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1. INTRODUCTION

Operads parametrize simple and complicated algebraic structures and naturally
arise in several areas of algebraic topology, homotopy theory, and homological alge-
bra [1, 13, 18, 24, 30, 31]. The symmetric monoidal category of symmetric spectra
[21] provides a simple and convenient model for the classical stable homotopy cat-
egory, and is an interesting setting where such algebraic structures naturally arise.
Given an operad O in symmetric spectra, we are interested in the possibility of
doing homotopy theory in the categories of O-modules and O-algebras in symmet-
ric spectra, which in practice means putting a Quillen model structure on these
categories of modules and algebras. In this setting, O-algebras are the same as
left O-modules concentrated at 0 (Section 3.4). This paper establishes a homotopy
theory for modules and algebras over operads in symmetric spectra.

The main theorem is this.

Theorem 1.1. Let O be an operad in symmetric spectra. Then the category of left
O-modules and the category of O-algebras both have natural model category struc-
tures. The weak equivalences and fibrations in these model structures are inherited
in an appropriate sense from the stable weak equivalences and the stable flat positive
fibrations in symmetric spectra.

Remark 1.2. For ease of notation purposes, we have followed Schwede [37] in using
the term flat (e.g., stable flat model structure) for what is called S (e.g., stable
S-model structure) in [21, 36, 39].

The theorem remains true when the stable flat positive model structure on sym-
metric spectra is replaced by the stable positive model structure. This follows
immediately from the proof of Theorem 1.1 since every stable (positive) cofibration
is a stable flat (positive) cofibration. The theorem is this.

Theorem 1.3. Let O be an operad in symmetric spectra. Then the category of left
O-modules and the category of O-algebras both have natural model category struc-
tures. The weak equivalences and fibrations in these model structures are inherited
in an appropriate sense from the stable weak equivalences and the stable positive
fibrations in symmetric spectra.

In section 5 we prove that a morphism of operads which is an objectwise stable
equivalence induces an equivalence between the corresponding homotopy categories
of modules (resp. algebras). The theorem is this.

Theorem 1.4. Suppose O is an operad in symmetric spectra and let Lto (resp.
Algy ) be the category of left O-modules (resp. O-algebras) with the model structure
1
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of Theorem 1.1 or 1.5. If f : O— (O’ is a map of operads, then the adjunctions
e e

(1.5) Lto —— Lto, Algy ——= Algy/,
fr fr

are Quillen adjunctions with left adjoints on top and f* the forgetful functor. If
furthermore, f is an objectwise stable equivalence, then the adjunctions (1.5) are
Quillen equivalences, and hence induce equivalences on the homotopy categories.

The properties of the stable flat model structure on symmetric spectra are fun-
damental to the results of this paper. For some of the good properties, see [21,
Theorem 5.3.7 and Corollary 5.3.10]. The stable flat positive model structure,
compared to the stable flat model structure, arises very clearly in our arguments.
See, for example, Proposition 4.26 and its proof, the following of which is a special
case of particular interest.

Proposition 1.6. Ifi : X —Y is a cofibration between cofibrant objects in symmet-
ric spectra with the stable flat positive model structure and t > 1, then X Nt——Y "
is a coftbration of Xi-diagrams in symmetric spectra with the stable flat positive
model structure, and hence with the stable flat model structure.

1.1. Relationship to previous work. One of the theorems of Shipley [39] is
that the category of commutative monoids in symmetric spectra has a natural
model structure inherited from the stable flat positive model structure on symmetric
spectra. Theorem 1.1 improves this result to left modules and algebras over any
operad O in symmetric spectra.

One of the theorems of Elmendorf and Mandell [6] is that for symmetric spectra
the category of algebras over any operad O in simplicial sets has a natural model
structure inherited from the stable positive model structure on symmetric spectra.
Theorem 1.3 improves this result to left modules and algebras over any operad O in
symmetric spectra. Their proof involves a filtration in the underlying category of
certain pushouts of algebras. We have benefitted from their paper and our proofs
of Theorems 1.1 and 1.3 exploit similar filtrations.

Another of the theorems of Elmendorf and Mandell [6] is that a morphism of
operads in simplicial sets which is an objectwise weak equivalence induces a Quillen
equivalence between categories of algebras over operads. Theorem 1.4 improves this
result to left modules and algebras over operads in symmetric spectra.

Our approach to studying modules and algebras over operads is largely influenced
by Rezk [35].

Acknowledgments. The author would like to thank Bill Dwyer for his constant
encouragement and invaluable help and advice. The author is grateful to Emmanuel
Farjoun for a stimulating and enjoyable visit to Hebrew University of Jerusalem in
spring 2006 and for his invitation which made this possible, and to Paul Goerss
and Mike Mandell for helpful comments and suggestions at a Midwest Topology
Seminar.

2. SYMMETRIC SPECTRA

The purpose of this section is to recall some basic definitions and properties
of symmetric spectra. A useful introduction to symmetric spectra is given in the
original paper [21]; see also the development given in [37]. Define the sets n :=
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{1,...,n} for each n > 0, where 0 := ) denotes the empty set. Let S! denote
the simplicial circle A[1]/0A[1] and for each n > 0 define S™ := (S')"" the n-fold
smash power of S, where SY := A[0]; = A[0] IT A[0].

Definition 2.1. Let n > 0.

e Y, is the category with exactly one object n and morphisms the bijections
of sets.

e S, is the category of pointed simplicial sets and their maps.

e SZ» is the category of functors X : ¥,,—S, and their natural transforma-
tions.

In other words, an object in SZ» is a pointed simplicial set X equipped with a
basepoint preserving left action of the symmetric group ¥,, and a morphism in S>»
is a map f: X—Y in S, such that f is ¥,-equivariant.

2.1. Symmetric spectra. Recall the following definition from [21, Section 1.2].

Definition 2.2. A symmetric spectrum X consists of the following:
(1) a sequence of objects X,, € ST (n > 0), and
(2) a sequence of maps o : S'A X,,—X,, 41 in S, (n > 0),
(3) such that the iterated maps o? : S? A X,,— X4, are ¥, X Ey-equivariant
forp > 1andn > 0. Here, 0, := 0(S* Ac) -+ (SP~1 A o) is the composition
of the maps

. gt .
SIASYA X1 LS SN X i
The maps o are the structure maps of the symmetric spectrum. A map of symmetric
spectra f: X—Y is

(1) a sequence of maps f,, : X,,——Y, in S (n > 0),
(2) such that the diagram

Sl/\Xn —U>Xn+1

St A fﬂl lfnﬂ

Sl A Yn _9 Yn+1
commutes for each n > 0.

Denote by SpE the category of symmetric spectra and their maps; the null object
is denoted by .

The sphere spectrum S is the symmetric spectrum defined by S,, := S™, with
left ¥,-action given by permutation and structure maps o : S' A S"——S"*+1 the
natural isomorphisms.

2.2. Symmetric spectra as modules over the sphere spectrum. The pur-
pose of this subsection is to recall the description of symmetric spectra as modules
over the sphere spectrum. A similar tensor product construction will appear when
working with left modules and algebras over operads.

Definition 2.3. Let n > 0.

e Y is the category of finite sets and their bijections.
e S” is the category of functors X : ¥——S, and their natural transforma-
tions.
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e If X € ST, define X,, := X|[n] the functor X evaluated on the set n.
e An object X € S¥ is concentrated at n if X, = * for all r # n.
If X is a finite set, define | X| to be the number of elements in X.

Definition 2.4. Let X be a finite set and A in S,. The copowers A- X and X - A
in S, are defined as follows:

A- X =][A=ArX,, X -A=][A=X A4
X X

the coproduct in S, of | X |-copies of A.

Definition 2.5. Let X,Y be objects in SZ. The tensor product XQY € ST is the
left Kan extension of objectwise smash along coproduct of sets,

xy s x5, Ao,

|u
- XQY S,

left Kan extension

Useful details on Kan extensions and their calculation are given in [26, X]; in
particular, see [26, X.4]. The following is a calculation of tensor product, whose
proof is left to the reader.

Proposition 2.6. Let X,Y be objects in ST and N € ¥, with n := |N|. There are
natural isomorphisms,

(XoY), = (XeY)N] = [T XE'WIAY[E (@)

mN—2
in Set

ni+n2=n

Remark 2.8. The coproduct is in the category S.. Set is the category of sets and
their maps.

The following is proved in [21, Section 2.1] and verifies that tensor product in the
category ST inherits many of the good properties of smash product in the category

S..

Proposition 2.9. (S¥,®,S°) has the structure of a closed symmetric monoidal
category. All small limits and colimits exist and are calculated objectwise. The unit
SY € ST is given by S°[n] = x for each n > 1 and S°[0] = S°.

The sphere spectrum S has two naturally occurring maps S®S—S and S°— S
in S which give S the structure of a commutative monoid in (ST, ®, S°). Further-
more, any symmetric spectrum X has a naturally occurring map m : S®X —X
which gives X a left action of S in (S¥,®,S5°). The following is proved in [21,
Section 2.2] and provides a useful interpretation of symmetric spectra.

Proposition 2.10. Define the category ¥/ := I1,>0%,,, a skeleton of X.

(a) The sphere spectrum S is a commutative monoid in (ST, ®, S°).
(b) The category of symmetric spectra is equivalent to the category of left S-
modules in (ST, ®,S5°).
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(c) The category of symmetric spectra is isomorphic to the category of left S-
modules in (S, ®, S°).

In this paper we will not distinguish between these equivalent descriptions of
symmetric spectra.

2.3. Smash product of symmetric spectra. The smash product X \Y € Sp™
of symmetric spectra X and Y is defined as the colimit

(2.11) XAY = X@sY := colim XoV % Xesey ).
1 m

Note that since S is a commutative monoid, a left action of S on X determines
a right action m : X®S—X which gives X the structure of an (S,.5)-bimodule.
Hence the tensor product X®gY has the structure of a left S-module.

The following is proved in [21, Section 2.2] and verifies that smash products of
symmetric spectra inherit many of the good properties of smash products of pointed
simplicial sets.

Proposition 2.12. (SpE, A, S) has the structure of a closed symmetric monoidal
category. All small limits and colimits exist and are calculated objectwise.

Recall that by closed we mean there exists a functor which we call mapping
object (or function spectrum),

(Sp™)™ x Sp™—Sp™, (Y, Z) — Map(Y, 2),
which fits into isomorphisms
(2.13) hom(X AY, Z) = hom(X,Map(Y, 2)),

natural in symmetric spectra X,Y,Z. These mapping objects will arise when we
introduce mapping sequences associated to circle products.

3. MODULES AND ALGEBRAS OVER OPERADS

In this section we recall certain definitions and constructions involving symmetric
sequences and modules and algebras over operads. A useful introduction to operads
and their algebras is given in [24]. See also the original article [30]; other accounts
include [2, 8, 11, 17, 29, 32, 41]. The circle product introduced in Section 3.2 goes
back to [10, 40] and more recently appears in [7, 9, 12, 22, 23, 35]. A fuller account
of the material in this section is given in [16] for the general context of a monoidal
model category, which was largely influenced by the development in [35].

3.1. Symmetric sequences.

Definition 3.1. Let n > 0 and G be a finite group.

o A symmetric sequence in Sp” is a functor A : X°P—Sp®. SymSeq is the
category of symmetric sequences in sz and their natural transformations;
the null object is denoted by .

e SymSeq” is the category of functors X : G—SymSeq and their natural
transformations.

e A symmetric sequence A is concentrated at n if Afr] = x for all r # n.
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3.2. Tensor product and circle product of symmetric sequences.

Definition 3.2. Let X be a finite set and A in Sp™. The copowers A-X and X - A
in Sp” are defined as follows:

A-x=][A=ArX,, X -A=][A=X A4
X X

the coproduct in Sp* of | X |-copies of A.

Definition 3.3. Let Ai,...,A; be symmetric sequences. The tensor products
A1®---®A; € SymSeq are the left Kan extensions of objectwise smash along co-
product of sets,

(Sop)xt Ap XX Ay (SPZ)xt A sz

I
Eop A1®®At Sp27

left Kan extension

This definition of tensor product in SymSeq is conceptually the same as the defi-
nition of tensor product in S¥ given in Definition 2.5. The following is a calculation
of tensor product, whose proof is left to the reader.

Proposition 3.4. Let Ay, ..., A; be symmetric sequences and R € ¥, withr := |R)|.
There are natural isomorphisms,

(418 @A)R = [ Alr WIA - AAfTL @),

mR—t
in Set

T Aradn - AAr] ' X,

Sy XX By
1A Te=T

1%

(3.5)

It will be useful to extend the definition of tensor powers A®* to situations in
which the integers ¢ are replaced by a finite set 7.

Definition 3.6. Let A be a symmetric sequence and R,T € X. The tensor powers
A®T ¢ SymSeq are defined objectwise by

(3.7) AR = [ AwrAlr ()], T#0,

T R—T
in Set

AR = J] s

m:R—0
in Set

Note that there are no functions 7 : R—0 in Set unless R = (). We will use the
abbreviation A®0 := A®0

Definition 3.8. Let A, B be symmetric sequences, R € ¥, and define r := |R|.
The circle product (or composition product) A o B € SymSeq is defined objectwise
by the coend

(3.9) (Ao B)[R] = Ans(B®7)[R] = []Alt] As, (BO)r].

t>0
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Definition 3.10. Let B,C be symmetric sequences, T' € ¥, and define ¢ := [T
The mapping sequence Map® (B, C') € SymSeq and the mapping object Map® (B, C) €
SymSeq are defined objectwise by the ends
Map®(B, O)[T] = Map((B*")[-],0)* = ] Map((B**)[x], C[r])™,
r>0

[ Map(Bx], C[t + x])™.

r>0

(3.11)  Map®(B,C)[T] := Map(B,C[T 11 —])*

12

These mapping sequences and mapping objects are part of closed monoidal cat-
egory structures on symmetric sequences and fit into isomorphisms

hom(A o B,C) = hom(4, Map®(B,C)),
hom(A®B, C) = hom(A,Mabp‘g)(B,C’))7

natural in symmetric sequences A, B, C. The mapping sequences also arise in de-
scribing modules and algebras over operads (3.18).

Proposition 3.12.
(a) (SymSeq,®,1) has the structure of a closed symmetric monoidal category.
All small limits and colimits exist and are calculated objectwise. The unit
1 € SymSeq is given by 1[n] = x for each n > 1 and 1[0] = S.
(b) (SymSeq, o, ) has the structure of a closed monoidal category with all small
limits and colimits. Circle product is not symmetric. The (two-sided) unit
I € SymSeq is given by I[n] = % for each n #1 and I[1] = S.

3.3. Symmetric sequences build functors. The category sz embeds in SymSeq
as the full subcategory of symmetric sequences concentrated at 0, via the functor
2 . Sp¥—SymSeq defined objectwise by

o | Z, for|R|=0,
(3.13) Z|R| { x, otherwise.

Definition 3.14. Let O be a symmetric sequence and Z € Sp”. The corresponding
functor O : Sp¥——Sp™ is defined objectwise by,

0(Z) =00 (Z):=[[Olt|Ax, 2" = (00 Z)[0].
t>0

3.4. Modules and algebras over operads.

Definition 3.15. An operad is a monoid object in (SymSeq, o, I) and a morphism
of operads is a morphism of monoid objects in (SymSeq, o, I).

Similar to the case of any monoid object, we study operads because we are
interested in the objects they act on. A useful introduction to monoid objects and
monoidal categories is given in [26, VII].

Definition 3.16. Let O be an operad. A left O-module is an object in (SymSeq, o, I)
with a left action of O and a morphism of left O-modules is a map in SymSeq which
respects the left O-module structure.

Each operad O determines a functor O : Sp*—Sp™ (Definition 3.14) together
with natural transformations m : OO—QO and 7 : id—O which give the functor
O : Sp¥—Sp~ the structure of a monad (or triple) in Sp™. One perspective offered
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in [24, 1.3] is that operads determine particularly manageable monads. A useful
introduction to monads and their algebras is given in [26, VI]. Recall the following
definition from [24, 1.2 and 1.3].

Definition 3.17. Let O be an operad. An O-algebra is an object in Sp> with a
left action of the monad O : Sp™——Sp” and a morphism of O-algebras is a map in
Sp” which respects the left action of the monad O : Sp™—Sp=>.

It is easy to verify that an O-algebra is the same as an object X € Sp™ with a
left @-module structure on X, and if X and X' are O-algebras, then a morphism
of O-algebras is the same as a map f: X— X’ in Sp™ such that f X—X'isa
morphism of left O-modules. In other words, an algebra over an operad O is the
same as a left O-module which is concentrated at 0.

Giving a symmetric sequence Y a left O-module structure is the same as giving
a morphism of operads

(3.18) m: O—Map°(Y,Y).

Similarly, giving an object X € SpE an O-algebra structure is the same as giving a
morphism of operads
m: (9—>Map°(f(,f().

This is the original definition given in [30] of an O-algebra structure on X, where
Map®(X, X) is called the endomorphism operad of X, and motivates the suggestion
in [24, 30] that O[t] should be thought of as parameter objects for ¢-ary operations.
Definition 3.19. Let O be an operad.

e Lty is the category of left @-modules and their morphisms.

o Alg, is the category of O-algebras and their morphisms.

The category Alg, embeds in Ltp as the full subcategory of left O-modules
concentrated at 0, via the functor = : Alg,—Lto defined objectwise by (3.13).

Proposition 3.20. Let O be an operad in symmetric spectra. There are adjunc-
tions

Oo— Oo(
(3.21) SymSeq —— Lto, Sp™ Algo,
U T

with left adjoints on top and U the forgetful functor.

Proof. The unit I for circle product is the initial operad, hence there is a unique
map of operads f : [— . The desired adjunctions are the following special cases

I fa
SymSeq = Lt; (T_> Lto, Sp” = Alg; f<:> Alg,
of change of operads adjunctions. O

do
Definition 3.22. Let C be a category. A pair of maps of the form Xo=——X;

dy
in C is called a reflexive pair if there exists sg : Xo— X7 in C such that dysg = id
and disp = id. A reflexive coequalizer is the coequalizer of a reflexive pair.
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The following proposition is proved in [35, Proposition 2.3.5], and allows us to
calculate certain colimits in modules and algebras over operads by working in the
underlying category. It is also proved in [16] and is closely related to [5, Proposition
7.2]. Since it plays a fundamental role in several of the main arguments in this
paper, we have included a proof below.

Proposition 3.23. Let O be an operad in symmetric spectra. Reflexive coequalizers
and filtered colimits exist in Lto and Algy, and are preserved (and created) by the
forgetful functors.

First we consider the following proposition which is proved in [35, Lemma 2.3.4].
It is also proved in [16] and follows from the proof of [5, Proposition 7.2] or the
arguments in [12, Section 1] as we indicate below.

Proposition 3.24.
(a) If Aj<=—Apy=——A; and B_1<——By=——B are reflexive coequal-
izer diagrams in SymSeq, then their objectwise circle product

A*l o B,1<—A0 ] B():Al o B1

is a reflexive coequalizer diagram in SymSeq.

(b) If A, B : D—SymSeq are filtered diagrams, then objectwise circle product of
their colimiting cones is a colimiting cone. In particular, there are natural
isomorphisms

(0] ill AdOBd = ()l.“lAd o ()l.“le
C! D ( ) (Cl D ) (Cl D )
m Syl |Seq

Proof. Consider part (a). The corresponding statement for smash products of sym-
metric spectra follows from the proof of [5, Proposition 7.2] or the argument appear-
ing between Definition 1.8 and Lemma 1.9 in [12, Section 1]. Using this together
with (3.7) and (3.9), the statement for circle products easily follows by verifying
the universal property of a colimit. Consider part (b). It is easy to verify the cor-
responding statement for smash products of symmetric spectra, and the statement
for circle products easily follows as in part (a). |

Proof of Proposition 3.23. Suppose Ag=——A; is a reflexive pair in Ltp and con-
sider the solid commutative diagram

Oo00o0A 1 <—0000A=—— 0000 A

do di moid\uidom moid\uidom
W%

Oo Afl Oo AQ Oo A1
4

S0 {. m noid< lm noid< lm
Ly
Aq Ao Aq

in SymSeq, with bottom row the reflexive coequalizer diagram of the underlying
reflexive pair in SymSeq. By Proposition 3.24, the rows are reflexive coequalizer
diagrams and hence there exist unique dotted arrows m, sg, dg, d; in SymSeq which
make the diagram commute. By uniqueness, sg = noid, dy = moid, and d; = idom.
It is easy to verify that m gives A_; the structure of a left O-module and that the
bottom row is a reflexive coequalizer diagram in Lte; it is easy to check the diagram
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lives in Ltp and that the colimiting cone is initial with respect to all cones in Lte.
The case for filtered colimits is similar. O

The next proposition is proved in [35, Proposition 2.3.5]. It verifies the existence
of all small colimits in left modules and algebras over an operad, and provides one
approach to their calculation. The proposition also follows from the argument in
[5, Proposition 7.4]. To keep the paper relatively self-contained, we have included
a proof at the end of Section 6.

Proposition 3.25. Let O be an operad in symmetric spectra. All small colimits
exist in Lto and Algy. If A:D—ltep is a small diagram, then colim A in Lto
may be calculated by a reflexive coequalizer of the form

colim A = colim( Oo (cgéignAd) =—O0o (cgéign((’) o Ag)) )

in the underlying category SymSeq; the colimits appearing inside the parenthesis are
in the underlying category SymSeq.

The proof of the following is left to the reader.

Proposition 3.26. Let O be an operad in symmetric spectra. All small limits exist
in Lto and Algy, and are preserved (and created) by the forgetful functors.

4. MODEL STRUCTURES

The purpose of this section is to prove Theorems 1.1 and 1.3, which establish
certain model category structures on left modules and algebras over an operad.
Model categories provide a setting in which one can do homotopy theory, and in
particular, provide a framework for constructing and calculating derived functors.
A useful introduction to model categories is given in [4]; see also the original articles
[34, 33] and the more recent [15, 19, 20]. When we refer to the extra structure of a
monoidal model category, we are using [38, Definition 3.1]; an additional condition
involving the unit is assumed in [25, Definition 2.3] which we will not require in
this paper.

In this paper, our primary method of establishing model structures is to use a
small object argument together with the extra structure enjoyed by a cofibrantly
generated model category ([19, Chapter 11], [20, Section 2.1], [38, Section 2]). The
reader unfamiliar with the small object argument may consult [4, Section 7.12] for
a useful introduction, followed by the (possibly transfinite) versions described in
[19, Chapter 10], [20, Section 2.1], and [38, Section 2].

In [38, Section 2] an account of these techniques is provided which will be suffi-
cient for our purposes; our proofs of Theorems 1.1 and 1.3 will reduce to verifying
the conditions of [38, Lemma 2.3(1)]. This verification amounts to a homotopical
analysis of certain pushouts (Section 4.1) which lies at the heart of this paper.
The reader may contrast this with a path object approach explored in [2], which
amounts to verifying the conditions of [38, Lemma 2.3(2)]; compare also [17, 41].

A first step is to recall just enough notation so that we can describe and work with
the stable flat (positive) model structure on symmetric spectra, and the correspond-
ing projective model structures on the diagram categories SymSeq and SymSeq®,
for G a finite group. The functors involved in such a description are easy to under-
stand when defined as the left adjoints of appropriate functors, which is how they
naturally arise in this context.
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For each m > 0 and subgroup H C ¥, denote by [ : H—3.,, the inclusion of
groups and define the evaluation functor ev,, : S*—S>m objectwise by ev,, (X) :=
X.n. There are adjunctions

S«

limg = 0 evin

with left adjoints on top. Define G : S,—S¥ to be the composition of the three
top functors, and define limg ev,, : S——S, to be the composition of the three
bottom functors; we have dropped the restriction functor I* from the notation. It
is easy to check that if K € S,, then GZ (K) is the object in ST which is concentrated
at m with value X,, -y K. Consider the forgetful functor SpE—>S*Z. It follows from
Proposition 2.10 that there is an adjunction

52&)52
x <=—— Jp

with left adjoint on top.

For each p > 0, define the evaluation functor Ev, : SymSeq—Sp” objectwise
by Ev,(A) := Alp], and for each finite group G, consider the forgetful functor
SymSeq” —SymSeq. There are adjunctions

Gp G —
Sp™ —><E — SymSeq ——= SymSeq"
Vp

with left adjoints on top. It is easy to check that if X € Sp™, then G,(X) is the

symmetric sequence concentrated at p with value X - X,.
Putting it all together, there are adjunctions

al 5@ G, G-
(4.1) S. ST Sp™ SymSeq =—= SymSeq“

limg evy, Ev,

with left adjoints on top. We are now in a good position to describe several use-
ful model structures. It is proved in [39] that the following two model category
structures exist on symmetric spectra.

Definition 4.2.

(a) The stable flat model structure on Sp™ has weak equivalences the stable
equivalences, cofibrations the retracts of (possibly transfinite) compositions
of pushouts of maps

SeGHOAk], —SRGEA[K]y (m >0, k>0, HC X%, subgroup),

and fibrations the maps with the right lifting property with respect to the
acyclic cofibrations.

(b) The stable flat positive model structure on sz has weak equivalences the
stable equivalences, cofibrations the retracts of (possibly transfinite) com-
positions of pushouts of maps

SeGHOA[k], —S®GHEA[K]y (m>1, k>0, HC %,, subgroup),

and fibrations the maps with the right lifting property with respect to the
acyclic cofibrations.
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It follows immediately from the above description that every stable flat positive
cofibration is a stable flat cofibration. Several useful properties of the stable flat
model structure are proved in [21, Section 5.3]; here, we remind the reader of
Remark 1.2.

The stable model structure on Sp™ is defined by fixing H in Definition 4.2(a) to
be the trivial subgroup. This is one of several model category structures that is
proved in [21] to exist on symmetric spectra.

The stable positive model structure on Sp” is defined by fixing H in Definition
4.2(b) to be the trivial subgroup. This model category structure is proved in [28]
to exist on symmetric spectra. It follows immediately that every stable (positive)
cofibration is a stable flat (positive) cofibration.

These model structures on symmetric spectra enjoy several good properties,
including that smash products of symmetric spectra mesh nicely with each of the
model structures defined above. More precisely, each model structure above is
cofibrantly generated in which the generating cofibrations and acyclic cofibrations
have small domains, and that with respect to each model structure (sz, A, S) is
a monoidal model category.

If G is a finite group, it is easy to check that the diagram categories SymSeq
and SymSqu inherit corresponding projective model category structures, where
the weak equivalences (resp. fibrations) are the objectwise weak equivalences (resp.
objectwise fibrations). We refer to these model structures by the names above
(e.g., the stable flat positive model structure on SymSqu). Each of these model
structures is cofibrantly generated in which the generating cofibrations and acyclic
cofibrations have small domains. Furthermore, with respect to each model structure
(SymSeq, ®, 1) is a monoidal model category; this is proved in [16], but can easily
be verified directly using (3.11).

Proof of Theorem 1.1. Consider SymSeq and Sp™ both with the stable flat positive
model structure. We will prove that the model structure on Ltp (resp. Algy) is
created by the adjunction

Oo— Oo(—)
SymSeq —— Lto (resp. Sp~ ——=Algy )
U U

with left adjoint on top and U the forgetful functor.

Define a map f in Lty to be a weak equivalence (resp. fibration) if U(f) is a weak
equivalence (resp. fibration) in SymSeq. Similarly, define a map f in Algy to be a
weak equivalence (resp. fibration) if U(f) is a weak equivalence (resp. fibration) in
Sp”. Define a map f in Lto (resp. Algy) to be a cofibration if it has the left lifting
property with respect to all acyclic fibrations in Ltp (resp. Algy).

Consider the case of Ltp. We want to verify the model category axioms (MC1)-
(MC5) in [4]. By Propositions 3.25 and 3.26, we know that (MC1) is satisfied,
and verifying (MC2) and (MC3) is clear. The (possibly transfinite) small object
arguments described in the proof of [38, Lemma 2.3] reduce the verification of (MC5)
to the verification of Proposition 4.3 below. The first part of (MC4) is satisfied by
definition, and the second part of (MC4) follows from the usual lifting and retract
argument, as described in the proof of [38, Lemma 2.3]. This verifies the model
category axioms. By construction, the model category is cofibrantly generated.
Argue similarly for the case of Alg, by considering left O-modules concentrated at
0. O
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Proof of Theorem 1.3. Consider SymSeq and Sp™ both with the stable positive
model structure. We will prove that the model structure on Ltp (resp. Algy)
is created by the adjunction

Oo— Oo(—)
SymSeq —— Ltp (resp. Sp~ ——=Alg, )
U U

with left adjoint on top and U the forgetful functor. Define a map f in Lty to be
a weak equivalence (resp. fibration) if U(f) is a weak equivalence (resp. fibration)
in SymSeq. Similarly, define a map f in Alg, to be a weak equivalence (resp.
fibration) if U(f) is a weak equivalence (resp. fibration) in Sp™. Define a map f in
Lto (resp. Algy) to be a cofibration if it has the left lifting property with respect
to all acyclic fibrations in Lto (resp. Alge).

The model category axioms are verified exactly as in the proof of Theorem 1.1;
(MC5) is verified by Proposition 4.3 below since every cofibration in SymSeq (resp.
sz) with the stable positive model structure is a cofibration in SymSeq (resp. sz)
with the stable flat positive model structure. (I

4.1. Homotopical analysis of certain pushouts. The purpose of this section
is to prove the following proposition which we used in the proofs of Theorems 1.1
and 1.3. The constructions developed here will also be important for homotopical
analyses in other sections of this paper.

Proposition 4.3. Let O be an operad in symmetric spectra, A € Ltp, andi: X —Y
a generating acyclic cofibration in SymSeq with the stable flat positive model struc-
ture. Consider any pushout diagram in Lto of the form,

(4.4) 00X A

]

QoY —= Allpox) (O Y).

Then j is a monomorphism and a weak equivalence.

Symmetric arrays arise naturally when calculating certain coproducts and pushouts
of left modules and algebras over operads (Propositions 4.6 and 4.18).

Definition 4.5.

o A symmetric array in Sp™ is a symmetric sequence in SymSeq; i.e. a functor
A : X°P—SymSeq.

e SymArray := SymSeqZup = (sz)zopxzop is the category of symmetric ar-
rays in Sp” and their natural transformations.

First we analyze certain coproducts of modules over operads. The following
proposition is proved in [16] in the more general context of monoidal model cat-
egories, and was motivated by a similar argument given in [14, Section 2.3] and
[27, Section 13] in the context of algebras over an operad. Since the proposition
is important to several results in this paper, and in an attempt to keep the paper
relatively self-contained, we have included a proof below.
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Proposition 4.6. Let O be an operad in symmetric spectra, A € Lto, and Y €
SymSeq. Consider any coproduct in Lto of the form

(4.7) AT (OoY).
There exists a symmetric array O and natural isomorphisms
ATL(OoY) = [] Oalq@s, Vo
q=0

in the underlying category SymSeq. If ¢ > 0, then Olq] is naturally isomorphic to
a colimit of the form

. do .
Oald] = conm( I1 Olp+a) A5, 4% == 1] Olp + 4] A5, (00 4)°r )
p=

. p=0
in SymSeq, with dy induced by operad multiplication and dy induced bym : O o A—A.
First we make the following observation.

Proposition 4.8. Let O be an operad in symmetric spectra and A € Lto. Then

. moid
(4.9) A< 064200004

idom
is a reflexive coequalizer diagram in Lto.

Proof. We use a split fork argument. The unit map 7 : I—O induces a map
sp:=idonoid: Oo A—0OoOo A in Ltp. Relabeling the three maps in (4.9) as
dy :=m,dy ;== moid,d; :=id om, it is easy to verify that dysg = id and d; sy = id.
Hence the pair of maps is a reflexive pair in Ltp, and by Proposition 3.23 it is
enough to verify that (4.9) is a coequalizer diagram in the underlying category
SymSeq. The unit map n : I— O also induces maps

s_1:=mnoid: A—0Oo A
s—1:=noidoid: Ooc A—0Oo0 0o A

in the underlying category SymSeq which satisfy the relations
dodo = dodl, d08_1 = id, d15_1 = S_1d0.

Using these relations, it is easy to check that (4.9) is a coequalizer diagram in
SymSeq by verifying the universal property of colimits. O

Proof of Proposition 4.6. The objectwise coproduct of two reflexive coequalizer di-
agrams is a reflexive coequalizer diagram, hence by Proposition 4.8 the coproduct
(4.7) may be calculated by a reflexive coequalizer in Lto of the form,

d
AT (OoY) = colim( (OoAT(O0Y) == (0000 A)I(OoY) )
di
The maps dy and d; are induced by maps m: Qo O—0O and m: Qo A—A,
respectively. By Proposition 3.23, this reflexive coequalizer may be calculated in
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the underlying category SymSeq. There are natural isomorphisms,
(O A)TT (VoY) =2 OVo(ALY)

= JJOlt] A s, (ATLY)®!
t>0

I (H Op+d /\EZ,A®p) Sx, VB4,

g=>0 p=>0

1

and similarly,
(©o00a) (oY) = [[(I]Olp+4d s, (00 4 s, v,

q20 p=0
in the underlying category SymSeq. The maps dy and dy similarly factor in the
underlying category SymSeq. O
Remark 4.10. We have used the natural isomorphisms

(A HY)®t = H Yptq TpxT, ABPRY @a,

ptq=t
in the proof of Proposition 4.6.
Definition 4.11. Let i : X—Y be a morphism in SymSeq and ¢ > 1. Define

Qb := X% and Q! := Y®'. For 0 < ¢ < t define @} inductively by the pushout
diagrams

: . pr.
(4.12) DIV SRS B X®“‘®®QZ,1 —= Qi

L

Y om,,xx, XEOQY ® Qy

in SymSquf. We sometimes denote Qfl by Qfl(i) to emphasize in the notation the
map ¢ : X—Y. The maps pr, and ¢, are the obvious maps induced by ¢ and the
appropriate projection maps.

Remark 4.13. For instance, to construct @3, first construct Q? via the pushout
diagram

(4.14) S 5wy XOX ——> 5y op, XO2 —> x @2
lidxlxglid@i l
22 X2 X®Y Q%

in SymSeq™?, then construct Q3 by the pushout diagram

D waxs; XO2OX —= N3 -5, X9 —— x@3

lidxzxglid@i l

Vs m,xy, XO2QY Q3
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in SymSeq™?, and finally construct Q3 by the pushout diagram

. pr,
(4.15) T3 w3 XOQF — = QF

lid'zlxzzid(%i* l

25w, s, XOY 92— QF
in SymSeq™®. The map i, in (4.15) is induced via (4.14) by the two maps
X®2—>Y®2,
D 5 xxy XY ——=5s o5, w3, YOV —5, o5, Y2 22 y©2,
The pushout diagram

(4.16) 23 T XT XD X®X®X —_— 23 X Ds X®X®2

! |

E3 XXX X®X®Y —— 23 "1 X 2o X®Q%

in SymSeq™ is obtained by applying X3 s, x5, X®— to (4.14); the map pr, in
(4.15) is induced via (4.16) by the two maps

Y3 o5, x5, XOXO20¥3 5, XO3 =2 X903

T3 -5, x5 x5, XOXQY —23 -5, x5, XP2QY — Q3.

Remark 4.17. The construction Qfl can be thought of as a ¥;-equivariant ver-
sion of the colimit of a punctured t-cube [16]. There is a natural isomorphism
YEQL, = (Y/X)P

The following proposition is proved in [16] in the more general context of monoidal
model categories, and was motivated by a similar construction given in [6, section
12] in the context of simplicial multifunctors of symmetric spectra. Since several
results in this paper require both the proposition and its proof, and in an effort to
keep the paper relatively self-contained, we have included a proof below.

Proposition 4.18. Let O be an operad in symmetric spectra, A € Lto, and
i : X—Y in SymSeq. Consider any pushout diagram in Lto of the form,

(4.19) Do X ! A

]

OOY—>AH(OO)() (OOY)

The pushout in (4.19) is naturally isomorphic to a filtered colimit of the form

J

(4.20) Allpox) (Oo0Y) = colim( Ap Ay I A, s . )
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in the underlying category SymSeq, with Ao := O4[0] =2 A and A; defined induc-
tively by pushout diagrams in SymSeq of the form

(4.21) Oalt]Es, Q1 —> A4,
lid(gzt’i* ljf,
O4lt]®g, Y& —— A,

Proof. It is easy to verify that the pushout in (4.19) may be calculated by a reflexive
coequalizer in Lto of the form

ATl(pox) (00 Y) = colim( AT (OoY) === ATl (0o X)II (O oY) )
f

By Proposition 3.23, this reflexive coequalizer may be calculated in the underlying
category SymSeq. Hence it suffices to reconstruct this coequalizer in SymSeq via a
suitable filtered colimit in SymSeq. A first step is to understand what it means to
give a cone in SymSeq out of this diagram.

The maps 7 and f are induced by maps id o 4, and id o f, which fit into the
commutative diagram

(4.22) AH(OO(XHY))<—OO(AHXHY)£OO((OOA)HXHY)

di
1llf idoi, u/idof* idoi, u/idof*
do

AT (O oY) Oo(ATlY) Oo((0oA)TY)

d1

in Ltp, with rows reflexive coequalizer diagrams, and maps i, and f, in SymSeq
induced by i : X—Y and f: X—A in SymSeq. Here we have used the same
notation for both f and its adjoint (3.21). By Proposition 3.23, the pushout in
(4.19) may be calculated by the colimit of the left-hand column of (4.22) in the
underlying category SymSeq. By (4.22) and Proposition 4.6, f induces maps 7(14,
which make the diagrams

AT (Oo(XTIY)) = ] 11 ( ) Jmar (OA[P+Q]®prEqX®p®Y®q)

q=>0p=>0 _
Y
ATL(O oY) = tIZJO( ) (Oalal®s, ¥o7)

in SymSeq commute. Similarly, ¢ induces maps i, , which make the diagrams

AT (0o (xTIY)) = ] 11 ( ) Jmar (OA[p+q]®szqu®p®Y®Q)

q=0p=>0

li
v

AT (OoY) = ] ( ) o mete (OA[p + q]®2p+qy®(p+q))
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in SymSeq commute. We can now describe more explicitly what it means to give
a cone in SymSeq out of the left-hand column of (4.22). Let ¢ : AT (O oY)—-
be a morphism in SymSeq and define ¢, := pin,. Then @i = ¢f if and only if the
diagrams

~ Sy S ?qm ~ S
(4.23) Oalp + d|®s, x5, XPRY ¥ —— 04[q]®5, Y ®1

li%p l@q
Pr+q
- @ - ..

Oalp + q®s,,, Y@+

commute for every p,q > 0. Since i, = id and fq,() = id, it is sufficient to consider
qg>0andp>0.

The next step is to reconstruct the colimit of the left-hand column of (4.22)
in SymSeq via a suitable filtered colimit in SymSeq. The diagrams (4.23) suggest
how to proceed. We will describe two filtration constructions that calculate the
pushout (4.19) in the underlying category SymSeq. The purpose of presenting the
filtration construction (4.25) is to provide motivation and intuition for the filtration
construction (4.21) that we are interested in. Since (4.25) does not use the glueing
construction in Definition 4.11 it is simpler to verify that (4.20) is satisfied and
provides a useful warm-up for working with (4.21).

For each ¢ > 1, there are natural isomorphisms

(4.24) (X ITY)® -y o = H Yptq ,xT, Xergy®a,

ptag=t
q=0,p>0

Here, (X 11 Y)® — Y® denotes the coproduct of all factors in (X IT1Y)®" except
Y®t. Define Ag := O4[0] & A and for each t > 1 define A; by the pushout diagram

fs

(4.25) OAlt]&s, [(X Y%t -y As
OAt)&s, YO & A,

in SymSeq. The maps f. and i, are induced by the appropriate maps fq’p and
igp- We want to use (4.24), (4.25) and (4.23) to verify that (4.20) is satisfied; it
is sufficient to verify the universal property of colimits. By Proposition 4.6, the
coproduct AIT (O oY) is naturally isomorphic to a filtered colimit of the form

AL (O oY) = colim(Bo B By )

in the underlying category SymSeq, with By := O 4[0] and B; defined inductively
by pushout diagrams in SymSeq of the form
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For each t > 1, there are naturally occurring maps B;— A;, induced by the ap-
propriate & and j; maps in (4.25), which fit into the commutative diagram

All (0o (X11Y))

|
By B, By s colimy B; —— A1l (O oY)
L l |
J1 J2 VE] . .
Ag Ay As e colim; Ay =——— colim; A,

in SymSeq; the morphism of filtered diagrams induces a map &. We claim that the
right-hand column is a coequalizer diagram in SymSeq. To verify that £ satisfies
i =¢& f, by (4.23) it is enough to check that the diagrams

~ S ~ < ?(va ~ S
Oalp + d|®x, x5, XPRY ¥ ——= O 4[q]®5, Y1

liq,p lginq

Oalp + dl®s,,, y&®(p+q) _ Sieta colim; A,

commute for every ¢ > 0 and p > 0; this is easily verified using (4.24) and (4.25),
and is left to the reader. Let ¢ : AII (O oY)—- be a morphism in SymSeq such
that @i = ¢ f. We want to verify that there exists a unique map % : colim; A;—- in
SymSeq such that ¢ = €. Consider the corresponding maps ¢; in (4.23) and define
Py := @o. For each t > 1, the maps ¢; induce maps @, : A;—- such that @, j: =
D,_, and @, & = ¢;. In particular, the maps %, induce a map @ : colim; A;—-
in SymSeq. Using (4.23) it is an easy exercise (which the reader should verify)
that @ satisfies ¢ = %€ and that 3 is the unique such map. Hence the filtration
construction (4.25) satisfies (4.20). One drawback of (4.25) is that it may be difficult
to analyze homotopically. A hint at how to improve the construction is given by
the observation that the collection of maps 7(14, and i, , satisfy many compatibility
relations. To obtain a filtration construction we can homotopically analyze, the
idea is to replace (X I1Y)®" —Y®! in (4.25) with the glueing construction Qi_; in
Definition 4.11 as follows.

Define Ag := 04[0] = A and for each t > 1 define A; by the pushout diagram
(4.21) in SymSeq. The maps f,. and i, are induced by the appropriate maps 7“)
and 4,,. Arguing exactly as above for the case of (4.25), it is easy to use the
diagrams (4.23) to verify that (4.20) is satisfied. The only difference is that the
naturally occurring maps B;—A; are induced by the appropriate & and j; maps
in (4.21) instead of in (4.25). O

The following proposition illustrates some of the good properties of the stable
flat positive model structure on SymSeq. The statement in part (b) is motivated
by [6, Lemma 12.7] in the context of symmetric spectra with the stable positive
model structure. We defer the proof to Section 6.
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Proposition 4.26. Let B € SymSqugp and t > 1. If i : X—Y is a cofibration
between cofibrant objects in SymSeq with the stable flat positive model structure,
then
(a) XO YOt is g cofibration in SymSeq™* with the stable flat positive model
structure, and hence with the stable flat model structure,
(b) the map B®s,Q!_|— B&x,Y®! is a monomorphism.

We will prove the following proposition in Section 6.

Proposition 4.27. Let G be a finite group and consider SymSeq, SymSeq®, and
SymSeq® " each with the stable flat model structure.

(a) If B € SymSeq®”" | then the functor
B&g— : SymSeq® —SymSeq

preserves weak equivalences between cofibrant objects, and hence its total
left derived functor exists.
(b) If Z € SymSeq is cofibrant, then the functor

—®cZ : SymSeq® —SymSeq
preserves weak equivalences.

We are now in a good position to give a homotopical analysis of the pushout in
Proposition 4.3.

Proposition 4.28. If the map i: X—Y in Proposition 4.18 is a generating
acyclic cofibration in SymSeq with the stable flat positive model structure, then
each map j: is a monomorphism and a weak equivalence. In particular, the map j
is a monomorphism and a weak equivalence.

Proof. The generating acyclic cofibrations in SymSeq have cofibrant domains. By
Proposition 4.26, each j; is a monomorphism. We know A;/A;—1 = O4t]®x, (Y/X)®!
and that *—Y/X is an acyclic cofibration in SymSeq with the stable flat positive
model structure. It follows from Propositions 4.26 and 4.27 that j; is a weak equiv-
alence. O

Proof of Proposition 4.3. By assumption, the map i : X —Y is a generating acyclic
cofibration in SymSeq with the stable flat positive model structure, hence Proposi-
tion 4.28 finishes the proof. U

5. RELATIONS BETWEEN HOMOTOPY CATEGORIES

The purpose of this section is to prove Theorem 1.4, which establishes an equiva-
lence between certain homotopy categories of modules (resp. algebras) over operads.
Our argument is a verification of the conditions in [4, Theorem 9.7] for an adjunc-
tion to induce an equivalence between the corresponding homotopy categories, and
amounts to a homotopical analysis (Section 5.1) of the unit of the adjunction.

Proof of Theorem 1.4. Let f: O—(O’ be a morphism of operads and consider the
case of left modules. We know (1.5) is a Quillen adjunction since the forgetful
functor f* preserves fibrations and acyclic fibrations. Assume furthermore that f
is a weak equivalence in the underlying category SymSeq with the stable flat positive
model structure; let’s verify the Quillen adjunction (1.5) is a Quillen equivalence.
By [4, Theorem 9.7], it is enough to verify: for cofibrant Z € Ltp and fibrant
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B € Lto, amap £ : Z— f*B is a weak equivalence in Lty if and only if its adjoint
map 7 : f.Z— B is a weak equivalence in Ltp/. Noting that £ factors as

Zz——ff.z 0 B

together with Proposition 5.1 below finishes the proof. Argue similarly for the case
of algebras by considering left modules concentrated at 0. (]

5.1. Homotopical analysis of the unit of the adjunction. The purpose of
this subsection is to prove the following proposition which we used in the proof of
Theorem 1.4. Our argument is motivated by the proof of [6, Theorem 12.5].

Proposition 5.1. Let f: O—QO’ be a morphism of operads and consider Lto
with the stable flat positive model structure. If Z € Lto is cofibrant and f is a weak
equivalence in the underlying category SymSeq with the stable flat positive model
structure, then the natural map Z— f* f.Z is a weak equivalence in Lto.

First we make the following observation.

Proposition 5.2. Consider SymSeq with the stable flat positive model structure.
If W € SymSeq is cofibrant, then the functor

— o W : SymSeq——SymSeq
preserves weak equivalences.
Proof. Let A— B be a weak equivalence in SymSeq; we want to verify
At A, (WS ] — Bt A s, (W) [r]
is a weak equivalence in Sp” with the stable flat model structure for each r,¢ > 0.
By Proposition 4.26 we know W®! is cofibrant in SymSeq™ with the stable flat

model structure for each t > 1. By considering symmetric sequences concentrated
at 0, Proposition 4.27 finishes the proof. O

Proof of Proposition 5.1. Let X—Y be a generating cofibration in SymSeq with
the stable flat positive model structure, and consider the pushout diagram

QoY —=2;
in Ltp. For each W € SymSeq consider the natural maps
(5.4) ZoW (O oW)—f*f(Zo 11 (0o W)),
(5.5) ZIL(OoW)—f"f.(Z1 T (0o W)),

and note that the left-hand (resp. right-hand) diagram
OoX——= 7011 (OoW)=A O oX fiZo (O o W) =: A

| | | |

OoY —=Z111(OoW) = Ay O oY —= [ Z1 (O o W) = f,As

is pushout diagram in Lty (resp. Lto). Assume (5.4) is a weak equivalence for
every cofibrant W € SymSeq; let’s verify (5.5) is a weak equivalence for every



22 JOHN E. HARPER

cofibrant W € SymSeq. Suppose W € SymSeq is cofibrant. By Proposition 4.18
there are corresponding filtrations

AQ A1 A2 ce colimt At —_— Aoo
lfo &1 &2 l l
' v ~
Aj Al Al e colimy A} —— f*fiAoo,

together with induced maps & (¢t > 1) which make the diagram in SymSeq commute.
By assumption we know &g is a weak equivalence, and to verify (5.5) is a weak equiv-
alence, it is enough to check that &; is a weak equivalence for each ¢t > 1. Since the
horizontal maps are monomorphisms and we know A; /4,1 = O4[t]®x, (Y/X)%,
it is enough to verify that

AT (0o (YV/X)) —= AT (O o (Y/X))
is a weak equivalence, which is the same as verifying that
Zo (Oo W)L (0o (Y/X))—f*f(Zo L (O o W)L (O o (Y/X)))

is a weak equivalence. Noting that W II (Y/X) is cofibrant finishes the argument
that (5.5) is a weak equivalence. Consider a sequence

Zy Zy Zs

of pushouts of maps as in (5.3). Assume Z; makes (5.4) a weak equivalence for
every cofibrant W € SymSeq; we want to show that for Z, := colimy, Zj the natural
map

(5.6) Zoo T (O o W)—f*fo(Zoo L1 (O 0 W))

is a weak equivalence for every cofibrant W € SymSeq. Consider the diagram

Z()H(OOW) Z1H(OOW) ZQH(OOW)

l l l

Fr(Zo T (OoW)) — f*f(Z1 (O 0o W) — f*fo(Zo L (O 0 W)) — -+

in Ltp. The horizontal maps are monomorphisms and the vertical maps are weak
equivalences, hence the induced map (5.6) is a weak equivalence. Noting that every
cofibration O o x—Z in Lt is a retract of a (possibly transfinite) composition of
pushouts of maps as in (5.3), starting with Zy = O o %, together with Proposition
5.2, finishes the proof. O

6. PROOFS

The purpose of this section is to prove Propositions 4.26 and 4.27; we have also
included a proof of Proposition 3.25 at the end of this section. First we establish a
characterization of stable flat cofibrations.
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6.1. Stable flat cofibrations. The purpose of this subsection is to prove Propo-
sition 6.5, which identifies stable flat cofibrations in SymSeq®, for G a finite group.

It is proved in [39] that the following model category structure exists on left
Y.n-objects in pointed simplicial sets.

Definition 6.1. Let n > 0.

e The mized ¥, -equivariant model structure on ST has weak equivalences
the underlying weak equivalences of simplicial sets, cofibrations the retracts
of (possibly transfinite) compositions of pushouts of maps

S /H - OAK]s—,/H - AlKly (k> 0, H C %, subgroup),

and fibrations the maps with the right lifting property with respect to the
acyclic cofibrations.

Furthermore, it is proved in [39] that this model structure is cofibrantly generated
in which the generating cofibrations and acyclic cofibrations have small domains,
and that the cofibrations are the monomorphisms. It is easy to prove that the
diagram category of (P x G)-shaped diagrams in ST» appearing in the following
proposition inherits a corresponding projective model structure. This proposition,
whose proof is left to the reader, will be needed for identifying stable flat cofibrations
in SymSeq®.

Proposition 6.2. L%t G be a finite group and consider any n,r > 0. The dia-

P
XoPx

gram category (S*Z) S inherits a corresponding projective model structure from
the mized ¥, -equivariant model structure on ST~. The weak equivalences (resp.
fibrations) are the underlying weak equivalences (resp. fibrations) in S¥» and the
cofibrations are the monomorphisms such that 3P x G acts freely on the simplices

of the codomain mot in the image.

Definition 6.3. Define S € sz such that S, := S, for n > 1 and Sy := *. The
structure maps are the naturally occurring ones such that there exists a map of
symmetric spectra i : S— S satisfying i,, = id for each n > 1.

The following calculation, which follows easily from 2.7 and 2.11, will be needed
for characterizing stable flat cofibrations in SymSeq® below.

Calculation 6.4. Let m,p > 0, H C %, a subgroup, and K a pointed simplicial
set. Define X := G - G,(S®GEK) € SymSeq®. Here, X is obtained by applying
the indicated functors in (4.1) to K. Then for r = p we have

= oG- (Zns, x2S AN(Em/H-K))-%, forn>m,
(SAX[r])n = { ( Fro B/ )) i forn <m

G- (Zn shx5m Sn-m A Em/H-K)) -5, forn>m,
X|r], = G- (X,/H-K)-%, forn=m,
% for n < m.

and for r # p we have X[r] = x = S A X[r].

The following characterization of stable flat cofibrations in SymSeq® is motivated
by [21, Proposition 5.2.2]; we benefitted from the discussion and corresponding
characterization in [37] of cofibrations in Sp” with the stable flat model structure.

Proposition 6.5. Let G be a finite group.
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(a) A map f: X—Y in SymSeq® with the stable flat model structure is a
cofibration if and only if the induced maps

X[rlo—Y]r]op, >0, n=0,
(SAY[r])n Usp xpp, XEln—Y[x]n, 720, n

3P xG

are cofibrations in (S%) with the model structure of Proposition 6.2.
(b) A map f: X—Y in SymSqu with the stable flat positive model structure
is a cofibration if and only if the maps X[r]o—Y[r]o, r > 0, are isomor-

phisms, and the induced maps

(SAYr]), H(gAX[r]) X[r]p,—Y][r]p, >0, n>1,

n

SPXG

are cofibrations in (S*E) with the model structure of Proposition 6.2.

Proof. It suffices to prove part (a). Consider any f: X—Y in SymSeq® with the
stable flat model structure. We want a sufficient condition for f to be a cofibration.
The first step is to rewrite a lifting problem as a sequential lifting problem.

X — E X[r], —;E[r]n (S®Yr]), — Yr],
Y ——1B Y[r], — Blr]|n (S®E[r)), — E[r],

The left-hand solid commutative diagram in SymSeq® has a lift if and only if the
right-hand sequence of lifting problems in (S*Z) " %% has a solution, if and only

if the sequence of lifting problems

X[fn —:E[I]n (SAY[r])n —>Y[fn
Vil —> Bith  (§A Blt])y — Bltl,

. b Z?pXG . . . o
in (S ") has a solution, if and only if the sequence of lifting problems

*

XlrJo — Elr]o (SAY[r])n Hig o xpry), X[t —= Elr]n
Y[r]o — Blrlo Y], B, 2V

has a solution. If each (%), is a cofibration then f has the left lifting property
with respect to all acyclic fibrations, and hence f is a cofibration. Conversely,
suppose f is a cofibration. We want to verify that each (x), is a cofibration.
Every cofibration is a retract of a (possibly transfinite) composition of pushouts of
generating cofibrations, and hence by a reduction argument that we leave to the
reader, it is sufficient to verify for f a generating cofibration. Let g : K—L be
a monomorphism in S,, m,p > 0, H C ¥, a subgroup, and define f: X—Y in
SymSeq® to be the induced map

G- Gy(SRGEK) L~ G G, (SRGHEL) .
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Here, the map g, is obtained by applying the indicated functors in (4.1) to the map
g. We know (x)g is a cofibration. Consider n > 1. By Calculation 6.4: (x),, is an
isomorphism for the case r # p and for the case (r = p and n # m). For the case
(r =p and n = m), (%), is the map

G- (Zm/H-g)Xp
- v 9

G (Sm/H-K)-%, G- (Sp/H-L)-3,

Hence in all cases (x),, is a cofibration. g
6.2. Proofs.

Proof of Proposition 4.27. Consider part (b). Let g : K—L be a monomorphism
in Sy, m,p>0, HC X,, asubgroup, and consider the pushout diagram

(6.6) G- Gp(SeGHK) —= Z

G- Gp(SGHL) — 7,

in SymSqu. Here, the map g, is obtained by applying the indicated functors in
(4.1) to the map g. Consider the functors

(6.7) —&aZo : SymSeq”” —SymSeq,
(6.8) —®cZ1 : SymSeq®” —SymSeq,

and assume (6.7) preserves weak equivalences; let’s verify (6.8) preserves weak
equivalences. Suppose A—B in SymSquUp is a weak equivalence. Applying
A®c— to (6.6) gives the pushout diagram

ARG, (SRGEK) —— AdcZy

l(*) l(**)

ASGH(SRGHE L) —— A& aZ,
in SymSeq. Let’s check (*) is a monomorphism. This amounts to a calculation:

Alr —p] AN (SOGEK) 5, _,x1 %, forr>p

(AGG,(S®RGEK))[r] = { « forr<p

Since the map S®GHK—S®GHL is a cofibration in Sp™ with the stable flat
model structure, smashing with any symmetric spectrum gives a monomorphism.
It follows that (*) is a monomorphism, and hence (x#) is a monomorphism. Consider
the commutative diagram

ARG Zy — A®GZ1 — ARG, (SRGE(L/K))
B®¢Zy — B&cZ, — BRG,(S®GH(L/K)).

Since SRGH (L/K) is cofibrant in Sp” with the stable flat model structure, smash-
ing with it preserves weak equivalences. It follows that the right-hand vertical map



26 JOHN E. HARPER

is a weak equivalence. By assumption, the left-hand vertical map is a weak equiv-
alence, hence the middle vertical map is a weak equivalence and we get that (6.8)
preserves weak equivalences. Consider a sequence

Zy Al Zy

of pushouts of maps as in (6.6). Assume (6.7) preserves weak equivalences; we want
to show that for Z., := colimy, Z; the functor

—®cZso : SymSquUp —SymSeq

preserves weak equivalences. Suppose A— B in SymSquUp is a weak equivalence
and consider the diagram

ARG Zy — AQgZy — ARGy — -+
B&¢Zy — BRgZy —= BRg Ly — "+

in SymSeq. The horizontal maps are monomorphisms and the vertical maps are
weak equivalences, hence the induced map ARgZo—B®aZs is a weak equiva-
lence. Noting that every cofibration x—Z in SymSeq® is a retract of a (possibly
transfinite) composition of pushouts of maps as in (6.6), starting with Zy = *,
finishes the proof of part (b). Consider part (a). Suppose X —Y in SymSeq is a
weak equivalence between cofibrant objects; we want to show that Beg X —BRgY
is a weak equivalence. The map x— B factors in SymSquOP as

#—>B°——>PB
a cofibration followed by an acyclic fibration, the diagram
B‘@gX — B‘®qY
|
B®cX — B&gY
commutes, and since three of the maps are weak equivalences, so is the fourth. [J
Proposition 6.9. Let G be a finite group. If B € SymSquUP, then the functor
B&g— : SymSeq® —SymSeq

sends cofibrations in SymSeq® with the stable flat model structure to monomor-
phisms.

Proof. Let g : K—L be a monomorphism in S,, m,p > 0, H C ¥,,, a subgroup,
and consider the pushout diagram

(6.10) G- Gp(S®GEK) —— Z,

T

G- Gy(S®GHL) — 7,
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in SymSqu. Here, the map g, is obtained by applying the indicated functors in
(4.1) to the map g. Applying B&g— gives the pushout diagram

B&G,(S®GEK) —— B&¢ 2,
l(*) l(**)
B®G,(S®GEL) —— B&o 7,

in SymSeq. The map (x) is a monomorphism by the same arguments used in the
proof of Proposition 4.27, hence (%) is a monomorphism. Noting that every cofi-
bration in SymSeq® is a retract of a (possibly transfinite) composition of pushouts
of maps as in (6.10) completes the proof. O

The following two propositions are exercises left to the reader.

Proposition 6.11. Let t > 1. If the left-hand diagram is a pushout diagram

X—=A t1(1) —= Qi1 (j)
A S
——B

Y&t ——> pot

in SymSeq, then the corresponding right-hand diagram is a pushout diagram in
SymSeq™t.

Proposition 6.12. Let t > 1 and consider a commutative diagram of the form
A—>p—"s(C
bk
X——y—=7Z

in SymSeq. Then the corresponding diagram

L) —= Q1 (j) —= Qt_, (k)

]

X©t Yt AL

t

in SymSeq”™* commutes. Furthermore, T 5 =75 and id = id.

The following calculation, which follows easily from (2.7), (2.11), and (3.5), will
be needed in the proof of Proposition 4.26 below.

Calculation 6.13. Let k,m,p > 0, H C X, a subgroup, and ¢ > 1. Let the map
g : OA[k]+—A[k]4+ be a generating cofibration for S, and define X —Y in SymSeq
to be the induced map

gx

Gy (SEGHAAK]) —L> G (SGHA[K]) -
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Here, the map g, is obtained by applying the indicated functors in (4.1) to the map
g. For r = tp we have the calculation

B Zn S tm X HXt Sn—tm A (A[k]Xt)+ . th fOI' n > tm,
((Y®t)[r])n = Ztm TH Xt (A[k]Xt)+ . Etp forn = tm,
x  for n < tm.

= s ¥, <t Sp_im N (A[K])4 -y, for n > tm
®t ~ n Y, _tmXH n—tm + tp )
(S/\(Y )[r])n = { x  for n < tm,

S s,y sHx Sn—tm NO(A[K]*N) 4 - By, for n > tm,
QL lr]), = S BBy for = om,
*  forn <tm.

— o | 2. , xt Sn_im NO(A[E]*Y) L -2y, for n > tm,
S, = { P B B
and for r # tp we have (Y&)[r] =« = SA (Y®)[r] and Q! _,[r] = * =S AQ!_,[r].

The following proposition is proved in [3, I.2] and will be useful below for verifying
that certain induced maps are cofibrations.

Proposition 6.14. Let M be a model category and consider a commutative diagram
of the form

Ay=—A1 —— A
BO%BlﬁBQ

in M. If the maps Ap— By and B1 114, As— By are cofibrations, then the induced
map

Ao ITa, Ao—Bo i, By
is a cofibration.

Proof of Proposition 4.26. Consider part (a). The argument is by induction on ¢.
Let m > 1, H C %,, a subgroup, and k,p > 0. Let g:0A[k]+—A[k]+ be a
generating cofibration for S, and consider the pushout diagram

(6.15) G, (S®GHIA[K]) Zo

D = Gp(SRGEA[K] ) — 7y

in SymSeq with Zy cofibrant. Here, the map g, is obtained by applying the indicated
functors in (4.1) to the map g. By Proposition 6.11, the corresponding diagram

Qi—l(g*) - Qi—l(io)

l(*) l(**)

Dot Z&t
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is a pushout diagram in SymSeq™. Since m > 1, it follows from Proposition 6.5
and Calculation 6.13 that (x) is a cofibration in SymSeq™, and hence (xx) is a
cofibration. Consider a sequence

i1 i2

Z1

10

(6.16) Zy Z3

of pushouts of maps as in (6.15), define Z, := colim, Z,, and consider the naturally
occurring map oo : Zo——Zeo. Using Proposition 6.14 and (4.12), it is easy to
verify that each Z&'—Q!_,(i,) is a cofibration in SymSeq™, and by above we
know that each Qi_l(z’q)—>Z§f1 is a cofibration; it follows immediately that each
Z‘?t—>Z§_:1 is a cofibration in SymSeq™, and hence the map Zg@t—>Z§: is a
cofibration. Noting that every cofibration between cofibrant objects in SymSeq
with the stable flat positive model structure is a retract of a (possibly transfinite)
composition of pushouts of maps as in (6.15) finishes the proof for part (a). Consider
part (b). Proceed as above for part (a) and consider the commutative diagram

(6.17) 78 —— Q}_ (i) — Q) _1 (irio) —— Q}_, (iirip) — -
z& Z&t Z5t Z&t

in SymSeq™. We claim that (6.17) is a diagram of cofibrations. By part (a), the
bottom row is a diagram of cofibrations. Using Proposition 6.14 and (4.12), it is
easy to verify that if 4 and j are composable cofibrations between cofibrant objects
in SymSeq, then the induced maps

Q§—1(i)_’Qi—1(ﬂ)_}Qi—1(j)

are cofibrations in SymSeq”*; it follows easily that the vertical maps and the top row
maps are cofibrations. Applying B&s, — to (6.17) gives the commutative diagram

(6.18) Béy, 78" — B®s,Q}_, (i) —= B&s,Qf_, (irig) — -+

| |

B®Zt Z1®t B®Et Z2®t - o ...

B&y, Z&

in SymSeq. By Proposition 6.9, (6.18) is a diagram of monomorphisms, hence
the induced map B®s, Q! (ivs)— B®s, ZE! is a monomorphism. Noting that
every cofibration between cofibrant objects in SymSeq is a retract of a (possibly
transfinite) composition of pushouts of maps as in (6.15), together with Proposition
6.12, finishes the proof for part (b).

O

Proof of Proposition 3.25. Suppose A : D—Ltp is a small diagram. We want to
show that colim A exists. It is easy to verify, using Proposition 4.8, that this colimit
may be calculated by a reflexive coequalizer in Lty of the form,

. (moid).
colim A colim( nggn(o o Aa) (ido<<:m)* nggl(o 0 0o Ag) );
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provided that the indicated colimits appearing in this reflexive pair exist in Lte.
The underlying category SymSeq has all small colimits, and left adjoints preserve
colimiting cones, hence there is a commutative diagram

(moid)«
Cgéién((’) o Ag) ﬁ cgéién((’) 000 Ay)

LT

Oo (colim Ad) =—0o (Colim(O ) Ad))
deD deD

in Lte; the colimits in the bottom row exist since they are in the underlying category

SymSeq (we have dropped the notation for the forgetful functor U), hence the

colimits in the top row exist in Ltop. Therefore colim A exists and Proposition 3.23

completes the proof. O

7. CONSTRUCTIONS IN THE SPECIAL CASE OF ALGEBRAS OVER AN OPERAD

Some readers may only be interested in the special case of algebras over an
operad and may wish to completely avoid working with the circle product and the
left O-module constructions. It is easy to translate the constructions and proofs
in this paper into the special case of algebras while avoiding the circle product
notation. Usually, this amounts to replacing (SymSeq, ®) with (sz, N), replacing
the left adjoint O o — : SymSeq—Ltp with the left adjoint O(—) : Sp2—>AIgO
(Definition 3.14), and then replacing the symmetric array @4 in Proposition 4.6
with the symmetric sequence O4 in Proposition 7.1 below. We illustrate below
with several special cases of particular interest.

7.1. Special cases. Proposition 4.6 has the following special case.

Proposition 7.1. Let O be an operad in symmetric spectra, A € Algy, and Y €
Sp”. Consider any coproduct in Algy of the form

(7.2) ATTO(Y).
There exists a symmetric sequence O 4 and natural isomorphisms

ATOY) = [[ Oala A, Y

q=0

in the underlying category Sp™. If ¢ > 0, then O4 [d] is naturally isomorphic to a
colimit of the form

di p>0

Oulq) = colim( pIEIO Olp+dalAs, A <<di [I Olp+dl A s, (O(A)"P )7

in Sp™, with do induced by operad multiplication and dy induced by m : O(A)—A.

Definition 4.11 has the following special case.
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Definition 7.3. Let i : X—Y be a morphism in Sp™ and ¢ > 1. Define Qf == XN
and Q! := Y. For 0 < ¢ < t define Qfl inductively by the pushout diagrams

— pr,
> g X4 X/\(t ) A Qg_l I Qé—l

|- |
e om,_ x5, XNEDAYN —QF
in (sz)zt. We sometimes denote Qfl by Qfl(z) to emphasize in the notation the

map ¢ : X—Y. The maps pr, and ¢, are the obvious maps induced by ¢ and the
appropriate projection maps.

Proposition 4.18 has the following special case.

Proposition 7.4. Let O be an operad in symmetric spectra, A € Algy, and
i: X—Y in Sp”. Consider any pushout diagram in Algy of the form,

(7.5) ox)—2L 4

lid(i) lj

OY) — Allpx) O(Y).

The pushout in (7.5) is naturally isomorphic to a filtered colimit of the form

J1

Allpx) O(Y) = colim( Ao Ay g2 A, LI )

in the underlying category Sp™, with Ag := O4 [0] = A and A; defined inductively
by pushout diagrams in Sp™ of the form

Oaltl A5 Q1 L5 A4

lidAgti* ljt
&t

OA[t]/\ZtY/\t At

Propositions 4.26, 4.27, and 4.28 have the following special cases, respectively.

op
Proposition 7.6. Let B € (sz)z" and t > 1. Ifi: X—Y is a cofibration
between cofibrant objects in Sp> with the stable flat positive model structure, then
(a) XM—Y7 s a cofibration in (sz)zt with the stable flat positive model
structure, and hence with the stable flat model structure,
(b) the map BAx,Q!_,—BAx, Y is a monomorphism.
Proposition 7.7. Let G be a finite group and consider Sp”, (SpE)G, and (SpZ)G '
each with the stable flat model structure.

(a) If B € (SpZ)Gop, then the functor
BAg—: (SpE)G—>SpE

preserves weak equivalences between cofibrant objects, and hence its total
left derived functor exists.



32

JOHN E. HARPER

(b) If Z € (SpZ)G is cofibrant, then the functor
—NagZ: (SpE)Gop—>SpZ

preserves weak equivalences.

Proposition 7.8. If the map i : X —Y in Proposition 7.4 is a generating acyclic
cofibration in SpE with the stable flat positive model structure, then each map j; is
a monomorphism and a weak equivalence. In particular, the map j is a monomor-
phism and a weak equivalence.
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