MODULI OF SUSPENSION SPECTRA
JOHN R. KLEIN

ABSTRACT. For a l-connected spectrum E, we study the mod-
uli space of suspension spectra which come equipped with a weak
equivalence to E. We construct a spectral sequence converging
to the homotopy of the moduli space in positive degrees. In the
metastable range, we get a complete homotopical classification of
the path components of the moduli space. Our main tool is Good-
willie’s calculus of homotopy functors.

1. INTRODUCTION

It’s well known that the singular cohomology of a space has the
structure of a commutative graded ring. The corresponding statement
for spectra fails to hold. The problem arises from the observation that a
spectrum E might not have a “diagonal map” £ — EAE. Of course, a
diagonal map exists when FE' is a suspension spectrum. This motivates

Question. Let E be a spectrum. When can we find a based space X
and a weak equivalence of spectra XX ~ E7 In how many ways?

Our first result gives a criterion for deciding the existence part of
this question in the metastable range. Recall that F is r-connected if its
homotopy groups 7, (F) vanish when * < r. Write dim £ < n if E is,
up to homotopy, a CW spectrum with cells in dimensions < n. Recall
that the k-th extended power Dy(E) is the homotopy orbit spectrum of
¥, acting on the k-fold smash product E"¥.

Theorem A (Existence). There is an obstruction
dp € [E,XDy(E)],

which is trivial when E has the homotopy type of a suspension spectrum.
Conversely, if 0y =0, E is r-connected, r > 1 and dim F < 3r+2,
then E has the homotopy type of a suspension spectrum.

Before stating our second result, we comment on the relation be-
tween Theorem A and one of the early results of Kuhn ([Ku, Th. 1.2])
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which says that a connected spectrum FE is a retract of a suspension
spectrum if and only if there is a weak equivalence

S20®E ~ \/ Di(E).
k>1
Theorem A implies one can remove the word “retract” from Kuhn’s
result in the metastable range.

Next consider the collection of pairs (X, ) in which X is a based
space and h: X*°X — FE is a weak equivalence. Equate two such pairs
(X, h) and (Y, g) if and only if there is a map of spaces f: X — Y
such that g o ¥ f is homotopic to h (in particular, f is a homology
isomorphism). This generates an equivalence relation. Let ©f denote
the associated set of equivalence classes.

Our second result identifies O in the metastable range.

Theorem B (Enumeration). Assume ©p is nonempty and is equipped
with basepoint. Then there is a basepoint preserving function

If E is r-connected, r > 1 and dim F < 3r + 2, then ¢ is a surjection.
If in addition dim E < 3r + 1, ¢ 1s a bijection. In particular, ©p has
the structure of an abelian group when dim E < 3r + 1.

Theorem B leads to the possibility of calculating © in a number of
simple cases. For example, table 4.1 appearing in Mahowald’s memoir
[Mah] provides extensive calculations of ©p at the prime 2 in the case
of spectra with two cells (see §8 below).

In fact, ©f is the set of path components of a space 9y which
is defined as follows: let C'r be the category whose objects are pairs
(Y, h) with Y a based space and h: ¥*°Y — FE a weak equivalence. A
morphism (Y, h) — (Z, g) consists of a map of based spaces f: Y — Z
such that g o X*°f = h. Then define

SIRE = |CE‘ s

i.e., the geometric realization of (the nerve of) Cp.! We call My the
moduli space of suspension structures on FE.

Our third result gives a spectral sequence converging to the homo-
topy of 9 in positive degrees. Formulating it requires some prepara-
tion.

IThere are set-theoretic difficulties presented by this definition, since Cg isn’t
a small category. This problem can be avoided in several ways (compare [Wa, p.
379)).
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For ¢ > 2, let W, be the spectrum with X ,-action which classifies
the g-th layer of the Goodwillie tower of the identity functor from based
spaces to based spaces. Unequivariantly, 1, is a wedge of (¢—1) copies
of the (1—g)-sphere spectrum (see Johnson [Jo]). If ¢ < 1, we take W,
to be the trivial spectrum.

If F is a spectrum, then its ¢g-fold smash power E”? has the structure
of a (naive) spectrum with ¥ -action. Give the smash product W, A E"
the diagonal X,-action. We are then entitled to form

Wy Aps, BN,

i.e, the homotopy orbit spectrum of ¥, acting on W, A E™. Let
F(E, W, Aps, EM?) denote the function space of spectrum maps from
E to Wy Aps, E". With these definitions we are ready to state our
third result.

Theorem C (Spectral Sequence). Let E be 1-connected. Assume Mg
15 non-empty and equipped with basepoint. Then there is a first quad-
rant spectral sequence converging to my1(IMg) with

E, , = mp(F(E, Wy Aps, B"))
and d'-differential of bi-degree (—1,1).

Note when dim E' < n, we have E;yq =0 for p < g+1—n. Thus for
fixed p, Epl,q is non-zero for finitely many q.

Our last result says that the obstruction 0z is, in some sense, 2-local.

Theorem D (Localization). For any connected spectrum E, the ho-
motopy class di becomes trivial after inverting the prime 2.
Furthermore, if f: E — E' is a map of spectra which is a 2-local
weak equivalence, then 0 = 0 if and only if 0 = 0.
Consequently, if E and E' satisfy the connectivity assumptions of
Theorem A, then E is weak equivalent to a suspension spectrum if and
only E' is weak equivalent to a suspension spectrum.

Remarks. Starting with the work with Berstein and Hilton [B-Hi, the
problem of deciding when a space has the homotopy type of a (single
or iterated) suspension has been intensively studied.

To the best of my knowledge, the literature contains much less in-
formation about the desuspension problem for spectra, aside from the
trivial stable range case (Freudenthal’s theorem) and a p-local version
considered by Gray [Gr].

My original interest in the desuspension question for spectra came
from embedding theory. In a future paper, we intend to use the above
results to attack certain embedding questions.
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Outline. §2 consists of preliminary material. The proof of Theorem A
is contained in §3. In §4 we prove Theorem B. In §5 we express the
connected components of the moduli space Mg as the classifying space
of a suitable monoid. §6 contains the proof of Theorem C. Theorem D
is proved in §7. In §8 we provide examples in connection with Theorem
B. In §9 we discuss some loose ends.

2. PRELIMINARIES

In this section we give the conventions and tools used in the rest of
the paper. We make no claim to completeness.

Spaces. All spaces below will be compactly generated, and Top will
denote the category of compactly generated spaces. In particular, we
make the convention that products are to be retopologized with respect
to the compactly generated topology. Let Top, denote the category of
based spaces. A weak equivalence of spaces is shorthand for (a chain
of) weak homotopy equivalence(s).

We use the usual connectivity terminology for spaces: A non-empty
space is r-connected if its homotopy vanishes in degrees < r for ev-
ery choice of basepoint (in particular, every non-empty space is (—1)-
connected). A map A — B of spaces, with B nonempty, is r-connected
if for any choice of basepoint in B, the homotopy fiber with respect to
this choice of basepoint is an (r—1)-connected space.

A commutative square of spaces

A——C

L

B —— D
is said to be k-cocartesian if the map hocolim(B <~ A — C) — D
is k-connected. It is oo-cartesian if it is k-cartesian for all k. Dually,
the square is k-cartesian if the map A — holim (B — D « C) is k-
connected. The square is co-(co)cartesian if it is k-(co)cartesian for all

k.
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Spectra. A spectrum E will be taken to mean a collection of based
spaces {E;}ien together with based maps Y E; — E;,; where XF; is
the reduced suspension of E;. A morphism of spectra E — E' consists
of maps E; — E] that are compatible with the structure maps. We
denote the category of spectra by Sp.

A map of spectra is r-connected if it induces a surjection on homo-
topy up through degree r and an isomorphism in degrees less than r. A
spectrum is r-connected if the map to the trivial spectrum (consisting
of the one point space in each degree) is (r+1)-connected.

A map of spectra is a weak equivalence if it is r-connected for all
integers r. This notion of weak equivalence comes from a Quillen model
structure on Sp. In this model structure, the fibrant objects are the
Q-spectra (those spectra E such that E; — QF;,; is a weak equivalence
for all . A cofibrant object is (a retract of) a spectrum which is built
up from the zero object by attaching cells. The model structure on Sp
comes equipped with functorial factorizations; in particular, fibrant
and cofibrant approximation is functorial. For details, see for example
Schwede [Sc].

We typically apply fibrant and/or cofibrant approximation functors
to maintain homotopy invariance. To avoid clutter, we usually suppress
the application of these approximations in the notation.

For example, if F is a fibrant spectrum we write Q2*°FE for the zero
space Ey of E. If E isn’t fibrant, to get a good construction we first
replace E by its associated Q-spectrum E* and then define Q®F as Eg.

If X is a based space, its suspension spectrum ¥X>°X has j-th space
Y7 X, the j-fold reduced suspension of X (for this to have the correct
homotopy type, we assume that X is a cofibrant space; i.e., the retract
of a cell complex). In particular, Q(X) := Q®X*X is the reduced
stable homotopy functor. A map of spaces Y — Q*F is adjoint to a
map of spectra XY — F.

As in the introduction, we write dim £ < n if and only if F is,
up to homotopy, obtained from the zero object by attaching cells of
dimension < n. A spectrum is finite if it is built up from the zero
object by attaching a finite number of cells. A spectrum is homotopy
finite if it is weak equivalent to a finite spectrum.

In this paper, we can get away with a notion of smash product which
is associative, commutative and unital up to homotopy (see e.g. Lewis,
May and Steinberger [L-M-S, Chap. 2]|). We also need to know that a
construction of the extended power spectrum

Dy(E) = (E™)ps, := (EXg)4 As, B
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exists, is functorial, homotopy invariant and coincides with the usual
one in the case of spaces. For details, see [L-M-S, Chap. 6].

Truncation. Let Y be a based space, W be a 1-connected spectrum
and f: X*°Y — W a map of spectra. Assume dim W < n and that f
is n-connected.

Lemma 2.1. If n > 0, there exists a space Z, and an (n—1)-connected
map g: Z — 'Y such that the composite

vz B wey ow
1s 6 weak equivalence.

Proof. If n < 1, then W is weak equivalent to the zero object, and the
proof is trivial in this case.

Assume then that n > 2. Let hZ be the Eilenberg-Mac Lane spec-
trum. Then the induced map

hZ NX>®Y — hZ AW

can be thought of as a map of chain complexes (via the Dold-Kan
correspondence). Applying the truncation lemma [KIl, 4.1], We obtain
aspace Z and an (n—1)-connected map Z — Y such that the composite

hZL NY>*Z — hZ NE>XY — hZ AW

is a weak equivalence. But this composite is obtained by smashing the
composite

YL XY - W
with hZ. The result then follows by application of Whitehead’s theo-
rem. O

Corollary 2.2 (Freudenthal). Let E' be a an r-connected spectrum, r >
1. Assume dim F < 2r+2. Then E is weak equivalent to a suspension
spectrum.

Proof. This follows from 2.1 because the map X*Q®FE — E is (2r+2)-
connected (see 3.2 below). O

Another description of the moduli space. We can use Lemma
2.1 to give an alternative description of the moduli space when E is
1-connected. Let C}, be the (not full) subcategory of Cr having the
same objects, but with the property that morphisms (Y, h) — (Y, &)
satisfy the condition that Y — Y’ is a weak homotopy equivalence. Let
M’ denote the realization of CY,.

Proposition 2.3. Assume that E is fibrant, cofibrant and 1-connected.
Then the inclusion My, C Mg is a homotopy equivalence.



MODULI OF SUSPENSION SPECTRA 7

Proof. Let Y — YT denote the plus construction. Applying functorial
factorization, we can arrange it so that the natural map Y — Yt is a
cofibration.

Observe that if (Y, k) is an object of Cg, then the 1-connectedness of
E implies Y has trivial first homology. Therefore, Y is a 1-connected
space. So if (Y,;h) — (Z,h') is a morphism, the induced map of plus
constructions Y™ — Z* is a weak equivalence by Whitehead’s theorem.

Since F is fibrant and cofibrant, the space (2*°FE is cofibrant and 1-
connected. The natural map Q®F — (Q2*E)* is a cofibration which is
a weak equivalence. Consequently, there is a retraction r: (Q*E)" —
QF.

Let i: C; — Cg denote the inclusion. Define a functor

m: Cg — Cjg

by the rule 7(Y,h) = (Y, h"), where h’: ¥°(Y*+) — E is adjoint to
the composite
i+
v+ O (@ E)t & o*E.

Then there is an evident natural transformation from the identity func-
tor of C'y to the composite functor iom. There is a similar evident nat-
ural transformation from the identity functor of C; to 7 oi. It follows
that 7 induces a homotopy equivalence on realizations. ]

3. PROOF OF THEOREM A

After defining the obstruction g, the idea of the remainder of the
proof will be to construct a highly connected map from a suspension
spectrum to E. The proof is then completed by applying Lemma 2.1.

Definition of the obstruction. We describe below a certain fibration
sequence of spectra

in which S,: Sp — Sp is a certain homotopy functor.
Assuming this construction has been specified, we have:

Definition 3.1. The class
dr € [E,XDy(FE)]

is the obstruction to splitting the above fibration sequence, i.e., the
homotopy class of its connecting map to the right.
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Construction of the fibration. Consider the homotopy functor
¥*0>*: Sp — Sp

which assigns to a spectrum the suspension spectrum of its zero space.
Let S(FE) denote the k-th stage of the Goodwillie tower of this functor
and let Fy(E) := fiber(Sk(E) — Sk—1(E)) denote the k-th layer.

The following result has been noted by several people, including
Goodwillie, Arone, McCarthy, and Ahearn and Kuhn [A-K, Cor. 1.3].

Lemma 3.2. Assume E is r-connected. Then the map
YOOCE — Sp(F)

is ((k+1)r 4+ k+1)-connected. Consequently, the Goodwillie tower of
YOOXE is convergent if E is 0-connected. Furthermore, there is a
natural weak equivalence of functors

Applying 3.2, we see that the bottom of the tower yields a fibration
sequence of spectra

Dy(FE) = So(F) = FE
together with a (3r+3)-connected map X°OQ*F — Sy(FE).

Corollary 3.3. Assume E is r-connected and dim F < 3r + 3. Then
0 = 0 if and only if the map X*°O0°FE — E admits a section up to
homotopy.

Proof. The class 0 is trivial if and only if the Sy(E) — E has a section.
The dimension constraint on E and the lemma show that Sy(F) — E
admits a section if and only if X*O*F — FE admits a section up to
homotopy. O

Now assume E is r-connected, r > 1, dimF < 3r + 3 and ég = 0.
By the above remarks, we are entitled to choose a homotopy section
o: E — YX®°O®EFE. Let

Q% : QFFE — QYO E

be the corresponding map of zero spaces.

There is another map c: Q®FE — Q®X*®O®E (not an infinite loop
map) which is defined by taking the adjoint to the identity map X°Q*FE —
YPOCF.
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Let Y be the homotopy pullback of the maps 2*°¢ and ¢. Thus we
have an oo-cartesian square of spaces

J

(1) Y O°F

OXF ————— QXE®O0®F

(commutative up to preferred homotopy).

Lemma 3.4. With respect to the above assumptions, let 3 XXV » K
be the adjoint to the map labeled j in diagram (1). Then j is (3r + 2)-
connected.

Proof. Consider the diagram of spectra

P qE

(2) XY YXO®E E

i oo |-

YOOPE ——— 7 NROCNXOE ——— YXOFF

Y gxnoo00 R

in which the maps labeled with ¢ are the counits to the adjunction
for E and ®°Q~E. The map j is therefore given by the composite
qeoX*j, and the composite along the bottom, gywqwp 0¥ ®c is clearly
the identity. The left square commutes up to a preferred homotopy and
is oo-cocartesian. The right square commutes on the nose.

The maps Q¢ and ¢ in diagram (1) are both (2r+1)-connected.
Consequently, by the dual Blakers-Massey theorem (see e.g., [Go2|)
diagram (1) is a (4r + 2)-cocartesian square of spaces. In particular,
the left square in diagram (2) is a (4r+2)-cocartesian square of spectra.

Regarding the right square in diagram (2), If C' denotes the ho-
motopy cofiber of o, then the evident map C — Dy(FE) is (3r+3)-
connected. Similarly, if C' denotes the homotopy cofiber of ¥*°Q%¢,
an argument using the Blakers-Massey theorem, which we omit, shows
that the evident map C' — 3°Q>® Dy (F) is also (3r+3)-connected.

Lemma 3.2 shows that the map 3O Dy(E) — Dy(E) is (4r+4)-
connected (because Dy(FE) is (2r+1)-connected). We infer that the
map C'" — C is also (3r+3)-connected. Therefore the right square in
diagram (2) is (3r+3)-cocartesian.

Putting both squares together, it follows that diagram (2) is (3r+3)-
cocartesian. Since the bottom composite is the identity map, we infer
that the top composite ; is (3r+2)-connected, as asserted. ]
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Completion of the proof. Assume in addition to the above that
dim E < 3r+2. Since the map j: Y — E is (3r+2)-connected we
can apply 2.1. This gives a based space Z and a based map Z — Y
such that the composite X*°Z — X*°Y — FE is a weak equivalence.
This completes the proof of Theorem A.

4. PROOF OF THEOREM B

Step 1. Let Sg denote the homotopy classes of sections of the fibra-
tion S2(E) — E. Note that the abelian group [E, Dy(E)] acts freely
and transitively on Sg (cf. Lemma 6.1 below). Thus if Sy is given a
basepoint, it follows that [E, Do(F)] and Sg are isomorphic (the iso-
morphism is dependent on the choice of basepoint).
There is a function
¢: Or — Sk
defined by sending (Y, h) to the class represented by
E ~ 5%V — S5(5°Y) ~ Sy(E)

(the map in the middle is the preferred section of Sy(X°Y) — ¥°°Y).

If E — S5(FE) is a representative of Sg, and dim E < 3r 4 2, we can
perform the constructions in the previous section to get an element of
O (this element is not necessarily unique). It is straightforward to
check that this element of O maps to the given element of Sg. Thus,
when dim F < 3r+2, the function ¢: ©g — Sg is onto.

To complete the proof of Theorem B, it will be sufficient to show
that ¢ is one-to-one when dim E < 3r + 1. Choose a basepoint (Y, h)
for ©f, then Sg inherits a basepoint and Sg becomes identified with
[E, Dy(F)]. Thus we may rewrite ¢ as a basepoint preserving function

Or — [E, Dy(E)],

where the basepoint of the codomain is the zero element. Since Y was
chosen arbitrarily, it suffices to show that ¢ is one-to-one at the inverse
image of the basepoint.

Step 2. We digress to develop a relative version of Theorem A. Sup-
pose that A — FE is a cofibration in the category of spectra. We write
dim(F, A) < n if F is obtained from A up to homotopy by attach-
ing cells of dimension < n. Assume that A = ¥*Z is a suspension
spectrum.

Theorem 4.1. There is an obstruction

O(s,4) € [E/A, ZD5(E)]
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whose triviality is necessary to finding a cofibration Z — W and a weak
equivalence X°W ~ E extending the identity on X°Z = A. If E s
r-connected (r > 1) and dim(E, A) < 3r+2, then the vanishing of this
obstruction s also sufficient.

The obstruction dg,4) is defined in the same way as g taking care
to notice that the restriction of Jg to A has a preferred trivialization.
The proof of 4.1 is virtually the same as the proof of Theorem A, so
we omit it.

Step 3. We now return to the proof of Theorem B. We shall apply 4.1
in the following situation: choose a representative (Y, k) for an element
in O (call this the basepoint). Suppose that (Y, h’) represents an
another element in ©. Both elements combine to assemble to give a
weak equivalence
Y*YVY)SEVE.
Applying 4.1 to the pair (EAI,, EV E) we get a necessary obstruction
d(EnLy,EVE) € [XE,YXDy(E)] = [E, Dy(E)]

to finding a cofibration Y VvV Y’ ~— W of based spaces and a weak
equivalence

(%W, 5%(Y VY") ~ (EAL,EVE).
It follows from this that the zig-zag Y — W <« Y equates (Y, h) with
(Y',h') in Op.
Thus, fixing (Y, k) and allowing (Y, h') to vary defines a function
O — [E, Dy(E)],

which is just another description of the function ¢ (we omit the details).

Assume that F is r-connected and dim £ < 3r+1. Then 4.1 shows
that (Y, ') maps to zero under ¢ if and only if (Y’, A’) is the basepoint
of ©g. This completes the proof of Theorem B.

5. 9Mr AS A CLASSIFYING SPACE

Fix a cofibrant based space Z. Let Top,,; denote the category
of based spaces over Z. An object y of this category consists of a
based space Y together with a based map py: Y — Z. A morphism
(Y,py) — (Y, py+) is given by a map of based spaces f: Y — Y’ such
that pyr o f = py.

Since Top,/z is an over category of the Quillen model category
Top., it follows that it too has the structure of a Quillen model category
(see [Qu]). A weak equivalence is a morphism y — 3" whose underlying
map of spaces is a weak homotopy equivalence. We say y — 7' is a
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fibration if its underlying map of spaces is. We say that y — 3’ is
a cofibration if it satisfies the left lifting property with respect to the
acyclic fibrations.

Let wTop,,z denote the subcategory consisting of the weak equiv-
alences. Let w(,)Top,,; denote the full subcategory of wTop,,z con-
sisting of those objects connected to y by a chain of weak equivalences.

The proof of the following proposition, which we attribute to Wald-
hausen, is proved by the same method as [Wa, 2.2.5]. We omit the
details.

Proposition 5.1. There is a weak equivalence of spaces
|w(y)T0p*/Z‘ =~ BG(y) ;

where G(y) denotes the topological monoid of self homotopy equiva-
lences of y in Top, 7, and BG(y) is its classifying space.

We apply this in the following special case: let E' be a 1-connected
fibrant and cofibrant spectrum. The category C%, whose realization is
the moduli space M, (cf. §2), is just the full subcategory of wTop,/o=x
whose objects Y are such that the map py: Y — Q*°F is adjoint to a
weak equivalence of spectra.

If we combine Proposition 5.1 with Proposition 2.3, we obtain
Corollary 5.2. Let y be an object of C'g which is fibrant and cofibrant
as an object of Topya=p. Let Mg () be the connected component of
Mg which contains y. Then there is a homotopy equivalence

iUIE,(y) ~ BG(y) .

6. PROOF OF THEOREM C

Outline of the proof. The basepoint y = (Y, h) of Mg can be taken
as an object of C'g. Taking the plus construction if necessary, we can
assume without loss in generality that Y is 1-connected (see the argu-
ment in the proof of Proposition 2.3). We may also assume that y is
fibrant and cofibrant when considered as an object of Top. a=g.

We will construct a tower of fibrations of based spaces

= Ta(y) — To(y) — Ti(y)
such that

e Ti(y) is contractible;
e for £ > 1, there is a weak equivalence

fiber(Th(y) — Th1(y)) =~ Q®°(Wi Aps, Y),

where W), denotes the spectrum that classifies the k-th layer of
the Goodwillie tower of the identity functor on based spaces.
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e there is a weak equivalence

QﬂﬁE,(y) ~ lilgn Ty (y) .

Assuming this has been done, we can define the spectral sequence
{E],} as the homotopy spectral sequence of the tower {7} (y)}-

We now digress to discuss generalities about section spaces and the
basic properties of the Goodwillie tower of the identity functor.

Digression. Suppose p: E — Z is a fibration of based spaces. We say
that p is induced if there exists a commutative oco-cartesian square of
based spaces

EFE—— P
JR
Z/ —— B
with the property that P is contractible.
Let
Sec(p)

denote the space of sections of p. Suppose that Z is connected. If
p: E — Z is induced, there is an “action” QB x F — E. If there is a
section Z — E one can combine it with this action to produce a map
of fibrations 2B x Z — E covering the identity map of Z. This implies
that p is weak fiber homotopically trivial. In particular,

Lemma 6.1. Assume p: E — Z is induced. Assume that Sec(p) is
non-empty and comes equipped with basepoint. Then there is a weak
equivalence of based spaces

Sec(p) ~ F(Z,QB).

We next recall for the reader the basic properties of the Goodwillie
tower of the identity functor on based spaces (cf. Goodwillie [Gol],
[Go2], [Go3], [Go4], Johnson [Jo] and Arone [Ar]).

Theorem 6.2. There is a tower of fibrations of homotopy functors on
based spaces

and compatible natural transformations X — Py(X) such that

o P (X) = Q(X) is the stable homotopy functor;
e the k-the layer Ly(X) is naturally weak equivalent to the functor

X = Q% (Wi Aps, X™M);
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e if X is 1-connected, then the natural map
X — lilgn P(X)

1s a weak equivalence.

An additional fact we will need, but which to my knowledge is not
stated in the literature, is
Addendum 6.3. For each k > 2, the fibration Py(Y) — Pp_1(Y) is
induced.

This is due to Goodwillie (private communication). We will assume
6.3 without providing a proof.

Completion of the proof. We are now in a position to define the

tower {Tk (y)}k
Definition 6.4. Let T;(y) be the space of lifts

P(Y)

7
v
Ve

Yy Pi(Y)

where Y — P;(Y) is the natural map. Note that Ty (y) comes equipped
with a basepoint defined by the natural map ¥ — P (Y).

From the definition of T;(y), there is an evident tower of fibrations
of based spaces
= Ta(y) = Taly)
with T} (y) = *. Furthermore, the fiber of the map T (y) — Tx—1(y) at
the basepoint is identified with the space of lifts

P.(Y)

A
Ve
Ve
Ve

Y s Py (V).

Note that this is just the space of sections of the pulled back fibration
Y xp,_,v) P(Y) = Y. The latter fibration is induced and comes
equipped with a preferred section.

Applying 6.1, 6.2 and 6.3, we obtain a weak equivalence of based
spaces

ﬁber(Tk(y) — Tk—l(y)) ~ F(K QOO(Wk /\hzk Y/\k)) .
Taking adjunctions, we see that F(Y, Q®°(Wj Aps, Y"¥)) is weak equiv-

alent to the space F(E, Wy Aps, E™*) (where we are using the identi-
fication XY ~ F).
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To complete the proof of Theorem C, it suffices to identify the in-
verse limit of the tower {7y (y)}s. It is clear that this inverse limit is
just the space of lifts

limPy(Y)

7 l
Yy P(Y).
Recall that P;(Y) = Q(Y) and since Y is 1-connected, limy, Pp(Y) ~ Y.
With respect to these identifications, we infer that this space of lifts

is weak equivalent to the underlying space of the topological monoid
G(y). Applying 5.2 and 2.3 completes the proof of Theorem C.

7. PROOF OF THEOREM D

Let tr: Dy(E) — E™ be the transfer and let 7: E" — Dy(E) be
the projection ([L-M-S, Chap. 4]). It is well known that the composite
potr: DQ(E) — DQ(E)
is a weak equivalence after inverting 2. To prove the first part of

Theorem D, it is clearly enough to show

Lemma 7.1. For a connected spectrum E, the class
(3tr) o0 € [E,ZE A E]
15 trivial.

Proof. Consider the functor from spectra to spectra defined by F —
E A E. This is a homogeneous homotopy functor of degree 2.
We will describe a natural transformation

O: X°O0*E - EANE.

By taking adjoints it is enough to describe a natural transformation of
spaces Q°F — Q®°(E A E). It will suffice to do this when E' is a coor-
dinate free spectrum, i.e., a spectrum indexed over finite dimensional
subspaces of R® (with induced inner product). If V.C R™ is a finite
dimensional subspace, there is a map

QVEV — QVGBV(EV N Ev)
which assigns to a map f: SV — Ey the map
fAf: SV/\SV—)Ev/\Ev.

Taking the colimit over all V', the domain becomes Q*FE, and the
codomain becomes identified with 2°(E A E) once we choose an isom-
etry R*® @ R*® — R*. This describes the natural transformation ®.
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Since E +— E’? is a homogeneous quadratic functor, it coincides
with the second stage of its Goodwillie tower and its first stage is
trivial. So the map of towers in degrees < 2 may be displayed as

Dy(E) — EANE

SN

So(E) — E A

N

We assert that the induced natural transformation Dy(E) — E A E of
second layers is in fact homotopic to the transfer.?

Here is a sketch proof: the natural transformation Dy(E) - EAE
is determined by what it does on the category of sets of cardinality
< 2 (by identifying a based finite set 7 with its suspension spectrum).
This observation is due to McCarthy [Mc, Th. 4.6], and independently
to Arone, Dwyer and Rezk (unpublished). I first learned of the result
from Dwyer.

In particular, it is enough to check that the map is the transfer when

F is a suspension spectrum. But for suspension spectra X>° X, it is not
difficult to exhibit a natural weak equivalence

Sy(5°X) ~ (Z2(X A X))
where the right side is the Zs-fixed points of the equivariant stable
homotopy of X A X. With respect to this identification, the map
Dy(E2°X) — S5(X°X) corresponds to the norm map. But the norm
map followed by the forgetful map (X3 (X A X)) = (E°(X A X)) is
the transfer. This completes the sketch proof of the assertion.

Finally, if we take horizontal homotopy cofibers of the maps from
stage two to stage one, we obtain a homotopy commutative diagram

E

EFE—————x%
5| |
SDy(E) 5 > SENE
which shows that (Xtr) o dg is null homotopic. O

We now prove the second part of Theorem D. Let f: E — E’ be a
map which is a 2-local weak equivalence. Assume that F and E’ satisfy

2Randy McCarthy has informed me that the proof of this is implicit in the recent
Ph.D. thesis of K. Baxter Bauer [Ba.
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the connectivity hypotheses of Theorem B. Then the naturality of the
obstruction shows that the diagram

E 2 YD,(E)

fl l2D2(f)

E' —— TDy(E)
EI

is homotopy commutative. If we invert 2, then by the first part, the
obstructions dz and &, vanish. It we localize at 2, then f and ¥Dy(f)
become weak equivalences and the 0z and dg coincide. Thus, inte-
grally, g = 0 if and only % = 0.

8. ILLUSTRATIONS OF THEOREM B

We give two examples.

Two cells. Forp > 1 and ¢ < 3p—3, consider the suspension spectrum
E = ¥°(5P Uy et1) where f: S9 — SP is some map. According to
Theorem B, we have

Op = [B,Dy(E)] = mgu1(Da(S7)),

where the second of these isomorphisms comes from that fact that a
homotopy class E — D,(E) maps the top cell of E into Dy(S?) C
Dy(E).

The first non-trivial group occurs when ¢ = 2p—1. The group
Top(D2(S?)) is isomorphic to Z if p is even and Z, if p is odd. The
distinct elements of ©f are represented by the suspension spectra of
SP U, e*, with

g:f+k[L’L]>

where k is an integer (mod 2 if p is odd). The group structure on O
is given by adding these integers.

In fact, at the prime 2, Mahowald has computed 7,1 (D2(S?)) for
g < min (3p — 3,2p + 29) (see [Mah, table 4.1], see also Milgram [Mi,
table 13.5]). For example, assuming in addition p = 1 mod 16, the first
few groups are

j 0 |1 (2 [3 45
7T2p+j(D2(Sp)) ZQ ZQ Zg ZQ 0 ZQ
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Tori. Let E = X°°(S? x SP), with p > 1. Then
On = [B,Dy(E)] = my(Da(S”V SP)).

When p is even, the group ma, (D2 (SPV SP)) is isomorphic to Z®*. When
p is odd, it is isomorphic to Zs & Zs & Z. The elements of O can be
represented by the suspension spectra of the complexes

(SP v SP) U, e
with attaching map
g=kl, ]+, 0] + mw,

where w is the attaching map for the top cell of S x SP, and k, ¢ and
m are integers (take £ and ¢ modulo 2 if p is odd). Hence the elements
of O are specified by triple (k, ¢, m). The identity element of O is
(0,0,1) and addition is given by

(k,,m)+ (K", 0',m")=(k+ K L+, m+m —1).

9. LooseE ENDSs

Relation to the James-Hopf invariant. Another approach to desus-
pension questions is to inductively desuspend cell-by-cell (using a suit-
able cell decomposition for the spectrum F). We outline here how this
relates to our approach.

The idea is this: when E can be written as a homotopy cofiber of
a map of suspension spectra f: ¥*°A — ¥*°B, it turns out that dg is
closely related to the James-Hopf invariant

Hy(f) € [S%A, Dy(S%B)]
There is a homomorphism
V1 [E%A, Dy(3%B)] — [E, XDy (E)]

given by suspending, precomposing with the connecting map £ —
Y¥*A and postcomposing with the inclusion XDy (X*°B) — LDy (E).
We assert that ¢ maps Hs(f) to dr (we defer the proof to another
paper).

If we also assume that B is r-connected (r > 1), dim B < 2r+1, A
is 2r-connected and dim A < 3r+1, then we infer that F is r-connected
and dim £ < 3r+2. Furthermore, obstruction theory implies that
is an isomorphism. We conclude that E desuspends if and only if
Hy(f) = 0 (the ‘if” part of this statement is well known).
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Musings on the spectral sequence. It would be desirable to have
a version of the spectral sequence in Theorem C which converges to
m.(9M ) in degree zero.

The spectral sequence still lacks a geometric interpretation. Con-
jecturally, the spectral sequence should be a packaging machine for the
obstructions to equipping a spectrum with the structure of an

“F.-coalgebra over the sphere spectrum.”

What I have in mind here comes from an observation that Se(E) is
a model for (E A E)%2 = the categorical fixed points of Z, acting on
EAE, and a choice of homotopy section to the map Ss(E) — E can be
thought of as commutative (but not necessarily associative) “diagonal”
for F.

It is tempting to conjecture that the spectral sequence arises from a
tower whose k-stage encodes, in some sense, the moduli space of spec-
tra equipped with choice of commutative diagonal that is coherently
homotopy associative up to order k£ — 1.
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