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ABSTRACT. Let A be the mod 2 Steenrod algebra and Dy, the Dickson algebra
of k variables. We study the Lannes-Zarati homomorphisms

o) 1 Ext T (Fy, Fa) — (F2 @ Dy)f
A

which correspond to an associated graded of the Hurewicz map H : 7$(S9) =
T (Q0S°%) — H.(QoS®). An algebraic version of the long-standing conjecture
on spherical classes predicts that ¢ = 0 in positive stems, for k£ > 2. That the
conjecture is no longer valid for £ = 1 and 2 is respectively an exposition of
the existence of Hopf invariant one classes and Kervaire invariant one classes.

This conjecture has been proved for k = 3 in [9]. It has been shown that
¢r vanishes on decomposable elements for k£ > 2 in [14] and on the image
of Singer’s algebraic transfer for £ > 2 in [9] and [12]. In this paper, we
establish the conjecture for k = 4. To this end, our main tools include (1) an
explicit chain-level representation of ¢, and (2) a squaring operation Sq° on
(Fe ® Dg)*, which commutes with the classical Sq° on Emti(Fg,Fg) through

A
the Lannes-Zarati homomorphism.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let H : w3(S%) = 1.(Q0S°) — H.(QoS°) be the Hurewicz homomorphism of
the basepoint component QS in the infinite loop space @S° = lim, Q™"S™. Here
and throughout the paper, homology and cohomology are taken with coefficients
in o, the field of two elements. The long-standing conjecture on spherical classes
states as follows: Only the classes of Hopf invariant one and those of Kervaire
invariant one are detected by the Hurewicz homomorphism. (See Curtis [6], Snaith
and Tornehave [26] and Wellington [27] for a discussion.)

An algebraic version of this problem, which we are interested in, goes as follows.
Let Py, = Fa[z1, ... ,xk] be the polynomial algebra on k generators z1, ... ,x, each
of degree 1. Let the general linear group GLy = GL(k,F2) and the mod 2 Steenrod
algebra A both act on Py in the usual way. The Dickson algebra of k variables,
Dy, is the algebra of invariants

Dy, :=Falxq,. .. ,xk]GL’“ .
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Since the action of A and that of GL; on P, commute with each other, Dy is an
algebra over A. In [17], Lannes and Zarati construct homomorphisms

Yk - E(L‘t&k-‘_i(FQ,FQ) — (]FQ %Dk):7

which correspond to an associated graded of the Hurewicz map. The proof of
this assertion is unpublished, but it is sketched by Lannes [16] and by Goerss [8].
The Hopf invariant one and the Kervaire invariant one classes are respectively
represented by certain permanent cycles in Ezti* (Fg,Fs) and Emti{* (Fq,F2), on
which ¢; and @2 are non-zero (see Adams [1], Browder [5], Lannes-Zarati [17]).
Therefore, we are led to the following conjecture.

Conjecture 1.1. ¢, = 0 in any positive stem ¢ for k > 2.

The conjecture has been proved for £k = 3 in [9] and for k = 4 in a range of stems

n [14]. It has been shown that ¢ vanishes on decomposable elements for k > 2

in [14] and on the image of Singer’s algebraic transfer Try : ((Fo ® P )%Lx)* —
A

Extk (Fa,Fy) for k > 2 in [9] and [12].
The following is the main result of the present paper.

Theorem 1.2. ¢4 = 0 in positive stems.

An ingredient in our proof of this theorem is the squaring operation Sq¢° on
(F2 ® D)*, which is defined in our paper [9]. The key step in the proof is to show

the following theorem.

Theorem 1.3. The squaring operation Sq° on (Fo ® Dy)* commutes with the clas-
A

sical squaring operation Sq° on Eztﬁl (Fo,Fy) through the Lannes-Zarati homomor-
phism @y, for any k.

Applying this theorem, we get a proof of Theorem 1.2 by combining the com-
putation of Ext% (Fs,F2) by W. H. Lin [18] and that of F» ® D4 by the author and
A

Peterson [13].
In order to prove Theorem 1.3, we need to exploit Singer’s invariant-theoretic
description of the lambda algebra [24]. According to Dickson [7], one has

Dy, = F2[Qr,k—1, -, Qk,0),

where @ ; denotes the Dickson invariant of degree 2% — 2¢. Singer sets I'y, =
Dk[Q,;é], the localization of Dy, given by inverting Q, and defines I'j to be
a certain “not too large” submodule of I'y. He also equips I'" = @;I'y with a
differential 9 : I'y — I'yy_; and a coproduct. Then, he shows that the differential
coalgebra I' is dual to the (opposite) lambda algebra of the six authors of [4].
Thus, Hy(T'") = Tor{'(F2,F2). (Originally, Singer uses the notation I'} to denote
I';. However, by D,j, AT we always mean the submodules of Dy and A respectively
consisting of all elements of positive degrees, so Singer’s notation Fg would make
a confusion in this paper. Therefore, we prefer the notation I'}.)
The following result plays a key role in our proof of Theorem 1.3.

Theorem 1.4. ([11]) The inclusion Dy, C 'y is a chain-level representation of the
Lannes—Zarati dual homomorphism

ot ¢ (Fy §Dk)i — Torfpi(F2, Fa).
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By this theorem, Conjecture 1.1 is equivalent to our conjecture on the triviality
of Dickson invariants in the homology of the Steenrod algebra:

Conjecture 1.5. ([10]) Let D} denote the submodule of all positive degree ele-
ments in Dy. If ¢ € D}, then [q] = 0 in Hg(I'") = Tor'(F2,Fs) for k > 2.

Therefore, Theorem 1.2 can be restated as follows.

Theorem 1.6. Every positive-degree Dickson invariant of four variables represents
the 0 class in the homology, Tor(F2,Fs), of the Steenrod algebra.

Also, the theorem that oy, vanishes on the image of the (Singer) algebraic transfer
Try : (Fa®@Py)9Er)* — Eath (Fo,Fy) for k > 2 is restated as follows: Every

positive-degree Dickson invariant of k variables represents a class in the kernel of
the algebraic transfer’s dual Try : Tor{ (P, Fo) — (Fo @ Pp)SL* for k > 2 (see [10],
A

[12]). It should be noted that the algebraic transfer is computationally showed to
be highly nontrivial by Singer [25] and by Boardman [3].

The paper contains four sections. Section 2 is a recollection on modular invariant
theory. Its goal is to make the paper self-contained by recalling Singer’s invariant-
theoretic description of the lambda algebra and our chain-level representation of
the Lannes-Zarati dual map. Section 3 and Section 4 are respectively devoted to
the proofs of Theorem 1.3 and Theorem 1.2.

Acknowledgment: The present paper was written during my visit to the Johns
Hopkins University, Maryland (USA), in the Spring semester 2001. I would like to
express my warmest thanks to Mike Boardman, Jean-Pierre Meyer, Jack Morava
and Steve Wilson for their hospitality and for providing me with ideal working
atmosphere and conditions.

2. RECOLLECTION ON MODULAR INVARIANT THEORY

The purpose of this section is to make the paper self-contained. First, we sum-
marize Singer’s invariant-theoretic description of the lambda algebra.

Let T} be the Sylow 2-subgroup of GLy, consisting of all upper triangular & x k-
matrices with 1 on the main diagonal. The Tj-invariant ring, M = PkT k_is called
the Mui algebra. In [22], Mui shows that

Pk =TFy[Vi, ..., Vi,
where
Vi = H (crz1 + -+ 4+ cicimim1 + x;).
cj€lF2
Then, the Dickson invariant Q);; can inductively be defined by
Qi = Qi—1,m1 + Vi - Qr1i,

where, by convention, Q. = 1 and Q,; = 0 for i < 0.

Let S(k) C Py be the multiplicative subset generated by all the non-zero linear
forms in P,. Let ®, be the localization: ®; = (Pk)S(k)- Using the results of
Dickson [7] and Mui [22], Singer notes in [24] that

Ap = (D)™ =Fo [V, VEY,

Ty, = (95)9 = Fo[Qpp—1, -~-an,1»Qi%)]'
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Further, he sets
v =V, ve=W/Vi--- Vi1 (k>2),
so that e e
Vi = v% v% covg—rvg (k> 2).
Then, he obtains
A = F2[v1i1, ...,Ukil],
with degv; = 1 for every 1.

Singer defines '} to be the submodule of 'y, = Dy[Q; 5] spanned by all mono-
mials v = Z";il ---Q?go with ix_1,...,41 > 0,i9 € Z, and ig + deg~y > 0. He also
shows in [24] that the homomorphism

O : Fz[Uitl, ...,v,fl] — Fz[Uitl, ...,p,f_ll],
. . RN Y O T |
O (vt . dE) = U1 V-1 U JE )
(V1 ) { 0, otherwise,

maps 'y to I'y_;. Moreover, it is a differential on I'* = @,I'p. This module is
bigraded by putting bideg(v?" - - vi") = (k,k+>_7i)-

Let A be the (opposite) lambda algebra, in which the product in lambda symbols
is written in the order opposite to that used in [4]. It is also bigraded by putting (as
in [23, p. 90]) bideg(\;) = (1,1 +4). Singer proves in [24] that T'" is a differential
bigraded coalgebra, which is dual to the differential bigraded lambda algebra A via
the isomorphisms

A *
2.1. J1 Fk Jk K Ak’ *
vy U = ()‘h)‘jk)
Here the duality * is taken with respect to the basis of admissible monomials of A.
As a consequence, one gets an isomorphism of bigraded coalgebras

2.2. H,(T") = TorA(Fy, Fy).

As stated in Theorem 1.4, we prove in [11] that the inclusion Dy C T} is a
chain-level representation of the Lannes—Zarati dual homomorphism

©F (FQ;@Dk)i — Torfpi(F2, Fa).

In the remaining part of this section, we recall definition of the classical squaring
operation on Ext% (Fa,Fa).

Liulevicius was perhaps the first person who noted in [20] that there are squar-
ing operations Sq’ : Eztﬁ(t(]Fg,Fz) — Ea:ti“’%(]Fg,Fz), which share most of the
properties with Sq* on the cohomology of spaces. In particular, Sq¢*(a) = 0if i > k,
S¢*(a) = a® for a € Ext"}'(F2,Fy), and the Cartan formula holds for the Sg'’s.
However, Sq is not the identity. In fact, Sq° can be defined in terms of the lambda
algebra as follows:

SqO:Ak — Ak,
SNy Aiy) = Aoigt1 Agig -

So, by dualizing, the following map

Sqd: Ty — Ty,
ji—1 Jr—1
. . — . > . .
ng(vil .. Uik) = Uy Uy, sy J1y e Jk Odd7

0, otherwise

2.3.

2.4.
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is a chain-level representation of the dual squaring operation

8¢ : Tori*(Fy,Fy) — Tori'(Fa, Fa).

3. THE SQUARING OPERATIONS

Given a module M over the dual of the Steenrod algebra A., let P(M) denote the
submodule of M spanned by all elements annihilated by any operations of positive
degrees in A,.

Let Vi be an Fa-vector space of dimension k. As is well known, H*(BVy) = Pg.
Then, it is easily seen that P(]F2 ® H,.(BVy)) and Fo ® PH,.(BV}) are respec-

GLy,
tively dual to Fy ®(Pk)GLk and (Fg (X)P;{;)GL’c

In [9], we have defined a squaring operatlon

Sq¢°: P(Fy; ® H,.(BVy)) = P(Fy ® H.(BVy)),
GLy GLy

which is derived from Kameko’s squaring operation S¢° on Fo ® PH,(BVy) (see
GLy,
[15], [3]). We also prove in [9, Proposition 4.2] that these two squaring operations

commute with each other through the canonical homomorphism

ji:Fy ® PH,(BVy) — P(Fy ® H,(BVy))
GLy GLy
induced by the identity map on V.
The goal of this section is to show that the S¢° on P(F; ® H,(BV})) commutes
GLy,

with the classical squaring operation Sq° on Ext”(Fs,Fs) through the Lannes-
Zarati map @y.

Now we recall the definitions of the above mentioned squaring operations.

As is well known, H,(BV}) is a divided power algebra

H*(ka) = I‘(al, N ,ak)

generated by ai,...,ax, each of degree 1, where a; is dual to z; € HI(BVk).
Here, the duality is taken with respect to the basis of H*(BV}) consisting of all
monomials in x4, ..., 2.

In [15] Kameko defines a G Li-homomorphism

Sq°: H.(BVy) — H.(BVg),

(i1) (i)

(2i1+1) (2i+1)
al ...ak —> a’l ...ak s

where agil) e a,(;"') is dual to z ---z3*. He shows that Sq¢° maps PH,(BV}) to

itself. (See also [2].) The induced homomorphism, which is also denoted by Sq°,

Sq°:Fy ® PH,(BVy) —Fy, ® PH,(BV})
GLk GLk

is called Kameko’s squaring operation.
In [9], we consider the homomorphism

Sqp=1® Sq°:Fy ® H.(BVy) = F; ® H.(BVy)
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and show that it sends the primitive part P(Fy ® H,(BVy)) to itself. The resulting
GLk
homomorphism will be redenoted by Sq° for short:

Sq¢°: P(F; ® H,(BV:)) = P(Fy @ H.(BVy)).
GLy, GLy

The following theorem, which is a re-statement of Theorem 1.3, is the main result
of this section.

Theorem 3.1. For an arbitrary positive integer k, the squaring operation Sq° on
P(Fy ® H.(BVy)) commutes with the classical Sq° on Extk (Fa,Fs) through the
GL

k
Lannes-Zarati homomorphism ¢y,. In other words, the following diagram commutes:

P(F, ® H.(BVy))
GLy,

Pk

E"L‘ti (FQ, ]FQ)
Sq° Sq°

Pk

P(Fy ® H,(BVy)).

Extfi‘(Fz, ]F2) or
k

We will prove this theorem by showing its dual version. To this end, let us
consider the dual homomorphism of Kameko’s one:
Sq0 = 8q° : Fa[xy,.yw] — Falwy, ..., wk),

j1-1 dg =1
0(J1 Jk _ x, 2 2
Sqp(xtt---xyf) = 1

Ty ) jlw"?jk Odd7
0, otherwise.

In order to explain the behavior of this homomorphism on modular invariants,
we present a homomorphism:

ng : F2[V1,...,Vk] — IE‘g[I/i,...,Vk],
J1—

1 dp—1
) ) 5
Sqo(v“ . ,Ujk) — Uy
v\"1 k .
0, otherwise.

2

© U ) jlw"?jk Odd7

Obviously, this map coincides with the map in 2.4 on the intersection of their
domains.

The two homomorphisms Sq° and Sq¢° depend on k and, when necessary, will
respectively be denoted by Sq%,c and ng,k'

Technically, the following proposition is the key point in our proof of Theo-
rem 3.1.

Proposition 3.2. Sq° coincides with Sq° on Fa[Vi, ..., Vi], for any k.

This proposition will be shown by means of the following two lemmata, which
directly come from the definitions of Sq? and Sq¥ given above.

Lemma 3.3. (i) SqQ x(ab®) = Sq) ()b, for any a,b € Falz1, ..., xx].

(i) ngk(ABQ) = ng,k(A)B, for any A, B € Fa[Vq, ..., Vi].

Lemma 3.4. (i) S p(axk) = Sq2 4 (a), for any a € Falz1, ..., zx—1].

(i) Sq) ,(Avk) = Sqy 11 (A), for any A € Fa[Vi,..., Vi_1].
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We are now ready to prove Proposition 3.2.

Proof of Proposition 3.2. The proof proceeds by induction on k.

For k =1, since x; = v1, we get obviously Sq2 ; = Sqp ;.

Let k > 1 and suppose inductively that Sg), ;, = Sqp, ;. We need to show
ng,k = ng,k. LetV = Vli1 . Vk“‘ be an arbitrary monomial in My, = Fa[V4, ..., Vi].
We consider the following two cases.

Case 1: 1y is even. Recall that

Vi = Q1,07 + Qr_1125 + -+ Q11177

(see Mui [22, Appendix]). Since Qk—1,0,---s Qk—1,k—1, V1, ---, Vk—1 all do not depend
on xj, we have

k—1

Vzvlil. Vklk: Z it Ik?

Jjr €ven

where ji is even in every monomial of the sum. Therefore, by definition of S¢° ,,

jr even

On the other hand, from the expansions of V;’s in terms of v;’s, we get
V=Vt VE =k,

where £, = i is even. Hence, by definition of SgJ

ng,k(v) = ng,k( : ﬁk) =0.
Case 2: 1, = 2n + 1. We have
vV o= v ---V,:Tll Vkik

. P k-1
= V' VA (Qre1,0Tk + Qr—117% + -+ Qro1k—17p )VE"

Since Vli1 . V,:i’lle_Lokaf" is the only term in the above expansion of V' with
power of x; odd, we get

Sq0 (V) = S8 u (Vi - Vi Qur0me V).
Note that Vi,...,Vi—1,Qk—1,0 all do not depend on z;. Combining Lemma 3.3,
Lemma 3.4 and the inductive hypothesis, we obtain

ng,k(v) = ng,k(vlil . .-V;EEIQ;C_LOM)V,C" (by Lemma 3.3)
= ng,k—l(vlil "'V;ffile—l,o)Vk" (by Lemma 3.4)
= ng,k—l(vlil "'V;fil@k—l,o)
= ng,k(Vfl e V;,:EEIQJC_Lovk)Vk" (by Lemma 3.4)
= ng,k(Vfl : "V;,:k’lleq ov Vi) (by Lemma 3.3)
= Sqpu (Vi V.

The last equality comes from the expansions
Qr—1,0vx = V1--- Vi1 = Vi

The proposition is completely proved.
Now we come back to Theorem 3.1.

Vit (by the inductive hypothesis)
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Proof of Theorem 3.1. We will show the commutativity of the dual diagram:

@
F2 @Dy - Tor{(Fa, Fs)
Sq? Sq?
"2
F2 @Dy - Tor{\(Fa, Fy) .

This will be obtained from a commutative diagram of appropriate chain-level rep-
resentations of the homomorphisms in questions.
Indeed, by definition of Sq° on (Fo ® D)* = P(F2 ® H.(BV})), the restriction
A GL

k
of S¢¥ on Dy is a chain-level representation of Sq¥ : Fo ® Dy — Fa ® D. On the
A A

other hand, from 2.4, the map
STy — Iy,

J1-1 Jr—1
) ) - - . .
SqO(,UJl ) = vy cevp ? o, J1y e, Ji 0dd,
v\Y1 k .
0, otherwise.

is a chain-level representation of Sq¥ : Tor{*(F2,F2) — Tor{*(F2,F2). Now, since
Dy, C My = Fy[V1, ..., V%], Proposition 3.2 implies the commutativity of the dia-
gram:

c
Dy r)
Sq9 Sq)
c
Dy, AN

By Theorem 1.4, the inclusion Dy C TI'j is a chain-level representation of the
Lannes-Zarati’s dual map ¢j. Therefore, the last commutative diagram shows the
commutativity of the previous one.

Theorem 3.1 is proved.

4. THE TRIVIALITY OF ¢4

The goal of this section is to prove Theorem 1.2, the main result of this paper.
To this end, we need to recall the computation of Ext (Fs,F2) by W. H. Lin
and that of Fo ® D4 by F. P. Peterson and the author.
A

Theorem 4.1. (W. H. Lin [18], see also [19, Theorem2.2]). The following classes
form an Fy-basis for the vector space of indecomposable elements in Extj(l%,lﬁ‘g):

(1) d; = [(Sqo)z()\ii\g)\g + )‘421>‘§ + Ao A A5 A3 + )\1)\5)\1)\7)]
€ Batl® TP i>0,

(2) € = [(Sq°) (AsA? + Aa(A2As + A7AZ) + Aa(AsAs A7 + A1 A1 As))]

i+4 42 i .
€ Extif A , 1 >0,
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(3) fi = [(Sq°) (AaroAF + A3(Ao A3 + AsAsA7) + A3AF)]

€ Eztj2i+4+2i+2+2i+l, i>0,
(4) gi+1 = [(56°)' (A6 A0A? + A5 (Ao X + AadsAr) + Aa(Asdods + AuA3))]
€ Batl® TP >0,

(5) pi = [(Sg°) (M2 A5A2 + A 10X AF + A6 AgA11A7)]

€ Exty
(6) Ds(i) = [Skgqo)i()\m)\ﬂ?)\m + A6 A2 A31 + A1ado Az Az1 4+ A2 A1 A7 Asi]
€ Batl® T, i>0,

(7) pi = [(Sq°) (MoAs9Ai5 + AoAi5A23A31)]

i+6 i+3 i
€ Ext? TP x>0,

To simplify notation, we will denote QZ,sQZ,zQi,lQio by Q(a,b,c,d) in the fol-
lowing theorem.

Theorem 4.2. (Hung-Peterson [13]). The following elements form an Fa-basis for
the vector space Fo @ Dy:
A

(1) Q(2*—1,0,0,0), s> 0,
(2) Q(2r —2°—1,2°—1,1,0), r>s>0,
(3) Q-2 —1,2r—2°-1,2°-1,2), t>r>s>1,

(4) Q(2r— 2511 =25 125 -1,29-1,2), r>s+1>2.
They are of degrees 2513 —8, 2713425126 2t+3 497421 95%1_4 gnd 273 425T1 4,

respectively.

Now we come back to prove Theorem 1.2.

Proof of Theorem 1.2.

In [14], F. Peterson and the author have proved that ¢ vanishes on any de-
composable elements for k > 2 by showing that ¢. = @y is a homomorphism of
algebras and, more importantly, that the product of the algebra @y (Fo ® Di)* is

A

trivial, except for the case
(F2®D1)* @ (Fo®D1)* — (F2®D3)".
A A A

Therefore, we need only to show ¢4 vanishing on any indecomposable elements.
Let ap denote one of the seven generators

d07€07 f07917p07 D3(O)ap67

each of which is the element of lowest stem in its own family. Furthermore, set
a; = (S¢°)*(ap), for i > 0. From Theorem 3.1, we have

pa(ai) = a(S¢°) (a0) = (5¢°)"pa(ao)-
So, in order to prove that ¢4(a;) = 0 for any ¢, it suffices to show ¢4(ag) = 0.
We will do this by checking that the stem of ag is different from degrees of all the
generators of Fo ® Dy given in Theorem 4.2.

A
Now let us check it case by case.
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Case 1: For dgy of stem 2% 4+ 2 — 4 = 14,

253 =8 + 14 = 22, no solution;

273 12572 — 64+ 14=164+4, r=1,5s=0, it does not satisfy s > 0;

2t+3 4 or+2 4 95+l — 4 4 14 =16+ 2, no solution;

273 425t — 44 14=16+2, r=1,s=0 it does not satisfy r > s+ 1> 2.

Case 2: For eg of stem 2* +22 + 20 —4 =17,

2513 =84 17 =25, no solution;

273 42572 =64+ 17=16+4+2+1, no solution;
203 4 or+2 L 95+l — 4 4 17=16+4+1, no solution;
273 12571 =44+ 17=1644+1, no solution.

Case 3: For fy of stem 2* 422 + 21 — 4 =18,

2513 =84 18 =26, no solution;

273 12572 — 64+ 18=164+8, r=1,s=1 it does not satisfy r > s;

2043 4 or+2 4 25t — 4 4 18 =16+4+2, t=1,7=s =0 it does not satisfy
r>s>1;

273 42571 =4 418 =16+4+2, no solution.

Case 4: For g, of stem 2* +23 — 4 = 20,

25+3 = 8 + 20 = 28, no solution;

273 1 25%2 — 6+ 20 =164+ 8 +2, no solution;

2t+3 4 or+2 4 95+l — 4 4 20 =16+ 8, mno solution;

2r3 125t =44 920=164+8, r=1,5s=2, it does not satisfy r >s+1> 2.

Case 5: For py of stem 25 4+ 22 +20 — 4 = 33,

25%3 = 8 + 33 = 41, no solution;

273 42572 = 6433 =324+4+2+1, no solution;
23 4 or+2 4 95+l — 4133 =32+4+1, no solution;
273 42571 = 4433 =324+4+1, no solution.

Case 6: For D3(0) of stem 26 420 —4 = 61,

2513 =84 61 =69, no solution;

273 4252 = 6461 =64+2+1, no solution;
2t+3 4 or+2 4 95+l — 4 4 61 =64+ 1, no solution;
273 125t —4 4+ 61 =644 1, no solution.

Case 7: For py of stem 256 + 23 + 20 — 4 = 69,
2513 =84 69 = 77, no solution;
273 42572 =64+ 69=64+8+2+1, no solution;
2043 1 2r+2 1 25+l — 441 69 =644+ 8+ 1, no solution;
273 12571 =44 69 =644 8+ 1, no solution.
Therefore, ¢4 vanishes on any indecomposable elements.
In summary, ¢4 = 0 in positive stems. Theorem 1.2 is completely proved.
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