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ABsTrRACT. In [HKO1], Hu and Kriz construct the real Johnson-Wilson spec-
trum, ER(n), which is 27+2(2" — 1) periodic, from the 2(2" — 1) periodic
spectrum E(n). ER(1) is just KOy and E(1) is just KU). We com-
pute ER(n)*(RP®) and set up a Bockstein spectral sequence to compute
ER(n)*(-) from E(n)*(—). We combine these to compute ER(2)*(RP2")
and use this to get new non-immersions for real projective spaces. Our lowest
dimensional new example is an improvement of 2 for RP*8.
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1. INTRODUCTION

We have three main goals in this paper. First, we want to introduce the second
real Johnson-Wilson cohomology, ER(2)*(—), as a real problem solving tool. Sec-
ond, we develop computational tools for ER(2)*(—) and third, we apply ER(2)*(—)
and our computational tools to prove some new families of non-immersions for real
projective spaces. The lowest dimensional example is RP*%.

Our concern is with the real Johnson-Wilson cohomology, ER(n)*(X), developed
in [HKO01], [Hu01], [KW], and [KWO07]. It is 2""2(2" — 1) periodic and constructed
from the 2(2" — 1) periodic spectrum E(n). ER(1) is just KO(s) and E(1) is just
KUjs). Our long term goals are to develop and apply ER(2)*(—) but much of our
preliminary work stands for ER(n)*(—) in general.

The coefficient ring, E(n)*(S°), is given by Zs)[vy, v, . .., vE!] where the degree
of vy is —2(2¥ —1). E(n) is a complex orientable theory and as such it has a formal
group law with coefficients made up from the v;’s and a two series,

(1.1) 2(w) =Y auftt =3 Fopu®
k>0 k>0

We prefer to grade our cohomologies over Z/(2"2(2" — 1)). For E(n)*(—) we
just set 02" = 1.

We start off with a theorem that goes back to the equivariant roots of ER(n).
Theorem 1.2. Let A\(n) = 22"t 27241 Then there is au € ER(n)'~»") (RP>)
and

ER(n)"(RP>) ~ ER(n)"[[u]]/([2](x))
where the vy, are replaced by UER(n) € ER(n)(A(")_l)(Qk_l)(SO).

In our special case of interest, ER(2), v2ER(2) = 1 and we rename UFR@) as
Our relation becomes
(1.3) [2](u) = 2u +F au® +p u?

1

Q.
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and it maps to the same relation in E(2)*(RP*) for our 48 periodic E(2). To
do this we have to replace the usual zo € E(2)?(RP>) with the image of the
u € ER(2)716(RP>), which is vz, and replace v; with the image of « € ER(2)*°,
vgvl. Since vy is a unit this is not a problem.

For our applications we need ER(2)*(RP>") and the equivariant approach doesn’t

work here. The stable cofibration of [KWO07]:

(1.4) YA ER(n) —— ER(n) — E(n),
gives us a long exact sequence:
(1.5) ER(n)*(X) a ER(n)*(X)
N
E(n)*(X)

where x lowers degree by A(n) and O raises degree by A(n) + 1. This is a classic
exact couple and leads us directly to a Bockstein spectral sequence for z-torsion.
We know that z2" " ~1 = 0 so there can be only 27*! — 1 differentials. We set up
this spectral sequence and compute d'. In the case n = 1 it can be used to compute
KOp, (X) from K Ul (X). In this case there are only 3 differentials. For the case
of interest to us, n = 2, there are only 7 differentials and because for many of our
spaces our E! term, E(2)*(X), is even degree, we have only 4 differentials because
the d?” are odd degree.

We use the Bockstein spectral sequence to compute ER(2)*(RP?") after setting
up the spectral sequence. This breaks up into 8 cases depending on n modulo 8. The
descriptions can get lengthy (times 8) but can be read off directly from the Bockstein
spectral sequence which is quite compact. Here we will be content to describe the
part of ER(2)*(RP?") we are really interested in, namely ER(2)'6*(RP?").

We like to describe our groups with what we call a 2-adic basis, i.e. a set of
elements such that any element in our group is written as a finite sum of these
elements with coefficients 0 or 1. Usually we can compute 2 times an element by
using 1.3.

Keep in mind that, using this notation, the usual F(2)*(RP*") is given by a*u/,
with 0 < k and 0 < j < n and the 48-periodic version is given by via*u/, with
0 < i < 8. We always use reduced cohomology.

Theorem 1.6. ER(2)'%*(RP?") consists of the elements o*u’, with 0 < k and
0 < 7 <n, and, when

n =1 or 6 modulo 8, a*un*!,

n =2 or 5 modulo 8, a*u"', and u™?,

n =3 or 4 modulo 8, u"*t, u"*t?, and ut3,
and no others.

Our applications use the four cases, n = 1,2,5 and 6, modulo 8, where we have
afu"*1. Here we have a purely algebraic, no topology implied or used, surjection
ER(2)'%*(RP?") — E(2)'*(RP*™*?) n=1,2,5,6 mod 8.

This is the key to getting our non-immersion results. We also need the isomorphism
given above for

ER(2)'**(RP*") — E(2)'*(RP?>")  n =0,7 mod 8.
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From [Jam63] we know that if there is an immersion of RP?" into R?* then there
is an axial map:

RP2™ x RP2K—2k—2 N RP2K_2"_2.
Don Davis, in [Dav84], shows that there is no such map when
n=m+a(m)—1and k =2m — a(m)

where a(m) is the number of ones in the binary expansion of m. We use the
commuting diagram:

(1-7) E(2)*(RP2n) ®E(2)* E(?)*(RP2K72"’*2) <~ E(Q)*(Rp2K72n—2)

| |

ER(2)*(RP?") ® pR(2)- ER(2)*(RP?" —2k—4) < ER(2)*(RP> ~2~2).

Don Davis shows, in his case, that the u?*7'=" which is zero on the right for
E(2)*(—) is non-zero on the left. We use the commutativity of the above diagram
to get our non-immersions, which are an improvement of 2. The abelian group
structure of the tensor product is extremely complicated but by relying on [Dav84]
we avoid ever having to consider it. We restrict our attention to the cases n = 0
and 7 modulo 8 where the right hand vertical map is an isomorphism in degrees
16x. So is the left term of the tensor product. For the right term of the tensor
product we need —k—2 to be 1,2, 5 or 6 modulo 8 in order to get a surjection. Qur
non-immersion theorem is:

Theorem 1.8. When the pair (m,a(m)) is, modulo 8, (2,7), (7,2), (6,3), (3,6),
(7,1), (4,4), (3,5), or (0,0), then

RPXm+a(m=1) does not immerse (¢) in REEm—alm)+1),
When the pair (m,a(m)) is, modulo 8, (4,3), (1,6), (0,7), or (5,2), then
RPZ(m+a(m)) g in R2(2mfa(m)+1) )

This theorem is not for free from Don Davis’s work. The injection of the tensor
product,

E(2)*(RP*™) ®p(2) B(2)*(RP*™) — E(2)*(RP*™ A RP?"),

is ancient knowledge. For us to make use of Don Davis’s computation, which tells
us the obstruction is non-zero in the tensor product, we need the corresponding part
of the tensor product in FR(2)*(—) to inject into the cohomology of the product.
That is where our work comes in. We do not compute the entirety of the ER(2)
cohomology of the product but just enough to give us what we need.

Looking closely at our theorem to decide if we really have anything new or
not, let’s take the pair (m,a(m)) = (6,3). Let m = 2+ 4 + 2% i > 3, then
2n=2(m+a(m)—1)=2(2+4+2"+3—-1) = 16+ 2" and 22m —a(m) +1) =
2(4 484211 —341) =4 + 16 + 212 = 20 4+ 2¢72. Our result, in this case, shows
that RPL6+2"" ¢ R20+2"* " Looking at the best known results, compiled by Don
Davis in [Dav], we know that RP'6+2"" ¢ RI8+2™" pyg pple+2™ C ges+2"%
Furthermore, when ¢ = 4,5 and 6 we get results for very low spaces:

RP48 g R84 RPSU g ]R148 RP144 g R276.



4 NITU KITCHLOO AND W. STEPHEN WILSON

Our claim is that this alone makes a good case for ER(2)*(—) as a powerful tool.
There are only 8 projective spaces, RP™, with n < 50, where the best possible
results are not yet known. For these 8 spaces there were a total of 26 gaps, now 24.
Our result is the first improvement in over 20 years for any RP™ with n < 50.
The pair (4,4) gives
RP62+2i ,@ R106+2i+1
where ¢ > 5. The lowest cases here are
RP126 g ]R234 RP190 g ]R362 .

These are nice because they get onto Don Davis’s tables, [Dav], just barely, but
at least this way we know we have something new, which would be difficult to tell
otherwise.

From the second part of the theorem we only get an improvement of one dimen-
sion. The pair (4, 3) gives m = 4 + 2/ + 2/ with 2 < i < j. We get

RP14+2i+1+2f+1 ,@ R12+2i+2 42712

With 7 = 3 we get
RP30+2j+1 ,@ ]R44+2J'+2
with lowest examples:
RP62 g ]RIOS RP94 /(Z ]R172 RP158 /(Z ]R300.
With 7+ = 4 we get
RP46+2J'+1 ,@ ]R76+2j+2
with lowest examples:

RPIIO g ]R204 RP174 g ]R332 .

For the ¢ = 3 and 4 cases above there is now just a gap of 1 between known
non-immersions and immersions. ,

Don Davis, [Dav], keeps track of the best results for RP*+?" for 0 < d < 64.
24 of these 64 are best possible at this time. We have improved the results for 4
of the 40 remaining: d = 16,30,46 and 62. We conjecture that this machine can
improve results for d = 32,48,49, 54,56 and 57, but these could be computationally
intensive and so don’t fit into this paper.

There is a bit of a saga associated with the RP*® case. The theory tm f is clearly
stronger than FR(2) so the question arose as to why [BDM02] didn’t see this result.
When they looked again at their results they realized that they had actually stated
a family that included this case but had overlooked it when converting to the
tables [Dav]. A closer look at [BDMO02] revealed a simplification that had not been
justified. That allows us to technically slip in with this result before they managed
to patch up some of their theorems, which now include this. The theory tmf is
very complicated and because of this complexity it cannot presently approach our
other results.

The paper begins by computing ER(n)*(RP) using the equivariant approach.
We then set up the Bockstein spectral sequence for computing ER(n)*(—) from
E(n)*(—). We use the Bockstein spectral sequence to compute all of the (8 cases)
of ER(2)*(RP?"). When this is done we extract, from the Bockstein spectral
sequence, just what we need about FR(2)*(—) of products. Then we wrap things
up by producing our non-immersion results.
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The authors had worked with ER(n) with an emphasis on ER(2) before with an
eye to eventually attacking non-immersion problems. This project really got under-
way at the Bendersky-Davis 60th birthday conference at Newark, Delaware, April
2005, where, over lunch, the second author was inspired to work on the problem
by Jesus Gonzdalez and Martin Bendersky who have continued to correspond with
the authors throughout the project. Don Davis then joined the group, and without
his help and tables we would never even know if we had new results. Thanks to all
three.

At the end of the paper we have a short section explaining how to compute
ER(2)*(RP?") using the Atiyah-Hirzebruch spectral sequence. This was how it
was first done and it required some interesting twists. Then it was thought that
the Bockstein spectral sequence approach was unworkable. The Atiyah-Hirzebruch
spectral sequence approach broke down when it came to studying the products;
things just got too complicated. We then resurrected the Bockstein spectral se-
quence approached which proved successful. One of the unexpected and unnec-
essarily complicating factors was our choice of product spaces to study first to
learn about products. RP'6 was essential for the study of ER(2)*(RP?") for the
Atiyah-Hirzebruch spectral sequence approach and it is “nicer” than other RP?".
RP' x RP15 was thus chosen on the grounds that it should be both elementary and
educational. It turns out that great simplification occurs when one space is bigger
than the other, or, phrased differently, complications occurred for RP'% x RP16 that
only occur when the spaces are the same. Much time was lost on these irrelevant
complications.

2. EQUIVARIANT RESULTS

Recall from [HKO1], that there is a real spectrum E(n) corresponding to the
Johnson-Wilson spectra. In particular, E(n) consists of a bigraded family of Z /(2)-
spaces E(n)(,). We denote by ER(n)(,, the homotopy fixed point space of
the Z/(2) action on [E(n)(,) . The collection of spaces E(n),0) form a (naive)
7 [(2)-equivariant omega spectrum, and we define the spectrum ER(n) as the cor-
responding homotopy fixed point spectrum ER(n),0). Furthermore, it is shown in
[HKO01] that the real spectrum E(n) satisfies a strong completion theorem, in the
sense that the canonical map:

L E(n)(a,b) — Map(EZ/(2) 4, E(n)(avb))

is a Z /(2)-equivalence, where EZ / (2) represents the free, contractible Z /(2)-complex.
For a space X with a Z/(2)-action, we may define bigraded cohomology groups
ER(n)*?(X) [HKO1] as the groups

ER(n)(®" (X) = mo Map”/ (X, E(n) (a,))
The strong completion theorem has a few useful consequences:

Proposition 2.1. Let X be a pointed space with the trivial Z [(2) action. Then the
map ¢ above induces an isomorphism:

ER(n)*9 (X) — ER(n)*(X)
The proof of the above proposition follows directly from the strong completion

theorem, and is left to the reader. Another useful consequence of the strong com-
pletion theorem is the following:
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Proposition 2.2. Let X andY be pointed Z /(2)-spaces. Assume that f : X — Y is
a Z/(2)-equivariant map that is a homotopy equivalence (non equivariantly). Then
f induces an isomorphism:

¥ ER(n)@ (V) — ER(n)*" (X)

Proof. By the strong completion theorem, we may write the groups ER(n)(®?) (Z) as
7o Map?/ ®(BZ/(2) 1 A Z, E(n)(a,p) ), for an arbitrary Z/(2)-space Z. Now consider
the map

IANfEZ/2)s AX — EZ/(2), AY

Since the spaces EZ /(2)+ AX and EZ /(2)+ AY are free Z /(2)-spaces, the map IdA f
is a Z/(2)-homotopy equivalence. It follows from the above previous observation,
that f* is an isomorphism. O

3. COHOMOLOGY OF PROJECTIVE SPACES

We shall use the above propositions to describe the ER(n) cohomology of the infi-
nite projective space. To this end, we need to consider the complex projective space
C P>, with the action of Z/(2) given by complex conjugation. The space C P>
supports the Z/(2)-equivariant tautological complex line bundle y. Moreover, 7 is
real-oriented, in the sense that it admits a real Thom class t € ER(n)™! (Th(y)).
Let u € ER(n)"Y (CP>) denote the Euler class of 7. The standard argument
using the Atiyah-Hirzebruch spectral sequence may be invoked in the real setting
to show that ER(n)(**) (CP>) ~ ER(n)**) [[u]], as a bigraded ring [HKO1].

Now consider the real bundle v®2. The Euler class of %2 is simply [2](u). Let
RP> denote the unit sphere bundle of ~®2, Notice that RP> may be identified
with the space of (real) lines in C* and as such, it supports a nontrivial Z /(2)-action
given by complex conjugation. Let f : RP* — RP> denote the inclusion induced
by the R>® C C*. Notice that f is a Z/(2)-equivariant map with RP* having a
trivial Z /(2)-action. Moreover, f is a (non equivariant) homotopy equivalence. It
follows from the previous proposition that:

Lemma 3.1. The map f : RP>® — RP> induces an isomorphism
F* : ER(n)(®) (RP>®) — ER(n)(* (RP>)

We may calculate the cohomology of RP> using the Gysin sequence for the
bundle y®2:

.. — ER(n)(@~ 10D (¢ p) BY gRp) @b (0 p>) —

ER(n)(*) (RP®) —s ER(n)(**~1 (CP®) — ...
Since [2](u) is clearly not a zero divisor in ER(n)**) (CP>) we conclude that
ER(n) ") (RP*) ~ ER(n) ") [[u]}/[2) ().

At this point, let us recall the invertible class y(n) € ER(n)(=*(»):=1) [KW07,
Claim 4.1], where A(n) = 227+1 274241, We have the vi ™) € ER(n)(=2"+1.-2"+1)
and get elements y(n)_2k+1v,ém(") = va(n) € ER"-DAM=-1 (8% We may nor-
malize u to be in degree (1 — A(n),0) by redefining u as uy(n). Using the first
proposition, we get:
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Theorem 3.2. Let A\(n) = 227! —27+2 + 1. Then ER(n)*(RP>) is isomorphic
to ER(n)*[[u]]/([2](u)) where u € ER(n)'~ ") (RP>) and the v, are replaced by
vlljR(n) c ER(n)()\(n)fl)(Zkfl)(SO)_

We may also calculate the ER(n) cohomology of spaces of the form X A RP*®
using similar ideas. Let X be a space with a trivial Z /2-action. As before, we may
show that ER(n)**) (X A OP>) ~ ER(n)**) (X)[[u]]. Again, we consider the real
bundle 0 x y®? over X AC P> with Euler class [2](u). We have the Gysin sequence
for this bundle:

— BR(n) 20 () [[u]] 2 BR(n) @) (X)[[u]] —

ER(n)(*Y (X A RP>) — ER(n) "V (X)[[u]] — ...
Since we know that ER(n)(*? (X A RP>) is isomorphic to ER(n)(®) (X A RP™)
from an earlier proposition, we would be done provided we knew that [2](u) was
not a zero divisor in ER(n)(**) (X)[[u]]. For this we require an algebraic lemma (let
Vo = 2):

Lemma 3.3. Let M be a ER(n)** -module such that M has no infinitely I-

divisible elements, where I is the ideal (vo,v?R(n), R

»Yn—1
(1*M =0,
k

Then [2](u) is not a zero divisor in M|[u]].

Proof. Filter M by submodules 0 = NM*... ¢ M?> c M' ¢ M° = M, where
M* = I*M. Notice that leK(n)Mk C M*! for i < n. Now let f(u) € MJ[[u]] be
a power series with the property f(u)[2](u) = 0, then working in M /M [[u]], this
equality reduces to vi- " f(u) u?" = 0, which implies that f(u) belongs to M [[u]].
Continuing with M*/M?[[u]] and so forth, we conclude that f(u) € N MF*[[u]] =
0. O

) i.e

It follows from the above lemma and the Gysin sequence that that

Theorem 3.4. Let X be a space with the property that ER(n)*(X) has no infinitely
vZER(n) divisible elements for i < n, (e.g. X is finite or X = RP*). Let u be the
class defined earlier, then we have an isomorphism:

ER(n)"(X A RP*) ~ ER(n)"(X)[[u]]/([2](u))

4. THE BOCKSTEIN SPECTRAL SEQUENCE

We begin with the stable cofibration 1.4 of [KWO7].
(4.1) YA ER(n) —— ER(n) — E(n),

where z € ER(n)~*("™ and \(n) = 2271 —2n+2 4 1,

The fibration gives us the long exact sequence 1.5. Our long exact sequence is an
exact couple and so gives rise to a spectral sequence whose differentials give us the
z-torsion. We have that 22”7 1 = 0 so there are a finite number of differentials.

Most of the details of the spectral sequence are fairly straightforward but since
we will make extensive use of it we want to be careful about its basics, so we
collect them in a theorem. We will need complex conjugation. E(n) is a complex
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orientable theory and as such has a complex conjugation map on it that we denote
by ¢. We always use reduced cohomology. We know that 2z = 0, a simple fact that
isn’t necessary in the spectral sequence but should be kept in mind.

Theorem 4.2 (The Bockstein Spectral Sequence for ER(n)*(X)).

(i) The ezact couple of 1.5 gives a spectral sequence, E”, of ER(n)* modules,
starting with

E' ~ E(n)*(X).

B =o.

(iii) The targets of the differentials, d", represent the x"-torsion generators of
ER(n)*(X) as described below.

(iv) The degree of d" is rA(n) + 1.

(v) Filter ER(n)*(X) by K;, the kernel of z*. Then

{0} = Ky C Ky CKy C oo C Kty = ER(n)*(X).
(vi) Filter M = ER(n)*(X)/zER(n)*(X) by M; the image of K; so
{O}ZM()CMl CMyC---CMynt1_1 =M.

M/M,_y — E", r > 1 injects and M, /M,_1 ~ image d".
d"(ab) = d"(a)b+ c(a)d" (b).
d*(z) = v, @ V(1 = ¢)(2) where c(v;) = —v;.

If c(z) = z € E* then d'(z) = 0.
If c(z) = 2 € E" then d"(2%) = 0.
(x) The following are all vector spaces over Z[(2):
K;/K;, M;/M;, j>i>0, and E", r>1.

Most of the theorem follows immediately from the basic properties of an exact
couple and the fact that 22" —! = 0. We defer those proofs we need until after we
have worked some simple examples.

Remark 4.3. Note that the image of ER(n)*(X) — E(n)*(X) gives the set of ele-
ments that are targets of differentials and therefore always have all the differentials
trivial on them. Note also that anything in the image is invariant under the action
of c.

Remark 4.4. Since ER(n)*(—) is 2"72(2" — 1) periodic we will consider it as graded
over Z/(2"T2(2" — 1)). We have to do the same then with E(n)*(—) and we can

accomplish this by setting the unit vflnH =1 in the homotopy of E(n).
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Remark 4.5. Recall that KO,y = ER(1). For a very simple warmup exercise we
can compute the coefficient ring, FR(1)*(S°), using the spectral sequence. Our
E' term is E(1)*(5°) made 8 periodic where E(1) = KU(g) so E' is just Z(s) on
generators vi, 0 < i < 4. We have that c(v;) = —v; so
d (v1) =v; (1 =)oy = v; Hvr +v1) = 2.

Similarly, d'(v}) = 2vf. Since ¢(v{) = v{ we have d'(v7) = 0. We have the Z,)
free submodule generated by 2 and 2v? giving us our z'-torsion. Give the element,
of ER(1)*(S°) that maps to 2v? the name 3. All that is left for our E? term is the
Z./(2) vector space generated by 1 and v}. They have degree 0 and 4 respectively.
The only differentials we have left are d?, which is odd degree so we don’t have it,
and d* which has degree 4. Since we know 1 is in the image from ER(1)*(S°) the
differential must be d®(v}) = 1. We have recovered the well known homotopy of
KO- Our z is really n and we have 7% =0 on 1. We have 2n = 0 = 3 and we
have 32 = 4. All of this read off from our spectral sequence for 5 torsion.

5. THE SPECTRAL SEQUENCE FOR ER(2)*(—).

In [KW] we describe the homotopy of ER(2) in more detail than we need here.
ER(2)*(S°), graded over Z/(48), is generated by elements, , w, o, a1, az2, and az
of degrees -17, -8, -32, -12, -24, and -36 respectively. Some relations are given by
0=2zr=2" =2°w = 2°a = za;. As a module over Z2)[a], the homotopy can be

described as having generators:
1, w, a;, az, and as

with one relation:

aas = 2w,
copies of Z/(2)[a] on generators
z, =%, zw, 7w,
and copies of Z/(2) on
2, ot o°, 4f

The focus of our important computations which will rely on the spectral sequence
will be for the theory ER(2)*(—). The homotopy of ER(2) is non-trivial and taking
a look at it from the perspective of the spectral sequence is well worth the effort,
plus it helps us compute differentials in the future.

Our spectral sequence begins with E' = E(2)*(S°), which is just a free Z,)[v:]
module on a basis given by v for 0 < i < 8 We know our d'. We get:

d (03 ) = 0" (1 = (0" = vy 203"+ = 203"
2s+1

Similarly, d* (v3%) = 0. This seems like a good start but if we multiply v5°"" by v;
the differential suddenly becomes zero because c(viv3**) = v1v3**t'. Complicating
matters even more, if we were to multiply by v} we would be back to our multipli-
cation by 2vy 3. This is a problem that would persist in all of our computations for
ER(2)*(X). We need a better way to deal with this.

Our solution to this problem is to introduce the element « discussed for 1.3.
The image of « is viv) € E(2)732(S%) from [KW07] and [KW]. (We'll discuss a
more in the next section.) Because vy is a unit, this is a good substitute for our
plain v;. Furthermore, it is invariant under ¢ because it is in the image of the map
from ER(2)*(S°), or, we could just compute that vjv3 is invariant because it has
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an even number of v’s. We now rewrite the homotopy of £(2) as Z)[a, vF!] but
again set v5 = 1.

We can go back to our computation of d* on v3*t! where E' is now a free Z )]
module on v}, 0 < ¢ < 8. Now we could compute

d* (akv§s+1) =d (ozk)vgs+1 + c(a®)d! (vgs"'l) =0+ ak2vgs_2,

but this really follows automatically from the fact that the spectral sequence is a
spectral sequence of ER(2)* modules.

After the d' in our spectral sequence for ER(2)*(SY), all we have left for E?
is the free Z/(2)[a] module with basis given by {1,v3,v3,v5}. We give names
to the elements of ER(2)*(S°) that must be x!'-torsion and map to 2v3%. Let
a; € ER(2)7'?1(S%) map to 203" where ag = 2. In ER(2)*(S°), these elements
generate a free z!-torsion submodule over Z2)la].

Since all our remaining elements in E? are in even degrees we can only have odd
differentials since the even ones have odd degrees. Our choices are d?, d°, and d’.
The degree of d° is 38. If we look at our E? in degrees module 16 we find that we
only have elements in degrees 0, 4, 8, and 12. The mod 16 degree of d® is 6 and
so must be zero. Note also that we must have two non-trivial differentials because
vy = (v3)? and we can apply our Theorem 4.2 to show that our first new differential
must be trivial on this.

We need the differentials on the coefficients because we will use them regularly
in our other computations. We also want to demonstrate how much information
can be extracted from the spectral sequence without much input. In our present
case all we have done is replace v; with the invariant o = v1v35. Proceeding, we
must have a d® and it must be non-trivial on v5 and v§. The degree of d° is 4,
(remember, we are graded over Z/(48)), so d*(v2) = a***1v; for some k for degree
reasons. Multiply by vj to get d®(v§) = a***!1. Unfortunately, we don’t know k.
However, if we keep going, we can compute our E* = E7. It is just ‘1 and a'vj
for 0 < i < 3k. Since we know that o'l is in the image, it must be the target of
differentials and all that is left is d”(a'vs) = ail. Since E® must be zero, this is
forced.

At this stage we have to introduce a fact, namely that z3a = 0. That forces
our k above to be zero and our d” to just be d”(v3) = 1. Name the element that
maps to avs, w € ER(2) #(S°). Our 23-torsion elements are given by o* and wa*.
Finally, our only z"-torsion element is 1.

In order to do this computation the only thing we had to use that didn’t come
directly from the spectral sequence was the fact that z%a = 0. We can recover
most, if not all, of the ring structure by looking at the image of ER(2)*(S°) in
E(2)*(S°) (for example, a3 = 4 and aza = 2w).

We want another relation, note that in our spectral sequence we have

w? = (av§)2 = azvg = a?.

This is only modulo « but this is in degree -16. The degree of z is -17 and there
are no elements at all in degree 1, so there is no z such that we could possibly have
zz + w? = o2 so this relation, w? = & must be true on the nose.

From our theorem and our computation:
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Proposition 5.1. In the Bockstein spectral sequence for ER(2)*(X), the map d*
is an ER(2)*/(z) module map. d* and d® are Z./(2)[a, w]/(w? = a?) module maps.
d*, d®, d%, and d” are only Z/(2) module maps.

Proof. Of course all of these differentials are really still ER(2)* module maps but
some of the elements of ER(2)* are zero in E”. For example, the a; and 2 are all

zero in E2. All that is left then is Z/(2)[a, w]/(w? = ?) but w and a go to zero
in E* leaving only Z/(2). ad

Our Bockstein spectral sequences will be modules over ER(2)*. We collect some
of the facts we will use repeatedly:

Proposition 5.2.

d' (USSH) = 21}%3_2 d3(v33_2) = avy® d"(vy) = 1.
I3 =0 ) =0
d"(vy¥) =0 3<r<7

6. PROOF OF THEOREM 4.2

The spectral sequence obtained from 1.5 is a classic example of an exact couple.
Everything but the facts about the differentials is automatic. Even the product
rule for d” follows if we know it for d'. It is as if Bill Massey consulted us about
what we needed before he wrote [Mas54]. We have complex conjugation for our
involution on E(n)*(X) and the trivial involution, i.e. the identity, on ER(n)*(X).
Our situation then fits [Mas54] exactly. Assuming our formula for d* we confirm
the product formula for it:

d*(ab) = v; " Y (1 = ¢)(ab) = v, @~V (ab — ¢(ab)) = v, * "V (ab — c(a)c(b))
=0, ¥V ((a —e(@)b + c(a) (b — e(b))) = d" (a)b + e(a)d" (b).
We prove the part that assumes ¢(z) = z:
d'(2) =v; P VA -e)2) =0, V(z-2)=0.
For the second case, d' (z?) = 0 because z2 is invariant under ¢. For r > 1,
d"(2%) = d"(2)z + c(2)d"(2) = d"(2)z + zd"(2) = 22d"(2)

which is zero since we are working modulo 2 for r > 1.

All that remains is to get our formula for d* and prove our statements about
mod 2 vector spaces. Let’s continue to assume our formula for d' and show our
7 [(2) vector spaces. First, we note that 2z = 0 so 2ER(n)*(X) C K. This is all
we need to show that

Kj/Ki, and Mj/Mi, 7>1>0

are Z/(2) vector spaces. To show that E”, r > 1is a Z/(2) vector space, it is
enough to show it for £2. We start with an arbitrary element y € E' with 2y # 0.
Obviously, if d'(y) # 0 this situation does not persist to E? so we can assume that
d'(y) = 0. First we need

A2 ) =0, (e =0, D e ) =2

(which, by the way, shows 2z = 0). Consider the element U%nfly, we have:

d'(v3 'y) = d" (03 Ny + e(vy THd' (y) =2y +0.
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Thus no multiplication by 2 survives to E? which concludes our proof.

We have only one thing left to do, and that is to prove the formula d' =
op 2 _1)(1 —¢). We've put this off till last because it requires a review of the

source of our fibration. This also gives us a chance to describe some of the general
properties of ER(n)*(X). In [KWO07] we have bigraded spaces, E(n)q, with b =0
giving our standard Q spectrum for E(n). Likewise we have ER(n)q, with b = 0
giving our Q spectrum for ER(n).

There is ample opportunity for confusion here. Before we proceed, let’s do a
little review of all the elements named v;. Our unadorned element is

v € E(n)_2(2k_1)(5’0) = E(n)—2(2k—1),0(50)

where E(n) is the bigraded equivariant spectrum with complex conjugation, ¢, act-
ing on it. The element

vf(") c E(n)—(Qk—l),—@’“—l)(SO)
is invariant under the action of ¢ and gives rise to
oM € R ()= =D= (1) (50,
We have an element
o€ mo(E(n)i,—1)

with a non-trivial Z /(2) action on it. However, the element o2" ™" lifts to a unit in
o (ER(n)gns1,_pns1) = ER(n)>"" =277 (50).

The first thing we want to show is how the invariant vf(n) € E(n) 2" +1.-2"+1(50)
is connected to our vy, € E(n)~2(2" =10(5%) = F(n)=2(2"=1)(5%). We have

Ey _ok
v = vk(n)a SRR

Since there are an odd number of ¢’s we get our c(vy,) = —vg.
In [KWO07, Claim 4.1] we produced an invertible homotopy element
y(n) = (o7 ) o™ T € BR(n) A (S0)
and multiplication by it gives an isomorphism
ER () 1AM (X) ~ ER(n)* 071 (X)
Note that

_ )\ — (27 — ntlign—1_ n) — (2" —1)\—(2"—1)  —
y(n) 1_(U;ELR( )) (2" =1) 5277 (2 I)Z(UER( )g—(2 1)) (@2"=1) ;-1

which reduces to v; * "Yo~1in E(n) ™)+ (80)
We get a new element

va(") — ULER(n)y(n)—Q"’H c ER(n)(A(n)—l)(Qk—l)(SO)

which reduces, in E(n)Am-1E" =1 (§0) ¢4 vy & HEND,
In order for the map of ER(n) to E(n) to work nicely we would replace the
n k
element vy, € E(n)*(S°) with vpon 2 TVE Y particular, when k = 1 and
n = 2 we did this in the last section when we renamed this element a.
ER(n) . . . on+1 .
Un is a unit and so is o . Consequently, so is

(vm(n))2"+1072"+1(2"71) _ (vilk(n)o_f(Z"fl))Z"*'l

n )
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and this is the periodicity element for ER(n)*(—) = ER(n)*°(~) and it maps to
02" in E(n)*(S).

n

In [KWO07] the fibration actually proven is
ER(n)gp—1 — ER(n)qp —> E(n)ap-
The map, 0,
(6.1) E(n)ap — ER()qt1,6-1 — E(n)ay1,-1

is evaluated in [KWO07, Proposition 1.6] as 1 — ¢ with the understanding that the
two ends are homeomorphic because they are both just loops on E(n)e41, with
different Z/(2) actions. Multiplication by our ¢ gives this homeomorphism. So,
implicit in [KWO07, Proposition 1.6] is
cTlo=1-c
This map corresponds somewhat to our first differential. However, we work with
the spectra ER(n) and E(n). Our boundary map, i.e. d*, is

E(n), — ER(n)a+)\(n)+1 — E(n)a+)\(n)+1-

To finish off our d* we need the diagram:

~

E(n)*°(X) — E(n)*(X)
o ER(m)> 11 (X) — 2 L BR(m)etAm) (X)) g
1—c
07(2"71)071
E(n)* b 1 (X) ———=— E(n)*' P (X)
- p=(2"=1) -
E(n)*°(X) — E(n) ™ (X)

o ld=(1-¢)so
d = (v, Vo g =0, " V(6719 =0, V(1 - ¢)

This concludes our proof.

7. NOTATIONAL CONVENTIONS

Our descriptions of groups are usually by giving a “2-adic basis”, i.e. a set of
elements such that any element in our group is written as a finite sum of these
elements with coefficients 0 or 1. For example, if we have Z/(2") generated by u
with the relation 2u = u?, our 2-adic basis would be u/, 0 < j < n. In the case of
infinite dimensional spaces we can have infinite sums but care must be taken about
the topology.

We frequently write our list of elements as efficiently as possible by using notation
such as 12} and z{° 2} to indicate the obvious list of elements, z and z2 in the
first case and 1, x, and z? in the second case. This notation will be used in both
superscripts and subscripts.

Whenever we use € we mean it can be either 0 or 1.
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Whenever we give names to new elements, the subscript given as part of the
name is also the degree of the element.

8. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP®)

We begin by computing ER(2)*(RP>) using the Bockstein spectral sequence.
In principle, we already know this from 3.2. Note that until we start our work
with products, many of our Bockstein spectral sequences are even degree. Our

even differentials, d°", are odd degree so they are all zero. This leaves us with only
{1357}

Theorem 8.1. The Bockstein spectral sequence for ER(2)*(RP°).

E! = E(2)*(RP®) is represented by

viaku 0<i<8 0<k 1<,
d' (v%sfsakuj) = 2v§3akuj = v%sak"‘luj"'l

modulo higher powers of u.

E? = E3 is given by:

v%saku v3u? 2<j 0<s<4 0<k.
d3(v§s—2aku) — ,U;lsakJrlu
and for 2 < j, _ _ .
a3 (v3 %) = vitau! = vytult?

modulo higher powers of u.

E* = E° = ES = E7 is given by:

v%u{lﬂ} and v 73},
d?(vgu{1*3}) — u{1*3}.
The x!'-torsion generators are given by:
aeful  0<i 0<k 1<y

where ag = 2.

The z3-torsion generators are given by:

wakfu, e+k>0, wu! 1<y, andd’ 3<j.
The only z” -torsion generators are
u{1*3}‘

Remark 8.2. This is consistent with the description in 3.2. Because 2x = 0, = times
the relation 0 = 2u +r au? +5 u* gives us 0 = x(au?® +5 u*). This explains why
no au? shows up in our description. From the point of view of z-torsion it can
be replaced with u* plus other terms. Likewise, if we multiply by x> and use the
relation z°a = 0 we end up with zu* = 0.

Proof. The proof is straightforward. Since u € E(2)*(RP®) is in the image from
ER(2)*(RP®) our differentials commute with multiplication by » (from the prod-
uct formula). They also commute with multiplication by a. We also have, from our
computation of the spectral sequence for ER(2)*(S?) the differentials 5.2. The d*
differential creates a relation coming from our relation 0 = 2u +r au? +r u* when
2u is set to zero. So, in E?, we have au? = u* modulo higher powers of u. This
explains some of our d>. All of our differentials follow.
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We use the map ER(2)*(S°) — E(2)*(S°) which takes a; — 205" and w — via
to identify the z"-torsion generators. O

Corollary 8.3. The map ER(2)*(—) — E(2)*(—) induces an isomorphism
ER(2)'%*(RP*™) — E(2)'°*(RP*).
Both have 2-adic bases given by o*ul.

Proof. E(2)'5*(RP>) has for a 2-adic basis a’u’. Since a and u both come from
ER(2)*(RP®) we have a surjection. From the Bockstein spectral sequence for
ER(2)*(RP>) we can just read off all of the elements in degree 16x. From the z-
torsion we have apa®u’ where oy = 2. These elements are, modulo higher filtration,
af 1yt From the z3-torsion we have afu and uw/ for ¥ > 0 and j > 3. There
are elements in degree 8 mod 16 but with the degree of x equal to —17 they do not
give rise to any more degree 16% elements. Likewise for the z7-torsion where we
pick up only ut'™3}. Altogether we have a’u/, the same as for F(2)'%*(RP>). O

Remark 8.4. In the next paper, if there is a next paper, we will need the slightly
more delicate fact that ER(2)5*t8(RP>) injects into E(2)!¢*T8(RP>).

9. ER(2)*(RP?)

To start our computation of ER(2)*(RP?) we revert to the Atiyah-Hirzebruch
spectral sequence. Recall the homotopy of ER(2) from the beginning of Section
5. The Atiyah-Hirzebruch spectral sequence has elements only in filtrations 1 and
2. In filtration 1 we have wfa*z{12}z; and 2137 z,. In filtration 2 we have
weakzl0l2ty, 236}y, gy 3yofzy and apzs. Since all differentials increase fil-
tration by at least 2 the spectral sequence collapses. As ER(2)* modules this is
generated by elements we call z_14 represented by zz; (recall that the degree of
x is -17) and 2o represented by z». Remember, of course, that we are working in
degrees indexed by Z/(48) for ER(2)*(—) and E(2)*(-).

There is a surprising amount of detail to be had in ER(2)*(RP?). We distill
what we need down to:

Theorem 9.1. We have elements 23,216 = u € ER(2)*(RP?). A 2-adic basis for
ER(2)*(RP?) is given by 2102 ok s 15, a3 216, 2102w ak 2y, and 21370} 2
where 2w€akz_16 = mefak"‘le, w? = m222, 202 16 = 2o, A" T z_16 =

azafzs, and 2wakz_16 = anaFzs.
Proof. We consider the commuting diagram:

ER(2)*(RP®) — E(2)*(RP™)

! l

ER(2)*(RP?) —= E(2)*(RP?).

We know that the u € ER(2)~'¢(RP>) factors through E(2)7!6(RP>) to u €
E(2)71%(RP?) and so we must have 0 # u € ER(2)"'*(RP?) as well. The only
element that could represent this v is zz; = z_;s. That means u? is represented
by (zz1)? = 2%x5. Recalling our relation, we have 0 = 2u +p au® +5 u*. This
simplifies because u* would have to be in at least the 4th filtration but everything
above the 2nd filtration is zero. Thus our relation is 0 = 2u +r au?, but since 2u?

must be in filtration 3 or higher this is only 0 = 2u + au? and since filtration 2
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is all modulo (2) we can just as well use 2u = au?

. From this, of course, we get

2wearu = weakt1u?, or, really, 2wtafz_i15 = r2wab 2.
We still don’t know all we want to yet. The ER(2) cohomology of this simple
Moore space is unnecessarily complex. We can solve the next level of problem by

looking at the long exact sequence:

T

(9.2) ER(2)*(RP?) ER(2)*(RP?)

O A

E(2)*(RP?).

E(2)*(RP?) is given by via*u and is a Z /(2) vector space. We know that a; — 2v3
SO a;z2 must map to zero. That means these element are divisible by x. The only
candidates, mainly for degree reasons, are 252 15 = ayzy, 220z 15 = azz; and
22wz_16 = a122. O

The long exact sequence 9.2 gives the Bockstein spectral sequence, so as long as
we are using it, we may as well do it using the Bockstein spectral sequence directly.
We will be working with the Bockstein spectral sequence in general and we need to
set this up for our future calculations.

E! ~ E(2)*(RP?) for the Bockstein spectral sequence for ER(2)*(RP?) where
we are working with our usual 48 periodic E(2). This E! is: via*u 0 <i < 8
which is a vector space over Z/(2). We know, from the Atiyah-Hirzebruch spectral
sequence, that we have two FR(2)* generators that map to here, z_16 and zs.

We also know that z_16 — w. Thus all differentials must be trivial on u. We
use the product formula and the fact that d' times even powers of v, is zero and
d' on odd powers of vy gives 2 times an even power which is also zero since we are
working modulo 2. So

d* (viu) = d" (v§)u + c(vs)d" (u) = 0+ 0.

d' is trivial in our spectral sequence. d? is trivial because it is odd degree.

Again we can use the product rule and d* (1);2’6}) = av§4’0} to get

d? (véz’ﬁ}aku) = ak+1v§4’0}u.

We need to worry about the elements v3** u.

For purely degree reasons the image of 2o must go to a finite sum of « u
elements. All differentials must be trivial on this image element, in particular, d®.
Since there is no « torsion and d* commutes with «, this implies that d*(v3u) = 0.

As before,

3k, 5
Uy

d3(v§2’6}akvgu) = v§4’0}ak+1vgu
and the image of 25 must be vju (we may have to alter our choice of z2 a bit for
this) with a*zy — v3a*u and wa¥zy — veakfTtu (recall that w — via).
Our E* term is quite small, just

U§0,174,5}u_

Because U§075}u are both in the image, degree reasons force us to have no d*, d°,
or d%, but we see that d” (vju) = u and d” (vau) = v3u.

From the Bockstein spectral sequence perspective we have no z!'-torsion gener-

ators. Our z3-torsion generators are given by wfakz{zy,lﬁ} with ¢ + &k > 0 and,
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finally, our z”-torsion generators are z; and z_ig, or, as we write for efficiency’s
sake, zf5 _16}-

We can solve our Atiyah-Hirzebruch spectral sequence extension problems yet
again using this approach. We now know we must have 22 15 # 0. The only
possibility is for 282_1 = aszs. Likewise, we know that 22 must be non-zero on
all the w*a¥z_15 when € + k& > 0. Since they only have z times them non-zero in
filtration one of the Atiyah-Hirzebruch spectral sequence these elements must all
be in filtration 2 and we get the answer we have already obtained from the long
exact sequence.

The Moore space will be our basic building block.

Corollary 9.3. Consider the cofibration:

St RP? S2.
The long exact sequence
(9.4) ER(2)*(S") - ER(2)*(RP?)
S
ER(2)*(S?%)

is given by 0(11) = 212, p(t2) = 22, and 1*(u) = iy

10. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP?"/RP?"~2)

For our computation we need the Bockstein spectral sequence in detail. Stating
the complete Bockstein spectral sequence for even a simple space is highly tech-
nical. We need to give the E” terms for r =1-7, compute the differentials and
find corresponding z"-torsion generators in ER(2)*(X) that map to the image of
d". After this is done we have to solve extension problems and locate any special
elements of interest to us. Normally we won’t need to do all of this, but as these
spaces are our basic building blocks we need to know them quite well.

We have already done the case of ER(2)*(RP?) and we know that:

Y ?ER(2)*(RP?) ~ ER(2)*(RP*"/RP*"?)

so we can just write down the answer. Note, in particular, that the right hand side
inherits a multiplication by w from the left hand side.

Theorem 10.1. We have elements zan_18,22, € ER(2)*(RP*™/RP?"72). A
2-adic basis for ER(2)*(RP?**/RP?*"~?) is given by elements 210 2 wcakz,, 15,
zB37 0z 15, 202 weak 2y, and 21370 2, where 2wtak 2o, 15 = 2wk zy,.
Furthermore, uzon_18 = 22 %an, 2aF 20,15 = asa® 20, 22war 20, 15 = a10¥ 29,
and 825,15 = ao2o,.

This follows automatically from the suspension isomorphism but we want to
carefully write down the differentials and representations.

E'=E? = E® ~viofu" 0<i<8 0<FEk.
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d®(vakvinun) = af ot <——— aftl sy,
d?(v3akv3run) = viaF el <———— wak 2y,

d3 (vﬁakv5n+3 ) — ak+1vgn+3un - ak+122n718

d (U2Clk’l)5n+3 ) _ ,U4ak+1 5n+3u - wakz%,lg

0,3,4,7
E*=E° = E% = B7 ~ o34 hynyn,

d" (viv3hu) = vi"ut <—— 2op
d" (viv3"u) = v3"BuSr U <—— Z2n—18

11. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP>/RP%K)

We need ER(2)*(RP>/RPK) for our applications in this paper. It is es-
sentially the same computation as for ER(2)*(RP) but the proof requires more
care.

Theorem 11.1. The Bockstein spectral sequence for ER(2)*(RP> /RPYK).
E! = E(2)*(RP>*/RP'E) C E(2)*(RP>) is represented by
viakul 0<i<8 0<k 8K<j.
dl( 25—5 k:uj) — 2v2saku] _ UQSak—i-luj-l—l
modulo higher powers of u.
E? = E3 is given by:
vk uSK 1 vl 8K+2<j 0<s<4 0<FEF.
d3 (U4s—2aku8K+1) _ ,U;lsakJrluSKJrl
> =
and for 8K +2 < j,
a3 (vy*2u?) = vifau? = vytult?
modulo higher powers of u.
E* = E° = E° = E7 is given by:
VhySEHLBY g o SKH{178Y
7 (vhySEHL8Yy = o BK+H{1L-8}
There is an element zi6x 16 € ER(2)*(RP®/RPK) that maps to uSK+! €
ER(2)*(RP®).
The ' -torsion generators are given by:
;21651607 0<i<4 0<k 0<j

where ag = 2.
The x>-torsion generators are given by:

k 1 . 1 .
waziex—16, €+k>0, wzex—16u’, 0<j, and zigx—16u’, 3 <.
The only " -torsion generators are

z16x—16ut’ 2
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Proof. The E' term of the spectral sequence injects to that for ER(2)*(RP™)
so d' is induced. d® is a trickier issue. We look at the element in E® we have
named u5+L. If we have d3(ud5+1) = vz # 0 then v3z must map to zero in
E3 for ER(2)*(RP*). Since we had an injection on E', v3z must go to 2y for
some y. The only such elements are v32a*ul% = v2a*+t1u8%+! modulo higher
powers of u. Now we use the map RP!K+2/Rpl6K _ pp /RPI6K where 8K +!
goes to z1gx—16 in the spectral sequence. In the Bockstein spectral sequence for
ER(2)*(RPYE+2 |RPYSK) 216k 16 has d® trivial but v3a*t 265 16 is non-zero,
so our d* must be zero on 8%+, @3 then follows from d*(v3) = avj. Likewise, our
d" follows by comparison with RP6K+2/RpP16K, O

The same argument gives quite a different result when m # 8K.

12. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RPS)

Before we proceed to ER(2)*(RP?") we need to do the equivalent of starting an
induction. This will be a little different from what we have done before and will
show some of what is to come. We need just a simple fact about ER(2)*(RP®).

Proposition 12.1. In ER(2)*(RP®) the elements u' ™ are x”-torsion and d* takes
vaul™> to them in the Bockstein spectral sequence.

Proof. We begin by computing d' in our spectral sequence where E' is represented
by viaku? for 1 < j < 3. Our E? = E? term is something new:

25+1 k&
vPafu, vPul?®) and o2t akul

Comparing our spectral sequence with those for RP%/RP* and RP> we can com-
pute our d* to get E* = E°:

U§0’4}u{173} v§2’6}u{2’3} v§3’7}u3.

For purely degree reasons, there are no d® differentials. Since u must be a target for
d” the d” differential is what we stated. The d” on the rest is solved by comparison
again with RP%/RP* but we don’t need that in the statement of the theorem. O

13. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP?")

We want to compute the Bockstein spectral sequence for ER(2)*(RP?"). It isn’t
really that hard to do except that it breaks up into 8 distinct cases depending on
n modulo 8. For now we want to assume that n > 3. Keep in mind that we have
an even degree spectral sequence so all d*" are zero because they are odd degree.
We only have d{1357} to consider. We have already computed n = 1 and n = 3
(n = 2 isn’t hard). d* does not depend on n.

E'~viakul 0<i<8 0<k 0<j<n
d* (v3¥ Parud) = 203 akul
for j < n. These elements represent the z'-torsion elements a;a*u/, j < n. We
know that 2a*u/ = o**t1u/*! modulo higher powers of u so we have, for E? = E®:

2s .k 2s

v¥abu, v3ul, v3takun, 0<k, 1<j<n, 0<Ek 0<s<d4.

We know that o*u and u/ are infinite cycles because they are in the image from
{2,6}
5 )

ER(2)*(RP>) so we can compute d® on the first two terms just using d®(v
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ow§4’0}. We use the fact that E3 is a vector space over Z/(2). That reduces our
relation to 0 = au? +r u*. Modulo higher powers of u, this is just au®? = u*. So,
modulo higher powers of u we have:

03 (Uéﬁﬂ}aku) — v§0’4}ak+1u
d? (v§6’2}uj) = U§0’4}auj = U§0’4}uj+2 1<j<n-2

The E!' of the Bockstein spectral sequence for ER(2)*(RP?"/RP?*"~?), i.e.
E(2)*(RP?"/RP*?), injects to that for ER(2)*(RP?"). The map is given by:

_ 57, 8K+j

(13.1) Zon = 216K 42 — vy ubtH
_ 5j+3, 8K+j
Zon—18 = 216K +2j—18 — Uy uBKtI

where 0 < j < 8. In particular, when j = 3,4,7 or 8, either v] or v times u8%+J

is in the image and can therefore have no differential. The usual d®(v3) = avj

determines the differentials:
d3(v§2’6}vgu8K+j) = v§4’0} ; 8K+j

Vy XU,

Similarly when j = 1,2,5 or 6 we have v3 or vy times u3%17 in the image and we

get:
8K+j

d? (vé{Q’ﬁ}vguSK*j) = 15{4’0}

viau
Combining all of our computations for d> we have E* = E®:

U§0y4}u{1*3} v§672}u{n—1,n} v§25+1y25+5}un

where s =0if n=1,2,50or 6 mod 8, and s =1if n = 3,4,7 or 8 mod 8.

We have computed ER(2)*(RP®) and shown that the elements u' 3} are all
27 torsion and d”(viul'™}) = w73} By naturality, the elements ut'™} ¢
ER(2)*(RP?*") must also be 27 torsion with the same differential. The only el-
ements we have left to worry about in our spectral sequence are:

véG,Z}u{n_Ln} v§2s+1,2s+5}un
where s =0 or 1 as above.
We collect what we know so far in the following preliminary result:

Theorem 13.2. Let n > 3, the Bockstein spectral sequence for ER(2)*(RP*")
begins as follows (with differentials modulo higher powers of u):
E' = E(2)*(RP?") is represented by

viaku/ 0<i<8 0<k 0<j<n.
d* (v3575akuj) = 2U§sakuj = vgscuk"'luj+1 j<n
E? = E3 is given by:

vfafu 0<k, w¥uw 1<j<n, oF¥ttafu™ 0<k

03 (Uéﬁﬂ}aku) — v§0’4}ak+1u
B i) = i awd = o0t 1< j<n—2

25+1,25+5 25+3,25+7
d3(v§ s+1,2s+ }akun) — vg 513,257} k41,,n
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where s =0 forn = 3,4,7 and 8 modulo 8 and s =1 for n =1,2,5 and 6 modulo
8.
E* = E® is given by

4 — 2 _ 2s5+1,2
Uéo, b1 3} U;ﬁ, Fdn Ln} v; s+1,2s45} n

where s =0 ifn=1,2,5 0or 6 mod 8, and s =1 if n =3,4,7 or 8 mod 8.

d7(v§u{173}) = 173h
The only remaining undetermined part of the Bockstein spectral sequence is in E°:

U§6,2}u{n,1’n} U§2S+172S+5}Un

where s is 0 or 1 as above.

We now have to start working our way through the 8 cases. There can be
significant variation on what happens. We only have 6 elements here in our basis
and we must kill them all off with d® and d”. For purely degree reasons, if there is
a d® it must be d° (v} ur—1) = vi>un. OF course, if those last elements aren’t
there, d® must be zero.

We collect the remaining differentials for all 8 cases in one place:

Theorem 13.3. The remaining differentials for the Bockstein spectral sequence for
ER(2)*(RP?"), n > 3,together with a little of the map ER(2)*(RP*"/RP*"~?) —
ER(2)*(RP?") are as follows:

ER(2)*(RP16K+2)

,U%,U/SK—i-l

d/5
u

v2usK > p2uSK+1
d7
-
vg’ugK“ Z16K+2
dS
u
vSusK > ySuSK+1
ER(2)*(RP'6K+4)
vlySK+2
d5
u q*
v2ySE+L > p2uSK+2 < 216K 44
d7
-
vyudK+2 216K —14
d5
8K+2

6, 8K+1 u o 46
vau vau
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ER(Q)*(RP16K+6)
o
VRS2 > 28—~ Zigk 12
3u8K+3
d’ dT
7
VOS2 M 68K +3 d
e
TudE+3 ——  Z16K+6
ER(Q)*(RP16K+8)
v%u8K+3 2 8K+4
3 8K+4
a7
vgu8K+3 6 8K—>
7 8K+4<—216K 8
ER(Q)*(RP16K+1O)
P
. vgulK+tP < Z16K+10
d
u
U%USK+4 S ’U%’U,BK+5
d7
Ugu8K+5
d°
UgU8K+4 S ,U6u8K+5
ER(Q)*(RP16K+12)
¢
S vIuBEte < Z16K 6
d
u
’U%’U,SK+5 5 ’U%’U,BK+6
d7
Ugu8K+6
d°

*

U q
VUK — > SR — — Z16K 112
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ER(Q)*(RP16K+14)
’U%U,SK+6 N U2U8K+7
¢
’U%’U,SK—F? <~———— Z16K+14
7 7
d d
u
v§uBEFE —————— Sy 216K —4
U;u8K+7
ER(Q)*(RP16K+16)
U%U8K+7 N U2U8K+8

6u8K+7 6, 8K

%
vy vau

< 8K+8 %ZIGK 2
d7
;

7 8K+8

Proof. As already discussed, for degree reasons, there can be no d® for the Bock-
stein spectral sequence for ER(2)*(RP?") when n = 3,4,7 or 8 mod 8. The two d’
differentials for n = 3 and 7 mod 8 follow from the map RP?" — RP?"/RP?"~2.
One of the d’ differentials for n = 4 and 8 mod 8 follows from the map RP?" —
RP?"/RP?"2 and the other follows from the map RP*"~2? — RP?". This com-
pletes the four cases n = 3,4,7 and 8 mod 8.

The other four cases all have a non-trivial d®.

We begin by looking at the n = 2 mod 8 case. The map to the n = 3 mod
8 case takes care of d” (vSubE+2) = d7(v3uBK+?). If there is no d® it would also
give the d” on v§udK+1 and we would have a generator, represented by v3udK+1
that was not in the image of the n = 3 mod 8 case. We now use the coﬁbratlon
RP?"=2 — RP?™ — RP?"/RP?"~2 where n = 3 mod 8. We have a complete de-
scription of ER(2)*(R PQ”/RP%_?). All of the elements associated with z,, inject,
ie. 2196 g, and 219 2 weak z,,. We also have 219 6 2y, 15 and wfakz% 18 in-
jecting. The only possible elements left for the kernel are {12 wea¥* 2y, 15, where
€+k > 0. Thus the boundary on the element represented by v2u®5+! must hit one
of these elements. The boundary homomorphism increases degree by 1 so, modulo
8, the degree of the image is —3. However, the degrees, modulo 8, of the elements
a:{l Zweakzy, 15 are —5 and —6 (remember, n = 3 mod 8 here). There must be
a d® to prevent this impossibility. A similar argument works for n = 6 mod 8
comparing it with n = 7 mod 8.

We work on the n = 1 mod 8 case now using the cofibration RP?*~2 — RP?" —
RP?"/RP?"=2 for n = 2 mod 8. Here, all of the elements associated with z2,_1s
inject with the possible exception of 2156}z, 5. The other possible elements in
the kernel are z{"wea¥ zy,,, € + k > 0. If there is no d® then d” (v3us¥) = vSudX
is determined by comparison with the n = 0 mod 8 case. The element representing
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v$uBX is not in the image and so must have boundary non-trivial in the above
cofibration for n = 2 mod 8. The degree of the boundary of this element is 16 K —35.
Using the n = 2 mod 8 cofibration the degrees of 212 wa* 2, mod 8 are —5 and
—6. The degrees of 216} 2y, 15 are =5 x 17+ 16K +4—18 = 16K —3 and 16K —4.
There is nowhere for our element to go so there must be a d°.

We still have to deal with the d” because it is not induced by any of our maps.
One of v§2’6}u8K *1 must have a non-trivial boundary homomorphism on it. The
degree of the boundary image will be 16 K — 16 — 12+ 1 = 16K — 27 (for v3u8K+1)
or 16K — 3 (for v§ud%+1). Thus we must have d” (v3udE+1) = v§uBE+! and the
boundary of v§uf5+! must hit 2%z, 13, a fact sure to be useful sometime.

A similar argument works for n = 5 mod 8 comparing it to n = 6 mod 8. a

For our applications, what we really need to know is ER(2)'%*(RP?") and how
these elements sit in ER(2)*(RP?*"). The simple version of this is stated in the
Introduction as Theorem 1.6.

Theorem 13.4. For all n there is a short exact sequence:
(13.5)

ER(2)16*(RP2n72) - ER(2)16*(RP2n) - ER(2)16*(RP2n/RP2n72)_

We have elements o*u’ € ER(2)'%*(RP?*), 0 < k, 0 < j < n that reduce to
elements of the same name in E(2)'%*(RP?"). Depending on n modulo 8 there are
other elements in ER(2)'5*(RP?").

For n =8K + 8 and 8K + 7 there are no other elements.

Forn = 8K 46 there is an x°-torsion element, 216K 30, that reduces to v
in the Bockstein spectral sequence such that

gu8K+6

220k 216k 50 = aFutEHT.

Forn = 8K +5 there is an x°-torsion element, zigx—14, that reduces to vgu8K+5

in the Bockstein spectral sequence such that

2

k k
T Z16K—14 = &

"u8K+6

and an x7 -torsion element, 216K +4 that reduces to v%u8K+5

sequence such that

in the Bockstein spectral

2 _ 4 _ . 8K+T7
T UZ16K—14 = T 216 K+4 — U .

Forn = 8K +4 there are x”-torsion elements, zi6x—12, and zigx—10 that reduce

to v2udK+3 and viuBK+* respectively in the Bockstein spectral sequence such that
4 8K+5
T 216K—-12 = U +
4 8K +6
T UzZ16K—12 = U +
and

4,2 __ .6 _ 8K+T
T U Z16K—-12 = T Z16K—10 — U .

For n = 8K + 3 there are z” -torsion elements, 216K +4, and z16x —42 that reduce

to v2udK+2 and vIuBK+3 respectively in the Bockstein spectral sequence such that
4 8K +4
ttzier e = utt T
4 8K+5
zruzigrra = uBtT
and

4 2 __ .6 _ . 8K+6
T U 2Z16K+4 = T 216K—42 = U .
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Forn = 8K 42 there is an x°-torsion element, zigx—14, that reduces to vguSK"‘2
in the Bockstein spectral sequence such that

220k 216514 = oFuSET3

8K+2 in the Bockstein spectral

and an " -torsion element, 216K +4 that reduces to v%u
sequence such that

2 _ .4 _ ,8K+4
T UZI6K—14 = T Z16K+4 — U +,

Forn = 8K + 1 there is an z°-torsion element, 216K +2, that reduces to vguSK'H

in the Bockstein spectral sequence such that
22k 216k 10 = aFubKF2,

Proof. We have computed the Bockstein spectral sequence for all of the spaces

RP?"=2 RP?>" and RP?"/RP?"~2. From this we can just read off the elements in

degree 16x. In every case the z'-torsion elements aga*u’ for j < n — 1 correspond

using the map induced by RP?"~2 — RP?". Likewise for the elements afu, ut! 3},

and u/, j < n so we will ignore these elements.

First note that agafu™' = 2aku?1 = oFH1yn.

For n = 8 mod 8, there is nothing else in ER(2)'6*(RP?*"~2). All that is left of
13.5 is a¥zs, — oFu™.

For n = 7 mod 8, ER(2)***(RP?>"/RP?**2) = 0. We must have o*u" —
2?a*u" 1. [Technically, we need to worry that perhaps u" goes to x2a**u"~1vj
for some k. If this is the case then the boundary homomorphism on z?u"~1v3 must
be non-trivial but we can check that there is nowhere for it to go. Consequently
we will ignore this kind of possibility in the rest of this proof.]

For n = 6 mod 8 things are a little more complicated. The only elements in
ER(2)'*(RP?"/RP*?) are x?wa* 25,15 and we can compute directly that they
go to z2a*t1u™v. ofu" must go to x2a*u""'v]. The only possibility left is for
2?u"v3 to go to z*u"1v3. Recall from above that this last element is u™*1.

For n = 5 mod 8, we compute the map to ER(2)'*(RP?") directly and we have

wakzop_15 — U

2 k+1un

xzwakzm — 2.

Ua

Keep in mind that this last represents a**1u"t1. We then have u"t! = 22u"v3
maps to z*u""1v3. We must have 4™ map to z*u""2v3 and z*u"v3 (which repre-
sents u"*?) map to x%u""tv].

For n = 4 mod 8 we compute 2°25, 15 — z%u™0] = u"*® and wafz, —
a*tly". That leaves u™ — x*u" 202, 2*u" 1o = w1 = z*u" "2, and 2*u™0v? =
ut? — Syl

For n = 3 mod 8 we compute z*29,_15 — x4u"v% = u"*? and 2%25,, — mﬁu"vg =
u"3, That leaves x*u"'v? = u"t! — ptu" "2 and ofu™ — 22aku 103,

For n = 2 mod 8 we compute z?a* 2, 15 = r?a*u"v] = o*fu"! and 2t2y, —
rhuv? = w2, All that is left is o*u™ — 22aFu" 103,

The n = 1 mod 8 case is simple again with a*zs,_15 — a*u” and 2%a
r2akumv) = akuntl.

k

kZQn —

O
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14. BEGINNING WITH PRODUCTS

For use with our Bockstein spectral sequence we need descriptions of E(2)*(—)
for various products. We always use reduced cohomology. We start with a result
proven by modifying techniques of [JW85]:

Theorem 14.1 ([GW]). Let m < n, then
BP*(RP®™ A RP?™) ~ BP*(RP*™) @ gp- BP*(RP*") ® £>"~'BP*(RP*™)

Remark 14.2. It is important to note, because we use it later, that this is natural
in the obvious way for the RP?>™ when m < n.

It is enough to prove this using BP(2), where BP(2)* ~ Zy)[v1, vfl], because vs
multiplication is injective and so it determines the Brown-Peterson cohomology. We
can now invert ve to get the to get F(2)*(—) and the same theorem holds. Because
there is no ve-torsion, BP(2)*(RP?™ A RP?") injects into E(2)*(RP*™ A RP?").
This is important because we rely on Don Davis’s computations. He does his in
BP(2)*(—) but this shows they just as well could have been done in E(2)*(—).

We do not use the standard notation because we need to be compatible with
ER(2)*(-). Above, the bottom class in the suspension is 2"~ 1zy. We shift this
using the unit v3 raised to the n-th power, i.e. we shift the suspension down by —18n
so our bottom class is now L1671z, but we also replace zo with our u = v3xs.
Our bottom class is now in degree —16n — 1+ 2 — 18 = —16n — 17. We give it
the name z_16,—17. The result for our 48-periodic theory that we use is as follows
where we also include the more detailed description from [GW]. Much of this is
well known.

Theorem 14.3. Let m < n, then
E(2)*(RP*™ARP>") ~ E(2)*(RP>™)®p(s)- E(2)*(RP*)d X~ "1 E(2)*(RP*™)

represented by
U‘;aku’im 0<k O0<i<m 0<s<8

viulul 0<i<m 1<j<n 0<s<8

and

Pz tgno17 0<k 0<j<m 0<s<8.

vy
E(2)*(RP?™ A RP®) ~ E(2)*(RP*™) ®p(2)- E(2)*(RP™)
represented by

vgaku’im 0<k 0<i<n 0<s<8

and

viutu, 0<i<n 1<j 0<s<S8.

E(2)*(RP®™ A RP®[RP>™) ~ E(2)*(RP*") ® ()« E(2)*(RP>/RP>™)

represented by
Ugaku’iugnﬂ 0<k 0<i<n 0<s<8

vsuiug 0<i<n m+1<j 0<s<8.
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15. A REVIEW OF OUR RELATION

We need a bit more detail about our relation:
0=[2)(u) = Zasus+1 =2u+p au® +r ut.
5>0
The degree of our a, is 16s and the degree of the relation is —16.
Lemma 15.1.
0 =2u+r au® +pu* = 2u + au® + u* + 2u’z, (u) + au’z (u).

Proof. The proof follows immediately from the fact that F(y,0) = y. The z,(u)
and z,(u) are power series in v and are not determined uniquely because many
elements are divisible by both 2 and a. O

Definition 15.2. We need a filtration on our elements a*ulu, and u1u2 in the
tensor product part of our description of E(2)*(RP*™ A RP*"). We say uf 4ub is of
higher filtration than uiuj if a+b >4+ j or, if a + b =i + j and we have a > i.

Remark 15.3 (The Algorithm). In our tensor product description of E(2)*(RP*™ A
RP?") with m < n we use no elements with a 2 or an au3. We need an algorithm
that shows how any element can be reduced to those in our description, i.e. a*uiusy
and u’iué, j > 1. It is enough if our algorithm increases filtration as that will

eventually lead to terms in our description. If we have a 2 we use our relation:

uiul = (2uy )ui~tud = z:akul”+1 witul
k>0
All of these terms have higher filtration. If 2 does not divide and if j = 1 then we
are done. So, we are left with the case where au3 divides our element. In this case,
modulo higher filtrations, we have:
~1

aviud, = uiud 2 (aud) = viul ?(—2uy) = —2uiul

and we use the first reduction on this to get, modulo higher filtration, au’+1u2

Even this term is of higher filtration than we need. If neither 2 nor « is present
then we are done. However, there is one last step. Since we are using our 2-adic
representation for everything we only want 0 and 1 for coefficients. Whenever we
have a —z we can replace it by z — 2z and use the algorithm on —2z. This shows
that —z = z modulo higher filtration.

The algorithm ends after a finite number of steps when the power of u; is greater
than m, the power of u, is greater than n, or the power of us = 1 and there are no
more 2’s left.

Lemma 15.4. There is an element z with filtration greater than uju3 such that

2(uul + 2) = ulus

modulo filtrations higher than that of u3uj.
Proof. We compute with
2(uru3 — uuy — ududz, (us) + udz, (uy)ui) =
—( 4 2uy 24 (uy) + ud + aufzy(uy))udul
(@ + 2uy 2o (ur) + ud + qufzy(uy))ubusy

—2ululd 2 (us) + 2u3 2o (U1 )ud
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The very first term, —aufu3, is, using the algorithm and ignoring higher terms:

3 5 4 2 4 2 3
—auiuy — ujus — 2uize (U1 )us + ujus + 2uiusze (us).

Most terms now cancel out and we are left with, modulo the higher filtration terms,

u3us. 0

We are getting nearer what we really need.
Lemma 15.5. For uiul with j > 1 there is a z in E(2)*(RP?>™ A RP2") with
m < n having higher filtration than uiuj such that
2uiud + 2) = uittult?
modulo the terms a*uSuy with ¢ > i+ j + 2, u§u3 with ¢ > i+ j+ 1 and u§u3 with
c>i+7.
Proof. We do this by downward induction on the filtration of the target term. There

is nothing to prove if i + 1+ j +2 > m + n + 3 because both uiu} and the target

are zero. Assume we know this for all elements in higher filtration than u{™ w2

We know, from the previous lemma, that
2o+ o) =

modulo elements of higher filtration. By our induction we can take care of all of

the elements of higher filtration except those listed that we are working modulo.

We can only handle elements with the power of us greater than or equal to 4. O

This lemma is one of our goals in this section and we get our other goal as an
immediate corollary.

Corollary 15.6. If n > m there is an element
bl’nfl = ulu;“l + ’U,%Z with 2[)1’”,1 =0
and the filtration of u3z is higher than that of ulu;“l.

Proof. From the lemma there is a z of higher filtration than w;ul~" such that

2(uruyt +2) = udul ™ = 0. Since 2u;uf = 0 we need not have any u} in any part
of z. So, to have higher filtration than ulug_l we must have u% dividing z. O

Remark 15.7. A tactical mistake was made while trying to understand these com-
putations. The “simple” test case that was studied at length was RP'® x RP!S.
This “easiest” case turned out to be significantly harder because 2b; 7 = u§u3. The
shift to m < n simplified things a lot.

16. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP?" A RP*)

ER(2)*(RP?" A RP*) depends on n, but, as with ER(2)*(RP?"), d* doesn’t.
Everything is still even degree so we only have to worry about the 4 odd differentials.

Theorem 16.1. In the Bockstein spectral sequence for ER(2)*(RP?"ARP>) where
3 < n we have (with differentials all modulo higher filtrations):
E' is
vgaku’iug 0<s<8 0<k 0<i<n
and .

viulu, 0<s<8 0<i<n 1<j.

d' (03P P uiug) = v o T ui T uy for 0<i < n
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1 2551]_2sz+1]+2
d (03" Pujuy) = vy’ uy Uy

forO<i<mnandl<j.

E? = E3 is:
v%sakulug k>0
U%su’u{1 S 1<i<n
vPuud 1<
25+1aku?u2

vyl 1<

d?(vy {26} oy 1u2) = { OF k1 gy 24

PE (’U§276}U§U§17 73}) — v§470}ui+2 {1,2,3} l<i<n—1

2,6 j 0 2

d3(vé{ }ulu%) = Ué{ bu yudt

Forn=1,2,5 or 6 mod 8:

3,7 5,1
d® (v} { }aku?uQ) = v{ ' }ak"'lu?uQ.

d3( {37} n J) {51} n, j+2 1<j.

wyuy wyu
Forn=3,4,7 or 8 mod 8:

d3( {1,5} k. n ):,U{377}ak+1 n

Uy Uz U U2.

d?(vy {1, 5}u"u%) = vés 7}u"ué+2 1<j.

E* = E5 is:
oi"Muiud 0<i<d4 0<j<4

(2,6} {n—1,n} {1,2,3}
Uy "U Ug

Forn=1,2,5 or 6 mod 8:
{5 l}u?u{l 3}

Forn =3,4,7 or 8 mod 8:
’1}53’7}”?114;1’2’3}

Forn=1,2,5 or 6 mod 8:
pe (v§2’6}u?_1u§1’2’3}) _ U§1,5}u?u§1,2,3}

Forn=1,2,5 or 6 mod 8:
ES =FE7 is
of"Muiul 0<i<d4 0<j<4

{20y {128}

d7(U§U’1U§) = ujuj
Forn=1 or 6 modulo 8:

d (Bupus ™) = vfujut
and for n =2 or 5 modulo 8:

d7(v3u"u{1 > 3}) v%u?u{l 23}
Forn =3,4,7 or 8 mod 8:
E°=E% =E".

d" (vyuiuj) = ujuj

29
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Forn =3 or4 mod 8

d7(vguin 1 n} {1 2, 3}) vguinfl,n}uglﬂﬁ}
d7(v3u”u{1 3}) = vgu”u§1’2’3}.

Forn=17 or 8 mod 8

d7( %uin 1,n} {123}) 6 {nfl,n}u§1,2,3}

& (viulul®™) = odupul >,

Proof. The computation of d' is made possible by Lemma 15.5. The higher differ-
entials all come from products where the differential on RP?" is the one used. [

Corollary 16.2. Let m = 8K and 3 < n. In the Bockstein spectral sequence
for ER(2)*(RP?*" A RP>/RP?™) we have the same result as above, just multiply
everything by uj®.

17. THE BOCKSTEIN SPECTRAL SEQUENCE FOR ER(2)*(RP> A RP®)

We know from Theorem 3.4 that
ER(2)*(RP* A RP®) ~ ER(2)*(RP*®°)®gg(2)- ER(2)*(RP>).

We can write down the entire Bockstein spectral sequence for this as a Corollary
to the previous section just by letting n go off to infinity. We also want to see the
elements which represent things in our spectral sequence.

Theorem 17.1. In the Bockstein spectral sequence for ER(2)*(RP>® A RP*) we
have, where everything is modulo higher filtrations: E' is

viafulu, 0<s<8 0<k 0<i

viuiu, 0<s<8 0<i 1<j.
d' (v P akuiug) = 203 afuiug = v3%aF M uitty,
d' (v P ulud) = 20 uiud, = V2P uit el t? 0<i 1<j.
E? =FE3 i
2s k 2s z {1 3} - 2s J -
vy'auiue 0<k vy Ui Uy 1< vyluuy 1<y
43 ( {2, G}Ozkulug) — v§470}ak+1ulu2
& (v} (2,6}, {1 23}) _ {4,0} wity {1,2,3} 1<i
d ( {2 6} {4 0}

wiud) = vy 1<y
E4:E5:E6:E7 ;
0,4 ) .
oiuiul 0<i<4 0<j<4
7 i JY — i, ]
d' (vyuiuy) = ujul
The ' -torsion is given by
asafuluy — 202 afulug = v uitly
aguiul — 0P uiul = vPultult? 0<i 1<j.
The x-torsion is given by
aFugus — aFuqus 0<k

waruiuy — v%ak“ulug 0<k
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i 1,2,3 i 1,2,3 .
u§+2u§ LN u§+2u§ } 1<
i {1,2,3 ' .
wuiug b, vaui T uy 1<
uu — uiud 3<j
. o _
wuguwh — viugul” 1<y

The " -torsion is given by
uiué—)uiuy 1<4 j<4
Proof. The differentials follow from the previous section. The elements described in
ER(2)*(RP> ARP®) have the appropriate torsion and map to the correct elements
in E(2)*(RP>® A RP®). O

Remark 17.2. Note that we have no elements divisible by wu?u3. u3 can be replaced

using 1.3 and this can be rewritten in terms of other elements.

Corollary 17.3. The map ER(2)*(—) — E(2)*(—) induces an isomorphism
ER(2)'%*(RP> A RP™®) — E(2)'%*(RP>* A RP™).

Proof. E(2)'*(RP>® A RP™) has, for a 2-adic basis, a‘uius and uiu} for j > 1.
Since a, u; and uy all come from ER(2)*(RP* A RP>) we have a surjection. From
the Bockstein spectral sequence for ER(2)*(RP*>° ARP>) we can just read off all of
the elements in degree 16%. From the z!-torsion we have, modulo higher filtrations,
agaku’im = Ckk+1’ulli+1U2
aou’iué = u’ﬁlug+2 0<i 1<y
From the z3-torsion we have

Fuguy 0<k WPl 1<i wgd 3 < J.

Finally, from the z7-torsion we have

ulul, i<4 j<4
Combining all of these elements we get exactly what we need. O

Remark 17.4. In the next paper, we will need the slightly more delicate fact that
ER(2)'16*t8(RP> A RP™) injects into E(2)!6*t8(RP> A RP>).

18. A SPECIAL ELEMENT

To extract the information we need from the Bockstein spectral sequence for
ER(2)*(RP?*"ARP*™) we need to deal with odd degree elements for the first time.
Our approach to this will be to use the long exact sequence coming from:

RP?" A RP*™ — RP?" A RP™® — RP*" A RP™/RP*™.

From Section 16 we know ER(2)*(—) for the two terms on the right and we will
compute a special element in the kernel. Many thanks to Jesus Gonzdlez for his
work with the second author on BP*(RP?" A RP?™). Ideas from there translated
nicely to this situation and saved us from many a contorted filtration.

Recall
2lw) = 3 aputt!
k>0
in degree -16.
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Definition 18.1. Let ¢(n) be 0 for n = 7 or 0 mod 8, 1 for n = 1 or 6 mod 8, 2 for
n =2 or 5 mod 8, and 3 for n = 3 or 4 mod 8. These are just the numbers such
that 0 # u"t<(") € ER(2)*(RP?*") and 0 = u"T<(W+1,

Theorem 18.2. Let m = 8K, and m < n. Define the degree —16(n + 1) element

m—1 o]
_ n—m-+1+i m—i+k
go = E Uq E QpUs .
i=0 k=i+1

(n)

The element uj'" go is in the kernel of the map

ER(2)*(RP*" A RP®/RP*™) — ER(2)*(RP>" A RP%).
The elements ui go, 0 < i < m, are non-zero, not divisible by = and z>ul gy # 0. For
n=1,2,5 and 6 mod 8, a*ugy # 0. Forn =2,3,4 and 5 mod 8, uin71+€(n)g0 # 0.
Proof. The map to ER(2)*(RP?>" A RP™) takes go to an element with the same

(™) go is in the kernel we will add 0 to it in the form of u¢™

m—1 A
g = E : u;zferlJrz E :akugnfz+k-
i=0 k=0

Fixg=m—i+4+k, 0<qg<m. Then i =m — q + k and we look at the coefficient

of ud in u™ gy

notation. To see that u)
times

m—1
Z aku;z+1fq+k+e(n) -
k=0
This is zero because it is the relation in ER(2)*(RP?"). Adding, we have:
m—1 o]
go+gr =Y up TN gup itk
i=0 k=0
where the sum

o0
Z apul =R =0,
k=0

This shows that ui(”) go is in the kernel. Although the image of go, when added

(n)

to g1 is zero, g; isn’t zero until it has been multiplied by uj"" so go is not in the

kernel until it too has been multiplied by u™.

Multiply go by u"~" to get

m—1 o]
m—1 _ n+i m—i+k
Uy go = E Uq E AUy .
i=0 k=i+1

Since u! is divisible by z, if we reduce modulo z all we have left is:
o0
u tgo = ul E apul k.
k=1

We need to show that this element is not divisible by z and that z? times it

is non-zero. We use the algorithm in Remark 15.3. The first term in the sum,

auuy ™t = auultt, represents an x'-torsion generator in the spectral sequence

of Corollary 16.2. a3 gives uful®, an z®-torsion element. Any a; divisible by 2,



THE SECOND REAL JOHNSON-WILSON THEORY AND NON-IMMERSIONS OF RP™ 33

such as as, has that 2 applied to u}" and the element becomes divisible by z. All
we have left to consider are elements ay that are powers of .. In this case we know
that k£ > 3. Since we can work mod 2 the algorithm just uses aui = ui modulo
higher powers of uy. All such elements end up as u?u% with 7 > 3 and as such are
x!-torsion elements. We can conclude that our element is not divisible by x and
that 22 times it is non-zero.

Next we deal with the n = 3 and 4 mod 8 cases when we know u}""® # 0.

Multiply go by u"™? to get:

00

m+2 _,,n+3 m+k

Uy "go = Uy Zak% :
k=1

We know that u}*? is divisible by % so both 2 and « times it are zero. The only

ay, without a 2 or an « is as so this reduces to ul*3ul**3. This is represented by

2SvTuul? in the spectral sequence and is non-zero.

For all other n, uf"*? is zero. We look now at
Let n = 2 or 5 mod 8. We know that u!"*? is non-zero and is z* times the element
in the Bockstein spectral sequence for ER(2)*(RP?") represented by viul. We also

know that u*® = 0. Now multiply go by u"** to get

o0
m+1 _ . n+2 m+k
Uy go = uq Z AU .
k=1

Since our u'*t? € ER(2)*(RP?") is divisible by x*, both 2 and « times u}*? give
zero. Recall also that every ay has a 2 or « in it except for ag. Our formula is now
just:
u M go = uf T uy e,
In the Bockstein spectral sequence for ER(2)*(RP?*" A RP>/RP?™) the element
representing u M 2ul""? is 2% times v3ulul T which is the target of a d” so this is
non-zero.
We want to do a bit more for u*gy because we want a/u*gop when n = 1,2,5
and 6 mod 8. We know that u}"? is divisible by z* if it is non-zero so a will kill

it. So, for j7 > 0, ajuTgo is:
o0
adultt Z apul k.
k=1

Any 2 in a;, will raise the power of u; and give us z* killing the «, so, as in the

previous cases, we are left with aul** + u2**? and higher powers of uy. Since we

have an a, the u'*® also goes away and we are left with a/+t1ul ™yt These
elements are represented by a:%%a”lu’fu;”“ in the spectral sequence and are all

non-zero. (|
19. STARTING THE BOCKSTEIN SPECTRAL SEQUENCE FOR
ER(2)*(RP?*" A RP?>™)
In the previous section we found a special element

go € ER(2)71( D) (RP2™ A RP™ /RP*™),
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where m = 8K, such that u{") gy went to zero in ER(2)*(RP?>" A RP>). From the
long exact sequence for the cofibration:

(19.1) RP* A RP*™ — RP®" A RP™® — RP®" A RP*™/RP*™

we must have an element §o(n) € ER(2)'6(nte(m)-17(RP2" A RP?™) such that
9(go(n)) = ui(n)gg. Because ut go is not divisible by z for 0 < i < m the same must
be true of u' ™ go(n) and that means these elements must reduce non-trivially to
E(2)*(RP*" A RP?>™). The only elements in degree —1 mod 16 are a*ulz_ 16, 17,
with 0 < i < m. The only elements in exactly degree —16(n + €(n)) — 17 with
these u' " non-zero are a3tuS™
combination of these elements.

ul'"™z_16n—17 and so go(n) must reduce to some

Theorem 19.2. The Bockstein spectral sequence for ER(2)*(RP*™ A RP?™) when
m < 8K < n:
E':

E(2)*(RP*™ARP>") ~ E(2)*(RP>™)®p(2)- E(2)*(RP*")0X "' E(2)*(RP*™)

s represented by

viafuiug, 0<k 0<i<m s<8

viulu, 0<i<m 1<j<n s5<8

and

k

Ugau’iz,wn,n 0<k 0<i<m s<8

There is an element
go(n) c ER(Q)—lﬁ(n+e(n))—17(RPQm/\RPQ’rL) ~ ER(Q)—lﬁ(n+e(n))—17(RP2nARP2m)
with
0 # 8(jgo(n)) € ER(2)~16(nte(m)=16( R p2n A RP> /RP?™)
such that go(n) reduces to
ui(n)zflﬁn—17 c E(2)716n717(RP2m /\RPZn)

and the §o(n) are compatible with the maps RP>"m~1) — RP>™.
Modulo terms of higher filtration, d' is

d' (v ok uiug) = v Ui uy 0<i<m

(0P Pulud) = P uitul ™ 0<i<m 1<j<n—1

dl( 25—5 2sak+1u§+1

. i )
0y T AU Z_16n—17) = V3 Z—_16n-17 0<i<m—1
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E? is:
v afugus 0<k
v%su§u§1’2’3} 1<i<m
V25 uqud I<j<n
v3¥ T ok uiu, 0<k
vt tymyd 0<j<n
v3sHylul 0<i<m
U§s+1uib1’n,1 0<i<m-—1
v3* ¥z 16017
’l}%suiz_len_17 0<i<m

03" ek u 2 gt
Proof. There are a couple of things to prove here. We must evaluate d* and get E?
and then we must verify the reduction of go(n) and prove its naturality.

d! is even degree so it acts independently on the even and odd degree parts of
E'. d' on the even degree part is induced from RP> A RP*. It is only the third
line, the differential on the odd degree elements, that we need to prove. If we can
show that d'(z_16n_17) = 0 then the differential will follow from its behavior on
the coeflicients v3.

The cofibration 19.1 gives a long exact sequence in E(2)*(—). The two terms
with RP> and RP>/RP*™ are in even degrees so all of the even degree elements
of E(2)*(RP?" A RP?™) come from E(2)*(RP?" A RP*) and all of the odd degree
elements have boundary non-trivial and inject into E(2)*(RP?"* A RP>/RP?™).
The boundary is induced by the map

RP* A RP*/RP*™ —s RP* A XRP>™.

The image of z_16,—17 is in degree 0 mod 16 and so its representation must have a
v9. All of d' for RP*™ A RP>/RP?™ is on odd powers of vy so since we have the
odd degree elements injecting and d* on the image of z 16, 17 equal to zero, we

must have d*(z_16,_17) = 0. d* follows as described above.

We already know the reduction of go(n) is of the form a3kui(n)z716n,17 so all we

need to do is show that & = 0. Since we have computed d' already, we know that

o u" 2 16n_17 is in the image of d' for k > 0. a®*u*'2_16,_17 represents the

element uT‘l‘E(")go (n) and we know this has z? on it non-zero. We just showed
that all of these elements with £ > 0 are z'-torsion so we must have k¥ = 0 and
go(n) maps to ui(n)z,lgn,n, with, if necessary, a little redefinition of z_1g,_17 to
avoid a sum.

Consider the diagram:

ER(2)*(RP?™ A RP?") — > E(2)*(RP*™ A RP?™)

v v
ER(2)*(RP?>™~2 A RP?") —— E(2)*(RP?™~2 A RP?")

By naturality, Remark 14.2) in E(2)*(—), z—16n—17 maps to the element of the
same name on the right hand map. The element go(n) in the upper left corner
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must factor through a go(n) in the lower left corner. It isn’t obvious that d(go(n))
must be non-zero though. If it were zero then go(n) would have to come from

ER(Q)—IS(TH-E(TL))—I?(RPQH A RPOO)

We know that in here any odd degree elements are divisible by x but we also know
that go(n) is not divisible by z because it reduces to z_165,—17. a

It is an instructive exercise to apply the algorithm to see how the element g
behaves under the map induced by RP3(—8 — RP8K,
Our goal with products all along has been to prove:

Proposition 19.3. Whenn = 1,2,5 or 6 modulo 8, m < 8K, and 8K + 8 < n,
the element u'ul™ € ER(2)*(RP>™ A RP?") is non-zero.

Proof. uy™' € ER(2)*(RP?") is represented by x? times the element represented
in the spectral sequence by v3u%. So uf*uj™ is 2?2 where z reduces to uJ*ujv3 in
the Bockstein spectral sequence. u*ufv3 survives to E?. For z to have x%z # 0 it
is enough that u*ulv3 survives to E®, i.e. that it is not hit by a d*. (It cannot be
the source of any differential because it is the product of the elements represented
by u* and ufv3.)

The differential d* has degree 35 (—13). Our element u*u%v3 has degree —16(m+
n) — 30 so the source that would have to hit it would have to have degree —16(m +
n) — 17, in particular, it must be odd degree. The odd degree elements in the E?
term of our Bockstein spectral sequence are:

2s _k
Uy " Z_16n—-17

25, i .
vy°uiz_16n-17 0<i<m

and U%Hlakug”*lz,wn,n

The only elements with degree equal to —1 modulo 16 are:
aszlﬁn717

and UliZ_len_17 0<i<m
Since our differentials commute with multiplication by a and uy, if such a differential
exists it has to be non-trivial on z_;g,—17. Because ui(n)z,lgn,n is in the image
of go(n) it must have all differentials on it trivial. Thus the target, d*(z_16n_17)
must be killed by u{". If we do have a non-trivial differential for m = 8K + 8,
by naturality, Remark 14.2, and the fact that the target is killed by ui(n), the

differential will be zero in m = 8K and for any m < 8K.
O

Corollary 19.4. In ER(2)*(RP?>™ A RP?"), m < 8K, 8K +8 < n, n = 1,2,5
and 6 modulo 8, the following elements are non-zero and independent in our 2-adic
representation:

aku’iug k>0 1<m
and

ulul i<m j<n+1.

Furthermore, uwiuy*t® = 0 when i > 4.
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Proof. The elements ofuius, uiud, i <m, j < n, reduce to E(2)*(RP>™ A RP?™).

All we have left, to worry about are the elements ujuy™", i < m. We know ui™' =
222, 2 = uBvy so ujuh ™t = x?ulz with ulz — ulufv3. From Proposition 19.3 we
know that u*ub ™™ # 0 and so uluy ™ must also be non-zero.

The element ug+2 is zero when n = 1,6,7 or 8 mod 8. Otherwise it is divisible
by z* so both 2 and « times it are zero. We use 1.3 to replace uf in ulul*? (i > 4)
with elements that all have either a 2 or an « and so we have ufu}™* = 0. O

20. NON-IMMERSIONS

In this section we finish off the proofs of our non-immersion results. We start
with the first part of Theorem 1.8.
Our goal is to show that the axial map

RP2TL x RP2K72]C74 N RP2K72n72
does not exist for certain n and k. If n = 0 or 7 mod 8§,
0=u2""""" e ER(2)*(RP* ~22),
If we show that the image of this element in ER(2)*(RP?" x RP?" ~2k~%) is non-
zero then the axial map does not exist and RP?" does not immerse in R?¥+2,
This computation is actually a coproduct because it can first be carried out for

the map RP*° < RP* x RP* and this last space has a Kiinneth isomorphism for
both our theories ER(2)*(—) and E(2)*(—). The first step,

ER(2)*(RP™) ER(2)*(RP®)&pgp(2)- ER(2)*(RP™)

| |

E(2)*(RP™>) E(2)*(RP°°)®E(2)*E(2)*(RP°°)

is an isomorphism from the top row to the bottom in degrees 16+ by Corollaries
8.3 and 17.3. The coproduct is therefore the same in both cases and comes from

uw— m*(u) = u1 +F us = uy + us + uuxG

where G is a power series. We are looking at m*(u)2"  —". If we write this out in

our 2-adic basis it is:
E ariofuluy + E b;,juiul

with 7 > 1 and the a;; and b; ; either 0 or 1. This is the same formula for either
ER(2)*(—) or E(2)*(—). The way we do this reduction is to use our algorithm,
15.3. Our algorithm never lowers the sum of powers of u; and us, soi+j > 2K-1_p,
for example.
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We continue the above map to

E(2)"(RP>) E(2)*(RP®)®p()-E(2)* (RP™)

| |

B(2)"(RP*" 7n7) E(2)*(RP*™)& o) E(2)* (RP2~2k-2)

E(2)*(RP?" x RP?" ~2k-2)
For the E(2)*(—) case, Don Davis, in [Dav84], showed that 0 = w2t mapped
to non-zero when
n=m+a(m)—1and k = 2m — a(m).

The top map on the right going down takes basis elements to zero or to basis

. Kﬁ]‘_
elements. Since u}™' =0 = u} ¥ our coproduct reduces to
ki afiagd
E ag 0 ujus + E by juiusy
i<n i<n

1<j<2K='_p_1

and [Dav84] shows that this must be non-zero.
We now do the same thing with ER(2)*(—). We use the diagram:

ER(2)*(RP>) ER(2)*(RP®)&pgp(2)- ER(2)*(RP™)

| |

ER(2)*(RP" ~2n=2) ————— ER(2)*(RP*")&pg(s)- ER(2)*(RP?" ~2+4)

|

ER(2)*(RP? x RP2" —2k—1)

We assume that n = 0 or 7 mod 8, which gives us u?“ =0= uQKfl_”, and
—k—2=1,2,5 or 6 mod 8. Because of this restriction on k, ER(2)'6*(RP>" —2k—1)
surjects to F(2)16*(RP2"“ ~2k=2) If we write out our coproduct in

ER(2)* (RP2n)®ER(2)* ER(Q)* (RP2K*2I€74)
it is nearly the same as it was in E(Q)*(RPQ")®E(2)*E(Q)*(RPQK—%—Q). We always

have u% = 0 when j > 25! — k. We could have elements uiugk_lfk. These
elements are all zero by Corollary 19.4 when ¢ > 4 which we can get if we sneak in the
inconsequential assumption that n+4 < k. Consequently, our obstruction is exactly
the same linear combination for ER(2)*(—) as it was for F(2)*(—) and we have
shown that these elements all map independently into ER(2)*(RP?" x RP?" —2k—4)
by Corollary 19.4.

As a result of the above discussion, Don Davis’s obstructions work for us as well
but with an improvement, in our special cases, of 2. To meet our conditions we
must have (from Theorem 13.4)

—k—2=1{1,2,5,6} mod 8
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and, from [Dav84], k = 2m — «(m) and also
n=m+a(m)—1=1{0,7} mod 8.

(from both). Our result in the Introduction follows once we get our pairs (m, a(m))
from these equations. Our first is:

—2m+ a(m) —2=1{1,2,5,6} mod 8
—2m + a(m) = {3,4,7,0} mod 8
2m — a(m) = {5,4,1,0} mod 8.
The second:
m+a(m) —1=1{0,7} mod 8.
m + a(m) = {1,0} mod 8.

Adding the two equations we get:

3m = {6,5,2,1} or {5,4,1,0} mod 8.
Multiply by 3 (mod 8) to get:

m=1{2,7,6,3} or {7,4,3,0} mod 8.
Substituting this into

a(m) =—-m+ {1,0} mod 8
we get
a(m) = {7,2,3,6} or {1,4,5,0}.
So, our result is as stated in the Theorem 1.8.
For the second part of Theorem 1.8 we begin again with the main theorem of

[Dav84], for

n=m+a(m)-—1 k=2m — a(m)
there does not exist an axial map:

RP2K721¢72 %« RP2" —s RP2K72n72
and so RP?™ ¢ R?*. This is proven by using the equivalent of E(2)*(—) and
showing that the w27 "" =0 on the right would have to go to a non-zero element
on the left. That same element would prevent the existence of an axial map,

RP2K72k72 % RP2n+2 — RP2K72n72

and likewise
RP2K72k72 % RP2n+2 N RP2K72n74‘

“l_n “ln—1

. K K—-1_
Furthermore, if u? went to non-zero then we must also have u? =

0 also going to a non-zero element. If n +1 = 7 mod 8 then «2*  —"~! = 0
for ER(2)*(—) and, if —k —2 = {1,2,5,6} mod 8 this must factor through the
ER(2)*(—) cohomology of

RP2K72]C74 x RP2n+2 N RP2K72n74
as above and we have that RP*" ™2 ¢ R2k+2 or,
RPQ(m+oz(m)) /(Z ]R2(2m—a(m)+1)-
We have to untangle some equations to get our (m, a(m)) pairs for this. We have

n+l=m+a(lm)=7 mod38
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and
—k—2=-2m+a(m)—2={1,2,5,6} mod 8.
The equation for k is the same as before so we have
2m — a(m) = {5,4,1,0} mod 8.

The equation for n gives

m+a(m) =7 mod 8.
Adding, we have

3m ={4,3,0,7} mod 8.
Multiply by 3 to get

m={4,1,0,5} mod 8.
Substituting into

a(m)=—-m+7 mod8
we get

a(m) = {3,6,7,2}

and our pairs are as in our Theorem 1.8.
Remark 20.1. Don Davis does his work with the theory BP(2)*(—) with BP(2)* ~
Z (2)[v1,va]. For these spaces there is no vy torsion so when vs is inverted to create
E(2)*(—), everything injects. The normal E(2) is 6 periodic but we can consider it
48 periodic just as well, it doesn’t change anything. Davis does all of his compu-

tations with the standard 2-dimensional class, z2, but the computations all hold if
this is adjusted by a unit so we can use our v in degree —16.

21. THE ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE APPROACH

The original computation of ER(2)*(RP?") was carried out using the Atiyah-
Hirzebruch spectral sequence and we give a brief description of how that was done
here. To begin we use the long exact sequence:

(21.1) ER — L ER(2)*(X)

\/

for X = RP'% and X = RP*. Since we know E(2)*(RP16) we can just look at the
Atiyah-Hirzebruch spectral sequence for ER(2)*(RP'%) and see that what is there
in the E? term for ER(2)'*(RP'®) must map isomorphically to E(2)!%*(RP'%)
and so must also be E*> and cannot have any differentials entering or leaving.
Using this isomorphism and the fact that E(2)*(RP'®) is even degree, the long
exact sequence gives us ER(2)'%*T1(RP'®) = 0 as it is trapped in:

0~ E(2)'"*"'(RP') — ER(2)'***'"(RP'®) —
ER(2)16*(RP16) ~ E( )16*(RP16)
It then follows that ER(2)6*+2(RP1®) = 0 from:
ER(2)'%*(RP'S) ~ E(2)'%*(RP'®) —
ER(2)'***13(RP') — ER(2)'**t(RP'%) =0.
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We get one more, i.e. ER(2)'*+3(RP6) =0 from:
0~ E(2)' *(RP'®) — ER(2)'"****(RP'®) —
ER(2)'%*T2(RP'®) = 0.

In order for the Atiyah-Hirzebruch spectral sequence for ER(2)*(RP'%) to end
up with zero in these degrees we must have differentials, none of which can start (or
end) on ER(2)'®*(RP'®). There is only one way for this to happen and it shows
us what the d” are for r = 2,3,4,5,6 and 7. These differentials then work for all
ER(2)*(RP?"). Elements can be identified using ER(2)*(RP>) and the map to
E(2)*(RP®).

This works quite well but breaks down when attempting products.
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