined on arrows. To show that it preserves
composition just note that, if two consecutive d-paths a, b have a suitable
decomposition on n subintervals, than a+b inherits a suitable decomposition a+

b=g +..+a,+Db; +..+by which keeps the original paths apart. Finaly, the
uniqueness of the functor F isobvious.
(b) By (@), the square deriving from Yg, Y1, Y2 and Y = X isa pushout of
categories.

Alsotheinclusion wg: XoC Yq hasaretraction pg, the common restriction of
p1 and p, to Yo Therefore, al w; and p; form aretraction in the category of
commutative squares of dTop

(7 w = (Wg, Wy, Wy, idX): X — Y,
P = (Po, P, P2, idX): Y — X (pw = idX),
The functor 111, takesall thisinto aretraction w,: tII;X == 1II.Y :p, in

the category of commutative squares of Cat. Since tII;Y isapushout, also its
retract 1I1:X isso (ascan be easily checked, or seenin[3], 6.6.7). o
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3.7. Computations. Putting together the Pasting Theorem (3.6) and the
preceding results, it is easy to compute the fundamental category of the directed
circle, of the d-spaces of the Introduction, etc.

(a) Thedirected circle 1St Apply van Kampen (3.6a) in the obvious way, with
two arcs X1, X2 isomorphicto tI and X = tI + tl. The resulting pushout in
Cat showsthat 11111S! is the subcategory of the groupoid I1;S' formed by the
classes of anticlockwise paths. In particular, each monoid 1t=1(1S%, x) is
isomorphic to the additive monoid N of natural numbers.

(b) The fundamental category of 1C~(1S') can now be easily deduced, much in
the same way as 1C~(S!) in 3.5.

(c) The (compact) d-space H C 1R? represented below

il e B B

=
w

has afundamental category 'similar' to that of the ordered circle (3.4d)
(2) 1TIH(X, X): two arrows if x € [0, 1]% and x' € [2, 3]%,

and otherwise, one arrow if x = X', no arrows in the contrary. This follows from
applying van Kampen with H; asin (1) and asimilar Hy; they are 1-simple
spaces, again by 3.6.

Note that the d-subspace A isastrong deformation retract of H (in 2 steps),

isomorphic to the ordered circle. However, while this determines 1I1;A asthefull
subcategory of 1IT1{H with objectsin A (by 4.3b), it is not clear how to deduce
tI14H from 1I14A.
(d) One can similarly compute the fundamental category of d-spaces like the ones of
the Introduction, fig. (1). Again, there are facts which can disappear up to d-
homoatopy: for instance, at the left of each obstructionin X or Y thereisatriangle
from which no path can reach b; which is of interest in all the interpretations we
were considering. This information, however, is stable under bipointed d-
homotopy (3.3.2), with one point in that triangle and the second at b.
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4. Complements

Directed homotopy of categories is briefly considered and related with d-spaces.
We end by discussing directed geometric realisation of cubical sets (cf. [4]) and
directed metrisability of d-spaces.

4.1. Directed homotopy for categories. Classically, the homotopical invari-
ance of the fundamental groupoid functor I1;: Top — Gpd (small groupoids)
means that it turns homotopy equivalence of spaces into ordinary equivalence of
groupoids; the latter can be viewed as homotopy equivalencein Gpd, based on a
reversible interval, the groupoid i = {0 = 1}. Now, for 1111, we need to
replace equivaence of groupoids by a directed notion.

We shall give abrief description of directed homotopy in Cat (the category of
small categories). Thiswill be based on thedirected interval 11 =2={0 — 1}, an
order category, with obvious faces 9*: 1 — 2, where 1 ={0} is the pointlike
category. Again, 2 isaninternal lattice (2.1) and reversion is missing, but partially
surrogated by the reflecting isomorphism r: 2 — 2°P,

A point x: 1 — C isanobjectof C. Ad-path &2 — C from x to X' is
anarrow a X — X' of C; their concatenation is defined by the compositionin C,
and is strictly associative, with strict identities. To be consistent with the previous
notation, we shall write additively, a+ b, the composition of consecutive arrows
(inthe objectsof Cat) and Oy theidentity a x. (Formally, one should note that
the concatenation pushout 1.5.1 gives here the order category 3, and not the
interval 2; concatenation isrealised by an obvious functor k: 2 — 3.) A double
path 2x2 — C is a commutative square, while a 2-path is necessarily trivial.
Therefore 111,C, defined as above for d-spaces, just coincideswith C, and 1I14f
=f onfunctors. A reversiblepath a:i — C isanisomorphism.

The directed cylinder 11C = Cx2 and itsright adjoint, 1PD = D? (the category
of morphismsof D) show that ad-homotopy ¢: f — g: C — D isthesameasa
natural transformation between functors. Operations between d-homotopies and
functors are defined as previoudy and amount to the usual operations; concatenation
is vertical composition, written as (g+y)(X) = ¢X + yX; it is strictly associative,
with gtrict identities O: f — f, the vertical identities of functors.

Given two parallel functors f, g: C — D (and proceeding asin 2.3), we write
f = g if thereis anatura transformation f — g, and f ~ g if thereisafinite
sequence of them, f=fy — f; < f ... f;=0. Thecategories C and D ared-
homotopy equivalent (C ~4 D) if there are functors
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(1) f: C=D :g, of ~ idC, fg =~ idD;

C isadeformation retract of D if, moreover, gf =idC. Finaly, C isd-
contractibleif it is d-homotopy equivalentto 1. All this can be controlled step-by-
step, asin 2.7. It is easy to see that a category has an initial object (say v-) if and
only if it is strongly past contractible (to v°), if and only if the functor p:C — 1
hasaleft adjoint (v: 1 — C); thus, all ordinals> 0 are d-homotopy equivalent.

Directed homotopy equivalence distinguishes new 'shapes, in Cat. Itis
weaker than ordinary equivalence, which corresponds to reversible homotopies,
based on i. But it implies ordinary homotopy equivalence of the classifying
spaces, the geometric realisations of the simplicial nerves (which is an undirected
notion): in fact, a natural transformation ¢: f — g: C — D produces, by the nerve
functor N: Cat — Smp, asimplicial homotopy Ng¢: Nf — Ng: NC — ND
(because N(Cx2) = NCxN2 and N2 is the simplicial interval -—+), and
then, by ordinary geometric realisation, a homotopy of the classifying spaces (cf.
[20], Section 16; [5], 1.29).

4.2. Lemma. Let ¢: h — ki C — D be a natural transformation all whose
components ¢x (x € ObC) are cancellable in D (mono and epi). Then h is
faithful if and only if k isso.

Proof. Take two arrows ug, U: X — X' in C and the resulting commutative
squaresin D

X

h(x) — k(X)
(1) hu; l l kuy;

ox'

h(x') — K(x")

If h isfaithful and k(uy) = k(up), cancelling ¢x' (mono) we obtain h(uy) =
h(up) and u; = uy. Conversaly, if k isfaithful, use the fact that X isepi. m

4.3. Theorem (Distinguishing d-homotopy). (a) Let f: X — Y be a d-
homotopy equivalence in dTop (or in Cat). If 1TI3X satisfies the cancellation
laws (all arrows are mono and epi), then f,1: t11:X — 1T1,Y isfaithful.

(b) Let u: X CY beastrong deformation retractin dTop (or in Cat). Then u,1:
111X — 111, Y isa full embedding, whileitsretraction p,1 need not be faithful
nor full.
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(cLet h=~k: X — Y in dTop. Ifall the paths ¢j(x): hi_1(x) — hi(x) which
intervene in the previousrelation are cancellablein 1II1Y (i.e., the corresponding
classes [¢i(x)] are mono and epi), then the functor h,1: tT1:X — 1TI1Y is
faithful if and only if k.1 isso.

Proof. First, (c) follows from the previous lemma. Recall now that, in Cat,
1 X =X (4.2).

(@) Takead-map g: Y — X with gf =~ idX. By (c), g.1f.1 isfaithful, whence
aso f,q isso.

(b) We already know that p,; need not be faithful nor full (3.5). By hypothesis, al
the d-homotopies which intervene in the relation up ~ id: Y — Y can be chosen
to betrivial on X (2.4). By (c), thefunctor u,1p,1: t111Y — 1II1Y isfaithful on
the points of X (i.e., on the full subcategory of such objectsin 1I1,Y), and also
p.1: 1TI1Y — ¢I1:X is so. Now, given two points x, X' € X, consider the
retraction

(1) ueq: tILX(X, X) == 1TI1Y (X, X) : Pea (Px1.U,1 = id);

since we have aready proved that this mapping p,1 isinjective, u,; must beits
(bilateral) inverse. o

4.4. Applications to d-spaces. We have essentially proposed d-homotopy to
study directed paths. The fundamental category can also be used to distinguish the
d-homotopy type of d-spaces (when the underlying spaces are homotopy equiva-
lent).

Thus, to show that St, 1S and 10! are not d-homotopy equivalent, one can
apply 4.3a (after computing their fundamental categories, in 3.4 and 3.7): there are
no faithful functors from TIT1;S! to 1I111St or 1111101, nor from tI111St to
111110 and the cancellation laws hold. (But we have already proved the samein
2.4, resting on ordinary homotopy and elementary arguments on d-maps).

Itiseasy toredlise, on the'eight figure' X, locally preordered d-structures with
tn1(X, X) isomorphicto Z*Z, Z*N, N*N (x is the 'free direct product' of
monoids, i.e. their categorical sum)

o (0, SaOpF

On Y one can obtain the same and also ZxZ, ZxN, NxN (ordering the
segment); all these structures are distinguished by 111;.
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4.5. Directed geometric realisation. Cubical sets have a clear realisation as
directed spaces, since we obviously want to realise the object with one free genera-
tor of degree n as 11". (Also simplicia sets can be realised as directed spaces, by
aconvenient choice of A" C tR™ but the obvious choice, the convex hull of the
chain O0<e; <e +e&<... derived from the canonical basisof R" has the disad-
vantage of not agreeing with barycentric subdivision.)

A cubical set (with faces and degeneracies) K = ((Kp), (9§), (g)) can be
viewed asafunctor K: I°° — Set, onacategory I C Set (the cubical site). Its
objects are the sets 2" = {0, 1}", its mappings are generated by the elementary
faces 9%: 29 — 2 and degeneracy e 2 — 29, under finite products (in Set)
and composition. Equivalently, the mappings of I are generated (under composi-
tion) by the following faces and degeneracies (i=1,...,n; a=0,1; tj=0, 1)

(1) 0§ = 212 21 — 20 ity thog) = (teen ticty oy thoa),
e = 2i-lcex2n-: 2n — on-1 e(ty,..., tn) = (t1,.-, Ei,..., th).

Thereis an obvious embedding of T in dTop, where faces and degeneracies

arerealised as above, with 9% {*} = 1l :e (and tj € 1l)
(2 11:1 — dTop, 20— N,
0% = L@ 1N 4101 — 1N g = e I I — g0,

Now, the directed cubical set of ad-space X and its left adjoint functor, the
directed geometric realisation of acubical set K, can be constructed asin classical
case (cf. [19])

(3 tR: Cub = dTop: 1€,

1(X) = dTop(11™, X),  1R(K) = ' Kol
the d-space 1R(K) being the pasting in dTop of K, copiesof tI" (n= 0),
along faces and degeneracies (the coend of the functor Ke1A: 1°PxI — dTop).

The adjunction U — C° (1.1) between spaces and d-spaces gives back the

ordinary realisation R =U.1R: Cub — Top, left adjoint to the ordinary cubical
functor € =1C.C% Top — Cub.

Various models of dTop are directed realisations of cubical sets: for the d-
interval 11, take ti ={0 — 1}; for 1R, take tZ with non degenerate 1-cubes
k — k+1; for 101, take 1ol ={0 = 1}; for 1S!, take tst ={» — =}.

4.6. Local preorders and colimits. We show now that such pastings cannot
be realised within Ip-spaces, and that colimits there (e.g. coequalisers) can fail.
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Thefirst step isto single out ageometric realisation 1R(K) whichisnot of local
preorder type. Consider the cubical set K represented below (with two vertices X,
y; two non-degenerate 1-cubes a, b; one non-degenerate 2-cube w)

X b y . by Y,
(1) ) | w {a y x <j a
X by . Y1
K 1C(1Sh) T

Its ordinary realisation isthe compact disc D = D(0, 1); itsdirected realisation
tR(K) is the disc with the d-structure 1C~(1S!) considered in 1.6.3; it can be
viewed as the coequaliser, in dTop, of two edges b;: 1| — T wherethetriangle
T hasthe structure 11%/A obtained by collapsing the left edge A = 07(1) of the
square 112 (in dTop and IpTop).

Now, let us provethat b; and by, have no coequaliser in IpTop, and hence
K has no geometric realisation there. Suppose by absurd this coequaliser exists: it
must bethedisc D = (D, <), with asuitable local preorder (because the forgetful
functor IpTop — Top preserves all the existing colimits, having an obvious right
adjoint, the chaotic preorder). D inherits from < a d-structure containing the
universal one, 1C(1SY) (because the projection 112 — D must factor through
the former). Thus, asin 1.6, our relation < must be chaotic on all concentric circles
of some small disc D(0, £). Construct now a new Ip-space D' = (D, <') by a
precedence relation which is chaotic on the disc D(0, ¢/2) and agrees with
1C™(1SYH) on the complement. The projection A2 — D' is locally increasing,
whence also the identity mapping D — D' must be so. But thisis false around any
point of D(O, )\ D(O, ¢/2). o

Note the role played in this counterexample by the degenerate cube e(x); and
indeed, pre-cubical sets (without degeneracies) can be realised as locally ordered
spaces, as proved in [6].

4.7. Metrisability. Directed spaces can be defined by 'asymmetric distances. A
generalised metric space X in the sense of Lawvere [18], called here a directed
metric space or d-metric space, isaset X equipped with ad-metric 8: XxX —
[0, 0], satisfying the axioms

D s(x,x) =0, 3(X, y) +8(Y, 2 = 8(%, 2).
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This structure is natural within the theory of enriched categories, as showed in
[18]. (If the value » isforbidden, & isusualy called a quasi-pseudo-metric, cf.
[17]; including it has various structural advantages, e.g. the existence of all limits
and colimits.)

dMtr (or tMtr) will denote the category of such d-metric spaces, with d-
contractions f: X — Y (8(X, X") = 8(f(x), f(x))). Limitsand colimits exist and are
calculated asin Set; products have the |, d-metric and equalisers the restricted
one, while sums have the obvious d-metric and coequalisers have the d-metric
induced on the quotient:

@ ILi X, 8(x,y) = supsi(xi, Yi),
2 Xi, o (%, 1), (v, 1) = six,y), 8((X, 1), (¥,])) = o (i =]),
XIR, (g, m) = infy(Zj 8(Xai1, X21)) (X2 €& Xo2i R Xi+1; Xon € ).

The reflected d-metric space R(X) = X°P has the opposite d-metric, §°P(x, )
=5(y, X). A symmetric d-metric (5 = §°P), which will be preferably written as d,
isthe same as an écart in Bourbaki [2].

A d-metric space X = (X, 8) has an associated bitopological space (X, t, t*).
At the point xg € X, the past topology = (resp. the future topology «*) hasa
canonical system of fundamental neighbourhoods consisting of past discs D~
(resp. futurediscs D*) centred at Xg

(3) D(xp,e) = {xEX | (X, Xg) <e}, D*(Xo,¢e) = {XEX | 8(Xq, X) <¢}.

This describes the forgetful functor to bitopological spaces, whence to d-spaces
(vial.4c)

(4) dMtr — bTop — dTop, (X,98) — (X,v, ") — (X, bTop(tl, X));

d-spaces which can be obtained in this way will be said to be d-metrisable.

The standard models of 1.2 are all d-metrisable, in anatural way. First, R" will
have the | .-metric (written d), and S!' the geodetic one. For the directed real line
1R, take 8(x, x') =d(x, X") if x=x', and « otherwise; similarly for I, tR",
11", 101, For the d-circle 1S, s(x, x) is, asin 1.4, the length of the
anticlockwise arc from x to x' (giving again the coequaliser of the maps 1.2.2-3,
in dMtr). Finaly, 1S" can berealised asthe coequaliser 11"/dl" in the category
dMtr. Thus, for 1S? 8(x', x") and §(x", x') are respectively the length of the
solid and the dashed path
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