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Abstract

The Lusternik-Schnirelmann category of a space is a homotopy in-
variant. Cone-decompositions are used to give an upper bound for
Lusternik-Schnirelmann categories of topological spaces. The pur-
pose of this paper is to show how to construct cone-decompositions
of manifolds by using functions of class C' and their gradient flows,
and to apply the result to some homogeneous spaces to determine
their Lusternik-Schnirelmann categories. In particular, the Morse-
Bott functions on the Stiefel manifolds considered by Frankel are
effectively used for constructing all the cone-decompositions in this

paper.

1 Introduction

In this paper, every space is assumed to have the homotopy type of a finite
dimensional CW-complex. The Lusternik-Schnirelmann category of a space
is a homotopy invariant defined as follows:

Definition 1.1. Let X be a space. The non-negative integer
min{ n | X = U;_, Uk, and each Uy is open and contractible in X }

is denoted by cat(X) and called the Lusternik-Schnirelmann category (ab-
breviated L-S category) of X.

To determine the L-S category of a space, we often use a cone-decomposition
of the space, which is defined as follows:

Definition 1.2. Let X be a space with base point x. A cone-decomposition

of X with length m is a sequence of m cofibration sequences A; = X) —
Xii1, 0 <k < m, satisfying Xy ~ % and X,,, ~ X.



The cone-decomposition gives a homotopy invariant of a space, which is
called the cone-length defined as follows:

Definition 1.3. Let X be a space. The non-negative integer
min{ m | X has a cone-decomposition with length m }

is called the cone-length of X and is denoted by cl(X).

The cone-length gives an upper bound for the L-S category.

Our aim in this paper is to construct cone-decompositions of manifolds
by using functions of class C!' and their gradient flows on them so as to
apply the result to complex Stiefel manifolds V,,,(C") = U(n)/U(n —m) and
symmetric Riemann spaces U(n)/O(n), U(2n)/Sp(n), and to determine the
L-S categories and the cone-lengths of these manifolds.

We remark that the cone-length and the L-S category of V,,(C") are
already determined by the first author and Singhof in [7] and [14] respectively.

This paper is organized as follows:

Section 2. We will discuss various notions related to L-S category.
Section 3. We will state a theorem which is the main result of this paper.

Section 4. We will study ANR’s and NDR-pairs constructed in the previous
and present sections which are needed to prove the main theorem.

Section 5. We will prove the main theorem.

Section 6. We will study the Morse-Bott functions considered by Frankel [3]
and the filtrations defined by Miller [9]. They are used to construct
cone-decompositions of the complex Stiefel manifolds.

Section 7. We will discuss a relation between the cellular decomposition of
the Stiefel manifolds in [15, Ch. IV] and Miller’s filtration in [9].

Section 8. We will construct cone-decompositions of the complex Stiefel man-
ifolds by using the main result and results in Sections 6 and 7.

Section 9. We will prepare the necessary propositions and lemmas to ex-
plain our method of constructing cone-decompositions of U(n)/O(n)
and U(2n)/Sp(n) which are entirely similar to each other.

Section 10. We will state a concluding remark in which we discuss a topolog-
ical characteristic of V,,(C™) by using the cone-decomposition of this

paper.



The present work started with the observation by the second author that
the Morse-Bott functions considered by Frankel are closely related to the L-S
category of Stiefel manifolds, especially Sp(n); based on this the first author
gave a talk [7] at a seminar held at Okayama University in Fall, 2005. In fact,
the present work resulted as a by-product from our efforts to understand the
works of Frankel [3] and Miller [9] in order to estimate the L-S category of
the symplectic group Sp(n).

Throughout the paper the notation ~ means homotopy equivalence and
~ does homeomorphism.

The authors wish to thank J.Korbas for giving us useful comments and
K.Morisugi for pointing out that U(n)/O(n) and U(2n)/Sp(n) are related to
real and quaternionic projective spaces respectively.

2 Lusternik-Schnirelmann category

In this section we will discuss the relation of the L-S category to other ho-
motopy invariants.

We often use a cone-decomposition of a space to determine the L-S cat-
egory of a space, since the cone-length gives an upper bound for the L-S
category. Some other invariants are used to determine the L-S category; for
example, the cup-length is used for a lower bound of the L-S category and
the strong L-S category for an upper bound. Their definitions are stated as
follows:

Definition 2.1 (see Iwase-Mimura [6]). Let X be a space. For each multi-
plicative cohomology theory h, the non-negative integer

max{ m | Ix,...,2, € E*(X) such that z1 -2, #0 }
is denoted by cup(X;h). The non-negative integer
max{ cup(X;h) | h is a multiplicative cohomology theory }
is denoted by cup(X) and called the cup-length of X.
Definition 2.2. Let X be a space. The non-negative integer
min{ m | X =J;—, Uk, and each Uy is open and contractible in itself }

is denoted by gcat(X) and called the geometric category of X. The non-
negative integer
min{ gcat(V) | Y ~ X }

is denoted by Cat(X) and called the strong Lusternik-Schnirelmann category
of X.



For each space X, it is easy to see from the definitions and the result of
Schweitzer [13, Prop. 1.6] that

cup(X) < cat(X) < Cat(X) < geat(X).
We recall a formula due to Ganea [4, Prop. 2.1]:
Cat(X) = cl(X),

which holds for each pathwise connected space X. We will mainly use in this
paper the following inequalities and equation:

cup(X) < cat(X) < Cat(X) = cl(X).

3 The main result

Let X be a compact manifold with a base point %, f : X — R be a function
of class Ct, {yo,...,ym} be the ordered set of all critical values of f such
that yo < -+ < ym, and {I'x}~, be the family of all critical subsets of f
satisfying that f(I'y) = {yx} for each £k =1,...,m and 'y = {*}. The flow
of the vector field —grad f on X will be denoted by

P:Rx X — X.

We consider the unstable subset Uy associated with I'y, which is defined by
Uk:{xEX| lim @(t,x)EFk}
t——o00

for each £k =0,...,m. When a closed subset Fj of X is defined by

k
— U U,
=0

for each &k = 0,...,m, the family {F;}}", gives rise to a filtration of X.
Under these notations we consider an inclusion 7 of the unreduced cone CT,
over I';, into F}, as follows:

Definition 3.1. An inclusion 1 : CTy — F}, is along the gradient flow ® if for
each [t, z], [s,y] € CTYy, there hold

w[0,x] =, l,x] ==,
f@lt,x]) = f(ix[s,y]) when t = s,
f(lt,x]) < f(k[s,y]) when t <s,

and (I)(R X Zk(OFk)) Ct (OF )



An inclusion of the cone along the gradient flow means a deformation of
the critical subset 'y to the base point along the gradient flow.

The main result of this paper is the following theorem, which gives rise
to a cone-decomposition of X:

Theorem 3.2. Suppose that
(1) {Tx}iy is a family of ANR’s ;
(2) {Fix}i-y is an NDR-filtration of X;

(3) the unreduced cone CTy, is embedded in F, along the gradient flow
® for each k=1,...,m.

Then there exist spaces Xy, (k= 0,...,m — 1) and subspaces Ap C Xy (k =
0,...,m— 1) satisfying that

X =~ Fy, Xy UCAy ~ Fypy,
where 6Ak denotes the reduced cone over Ay.

The reader is referred to [5] and [16] for the definitions and properties of
ANR and NDR. One can expect that the conditions (1) and (2) of Theorem
3.2 are satisfied for many manifolds and many functions of class C'* on them.
In particular, the condition (1) is satisfied when f is a Morse-Bott function.
When applying the above theorem, it is the most important to see whether
there exist inclusions of the cones over the critical subsets into the filtration-
sets along the gradient flow.

4 ANR’s and NDR-pairs

We will construct spaces Ly, Ly, Ly ", By, By, By and prove that all the
spaces given in Section 3 as well as in this section are ANRs.

We fix a number £, 0 < k < m — 1. We restrict the function f and the
flow ® to the filtration-set Fj,, as follows:

Notation 4.1. The restriction of f to the domain Fj,; and the codomain
(Y0, Yk+1] is denoted by

fed1 0 Frer — [Yo, Yrga]-
Notation 4.2. The restriction of ® to Fj,, is denoted by

Qpy1: R X Fryg — Frya



We define three subspaces Ly, Ly, Ly" of Fj,; by using the function
Jra1

Definition 4.3. Subspaces Ly, L,”, L, of F,,; are defined by

1 Yty
Li = fi 1{%}7
_ _ Yr + Yk | Yk T Yk
Ly, :fk—i—l ! {%;%], Lk+:fk+1 ! {Tﬂaykﬁ-l]-

When we regard the function f as the height function, we can describe
the shape of Fj,; in the following figure:

. height
critical subset
Yk+1
Ye+tYr+1
? gradient flow
Yk
D
; Yo
base point

We introduce three subspaces By, By, By of Fj1.
Definition 4.4. Subspaces By, B, , Bi" of Fj.,, are defined by

By, = Ly N 11 (CT ),
By =Ly Ni1(CThy1), Bi' = Ly NTy1 (CTyp).

One can describe the shape of 74,1 (CT%,1) in the following figure:

" = T . height
k41 critical subset i1 (CTk41) critical subset

Yk+1
Lt/ N B wty
Lk; Bk k 2k+1
L~ B~

. ; Yo
base point base point




We will show that the spaces
Fiv1, Fr, L, Ly, L™, 541 (CTk), By, By, By™
thus constructed are ANR's.
Proposition 4.5. The filtration-sets Fy 1 and Fy, are ANR’s.

Proof. The space X is an ANR, since it is a compact manifold. The family
{F}, is an NDR-filtration of X. Therefore Fj,; and Fj are ANR’s. [

We recall a well-known theorem from the Morse theory to show that the
spaces Ly, L;,~ and L, are ANR’s:

Theorem 4.6. Let M be a smooth manifold and g a function of class C* from
M to R. If a subset g~ [a,b] is compact and contains no critical points, then

(1) g7 (—o0,a] is a deformation retract of g~'(—o0, b,
(2) g~ 1[b,00) is a deformation retract of g~ ta, o),
(3) g‘l{“T“’} is a deformation retract of g~'[a,b].

(See Milnor [10, Thm. 3.1] for a proof of Theorem 4.6.) In the proof of
Theorem 4.6, the gradient flow of g is used as the retracting deformation.
Consequently we obtain the following lemma by using the same deformation:

Lemma 4.7. Let M be a smooth manifold and g a function of class C' from
M to R. Let T" be a critical subset of g and U the unstable subset associated
with T. If a subset g~ [a,b] is compact and contains no critical points, then

(1) UnN g~ (—o0,a] is a deformation retract of U N g~'(—o0,b),
(2) Ung tb,o00) is a deformation retract of U N g~ *(a, 00),
(3) Ung ' {%2} is a deformation retract of U N g~ (a,b).
Now we show
Proposition 4.8. The spaces Ly, Ly~ and L," are ANR’s.

Proof. The space Fj,1 is an ANR by Proposition 4.5. The sets defined by

4 ’ 4

_ Yr + 3Yk 1 (3Yk T+ Yk
fk+1 ! {?Jo, 7“) ) flc+1 ! (7“&1&1}

1 3Yk + Yk+1 Yk + Ykt
fk-l—l )

4 4
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are ANR’s, since they are open subsets of Fj ;.
Obviously the set

I= Yk + Y1 Yk + 3Yr41
4 ’ 4
is compact and contains no critical points. Hence Ly, L, and L;" are de-
formation retracts of

Foor™! 3Uk + Ykt1 Yk + Ykt
k+1 4 ) 4 ,

_ Yr + 3Yk 1 (3Yk T+ Yk
fk+1 ! {?Jo, %) ) flc+1 ! (%ayk—l—l]

respectively by Lemma 4.7. The spaces Ly, L, and L;" are closed subsets
of Fi.. Therefore L;, L, and L, are ANR’s. O

We use the following theorem to show that the spaces i3 1(CTk 1), B, Br.~
and B, are ANR’s:

Theorem 4.9. If h : (X, A) — (Y, B) is a relative homeomorphism, where
X, A, B are compact ANR’s and Y is a Hausdorff space, then Y is also an
ANR.

(See Hu [5, Ch. VI, Thm. 1.4] for a proof of Theorem 4.9.) We will show
that the spaces i3 1(CTyy1), By, By~ and Bt are ANR’s.

Proposition 4.10. The spaces ij41(CTxy1), By, By~ and By" are ANR’s.
Proof. 1t is clear that

U1 (CTq1) = [0,1] x Tgpq / {0} X Ty,
By =~ Ty,
By =~ [0,t] x g1 / {0} X Tgiq,
Byt = [t,1] x Ty

for some ¢ € [0, 1].

The spaces By, and B, are ANR'’s, since [, is an ANR.

The canonical quotient map from ([0, 1] X T'g11, {0} X T41) to (CTgoq, *)
is a relative homeomorphism, where * is a vertex of the cone. The space 'y,
is compact, since it is a closed subset of a compact manifold. Consequently
[0,1] X T'xyq1 and {0} x I'xyq are compact ANR’s. It is clear that one point
set {*} is a compact ANR. The space CT,; is a Hausdorff space, since it
is the space shrinking a closed subspace {0} x 'y, of a compact Hausdorff
space [0, 1] x ['y41 to a point. Therefore the spaces 711 (CT,.1) and By~ are
ANR’s by Theorem 4.9. O



The following proposition relates ANR’s to NDR-pairs:

Proposition 4.11. Let (X, A) be a pair of a metrizable space and its closed
subspace. If X and A are ANR’s, then (X, A) is an NDR-pair.

The reader is referred to [5, Ch. IV, Thm. 3.2] and [16, Ch. I, (5.1)] for
a proof. Thus we obtain the following lemma:

Lemma 4.12. A topological pair formed by any two of the spaces in
{ Fee1, Feo Li, L™, L™, 541(CThy1), By, By™, By" }
1s an. NDR-pair.

Proof. 1t is clear from Propositions 4.5, 4.8, 4.10, and 4.11. O

5 The proof of Theorem 3.2

We will prove Theorem 3.2 in this section. We define spaces X and A, by
Xy =Ly /By, Ay, = Ly /By.

Our goal is to show that

Fk ~ Lki ~ Lki/Bki = Xk,
Fk+1 >~ FkH/TkH(CFkH) = (Lk_/Bk_) U (Lk+/Bk+) ~ Xk U OAk

and that X, and A have the homotopy type of CW-complexes.
The following lemma implies that

Lk_ >~ Fk.
Lemma 5.1. The space F}, is a deformation retract of Ly .

Proof. The pair (Lj , Fy) is an NDR-pair by Lemma 4.12. There exist an
open neighborhood U of Fy in Ly~ and a homotopy

{thU%Lk_|tE[O,1]}

such that 1)y is equal to the inclusion map, 1; is a retraction, and ¢ (z) = x
for each (¢,x) € [0,1] X Fy. The subspace L, \ U of Fj is compact and
the family of the spaces

{@rp ({1} X (Fiyr \ L™) [ £ €[0,00) }

9



is an open covering of L, \ U. Hence there exist real numbers s;,...,s, €
[0, 00) such that

{ Qo1 ({t} x (Fin \ L) [t=s1,...,8 }

is an open covering of Ly~ \ U. We put s = max{sy,...,s}. Then we have

Ly \U C ®pr({s} x (Fera \ L))

= Frir \ @pa({s} x L"),
L™ O (Firr \ @ra({s} x Li)),
L™ \ ®pr ({8} x Li™).

Ly, n(Ly \U) C
L, \U C

Consequently we have
U> q)k+1({8} X Lki),

since the spaces U and ®y.1({s} x Ly~ ) are subsets of L,~. The spaces
Fy and @y 1([s,0] x L) are disjoint closed subsets of the metric space Ly .
There exists a continuous function u : L~ — [0, 1] such that

F, = u {0}, ®py1([5,0] x L) = u {1}
Define a homotopy { ¢;: Ly~ — Ly~ | t € [0,1] } by
() = Ppyq (u(x)st, )

for each (t,z) € [0,1] X L;~. Then ¢y is equal to the identity map on L™,
01(Ly~) C U, and ¢i(x) = ®(0,z) = x for each (¢,z) € [0, 1] X F.
Define a homotopy { h; : Ly~ — Ly~ | t € [0,1] } by

b — 4P if0<t
: Yy—10pr if L <t
for each t € [0, 1]. Then hg is equal to the identity map on Ly, hy (L") C F,

and hy(x) = z for each (t,z) € [0,1] x Fj.
Thus F}, is a deformation retract of L; ™. O

IA A
—_ N

The following lemma implies that
CAy = C(Ly/By) ~ Li* /Byt
Lemma 5.2. There exists a homeomorphism
§:C(Ly/By) = " /By*

such that g[1,x] = x for each x € Ly/By.

10



Proof. Denote by 7 the natural projection from L;* to L,*/B,*. Define a
map g:[0,1] X L, — Ly /By™ by

B 7T(<I)k+1 (1— %,x)) ift#0
glt,2) = {[B,ﬁ] ift=0

for each (t,x) € [0,1] x Ly, where [By "] denotes the base point obtained by
collapsing By, *. Tt is clear that g is continuous at (t,z) € (0,1] x Ly.

We will show that g is continuous at (0, z) for each x € Ly. Take an open
neighborhood U of ¢(0,z), which is [B;*]. The subspace L;" \ 7 1(U) of
Fy.4 is compact and the family of the spaces

{Pe({t} X (Frar \ L") | £ € (—00,0] }

is an open covering of L, "\7~!(U). Hence there exist real numbers sy, ..., s, €
(—o0, 0] such that

{ @i ({t} X (Fea \ L") [t =51,...,5 }

is an open covering of L,™ \ 7=1(U). We put s = min{si,...,s;}. Then we
have

L \7 ' (U) C ®pn({s} x (Fera \ L")

Fin \ @ ({5} x Ly, "),

L™ 0 (Fian \ Qe ({s} x Ly ™)),
L™\ ®ppa({s} x Li™).

Lt n (Lt \ o H(U))
L \ 7 '(U)
Consequently we have
7' (U) D Prpa({s} x L"),
since the spaces 7~1(U) and ®1({s} x L") are subsets of L,". Thus
UDr(®pi({s}x L) =g <{0, 1%5] X Lk> Dy ([0, %_(9) X Lk>

and

g ' (U) D {ol—is> x Ly 3 (0, z).

Clearly the map ¢ is continuous at (0, ). Therefore the map ¢ is continuous.

The set g([0, 1] x By) is equal to [B, ], since 7,1 (CT'41) is embedded in
F11 along the gradient flow ®. It is clear that the set g({0} x Lg) is equal
to [By"]. Hence g naturally induces a continuous map

g: 6(Lk/Bk) — Lk+/Bk+.

11



The canonical base point of C(Ly/By) is denoted by *. The restriction

9I(C(Li/Br) \ {*}) : C(L/Bi) \ {*} = (Lx"/Bx") \ [Bi"]
is bijective. Consequently g is bijective. The space 5(Lk/Bk) is compact,
since Ly, is compact. The space L, /By " is a Hausdorff space, since L;," is a
compact Hausdorff space and since B, is a closed subset of L, ™. Therefore
the map ¢ is a homeomorphism. It is clear that g[l1,z] = z for each = €
Lk/Bk. ]

Now we are ready to prove Theorem 3.2.
Proof of Theorem 3.2. We obtain a homotopy equivalence
F,~ L~
by Lemma 5.1. Hence we have
Fyp~ Ly ~ L, /B, = Xy,

since (L , By ) is an NDR-pair and since By~ is contractible in itself. The
space Xj has the homotopy type of a CW-complex, since F}, is an ANR.
We deduce that

X, UCA, = Xp UC(Ly/By) ~ (L, /By ) U(Lyt /By )
from Lemma 5.2. Hence we have that
Fk—l—l ~ Fk+1/7k+1(CFk+1) = (Lki/Bki) U (Lk+/Bk+) =~ Xk U 614].;,

since (Fi11, tk+1(CTxy1)) is an NDR-pair and since 741 (CT'x41) is contractible
in itself. Since (Lg, By) is an NDR-pair, we obtain a homotopy equivalence

The space By, is a compact ANR. The space C' By, is a Hausdorff space, since
By is a Hausdorff space. Consequently C'By is an ANR by Theorem 4.9.
The space L; is an ANR. Hence L, U CB;, is an ANR. Therefore A, has the
homotopy type of a CW-complex. 0

Remark 1. Suppose given a manifold X and a function f : X — R of class
C', with the properties required at the beginning of Section 3. In order
to construct a cone-decomposition, we have deformed a critical subset to a
point along the gradient flow. However, if critical subsets are contractible in
a given manifold X, then one could prove, even without deforming along the
gradient flow, that the function f gives an upper bound of the L-S category,
possibly under the assumptions that the critical subsets are ANR and that
the filtration constructed from them is an NDR-filtration.

12



6 Some results due to Frankel and Miller

Frankel [3] and Miller [9] provide us with some information about Morse-
Bott functions on the real, complex, and quaternionic Stiefel manifolds. We
will recall their results and prove in this section a new lemma, which will
be used to construct a cone-decomposition of V,,(C"). Frankel and Miller
studied Morse-Bott functions and related topics on the real, complex, and
quaternionic Stiefel manifolds simultaneously. Similarly we will proceed by
using a field F which denotes the field of real numbers R, the field of complex
numbers C, or the quaternionic skew-field H according as d = 1,2, or 4
respectively.

The Stiefel manifold V,,,(F") consisting of all m-frames in F" is defined
by

Vi (F") = { (ug,...,u,) | ug,...,u, € F*, w*u; = &' },

where §°; is the Kronecker delta and u* is a conjugate transpose of a vector
u € F". The space V,,(F") is identified with a homogeneous space

U(n,F) / Un—m,F) x{l,},
where U(n, F) is defined by
U(n,R) = O(n), U(n,C) = U(n), U(n,H) = Sp(n)

and I, is the m x m unit matrix. The canonical quotient map is denoted by
pr :U(n,F) = V,,(F").

First of all, we recall some results of Frankel from [3], in which he con-
structed a function on V,,(F™) and proved that it is a Morse-Bott function:

Notation 6.1. A function f : V,,(F") — R is defined by

f(U) - _R (Z ui-l—n—mz_)

for U = (u';) € V,,(F™), where R indicates the real part.

Remark 2. Frankel [3] considered the Stiefel manifold U(n, F) / {I,,} x U(n—
m, F) and used a Morse-Bott function f : V,,(F") — R defined by

for U = (u';) € V,u(F™). We use, however, the previous definition, since it
is suitable for Theorem 3.2 as well as the cellular decomposition constructed
in Steenrod [15, Ch. TV].

13



The function f gives rise to a gradient flow on V,,(F"):
Notation 6.2. The flow of the vector field —grad f on V,,(F™) is denoted by
B :R x V,,(F") = V,, (F").

Frankel [3] proved that the critical subset of the function f is a disjoint
union of Grassmann manifolds. For any natural numbers m and k such that
k < m, the Grassmann manifold G, (F™) over F is defined by

Gi(F™) ={ Pis an m x m matrix in F | P* =P, P> =P, rank P =k }.

A matrix P € Gg(F™) in this definition represents the orthogonal projection
to the k-plane which is the image of P. Following Frankel [3] we embed the
space Gg(F™) in V,,(F") as follows:

Notation 6.3. An embedding
is defined by

for each P € G, (F™).

For each P € G(F™), the matrix I,,, — 2P transforms a vector v in the
image of P to —v and a vector u in the kernel of P to u. The following
theorem is a result on the critical subset of f stated in his paper [3, Thm.
2]:

Theorem 6.4 (Frankel). The critical subset of f : V,,(F™) — R is equal to

m

k=0
He used the following lemma ([3, Lem. 1]) to prove Theorem 6.4:

Lemma 6.5 (Frankel). Let T' be a mazimal torus of U(m, F). Then grad f is
tangent to T at each point h € T'.

Second of all, we recall a result of Miller from [9], in which he gives a
filtration {F},V,,,(F")}7, defined by

FiV(F") = { VeV (F") | dimker <V— <IO)> >m—k }
forall k=0,...,m.

14



Remark 3. Miller [9] mainly used a filtration {F},V,,(F")}, defined by

FiVu(F") = { V € Vu(F?) | dimker <V+ (Ig» >m—k }

for his specific calculation. We use, however, the previous filtration, since it
is suitable for Theorem 3.2 as well as the cellular decomposition constructed
in Steenrod [15, Ch. IV]. There is no essential difference between them.

We consider the unstable subset associated with ¢ (Gg(F™)). Miller re-
lated in his paper [9, Prop. 4.1] the filtration to the unstable subsets associ-
ated with ¢ (G (F™)) as follows:

Proposition 6.6 (Miller). The unstable subset associated with 1 (Gg(F™)) is
equal to

FpVon(F") \ Fia Vi (F™).

Finally, we generalize Lemma 6.5 to give a proof of a proposition which
will be used later in this paper. For simplicity the n X m matrix

(z)

is denoted by I, which is equal to p (I,,). The matrix I is identified with
the embedding of U(m,F) to V,,(F"). For each subset A of U(m,F), we
denote by I A the set defined by

{IU eV, (F") |Ue€ A}
We denote by {eq,...,e,} the canonical basis of F" satisfying that
(e1,...,e,) =I,.

The tangent space of a manifold M at a point p is denoted by T, M. The sub-
space of R" spanned by vectors wy,...,w; € R is denoted by (wy, ..., w;).
We now generalize Lemma 6.5.

Lemma 6.7. Let T be a mazimal torus of U(m,F). Then grad f is tangent
to I T at each point V € I)'T'.

Proof. The manifold V,,(F") is a subset of the Euclidean space R4"™ and
has the metric induced from the Euclidean metric of R4"™,
Take an n x m matrix V € I?T and define unit vectors vy,...,v,, by

(Vi, ooy Vi) = V.

15



It is clear that the matrix V' belongs to I U(m,F). The vectors vi,..., vy,
are perpendicular to the unit vectors ey, ...,e,_,. For each index (i,j) €
{1,...,n—=m} x {1,...,m}, an n X m matrix E’; denotes the matrix whose
(i, 7)-entry is 1 and 0 otherwise.

We use a parameter ¢t € R and define smooth curves

Vi), Wi, Wi(t),  WAd,(t)
in V,,,(H") by

i . .
V](t) = (Vl,...,V]’_l,VjCOSt+eiSIHt,Vj+1,...,Vm),
[ .o .
Wi;(t) = (vi,...,vj_1,vjcost +eisint, vjii,...,Vp),
2 . .
Wit () = (vi,...,vjo1,vjcost +ejsing, vipr, ..., Vi),
7 _ .
ka](t) = (Vl,...,Vj_l,VjCOSt+eikS1nt,V]’+1,...,Vm)

forall (i,7) € {1,...,n—m} x{1,...,m}, where {1,1, ], k} is the usual basis
of H over R. Then the curve V7, lies in V,,(R") and the curves V*;, W}, lie
in V,,(C"). These curves go through the point V' when ¢ = 0. Velocities of
the curves V7;(t), Wi*;(t), VVjij(t), Wi';(t) at V are given by

dV*;(0) _ Eij, dWij(O) _ Eij, dw; j(o) :jEij, AWy j(o)

dt dt dt dt

for all (i,7) € {1,...,n —m} x {1,...,m} respectively. Observe that the
velocities E';,iE";, jE';, kE"; are tangent vectors of V,,(H"), that E*; iE",
are tangent vectors of V,,,(C"), and that E’; is a tangent vector of V,,(R")
at V. They are perpendicular to the tangent spaces of I7U(m,F) at V. It
is clear that

— kEZ]

dim(Ty'V,,,(H")) = 4mn — 2m* +m,  dim(Ty (ISp(m))) = 2m* + m,

dim(7y'V,,(C")) = 2mn — m?, dim(Ty (I U(m))) = m?,
2 _ 2 _ 2
dim(Ty V., (R") = S dim(T (1,0(m)) = "5
and that

dmn —4m? = dim(E'y,...,E" "™, iEY, .. jEY, . kEY L KETT),
2mn —2m? = dim(E',...,E"™,,iEY, ... iE"™,),

mn —m? = dim(E',...,E"™,).
Hence the spaces

<E117 ey En_mm,iEll, e ,jEll, .. .,kEll, . ,kEn—mm>’
<E117 ey Enimm, iEll, cey iEnfmm% <E11, . Enfmm>



are orthogonal complements of Ty (I}, Sp(m)), Ty (I U(m)), Ty (I} O(m)) re-
spectively. The gradient of f at V' is perpendicular to all the velocities

Eij, iEij,jEij, kEZj for (Z,]) € {]_, e, — m} X {]_, .. ,m},

since we have
d(fo V) (0) = d(fo Wiij) (0) = d(f o I/lej) (0) = d(fo Wkij)
dt dt dt dt

Hence the gradient of f at V' belongs to Ty (I]:U(m,F)) and is equal to the
gradient of f|(I'U(m,F)) at V.
Therefore the gradient of f is tangent to I)T at V' by Lemma 6.5. O

(0) = 0.

7 The cellular decomposition of Miller’s fil-
tration

To show that Miller’s filtration {FyV,,(F")}/, is an NDR-filtration, we
observe that the filtration is compatible with the cellular decomposition of
V,.(F") stated in the following theorem (see Steenrod [15, Ch. IV]):

Theorem 7.1. The Stiefel manifold V,,,(F™) has a cellular decomposition

p&(eo) U CJ U o (ednj—lednj_l—l .. _ednl—l)
7j=1

n>n;j>n;_1>>n1>n—m

The following theorem describes the relationship between Miller’s filtra-
tion and the cellular decomposition:

Theorem 7.2. The 0-th filtration-set FyV,,(F") is equal to p» (e°), and for
each k =1,...,m, the k-th filtration-set FyV,,(F") has a cellular decompo-
sition:

p:Ln(e(]) U U U p:Ln (Gdnj_lednj_l_l . Gdnl_l)

j=1 \n>n;j>n; 1>->n1>n—m
Before proving Theorem 7.2, we put Sp = { A € F | [|\|| = 1 } and define
amap k : (Sp)f x Vi(F") — U(n,F) by

k
(A M), (Vi Vi) = Lo+ > vilhi = 1)vy
=1

17



for each ((A1,..., \e), (Vi,..., V&) € (S3)F x Vi(F™).

In the case k = 1, the map x : Sp x V{(F") — U(n,F) is used in
Steenrod [15, Ch. IV] to construct a cellular decomposition of the Lie group
U(n,F). One can easily show that FiU(n,F) = x(S% x V(F")). Thus a
cellular decomposition of F1U(n,F) is given by

e’ U ( U ed”1_1> )
n>n1>0

The following lemma will imply Theorem 7.2 in the case V,,(F") =
U(n), Sp(n).

Lemma 7.3. Let F be C or H. Then for each k =1,...,n, there holds that
K((Sp)* x V(")) = £(Sg x Vi(E™))* = FU(n, F).
Proof. 1t is clear that
k((Sp)" x Vi(E™)) C k(Sp x Vi(F"))",

since we have

i
Lo+ vilhi = )i = (In + vi(h = D)vi) - (T + Vi (A = 1)vi")

=1

for each ((A1,..., \), (Vi,..., V&) € (S%)F x V(F").
We will show that

k(Sp x Vi (F")* ¢ F,U(n,F).
Take U € k(Sp x Vi (F"))* and suppose that U is represented as
([n + Vl()\l — 1)V1*) te (In + Vk()\k — 1)Vk*),

where \y,..., A\, € S and vy,...,v, € V (F"). There exists an orthonor-
mal (n — k)-frame (uy,...,u,_x) of the orthogonal complement of the space
(vi,...,vg) spanned by vi,...,vi. The matrix U belongs to the filtration-
set FrU(n,F), since Uu; = u; for all « = 1,...,n — k. Consequently we
have

k(Sp x Vi(F")* ¢ F.U(n,F).

We will show that

F.U(n,F) C 6((SR)* x Vi (F™)).

18



Take U € F,U(n,F). There exists an orthonormal basis {vy,...,v,} whose
elements are eigenvectors of U. We may suppose that the eigenvalues of
Vii1,-..,V, are 1, since the dimension of the eigenspace with eigenvalue 1
is greater than or equal to n — k. For each + = 1,...,k, let us denote by a
scalar \; the eigenvalue of v,. Hence we have

k k k
U= Z vz-)\ivz-* + Xn: Vivi* = Zvi)\z-vi* + ([n — Z Vivi*)

i=k+1
k
= In + ZVZ()\Z — 1)V7;*,
=1

and U € k((S%)* x V,(F")). Consequently we have
F,U(n,F) C k((Sp)" x VL(F™)).
Therefore we have k((S2)* x Vi(F")) = x(Sp x V,(F"))* = F,U(n,F). O

We prove the following lemma which will give Theorem 7.2 in the case
Vi (F") = O(n):

Lemma 7.4. For each k =1,...,n, we have
(FL0(n))* = F,O(n).
Proof. 1t follows from Lemma 7.3 that
(F,0(n)* c (F1U(n))* nO(n) = FU(n) N O(n) = F,,O(n).

It remains to show that FrO(n) C (F;0(n))*. Take a matrix U € F,O(n).
There exists [ < k such that U € F;O(n)\F;—10(n), where we regard F_,0(n)
as empty set. Since U is an orthogonal matrix, there exist an orthogonal
matrix P and real numbers 64, ..., 0, for some L € N such that

cosfy; —sinf,
sinf; cosbt; O

cosf; —sinfy
U=P sinfl; cosOy, Pt
+1
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An orthonormal basis {vy,...,v,} of R" is defined by

(Vi,...,vy) = P.
The dimension of the eigenspace with eigenvalue 1 is n —[. We may suppose
that the eigenspace with eigenvalue 1 is the subspace (v;;1,...,Vv,) spanned

by Vitls- -5 Vn.
If [ is even, then [ = 2L. Consequently we have

L n
. COS 91 — SiIl 91 Vgi_l* %
U = Z (Va1 Vai) (sin 9, cosb; > < \e + Z Vivi

i=1 1=l+1
- cos 0 sin 6 Voi—1” l
o . . [ 3 2i—1 . ¥
N z; (V21_1 V%) (Sin 91 COS 91 > < Vgi* > + [n z; Vivi
L

_ —1 4+ cos 91 —sin 91 V2i—1*
= I,+ 21: (V2i—1 V2i) ( sin 6, —1 4 cos b; Voi*

1=

B —1 + cos by, —sin 6y, vi_1*
o <I”+ (VZ_I Vl) ( sin 6, —1+ cos 9L> < v

—1 4+ cosb, —sin 6, \28
e 0

Define unit vectors uy,...,u; by

Ug;—1 = Vo1, Uy; = Vg1 COS B) + Vg; sin B}

forall i =1,..., L. Then we have
(In - 2u2iu2i*)([n - 2112i—1112i—1*)V2i—1
= (I, — 2uguy™)(—Vvai_1)
0;
= —V9;_1+ 2112i COS 5
= Vy —1+2COS2& + vy, 2cos@sin&
21—1 2 21 2 2

= Vg;_1C080; + vg; sinb;

. —1 + cos 91 —sin 91 Vgi_l*
- (In + (V21—1 V21) < sin 91 —1 4+ cos 91 V2i* V2i-1,

(I, — 2ugiuy; ") (I, — 2ug_1ugi—1 ") vy,

and

= (I, — 2uyuy;") vy,

&

= V9; — 21].2i sin 5
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= V21 (-2 COs b S 5) + vy (1 — 25sin? 5)

= Vo 1(—sin6;) + vy; cosb;

_ —1 4+ cos 91 — sin 91 Vgi_l*

o <[n T (V2Z_1 V2Z) ( sin 91 —1 4+ cos 91 Vgi* Vai-
For all vectors v which are perpendicular to vo; 1 and vy;, we have

(I, — 2ug;uy;*) (I, — 2ug; Uy 1)V

= v
. —1 + cos 91 —sin 91 Vgi_l*
N (In * (V21_1 V%) < sin 91 —1 4+ cos 91> ( Vgi* v
Thus we have
(In — 2ug;u9;") ([n, — 2upi_ U1 ")

B —1+cosf; —sinb; Voi—1"
= I,+ (VQz—l V2z) ( sin 6; —1 + cosb; Vot )’

and hence we obtain that
B —1 4 cos Oy, —sin 6y, vi_1*
v = <[”+ (VZ_I VZ) ( sin ), -1 —l—cos@L) ( \7 >>
—1+ costy —sin 6 vt
o <[n + (Vl V2) ( sin 91 —1 + cos 91) <V2*>>
= (I, - 2ww") - (I, — 2ujuy ™),
and so U € (F10(n))! C (F10(n))*.

If [ is odd, then [ — 1 = 2L and the eigenvalue of v; is equal to —1.
Consequently we obtain that

L 9 . 9 % n
cost; —SsInv; Voi_1 % %
U = E Voj 1 Vo5 oot ! — v+ E V,;V;
( 21—1 22) sin 01 COoS 91 V2i* [vVi AKX

=1 1=l+1

L

B —1 +cosb; — sin 6; Voi_1* N

= I+ 21: (V22*1 VQZ) < sin 0, —1 + cos 9i> ( v | 2Vivi
1=

o N —1 + cos by, —sinfy, Vi_o*
= (I, —2vv/") <[n + (Vl—2 Vl—l) ( sin 0y, 14 cos 9L> <Vl1*

—1+ cosb, —sin 6, vi*
'”<I”+(V1 V2)< sin 0, —1+00891> <V2*>>'
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Define unit vectors uy,...,u; by

Ug;_1 = Vg;_1, Uy; = Vg;_1 COS B + Vg; Sin o0 uy =v

forall i =1,..., L. Then we have
U=(I,-2ww") (I, — 2uju;"),

and so U € (F10(n))! C (F10(n))*.
Therefore we have F,O(n) = (F;0(n))*. O

Now we can prove Theorem 7.2 in the case m = n.

Proof of Theorem 7.2 in the case m = n. It is already shown in Steenrod [15,
Ch. 1V] that (F;U(n, F))* has a cellular decomposition

k
60 U U U ednj—lednj—l—l . ednl—l
Jj=1

n>n;j>n;_1>>n1>n—m
So we obtain by Lemmas 7.3 and 7.4 that (FyU(n,F))* = F,U(n,F). O

The following corollary will be needed to prove the remaining cases of
Theorem 7.2:

Corollary 7.5. To every m-frame V€ V,,,(F"), there ezists a matrizr U €
F.,U(n,F) satisfying that pl,(U) = V.

Proof. Take an m-frame V' € V,,,(F"). There exists a matrix U’ € U(n, F)
satisfying p? (U') = V. By Theorem 7.1, there exist scalars \y,...,\, € S
and vectors u; € V(F?) for i = 1,...,n such that

U=+ vy A= 1)v,*) - (I, + vi(Ay — 1)vi¥).

Define a matrix U by

U=U(L+vio = D)vi") (I + Vo Ooem — DViem™).
Since we have

(I, +vi(Ai — Dv) (L, +vi(\ — 1)vi) =1,

forallz=1,...,n, we obtain

U=, +v,( A = D)v,") - (In+ Vi1 (M1 — DVt ™).
The matrix U belongs to F,,,U(n,F) by Lemmas 7.3 and 7.4. We obtain that
M — Dviem®) € Uln —m, F) x {I,,},
=V. O

(L +viA = D)vi") - (I, + Viaem
which implies that p? (U) = pI' (U’



In order to show that Theorem 7.2 holds for all the remaining cases, it is
sufficient to prove the following lemma:

Lemma 7.6. For each k =0,..., m, there holds

P (FrU(n, F)) = FVi, (F").
Proof. We will show that

pr (FrU(n,F)) C FrV,,(F").

Take a matrix U € F,U(n,F). We denote by W the eigenspace of U with
eigenvalue 1. Then dim W > n — k. Thus we have

dim(W N (ep—mits--- €n)) = dimW +m — dim(W + (€,—m+1,---,€n))
> (n—k)+m—n

= m-—k.

Hence there exists an orthonormal (m — k)-frame (vq, ..., vy,_x) in the space
W N {(en—msis---,€n). We denote by I'™ the transposed matrix of I7,. Then
the matrix (I"vy, ..., I"v,,—k) is an orthonormal (m — k)-frame in the space
F™ since vi,..., Vi € (€, mi1,-..,€,). Then there holds that

forallz=1,...,m — k. Thus we have
dimker(p; (U) —I') > m — k,

that is, pI' (U) € FyV,,(F™). Therefore p? (FU(n,F)) C F;V,,(F").
It remains to show that

Take a matrix V' € FV,,(F"). There exists an (m — k)-frame
(uk+17 S um) € mek(Fm)

such that
Vui = [;:lllz

forall i =k +1,...,m. Adding unit vectors uy,...,u; € F™ appropriately
to them, we obtain an orthonormal basis {uy, ..., u,} of F™. Define U; and
V1 respectively by

Ul = (111,. . .,um), Vi = (In—m O ) VU1



Then we have

Vi(€ksty- - em) =

= 1 Ul_l(uk+1,...,um)
= I'(€ki1,---,€m).

Hence there exists a matrix Vy € V,(F"~™**) satisfying that

_ (% O
6= (o 0)),
It follows from Corollary 7.5 that there exists a matrix Uy € FyU(n—m-+k, F)

such that
‘/'2 — pz—m+k(U2).

Then the dimension of the eigenspace of U, with eigenvalue 1 is greater than
or equal to n — m. Define a matrix U by

- Ly, O Uy, O I, . O
"\ O U)\O Iny o U')”
. . ) . (U O
The matrix U belongs to the filtration-set F;,U(n, F), since the matrix O I

m—k
: Lim O
belongs to FU(n,F) and since

O U1> is a unitary matrix which has

. . (L O
the inverse matrix O U1_1>' Thus we have

n (I O Uy, O Iy, O n

o = (5 0) (6 0) (r uh) e
(I O Uy O nrr 1
B < O U1> (0 Imk> Il
L O\ (UL ™ 0O [, -1
o wu 0, L) 1
o [nfm O ‘/2 O U—l
~\o u)\o I,.)""
o [nfm O -1
B < O U1> ith
=V,
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and this fact implies V' € p?, (F},U(n, F)). Therefore we have p!’ (F,U(n,F)) =
FV o (F). O

Finally, we can finish the proof of Theorem 7.2.

Proof of Theorem 7.2. Tt is already shown in Steenrod [15, Ch. IV] and the
proof of Theorem 7.2 for the case m = n, that p” (F,U(n,F)) has a cellular
decomposition

p:zn(GO) U U U p:zn(ednj—lednj_l—l . 'edm_l)

j=1 n>n;j>n;_1>">n1>n—m

It follows from Lemma 7.6 that p? (F,U(n,F)) = FV,,(F"). O

8 Cone-decompositions of the complex Stiefel
manifolds

In this section we will give a cone-decomposition of the complex Stiefel mani-
fold V,,,(C") with length m by using Theorem 3.2. The base point of V,,(C")
is the matrix I]}. Recall here that Frankel considered the Morse-Bott function
f on V,,(C™) in [3], in which, for each k = 0,...,m, the critical subset I';
is identified with the complex Grassmann manifold G;(C™) by the inclusion
e+ Gg(C™) — F). Then Miller’s filtration {Fy}7", of V,(C") is an NDR-
filtration by Theorem 7.2. We define an inclusion 741 : CGyy1(C™) — Fiiq
as follows:

Definition 8.1. An inclusion i34 : CGgy1(C™) — Fyyq is defined by

~ O
Lk—l—l[tap] = <Im _ P+ei7rtp>

for all [t, P] € CGy1(C™).

The m x m matrix I,, — P + ™ P in Definition 8.1 transforms a vector
v in the image of P to —e'™v and a vector u in the kernel of P to u. We
need a lemma:

Lemma 8.2. The inclusion 1,1 is along the gradient flow.
Proof. 1t is easy to see that

1[0, PL =10, Gea[1, Pl = 141 (P)
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for each P € Gy, 1(C™). For each [t, P] € CGy,1(C™), we have
f(ksa[t, P]) = —m + (k+ 1) — (k + 1) cost,
which implies that

Pt 2]) = Fils,u]) when t=s
f(G[t, 2]) < f(rra[s, y]) when ¢ <s
for each [t,z],[s,y] € Tk+1(CT%). The set ®(R x 7;(CTy)) is a subset of

1%(CTy) by Lemma 6.7.
Therefore the inclusion 75, is along the gradient flow. O

We will use Theorem 3.2 to construct a cone-decomposition of V,,(C™)
with length m. We have already seen that {7x(Gx(C™))}7, is a family of
ANR’s by Theorem 6.4, that Miller’s filtration {F;V,,(C")}7", is an NDR-~
filtration by Theorem 7.2, and that all the inclusions are along the gradient
flow ® by Lemma 8.2. Thus we have constructed a cone-decomposition of
V. (C™) with length m.

Theorem 8.3. The complex Stiefel manifold V,,(C™) has a cone-decomposition
with length m.

Remark 4. The construction of a cone-decomposition of SU(n) ~ V,,_;(C")
given above considerably simplifies the argument in the proof given in [8].

It is easy to see from the structure of cohomology of V,,(C™) that
cup(V,,(C")) > m.
We obtain the following corollary:
Corollary 8.4.
cup(V,, (C")) = cat(V,,(C")) = Cat(V,,(C")) = cl(V,n(C")) = m.
Remark 5. Singhof proved in [14] that
cup(V,,(C")) = cat(V,,(C")) = Cat(V,,(C")) = geat(V,,(C")) =m

forall 0 <m < n.

The estimation problem of the L-S category of real and quaternionic
Stiefel manifolds seems to us more difficult than that of complex Stiefel
manifolds, since we could not give inclusions of the unreduced cones to the
filtration-sets along the gradient flows of the Morse-Bott functions considered
by Frankel on real and quaternionic Stiefel manifolds.
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9 Cone-decompositions of submanifolds of U(n)
We fix a matrix A € U(n) and define a space S by
Sy ={ B is a complex n x n matrix | ‘B = A*BA }.

where !B denotes the transposed matrix of B. We use the following propo-
sition:

Proposition 9.1. Let U be a unitary matriz. Suppose that U has a unique
spectral resolution:

l
U=> M,
k=1

where A1, ..., N\ are the distinct eigenvalues of U and Py,..., P, are idem-

potent Hermitian matrices so that Py is the eigenspace of A\, for each k =
1,...,01. ThenU € Sy if and only if P, € Sa for allk =1,...,1.

Proof. 1t is clear that if P, € Sy forall k=1,... [ then U € S4.
So we will show that if U € S, then P, € Sy forall kK =1,...,l. Suppose
that U € S4. Then

l l
> NP ="U=ATUA=Y NAPA.
k=1 k=1

From the uniqueness of the spectral resolution, there holds ‘P, = A*P, A for
all k=1,...,L O

Supposing that U(n) NS, is an ANR, we define a function f on U(n) NS4
by the restriction of the Morse-Bott function f on U(n) defined in Notation
6.1. We will calculate the critical subset of f as follows:

Lemma 9.2. The critical subset off 15 equal to
[[Gk(Cc) N Sa
k=0
Proof. Let C denote the critical subset of f It is clear that

C D [[Gw(C") N Sa.
k=0
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We will show that a critical point of f is a critical point of f. Take
U € U(n) NS4 and suppose that U is not a critical point of f. The matrix
U has a spectral resolution, which is represented as

l
> NP
k=1

Then P, € Sy for all £ = 1,...,[ by Proposition 9.1. Lemma 6.5 implies
that the tangent vector (gradf)y is tangent to the maximal torus of U(n).
Hence (gradf)y is tangent to Ty (U(n) N Sa) and is equal to ( gradf ), by

Proposition 9.1. Consequently U is not a critical point of J?
Therefore the critical subset C' is equal to [[,_, Gx(C") N Sa. O

It follows from Lemma 6.5 and Proposition 9.1 that the unstable subset
associated with G,(C™) N Sy is equal to (FrU(n) \ Fr—1U(n)) NS4 for each
k=0,...,n. Hence the family { F;,U(n)NSa}}_, is a filtration of U(n)N Sy.

Now we will show that the filtration {F,U(n) N S4}7_, is an NDR-
filtration.

Lemma 9.3. The filtration {F,U(n) N Sa}y_, is an NDR-filtration.

Proof. 1t suffices to show that (Fy,U(n)NSa, Fx_1U(n)NS,) is an NDR-pair.

We call (mq,...,my) € N' a partition of k with length [ if m; +---+m; =
n. For each partition (mq,...,m;), we define the complex flag manifold of
type (mq,...,my), which is denoted F(my, ..., m;; C"), by

F(mq,...,m;C")
= {(P1,...,P) € G, (C") x -+ X Gy (C") | PBP; = O if i # j }.

Let F(mq,...,m;; C")|S4 denote the intersection
F(my,...,m;C") N (Sa x -+ x Sy).
As usual, Al denotes an [-simplex defined by
Al ={(0y,....,0)€0,2r] |0, <Oy <--- <6 }.

We define a map  : Al x F(my,...,m; C")|Sy — FU(n) N Sy by

[
K((01,....600),(Pr,....P)) =T, + Y (" - 1P,
i=1
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for each ((01,...,0,), (Pr,...,P)) € Al x F(my,...,m; C")|S4. We define a
family of closed subsets {F;}¥_, of F},U(n) N Sa by

Fry= (FeU(n) N S4) Uk (Al x I Flma,...omy; C")|5A>

mi+-+my=k

for each [ = 1,...,k and Fyo = F;,_1U(n) N S4. The family {F;,}¥ , gives
rise to a filtration of FyU(n) N S4 by Lemma 7.3 and Proposition 9.1. It is
easy to see that

Fk,l—l =K (GN X H F(ml,_,.,ml;C")|SA>

mi+---+m;=n
and that x is bijective on
(Al —oAhYx T F(mi,...,m;C")|S4
mi+-+mp=n
foreach [ =1,...,k. Hence the map
K (Al, 8Al) X H F(ml,...,ml;C”)|SA—> (Fk,laFk,lfl)
mi+-+m;=n
is a relative homeomorphism. It is clear that the pair
(A, oAy x I Flma,...,m;C")|S4
mi+---+mp=n

is an NDR-pair. Consequently (Fj;, Fi;—1) is an NDR~pair.
Therefore (FU(n)NSa, Fr—1U(n)NS4) are NDR-pairsforallk = 1,...,n,
that is, the filtration {FyU(n) N Sa}r—o is an NDR-filtration. O

We will use the notations in the proof of Lemma 9.3 to prove the following
lemma:

Lemma 9.4. The critical subset Gx(C™) NS4 of ffor each k =0,1,...,n is
an ANR.

Proof. When k = 0, the lemma is obvious. For each k = 1,...,n, the pair
(U(n) NS4, Fi1) is an NDR-pair by the proof of Lemma 9.3. Hence Fj; is
an ANR, since U(n) NS4 is an ANR. The space Fj; \ Fo is an open subset
of Fi, and is homeomorphic to

(0,27) x F(k, C")[S.1.

It is easy to see that G,(C™) N S, is a deformation retract of F; \ Fj.o.
Therefore G,(C") NS4 is an ANR. O
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We define an inclusion
/L\k : C’(Gk(C”) N SA) — FkU(TL) NSy

as the restriction of the inclusion 7;, : CGg(C") — FyU(n). It is immediate
to obtain the following lemma:

Lemma 9.5. The inclusion Ty, : C(Gg(C"™) N Sa) — FrU(n) NS4 is along the
gradient flow of f.

Proof. The inclusion 1 : CG,(C™) — F},U(n) is along the gradient flow of f.
Therefore by Lemma 6.7 and Proposition 9.1 the inclusion 7; : C(Gg(C") N
Sa) = F,U(n) N Sy is along the gradient flow of f. O

As applications, we will construct cone-decompositions of U(n)/O(n) and
U(2n)/Sp(n) with length n. To that end we need embeddings of symmetric
spaces into Lie groups, called Cartan models of symmetric spaces, as follows
(for a proof, the reader is referred to [2, Ch. 4, Thm. 15.1]):

Theorem 9.6. Let G be a Lie group and o an involution of G. Then we have

G/G"~{go(g)eG|geG}cC{geG|g'=0(g) }

Y'=0(g) } is connected, then

Moreover if the space { g € G | g~
GG ~{go(g)eCG|lgeG}={geCGlg'=0lg) }.

(1) U(n)/O(n). We will construct a cone-decomposition of U(n)/O(n)
with length n.
We obtain the Cartan model of U(n)/O(n) from Theorem 9.6 as follows:

Lemma 9.7. The symmetric space U(n)/O(n) is homeomorphic to
{UeUmn) |'U=U}=Un)NS,.

Proof. Set G = U(n) and define an involution o of U(n) by o(U) = U for
each U € U(n). Hence G7 = O(n). It is clear that

{UecUm) |UT=U}={UcUn) |'U=U}=Un)NS,.

The space { U € U(n) | 'U = U } is pathwise connected from Proposition
9.1. We obtain that U(n)/O(n) ~ { U € U(n) | 'U = U } from Theorem
9.6. U

We can construct a cone-decomposition of U(n)/O(n).
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Theorem 9.8. The symmetric space U(n)/O(n) has a cone-decomposition with
length n.

Proof. We consider a homeomorphism U(n)/O(n) ~ U(n) N S, given in
Lemma 9.7.

All the critical subsets {Gg(C") NSy, }i_, are ANR’s by Lemmas 9.2 and
9.4, the filtration { F,U(n) NSy, }r_, is an NDR-filtration by Lemma 9.3, and
all the inclusions of the unreduced cones on the critical subsets are along the
gradient flow by Lemma 9.5. Thus we have constructed a cone-decomposition
of U(n)/O(n) with length n by Theorem 3.2. O

It is immediate from the structure of Zs-cohomology of U(n)/O(n) (see
for example [12, Ch. 3, Thm. 6.7(3)]) that

cup(U(n)/O(n)) > n.
Consequently, we obtain the following corollary:
Corollary 9.9.
cup(U(n)/O(n)) = cat(U(n)/O(n)) = Cat(U(n)/O(n)) = cl(U(n)/O(n)) = n.

(2) U(2n)/Sp(n).  We will construct a cone-decomposition of U(2n)/Sp(n)
with length n.
We consider that Sp(n) is embedded in U(2n) by the map

. Bi —B,
where B; + jBy € Sp(n) and Bj, B, are complex matrices. We obtain the
Cartan model of U(2n)/Sp(n) from Theorem 9.6 as follows:

Lemma 9.10. The symmetric space U(2n)/Sp(n) is homeomorphic to
(UeU@n) |'U=JTUJ}=U@2r)NS,,

o -1,

I, O)°
Proof. Set G = U(2n) and define the involution o of U(2n) by o(U) = J*UJ
for each U € U(2n). Hence G? = Sp(n). It is clear that

{UeU2n) | U =JUJ}={UecU2n) |'U=JUJ }=U2n)NS,.

The space { U € U(2n) | 'U = J*UJ } is pathwise connected by Proposition
9.1. We obtain that U(2n)/Sp(n) ~ { U € U(2n) |'U = J*UJ } by Theorem
9.6. U

where J denotes the matrix
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For the sake of completeness, we give a proof of the following lemma,
along the idea in [11].

Lemma 9.11. If B € U(2n) satisfies ‘B = J*B.J, then the dimension of the
eigenspace of B with eigenvalue 1 is even.

Proof. The lemma is obvious, if B does not have eigenvalue 1. Suppose that
B has eigenvalue 1. Take an eigenvector v with eigenvalue 1. Then we have

B*(—J¥) =!B(J*v) = J*BJ(J*v) = J*Bv = J*v = — JV.
Consequently we have
—Jv = BB*(—Jv) = B(—JV).

The vector JVv is an eigenvector with eigenvalue 1. The vector JV is perpen-
dicular to v, since v*(JV) = 0.

If the dimension of the eigenspace of 1 is not equal to 2, one can apply
inductively the same method to the orthogonal complement of the subspace
spanned by v, Jv. Therefore we obtain that the dimension of the eigenspace
of B with eigenvalue 1 is even. O

Now we consider critical subsets and filtration-set as follows.

Corollary 9.12. For each k =0,...,n — 1, there holds
F2k+1U(2TL) N SJ = ngU(Qn) N SJ.
We can construct a cone-decomposition of U(2n)/Sp(n).

Theorem 9.13. The symmetric space U(2n)/Sp(n) has a cone-decomposition
with length n.

Proof. We consider that U(2n)/Sp(n) ~ U(2n) N S; by Lemma 9.10.

It is already shown that all critical subsets {Gy(C**) N Sy}, are ANR’s
by Lemmas 9.2 and 9.4, that the filtration {F,U(n) N Sy}, is an NDR-
filtration by Lemma 9.3, and that all the inclusions of the unreduced cones
on the critical subsets are along the gradient flow by Lemma 9.5.

Thus we have constructed a cone-decomposition of U(2n)/Sp(n). Its
length is equal to n from Corollary 9.12. O

It is immediate from the structure of cohomology of U(2n)/Sp(n) (see for
example [12, Ch. 3, Thm. 6.7(1)]) that

cup(U(2n)/Sp(n)) > n.

Consequently, we obtain the following corollary:
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Corollary 9.14.

cup(U(2n)/Sp(n)) = cat(U(2n)/Sp(n)) = Cat(U(2n)/Sp(n)
= cl(U(2n)/Sp(n)) = n.

10 Concluding remark

In this paper, we have obtained not only algebraic invariants but also geo-
metric and topological characteristics of complex Stiefel manifolds. The L-S
category of a space may be considered as a measure of contractibility of it;
for example, the L-S category of a space X is equal to 0 if and only if X is
contractible.

In fact, if m # 0, then the complex Stiefel manifold V,,(C") is not
contractible, since we have cat V,,(C") = m. Let us examine which part
of V,,(C") can be an obstruction of the contractibility of it. For each
k = 1,...,m, the cone-decomposition of V,,(C") given in Section 8 gives
an inequality

cl FyV,,(C") < k.

The cellular decomposition of F}V,,(C") given in Section 7 gives an inequal-

1ty
k < cup FV,,,(C").

It follows from them that we have equations
cup FiV,,(C") = cat F},V,,(C") = Cat F,V,,(C") = cl F;V,,(C") = k.

Hence we see that the subspace FV,,(C") \ Fz_1V,,(C") gives rise to an
increment in the L-S category of V,,,(C"). Recall that the space F;V,,(C")
is divided into two parts, Fj,V,,(C") \ Fy_1V,,(C") and Fj,_;V,,(C") whose
L-S category is k — 1. However, Fj, ;V,,(C") is not a maximal subspace of
Fy V., (C™) in the subsets of F},V,,(C") with L-S category k — 1.

Let us obtain a maximal subspace of F;V,,(C") among the subsets of
Fi V., (C™) with L-S category k — 1, because the complement of it seems to
give an essential increment in the L-S category. The gradient flow of the
Morse-Bott function on V,,(C™) defined in Notation 6.1 gives a retracting
deformation of Fi.V,,(C") \ Fx—1V,,(C") to Gx(C™) and a retracting defor-
mation of FiV,,(C™)\ G¢(C™) to Fy_1V,,(C™). Hence, we see that the space
Fi V., (C™) is divided into two parts, G,(C™) and FiV,,(C") \ G(C™) with
L-S category k — 1. If we take a point p € G,(C™) and construct the union
{p} U (FxV,;n(C™) \ G£(C™)), then we obtain an inequality

cup ({p} U (Fx Vi (C") \ G1(C™))) = k.
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This follows from the fact that {p} U (Fx,V,(C") \ Gx(C™)) is homotopy
equivalent to Fj,_; V,, (C™)Up, (271 ---€e'), where pf, (e271---¢!) is the cell
considered in Section 7. It follows from this fact that the space Fj,V,,(C™)\
G (C™) is the maximal subspace in F}V,,(C") with L-S category k — 1.

In general, a manifold is a union of contractible subsets, but it is never
contractible if it is a closed manifold of positive dimension. Thus the con-
tractibility is one of global properties of a manifold. The result of this paper
indicates that the Morse-Bott function on V,,(C™) considered by Frankel
reflects most effectively the obstruction to the contractibility of Stiefel man-
ifolds V,,,(C™).

In the case of U(n)/O(n) and U(2n)/Sp(n), we have obtained

A(F UMY NS,) <k, and cl(FoyU(2n) N Sy) < k.

So, we could discuss similarly the reasons of the increment of the L-S category
of U(n)/O(n) and U(2n)/Sp(n), if we know the cup-length of F,U(n) N Sy,
and Fy,U(2n) N S;; we do not know, however, at present the cup-length of
FrU(n) N Sy, and F5,U(2n) N S;. We expect to solve this problem by con-
structing particular cellular decompositions of U(n)/O(n) and U(2n)/Sp(n),
similarly to that of V,,(C™) given in Section 7.

Remark 6. Cellular decompositions of U(n)/O(n) and U(2n)/Sp(n). In order
to construct a cellular decomposition of U(n) (see, Steenrod [15, Ch. IV])
we have identified Miller’s first filtration-set F;U(n) with a quasi-suspension,
where a quasi-suspension of a topological space X is a suspension of X U
{*}. Here we have used complex numbers of absolute value equal to 1 for
the parameters of the quasi-suspension and complex idempotent Hermite
matrices for the complex projective space. It follows from Proposition 9.1
and [1] that, for the symmetric space U(n)/O(n) (resp. U(2n)/Sp(n)), we
can identify the first filtration-set F;U(n)N Sy, (resp. FRU(2n)NSy) with the
quasi-suspension of the real (resp. quaternionic) projective space. Then one
can construct a cellular decomposition of the first filtration-set F1U(n) NSy,
(resp. FyU(2n) N S,) by using complex numbers of absolute value equal to
1 for the parameters of the quasi-suspension and real (resp. quaternionic)
idempotent Hermite matrices for the real (resp. quaternionic) projective
space. Then the cellular decomposition of the first filtration-set F1U(n)N Sy,
(resp. F,U(2n) N Sy) should be useful in defining concretely characteristic
maps of cells of U(n)/O(n) (resp. U(2n)/Sp(n)). This is a rough idea to
construct cellular decompositions of U(n)/O(n) and U(2n)/Sp(n).

P. Landweber informed us that the L-S category of U(n)/O(n) should be
useful in symplectic geometry.
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In our forthcoming paper we will construct cone-decompositions of the
irreducible symmetric Riemann spaces SU(n)/SO(n) and SU(2n)/Sp(n) as
well as real and quoternionic Stiefel manifolds so that they give concrete
NDR-filtrations, by making use of Morse-Bott functions and the main result
of the present paper.

Remark 7. The L-S categories of SU(n)/SO(n) and SU(2n)/Sp(n) are inde-
pendently determined in [11] as

cat(SU(n)/SO(n)) =n—1 and cat(SU(2n)/Sp(n)) =n — 1.
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