SOME ACYCLIC RELATIONS IN THE LAMBDA
ALGEBRA

MIZUHO HIKIDA

ABSTRACT. We consider the relations wy = 0 € A, and show that
if wa = 0 then a = vf for some . These relations give the
acyclic chain complex A 5 A <5 A. We consider various cases,
eg w = A, and v = Agpy1. Especially, we consider the case
w = wy =d\, for n =27 4 2¢ — 1, where 7 = (hetr)".

1. INTRODUCTION

Consider the stable homotopy groups of the sphere 7, (S%) localized
at prime 2. We have the 2-local Adams spectral sequence converging
to ,(S°%) with Ey-term Ext%'(Z/2,Z/2) = H*(A) by [2]. Moreover,
A contains a subcomplex A(n) whose cohomology is the Fa-term of the
unstable Adams spectral sequence converging to the 2-component of
the unstable homotopy groups of S™. There are corresponding p-local
versions of A algebra that we will not consider.

The lambda algebra A (at the prime p = 2) is a bigraded Z/2-algebra
with generators \, € Ab"*! (n > 0) and relations

n—1—7 .
(1) Aidsig14n = Z ( j ]> Aitn—jA2it1+j (i,n > 0)

j>0
with differential

2) =Y (" - )An_jA]-_l (n>0).
=1 N
We refer to [9] for these relations and [2, 5] for that d is a well-
defined endomorphism of A. For a sequence I = (ny,ng,---,ns) of
non-negative integers, a monomial \; = A\, A, - - - Ay, is said to be ad-
missible if 2n; > n;;; for 1 <1 < s — 1. The admissible monomials
form an additive basis of A by [2, 5]. A(n) C A is the subcomplex
spanned by the admissible monomials with n; < n (cf. [2, 9]). By [9],
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there is a unique differential algebra endomorphism #: A — A with
0(An) = Aany1- This @ is usually called Sq°. See [6] for a recent treat-
ment of the lambda algebra.

The Adem relation A\, A9, 11 = 0 gives a chain complex of right A
modules, using left-multiplication by A, and Ay, 11. This complex, and
an unstable analogue, are acyclic:

Theorem 1.1. The following chain complexes are acyclic:

Aan 41~ An—
A DT g Dy g

A2n41—

Ap+2n+3) ZESA(p+1) 225 A(p—n), forp>2n+1.

Forp < 2n+ 1, the composite A(p + 1) = A 225 A is injective.

The unstable maps above are defined in Lemma 2.2. The unstable
A composition formulas in §2 (of Wang, Mahowald and Singer) are
crucial to our proofs. Furthermore, in Theorem 1.3 below, we prove
the following chain complex of right A modules is acyclic:

(A3)2— A1,X0)~

A y A S s A@ A

This implies that the following chain complex, defined by Proposition
2.3, is acyclic:

ha)?—

A(15) L22 A (7) 25 A(4),
where h; = Ayi_y, w, = d), (cf. Theorem 1.5). The unstable maps
above are well-defined by Singer’s result (Proposition 2.3 below which
extends Wang’s earlier result), which we use heavily. We have many
other, more complicated, acyclic chain complexes, e.g. (cf. 1.4 and 1.6):

A (hi+2)2v>A (h‘H—lahi)V) A@A

. . 2 . W o4 i_ 1~ . .
A(22+4 _ 1) (hit2) A(2z+3 _ 1) 20+2420 1 A(21+2 + 2Z _ 1)
(Az,A0)—

A 2225 s ADA
A(20) 222554 (10) 225 A(6)

Now we collect some acyclic chain complexes systematically. For
integers ny > -+ > n, > 0, we denote

Y(ny, - ne) = 0(An,) 07 (An,).

Theorem 1.2. If \,,v(ny, -+ ,n,) =0 for 1 < i <r, then the follow-
ing chain complexes are acyclic:

A ’Y(’nl,"';n’r)v\ A ()‘nl;'":)‘nr)v\ r A

’ r\g=1+%




SOME ACYCLIC RELATIONS IN THE LAMBDA ALGEBRA 3

7(”15"';”T)V ()‘"1’"'7)‘717‘)\-/

Alp+1+1,) Alp+1)
forp>2n; + 1, where t, =3 ;_ 2'(n; + 1).

69ZZIA(p - ni)a

In the case n; = 2¢7"—1 (e > 0,1 < ¢ < r), we have y(ny,--- ,n,) =
(hetr)” and the assumption of Theorem above is satisfied.

Theorem 1.3. The following chain complexes are acyclic:

A (he+r ~ A he+7‘—17"'yhe)v
>

> DA,

he 'rrv he'r 7Ty e+r—1
A(p+1+r2etry Lol = p gy qy Lot = gr A getr—ig ),

forp > 2¢tT — 1.
In the case n; = 26771 —2¢ — 1 (¢ > 0,1 <4 <r), we have
’Y(nl, R ,nr) = )\2e+r+1,2e+1,1 . e )\2e+r+1_2e+i_1 .- )\2e+r+1,2e+¢,1.

We denote this element by k.,. By Lemma 3.5, dk., = 0 and the
assumption of Theorem 1.2 is satisfied.

Theorem 1.4. The following chain complexes are acyclic:

ke,Tv (Anla b aATLr)

A s A

s @A,
form; =267 _2¢ 1 (6>0,1<i<r),

ke,r~— )\n a"'a)\nr ~
Ap+1+1,) 20T A(p 4 1) Brarde)

@:ZIA(p - ni),
for p > 20+ — 9¢1 _ 1 where t, = (r — 1)26F7+1 4 2641,

Using these acyclic chain complexes, we get the main theorems in
this paper.

Theorem 1.5. Forn =2°T"+2¢—1 (e > 0,7 > 1), the following is
an acyclic chain complez.

A@n+1+u) L2 N2n 4+ 1 — 2071) B2y A(p — 2¢ 4+ 1),
where u = (r — 1)2¢T7 4 26471,

Theorem 1.6. Forn = 2¢7"t1 —2¢ — 1 (e > 0,7 > 1), the following
18 an acyclic chain complex.

A2n+14u) ICE’—T\/)A(Qn—i-l — 20t 4 2¢) BT A(n —2° + 1),
where u = (r — 2)26T7H1 4 getr 4 9etl | ge,
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Note that if » = 1 then Theorems 1.5 and 1.6 gives the same com-
plexes, because

267t 4986 — 1 = 26T _2¢ 1 hoy =k, 2671 =20t _2¢,

Since we can calculate w,, = Zj ("]—J) An—jAj_1 forn =27 £2¢ — 1
explicitly, we can conclude Theorems 1.5-6. In fact, if w,a0 = 0 and «
is low-dimensional, then we get A\;_joc = 0 for each j with (”;7) =1,
and we can apply Theorems 1.2-3. In the case n # 2¢T" + 2¢ — 1, we
can calculate w,, partially, and get only a “partial acyclicity” result,
which is too technical to state in this paper.

Before closing the introduction we compare with the possible acyclic
relations in the Steenrod algebra A (cf. [5]). The sequence of left A-

modules
Sq2n 1

AZT 4 5 4
is exact for n = 1 and 2 (as is well-known from A-module resolutions
of the spectra KZ and bo), but not exact for any odd n > 1, as Sq' is
in the homology. The sequence of right A-modules

2n—1

AL A2,

is not exact for n = 3, because Sq¢*Sq%2S¢' is in the homology:
S¢°Sq*Sq*Sq' = Sq"S¢*S¢*Sq' = Sq"S¢*Sq'Sq' =0,
but S¢3Sq¢* = Sq7, and S¢®S¢3Sq' = S¢°Sq'Sqt = 0.
Adams and Margolis [1] proved there are exact sequences of right
A-modules

AL A5 4

for 0 < s < t, where P} € A is the Milnor-basis dual of £2°, but their
proof are quite different from ours.
I conjecture that the sequences of left .A-modules
S on+1_ 4 S om
A —— A A

are exact. I wish to thank Mark Mahowald for verifying the case n =
2 of my conjecture, and pointing out that a proof follows from his
paper with Gorbounov [4]. T wish to thank the referee for many useful
comments, and explained how Singer’s results streamline my proofs.

2. THE LAMBDA ALGEBRA EHP SEQUENCES
By [8, Lemma 2.6], if a = > a;2",b = > 5;2° (0 < a;,b; < 2), then

©) (O)=11(") wmoeo.
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By this formula,

0 ()= Gnen) = (o) = Gn) (o) =0

Consider a map 0: Z — Z by taking (n) =2n+1 =2(n+1) — L.
e — e — e e 6(n)—2j J— n—j
T;hen;? En) =2°(n+1)—1 = n2°+2°—1 and ((2)j ) = (")
( (n2)j+{ ) =0. '
Forn > 0, let F(n) = {j : (";’) =1, 0 <j < %} It is well-
known that h, = Aor_q is a cycle for » > 0. This is equivalent to

F(2" —1) = {0} by Equation (3). By Equations (3) and (4), we have
F@2r)y={o}o{2*:0<a<r}, F(2"—-2)={2"-1:0<a<r} and

(5) F(6°(27)) = {0} T {2+ : 0 < a < 1}
(6) F(0°(2 —2)) = {2¢7* —2° 1 0 < a < r).

They are used to get acyclic chain complexes for w,, where n = 6¢(b)
for b=2",2" — 2.

By [9], there is a unique differential algebra endomorphism 6: A —
A, A%t (n) — A%?(2n) with 0()\;) = Aoi1. This 0 is usually called S¢°,
and it commutes with Adem relations.

Lemma 2.1 ([9, Proposition 1.7.3]). (i) 0 is injective.
(i) If d(6(z)) = 0 then d(x) = 0.

Now we explain the lambda algebra EHP sequence. We refer to [6]
for recent proofs.

Lemma 2.2 ([3, Lemma 3.5]). Ap,A(n+m+1) C A(n) form <n.

In [3], this is proved by a double induction argument and it is similar
to the proof of the dual result [9, Proposition 1.8.1]:

A® (n)Ax C A(n) for k < n +t.

By Lemma 2.2 (or Wang’s dual) and induction on s, we have the fol-
lowing proposition which is due to Singer.

Proposition 2.3 ([7, Proposition 5.1]). A®'(n)A(n+1t) C A(n).
This proposition and d\, € A>"*!(n) give Wang’s result:

Lemma 2.4 ([9, Proposition 1.8.3]). (d\,)x € A(n) forx € A(2n+1).
Following Wang [9], we see that this lemma implies the result of [2]:

Proposition 2.5 ([9, Proposition 1.8.4]). A(n) is a subcomplez of the
chain complex A, i.e. dA(n) C A(n), d: A>t(n) — ASTLE(n).
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Now we define a map (Hopf invariant)
H: A% (n+1) = A b1 (2p 4-1)
by H(AAr) = A, H(AAr) = 0 for the admissible sequences (n, I),
(i, I) with i < n. Lemma 2.4 also implies the following.
Proposition 2.6. H: A(n+ 1) = A(2n + 1) is a chain map.
Corollary 2.7 (]9, Theorem 1.8.5]). If dao = 0 then dH (o) = 0.

We define unstable composition product o — g = af € A(n) for
a € A% (n), B € A(n+1t). Then we can define a chain map (Whitehead
product) P: A®'(2n + 1) — AST2HH (n) by P(a) = w, — «, where
w, = d\, € A>""!(n). Moreover, we have a chain map (suspension)
E: A**(n) — A®'(n + 1) which is inclusion.

Then we have short exact sequences

0— A% (n) B A% (n+1) B A=Y 120 4 1) = 0.
Proposition 2.8 ([7, Proposition 5.3]).
FH(a— B)=FEH(a) — B+0(a) — EH(B) € A(2n+2)
forae A*'(n+1), B€ An+1t+1).

Since F is injective, E(a — 8) = Fa — Ef and §(Ea) = E*0(«).
We have two special cases and the second case is [7, Proposition 5.2]:
Corollary 2.9. Let o € A% (n),8 € A(n+t+1). Then

H(E(a) — B) = Ef(a) — H(B) € A(2n + 1).
Also, if a € A (n+1),8 € A(n +1t), then
H(a— E(B))=H(a)— B € A(2n+1).

Singer gave proofs of Propositions 2.3, 2.6 and 2.8 in the preprint
version of his paper [7], but unfortunately omitted them from the pub-
lished version. Proposition 2.8 is proved by generalizing the proof of
[3, Lemma 3.1] which is the case of @ = d()g,) and 8 € A(4n + 1).

This is essentially Singer’s preprint proof. We prove Proposition 2.3 by
double induction. Note that our proof does not use Lemma 2.2.

Proof of Proposition 2.3. We shall show that
A (n)A2* (n+t) C A(n)

by double induction on s = s; + s and n. Consider a = Az, for
m < mnand z € A5 51 (2m+1), and B € A*>*(n+t). Since m < n,
z € ALl (n 4+ m+1), and so we have vy = z8 € A* 1 (n+m+1)
by induction on s. We shall show that A,y € A(n).
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If m = n—1 then this is trivial since A(2n) = A(2n—1)+ A9, _1A(4n—

1).

If m < n—1 then we take the admissible form v = A\,; 2 + ¥y
with € A(2n+2m + 1) and y € A(n + m). By induction on n,
Amy € A(n —1). We have an Adem relation Ay A\pym = An—1Aomi1 + 2
with z € A2?™+7+2(p — 1), By induction on s, Aoy € A(2n—1) and
zr € A(n —1). Thus A,y € A(n). O

The case s = 1 for the first part of Corollary 2.9 is proved by a
similar argument, and induction proves the case s > 1. The second
part of Corollary 2.9 follows easily by Proposition 2.3. Proposition 2.8
requires in addition some tricky cancellation, which we leave to the
reader, since we do not use Proposition 2.8, but only Corollary 2.9.

3. SOME RELATIONS ON THE LAMBDA ALGEBRA

Consider elements «, o; € A. We define
a—: A= Aand (aq, - ,q,) —: A= B_ A

by taking o — (z) = az, (a1, ,0,) — () = (qz, - -, ).
If af = 0 then we have a chain complex

(7) ALZS A 25

If ;8 =0 for 1 < i < r then we have a chain complex

(8) A ﬂv> A (al,---,a,«)v> @;ZIA'
For a € A**(n) and m < n +t, we define the map
a—: A(m) = A(n)

by Proposition 2.3. Sometimes we will suspend alpha without mention-
ing it to give a larger n, but this is clear from context. For instance,
in Theorem 1.3, we use (hetr)” —: A(p+1+7r2¢"") — A(p+1), where
(Regr)” € A2 (2¢7)  and 2¢7" < p+ 1. So we suspended to think of
(hesr)" € AT (p+1).

Proof of Theorem 1.1. By the Adem relation, (A, —) o (Agpy1 —) = 0.
Consider an element o € A%*(p+1) with A, — a = 0. Forp < 2n+1,
Ap is admissible, and so a = 0.
Forp=2n+1, a = Aypy12z +y € A(2n + 2), where z = H(«a) €
A(dn+1) and y € A(2n+1). So A\, — a = Ay, and so y = 0 by the
case p < 2n + 1 above. Thus a = A\gp11 — H(a).



8 MIZUHO HIKIDA

For p > 2n + 1, we have a commutative diagram by Corollary 2.9:

Alp+2n+3) Jonti, Alp+1) 2= Alp—n)

J J L

A@2p +4n+5) 2255 A2p+1) 2245 A(2p— 20 — 1)
Then 0 = H(\, — &) = Agpt1 — H(a). By induction on s, H(«) =
Ainys — 7y for some v € A(2p + 4n + 5). Since H is surjective, we
have an element f € A(p+ 2n + 3) with H(f) = . Then H(\gpi1 —
f) = )\4n+3 ~ H(f) = )\4n+3 ~ Y = H(a) Hence o/ = « + )\Qn—l—l ~
feAlp+1) has H(d/) =0, and so o/ € A(p) and A\, — o/ = 0. By
induction on p, &/ = Ag,41 — ' for some ' € A(p + 2n + 2). Thus
a=Agpy1— Bfor B=f+p €Alp+2n+3). O

Lemma 3.1. Forintegersny > --->n, > 0, if s < r then a composite
)\nly"'yAnT)v
Ly

Atp+1) BA |
Proof. Consider a € A®'(p+ 1) with \,, — a=0(1 <7 <7r). We
prove this lemma by induction on r,s,p. Forr =1 or p=0 or s = 0,
this is trivial.

If p<2n;+1then « =0 by A\,;, — a = 0 and Theorem 1.1. If
p =2ny + 1 then @ = )\, — H(«) by the proof of Theorem 1.1 for the
case p=2n+1. Now 0 = H(\,, — ) = 0(\,,) — H(a) for 2 <i <,
and so H(«a) = 0 by induction on 7 and o = A\, — H(a) = 0. If
p>2n;+1then 0 = H\,, — ) =0(\,,) — H(a) for 1 < i <,
and so H(a) = 0 by induction on s, and o € A(p). By induction on p,
a=0. U

, o
T\ is injective.

For integers ny > --- > n; > --- > n, > 0, we denote ¢, =
22:1 21(77,, + 1) and
9) () =0, -0 (Any) - 07 (An,) € AT (201 + 2).

The proof of Theorem 1.2 is very similar to the proof of Theorem
1.1, which is the case r = 1.

Proof of Theorem 1.2. By the assumption,

(Angs -5 An) =) 0 (v(ng, -+ ,my) =) = 0.

Consider an element o € A*(p+1) with \,, —a=0for1 <i<r.
If » = 1 then this is Theorem 1.1. If s = 0 then a = 0, because the
generator is the identity element x € A%(p + 1) = Z/2 where * is the
monomial of length 0. But * is not in the kernel since A\, — *x = \,, # 0.
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For p = 2n, + 1, o = 0()\,,) — H(a) by the proof of Theorem 1.1
for the case p = 2n+ 1. Now 0 = H(\,, — «) = 0()\,,) — H(a) for
2<1<r,and

0= H(/\m ~ 7(”17 e ,’I'L,«))
= 0(An;) = H(y(m1,- -+ ,n0))
= 0(An;) — 0(v(n; - -+, np)).
By induction on r, H(«) = 6(y(ne,- - ,n,)) — B, where 8 € A(2p +
1+>0 ,272n;+1+1)) = A(p+t,). Then a =y(ny,---,n,) — B.
For p > 2ny + 1, we have a commutative diagram by Corollary 2.9:

- Ang s Ang )
Ap+1+t) 2= Ap+1) wrmde)s A —n)

ls I J»
- 0(Any )y ,0(An, ))—
A2p+1+2t,) o), A(2p+1) O SO )=, -1 A(2p—2n; — 1),

where vy = y(ny, -+ ,n,) € A" (2n1+2) C A" (p). Then 0 = H(\,, —
a) =0(\,,) — H(a) for 1 <i < r. By induction on s, H(«) = 6(7y) —
B' for some B € A(2p + 1+ 2t,). Since H is surjective, we have an
element f € A(p+1+t,) with H(f) = . Then H(y — f) =6(y) —
H(f)=6(y) — f' = H(a). Hence o/ = a+v — f € A(p+ 1) has
H(d') = 0. Sod € A(p), and A\, — o = 0 for 1 < ¢ < r by the
assumption. By induction on p, o/ =y — p" for some " € A(p + t,).
Thusa=vy— fBfor f=f+p"€Alp+1+t,). O

Lemma 3.2. If \,,y(ny,---,n;) =0 then A\,,y(ny,--- ,n,) =0.

Two examples where the hypotheses of Theorem 1.2 are satisfied are
given in Lemmas 3.3 and 3.5 below. By [9], h;(hiyr)" = 0 for h; = Agi_1,
and so we have the following.

Lemma 3.3. Letn; =2°7""—1 (e >0, 1 <i <r) be integers. Then
’Y(nla e anr) = ()\2€+T—1)r = (he—kr)r

and y(nj, - ,n;) = (hegr—j1)" 7T Moreover Ay, y(nj, -+« ,n;) = 0
for1 <j<i<r.

This lemma and Theorem 1.2 imply Theorem 1.3.

Our next example leads to Theorem 1.4, and the proof is similar
to Wang’s calculation h;(h;,)” = 0, so let’s recall Wang’s proof. It
suffices by 0 to prove that hoh; = 0. An Adem relation writes hoh, as
a sum of terms A, h;, and by induction, h;h7~1 = 0.

Next we consider integers n, = 2% — 2. Then we shall show that
(N, - - -, ng) satisfies the conditions in Theorem 1.2. We write 8(b, a) =
¥(np, - -+ ,mg) for b > a.
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Lemma 3.4. (i) \,,f(a+7,a) =0 fora+r >z > a.

(i) d(B(r, 1)) = 0.

Proof. (i) Because B(a + r,a) = B(a + r,2)0*"*T(B(x — 1,a)) for
x > a, it suffices to prove that A, B(a +r,a) = 0.

For r = 0, this is the Adem relation. We assume r > 0 and induction
on r. Then

Bla+r,a) =0(A\,,,,)0(B(a+r—1,a)).
The Adem relations imply

)‘p)‘é’(p)+26n: Z )‘p+2€(n—k))‘9(p)+2€k-
k€F(n—1)

Now F(2r —2)={2°~1:0<b < r} by (6), and
O(nasr) = O(ng) + 2(Napr — na) = O(ng) + 207127 — 1).
By substituting b for 7, we have 0(n,) +2°71(2° — 1) = 0(n4s). Hence

r—1

A7’40,0(Ana+'r) = Z )\m(a;"';b)a(Ana+b)
b=0

for some m(a,r,b) we are not concerned with. This implies

r—1

Ao Bla+ra) = Z Am(arp)0(Ang,Bla+1—1,a)) =0
b=0

by induction on r.
(ii) For r > 1, B(r,1) = 0(\,,)0(B(r — 1,1)), so it by induction, it
suffices to show that d(A,, )B(r — 1,1) = 0. Then

r—1
M) = D AkMe1 =D An_aoiidn,
b=1

0<k€F (n,)

since F(n,) = {2° -1 : 0 < b < r} as above. Hence (i) implies
d(An,)B(r —1,1) = 0. O

We write k, = 8(r,1) and k., = A\; € APb (2617 — 2¢41) for ¢, =
(r — 1)2¢t7 1 4 2¢*1 and an admissible sequence

J = (2€+T+1 _ 26+1 — 1. --- ’28+7‘+1 _ 26+i — 1. --- ’2e+1"+1 _ 2e+r _ 1)

bl bl

Then k., = 6°(k,) = v(0°(n,), -+ ,0°nq1)), and this lemma implies
)\nakr = )\naﬁ(r, 1) =0forl1<a<rand d(k,,-) =0.
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Lemma 3.5. Ifn, = 2% — 2 then 6¢(n,) = 2°T¢ — 2¢ — 1,
YO0 (ny), - -+, 0%(n1)) = 0°(kr) = ke
and d(ke,) = d(0°(k,)) = 0. Moreover
)\Be(na)fy(ee(nr)’ e, 0%(n)) = 09(Ankr) =0
for1<a<r.

This lemma and Theorem 1.2 imply Theorem 1.4.

4. PROOFS OF THE MAIN THEOREMS

For integers 0 < ji < jo < -+ < j, < 2% and an element v’ €
A?"(n — j,.), we take an element

w=w + Z A—aMg—1-
a€{j1<-<jr}
We shall use the direct sum decomposition

An)=Amn—j)+ D MAQRF+1).
n—jr<f<n
Suppose o € A(z) for some z < 2n+1. We want w — « to be expressed
in terms of this decomposition. That is,

w—a=w —a+ Z A—a(Aa1 — @)
a€{j1<<jr}
and we want w' — a € A(n — j,) and A\y_; — a € A(2(n —a) + 1).
Lemma 2.2 tells us that this last condition is achieved for z < 2(n —
a)+14+(@—-1)+1=2n—a+1sincea—1< 2(n—a)+1 by
3a < 2n + 1. Proposition 2.3 tells us that w' — a € A(n — j,) if
r<n—jr,+n+1=2n—-7j,+1.

Lemma 4.1. If wa = 0 for o € A(2n — j, + 1) then \j,_1a = 0 for
1< <.

For any integer n > 0, let F(n) = {jo = 0,751,752, , Jr,* -+ } With
jo =0 <ji <j» <---. We notice that 2%t > j; since 2n + 1 — 3j; >
Ji+1>0by n—j; > j;. Then w, =dX\, = > i Ajidjm1 + W' €
A" (n—j;+1), where w' € A(n—j,). The lemma above and Theorem
1.2 imply the following.

Lemma 4.2. If w,a =0 for o € A(2n+1 — j,), then \j,_1a =0 for
1<i<r.

Moreover, if Xj_1v(jr — 1,---,51 —1) =0 for 1 < i < r then
a=v—1,---,j1 — 1)8 for some B € A(2n + 1 — j, + t,), where
lr = Z;:l 2ijr7i—|-1-
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Proof of Theorem 1.5. Let n = 2677 4+2¢—1 = #¢(27). Then j; = 2¢+!
for 1 <17 < r by Equation (5), and so

V(e — 1,5+, 41 = 1) = (heyy)” € AP (2¢77) and ¢, = r2°*.
Hence wn(hetr)” = > iy An—j;Aj;—1(Reqr)” = 0 by Lemma 3.3.

If w, —a=0foraeA2n+1—2""1) then @ = (hey,)" — B for
some € A(2n+1+ (r —1)2¢7" + 2¢*""1) by Lemma 3.3 and 4.2. O

Proof of Theorem 1.6. Let n = 2771 —2¢ — 1 = §°(2"+" — 2). Then
Ji = 2¢t" = 2¢ for 1 <4 < r by Equation (6), and so
7(]7‘ - ]-7 e :jl - 1) = ker and t = ( - 1)2€+T+1 + 2€+1-
Hence wpke, = i An—jiNji—1ke, = 0 by Lemma 3.5.
If w, — a=0for a € A(2n+1— 2¢7" + 2¢) then a = k., — [ for

some 3 € A(2n+ 1+ (r — 2)2¢t7+L 4 267 4 2¢+1 4 9€) by Lemma 3.5
and 4.2. O

For a general n, we do not get chain complexes. That is, our methods
produce necessary but not sufficient conditions. If w,a = 0, we can
conclude that o = 0 for some 3, but it’s not generally true that
wy,y = 0. Consider n =10, 12:

By F(10) = {0,1,3,4,5}, F(12) = {0,1,2,5,6},

W19 = )\9)\0 + )\7)\2 + )\6)\3 + )\5)\4 = ’(UI + )\9)\0 + )\7)\2,

7(4a 35 2a 0) - )‘9)\15A23/\15:

W19 = )\11)\0 + AIO)\I + )\7)\4 + )‘6/\5 = ’U)” + /\11)\0 + )\10)\1,
7(5,4,1,0) = Ao (Ais)?,
in which w' € A% (7),w” € A»'3(10).

Now Aj,—17(jk — 1, ,Ji — 1) = 0 except for

A07(3,2,0) = XA A Az = A (Ar)?,

Mov(4,3,2,0) = ApAoAisAaadis = AsAo(Ais)?,

)\1’)/(4, 1) )\ /\9)\7 = ()\5)2)\7,

/\17(5 4, 1) A1A11A19A15 = /\9(/\11)2/\15;

/\0’)’( y 4,1, 0) /\11/\19(/\15)2 = /\8()\11)2()\15)2-

Moreover A17y(4,1,0) = (As5)*(A7)%. Hence v(2,0) and ~(1,0) satisfy
the condition of Theorem 1.2, but the other v(j, —1,---,j; — 1) don’t
satisfy this condition. So we apply Lemma 4.2 to v(2,0) = AsA3 and
7(1,0) = (hy)? as follows:

If @ € A(18) and wyp — a = 0 then o = (2, 0)5 for some § € A(28).
If « € A(23) and wis — « = 0 then o = y(1,0) 3 for some 3 € A(31).
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However, we don’t have chain complexes

2BO= A (18) 2107 A(10),

v(1,0)~—
(1,0)

A(28)

A(31) A(23) 225 A(12)

because
w107Y(2,0) = wigAs A3 = AeA3As A3 + A5 Aad5A3,
U)lg’)/(l, 0) = ’(U12()\3)2 = )\7/\4()\3)2 + )‘6)\5()\3)2-
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