AN ELEMENTARY CONSTRUCTION OF ANICK’S FIBRATION

BRAYTON GRAY AND STEPHEN THERIAULT

ABSTRACT. Cohen, Moore, and Neisendorfer’s work on the odd primary homotopy theory of
spheres and Moore spaces, as well as the first author’s work on the secondary suspension, predicted
the existence of a p-local fibration $2"*~1 — T — Q527+ whose connecting map is degree p”.
In a long and complex monograph, Anick constructed such a fibration for p > 5 and r» > 1. Using
new methods we give a much more conceptual construction which is also valid for p = 3 and r > 1.

We go on to establish several properties of the space T

1. INTRODUCTION

In [CMN1, CMN2, N1] Cohen, Moore, and Neisendorfer proved a landmark result concerning the
exponent of the homotopy groups of spheres localized at an odd prime p. When p > 3 and r > 1 they

constructed a map 7, : Q252! — §27=1 guch that the composition with the double suspension
Q252+l T, g2n—1 B Q2g2n+1

is homotopic to the p"-power map. The existence of such a map for » = 1 was used to show that p™
annihilates the p-torsion in 7, (S?"*1) = 0.

In [CMNS3], the authors raised the question of whether the map 7, occurs in a fibration sequence
(A) QQS2n+1 ﬁ) S2n71 T QS2n+1.

The first construction of such a fibration was accomplished for p > 5 by Anick [A] and was the
subject of a 270 page book. There has been much interest in finding a simpler construction. It is the
purpose of this paper to give an elementary construction of the space T' and the fibration (A) which
is valid for all odd primes. The methods are new and have the advantage of being straightforward
and accessible to nonexperts. It is anticipated that they should be of use for other problems as well.
A comparison of our methods and Anick’s will be given once we state our results.

The question of the existence of a fibration as in (A) appeared in another context at about the
same time. In trying to understand the secondary suspension [C, M], the first author [G4, G5] was

led to conjecture the existence of (i —1)-connected spaces T; which fit into secondary EH P sequences
T2n71 i’ QT2n i) BWn
E’' H'
T2n I QT2n+1 I BWnJrl
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where BW,, is the classifying space of the fiber of the double suspension constructed in [G3]. These
EHP fibrations should fit together in such a way that the resulting spectrum {7;} is equivalent to
the Moore spectrum S° U,- e!. The T;’s would then give a refinement of the secondary suspension
into 2p stages. The analysis indicated that T, is homotopy equivalent to S?"*1{p"}, the fiber of
the map of degree p” on S?"*! and that Ty, 1 would sit in the fibration sequence (A).

Our first objective is to construct a secondary Hopf invariant H : QS***+1{p"} — BW,, for p > 3.
This lets us define T as the homotopy fiber of H. It follows easily that T satisfies the fibration in (A)
and the second FHP fibration. We also show that the space we construct is homotopy equivalent
to Anick’s when p > 5.

The EFH P viewpoint also predicted that the T;’s should have a rich structure. They should be
homotopy associative and homotopy commutative H-spaces enjoying a certain universal property.
Together, these properties would imply that the mod-p” homotopy classes of the T;’s could be rep-
resented by multiplicative maps. That is, letting P?(p") be the mod-p” Moore space of dimension 4,

there should be a one-to-one correspondence
[Pi(p"), T;] < {homotopy classes of H-maps from T} to T}}.

The properties were easy to establish when i is even [G4]. Subsequent to Anick’s work, Anick and
the first author [AG] constructed an H-space structure on T by showing that, for each n, there is a
(2n — 2)-connected co-H space G with the property that T is a retract of QG and G is a retract of
¥T. They also proved a semi-universal property for 1. The other properties were later established
by the second author [T2].

Our second objective is to take advantage of our construction of the space T to give a new, simpler
construction of the space G, and prove all the properties in [AG] for p > 3. Collectively, our results

are as follows.

Theorem 1.1. Suppose p > 3 and r > 1. Then the following hold:

(a) there is an H-fibration sequence
Q2G2n+1 T, g2n—1 | ()g2n+l
where the composition
Q252n+l T, g2n—1 B2 252n+1

is the p"-power map;

(b) there is a fibration sequence

QGLT—)R—)G
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where h has a right homotopy inverse g : T — QG so that
QG ~T x QR

with R a wedge of mod-p* Moore spaces for s > r;
(c) the adjoint of g,

§g:XT — @G,
has a Tight homotopy inverse f : G — YT and there is a homotopy equivalence

ST~GVW

where W is a wedge of mod-p* Moore spaces for s > r;

(d) there are “EHP fibrations”
Wi, = Top 1 = Qo = BW,

P/ El H/
WnJrl — T2n — QTZnJrl i BWnJrl

where Ty, = S* T p"™}, To,—1 = T, and there is an equivalence of spectra {T;} ~ S° U, e!.

Our methods are simpler and more direct than those of Anick. He constructed T as a retract of
a loop space D, where D is an infinite dimensional CW-complex whose bottom two cells are the
mod-p” Moore space P?"1(p") and whose other cells come from iteratively attaching certain Moore
spaces in a delicately prescribed fashion. A great deal of his effort was directed towards constructing
the attaching maps, and this necessitated the introduction of many new techniques. The restriction
to primes strictly larger than 3 was due to a heavy reliance on differential graded Lie algebras
which require that the primes 2 and 3 be inverted in order for the Lie identities to be satisfied.
By contrast, we construct the space T directly for all p > 3 without reference to the space D and
without reference to differential graded Lie algebras. The main ingredient in this new construction
is an extension theorem (presented as Theorem 2.3). This allows for a straightforward extension of
the map Q252! — BW,, constructed in [G3] to an EHP map H : QS?*"*'{p} — BW,,.

The new methods may be useful in positively resolving a long-standing conjecture that the
fiber W,, of the double suspension is a double loop space at odd primes. Including dimension
and torsion parameters, the space Toy,p—1(p) gives a candidate for a double delooping: potentially
W =~ Q2Ts,,,—1(p). Such a homotopy equivalence would have deep implications in homotopy theory,
one of which being a much better understanding of the differentials in the EH P spectral sequence
calculating the homotopy groups of spheres.

This paper is the result of combining separate efforts by the two authors. The second author dis-
covered the extension theorem and obtained part (a) of Theorem 1.1 without the H-space structure,

as well as part (d). The first author later found a different application of the extension theorem to
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obtain a factorization of the map H, as well as a further application of the extension theorem to

obtain parts (b), (c), and the H-space structure.

2. THE EXTENSION THEOREM

We begin by restating a theorem of the first author [G3] which identifies certain homotopy pull-
backs as homotopy pushouts. A homotopy fibration X — @ — A has a trivialization if there is a

homotopy equivalence Q ~ A x X in which the map Q — A becomes the projection A x X —%

Theorem 2.1. Suppose X — F' — E’ is a homotopy fibration and there is a map A — FE’.
Let Q be the homotopy pullback

Q —F

|

A——F
and let E be the homotopy cofiber of A — E’. Then the homotopy fibration X — Q — A has a

trivialization if and only if there is a homotopy pullback

F'—F

|

E—F
for some space F. Further, if the trivialization ezists, there is a homotopy pushout
Q~AXxX —— [/
-
X ———F
where wo the projection onto the second factor. O
There is a special case of Theorem 2.1 in the context of principal fibrations which is the key

tool used to construct 1" and prove Theorem 1.1. In general, suppose there is a homotopy fibration

sequence

OB F_—E_— B.

Then there is a canonical homotopy action 6 : F' x QB — F satisfying homotopy commutative

diagrams

L 0
OB x OB ——> OB FxQOB —> F

N

FxQB F F
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where g is the loop multiplication and 71 is the projection. Note that both squares are homotopy
pullbacks. Now suppose there is a homotopy cofibration A . B — E. Define spaces () and F’
by the iterated homotopy pullback diagram

Q——F —F

L

A——F —F
B p— B p— B.
In particular, the map A — B is null homotopic as it factors through the middle row which consists

of two consecutive maps in a homotopy cofibration. So @ >~ A x QB. This lets us apply Theorem 2.1

to see that there is a homotopy pushout
Ax QB —— F'
-
QB — F.

What we wish to do is choose a particular trivialization of Q which lets us identify the map A x
OB — F'.

The fact that there is some decomposition @ ~ A x 2B implies that we can choose a lift
a:A— F

of b. There may be many choices of a lift, but for the moment any choice suffices. The definition
of F’ as a homotopy pullback results in a homotopy fibration sequence 9B — F’ — E' — B.
This determines a homotopy action 6 : F' x QB — F’. Let 6 be the composite

ax1

G:AxQB 2L ' xaB L F

Proposition 2.2. Let F — E — B be a homotopy fibration and suppose there is a homotopy
cofibration A > E —E. Define the space F' and the map 0 as above. Then there is a homotopy
pushout

0
Ax QB ——= F/

-

QB F.

Proof. Consider the diagram
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The right square is a homotopy pullback as it is one of the canonical properties of the homotopy
action #. The left square is a homotopy pullback by the naturality of the projection. So the outer
rectangle is also a homotopy pullback. Observe that the top row of the rectangle is the definition of 6
while the bottom row is the given map b by the definition of a as a lift. Thus if @ is the homotopy
pullback

Q$F/

K
A——F
then there is a homotopy equivalence e : A x QB — (@ such that g o e ~ 71 — so the homotopy

fibration QB — @Q — A has been trivialized — and g o e ~ 6. Therefore Theorem 2.1 implies the

existence of the asserted homotopy pushout. O

We now state Theorem 2.3, which uses Proposition 2.2 to construct an extension under certain
conditions. The conditions involve exponent information, so we first make two definitions. If A is a
co-H space, let p" : A — A be the map of degree p". If Z is an H-space, let p" : Z — Z be the

p"-power map.

Theorem 2.3. Let

QB F’ E' B
QB F E B

be a homotopy fibration diagram and suppose there is a homotopy cofibration A L. B — E where
A is a suspension. Observe that the map b lifts to F'; suppose there is a choice of lift a : A — F’
with the property that Ya ~ top” for some map t. Suppose there is a map f : F' — Z where Z is

a homotopy associative H-space whose p"-power map is null homtopic. Then there is an extension

for some map f.

Before beginning the proof, we state a Theorem of James [J] and prove two preliminary Lemmas.

If X is a space, let £ : X — QXX be the suspension.

Theorem 2.4. Let X be a path-connected space and Z be a homotopy associative H-space. Let
f:X — Z be a map. Then there is a unique H-map f : QXX — Z such that fo E ~ f. O
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We say that f is the multiplicative extension of f.
To prepare for Lemmas 2.5 and 2.6 we establish some notation. Let X and Y be spaces. Let
i1 : X — X xY and is : X — X X Y be the inclusions, and let m; : X x Y — X and

mo : X XY — Y be the projections. It is well known that there is a natural homotopy equivalence
e:XXVEYV(EXAY) — XX xY)

such that the restrictions of e to XX and XY are 3i; and Yiy, and Y oe and Y 0e are homotopic
to the pinch maps onto XX and XY . There may be many choices of such a homotopy equivalence;

any fixed choice will do. Let j be the restriction
JiZXVEXAY) = IZXVIYV(EXAY) 5 B(X xY).

Lemma 2.5. Let Z be a homotopy associative H-space. Suppose there is a map f: X XY — Z
whose multiplicative extension f : QX(X xY) — Z has the property that the composite

XV(XAY) Zos(xv(XAaY) Easx xy) L 7

is null homotopic. Then there is a homotopy commutative diagram

QD(X x Y)

l QZﬂ—z H

QZY4>Z

where fy is the multiplicative extension of fy : Y 2 xxy Ly,

Proof. Consider the diagram

OS(X VY V(X AY)) —55 08X xY) — >

l Q¢ l OSmy H

QYY QXY

where ¢ is the pinch map. By definition of e, we have ¥ o e ~ Xgq, so the left square homotopy
commutes. The assertion of the Lemma is that the right square homotopy commutes as well. As e is
a homotopy equivalence, it is equivalent to show that the outer rectangle homotopy commutes. Since
all maps are multiplicative and Z is homotopy associative, Theorem 2.4 implies that it is equivalent
to show that foQeo E ~ fy, 0Q%go E, where E: X VY V(X AY) — QX(X VY V(X AY)) is the
suspension. By hypothesis and the naturality of E, the restriction of foQeoE to X V(X AY) is null
homotopic, so f oQeo E factors as the composite X VY V (X AY) Ly g On the other hand,
as fy is the multiplicative extension of fy, we have fy o E ~ fy. The naturality of the suspension
therefore implies that fy 0 Q¥qoE ~ fy0oEoq~ fyoq. Hence foQeoE ~ fyog~ fy 0Q%qoE,

as required. O
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Lemma 2.6. LetQB -2+ F — FE — Bbea homotopy fibration sequence and let§ : FxQB — F
be the associated homotopy action. Suppose A is a suspension and there is a map a : A — F such

that Ya ~top" for some map t. Let 0 be the composite

ax1

7 Ax0B X Frx0oB- X F

Suppose there is a map f : F — Z where Z is a homotopy associative H-space whose p"-power

map s null homotopic. Then there is a homotopy commutative diagram

AxQB — > F

b
fod

OB — 7.
Proof. First suspend and look at X(a x 1). Consider the diagram

Sp V(EpTAl)

SAV (SAAQB)

H YaV(XaAnl)
SAV(SAAQB) ———— = YFV (SF AQB)

5 5
S(ax1)

S(A x QB) L(F xQB).

AV (SAAQB)

lt\/(t/\l)

The top square homotopy commutes by the hypothesis that ¥a ~ t o p". The bottom square
homotopy commutes by the naturality of the map j.
Looping this diagram and using the naturality of the suspension, we obtain a homotopy commu-

tative diagram

p"V(p"AL)
AV (ANQB) AV (ANQB)
1 QE(p"V(p"AL))
(1) QN(AV (AAQB)) OX(AV (AAQB))
lﬂj lﬂ(jO(tV(t/\l)))
Q2 (ax1)
O3(A x QB) QX (F x QB).

Let ¢ = Q(jo(tV(tAl))oEo(p"V(ph Al)) be the upper direction around (1), and let ¢ =
0%(a x 1) 0 Qj o E be the lower direction around (1). So ¢ ~ ¢. Now compose to Z as follows.
By hypothesis, Z is homotopy associative, so by Theorem 2.4 the identity map on Z extends to an
H-map r : QX7 — Z such that r o E ~ 1. Define 7y by the composite

~:QS(F x QB) 20t gvr oy T 7,
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Observe that v o ¢ is an element of
=[AV(ANQB), Z]

which is divisible by p". Here, the group structure on N is determined by A V (A A QB) being
a suspension. As Z is homotopy associative, this group structure on N is equivalent to the one
determined by the H-structure on Z. By hypothesis, the p"-power map on Z is null homotopic, and
so N has exponent p”. Thus o ¢ is null homotopic, and so v o ¢ is null homotopic.

Now we set up to apply Lemma 2.5. Consider the diagram

f
Ax QB FxQB —' = 7z
QX (ax1) [ Qxf r
OS(A x OB) ——= QS(F x QB) a 0sz —— 7.

The three squares homotopy commute by the naturality of E. The right triangle homotopy commutes
by the definition of r. So the entire diagram homotopy commutes. Let ¢ = f o6 o (a x 1) be the
composite along the top row, and let § = r 0o QXf o QX6 o O¥(a x 1) be the composite along
the bottom row. Observe that g is an H-map as it is the composite of H-maps, and go E ~ g.
Thus g is the multiplicative extension of g. Further, by their definitions, § = v o QX(s x 1) and
©=0%(s x 1) 0 Qj o E, so the null homotopy for v o ¢ implies that the composite

QjoE

AV (ANQB) 2 Q5 (A x QB) -Ls Z

is null homotopic. Therefore, by Lemma 2.5, there is a homotopy commutative square

OX(A x QB) —>

l QEWQ H

997>] . A

where h is the multiplicative extension of
h:QOB -2 Ax OB -4 Z.

Finally, the previous square and the naturality of the suspension give a homotopy commutative
diagram

AXQB—>QE(A><QB

l " l/ QZW2 H
E

B — QXQOB 4> Z.
Since § and h are the multiplicative extensions of g and h respectively, we have go E ~ g and
hoE ~ h, and so the homotopy commutativity of the diagram implies that g ~ h o mo. Now we
untangle definitions. By their definitions, g = fofo(ax 1) and § =6 o (a x 1). So g~ fof. By
their definitions, h = goig and g = fofo (a x 1). The definition of # as a homotopy action implies
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that § o (a x 1) oig ~ 0. Thus h ~ fod. Hence fof ~ fodomy, precisely as asserted by the

Lemma. O

Proof of Theorem 2.3: The given diagram of principal fibrations and homotopy cofibration let us
apply Proposition 2.2 to obtain a homotopy pushout

Ax QB — = p
OB —— F.

Since A is a suspension, the lift A -5 F’ has the property that Ya ~ t o p", and Z is a homotopy

associative H-space whose p”-power map is null homotopic, we can apply Lemma 2.6 to the homotopy

fibration sequence QB — F' — E’ — B and the given map F’ L, 7 in order to obtain a

homotopy commutative diagram

OB — Z.
Therefore there is a pushout map f : F' — Z with the property that the composite F/ — F Ny
is homotopic to f’, as required. O
3. THE CONSTRUCTION OF THE SPACE T’

The purpose of this section is to construct the spaces T and produce several fibration sequences.

We begin our discussion with the Moore space
Pk(pr) _ Sk—l Upr ek

which we will abbreviate as P*. Let us fix some notation by defining a diagram of fibration sequences

induced by the lower right hand corner

QQS2n+1 9 E il F 952n+1
(B) * P2n+1 _ P2n+1 *

| L

0g2ntl — = 5’2”+1{p7“} — > g2ntl —» g2n+1
The spaces E and F were first introduced in [CMN2, CMN1]. It is easy to see that

) Z i=2kn
H'(F) =
0 i#2kn
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and the fibration connecting map Q5%"*! — F is divisible by p" in each nonzero degree in integral
cohomology. In their work [CMN2], the authors introduced certain maps x; : P?"~! — QF whose
adjoints Z; : P?™ — F induce epimorphisms in integral cohomology. For each i > 1, z; is a relative

Samelson product, so the composition
p2ni Fi o p2ntl

is an iterated Whitehead product. Since S?"*1{p"} is an H space, these classes lift to E, giving

diagrams
P2ni E
F P2n+1

for some maps y;. In particular, my; — &; : P?™ — F composes trivially to P?"*! and so factors
through Q.52"*!. Thus the induced homomorphism in 2n4 dimensional cohomology is divisible by p”

and hence trivial. Consequently, we obtain the following.

N
Yi
AN

Lemma 3.1. The composite H?"(F) Al H?*"(E) H?" (P2 s an epimorphism for

each i > 1. O
We require one more lemma to apply the results of Section 2.

Lemma 3.2. Suppose X is 2-connected and M is either a sphere or a Moore space. Let f : XM —
X be given. Define A by the cofibration sequence

M2 M AL s

Suppose there is a commutative diagram

2j

YA M

o

XUf XM —p> 20

for some map x, where p is the quotient map. Then there is a commutative diagram

i
M —— YA
X —— XUfCEM

for some map ', and f is homotopic to p* - z'.
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Proof. Consider the standard map from a cofibration sequence to a fibration sequence defined by

the right hand square

p’ i P
XM XM YA Y2M

-

J(EM) —— J(X,EM) ——> X U; CSM — = vopp

Here J(XM) is the James construction and J(X,SM) is the fiber of p [G2]. The map z” is the
adjoint to the identity for an appropriate choice of z’. Suppose XM has dimension k. Since X
is 2-connected, the k + 1 skeleton of J(X,XM) is X and 2’ factors through X up to homotopy.

Since z” factors through M as well we have a homotopy commutative square

s

-
XM — XM

H lx/
!

M — X

which proves the Lemma. O
We apply these results as follows. Let F{;) be the 2ni skeleton of F, so
Fliy = Fim1) Uy, €

where ; is the attaching map. Now combining 3.1 and 3.2 with M = §?"~2 X = Fii—vy, £ =",

s =r, and x = my; we obtain the following.

Corollary 3.3. For each © > 1 we have a homotopy commutative diagram

r

p
SQni—l - 5 SQni—l

§2ni—1 _r Fu1

where §; satisfies a homotopy commtutative diagram

SQni—l P2m’ E
l 8; l/ T
Fi_1y F.

We now set up to apply Theorem 2.3. Define the space E(; as the homotopy pullback

E(i) — F

NS

Fyy —— F.
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Observe that there is a homotopy pullback diagram

0252+l —— Ey_ 1) —— Fli1) —— Q§2n+1

|

02g2n+1 E(i) F(i) 0g2n+1

SQm‘—l

By the definition of F{; there is a homotopy cofibration X, Fi—1y — F3). Thus ~; lifts

to E;—1). A lift can be chosen which is divisible by p". Specifically, by Corollary 3.3, v; ~ §; o p”.

SQnifl

Moreover, LN F(;_1) composed to F’ factors through £ — F. Thus there is a pullback map

gi + 82Tl E(;_1) such that the composite §2ni-1 U, E¢_1y — F(;_1) is homotopic to d;.

Hence a = y; o p” is a lift of ;. Theorem 2.3 now immediately implies the following.

Theorem 3.4. If Z is a homotopy associative H space whose p"-power map is null homotopic, then

for i >1 any map E;_) 2, Z extends to a map ¢ : By — Z. 0

In [G3], a classifying space BW,, of the fiber of the double suspension was constructed, along with

a fibration sequence

g1 BL qpganiy v, gy
Corollary 3.5. There is a map v : E —s BW,, such that the composition
o2gzntl 2, g Y
is homotopic to v.
Proof. Since F(1) = 527 we have the fibration
QR R — Eqy — R Y

This fibration was analyzed in [G3] and it was shown that Ey ~ S*"~ x BW,, in such a way

that the composition

0252+l 9. %=1y BW, 2, BW,

is homotopic to v. It was also shown that for p > 5 BW,, is a homotopy associative H space. The
H space structure on BW,, was shown to be homotopy associative for p = 3 and that the p!"-power
map on BW,, is null homotopic in [T5]. Thus for ¢ > 1 we can apply Theorem 3.4 to construct maps
v; : By — BW, by induction such that v;0; ~ v. Since E' = UE(;, we define vE . E — BW, by
vP | B = ;. |
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Theorem 3.6. There is a diagram of fibrations

g2n—1 — 5 2g2n+1 v BW,,

| b
Ry E —~ BW,
F ——— F

with i null homotopic and so QF ~ S?"~1 x QRy.

Proof. The space Ry is defined as the fiber of ¥. Since the fibration
O Y 4

is induced by a map to Q5%""! which induces an isomorphism in Ha,( ), the map QF — §2771

induces an isomorphism in Hs,_1( ) and hence has a right homotopy inverse. O

It is worth noting at this point that the space Q Ry is split in [CMN1]; there is a homotopy

decomposition
QRy ~ HSQ"pifl{p”l} x QP(n,r)
i>1
where P(n,r) is a complicated wedge of mod-p” Moore spaces. The fact that the product on the
right is a loop space and is mapped to QF by a loop map is not obvious from their analysis. The
structure of Ry is rather simple.
Proposition 3.7. We have
Z/p"i if m=2ni
Hm(RQ) =

0 otherwise.

Furthermore, there is a choice of generators e; € H*™ (X)) such that e;e; = p" (itj)ei_”.

Proof. Apply the Serre spectral sequence to the fibration $2"~! — Ry — F in Theorem 3.6. O

We now construct the space T' in Theorem 1.1 and prove the existence of the fibrations in parts (a)
and (d), leaving the H-structure to the next section. By Diagram (B) there is a fibration sequence

Qs2tifpry L B -2 p2rtl o §20 411 Define H by the composition
E
H: Q8>+ pry T E X BW,,.

Note that H can be regarded as a secondary Hopf invariant. Define T as the homotopy fiber of H.
Then Theorem 3.6 implies the following.
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Theorem 3.8. There is a diagram of fibrations

T —— QS )y — BW,

| .

Ry E——" BW,

P2n+1 _ P2n+1 .

O

The connecting maps for the vertical fibrations in Theorem 3.8 immediately give the following.

Corollary 3.9. There is a homotopy commutative diagram

QPQnJrl QP2n+1

| !

T 5 952n+1{pr}

where the right map is the loop of the inclusion of the bottom Moore space. |
Continuing the diagram in (B), we have

02452n+1 —p> 952n+1{pr}

\ A

9252n+1 — > F.

Observe that Hp ~ vE7p ~ vF9 ~ v. Theorem 3.8 therefore implies the following.

Theorem 3.10. There is a diagram of fibrations

QQ SQnJrl QQ 52n+1

Tn p"

2 v
§2n—1 L 0292ntl — = BW,,

T —— Q82 ) —L BW,

952n+1 _ 952n+1.
O

In particular, the top square in Theorem 3.10 is Cohen, Moore, and Neisendorfer’s factorization

of the p"-power map on Q252"+, Since 7, has degree p”, we have the following corollary.
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Corollary 3.11. There is a homotopy commutative diagram

r

p
SQn—l [ SQn—l

| =

QQSQn-i-l _— QQSQn—H
for each r > 1. O

4. THE CONSTRUCTION OF (G AND THE H-SPACE STRUCTURE ON T

In this section we construct an H-space structure on 7. In fact we do more than that. We
construct a corresponding co-H space G in the sense of [G7]; i.e., we construct a (2n — 2)-connected

space G and maps

f:G—XT
g:T— QG

h:QG —T
such that the compositions

a-Lyr i g

T2 06T

are homotopic to the identity, where g is the adjoint of g. We go on to derive several interesting
results from this structure.

We will write T for the m-skeleton of T. We will also reintroduce the torsion parameter for
Moore spaces as we will need to consider mod-p® Moore spaces P™(p®) for s # r. The space G will
be filtered by subcomplexes G which will be constructed inductively starting with G_; = . We

will construct a map
Qg Pank (pr+k7) N Gk—l
and define G as the mapping cone of ay.

The induction proceeds through 14 steps for each k, and we collect some information outside of

the induction first.

Proposition 4.1. As an algebra, H*(T;Z/p) is generated by classes u of dimension 2n — 1 and v;

of dimension 2np' for each i > 0 subject to the relations v} = 0 and u*> = 0. For each i define

—1, p—1 -1
w = uvh ol 0P
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Then U tDu; = v;. As a vector space ﬁ*(T; Z]p) is generated by classes v(m) of dimension 2mn

and u(m) of dimension 2mn — 1 for each m > 1 where

v(im) = v ..ol = U HPu(s)

_ €es,.Cs+1 et
u(m) = usvgv .

and m = ZEZS eipt, 0<e; <p, es #0.
Proof. We apply the Serre spectral sequence for the cohomology of the fibration
S2n71 - T — QS2n+1

Using Z/p coefficients we see that
H*(T;Z/p) = H* (S*" 1 Z/p) @ H* (28>, Z/p)

as algebras. Using integer coefficients we see that v(m) is the reduction of a class of order p"** so

v(m) = Br+9u(s) # 0. We define v, = B+, .

Note that dually the homology of T' has a very simple description. There is a Hopf algebra

isomorphism
H.(T) = Au) @ Z/pZ]v)

where 4 and v are dual to u and v respectively, and the dual Bocksteins are determined by H(T“)U”i =
P =1 for i > 0.

Anick [A] introduced the notation WY for the class of all spaces that are locally finite wedges of
mod-p® Moore spaces for a < s < b. Note that any simply connected Moore space is a suspension,
so any simply connected space in W? is a suspension. Recall that the smash of two Moore spaces is

homotopy equivalent to a wedge of Moore spaces: if s < ¢ then there is a homotopy equivalence
Pm(ps) /\Pn(pt) ~ Pm+n(ps) /\Pm+n71(p5).

In particular, W? is closed under smash products. Recall also that any retract of a wedge of Moore

spaces is homotopy equivalent to a wedge of Moore spaces, so W? is closed under retracts.

Lemma 4.2. Suppose W € W? is simply connected and f : P*(pt) — W is divisible by p°.

(a) Write W = Wy V Wy with Wy € W21 and Wa € WP. Then f factors through Wa up to
homotopy.

(b) Suppose in addition that Wy is (d — 1) connected and k < pd. Then f ~ x.

Proof. Since W is a wedge, there is a homotopy equivalence QW = QWy x Q(W7 x QW) (see, for

example, [G1]). Since Wy, Wy € W2, both spaces are suspensions, and we can write W; = YW, and



18 BRAYTON GRAY AND STEPHEN THERIAULT

Wy = W . Since W; is a suspension, we have Wi x QWs ~ W3 V (W1 AQWS5). For the right wedge
summand, the James splitting of ZOXX as \/ ZX @ gives

Wi A QWa = ST A QEW, = Wy A (\/ EWS’) .

Combining, we have
Wy % QWs ~ Wy v (W1 A (\/ Wé”)) .

In particular, since W? is closed under smash products, we have W; x QWy € W?. Applying the
Hilton-Milnor theorem therefore implies that Q(W; x QWs) ~ [[, QP™ (p*) with a < s < b—1.

By [N3], the p"*l-power map on Q2P™(p") is null homotopic for any r > 1 and m > 3. Thus
P™(p") admits no nontrivial maps which are divisible by p"*!. In our case, this implies that
[, QP (p**) admits no nontrivial maps which are divisible by p®. Thus the adjoint of f, which
is divisible by p?, is trivial on QW1 x QWs) and so factors through the inclusion QW; — QW.
Hence, adjointing, f factors through the inclusion Wo — W, proving part (a).

For part (b), since Wo € W{ and Ws is (d — 1)-connected, the Hilton-Milnor theorem implies
that QW, = [[QP™ (p®) where n; > d. By [CMN1, N3], P?"+L1(p") admits no nontrivial maps
which are divisible by p” from a C'W-complex of dimension ¢t < 2mp, and P?™(p’)) admits no
nontrivial maps which are divisible by p” from a CW-complex of dimension ¢ < 2(2m — 1)p. In
our case, the CW-complex is P*(p!), the domain of f, and the target Moore spaces are the P™ (p?)
in the decomposition of QW5. Since n; > d for each i, the hypothesis & < pd guarantees that the

component of f on P"(p®), being divisible by p°, is null homotopic. Hence f is null homotopic. [J

Theorem 4.3. For each k > 0 there are spaces Gy, and Wy, € WITF=L satisfying the following
conditions:
(a) T2 =2 ~ Gy V Wy;
(b) there are maps g : T2 =2 QGr_1 and hp_1 : QGr_1 — T such that hi_1g is
homotopic to the inclusion of 27" =2 jnto T;

(c) there is a homotopy commutative diagram of cofibration sequences which defines Gy,

P2npk (pr-i-k) ﬂ) ETank72 . ET2npk

s

p2np” (pm**) Gr—1 Gy,

where §i is the adjoint of gi;

(d) there is a map e : P2P" (prk=1y\ p2re*+1(prk=1y _ 572" ywhich induces an epimor-
phism in mod-p cohomology;

(e) the map my, : P2?" (pr+k) — ST2P" =2 45 divisible by p™++—1;

(f) there is a map ¢y : Gy, — ST H{p"} extending r—1;
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(g) G € Witk;

(h) there is a homotopy commutative diagram of fibration sequences

hy
QGk T Ry, Gk
952n+1{pr} Ek Gk 52n+1{pr}
R

) S2QG_; € With—1,

) the equivalence in (a) extends to an equivalence ST ~ G Vv Wy

) B2r2t e Wk,

) G AT e Wit

) BT AT e Wit

) there is a map py, : 727" « T — T which is the inclusion on the first axis and the identity

on the second. Furthermore there is a homotopy commutative square

& 1223
T2 x T ————= T

| |

952n+1 % 952n+1 > 952n+1.

Proof. With G_; = % and Gy = P?"t! these statements are all immediate for k¥ = 0 with
@o 1 P2l §2n+105mY the inclusion, Eg = E from Theorem 3.6, vp = v¥, pg : P?" x T — T
obtained from the action of QP?"*+1 on T defined by the fibration in Theorem 3.6. We now supposed

that (a)—(n) are all valid with k£ — 1 in the place of k and we proceed to prove them for k.
Proof of (a). We will construct a map
fm . P2mn+1(pr+s) _ ET2npk72
which induces a monomorphism in mod-p homology for each m satisfying p*~' < m < p*, where
s = vp(m). We then assemble these into a map
pF-1
ZTank_l V. \/ P2mn+1(pr+s) _ ETank72

m=pk—141

which induces an isomorphism in mod-p homology. By applying (j) in the case k — 1 we are done.
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To construct the maps f,,, we appeal to (n) in the case k — 1 and iterate this to produce a diagram

with p factors

17271;1)’“_1 X e X 17271;1)’“_1 _— T2npk

| l

J(SQn)pk—l X X J(SQn)pk—l e J(SQn)

pk

where J(S5%"); is the 2nj skeleton of Q25%"*1. Since PP~ < m < p¥ we can write m = ap® + - +

1

ap—1p" 1 with as > 0 and ax_q1 > 0. Write | = asp® + - - -+ ax_2p® 2 so that m =+ ax_1p* ' and

further restrict the above diagram to one with ax_1 + 1 factors

I3
T2nl % T2npk_1 Y T2npk_1 - s T2nm

| |
J(S%™) x J(S2) 1 X -0 X J(S2) s —— J (52,
By applying the maps in this diagram to a generator of H?"™"(J(S?"),,;Z/p) we see that
()" (v(m)) = v(l) @ Vk—1 @ -+ @ V1.
Now v(m) = B0+ u(m) and v(l) = B+ u(l), so
V(1) @ vp—1 @ @vp—1 = BT (u(l) @ g1 ® -+ @ V1) -
Applying (k) and (1) in case k — 1 we see that
s (TW ) T2 TQ"TJH) e Wrth-1,

Now given any space W € WItF=1 and any class € € H(W;Z/p) with 3U)¢ # 0, there is a map

fe: PHL(p) — W

k—1

with f¢ an epimorphism. Thus for each m satisfying p < m < pF we may choose such a map

corresponding to £ = u(l) ® vy—1 ® - - - ® vg. The composition
pr(pre) Lo (ot st et ) 2 e
therefore gives the desired map fp,.

Proof of (b). From part (a) we obtain a map 727" =2 _, QG),_, which induces an isomorphism
in m,—1( ). The composition

k_ hi—
T2 =2 L, OGp1 == T

factors through 72" =2 and provides a self map of 727" =2 which induces an isomorphism on 7o, —1( ).
Calculations with cup products and Bocksteins show that this map is a homotopy equivalence, so

composing with the inverse provides a possibly different map

Ik : T2 2 G, 4
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such that hi_1gx is homotopic to the inclusion.

Proof of (c). Using the map gj from (b) we construct a commutative diagram where the bottom

row is the fibration sequence from (h) in case k — 1 and the middle row is a cofibration sequence

T2npk/T2npk72 — Pank (pr+k)
Tank—Q T T’/T’ank—2 _ ZTank—Q
l/ 9k l l 9k
hr—1
QGL_1 T Ry Gr-1.

Define ay : p2npt (p"t*) — Gk as the vertical composition on the right. Define g}, by the diagram

of cofibration sequences

P2np7€ (pr-i-k) & ETank_Q . ZTank

s

]3271;1)’C (prJrk) Gk—l Gk

Proof of (d). As in part (a), we consider the diagram:

1 1

k— s K
X o e T21p ——— T2np

| |

T(S2) s X e % J(S20) ppes ——> J(S2M)

T2npk7

pk

with p factors on the left. This is defined by iterated application of part (n) in case k — 1. Clearly
i (0p) =vp_1 @ - @ up_q = BUTFD (P Uz:; ® V-1 ® - ® Vg—1)-
As before there is a map
q: p2np’“+1(pr+k—1) .y (T%pk’l X aen X T%p"’l)

such that (X(f)g)* is an epimorphism in Z/p cohomology obtained by applying (k) and (m) in
case k — 1. Similarly, vy, = 8" *u;, and
() uy = Z V-1 @+ Q V-1 QUL—1 Q V-1 Q Vg—1-
p terms

In particular, the map
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has the property that

(ﬂl)* (Uk) = U1 QU1 ® - @ V1

— ﬁ(r+k_1) (uk,1 RUE—1 RV R+ &R ’Uk) .
It follows, as before, that there is a map
re ]3271;1)’C (prJrkfl) N <T2npk_171 % T2npk_1 NETTRY. T2npk_1)
such that (X(i')r)* is an epimorphism in Z/p cohomology. We construct e as the wedge sum

e = (E[L,)T vV (Eﬂ)q . P2npk (prJrkfl) vV P2npk+1(pr+k71) _ ET2npk.

Proof of (¢). We apply Lemma 3.2 withz =e, s=r+k—1, X = STt -2 \f = PQ"pk’l(p”*k),
and f =my : SM — X. In this case A = P2P"=1(prk=1)y p2np" (pr+k=1) which is the cofiber
of p"+k=1 on M = p2rr*-1 (p"**). It follows that my, is divisible by p" %=1,

Proof of (f). To show that there is an extension of pr_1 to ¢y,

P2npk (pr+k) k Gk—l Gk _ Gk_l Uak CPank (pr-i-k)
Pk
lwk_l /
S2n+1{pr}

it suffices to show that «y is divisible by p". This holds by (e) since r + k — 1 > r.

k—1 .
Proof of (g). By part (g) for k — 1, there is a homotopy equivalence SGj_1 ~ \/ P2"' T2 (prti).
i=0

1=

Also, by definition, SGy = SGg_1 Usa, cp2w” (p"**). By part (e) ap = ao (p"F71) so Say =

ao (prtF1) ~ (pmt*F71) o a. However

k-1 ' k—1 ‘
pTJrk*lL: \/ P2np”+2 <pr+i) _ \/ P2np1’+2 (prJri)
1=0 =0

is null homotopic since the order of the identity map on a mod-p” Moore space is p".
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Proof of (h). As we have constructed ¢y, : G, — S?"TH{p"} in part (f), we have a pullback diagram
of principal fibrations

QSQnJrl{pr} - QSQnJrl{pr}

Eyy ———— E;

Gr-1 ————— Gy,

Prk—1 Pk

SQnJrl{pr} _ SQnJrl{pr}.
We wish to apply Theorem 2.3 to extend vgy_1 : Ex—1 — BW,, to Ej. It suffices to show that there

is a lifting 0 of ay,

Er 1
7
P2'r7,p’c (pr+k;) L Gk—l

which is divisible by p. Since ay ~ p"t*~1a, it follows that p"d lifts to a map ¢’ : p2w* (prtF) —

Er_1 with p*=16’ = 6 a lifting of aj. Thus as long as k > 1 we can construct § with the
requisite property. When & = 1, we appeal to [CMN1] where it is shown that ay = pd; with
81 2 P2 (prtl)y — p2ntl(pr) lifting to Eo.

Proof of (i). By part (j) in case k—1, X2QGj_1 is a retract of 20572 " The latter space splits

since the loop space can be approximated by the James construction [J], giving

s20nrt w2 |\ (12

i>1

)@
which is in WZHk=1 by (k) and (1) in case k — 1. Since W/ +#~1 is closed under retracts we are
done.
Proof of (j). By part (a), we have ©T2"P" =2 ~ G;._1 V W, and by (e), we have
2211271;07C ~ (ETank72) Umk CPank (prJrk)

7+k=1 Tt suffices to show that the map

with my divisible by p
my : Pznpk (pTJrk) — ETank72 ~ Gr_1 VW

factors though Gx_1. To this end, observe that there is a homotopy decomposition

Q (Gk71 \Y Wk) ~ QG}C,1 x ) (Wk X Qkal) .
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We will show that any map P27P" (ptF) — Wi x QGj_1 which is divisible by p"+*~1 is null
homotopic. Since Wy, is (4n — 1)-connected, the Moore spaces in W, are double suspensions, so

Wi x QGr_1 € W;”*k*l. In fact, Wi, x QGr_1 ~ Wy VvV Wy with W, € WIH“*Q and Wy a retract of

p—1
\/ P2npk71+1(p7'+k—1) % QGk—l
r=2

1

which is 4np*~' — 1 connected. The result follows from Lemma, 4.2.

Proof of (k). This follows immediately from (g) and (j).

Proof of (1). This follows from 3 steps based on an analysis which first appeared in [T1].
Step 1: G AT2%" " e Wrth=1,

Consider the cofibration sequence
Pan’C (pr—i-k) A TZn;o"*1 apNl Gr1 A TZn;o"*1 G A Tan’“’l.

We have p2nr* (p’"*"“)/\TQ"Z’kf1 € Witk—Land ai Al is divisible by p™t#~1. Consequently, ax Al ~ *
and so there is a homotopy decomposition

1 1

G A 72"t o (Gr1 A T2P" )V (Pan’“-i-l(pr—i-k) A T2 )

which is in W/ #~1 by (k) in case k — 1.
Step 2: G AT2"" € wrtk=1,
By (j) in case k — 1, Gx—1 A T2mP" is a retract of T2 " A T27" But

1 1

st A2 o 2t ATt o 72 A (G v W)

by (j). By Step 1 and (k) in case k — 1, the latter space is in WX k=1, Since WI+#~1 is closed under
retracts, we therefore have Gj_1 A 72" ¢ wrtk=1,
Step 3: G AT2" € Wrtk,

Consider here the cofibration sequence

apAl
—

P2n;n’C (p’l"+k) A T2npk Gr_1 A T2n;u’C G A T2npk.

The first space is in Wt* by (k) and the second is in W/ ++~1 by Step 2. In fact, G_1 A 72" ~
(P2p" T L (prh=1y A 7200 v W with W € WITE=2. Here, the projection onto the first factor
is pr—1 A 1, where pi_1 is obtained by collapsing Gk—_2 to a point. Applying Lemma 4.2(b), we see
that if a A 1 is nontrivial, so is the composition

k pr—1Al 1

apAl k-
k kal A T2np P2np

]3271;0’C (prJrk) A T2npk (prJrkfl) A T2npk.

We will show that this composition is null homotopic. Let § = pj_1ax, which is divisible by p"+¥=1

because ay is. According to [N1], the p"**~!-power map on Sznpk71+1{pr+k’1} is null homotopic.
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Therefore the composition
]3271;0’C (prJrk) i) P2npk_1+1(pr+kfl) _ Sank_lJrl{prJrkfl}
is null homotopic. It follows that the composition

Pank (pr+k) N Pznp’“*1+1(pr+k—1) N San’“*1+1
is null homotopic. Since the map
P2np’“*1+1(pr+k) /\Tan’“ AN San’“*1+1 /\Tgnpk
has a left homotopy inverse, the map
p2np” (prJrk) A T2 ELUCEN P2npk_1+1(pr+k) A T2
is null homotopic. Since aj A1 is the composition
Pan’“ (pr—i-k) /\Tank _anl | G /\Tan’“ L P2np’“*1+1(pr+k) /\Tan’“7
it is null homotopic as well. Consequently, there is a homotopy decomposition
G AT o (Groy NT?P") v (P29 (pr k) o 7200,
Both terms on the right are in W% by (k) and Step 2.

Proof of (m). By (j), w72t p T2 ~ (Gr. VW) AT?%" . By ), Gg AT2?" ¢ Wrtkand as W,
is a wedge of Moore spaces which are at least (4n — 1)-connected, it is a double suspension, so by (k)

we have Wy, A T22" € Witk Thus ST2%" A T200" € Witk

Proof of (n). Since the composite Ry, — E — Gj — S?H1{pr} — §27*1 is null homotopic

by (h), there is a commutative diagram of principal fibrations:

QGk N 952n+1

hi

T — 952n+1

|

Ry — pg2n+l

|

Gk [ 52n+1

where PS?"*1 is the path space on S$2"*+!. Consequently the actions are compatible

OGp x T — Q82n+1 x Q§2n+1

| |

T ———— Q5=+,
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. . k -
Using (j) we construct a map g : 72" — QG}, such that the composition
k
LN o Ve ML

is homotopic to the inclusion as in (b). This gives a homotopy commutative diagram

% gr X1
720" 7 —= QG x T

S

Combining the preceeding two diagrams gives the result and completes the induction. O

We now consider the limiting case. Write G = |J G, R = |J R and Eo = | Fk.

Theorem 4.4. There is a diagram of fibration sequences

QG " T i R G
b
QS ) —— Bo ——> G —— $¥ ()
L
BW, ——— BW,

and there are maps §: T — QG and f : G — XT such that the composites
¢LsrLa
T 06T

are homotopic to the identity maps.

Proof. The diagram is the direct limit of the diagrams in Theorem 4.3 (h) with A = lim hy, g = lim g,
and f = lim fj, where fi : Gy, — 272" s g right inverse for gi given by Theorem 4.3 (j). O

Theorem 4.5. The following space belong to W°: ¥2QG, G, G AT, ST AT, and W where
T~GVW.

Proof. This follows immediately from the results in Theorem 4.3 by taking limits. g
The retraction of T off QG in Theorem 4.4 induces an H-structure on T by the composite
m:TxT 2406 x 06 — G 5T

The following proposition establishes the H-fibration property in Theorem 1.1 (a) as a consequence

of a slightly stronger result.

Proposition 4.6. The map T £, Q82+ prY s an H map with respect to the H-space structure

m on T. Consequently, there is an H-fibration sequence S*"~1 — T — Q82 +1,
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Proof. Filling in the fibration diagram in Theorem 4.4 on the right, we obtain a homotopy commu-

tative square

h

T

lE
Qe

0G — Q82+,

QG

Now consider the following diagram

gxg h

QG x QG QG T

e Jo 2

QSQn-',-l{pr} % QSQn-i-l{pr} R 952n+1{pr}.

TxT

The middle square commutes as ¢ is an H-map and we have just seen that the right triangle

commutes. The left triangle commutes since ¢ ~ Eh, so pg ~ E. As the top row is the definition

of the multiplication m on T, the commutativity of the diagram implies that F is an H-map.
Consequently, the composition T’ £, QS§2n+pryt — Q827+ s an H-map as it is a composite

of H-maps, and so the homotopy fibration $2"~1 — T — Q52"*! is of H-spaces and H-maps. [J

The next proposition and the following corollary give structural properties of the spaces T, G,

and R.
Proposition 4.7. The spaces T and G are atomic.

Proof. Tt is easy to see that T is atomic using the product structure and the Bockstein relations. The
case of G is more difficult. We first show that if G is not atomic then the map p2npt (pm**) 2t Grot
is null homotopic for some k. Suppose v : G — G is a map with the property that v|g,_, : Gk—1 —

G—1 is a homotopy equivalence and «j, has order p. Consider the diagram

e
Pank (pr-i-k) —k> Gk*l - > Gk

o)

Pank (pr+k:) & Gk—l - s Gk

Since v|q,_, : Gk—1 — Gk_1 is an equivalence, vy, has the same order as ay. Consequently d # 0
(mod p) and hence d is an equivalence. It follows that v|q, : G — Gy, is an equivalence.

Suppose now that aj ~ *. Then we can construct a map
S P2npk+1(pr+k) . Gk
which induces an isomorphism in H 2"”kH( ). We now show that the composite

H2npk (T) h_z) Hank (QGk) (Q_g): H2npk (QPank-i-l (pr+k))
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*

is an isomorphism. First we note that the image of (hy)

T2np

is a direct summand since gr41

R+1_ . . . . . .
2 — QG}, induces a left inverse in cohomology. However, there is an isomorphism

2" (QGy) = H* " (QGy—y) @ H2W' (QP?" +1(pr+h))

since the inclusion Gj_1 V PQ”pkH(p”""’k) — Gp_1 X P2”9k+1(p’“+k) is an equivalence in this range.
However, 2" (Gj_1) contains no elements of order p"** since L2QGy_; € WZ+k~1 by Theo-
rem 4.3 (i). We conclude that the composition is an isomorphism. Now apply cellular approximation

to obtain a homotopy commutative diagram

P2npk (prJrk) TQYL;Dk

| |

QPank+1(pr+k) s folen T

where F is the suspension and s’ is a skeletal factorization. It follows that s’ induces an isomorphism

in H2%" () = 7Z/p’"**. From this we see that
" ()
H2npk71(P2np (pr-l—k) : Z/p) 9_) H2npk71(T;Z/p)

induces an isomorphism as well because of the Bockstein structure. However Hy, «_1(T;Z/p) is
generated by uy which is decomposable if k¥ > 0. This is a contradiction which implies that ay, is
essential and G is atomic. The fact that G and T are atomic and the maps f, g, h exist implies that

(G,T) is a corresponding pair in the sense of [G7]. O
Corollary 4.8. R € W>.
Proof. According to [G7, Theorem 3.2], R is a retract of ¥T AT € W2°. O

The next proposition implies that the space T constructed in this paper is homotopy equivalent

to the space Anick constructed in [A] when p > 5 (the primes for which Anick’s construction holds).
Proposition 4.9. Suppose X is an H space and there is a fibration sequence:
02g2n+l _#, g2n—1 NG

such that the composite

QQSZnJrl » Sanl E? QQSZnJrl

is homotopic to the p" power map. Then X ~T.
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Proof. Consider the diagram of fibrations

Qw, 0x Qs ipT}
PW, —— Q2920+l ——= ()2g2n+1

| N

Wn _ SQn—l I QQSQn-i-l

X.

Since p - m.(Wy,) = 0 and p" - m, (S*"*1{p"}) = 0 we conclude that p"' - 7. (X) = 0. Since
Tonp—1(Wy) = 0, we also see that p” - mapp—1(X) = 0. According to [AG, Corollary 4.2] this is
sufficient to construct a map

p:G@— XX

which induces an isomorphism in 7a,. The construction given in [AG] depends only on the co-H

r+k—1

space structure on G and the fact that oy is divisible by p , o the proof works in this context

as well. From this we construct the composition
T2 06 2% 08X — X.

It is an easy calculation with the Serre spectral sequence that H*(X;Z/p) = H*(T;Z/p), so this

map is a homotopy equivalence. O
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