N -DETERMINED p-COMP ACT GR OUPS

JESPER M. MLLER

Abstra ct. One of the major problems in the homotopy theory of nite loop spacesis the
classi cation problem for p-compact groups. It has been proposed to use the maximal torus
normalizer (which at an odd prime esseriially means the Weyl group) as the distinguishing
invariant. We show here that the maximal torus normalizer doesindeed classify many p-compact

groups up to isomorphism when p is an odd prime.

Contents

1. Introduction

2. Higher limits of certer functors

2.14. Relation betweenA (W;t) and the orbit category O(W)
2.17. Certralizers

3. N-determinism

3.1. N-determined automorphisms

3.5. N-determined p-compact groups

3.11. Cernters and automorphism groups of p-compact groups
3.18. Canonical factorizations

4. Cohomologically unique p-compact groups

5. The p-compact group PGL(n; C)

5.17. The action of A(GL(n; C))(T; ) on Cg(n.c)(T; )
5.19. Represemations of extra-special p-groups.

6. The 3-compactgroup F4

7. Polynomial p-compact groups

7.10. Construction of modular, certerless, polynomial, simple p-compact groups
7.13. Automorphisms of X (G(m;r;n))

7.17. Automorphisms of other modular polynomial p-compact groups
7.18. Structure of polynomial p-compact groups

8. Proofs of Theorem 1.2 and Corollaries 1.3{1.6

9. N -determinism of product p-compact groups

10. Maximal rank subgroupsof DI,

11. FreeZp-modules and p-discrete tori

12. Shapiro's lemma

13. Cellular cohomologyof small categories

References

1. Intr oduction

A WOOOWOOWNN AP

=

This paper addresseghe classi cation problem at odd primes for the p-compact groups intro-
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duced by W.G. Dwyer and C.W. Wilk ersonin their seminal paper [30] (surveyed in [65, 53, 26]).
A p-compact group is a connected, pointed, H Fp-local spaceBX sud that H (X;Fp) is nite
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where X = BX is the loop space[30, x2]. It is customary, though ambiguous, to referto BX by
the name, X, for its underlying loop space.

It hasbeenconjectured [53, 72, 26], in analogy with the classi cation theorem for compact Lie
groups [25, 83], that p-compact groups are determined by their maximal torus normalizers. The
maximal torus normalizer N (X ) for the p-compact group X is an extension

(1.1) T(X)! N(X)! W(X)

of the maximal torus T(X) by the Weyl group W (X) [30, 9.8], and X is said to be totally N -
determined [68, 7.1] if

X is determined by N (X)), and,
the automorphisms of X are determined by their restrictions to N (X).

We shaow herethat almost all simple p-compact groups are totally N -determined at odd primes.

1.2. Theorem. Let X be a simple p-compact group, wher p is an odd prime. Assumethat the
rational Weyl group (roW (X)) 6 (roW(Es)) if p= 3 and (roW (X)) 6 (roW(E;));j = 6,7;8, if
p= 5. Then X s totally N -determined.

The Weyl group W (X) [30, 9.7] of a connectedp-compact group X is a nite group of auto-
morphisms of the free, nitely generatedZ,-module L(X) = 1T(X), i.e. W(X)  GL(L(X)).
The rational Weyl group, roW (X), is the image of W(X) in GL(L(X) 2z, Qp), and r,W(X),
the F,-Weyl group, the image of W(X) in GL(L(X) z, Fp). As usual, (roW (X)) stands for
the conjugacy class of the rational Weyl group. The connected p-compact group X is simple if
L(X) z, Qpisanirreducible roW (X )-module [67, 5.4].

At an odd prime p, the maximal torus normalizer extension (1.1) for a connected p-compact
group splits in an essetially unique way [5] and thus N (X) is in fact completely determined
by the re ection group (W (X);L(X)). This explains the rst part, merely a reformulation of
Theorem 1.2, of the the corollary below; see(4.3) for the precisemeaning of the other statemerts.

1.3. Corollary . Let X be a simple p-compact groups as in Theorem 1.2. Then X is determined
up to (local) isomorphism by its (rational) Weyl group, and the automorphism group Aut( X) is
isomorphic to Ngi (L (x) (W(X))=W(X). Furthermore, if X is centerlessor simply connected, then
X is determined by its Fp-Weyl group, and X is a cohomola@ically unique p-compact group.

For the bigger classof connected (but not necessarilysimple) p-compact groups Theorem 1.2
takeson a particularly appealing form.

1.4. Corollary . Assumethat p> 5. The map

Isomorphism classesof (wir)  Similarity classesof
connected p-compact groups ' Zp-re ection groups

is a bijection, and Aut (X) is isomorphic to Ng (L)(W)=W for the connected p-compact group X
correspnding to the re ection group (W;L).

In the general case,for the classof not necessarilyconnected p-compact groups, Theorem 1.2
takesthe following form.

1.5. Corollary . Let X beap-compact group suchthat all its simple factors satisfy the assumptions
of Theorem 1.2. Then X is totally N -determined and Out(X) = Out(N (X)).

The simple factors of the p-compact group X are the simple, certerlessp-compact groupsin the
splitting [32, 80] of PX o = X¢=Z(X)), the adjoint form of the identity componert of X .

Let me also mertion the following partial classi cation result for connected nite loop spaces
with maximal tori [59, 1.1].

1.6. Corollary . (Cf. [96], [59, 1.6]) Let X be a connected nite loop spaceswith a maximal torus.
Assumethat X hasthe sameWeyl group as the compact, connected simple Lie group G and that
no simple factor of G is locally isomorphic to Eg, E7, or Eg. Then (BX)[%] and (BG)[%] are
homotopy equivalent spaces.
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In light of the obsenation by C. Wilk erson [97] that the Weyl group of any connected nite
loop spacewith maximal torus must agreewith the Weyl group of a compact connectedLie group,
this provesthe maximal torus conjecture [49, Conjecture D, p. 68] [99] away from the prime 2 in
a number of particular cases.

The proof that the simple p-compactgroupsof Theorem 1.2 are N -determined goesin outline as
follows. Consider someconnectedp-compact group X with maximal torus normalizerj: N ! X
and assumethat the same extended p-compact torus N also can serwe as the maximal torus
normalizer j%: N | X °for someother p-compact group X % Starting with the con guration

ij_N j_o/xo

our task is to construct an isomorphismf : X I X %under N. We obsene (3.7) that it suces to
considerthe centerlessform of X . According to the Homology Decomposition Theorem [31, x8],
B X is (the p-completion of) the homotopy colimit of the A (X)°P-spaceof certralizers BCx (E; )
of non-trivial elemenary abelian p-subgroups : E! X of X. For any monomorphism :E! X
it is possibleto nd (non-uniquely) a preferredlift :E! N of such that the morphisms

Cx (E; )0 Cy (E; )—Uexo(E; 9

are again maximal torus normalizers for the certralizers of (E; ) and (E; 9 where °=j° [69].
As the cenrter of X istrivial, the certralizer of (E; ) will have smaller cohomologicaldimensionthan
that of X [30, 6.14, 6.15]. Assuming, as part of an inductional argumert, that Cx (E; ) (which
very well may be non-connected)is totally N -determined, there will therefore be an isomorphism
f(E; ):Cx(E; )! Cxo(E; 9 under Cy(E; ). It remainsto show that these locally de ned
isomorphismsf (E; ) do not depend on the choice of preferred lifts and that they combine to yield
amorphismf : X | XC%underN.

N -determinism is actually not a property of the p-compact group X itself but rather a property
of the extended p-compact torus N (X): If X is N-determined, sois, by the very nature of the
concept, any other p-compact group that admits N (X ) for a maximal torus normalizer.

Most of the time the prime p will be assumedto be odd. Somemadi cations will be neededto
handle the casewherep = 2 [60]. Even the formulation of the N -conjecture itself will have to be
rened asN (0O(2)) = O(2) = N (SO(3)) but O(2) and SO(3) are distinct 2-compactgroups.
Organization of the paper. In Section 3, | setup the generaltheory that will be applied in a case-
by-caseveri cation of the N -conjecture for the simple, certerlessp-compact groups. We deal with
A-family, represenied by the p-compact groups PGL(n; C) = PSL(n; C), in Section 5, and with
the polynomial case,which includes nearly all remaining compact simple Lie groups and all the
exotic (non-Lie) simple p-compact groups, in Section 7. The proofs of (1.2{1.6) are in Section 8.
Sections 2 and 13 contain material dealing with the general problem of computing cohomology
groups of categories. (There is no claim to originality here as the vanishing result of (2.4) was
provedin [34] and the spectral sequenceof (13.2) seemdo be that of Leck [54, 17.28]or Slominska
[87.)

Notation. Write Z, for the ring of p-adic integers, Q, for the eld of p-adic numbers, and F for
the eld with p elemens. For a p-compact group X, let

T(X) denote the maximal torus of X [30, 8.9],

L(X)= 2(BT(X)) the lattice of X,

T(X)=L(X) 2Z=p* the p-discrete maximal torus of X [30, x6],

t(X)=L(X) Z=pthe maximal elemenary abelian subgroup of T(X),

W (X) the Weyl group of X [30, 9.6], roW (X)) the rational and r,W (X) the mod p Weyl
group of X (Section 4),

N (X) the maximal torus normalizer of X [30, 9.8],

Z(X) the certer of X [31, 5§,

r(X) the rational rank (of the identity componert) of X [30, 5.11],

Aut( X) the group of invertible elemens in the monoid End(X) = [BX; ;BX] [68, x3]
of based homotopy classesof based self-mapsof BX, and Out(X) = Aut(X)= o(X) the
corresponding group in the un-basedcategory, and,

A (X)) the Quillen category of X .
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The objects (E; ) of A(X) are conjugacy classesof monomorphism :E ! X of non-trivial
elemenary abelian p-groupsE into X. The morphisms (Eo; o) ! (E1; 1) of A(X) consistsof all
group homomorphismsf : Eqg! E; sud that (Eg; o) = (Eo; 1f). An object (E; ) of A(X) is
toral if :E ! X factorsthrough the maximal torus T(X)! X. Let

A (X) ' denotethe full subcategory of all toral objects, and

A(X) , the full subcategory of all objects with a morphism to somenon-toral object.

The notation for categoriesis
pcg is the category of p-compact groups,
Grp is the category of groups,
Ab is the category of abelian groups,
Sp is the category of simplicial sets,and
Top is the category of topological spaces.

In [pcg], [Grp ], [Sp] the objects are p-compact groups, groups, topological spacesand the mor-
phismsare conjugacy classef p-compact group morphisms, conjugacy classesf group homomor-
phisms, homotopy classesof contin uous maps.

Acknowledgments. | would like to thank Kasper Andersen, Jesper Grodal, Dietrich Notbohm, and
Antonio Viruel for seweral fruitful discussionsand for very valuable help at many points, and the
refereefor a long list of constructive commens. This work was partially supported by Cerntre de
RecercaMatematica.

2. Higher limits of center functors

This section contains a vanishing result (2.4) for the derived limits of a certain functor, de ned
in purely algebraic terms, which informs on the obstruction theory assaiated to the Jackowski{
McClure certralizer homology decomposition [45, 31] of BX .

Let W be a nite group and t a non-trivial F,W-module which is nite dimensional as an
F p-vector space. For non-trivial subgroupsEp and E; of t, put

(2.1) W(Eg,E1)=fw2 W jw(Ey) Eig and W(Eg)=fw2 W jwe= eforall e2 Eqg

and note that the set of orbits for the action of the pointwise stabilizer group W (E() on the
set W(Eo; E1) is the set of group homomorphismsof Eq ! E; induced by elemers of W. The
stabilizer subgroup W (Eo; Eo) of Eo will alsobe written as W (Eo).

2.2. Denition. A (W;t) is the category with

objects: non-trivial elementary akelian sulgroupsE of t, and,

morphisms: group homomorphismsEg ! E; induced by elementsof W.
For any Z,W-module L, Lj: A(W;t)! Ab,j 0, is the functor that takesthe object E t to
the cohomolay group H! (W (E); L) and the morphism Eo ' E; in A (W;t) to the homomorphism
HI(W(Eo);L) ™™ HI(W(Ey);L).

Here is a more detailed explanation of the functors L;: Any morphism Eq ! E; in A(W;t),
represeried by an elemen w 2 W (Eo;E,), can befactored Eq! WE, E; into an isomorphism
w: Eg! wE( followed by an inclusion. Consider the corresponding group homomorphisms

W(Eo) P W(Eq)" W(E))

where c(W)wo = wwow ! is conjugation by w and W (Eo)" = wW(Eo)w ' = W(WEo) and let,
asusual [37, 4.1.1],w : HI (W(Eo);L) ! HI(W(Eo)";L) be the isomorphisminduced by c(w) !
and multiplication by w on L. De ne L;(w) asthe composition

HI(W(Eo)L) " HI(W(Eq)";L) T HI(W(Eq);L)

of w followed by the restriction morphism. Sincefor all wg 2 W (E() we have that W (Eg)¥We =
W (Eo)" and cohomologyis insensitive to inner conjugation [55, IV.5.6], L; (wwp) = L; (w) for all
wp 2 W(Eo) and thus this morphism is independen of the choice of represenativ e for wwW (Ep) 2
W(Eo; El):W(Eo) = A(W, t)(Eo; El), cf. [45, 76]
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For instance, for a connectedp-compact group X, the functors

(2.3) LX)z j: A(WX)t(X) ! Ab; j=12
take the non-trivial elemenary abelian p-subgroup E of t(X) to H2 1 (W (X )(E); L(X)).
2.4. Lemma. [34, 8.1]L;: A(W;t)! Ab is an(acyclic functor in the sensethat

i Hi(W;L) i=0

lim' (A (W;t); L) = 0 ( ) 50
forallj O

For a p-compactgroup X, let BCx : A(X)°® ! pcgandBZCx : A(X)! Top bethe functors
that take the object (E;") of A(X) to

(2.5) BCx (E;") = map(BE;BX)g-

(2.6) BZCx (E;") = map(BCx (E;");BX)ge()
whereBe("): BCx (E;")! BX is the evaluation map, and de ne
2.7) i(BZCx):A(X)! Ab; j=12

to be the composition of BZCyx with the jth homotopy functor. (There is no basepmint problem
here since only abelian p-compact groups are involved.)

2.8. Lemma. Letpbeanoddprime and X a connected p-compact group. Assumethat the identity
component Cx (E)q of the centralizer of any non-trivial elementary akelian p-sulgroup E of T(X)
has N -determined automorphisms[68, 3.10] Then there is an equivalen@ of categories

AWX);t(X)) ! A(X) *

suchthat the functors j(BZCx ) whenrestricted to A(X) ' corresmnd to the functors L(X), |,
j =12, of (2.3).

Proof. Take WW (Ep): Eg! E; in A(W(X);t(X)) to the morphism wjEq: (Eg;ieo) ! (Ez;ie1)
in A(X) ' (whereg : E; ! t(X),]j = 0;1, is the inclusion and i the p-compact group morphism
t(X)! T(X)! X). This providesa functor

(2.9) AWX)tX) ! A(X) |

Sincethe natural map Wn[BE;BT(X)]! [BE;BX], inducedby BT(X)! BX, is injective for
any elemenary abelian p-group E [67, 3.4] [32, 3.4], this functor is full and as it is also clearly
faithful, (2.9) is an equivalenceof categories.

Let now N (X ) beadiscreteapproximation [31, 3.12]to the maximal torus normalizer N (X ). For
any elemerary abelian p-subgroupE of T(X), Cy (x,(E) is adiscreteapproximation to Cy (x)(E)
and ZCy x,(E) is a discrete approximation to ZCy (x)(E) which is isomorphicto ZCx (E) (2.19)
[68, 4.12]. Sincethe prime pis odd, N(X) = T(X) o W(X) is a semi-direct product [5, 2.1] and
hence

(210)  Cyx)(B) = Crpowxy = T(X)0 WIX)(E);  Z(Cyxy(B)) = TX)WCNE;

sothat jBZCx (E) = j((BHO(W(X)(E);T(X)))p)=H? I(W(X)(E);L(X)) = L(X)2 j(E).

If the Weyl group element w 2 W (X) takesthe elemenary abelian p-subgroupEy  T(X)
into the elemenrary abelian p-subgroup E;  T(X), w represerts a morphism w: Eq! E;j in
A(W((X);t(X)). We want to determine the e ect of w on the certralizer certers. Choose a
lift w2 N(X) of w2 W(X)Eg;E1) W(X) = N(X)=T(X). Conjugation by w, given by
c(w)(n) = wnw ', n2 N(X), takesEg into E; and conjugation by w *, c(w 1), takesCy x(E1)
into Cy (x)(Eo) in such away that the diagram

o1
Cn (x)(Eo) Eoo—c(w) Cnx)(E1) Eo

e 1 c(w)

N(X)2 s Cyix)(E1) Eix
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where e is group multiplication, commutes up to inner automorphism of N (X) (as hamely c(w)
e (cw 1) 1)=e (1L c(w)). Therefore,the diagram of adjoint maps betweenspaces

Be(w 1)

BCy (x)(Eo) @ BCy (x)(E1)

map(BEo; BN (X))s , QWf“ap(BEl:BN(X))B 2

is homotopy commutative. (The vertical maps are equivalencesby [40, Lemma 2].) This shows
that the map Cx (E1) ! Cx (Eo) induced by the A (X )-morphism Eq! E; represeried by w lifts
to the map c(w 1): C, x)(E1) ! Cy(x)(Eo) betweenmaximal torus normalizers. O

2.11. Corollary . Let p be an odd prime and X a connected p-compact group. Then

im'(a(x) 4 BzC = JEFC) =0
for j = 1; 2. In particular, lim (A(X) '; (BZCyx)) = 0if and only if X is centerless.
Proof. By (2.4, 2.8, 3.12.(2)),
lim®(A(X) & §(BZCx)) = lim°(A(W(X);t(X));L(X)2 ;) = H? T (W(X);L(X))
= j(BZ(X))
and, similarly, Iimi(A (X) Y j(BZCx)) = 0fori> 0. O

Let ;(BZCx) , bethe sub-functor of ;(BZCx) which vanisheson all toral objects of A (X)

and hasthe samevalue as j(BZCx ) on all non-toral objects of A (X). (To seethat this is indeed
a functor, obsene that there can be no morphism from a non-toral object to a toral object of the
Quillen category)

2.12. Corollary . Let p be an odd prime and X a connected p-compact group. Then there is an
exact sqquen@

0! lim°(A(X) ; (BZCx) ! lim°(A(X); (BZCx))! (BZ(X))
L imY(A(X) ; (BZCx) ) ! lim*(A(X); ;(BZCx))! O
while lim"(A (X); ;(BZCx)) = lim'(A(X) ,; ;(BZCx) ,) fori 2. In particular,
lim (A(X); j(BZCx) ) =lim (A(X) {; j(BZCx) ) = lim (A(X); ;(BZCx))
if and only if X is centerless.

Proof. The quotient functor (BZCx)= (BZCx) , vanisheson all non-toral objects so that,
by (13.12),foralli 0,

lim'(A(X); j(BZCx)=j(BZCx) ) = lim'(A(X) '; j(BZCx)=(BZCx) )
= lim'(A(X) ' j(BZCx))
which was computed in (2.11). Combine this with the fact that restriction
lim (A(X) ¢ j(BZCx) ) lim (A(X); j(BZCx) )
is an isomorphism by (13.12) again. O
Let St(E) denote the Steinberg represenation for GL(E).

2.13. Corollary . Let p be an odd prime, X a connected p-compact group with trivial center, and
letj beequalto 1 or 2. If Homa (xye; y(St(GL(E)); j(BZCx (E; ))) = 0for all non-toral objects
(E; ) ofrankj + 1andj + 2, then

lim' (A(X); j(BZCx)) = 0= lim"** (A(X); ;(BZCx))
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Proof. Use(2.12) and Oliver's cochain complex [81] for computing higher limits over A(X). O

For example,when (X;p) is (Fa4; 3) or (Es;5) we havelim (A(X); j(BZCx)) = 0 becausethe
Quillen category A (X ) contains, up to isomorphism, a unique non-toral object (V; ); this V has
order p, V = Cx (V; ), and A(X)(V; ) = SL(V) [41, 7.4, 10.3]. The situation is much more
complicated for the other menmbers of the E-family at p = 3 [3].

2.14. Relation between A(W;t) and the orbit category O(W). Let O(W) denote the full
subcategory of the orbit category of W generatedby all objects W=G with t¢ 6 0. There are
obvious functors

L
A(W:t) o—oow e
R
given by
L Eo "WYY E; = w=w(Ee) "W w=w(E1) ; wE,) Ei
H
R w=G "1 w=H = & "W v - wicw H:

Usingthat G W(t®) andE tW(E) we seethat L and R are adjoint functors in that
A (W;t)(E; R(W=G)) = OYW)*®(L(E); W=G)

for all objects E of A (W;t) and all objects W=G of OqW)°. Obsen also that

(2.15) Nw(G) W(t®) and W(E) Nw(W(E))

for all non-trivial subspacesE t and all subgroupsG  W. In particular, the endomorphism
monoid of E is the quotient

A(W;t)(E) = W(E)=W(E)

of the group W (E) by its normal subgroupW (E). Thus A (W;t) is an El-category [54], a category
in which all endomorphismsare isomorphisms.

A collection is a set C of subgroupsof W which is closedunder conjugation. Let Oc(W) denote
the C-orbit category, the full subcategory of O(W) generatedby all objects W=G with G 2 C, and
A c(W;t) the full subcategory of A (W;t) generatedby all objects of the form t® for G 2 C.

The collection Cis said to be subgroup-sharpfor the Z,W-module L [27, 1.13]if

Hi(w;L) i=0

lim' (Oc(W)P;Ly) = 50

whereL; (W=G) = HJ(G;L) asin (2.14).

2.16. Corollary . If the collection Cis sulgroup-sharpfor L and t¢ & 0 for all g in Cthen L;
restricts to an acyclic functor on A ¢(W;t) with lim°(A c(W;t); Lj) = HI(W;L).

Proof. This is immediate from (13.11) as A c(W;t) = ROc(W). O

It is known [45, x5] that the collection C(p) of all p-subgroupsof W is subgroup-sharp for any
Z,W-module L and, for generalreasons,t” & 0 for any p-group P 2 C(p).

2.17. Centralizers. | closethis sectionwith a simpli ed proof of the following well-known result
from [74, 3.9] which was usedin connectionwith the mapping spacesof (2.6).

Let P be a p-toral Lie group (i.e. the identity componert of P is a torus and ¢(P) is a nite
p-group), G a compact Lie group having a nite p-group asits componert group, and Cg(P) the
Lie group certralizer, which alsohasa nite p-group ascomponert group [47, A4], of a Lie group
homomorphismf : P ! G. The standard Lie group multiplication homomorphismCg(P) P! G
extending f induces a p-compact group morphism Gg(P) P! & extending P! &. (&
denotesthe p-compact group BGQ obtained by p-completing the classifying spaceof the compact

Lie group G.) We shall now seethat Gg(P) = Cx(P) and in particular that Z(P) = Z(P), i.e.
that certralizers and certers of p-toral Lie groupscanbe computed either in the Lie group category
or in the p-compact group category.



8 JM. MLLER

2.18. Lemma. [35, 101, 73] The adjoint
BGg(P)! map(BP;BG);

of the alove standard morphism is a homotopy equivalene. In particular,
BZ(P)' map(BP;BP)s:

where Z(P) is the Lie group center of P.

Proof. The p-toral Lie group P contains [48, 1.1]a densep-discretetoral subgroupP = S Pm which
is the union of an ascendingsequenceof nite p-groups Pn,,. The inclusion of P into P induces
a discrete approximation i: P! P to the p-compact toral group P and so we have homotopy
equivalences[30, x6]

map(BP;BG)g ' map(BP;BG)gp ' Map(BPm;BG)g pp,.)

for m large enough. In particular, the above mapping spacesare F-complete [31, 2.5] [30, 6.20].
Furthermore, by Dwyer-Zabrodsky [35, 1.1] and [36, 2.5] or Lannes[52], the canonical map

BCs(Pm)! map(BPm;BG)gpp,

isan H Fp-equivalenceand here

)

C6(Pm) = Cs(P) = Cs(P)
when m is large enoughand since P is densein P. O
Let now G be an extended p-compact torus and G its discrete approximation [31, 3.12].
2.19. Lemma. Let : | G be a homomorphismfrom a discrete group into the extende p-

discrete torus G.

1. The group theoretic centralizer C5( ) of is a discrete approximation to the extendel p-
compact torus BCg( ) = map(B ;BG)g .

2. The group theoretic center Z(G) of G is a discrete approximation to the extendel p-compact
torus BZ(G) = map(BG;BG)g;

Proof. The maps

BCs()! map(B ;BG)s ! map(B ;BG)s
are H Fp-equivalences: The rst map is even a homotopy equivalence [40, Lemma 2] and the
bre of the secondmap is [62] a K (V;1), for somerational vector spaceV, becausethe bre of

BG ! BG hasthis form [31, 3.1]. Taking to be the identity map of G, we obtain a discrete
approximation to Z(G). O

3. N-determinism

This section contains commernts on and further developmert of the material in [68] concerning
N -determined p-compact groups.

3.1. N-determined automorphisms. Letj:N(X)! X be the maximal torus normalizer for
a p-compact group X. Turn this maximal torus normalizer Bj : BN(X)! BX into a bra-
tion. Any automorphism f : X I X of the p-compact group X restricts to an automorphism
AM(f): N(X)! N(X) of the maximal torus normalizer, unique up to the action of the Weyl
group W(Xp) = 1(X=N(X)) of the identity componert X, of X, such that the diagram

f
BN (X) — A jpN (x)
Bj Bj
oy
BX = BX

commutes up to basedhomotopy [68, x3] [1] [101, Theorem C]. The Adams{Mahmud homomor-
phism is the resulting homomorphism

(3.2) AM : Aut(X) ! Aut(N (X))=W(Xo)



N -DETERMINISM 9

of automorphism groups, and X is said to have N -determined automorphisms if this homomor-
phism is injective [68, 3.10].

The following lemma, collecting results from [68, 4.2, 4.3, 4.8] and (9.4), reducesthe problem
of determining which p-compact groups have N -determined automorphisms to the connectedand
certerlesscase. (The simple factors of the p-compactgroup X are the simple, certerlessp-compact
groups in the splitting [32, 80] of PX o = X=Z(Xy), the adjoint form of the identity component
of X.)

3.3. Lemma. Let p be any prime numkber.
1. The connected p-compact group X has N -determined automorphismsif its adjoint form P X
does.
2. The p-compact group X has N -determined automorphismsif its identity component X o dees.
3. The p-compact group X has N -determined automorphismsif all of its simple factors do.

In the connected,certerless casewe usean inductiv e procedurebasedon homology decomposi-
tion [31, 8.1] and preferred lifts [69)].

3.4. Prop osition. [68, 4.9] Supmsethat the p-compact group X is connected and centerless. If
1. Cx (L; ) hasN -determined automorphismsfor each rank 1 object (L; ) of A(X).
2. imY(A(X); 1(BZCx)) = 0= lim?(A(X); 2(BZCx)).

Then X has N -determined automorphisms.

Proof. Let f: X ! X be an automorphism of X such that AM(f): N ! N is conjugate to the

identity map of N. Then (E;f )= (E; ) for eadh object (E; ) of A(X) forif :E! N isalift

of :E! X wehavef =fj =j AM(f) =] = . Thuscomposition with f determines

an automorphism C; : Cx (E; )! Cx (E; ) of ead centralizer in the homology decomposition

hocolimBCyx ! BX [31, x8]. In particular, when (L; ) is a rank 1 object with preferred lift
LI T N [69 4.10], we obtain a commutativ e diagram

Cn (L;
Cj

=}

Cx (L; ) c fex (L)

which implies, using the rst assumption, that C; is conjugate to the identity [68, 3.9]. But then
Ct is conjugate to the identity for all (E; ) 2 Ob(A (X)). To seethis, chooseany line L < E and
let 7: E! Cx(L; jL) bethe canonicalfactorization (3.18) of though the certralizer of L. Then
note that under the isomorphismCc¢, (. jL)(E; (L)) = Cx (E; ) the isomorphismC; induced by
f on X corresponds (3.20) to the isomorphism C¢, induced by C; on Cx (L; jL).

The secondassumption of the lemma assuresthat there are no further obstructions to conju-
gating f to the identity [10( [68, 4.9]. O

3.5. N-determined p-compact groups. Let j: N ! X be the maximal torus normalizer for
the p-compactgroup X . Supposethat N may also serve asthe maximal torus normalizer for some
other p-compact group X ° sothat we have two monomorphisms

i i 0
(3.6) xal N L ko

that are both maximal torus normalizers. The p-compact group X is N-determined if, in this
situation, there always exists an isomorphismf : X | X %under N, i.e. a morphismf : X ! X?©
such that fj and j°are conjugate. A totally N -determined p-compact group is an N -determined
p-compact group with N -determined automorphisms [68, 7.1].

The following lemma, collecting results from [68, 7.8, 7.10] and (9.6), reducesthe problem of
determining which p-compact groups are N -determined to the connectedand certerlesscase.

3.7. Lemma. Letp be an odd prime.

1. The connected p-compact group X is N -determined if its adjoint form PX is.
2. The p-compact group X is N -determined if its identity component X is.
3. The p-compact group X is N -determined if all of its simple factors are.
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Again, in the connected,centerless casewe usean inductiv e procedure.

3.8. Prop osition. (Cf. [68, 7.17) In the situation of (3.6), supmse that X is connected and
centerlessand that

1. All objects of A(X) of rank 2 havetotally N -determined centralizers.
2. For each non-toral rank 2 object (V; ) of A(X) there exist a rank 2 object (V; 9 of A(X9
and an isomorphismf (V; ): Cx (V; )! Cxo(V; 9 suchthat j° = %and

Cn (V;

Cx (V; ) v fexo(v; 9

commutesfor any of the p+ 1 [68, 6.2] special preferred lifts (V; ) of (V; ).
3. im?(A(X); 1(BZCx)) = 0= lim3(A(X); 2(BZCx)).

Then there exists an isomorphismf : X ! X %under N.

Proof. For ead rank 1 object or toral rank 2 object (V; ) of A(X), put °=j% where :V! N
is the preferred lift [69, 4.10],andde ne f(V; ): Cx (V; )! Cxo(V; 9 to be the unique isomor-
phism under Cy (V; ). Then ©equalsthe composition

V oy (v )~ oyo(v; 9 e KO

and f (V; )~ is the canonical factorization (3.18) ©%of ©

Any non-toral rank 2 object (V; ) hasp+ 1 special preferredlifts (V; ) indexedby the setof lines
in V [68, 6.2]. By assumption, neither j© nor the isomorphismf (V; ): Cx (V; )! Cxo(V;j°)
under Cy (V; ) depend on the choiceof . Put °=j% andf(V; )= f(V; ) where isany of
the p+ 1 preferred lifts of

These morphisms f (V; ) for jVj  p? respect morphismsin A (X): Consider for instance a
morphism @ (Vq; 1) ! (V2; 2) from a rank 1 object to a rank 2 object. Let ,:V,! N be
the special preferred lift of , for which 1 = , s the preferredlift of = , . Since 7 =
j1=j9, = 9, the group homomorphism is an A (X 9-morphism (Vi; 9! (V; 9). Then
9=j%2=j%resv =j%resy Cn( ) 2=rex Cjo Cn( ) p=resx f(Vi; 1) Cx( )2
as we seefrom the commutativ e diagram

resn

%%N N /N
J
N | = I

. / . 0
Cx ()2 CX (Vla 1) f (Vi 1) CX O(V].! ]_) resy o

Vo
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and Cxo( ) 9= f(Vi; 1) Cx( )2 aswe seefrom the argumert of (10.13). Taking certralizers
of V, we obtain the commutativ e diagram

Cy (v
r
rrrrr =
r
rr’
¢ rf" Cey (Vl;rl)(VZ; N()72) 0
r rr
rrrrrr rrrrrr
K rf _
Cx (Vg 2) r ! — L ICx o(Va; 9)
‘é rrfrr f(V2; 2) “"-LLLLLLLL% (6]
r
= rrl' ‘:
¥ .
Cox vis (Vi Cx (1)72) Crovii 1) /CCx o(va; 9 (V25 Cxof ) D)
Cx (V1; 1) f(vj- 5 Icy o(V1; 9)

which shows that the isomorphism f (V2; 2): Cx (Vz2; 2) ! Cxo(Va; g) under Cy (Vz; 2) is in-
duced from the isomorphismf (Vi; 1): Cx (V1; 1) ! Cxo(Vy; ‘f) under Cy (V1; 1). This implies
naturalit y aswe may enlargethe commutativ e diagram by the morphismsCx (V2; 2) ! Cx (V1; 1)
and Cxo(V2; 9! Cxo(Vy; 9) inducedby (3.20).
Also, if 2 AX)(V; ) GL(V) is a Quillen automorphism of the rank 2 object (V; ), and
V1 N a special preferred lift of , then is again a special preferred lift of and hence
0 =j0 =j0 = Opyassumption. ThusA(X)(V; ) AX9(V; 9 and as

Cx (V; ) = ey (v; ) — ey o(v; 9 —deyo(v; 9

is an isomorphismunder Cy (V; ), it equalsf (V; ) by assumption. This is naturalit y for Quillen
automorphisms of (V; ).

Let now (E; ) bean object of A (X ) of any rank > 2. ChoosealineL < E. Dene % E! X©
to be the composite monomorphism

E—Jox (B ) — oy (L L) ———2heyo(L; (L)) —2—K©

and de ne the isomorphismof certralizers f (E; ): Cx (E; )! Cxo(E; 9 to bethe isomorphism

Cx (B; )9S Coy (1 1) (Ei(L) e i ju)(Eif (L JL)T(L) —S= ey o(E; )

induced by f (L; jL).

To seethat this is well-de ned, let L; < E and L, < E be two distinct rank 1 subgroups of
E and let V < E be the subgroup generatedby them. Naturality for morphisms from a rank 1
object to a rank 2 object givesa commutativ e diagram

. f(Las jLa) .
CxdL gy jL1) ————CxolL 1§ iLgy
‘ Ry,
2

""I#,'
. f(Vv; jVv) i S {}
E Cx (V; V) — 2 JCyo(V; ( jV)9)

res
Cx (Lg; ]Lz) gcX O(LZ;( JLZ)O)

f(L2; jL2)

(Ly

—(L2)

shawing that neither °nor f (E; ) depend on the choice of the rank 1 subgroup of E.
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In order to shaw functorialit y of this construction, let : (E1; 1) ! (E2; 2) be amorphism in
the category A (X ). Choosea rank one subgroupL; < E; and put (L;) = L, < E,. Naturality
for the rank 1 casegivesa commutativ e diagram

. f(Li; jL1) .
E; —/Cx (L1;01]|-1) PV ey o(L1; leLl)O) — Ixo

&) ) H

E, ——/Cx (La; 1jL2) m/CXO(in( 1jL2)9 ————Ix 0

which shavsthat 9= 9 ,thusA(X)(E1; 1);(E2; 2)) AMXY(E1; 9);(Ez; ), and implies
commutativit y of the diagram
f(E1; 1)
Cx (Egy 1) ———/Cxo(Eg 9)
Cx () Cx ()

Cx (E2; 2) f(;ﬁlcx o(Ez; 2)

which is naturalit y.

We have now constructeda collection Cx (E; ) &' Cyxo(E: 9 " X O (E: )2 Ob(A (X)),
of homotopy A (X)-invariant certric [28] monomorphismsfrom the certralizers of the homology
decomposition of BX [31, 8.1]to BX % Becausethe obstruction groups are assumedto vanish,

this collection can [10( [68, x2] be realized by a morphism
Bf:BX  hocomBCx ! BX©
sud that
Cx (E; ) — 2 JCxo(E; 9

X - /XO

commutesfor all (E; ) 2 Ob(A(X)). In particular, f is a morphism under the maximal torus, for
f is a morphism under the maximal rank monomorphisms[31, x4] X Cn(L; )! XOfor some
rank 1 object (L; ) of A(X). Thusf: X ! XU9isin fact an isomorphism [32, 5.6][69, 3.11] and
sincef is the identity on the maximal torus T = Ny, also (AM(f): W ! W is the identity map,
for W is faithfully represeried as a group of operators on T [30, 9.7]. Thus (BAM(f)) is the
identit y automorphism of (BN) and AM(f) is the identity of N [66, 5.2] [5, 3.3]. O

Veri cation of the third assumption reducesto a computation involving Steinberg represena-
tions (2.13). For the veri cation of the secondcondition we shall usethe following lemma which
may look rather specializedbut in fact appliesin all casesconsideredin this paper.

3.9. Lemma. Let(V; ) beanon-toral rank 2 object of A (X) with special preferred lift : V! N
and put °=j° . Assumethat

1. All rank 2 objects of A (X), whosecentralizers are isomorphic to Cx (V; ), are isomorphic
to (V; ).
2. A(X)(V; )= SL(V). (Then also A (X O(V; 9 = SL(V).)
3. The isomorphismf (V; ): Cx (V; )! Cxo(V; 9 under Cy (V; ) is SL(V)°P-equivariant.
Thenj® 1= %andf(V; 1)=1(V; ):Cx(V; )! Cxo(V; 9 for all special preferred lifts (V; 1)
of (V; ).

Proof. The GL(V)-orbit (V; ) GL(V) contains p 1 objects, the GL(V)-orbit (V; ) GL(V)
cortains (p 1)(p+ 1) objects,andthe mapj: (V; ) GL(V)! (V; ) GL(V)is(p+ 1)-to-1[68,
6.2]. By assumption, the orbit (V; ) GL(V) contains all special preferred lifts whosecertralizers
in N are isomorphic to N(Cx (V; )). SinceX and X ° have the same special preferred lifts [68,
7.13],als0j% (V; ) GL(V)! (V;j°%) GL(V) is (p+ 1)-to-1. Sincethe orbit (V;j%) GL(V)
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thus cortains p 1 objects, the stabilizer subgroup of (V;j° ) must be SL(V) as this in the only
subgroup of GL(V) of that index. Thus the Quillen automorphism group A (X 9)(V; 9 = SL(V).
Any other special preferred lift of has the form for an in SL(V) [68, 6.2], so, clearly,

iA )= ° = DOisindependen of the choiceof . The commutativ e diagram
on(v; o Cn (V; MCN‘ ) o (V: )
i
Cj Cjo
.\ 0 . / . / .
Cx (V; ) ) Cx (V) o) Cxo(V; O)Cxo( )CXO(V- %

shavsthat f(V; )= Cxo( ) (V; )Cx () %, sinceCx (V; ) hasN -determined automorphisms
sothat f(V; )= f(V; ) by the third assumption. O

The canonical factorizations of and © are SL(V)°P-equivariant (3.19) and they provide a
commutativ e diagram

(3.10) VV ||II
vl g
Cx (V) T/CX o(V; 9

|||iJ

which shaws that the restriction of f (V; ) to V is SL(V)°P-equivariant. It is a tautology that
f(v; )=f(Vv; )forall in the Borel subgroup stabilizing soit is in fact only necessaryto
ched equivariance with respect to one other elemen (of order p) [91, 3.6.21]of SL(V).

3.11. Centers and automorphism groups of p-compact groups. The following theorem
collects someuseful facts from various sourcesthat will be applied seeral times in this paper.

3.12. Theorem. Let p be an odd prime and X a connected p-compact group.

1. [4, 5] The semi-direct product N(X) = T(X) o W(X) is a discrete approximation [31, 3.12]
to the maximal torus normalizer N (X).
2. [31, x7] The akelian group Z(X) given by

HOW(X); T(X)) = HOW(X);L(X)) Q =HW(X);L(X)) HIW(X);L(X))
is a discrete approximation to the center [58, 31] of X.
3. [68 7.2] Aut(X) = Out(N (X)) provided X is totally N -determined.
The automorphism group of N (X)) sits [66, 5.2] in a short exact sequence
(3.13) 0! HYW(X);T(X))! Aut(N(X)) ! Aut(W(X);T(X);eX)! 1

where the normal subgroup to the left consists of all automorphisms of N (X) that induce the
identit y on homotopy groups, and the group to the right consistsof all pairs (; ) 2 Aut(W (X))
Aut(T(X)) such that is -linear and the induced automorphism H?( ;) [95, 6.7.6] presenes
the extension classe(X) 2 H2(W(X); T(X)). The image of W(Xg) W(X) = oN(X) [58,
3.8]in Aut(N (X)) does not intersect the subgroup H1(W(X); T(X)) (as W (Xy) is represened
faithfully in Aut (T (X)) [30, 9.7]) sothere is an induced short exact sequence

(3.14) 0! HYXW(X);T(X)) ! Aut(N(X))=W(Xo) ! Aut(W(X);T(X);e(X)=W(Xo)! 1

whosemiddle term is the target of the Adams{Mahmud homomorphism (3.2).
If X is connectedand p is odd, the cohomologygroup to the left is trivial and e(X) = 0 [5] so

Aut(N (X)) = Aut(W(X); T(X);0) = Nor(L(x) (W(X))

is [68, 3.5] [5, 3.3] the group of self-similarities of the Z,-re ection group (W (X);L(X)) (4.1), and
the target of the Adams{Mahmud homomorphism (3.2)

(3.15) Out(N (X)) = Aut(N (X))=W(X) = Nor(L(x) (W(X))=W(X)



14 J.M. MLLER
is [64, x2] the middle term of an exact sequence
(3.16) 10 Autz w e (LIX)=Z(W(X)) ! Out(N(X))! Out(W(X))

of automorphism groups. An automorphism of X is exotic if its lift to N (X) [68, 3.7] inducesa
non-trivial outer automorphism of W (X).
3.17. Remark. Let pand X beasin (3.12).

1. The formula

j(BZ(X)) = H? H(W(X);L(X)): =12

is an alternativ e version of (3.12.(2)).
2. The endomorphismmonoid of X is given by

NoL L oxy (W(X))=W(X) = Aut(X) P W (X)j

End(X fOqg =
) 1082 o0 o (W) \ ENd(L(X)) =W(X) p 8w (X)]

provided X is totally N -determined and simple [67, 5.4]; use[67, 5.6, 5.6] and [66, 5.2] to see
this. See[46, 47, 48] for the Lie case.

3.18. Canonical factorizations. [30,8.2]Let :V ! X beamonomorphismfrom anelemenary

abelian p-group to the p-compactgroup X . The canonicalfactorization of through its certralizer
+

is the certral monomorphism =(V): VI Cx (V; ) whoseadjointisV V I' v I X. The

composition V' I Cx (V: ) T X equals . If :(Vi; 1)! (Va; ») isamorphismin A(X) then
the canonical factorizations are related by a commutativ e diagram

(3.19) Vi ——JCx (V5 1) —=—x

‘ Cx()‘ H

V2 %Cx (Vo 2) —re—IX

sothat :(Vi;71)! (V2;Cx ( )72) is a morphism in A(Cx (V1; 1)) The induced morphisms
Cx () and C¢, (v,; ,)( ) canbeidentied in that the diagram

(320) CCX (V1; ]@(Vl;_l) %IEX (Ve 1)
Cey vai () JJjJJjﬁﬁJ” Cx ()

Cex (va; )(V2:Cx (1 )72) CLLCX (V2; 2)

commutes up to conjugacy

4. Cohomologicall y unique p-compact gr oups

We shall here discussto what extent N -determined p-compact groups are determined by their
Weyl groups or their mod p cohomologyalgebras(4.3). The messagédntended is that cohomolog-
ical uniqueness[36, 74, 16, 93] is incidental while N -determinism is universal. As the Weyl group
of a connectedp-compact group is a re ection subgroup of the automorphism group of the lattice
we start out by introducing the category of re ection subgroups.

For a commutative domain R, an elemen g of GL(r;R) is a re ection if the (r r) matrix
I, ghasrank at most 1 wherel, isthe (r r) identity matrix. A subgroupW of GL(r;R) is a
re ection sulgroup if it is generatedby the re ections contained in it.

4.1. Denition. For R= Z,;Qp;Fp, let R Re be the category with

objects: pairs (W;L) where L is a nitely generted free R-module and W a nite re ection
sutgroup of Autr (L), and,

morphisms: pairs (; ): (Wyp;L1)! (W3;L2) wher :W;! W, is a group homomorphism
and 2 Homg(Lj;L2) an -linear R-module homomorphism.
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A similarity is anisomorphismin R Re . Two objectsof Z, Re are R-similar if they are taken
to isomorphic objects of R Re bythefunctor rr:Z, Re ! R Re induced by z, R.
Go(W; L) (Gp(W;L)) is the set of similarity classesof objects of Z, Re that are Qp-similar
(Fp-similar) to the object (W;L). An object (W;L) of Z, Re is saidto besimpleif L z Qp
is a simple Q,W-module.

A similarity classof objectsof R Re amounts to anintegerr 0 and a conjugacy class(W)
of are ection subgroupof GL(r; R). The automorphism group Autr re (W;L) of an R-re ection
subgroup is isomorphic to the normalizer Ng (L r)(W) of W in GL(L R) [64, x2] [63].

In Z, Re we shall often write rq (rp) for the functor rg if R = Q, (R = Fp). (Of course,
if R = Zp, then rg is the identity functor.) By [29, Proof of 5.2], W is a re ection subgroup of
GL(L) if and only if ryW is are ection subgroupof GL(L Z=p); also,W and r,W are abstractly
isomorphic groups as the kernel of GL(r;Zp) ! GL(r;F,) contains no non-trivial nite order
elemers when p is odd [57] [88, 10.7.1]. Two objects, (W1;L1) and (W2;L>), of Z, Re are
Qp-similar i there existsa morphism (; ): (Wy;L1) ! (Wz;Lo)inZ, Re sudthat ro(; )
is an isomorphismin Q, Re , and they are Fy-similar i there exists a group isomorphism

Wi ! W, and a Zp-linear isomorphism :Li! L, sud that (; z, Fp) is an isomorphism
in F, Re . All elemens of Go(W; L), which is a nite setaccordingto the Jordan{Zassenhauss
Theorem [24, 24.2], are represerted by centerings of (W;L), i.e. by objects of the form (W; M)
where M is Z,W-submodule of L and the index [L : M] is nite. Two certerings, (W;M,) and
(W; M), are similar if and only if A(M1) = M2 for someA in the normalizer Ng (L o)(W) of W
in GL(L Q) [84, 2.1{2.3].

4.2. Prop osition. Let (W;L) be an object of Z, Re .
1. Go(W;L) = (W9 < GL(L) j (roW?9 = (roW)g
2. Gp(W;L) = f(W9 < GL(L) jroW°=rp,Wg
As usual, (W) standsfor the conjugacy classof the sutgroup W.

Proof. 1. Let A(W) = fU 2 GL(L Q) j U WU GL(L)g be the set of automorphisms of
L Q that conjugate the subgroup W  GL(L) into (another) subgroup of GL(L). We shall
de ne surjections

F(WS < GL(L)j (roW9 = (roW)g  A(W)  Go(W;L)
and show that the corresponding equivalencerelations on A(W) are the same. The surjection to
the left simply takesU 2 A(W) to the subgroup conjugacyclass(U *WU). The map to the right

takesU 2 A(W) to the similarity classof (W; UL). This is indeeda well-de ned surjection because
forU2 GL(L Q) we have

U wu GL(L), U WU (L)=L, W(UL)=UL
meaningthat UL isa Z,W-submodule of L Q if andonly if U 2 A(W). The Z, Re -objects

(W;UL) and (W;VL), U;V 2 A(W), are similar if and only if VAU W = WVAU ! for some
isomorphism of the form

UL

for an A 2 GL(L). In other words, (W;UL) and (W;VL) are similar if and only if U WU and
V WYV are conjugate as subgroupsof GL(L).
2. The map

f(W9 < GL(L) jrpW°=r,Wg! Gp(W;L)
taking (W9 to (W%L) is clearly well-de ned and injective. To seethat it is also surjective , let
(W1;L1) be an object of Z, Re that admits a similarity ( p; p): rp(Wa;L1) ! rp(W;L) in
Fp Re . Lift the isomorphism , to a Zp-linear isomorphism :Li! L. Then (Wy;L1) and
(WOL), W= w; 1, aresimilar and r,W°=,rp(W1) ,* = r,W and thus the subgroup W°
is mapped to the elemen of G,(W; L) represened by (Wq;L1). O

The Weyl group W (X ) of a connectedp-compactgroup X is by birth a nite re ection subgroup
of GL(L (X)) [30, 9.7]and (W(X);L(X)), (roW(X);L(X) Qyp), and (rpW(X);L(X) Fp) are
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objects of R Re for R = Z;;Qy; Fp, called the Z,-Weyl group (or just the Weyl group), the
Qp-Weyl group, and the F,-Weyl group of X, respectively. (As to functorialit y we note that any
toric morphism [70] between connected p-compact groups determines a morphism between the
corresponding re ection subgroups.)

4.3. Denition. Let X be a connected p-compact group.

1. X is determined by its R-Weyl group if any connected p-compact group Y with the same
R-Weyl group as X, i.e. with W(Y) R-similar to W(X), is isomorphic to X.

2. X is a cohomologically unique p-compact group if any connected p-compact group Y with
H (BY;Fp) isomorphic to H (BX;Fp) as an algeba over the mod p Steenrod algeba, is
isomorphic to X .

All p-compact tori are clearly cohomologically unique.

4.4. Corollary . Let p be an odd prime and X an N -determined connected p-compact group.

X is determined by its Z,-Weyl group W (X).

If Go(W(X);L(X)) =, then X is determined by its Qp-Weyl group roW (X).

If Gp(W(X);L(X)) =, then X is determined by its Fy-Weyl group rp,W (X)

If X is determined by its F,-Weyl group, then X is a cohomolically unique p-compact
group.

Proof. At odd primes, the (discrete) maximal torus normalizer of a connected p-compact group,
which is a split extension (3.12), is determined, up to isomorphism, by the similarity classof the
Weyl group. The next two items are immediate consequencesf this, sincewe are assumingW (X)
recoverable from roW (X), respectively r,W (X).

The rational rank r(X) aswell asthe F,-Weyl group r,W (X ) canbereado fromH (BX;Fp)
thanks to Lannestheory [52]. Indeed,r(X) isthe maximal r 0 for which there existsa monomor-
phism (Z=p)" X whosecertralizer is a p-compacttorus and rp,W (X)) is (2.8) the automorphism
group in the Quillen category of the object t(X)! X. O

PonNPE

45. Lemma. LetW bea nite re ection sulgroup of GL(L). Putt = L=pL.

1. [84, (1) p. 248]If t is an irr educible F,[W]-module, then Go(W; L) =
2. [7, 7.2.2]1f HY(r,W;Hom(t; t)) = O, then Gp(W;L) =

Proof. Foritem 1, let M beaZ,W-submodule of L not cortained in pL. Sincethe imageof M in
t = L=pL is non-trivial, we getL = M + pL by irreducibility and L = M by Nakayama's lemma
[86, 9.2]. The H !-condition of item 2 assuresthat r,W lifts uniquely to GL(r;Zp). O

The sets Go(W; L) and G,(W; L) are determined in (11.18, 11.25, 11.26) for (W;L) a simple
re ection subgroup and p an odd prime.

For a connectedp-compact group X, let SX stand for the universal covering group of X and
PX = X=Z(X) the adjoint form of X [31, 58]. Recall that for (W;L) 2 Ob(Z, Re ) there are
assaiated objects (SW;SL); (PW;PL) 2 Ob(Z, Re ) [79 (11.1).

4.6. Lemma. SSX = SX = SPX and PPX = PX = PSX for any connected p-compact group
X.

Proof. Use[58, 4.7,5.4,5.5] and that BSX = BX i is the 2-connectedcover of BX . O

4.7. Prop osition. Let p be an odd prime and X an N -determined connected p-compact group.
1 HOW(X); T(X)) = Z(X) and Ho(W (X ); L(X)) = 1(X).
2. SL(X)=L(SX)and PL(X) = L(PX).

Proof. The formula for the certer of X (3.12.(2)) immediately shaws that PL(X) = L(PX). By
inspection we seethat

(4.8) Ho(W(PX);L(PX)) = 2(BPX)

for any simple p-compact group X. (The formula is known to hold in the Lie caseby classical
results. The exotic simple p-compact groups are all certerlessand polynomial (7.9) soin this case



N -DETERMINISM 17

X = PX and »(BX) = 0 becauseH?(BX;Fp) = 0. Also Ho(W (X); L(X)) = 0 by (11.4.3) for
Go(W (X)) = (11.18)sothat L(X) = SL(X).) Therefore,

SL(PX) = ker L(PX)! Ho(W(PX);L(PX)) =ker L(PX)! 1(PX)
= L(SPX) = L(SX)

for any simple X. For a gene@l connected X , the Splitting Theorem for certerless p-compact
groups[32] tells usthat PX = = PX; where X; is simple. Consequetly,

Y Y Y
SL(X)= SPL(X)=SL(PX)= SL(PX;)= L(SXi)= L(SPX))
= L(SPX) = L(SX):

From the nite covering ! SX Z(X)o! X of[58 5.4] we obtain a short exact sequenceof
Z,W (X )-modules
(4.9) 0! SL(X) HOW(X)L(X)! L(X)! 10

and, using H1(W(X); ) = 0= HOW(X); SL(X)) (11.3, 11.4.3), a short exact sequenceof Z,-
modules

0! HOW(X);L(X))! Ho(W(X);L(X)! 0
identical to the short exact sequenceor computing  1(X). O

Recall, that we write X; X, if there exists an isogery X, X2 [67, p. 216]in pcg and
(W1;L1)  (Wo; L) if there exists an isogery (W1;L1) ! (Wa;Lo) inZ, Re (11.23).

4.10. Corollary . Letpbean odd prime and X, and X, two connected p-compact groups. Assume
that P X, is totally N -determined.

1. X1 and X, are locally isomorphic, (W;L)(X1) and (W;L)(X>) are Qp-similar.

2. X1 Xz, (W;L)(X1) (W;L)(X2).

3. The local isomorphism system[67, 4.7] of X, is posetisomorphic to Go(W (X 2); L (X2)).
Proof. Write (W;;L;) for (W(X;);L(X;)), i = 1;2. It is clear from the results of [67, x2{x4] that
if X1 and X, are locally isomorphic (and X1  X3) then (Wy;L1) and (W3;L>) are Qp-similar
(and (W1;L1)  (Wo;L2)). Conversely supposethat (W1;L1) and (W»;L>) are Qp-similar. Then
(Wq;L1) = (W2; P (SL»)) for somediagram : (SL») (L1) ! THO(WS,;L,) of Zy-modules
(11.20). Since SL, = L(SX3), this meansthat (Wy;L;) is similar to (W(XJ)L(XY)) for the
p-compact group

Ko< SX2 Z(Xa)o
2 ( (La):")
locally isomorphicto X, [67, 2.8]. But X 2istotally N -determinedif PX; is (3.3, 3.7), and therefore
X1 is actually isomorphic to X 9 (4.4). Moreover, if (W2;P (SL3)) (W>;L>) then (11.21) there
is a commutativ e diagram

(SL2) &0 (Ly) — I THOW;; L)

(SL2) ©—0 (L) ——/THO(Wy;L>)

induced by someautomorphism of SL, and some epimorphism of THO(W,; L) = Z(X2)o onto
itself with nite kernel. But any automorphism of SL, = L(SX,) comesfrom an automorphism
of SX, (3.12.(3)) and sothe above diagram determines[67, 4.3, 4.5] an isogery X;  Xo. O

4.11. Corollary . Let p be an odd prime. There are br ation sequenes
B (L(X))! BSX B2HOW(X);L(X))! BX
BX ! B2LHoW(X);T(X)) BPX ! B? (L(X))

for any N -determined connected p-compact group X .
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Proof. Write (W; L) for the re ection subgroup (W (X);L (X)) assa@iatedto X. The rst of these
bration sequencewill follow if we can show that

(4.12) B (L) ——/Bsx

B2HO(W;L) —/BX

is homotopy bre square. The top horizontal map corresponds to the monomorphism (L)
(SL) = HO(W;T(SL)) = Z(SX) of (11.8.2) and the bottom one corresponds to the monomor-
phism THO(W;L) HO(W;T(L)) = Z(X) of (11.4.1). There is a bration

BHo(W;L)! B (L)! B2Ho(W;L)

induced from the short exactsequenced! HO(W;L)! Ho(W;L)! (L)! O of abelian groups.
But Ho(W;L) and 1(X) are (4.7) isomorphic abelian groups and thus the left and the right
vertical mapsin (4.12) have identical bres.

For the second bration, it is enoughto prove that there exists a homotopy bre square

(4.13) BX —IB2LH o(W; T(L))

BPX — /B2 (L)

with an abelian topological group in the lower right corner. The top horizontal map correspondsto
the epimorphism Ho(W ;L)  LHo(W;T(L)) of (11.4.4) and the bottom oneto the epimorphism
Ho(W;PL)= (PL) (L) of (11.8.2). There is a bration

BHO(W;T(L)), ! B?LHo(W;T(L))! B? (L)

obtained by applying the Fibre Lemma [14, 11.5.1] to the bration BHq(W;T(L))! B? (L) with
BHO(W;T(L)) as bre re ecting the de ning short exact sequencefor (L). But HO(W;T(L))
is (3.12.(2)) a discrete approximation to the certer of X and thus the left and the right vertical
mapsin (4.13) have identical bres. O

The N -determined connectedp-compact group BX s, in other words, the quotient p-compact
group of BSX B2HO(W(X);L(X)) corresponding to the subgroup (L(X)) (11.8.(4)) of the
certer (SL(X)) THOW(X);L(X)) (4.7, 11.8.(1)), or, the covering p-compact group [17] [58,
3.3] of B2LH o(W(X); T(X)) BPX corresponding to the quotient group (L(X)) (11.8.(3)) of
the fundamental group LH o(W (X); T(X)) (PL(X)) (4.7,11.8.(2)).

According to [74, 8.1], any \ p-conveniert and simply connectedor pseudosimply connected"
compact connectedLie group satis es (4.5.(2)). For our purposes,however, the following corollary
will su ce.

4.14. Corollary . Let p be an odd prime and let X be the p-compact group representel by

the product sulgroup U(ny) U(ng), np + +ng=n,n; 0, of U(n), or,
the intersection with SU(n) of sucha sulgroup of U(n), or,
the image in PU(n) = U(n)=U(1) of sucha sulmroup of U(n).

Then Gp(W (X);L(X)) =
Proof. Write t = t(U(n)), to = t(SU(n)), and t; = t(PU(n)) (the dual to to). It suces (4.5.2) to
show that HX(W; ) = 0 where W is a subgroup of the form ne OFW(U(N) =
and the blank is any of the Fp ,-modules Hom(t; t), Hom(to; to) or Hom(ty;t1).

Let i be 1 or 2. From the fact that H'( n;Fp) = O for all n when p is odd [50, 12.2.2], we
inductiv ely deducethat alsoH'(W;F,) = 0. But then also

H'(W;to) = H (W;t) = H'(W;ty)
H(W;Hom(to;to)) = HY(W;Hom(t; to)); H(W;Hom(ts;t1)) = HY(W;Hom(t; t1))
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as we seefrom the exact sequencesn cohomologyinduced by the short exact sequences

+

0! to! t 1 Fp! O Ol Fp ! t! t3! O
0! to! Hom(t;tp) ! Hom(to;tp)! O; O! Hom(ty;t1)! Hom(t;ty)! t;! O

of Fp n-modules.

Sincethe represeration t = Ind " (Fp) is induced from the trivial 1-dimensional represerta-
tion, its restriction to W,

Y
resy’ (t) = resy Ind » (Fp) = Indw\x , ,(Fp);
xX2Wn n= 5 1

is a product of represenations induced from trivial 1-dimensionalrepreserations. But W\ * 1,

the intersection of W with 6 Conjugate of | 1 = 3 n 1, IS again a subgroup of W-type, so
it follows that H'(W;t) = ~ H'(W\ * , 1;Fp) = 0. Furthermore, Hom(t; ) = Ind . ()so
that, by the sameargument, H(W;Hom(t; )) = 0 wherethe blank canbet, tq or t;. O

5. The p-compact group PGL(n;C)

In this sectionwe shaw N -determinism for the A-family of p-compact groupswherep is an odd
prime. SeeBroto and Viruel [16, 15] for an alternative proof and [68, 7.19] for a prototype of
Theorem 5.1.

5.1. Theorem. The p-compact group PGL(n; C) is totally N-determined for all n 1 and all
odd primes p.

As a consequence5.3) of this theorem also GL(n; C), for instance, is totally N -determined so
that we may concludefrom (3.12.(3), 3.16) that

Aut(GL (n; C)) = Autz, w L (n;c)) (L(GL(N; C))) = Autz,; ,1(Zp)
whenn > 2.

5.2. Corollary . Let X be a p-compact group whoseQ,-Weyl group roW (X) is in Clark{Ewing
family 1 and assumethat p is odd. Then:

1. X is totally N -determined.

2. X is determined by its Z,-Weyl group.

3. Forn>2 (

End(x)= 2P n<p
Z,[f0g n p
while End(SL(2;C)) = Zp=Z .
4. 1f 1(X)=1,0rZ(X)= 1, or n< p then X is determined by its F,-Weyl group and X is
a cohomolaically unique p-compact group.

Proof. This is immediate from (3.3, 3.7) and (3.17.(2), 4.4, 11.18). In connectionwith the appli-
cation of (3.17.(2)), obsene that the outer automorphism of the symmetric group ¢ [91, 2.2.18,
2.2.20]can not belifted to an automorphism of N (X) becauseall such automorphismstake re ec-
tions to re ections. O

5.3. Corollary . Let X be the p-compact group representel by

the product sulgroup GL(ny;C) GL(nk;C), ny + +ng=n,n 0, of GL(n;C),
the intersection of sucha sulgroup with SL(n; C), or,
the image of sucha sulgroup in PGL(n; C).

Then X is totally N -determined, X is determined by its R-Weyl group for R = Z; F, and X is
a cohomolaically unique p-compact group (p odd).

Proof. That X is totally N -determined follows from (5.1) together with (3.3, 3.7). Apply (4. 14
4.4) for the other properties of X .
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We shall prove (5.1) by inductiv ely verifying that BPGL (n; C) satis es the su cien t criteria (3.4,
3.8, 3.9) for total N -determinism. For this process,it is crucial (2.12) to have information about
the non-toral elemenary abelian p-subgroupsof PGL(n; C) = GL(n; C)=C and their certralizers.
Thus we shall start out by identifying the non-toral elemenary abelian p-subgroupsof PGL(n; C),
their Quillen automorphism groups, and their certralizers.

Non-toral elemenary abelian p-subgroupsof PGL(n; C) can be constructed from extra-special
p-groups cortained in GL(n;C) as follows: Let P be an extra-special p-subgroup (this means
[P;P] = Z(P) is of order p [85, 5.3]) and E an elemenary abelian p-subgroup of GL(n; C) suc
that

Z(P) Z(GL(n;C)); [P;E]=flg=P\ E;
where Z (P) is the certer of P and Z(GL(n;C)) = C the certer of GL(n;C). Then T = PE
is a non-abelian subgroup of GL(n; C) that mapsonto a non-trivial non-toral elemenary abelian
p-subgroup, V, of PGL(n; C) with kernel Z(P). (V is non-toral becausethe pre-image of toral
subgroup of PGL(n; C) is toral in GL(n; C).)

In fact, all non-trivial non-toral elemenary abelian p-subgroupsof PGL(n; C) have this form.
5.4. Lemma. [41, 3.1]LetV beanon-trivial non-toral elementaryakelian p-sulgroup of PGL(n; C).
Then

p divides n, and,
there is an inclusion morphism of short exact sequenes of groups

1 I7(P) It N I

1 Ic IGL(n;C) ——/PGL(n;C) —/1

where T = PE is the direct product of an extra-special p-group P GL(n;C) and an
elementary akelian p-groupE  GL(n; C) suchthat P\ E = fig= [P;E]. The extra-special
p-group P can be chosento have expnent p.

Proof. If n is not divisible by p, then all elemerary abelian p-subgroupsof PGL(n; C) are toral.
Assumenow that p divides n. As H?(V;Z=p) mapsonto Hom(H,(V);C )= H?(V;C ), thereis
a subgroupR  GL(n;C) that mapsonto V with a kernel that is cyclic of order p and certral in
GL(n; C). If R were abelian, then R and V would be toral subgroups.

The commutator subgroup [R; R] is cyclic of order p for it is non-trivial and contained in the
kernel of the epimorphism R ! V. ThusV = R=R;R]. Let P be a normal subgroup of R
such that P=[R; R] is complemenary to Z(R)=[R;R]. Then R = PZ(R) and P is extra-special as
Z(P)=P\ Z(R) = [R;R] = [PZ(R);PZ(R)] = [P;P].

The commutativ e diagram

P zZ(R)———IGL(n;C)

PR:R] Z(R)=[R;R]——/PGL(n;C)

has an adjoint diagram
I | .
Z(R) CoL (n;c)(P) ——JGL(n;C)

Z(R)=[R; R] ——/Cpgi( n.c)(PR;R)o ——/PGL(n; C)

where the horizontal maps are inclusions and the two rightmost vertical maps are epimorphisms
with kernel C . The certralizer of P in GL(n; C) is a product of generallinear groups[82, Propo-
sition 4] and Z(R) is included here as an abelian, hencetoral, subgroup. Therefore, Z(R)=[R; R]
is included as a toral subgroup in (the identity componert) of the cerralizer of P=[R;R] in
PGL(n; C). It followsthat Z(R)=[R;R] is the isomorphic image of an elemenary abelian p-group
E  CoL(nc)(P) GL(n;C).
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By construction, [P;E]= flg= E\ Z(P) = E\ P, soP andE permute, T = PE is a subgroup
of GL(n; C) that maps onto V, with kernel Z(P). For any extra-special p-group P GL(n; C)
of exponert p? with Z(P ) = " 1 there is an extra-special p-group P, GL(n; C) of exponert p
that hasthe samecerter, the samecertralizer, and the sameimage in PGL(n;C) asP (5.19).
Therefore we can assumeP = P, hasexponert p. O

The congutator subgroupand the certer of the coveringgroup T = PE of V are[T;T] = [P;P] =
Z(P)= "1andZ(T)= Z(P)E [T;T].

By taking commutators in T we get an alternating bilinear form
(5.5) f:v VI [T;T]
onV = THT;T], i.e. f(uy;up) = [Ug;Uz] wheretu 2 T is alift of u 2 V. This bilinear form may
be degeneratein that

V? = Z(M)4T;T]=E

and we obtain a non-degeneratealternating bilinear form
(5.6) fv=v? v=v? 1 [T;T]
by factoring out V? or, equivalertly, by restricting to the subspaceP=[P;P] = V=V’ = T=Z(T)

of V.
De ne

Isom(V;f)="f 2 Aut(V)jf( (u1); (uz)) = f(uy;uz)g
Aut(f) = f(A;a) 2 Aut(V=V?) Aut(Z(T))jf (A A)=a fg

to be the group of all isometriesof (V;f ) and, respectively, the group of all pairs of automorphisms
(A;a) 2 Aut(V=V?) Aut(Z(T)) that make

V=v? o vav? T T ——Jz(T)

A A a

v=v? V=V T S z(T)

commutativ e.
Any outer automorphism of T inducesan an automorphisma( ) of Z(T) and an automorphism
A( ) of T=Z(T) = V=V? sud that (A( );a( )) 2 Aut(f).

5.7. Lemma. For odd p there is a short exact sgquen@
11 Hom(v=v?:v?)1 ouyT) ¥ Auf)! 1
for the outer automorphism group of T.
Proof. The 2-cocycle for the extensionZ(T)! T! T=Z(T) = V=V? iscwhere
Ur Uz = C(U1;Up)Utliz;  Ug; Uz 2 T=Z(T);
whereu 2 T isalift of u2 T=Z(T). Since

A . =] — — —— L o — T 1
f(ug;uz2)c(uz;ug) = [U3;02] Uz U7 U071 = U U2 Uy = U Uz uup

= c(ug; uz)
for all uy;u, 2 T=Z(T), the 2-cochain f measuresthe failure of the 2-cocycle cin being symmetric.
If the pair (A; a) is in Aut (f), then the 2-cachain d= (A ¢) (a c) is symmetric, for
F(Au;Auy) = af (ug;uz) , c(Aug;Auy) tacui;uz) = c(Auz;Aug) tac(us;us);

and hence2d = qwhereq is the assaiated quadratic form, g(u) = d(u; u), viewed asa 1-cocycle.
Thus (A; a) can be lifted to an automorphism of T.
The kernelofthe map ! (A( );a( )) is easily determined as follows. There is a surjection

Hom(T=Z(T);Z(T)) ker Out(T)! Aut(f)
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taking the homomorphism' : T=Z(T)! Z(T) to the automorphismt ! ' (t)t of T. This au-
tomorphism is inner precisely when ' (t) = [u;t] for someu 2 T. Since any homomorphisms
T ! [T;T]isofthis form, the kernelis isomorphicto Hom(T=Z(T); Z(T))=Hom(T=Z(T);[T;T]) =
Hom(T=Z(T);Z(T)=T;T]) = Hom(V=V?;V?). O

For example, if P is an extra-special p-group then Out(P) is isomorphic to the group Aut(f)
(when p is odd).

We shall next determine the Quillen automorphism groups of the subgroupsT GL(n;C) and
V  PGL(n;C) of (5.4).

5.8. Denition.  For ahomomorphism : H ! G ofa(nite) groupH into aLie group G, de ne
the Quillen automorphism group A (G)(H; ) as

A(G)H; )=f 20ut(H)j( )=()g

where () denotesthe representation ( ) 2 Rep(H; G) = Hom(H; G)=G representel by the homo-
morphism

If the target of is G = GL(n;C), in particular, then
AG)H; )=f 20ut(H)jtr( )=tr()g
by complex represertation theory.

5.9. Lemma. LetT = PE andV = THT;T] be asin (5.4) and assumethat T has exmnent p.
Then the homomorphism

AGL(n; C)(T; ) A(PGL(Nn; C))(V; )
is surjective.

Proof. Supposethat BC normalizesV in PGL(n; C) for someB 2 GL(n;C). ThenT®B TC
But if g2 T and g® = zh for somez 2 Cp _and someh 2 T, then z must have order p sinceg and
h have order p. Thusz is an elemen of * 1= [T;T] T. Consequetly, T® = T. O

In the situation of (5.4), consider rst the special casewhereE is trivial and T = P is an extra-
special p-group whosecerter is certral in GL(n; C). The extra-special p-group P hasjP : [P;P]j =
p?® characters of degreel and p 1 irreducible characters of degreep® (described in (5.19)).
Theseirreducible represenations of degreep® are faithful and they are [43, V.16.14]in bijective
correspondencewith the non-trivial linear forms : Z(P)! C ; the represeration corresponding
to isthe represenation P inducedfrom any extensionof to alinear form on a maximal normal
abelian subgroup of P. Thus the represemagi(on of)FZ hasthe form

= P+

for some non-trivial linear forms on Z(P) and some homomorphisms :V! C . Since
is faithful at least one must appear, and, since takesthe certer of P into the certer of
GL(n; C), no scan occur and exactly one occurs. (Observe that for non-idertity g 2 Z(P),
P(g)6 1= (g).) Thusin fact
=m "; p'm=n;
for somenon-trivial homomorphism :Z(P)! C . From the formula [43, V.16.14][44, 7.5]

p’m (9) g2 Z(P)
0 962Z(P)

we seethat the Quillen automorphism groups
AGL(MC)(P; )=F 20ut(P)ja( )=1g; A(PGL(n;C))(V; )= Sp(V)

consistof those outer automorphismsof P that restrict to the identit y on the certer Z(P) and (5.7,
5.9) of all isometriesof the non-degeneratespace(V;f ), respectively. (Note alsothat V = P=P\ C
is unique up to isomorphism as an object of A (PGL(n; C)).)

In general, T = PE isthe direct product of an extra-special p-group with an elemenary abelian
p-group E. Since the restriction of to P is of the form jP = m P, as we have just seen,
represenation theory for products of groups[43, V.10.3] [44, 8.1] tells us that the represeration

tr (g)=
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= P] s the outer tensor product of P with a faithful m-dimensional represenation  of
E = V?. From the formula (

p? (9) (&) 92Z(P)

0 g62Z(P)
we seethat the Quillen automorphism groups

AGL(MC)(T; )=f 20ut(T)ja( )2 AGL(n;C)(Z(T);] )9
APGL(n:C))(V; )=f 21som(V;f)j jV? 2 A(PGL(n;C)(V?: )g

consist of those outer automorphisms of T that restrict to Quillen automorphisms of the m-
dimensional represetiation ] of Z(T) = Z(P)E and of those isometries of the inner product
space(V;f) whoserestrictions to V? leave the represenation invariant, respectively.

Dene A(T) Out(T) andA(V;f) Aut(V) to be the groups

A(M)=f 20u(T)ja( )= 1g
A(V;f)=f 2Isom(V;f)j istheidentity onV?g

consisting of those outer automorphisms that restrict to the identity on Z(T), respectively of all
isometries of (V;f) that restrict to the identity on E = V?. Then A(T) is a subgroup of the
Quillen automorphism group A (GL (n; C))(T; ) (and equal to this Quillen automorphism group
if T is extra-special). It follows from (5.7) that A(T), of order jSp(V=V? )jjHom(V=V?;V?)j, is
isomorphicto A (V;f). This provesthe following lemma.

tr (g;e) =

5.10. Lemma. The Quillen automorphismgroupA (GL(n; C))(T; ) contains A (T) and the Quillen
automorphism group A (PGL(n; C))(V; ) contains A(V;f). If T is extra-special, the Quillen au-
tomorphism group A (PGL(n; C))(V; ) = Sp(V).

The nal step consistsin identifying the certralizers and their certers for the subgroupsT
GL(n;C) and V PGL(n; C) of (5.4). The information we need is obtained in (5.12) as an
application of the more general,and elemenary, (5.11).

5.11. Lemma. Let T be any sulgroup of GL(n;C), :T! GL(n;C) the inclusion, and Z a
central sulgroup of GL(n; C).

1. There is a short exact seqguene of Lie groups
1! CoLmey(T)Z ! CoLmeyz(T) € Hom(T;Z)(y ! 1

whete the group to the right is the isotropy sulgroup for the action of Hom(T;Z) on ( ) 2

Rep(T; GL(n; C)) and @BZ)(g) = [B;g].
2. The connected component of Cgy (n.c)=z (T) is

Cot (n;c)=z(T)o = CoL (n;c)(T)Z
and the group of components o Cgi (n;c)=z (T) is isomorphic to
Hom(T;Z)(y=f :T! Zj9B 2 GL(n;C)8g2 T: (g) = [B;alg
Proof. The exact sequenceof the rst point is a consequencef the short exact sequence
1! Corncy(T)! fB 2 GL(n;C)j[B;T] Zg @ Hom(T;Z)(y! 1

becauseCgy (n:c)=z (T) is the quotient of the middle group by the certral subgroupZ. The second
point follows from the rst becausethe certralizer of T in GL(n; C), a product of generallinear
groups [82, Propaosition 4], is connected. O

5.12. Lemma. LetT andV beasin (5.4).
1. If T = P is extra-special, then
Croi(pimc)(V) =V  PGL(M;C);  Z Cpgi(pimc)(V) =V,
where the Quillen automorphism 2 A(V;f) = Sp(V) actsas ! 1and , resmctively.
2. If V? hasrank one, then the component group of Z Croi( ptm: c)(V) is isomorphic to v=Vv~

ortoV.
3. 1Z Cpgi(pem;c)(V) is a nitely geneated free akelian group with trivial A (V;f)-action.
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Proof. In the special casewhere T = P is extra-special, all elemerts of Hom(P; C ) are of the
form (g) = [h; g] for someh 2 P. Thusall presene the represenation ( ) and it follows from
(5.11) that the natural homomorphism

(513) \Y PGL(m,C) =V CGL( pdm;c)(P)=C ! CPGL (pdm;C)(V)
is an isomorphism. Use (5.17) to get the action of the Quillen automorphism group.

For the seconditem of the lemma, supposethat T = PE where E = V7 is one-dimensional.
Then

CeatL (ptm; ) (V) = Cror(pem;c)(PE) = Cepy anm C)(P)(V?)

= Cppp] poi(mc)(V7) = PP;P]  Cpai(mc)(V?)
and consequetly,
ZCpoi( pem c)(V) = PEP;P]  ZCpgi(mc)(V7?):
Here (5.14), the secondfactor is either connected,in which case
oCraL (ptm:c)(V) = 0ZCpai( m:c)(V) = P=[P;P]= V=V7;

or disconnected,in which casethe certer of Z(Cpgi( pim: c)(V)) = V.
Use (5.17) for the nal item of the lemma. O

5.14. Lemma. For any elementary akelian p-group E ~ PGL(n; C) of rank one, either the cen-
tralizer Cpgy( n;c)(E) aswell asits center ZCpg|( n;c)(E) are both connected or ZCpgy( n.c)(E) =
E.

Proof. There is (5.11) an exact sequence
11 C ! Ceync)(E)! Cpeinicy(E)! Hom(E;C ),! 1

where :E! GL(n;C) isalift. The group to the right is either trivial or cyclic of order p. If it
is trivial, then

Crai(mc)(E) = CeLn;c)(E)=GL(1;C); Z Cpgr(n;c)(E) =Z CqL(n;c)(E) =GL(1;C)

are both connectedLie groups[58, 4.6]. Otherwise,n = rpand = r isadirect sumofanumber
of copiesof the regular represenation of E. Then the certralizer

CPGL( n;c)(E) = GL(r,C)p:GL(l,C) ohi
where hasorder p and acts on GL(r; C)P by permuting the factors cyclically. Thusthe certer of
the certralizer,
hi
Z CeoLmc)(E) = GL(L;C)P=GL(L;C)  =H™hi;GL(L;C))
is cyclic of order p. O

The information collected so far su ces to establish the vanishing of some of the higher limits
for the functors ;| (BZCpgi (n:c)): A(PGL(n;C)) ! Ab (2.7). We shall make useof the following
lemma which, together with its application in the proof of (5.16), is due to J. Grodal.

5.15. Lemma. Let A be a sulgroup and P a paratolic sulgroup of G = GL(n; F,) such that
U A P wherP = UL is the Levi decomposition [23, x69A]. Then

Home (41(St(G); M) = Homg o=y (St(L); M)

for any Fp[A]-module M whichis trivial asan Fp[U]-moduleand nite-dimensional asan F-vector
space.

Proof. The standard F,[A]-module isomorphism Hom(St(G);F,) M T Hom(St(G);M)) re-
stricts to an isomorphism

Hom(St(G); Fp)’ M T Home y1(St(G);M)
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of F,[A=U]-modules. Since Steinberg modules are self-dual and St(G)Y = St(L) [89, 18, 42] we
have

Hom(St(G); Fp)Y = St(G)Y = St(L) = Hom(St(L); Fp)

as Fp[P=U]-modules. Thus Homg y;(St(G);M) = Hom(St(L);Fp,) M = Hom(St(L);M) as
Fp[A=U]-modules and consequetly

Home (a(St(G); M) = Homg [y3(St(G); M)AY = Hom(St(L); M)AV
= HOmME (a=u1(St(L); M)

as vector spaces. O

5.16. Lemma. Iimi(A (PGL(n;C)); j(BZCpgL(n;cy)) = 0forj=12andi=jj+ 1L

Proof. It suces (2.13,5.10,5.12) to shaw that the following homomorphism groups are trivial:
Homgpv) (St(V); V) wheredimg  V = 2,
Homa (v )(St(V); V) and Homp (v )(St(V);V:V? ) wheredimg V = 3andf isanon-trivial
alternating bilinear form on V,
Homa (vif ) (St(V); Zp) wheredimg V is 3 or 4, f is a non-trivial alternating bilinear form
onV, and Z, carriesthe trivial A (V;f)-action.

Note that Z, can be replaced by F, as target module since the Steinberg module is nitely
generated. The rst of these groups is clearly trivial as Sp(V) = SL(V) contains 1 which acts
trivially on the Steinberg module but hasno non-trivial xed points in V. For the remaining cases,
we apply (5.15). For us, n is 3 or 4, and the group A consistsof the matrices

Ik
0 SLQ)

where | is a (k  k)-identity matrix, k = 1;2. Take P and U = O,(P) to be the subgroups of
G = GL(n; Fp) consisting of matrices of the form

GL(K)
0 GLQ)

Ik

; respectively, 0 |
2

sothat L = GL(k) GL(2). Then

Home, () (St(G); Fp) = HOM, (517 (SHGL (k)  SHGL(2)); Fyp)
= Home sz (SUGL (2)); Home, (SH(GL(K); Fp)))
= Home[SL(Z)] (St(GL(Z)) ; Fp)

and, for n = 3,
Home, (a1(St(G); V=V7 ) = Homg, (st 2 (St(GL(2)) ; V=V7?)

Using that St(GL(2)) is an irreducible Fp[SL(2)]-module we seethat both thesegroups are trivial.
SinceV? is atrivial F,[A]-module, also Homg 1a1(St(G); V) must be trivial. O

Proof of Theorem 5.1. PGL(n; C) is non-modular, hence totally N -determined [68, 3.11, 7.4],
for n < p. We may therefore, inductively, assumethat all elemenrary abelian p-subgroups of
PGL(n; C) havetotally N -determined certralizers (3.3, 3.7,5.12) [82, Proposition 4]. But then also
PGL(n; C) itself has N -determined automorphisms accordingto (3.4, 5.16) and is N -determined
accordingto (3.8, 5.16) provided we can verify the conditions of (3.9) when n = pm is divisible by
p. It only remainsto considerthe third condition asthe rst two have beenveri ed in (5.4, 5.10).

Let j% N(PGL(n;C))! X bethe maximal torus normalizer for somep-compactgroup X . Let
(V; ) denotethe non-toral rank 2 object of A(PGL(n;C)), :V ! N(PGL(n;C)) apreferred lift
of : V! PGL(n;C),andput %= j° . The object (V; 9 of A(X) doesnot depend on the choice
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of (3.9). We must show that the diagram

f(Vv; )
CPGL(n;@(Vi ) ——Jcy (% 9
CeaL (n;c)( ) Cx ()

CraL (n;c)(V; )WICX v; 9
commutesforall 2 Sp(V) = SL(V) [43,11.9.12]. This will bethe caseif application of the identit y
componert functor ( )o and the componert group functor o( ) givescommutativ e diagrams 66,
5.3][64, 3.4,3.10]. The rst of thesederived diagramscommutes becauseSL(V)°P, generatedby el-
emerts of order p [91, 3.6.21],acts trivially on Cpgi( n;c)(V; )o = PGL(m;C) = Cx (V; 90 whose
automorphism group (5.2) Aut(PGL(m;C)) = Z, (or Z,=Z if m = 2) contains no elemers of
order p. The above diagram alsocommuteson the level of ¢ for o(f (V; )) is SL(V)°P-equivariant
by (3.10, 5.12). O

5.17. The action of A(GL(n;C))(T; ) on Cgp(n;c)(T; ). Write () = 1( 1) + + (1)
as a direct sum of inequivalent irreducible characters( 1);:::;( ¢) with multiplicities 1;:::; ¢,
respectively. Then

Y Y
(5.18) CoL(mc)(T; ) = GL( i;C); Z CoLney(T; ) = Z GL( i;C)
i25() i25()

where S( ) = f 1;:::; g is the set of irreducible characters occuring in . Let ( S()) be
the group of all permutation of S( ) and for a given integer valued function  on S( ) write
( S()) for the subgroup of permutations that preserne . We shall needthe degreefunction d,
recording the degreeof ;, and the multiplicit y function ( ), recording the multiplicit y ; of ; in
. The elemerts of Ng(n.c)(T; ) are C-linear automorphisms of C" that are -linear for some
automorphism 2 Aut(T) and there is a homomorphism

A(GL(N; C))(T; ) = Noinc)(T; )=TCornc)(T; )1 (SCNN (S() O

since permutes the irreducible represerations ( ) in a degreeand multiplicit y preserving way.
Now,

Neinc)(Ts ) Noinc)(CoL(n:c)(Ts ) NGL(n;C)(ZCGL(q(-C)(T; )
GL(di i;C)o (S( ) )

and sincethe rst factor of the semi-direct product acts trivially on ZCgy(n.c)(T; ), the action
homomorphism

AGL(MC)(T; ) Out(CeL(n;c)(Ts ) ! Aut(ZCqy (n;c)(T; )

factors through ( S( )9\ ( S()) () ( S())® (). Obserw, in particular, that the subgroup
A(T) of A(GL(n; C))(T; ) acts trivially on Cgi (n.c)(T) becauseany outer automorphism 2
A (T) restricts to the identity on Z(T) sothat it presenesall the irreducible componerts ; P of
the represenation

5.19. Represen tations of extra-sp ecial p-groups. We construct explicitly the faithful irre-
ducible represenations of the extra-special p-groups.

Let E be an elemenary abelian p-group of rank d 1 and C[E] its complex group algebra, or
rather, its underlying jE j-dimensional complexvector space. Then there is a commutativ e diagram
asin (5.4)

P]—/GL(C[E])

V —IPGL(CIE])
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whereV = E" E is the product of E and its dual E" = Hom(E;C ), andP = P ;P, isthe
subgroup of GL(CIE]),

P =hHR;Tyi; P:r=mMR;Tyi;
generatedby
R (V)= (V)v; Tuy(v)=u+yv; 2E";u;v2E;
where! is a primitiv e p?th root of unity. Sincethe commutator
[R:TI=[R;Tul= (u; 2Eu2V

is scalar multiplication with the complex number (u), the group P (P.) is extra-special of
order p'*29 and exponert p? (p). A trace computation revealsthat the p 1 faithful irreducible
represenations of P are obtained from the inclusion by composing with the automorphisms
("R ! (1)R";Ty! Ty, 0< i< p, of P. Obserethat P and P, have the samecerter, the
samecertralizer in GL(C[E]), and the sameimage in PGL(C[E]). The sameis true for P and
P. consideredas subgroupsof GL(C[E] ™) by meansof the represenation m .

An object (V; ) of A(X) is said to be d-oversizeif

codimker( o( ): V! oN(X)=W(X)) d

for all preferredlifts :V ! N(X)of :V! X andd 0 is the biggest suc natural number.
Thus the 0-oversizeobjects are the toral objects. It may be worthwhile to note that the A-family
provides examplesof highly oversizedelemenary abelian subgroups.

5.20. Prop osition. Let T andV be asin Lemma5.4. If T = PE where P hasorder p**?9 then
(V; ) is a d-oversizeobject of the Quillen category A (PGL(n; C)).

Proof. We shall rst considerthe casewhere T = P = p*2¢ is extra-special and is one of the

irreducible and faithful represerations that we just considered. Note that P is contained in the
maximal torus normalizer N GL(n;C) as

N GL(n;C) = R;T j 2map(V;C ); 2 (V)

is generated by all the operators R (v) = (v)v; T (v) = (v) for all functions from V into
C and all permutations of the elemens of V. Similarly, V is contained in the maximal torus
normalizer N PGL(n;C) = N GL(n;C) =C of PGL(n;C). The certralizers

CneLncy(P)=C . CnepoL (ncy(V)=V

so that the inclusion of V into the maximal torus normalizer is a preferred lift of the inclusion
of V into PGL(n; C). For this preferred lift the intersection of V with the maximal torus has
codimensiond. But the intersection of V with any maximal torus of PGL(n; C) is covered by the
intersection of P with a maximal torus of GL(n; C) and such a subgroup has order at most p**¢
which is the order of a maximal normal abelian subgroup of the extra-special p-group P. Thus
(V; ) is a d-oversizerank 2d object of the Quillen category of PGL(n; C).

When =m P,

CnL (n;c) (P) = N(GL(Nn;C))\ Cg(n;c)(P) = N(GL(n;C))\ GL(m;C)
= N(GL(m:; C))

sothat the certralizer of V in N(PGL(n;C)) isV N(PGL(m;C)). Again, the inclusion of V
into N(PGL(n; C)) is a preferred lift of the inclusion of V into PGL(n; C) and we conclude, as
above, that (V; ) is a d-oversizerank 2d object of A (PGL(n; C)).

In general, T = PE is the direct product of an extra-special p-group and an elemenary abelian
p-group. But still the inclusion of V = P=[P;P] E into the maximal torus normalizer is a
preferred lift becauseits adjoint

E! CnepeL (nicy (PEP;PD ! CpsL (n;c)(PP;P])

is a preferred lift asE istoral. For this preferredlift, the intersection of V with the maximal torus
has codimension d and, as above, this is actually the minimum. Thus (V; ) is a d-oversizerank
> 2d object of the Quillen category. O
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6. The 3-compact group F4

We considerthe 3-compactgroup (BF 4); obtained by completing the classifying spaceBF 4 for
the exceptional Lie group F4 of rank 4.

6.1. Theorem. [92] The following hold for the 3-compact group F4:

F4 is totally N -determined.

F4 is determined by its R-Weyl group for R = Z; Qp; Fyp.

F4 is a cohomola@ically unique p-compact group.

End(Fs) f0g = Aut(F 4) = Ngi(L(r.) (W(F4))=W(F4) is an akelian group isomorphic to
Z,=Z C, where the group C, of order 2 is geneiated by an exotic automorphism.

PoOdDPE

Proof. The information provided by Griess[41, 7.4] about elemenary abelian p-subgroupsof the
Lie group F4 shaws that the 3-compact group F4 satis es the conditions of (3.8); see(3.9, 3.10)
and the remark below (2.13). Combined with (4.4, 11.18,11.25) this provesthe rst three items.
Direct computation shows that the normalizer

NoL@z,)(W(Fa) = Z3:" W(Fa)

where
0 1
11 00
p—2,,_%11 00
- 00 11
00 11

for the Weyl group of F4 in GL(4;Z3) asdescribed e.g.in [12]. The nal item of the theorem is
now a consequencef (3.17.(2)). O

Note that (6.1) yields a new proof of the existenceof Friedlander's exceptional isogery [39].

7. Pol ynomial p-compact gr oups

All connected F,-local spaceswith polynomial mod p cohomology are p-compact groups. We
study these polynomial p-compact groups in this section. Seealso D. Notbohm [72, 76, 79| for
further information and for referencegto the literature about this classicalsubject.

For any connectedp-compactgroup X , the imageofH (BX;Fp)inH (BT(X); Fy) is contained
in the invariant ring H (BT (X); Fp)W(X) for the action of the Weyl group on the cohomology of
the maximal torus. Much work, summarizedin the following lemma, has beendone to tell when
H (BX;Fp) actually equalsthis invariant ring.

7.1. Lemma. Let p be an odd prime and X a p-compact group. The following conditions are
equivalent:
1. (BX;Fyp) is a polynomial algebea.
(BX;Fp)=H (BT(X); Fp)" ).
(BX;Fp) H (BT(X);Fp).
(BX;Fp) is concentrated in evendegrees.
(BX;Zp) is concentrated in evendegrees and degree-wisefree.
(BX;Zp) is polynomial on evendegree geneators.
(BX;Zp)=H (BT(X); Zp)W ),
. (BX:;Zp) H (BT(X);Zp).
If X satis es these equivalent conditior&, then the rational rank r of X [30, 5.1] equalsthe Krul |
dimensionof H (BX;Fp), andjWj= " d whee2d;,1 i r, arethe degrees of the polynomial
geneators [88, 5.3.5,5.5.4]

Proof. 1: ) 2 is[29 2.11]Jand 2: ) 3: ) 4:) 5. iselemenary. 5 ) 1:6:;7:;8: As was
noted in [59, 4.2],H ( BX;Z,) is degree-wisdree sothat Borel's argumert [8] [88, 10.7.5]shows
that H (BX;Fp) andH (BX;Zp) are polynomial. But then H (BX;R) is the invariant ring for
R = Zp;Fp by [29, 2.11] again. The implications 8: ) 5:;7:) 5:;6:) 5: are elemerary. O

N~ WDN
IITIIITIITT
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7.2. Denition. A p-compact group X is polynomial if its cohomolay ring H (BX;F,) is a
polynomial Fp-algeba. A Z,-re ection group (W; T) is polynomial if its invariant ring H (T;F,)W
is a polynomial F,-algeba.

7.3. Example. A p-compactgroup X is non-modular if p doesnot divide the order of W(X). A
Zp-re ection group (W;T) is non-modular if p doesnot divide the order of W. Any non-modular
p-compact group is connected[58, 3.8] and its Weyl group is a non-modular Z-re ection group.
The Shephard{Todd theorem [7, 7.2.1] says that any non-modular Z,-re ection group (W;T) is
polynomial, and, clearly, HO(W;T) = 0 if (W;T) is also simple. Any non-modular p-compact
group X is polynomial [68, 3.12], totally N -determined [68, 3.11, 7.7], and determined by its R-
Weyl group for R = Zp; Fp (4.5, 4.4); if X is also simple, then X is certerless (3.12.(2)) and
determined by its Qp-Weyl group (11.18,4.4).

The Weyl group of any polynomial p-compact group is a polynomial Z,-re ection group but
not all polynomial Z,-re ection groups are Weyl groups of polynomial p-compact groups (7.4). If
the ring of invariants H (T;F,)W for someZ,W torus T is polynomial then W is a Z,-re ection
group [29, Proof of 5.2].

7.4. Remark. Borel [9, 2.5] shaws that for a simple compact Lie group G and p an odd prime,
the Bous eld F-localization (B G); of BG [13] is a non-polynomial p-compact group B G precisely
when

G = SU(r + 1)=Z where Z is a non-trivial certral p-subgroup, or,

G= F4; PEg; Eg; E7; Eg and p= 3, or,

G=Egandp= 5.
Kemper and Malle [51] show that a simple Z-re ection group (W; T) is non-polynomial precisely
when it is the Weyl group of one of the Lie p-compact groups on Borel's list { with the exception
that (W;T)(PU(3)) at p = 3 is polynomial becausewe are in dimension 2 [71, 5.1]. Combining
this with (7.27), we seethat the invariant ring H (T;Z,)V with Z,-coe cien ts is non-polynomial
precisely when (W; T) = (W;T)(G) is the Weyl group of one of the Lie p-compact groups G on
Borel's list. Thus the polynomial Z,-re ection group (W;T)(PU(3)) at p = 3 is not the Weyl
group of a polynomial p-compact group for then alsothe invariant ring with Z,-coe cien ts would
be polynomial (7.1). (Combine the method of (7.24) with the results of [71, x4] [51, x5] to see
that (W; T)(SU(r + 1)=Z) is non-polynomial when pjr + 1, n 3, and Z is a non-trivial certral
p-group.)

7.5. Lemma. Letp be an odd prime. Leti: T! X be a loop space homomorphismfrom a Zp-
torus T to a polynomial p-compact group X. If H (Bi;Fp) induces an isomorphism

H (BX;Fp) = H (T;Fp)%W

to the ring of invariants for some nite group W of automorphismsof T, theni: T! X is a
(p-discrete) maximal torus for X and W and W (X) are Fp-similar Z,-re ection groups.

Proof. Since H (Bi;Fp) makesH (T;Fp) a nitely generatedH (BX;Fy)-module [88, 2.3.1],
i: T! X is amonomorphism[30, 9.11]. Moreover, T and T(X) have the samerank, the Krull
dimensionof H (BX;F;), sothat i: T! X isindeeda maximal torus. Also, W and W (X) have
the same order given by the degreesof the polynomial generators. By Lannes theory [52], the
homomorphismt! T ! X is W-equivariant up homotopy becauseit is soon mod p cohomology
This meansthat rp,W is contained in the Quillen automorphism group A (X)(t) of t ! X which is
roW(X) (2.8). But thesetwo groups have the sameorder, sothey must be identical. O

If X is polynomial, then X is connectedand, by Lannes theory [52], any monomorphism of
a non-trivial elemenary abelian p-group into X factors through the maximal torus and hence
(2.8) the Quillen category A (X) is equivalent to A (W (X);t(X)). About the certric [28] functor
BCx : A(W(X);t(X)) ! [pcg] (2.5) we know that, for an odd prime p,

1. H (BCx;Zp) = H (T(X);Zp)o,
2. [(BZCx)=L(X)s j,j =1 2.
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The formula in item (1) is a consequenceof [33, 1.2] and (7.1, 2.10) showing that polynomiality
is presened under taking certralizers of elemenary abelian subgroups. The formula in item (2)
follows from (2.8). (Recall that H (T (X); Zp)o is (2.2) the functor givenby H (T (X); Zp)o(E) =
H (T(X);Zp)WEXE) = H (BT(X); Zp)W *)XE) and, similarly (2.3), L(X)2 ; isthe functor given
by L(X)2 j(E) = H2Z J(W(X)(E); L(X)) for all non-trivial subgroupsEg of t(X).)

Combined with the acyclicity result of (2.4) this leadsto a very simple proof of the homology
decomposition for polynomial p-compact groups.

7.6. Prop osition. [45, 31] Let p be an odd prime. For any polynomial p-compact group X, the
evaluation map

hOCO”mA(W(X);t(X))op BCx ! BX

is an H Zp-equivalen@. Alternatively, the full sulzategory (2.14) A ¢(p) (W (X);t(X))°P basel on
the collection C(p) of all p-sulgroups of W, can be usal for index category.

Proof. By (2.4, 2.16) and one of the formulas above, the E,-page of the Bous eld-Kan spectral
sequenceor the cohomology of a homotopy colimit collapsesonto the vertical axis and therefore
the evaluation map isa H Z,-equivalence. O

In particular, if X isapolynomial p-compactgroup and p doesnot divide order of the Weyl group
(i.e. X is a non-modular p-compact group (7.3)) then BX is H Z,-equivalert to the homotopy
colimit of a diagram of the form

BT (X )@wm"p

i.e. to BN (X); this is the casetreated by Clark{Ewing [20]. If p divides the order of the Weyl
group exactly once,then BX isH Zp-equivalert to the homotopy colimit of a diagram of the form

gV (%) P nw (X))

w9 =w (<)) (BCx (t5) BT(X)g )W ()*

with just two nodes;this is the casestreated by Aguade [2]. In general,BX isH Zj-equivalert to
the homotopy colimit of a diagram with nodesin one-to-onecorrespondencewith the subgroups
of the Sylow p-subgroup of W (X). (The objects tP, for P a subgroup of Syl, W(X), generatea
skeletal subcategory of A () (W (X); t(X)).)

The decomposition (7.6) is usually only helpful when X is certerless. (Any simple p-compact
group X for which roW (X)) is not in family 1 of the Clark{Ewing list and not equalto roW (Eg)
if p= 3, is centerless(3.12.(2), 11.18)).

Conversely given a nite group W of automorphisms of a Zp-torus T such that HO(W;T) = 0
and the ring of invariants H (T;Fp)" is polynomial, does there exist a polynomial p-compact
group X (W) with Z,-re ection subgroup (W;T) and with mod p cohomologyisomorphic to this
invariant ring? Note that if X (W) exists, then the Quillen category A (X (W)) = A(W;t), the
maximal torus normalizer N (X (W)) = T o W, and the functor N  Cx (w), giving the maximal
torus normalizers of the certralizers, is the functor N : A(W;t)°? | [Grp ] given by

wW (Eq) He(w 1)

N (Eo E)= To W(Ey T o W(E1)

accordingto the considerationsof the proof of (2.8). This meansthat if BX (E) denotesthe value
of BCx (w) on E t then there must exist homotopy commutativ e diagrams

N W (E
7.7) BN (Eo) "W ED ey

Bj(Eo) Bj(E1)

o
BX(Eo) ° W ED BX(E1)

where the vertical arrows are (discrete) maximal torus normalizers.

7.8. Theorem. (Generalized Clark{Ewing construction) Let p be an odd prime and (W;T) a
polynomial Z,-re ection group with HO(W; T) = 0. Suppsethat there exist a centric functor [28]
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BX:A(W;t)°? ! [pcg] and a natural transformation Bj : BN ! BX such that, for each non-
trivial sulgroup E of t, BX (E) is a polynomial p-compact group and Bj(E): BN(E)! BX(E)
is a p-discrete maximal torus normalizer. Then BX determines an essentialy unique functor
BX:A(W;t)°P I Top,andH (BX(W);Fp) = H (T;Fp)V asunstablealgebas where

BX (W) = hocolima g BX p

is the Fp-localization of the homotopy colimit. X (W) is a centerless polynomial p-compact group
whoseWeyl group is Fp-similar to W. If all valuesof the functor BX are totally N -determined
p-compact groups, then also X (W) is totally N -determined.

Alternatively, the full sulzategory (2.14) A (W;t) basel on the collection C(p) of all p-
sulgroups of W, can be usel for index category.

Proof. For any non-trivial subgroup E of t, the p-compact group BX (E) has p-discrete certer
Z(X(E)) = Z(N(E)) = TW(E) meaning (3.17.(1)) that ( jBZX)(E) = H2 J(W(E);L(T)) =
L(T)2 j(E) for j = 1;2. Sincethesefunctors are acyclic (2.4), [28, 1.1] tells us that BX lifts, es-
sertially uniquely, to a functor taking valuesin the category of topological spaces.Let BX (W) be
the (F,-localization of the) homotopy colimit. The polynomial p-compactgroup B X (E) has coho-
mologyH (BX(E);R)=H (T;R)V(E) = H (T;R)o(E), R = Fp;Zp. Sincethis functor is acyclic
(2.4), the Bous eld{Kan spectral sequencefor the cohomologyof a homotopy colimit [14, XI1.4.5]
collapsesonto the vertical axis giving the cohomology of BX (W) and soH (BX(W);Fy) =
H (T;Fp)V. As this invariant ring is assumedto be polynomial, X (W) is indeed a polynomial
p-compact group. The p-compactgroup morphism T(GL(n; C)) = Cg(n.c)(t) ! X (W) is amax-
imal torus and rp(W) = rpW (X (W)) by (7.5). According to [68, 4.9] and (2.11, 3.8), X (W) is
totally N -determined provided all valuesof the functor BX are totally N -determined p-compact
groups.

We may replace the index category A (W;t) by any of its full subcategories| as long as
im™ I (1;L(T)2 ;) = 0= Iim* ! (1;L(T)2 j), ] = 1,2, and H (BT;Zp)o is acyclic on I with
lim® equal to the invariant ring. For instance, | = A c(p)(W; 1), where C(p) is the collection of all
p-subgroupsof W is a possibility (2.16). O

In particular, if p divides the order of W exactly once, we may use the full subcategory
A(W;tft;t5g = I(W; W(t®)) (13.10) generatedby the two objects t and t> where S = Syl, W is
a Sylow p-subgroup of W.

The Qp-Weyl group roW (X) (4.3) of a connectedp-compact group X is a re ection subgroup of
Aut(L(X) Qp)[30,9.7]. If X issimplein the sensethat this Weyl group is anirreducible re ection
group then roW(X) must occur in the Clark{Ewing classication table [20]. The irreducible
re ection groups of this table are divided into four in nite families, denoted 1, 2a, 2b, and 3, and
34 sporadic re ection groups Gg;::: ; Gsy.

7.9. Theorem. Letp bean odd prime and X a simple p-compact group with Weyl re ection group
(W(X);L(X)). Assumethat

roW(X) is not in family 1,
if p= 3, then (roW (X)) 6 (roW(Fa4)); (roW (Es)); (roW(E7)); (roW(Es)), and,
if p=5, then (rcW (X)) 6 (roW(Esg)).

Then the following hold:

1. X is a centerless, simply connected, totally N -determined, polynomial p-compact group.
2. X is determined by its R-Weyl group for R = Z; Qp; Fyp.

3. X is a cohomolaically unique p-compact group.

4. End(X) is given by ( 3.17.( 2)).

Proof. A glance at the Clark{Ewing classi cation table [20] (as preseried e.g. in [5, Table 1])
revealsthat X is either a non-modular p-compact group, which certainly hasthe stated properties
(7.3), or one of the modular p-compact groups treated in (7.10) in which casewe apply (7.8, 5.3)
together with (4.4, 11.18,11.25.3). O
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7.10. Construction of modular, centerless, polynomial, simple p-compact groups. We
apply (7.8) to construct polynomial p-compact groups X (G) whereG  GL(r;Qp) is either

in family 2a,

roW(G,) at p= 3 from family 2b,

one of the groups of Aguade [2, Table 1], or,

rowW(Eeg) at p= 5.
There is no ambiguity in pretending that G be a subgroupof Aut(T) = GL(r;Zp) sinceGo(G) =
in eact of these cases(11.18). The rings of invariants H (T;R)®, R = Fp; Z,, are polynomial
rings (7.4), and from [5, 3.4] we have that H°(G;T) = 0. Thusit suces to nd a functor BX
that satis es the conditions of (7.8).

Family 2a. (Cf. [76]) Let p be an odd prime and r 1, m 2, n 2 natural numbers
such that rjmjp 1. Let C,  Z, be the order m cyclic subgroup of the p-adic units. De ne
G(m;r;n) = A(m;r;n) , asthe subgroup of GL(n;Z,) = Aut(T), T = T(U(n)), generatedby
the group W(U(n)) = , of monomial matrices and the abelian group A(m;r;n) of diagonal
matrices with entries in C,, and determinant in the index r subgroup of C,. (For instance,
G(2;1;n) = W(SO(2n+ 1)) and G(2;2;n) = W(SO(2n)).) The subgroup , normalizesA(m;r;n)
and G(m;r;n) = A(m;r;n)o , isin fact the semi-direct product of the two groups. The ring of
invariants [71, 2.4] [88, x7.4, Example 1]

H O (T3Z)80% ™M = Zglysiiiciyn wiely Jyid = 2m; jej = 250,

is generatedby e = (x1 Xn)T together with the n 1 rst elemenary symmetric polyno-
mials yi = (x5 xp), 1 [ n 1, in the mth powers of the coordinate functions
XitH3(T;Zp)! Zp,1 i n,which are consideredas having degree2.

Dene Acp(G:t) whereG = G(m;r;n) or G = ,, t = t(U(n)), to be the full subcategory
of A(G;t) generated by all objects of the form E = tP for P Syl, n = Syl,G(m;r;n) a
subgroup of a Sylow p-subgroupof , (which is alsoa Sylow p-subgroup of G(m;r; n)). Thesetwo
small categorieshave by de nition the sameset of objects E, with the samepoint-wise stabilizer
subgroupsG(m;r;n)(E) = ,(E), and for the morphism sets(2.1) we note that

G(m;r;n)(Eo; E1) = A(m;r;n) "(ED) 7 (Eq; Ey)

meaning that any morphism (a; ): Eo! Ezin Acp(G(m;r;n);t)(Eo; E1) factors uniquely asa
morphism :Eo! Ei1inAcp( n:t)(Eo; E1) followedby multiplication a: E; ! E; by adiagonal
matrix a2 A(m;r;n) (1) = A(m;r;n)o(E1). To seethis, it is corveniert to obsene that that
all objects E = tP of Ac(p)(G;t) are of the special form

E =f(Xg;:::;%Xp) 2 FB jXi = x; i iandj aren(E)-equivalentg

for somepartition n(E) of n = f1;:::;ng into disjoint subsets. (Thus A ¢, (G(m; r;n);t) canbe
viewed asthe Grothendiedk construction on the functor A(m;r;n)o from A ¢y ( n;t) to categories
with one object.)

We now de ne the functor BX : A ¢, (G(m; r;n);t)° I [pcg] which shall sere asinput for the
generalizedClark{Ewing construction (7.8). On objects E = t?  t = t(U(n)) we are forcedto put
BX (E) = BCy(n)(E) for the point-wise stabilizer group G(m; r;n)(E) = n(E) = W(Cyn)(E))
and Cy(n)(E), a product of unitary groups[82, Proposition 4], is determined by its Z,-Weyl group
(5.3). For each morphism Eq ! E;  E; in A c(p)(G(m;r;n);t) we are required (7.7) to I in
the commutativ e diagram

(e ) @ 4
To n(E)T———To W(E)E——To n(E1)

Cum(Eo)Q __ ___ Cuym(E1)Q _____ Cu(ny(E1)

of p-compact groups with discrete maximal torus normalizers. To the left we may put the value
BCuyny( ): BCuymn)(Eo) BCynm)(E1)onEg ! Ejofthe functor BCycny: Agpy( nit) ! [pcg].
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To the right there is just one possibility, denoted 2 ", for Cu(n)(E1) have N -determined auto-
morphisms (5.3). This prompts us to declare

1

Cuny() B 2
UM BCymy(E) T . BCymy(Ea)

B
BX Eo! E; f Ei = BCyn)(Eo)
However, for this to be a valid de nition of a functor we needto verify that the relation a=

a ' ,a2 ,(Eo), 2 n(Eo;E1), which holdsin A c(p)(G(m;r;n);t), also holds in [pcg],
i.e. that the diagram

a 1
CU(n)éEO) o CU(n)éEO)
CU(n)( )

Cu(n) (E1) O———Cuy(n) (E1)

CU(n)( )‘

commutes in [pcg]. This isnot dicult as 2 " ' and the isomorphism induced by @ " on
Cu(n)(E1) have the samee ect on the maximal torus normalizer, so are identical. Thus the above
de nition indeedmakesB X into afunctor. BX is clearly a certric functor becauseB Cy ) is and
we concludefrom (7.8) that there exists a certerless, polynomial, totally N -determined p-compact
group X G(m;r;n) with re ection subgroup F,-similar, and hence even Z,-similar (11.25), to
(G(m;r;n);T).

For future reference,we now compute the certralizer of an arbitrary non-trivial subgroup E of
t = t(X G(m;r;n)). Supposethat E hasrank r > 0. Choosean (n r)-matrix B whosecolumns
form a basisfor E. Declarei and | to be equivalert if the ith and jth rowsin B are C, -multiplies
of eath other, 1 ;] n. Let n(E) denote the partition of n = f1;2;:::;ng into equivalence
classes.If there is a zero-row in B, call the corresponding equivalenceclassthe null-class. Suppose
that the null-class contains ug 0 elemerts and that there are s 1 more classescortaining
Ui;:::;Us elemers, respectively.

The following lemma, describing the point-wise stabilizer subgroup G(m; r; n)(E), implies that
the equivalencerelation n(E) doesnot depend on the choice of basis.

7.11. Lemma. The point-wise stabilizer G(m; r;n)(E) of E is isomorphic to the sulgroup

G(m;riuo) us
where the re ection sulgroup ( y,;Zp') is similar to (W;L)(U(y;)), 1 | s
Proof. The element (a; ) 2 A(m;r;n) o , stabilizes E point-wise if and only if aB () = B;
where B, i = 1;:::;n are the rows of the matrix B. This implies that the permutation of the
n rows of B must respect the C, -equivalenceclasses.Therefore the group homomorphism
G(m;r; up) us u ! G(m;r;n)(E)

(b; ); ity s) bV (A )iy () 1 s

where gj§)iB ;) = Bi, 1 ] s, is an isomorphism. Obserwe in this connection that the

product =~ & ( ;)i = 1, indeed, for xed j, the product over all a( j);, wherei runs through
the elemerts of a cycle in the decomposition of j, equals1. Conjugate this action of ;, by the
diagonal matrix consisting of the rst non-zero ertries in the rows of B to obtain the standard
permutation action. O

If we take existencefor granted, referring to [7€], then the above lemma and (3.8) would su ce
to show inductiv ely that X G(m; r; n) is totally N -determined.

The 3-compact group G,. TakeB X to bethe functor onthe 2-object categoryA (G; t)ftS;tg% =
1(G;W(SU@3))°P, G= W(G2) = W(SU@)) Z(G), Z(G) =f 1g, indicated by the diagram

W (SU(3)) °P nG°P
Z(G)Op C@SU(3)O ( ()) n BT@GOP
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where Z (G) acts on BSU(3) via the unstable Adams operations 1.
The Aguad e groups. Theseare the re ection groups

(G12;p= 3);(G20;p= 5);(Ga1;p= 5);(Gza; p= 7);(Gse; p= 5);(Gse; p= 7);(Gaz;p=7)
where the index refers to their numbering on the Clark{Ewing list [20]. Since p divides the
order of the Weyl group only once,it suces to specify the functor BX on the full subcategory
A(G;1)ftS;tg% = 1(G; G(t5))° = I(G; W (SU(r + 1))°P (13.7.6) wherer denotesthe rank. Take
B X to be the functor indicated by the diagram

(7.12) Z(G)* Cgsu(r + 1)W (SU(r+1)) ° nGDpB@ oo

where Z(G), which is cyclic of order 2;4;4;6;2;2;2, acts on BSU(r + 1) via unstable Adams
operations. See[4] for more details. (This follows Aguade's original construction very closely)
The 5-compact group Eg. Take BX to be the functor on A (G;t)ftS;tg®? = I(G; G(t5))°P,
G = W (Eg), indicated by the diagram

UGB U@)) ®nGe
co CSU(5) BU(1)3\/(() 1) *n B'I@G"p

where C; actson U(5) U(1) in someway.
7.13. Automorphisms  of X (G(m;r;n)). [21, (2.13)][76 X7] Assume rst that A(m;r;n) is a
characteristic subgroup of G(m; r;n). Then
Noi(n z,) (G(m;rin)) = Z, G(m; 1;n)

becausethis normalizer is contained in the normalizer of A(m;r;n) which equalsZ, o , by the
argumert of [82, Lemma 3], and, on the other hand, a diagonal matrix diag(uy;:::; un) 2 (Zp)"
normalizesG(m; r;n) if and only if it liesin Z, A(m; 1;n). Thus (3.12.(3)),

Out(X (G(m;r;n))) = Z, G(m; 1;n)=G(m;r;n) = Z, A(m; 1;n)=A(m;r;n)
is an abelian group and the exact sequencg3.16) hasthe form
(7.14) 1V Z,=ZG(m;r;n) ! Z,G(m; 1;n)=G(m;r;n)! Cqpy! 1
where ZG(m; r; n), the certer of G(m; r;n), is cyclic of order T(r;n) and C,,,) denotesa cyclic

group of order the greatestcommondivisor (r;n) of r and n.
Choosea primitiv e (p  1)th root of unity 2 Z,, chooseintegerss and t with (r;n) = sr +tn,

and put " = diag( Sl LY ;1) 2 Zy A(m; 1;n). Then "A(m;r;n) projects onto a generator of
the cyclic group Clg;n) and the elemen

D E

O SR 2hi= UM e H2(CpnyiZ, ZG(Mirn)
classi es extension (7.14) because prTltA(m; r;n) = "(GMA(m; r;n). Consequetly,
E

D
714y splits, Stz om. wiehr P liog
' ’ ’ " m ((rin): Bt y)

r p
m (r;n) m

, (r;n);IO 1t, (r;n) ! in Z((_r :

where we at the nal stage obsene that (rrn) and t are relatively prlme sincel = s(r ™y t(r“n)

For instance, (7 14) splits whenever (r;n) = (r;n?) for then (r;n) and W are relatively prime so
that (r;n);® = (r;n); 21 clearly divides 2-1t. More generally,

m (rn)
. (P 1)(rin) o
maxy2z p 1 —t+ x (r;n);®

' m (r n)
is the smallest possibleorder of an exotic automorphism of X (G(m; r; n)) projecting onto a gener-
ator of C(; ).

7.15. Lemma. [76, x6] A(m; r;n) is a characteristic sulgroup of G(m; r; n) if and only if (m; r;n) 62
f(2,1,2); (4:2,2);(3;3;3); (22, 4)0.
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Proof. For n > 4, A(m;r;n) is the Fitting subgroup of G(m;r;n). (Consult e.g.[85 for general
group theoretic information.) For 2 n 4, Fit(G(m;r;n)) = A(m;r;n) o F where F is a
subgroup of Fit( ) which is elemenary abelian of order n. If A(m;r;n) is not characteristic in
G(m;r;n), it is not characteristic in Fit( G(m;r;n)) and then (7.16)

n= 2 Tmj20(r;2) sothat (m;r) = (2;1);(2;2); (4, 2) or (4, 4),

n= 3 Tm?3M(r;3) sothat (m;r) = (3;3),

n=4 "m34mD(r;2) sothat (m;r) = (2;1) or (2;2).
Among theseoptions, (2; 2; 2) is an illegal choice of parameters,A(4; 4; 2) = C, is the unique cyclic
subgroup of order 4 in G(4;4;2) = Dg, A(2;1;4) is the unique elemenary abelian subgroup of
order 16 of G(2;1;4), and in the remaining four casesit can be veried that A(m;r;n) is not
characteristic in G(m; r; n). O

7.16. Lemma. Let A o W be the semi-direct product for the action of a nite group W on a
nite akelian group A. If A is not characteristic in Ao W, then jAj dividesjA jjCw ( )j for some
non-trivial element 2 W.

Proof. If A is not characteristic, someautomorphism of the semi-direct product takesan elemen
of A to an elemen (a; ) where 2 W is non-trivial. As automorphisms presene certralizers up
to isomorphism, we know that jAj divides jCaow (@; )j. The exact sequence

1! A I Caow(a )! Cw()
shaws that jCaow (a; )j dividesjA jjCw ( )j. .

Since G(2; 1;2) is conjugate to G(4;4;2) [21, 2.5], its normalizer was found above. In the
remaining three casesthere are exact sequence$3.16)

1! Z2,2G(4,2,2)! Nogreiz,)(G(4;2,2)=G(4;2,2)! 3! 1

1! Zp ! NGL(3 sz)(G(3, 3, 3)):6(3, 3, 3) ! A4 1

11 Z,=2G(2;2,4)! Z,W(F4)=G(2;2;4)! 3! 1
describing the automorphism groups of X G(4; 2; 2), X G(3; 3; 3), and X G(2; 2; 4).

7.17. Automorphisms  of other modular polynomial p-compact groups. If W isoneofthe
Aguade re ection groupsor W = W(G3) and p = 3, then (3.17.(2))

End(X (W)) f0Og= Out(X(W)) = Z,=Z(W)
for Nei(r;z,)(W) = Z, W accordingto [4, 5.7].

The 3-compact group B X (Gj2) is also denoted BDI ;, for, sinceG;, GL(2;Z3) mapsisomor-
phically onto GL(2;F3) [11, p. 272][88, 10.7.1],the mod 3 cohomologyalgebra

H (BX(G1);F3) = H (BT;F3)® @3 = F3xiz;x16]

is the rank 2 mod3 Dickson algebra [88, 8.1.5]: A polynomial algebra on a generator X1, in
degree 12 and a generator X1 = P!x3, in degreel6. DI, has the potential of cortaining all
other connected3-compact groups of rank 2 asthis is certainly true on the level of Weyl groups.
Section 10 elaborates on this aspect of Dl ;.

7.18. Structure of polynomial p-compact groups. (Cf. [79]) We start by noting that polyno-
miality of a connectedp-compact group is determined by the universal covering p-compact group
and the fundamertal group.

7.19. Lemma. Let X be connected p-compact group with universal covering p-compact group SX
[58, 3.3] and fundamental group 1(X). Then
1. X is polynomial , SX is polynomial and 1(X) is a free Z,-module.
2. If X is polynomial, thenH (BX;R)! H (BSX;R) is surjective and the kernel is the ideal
geneated by the degree 2 cohomol@y classes,R = Fp; Zp; Qp.
3. If X is polynomial, thenH (BX;R)=H ( 2(BX);2;R) H (BSX;R) asgradal algebas,
R = Fp; Zp; Qp.
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Proof. If X is polynomial, H (BX;Z)) is (7.1) concerrated in even degreesand is degree-wise
free sothat, in particular, the secondhomologygroup H>(BX;Zp) = »(BX) is afree Z,-module.
The Serre spectral sequencefor the Postnikov bration K( 1(X);1)! BSX ! BX collapsesat
the E3-pageto yield

Es=R 4y (,Bx)2r)H (BX;R)=H (BSX;R):

Conversely if SX is polynomial and 1(X) is free, then the Serre spectral sequencefor the bra-
tion BSX ! BX ! K( 2(BX);2) collapsesat the E,-page for degreereasonsand shows that
H (BX;Fp) is concerrated in even degreesand is degree-wisefree. O

LetY = Q Y; be a product of nitely many sim@e, simply connectedp-compactgroupsY;, a
(nite) subgroup of the p-discrete certer Z(Y) = =~ Z(Y;j) of Y,and' : ! S ahomomorphism
into the discrete approximation S to a p-compacttorus S. De ne [67, x2] the p-compact group

X=Y S;")
by the short exact sequence (ind ;'!) Y S! X. Any connectedp-compact group hasthis form
with Y = SX and S= Z(X), [58, 5.4].

7.20. Corollary . X =Y S ;') is polynomial if and only if ' : ! is a monomorphism
and each simple factor Y; in the universal covering p-compact group Y = " Y; equals SU(n) for
somen or is one of the p-compact groups from (7.9).

Proof. We use criterion (7.19.1). Elementary homological algebra performed on the short exact
sequence0 ! 1(8) ! 1(X) ! ' 0 shows that 1(X) is a free Z,-module if and only
if : 1 Sisinjective. (One @ay also use the functor T of x11 to seethis.) The universal
covering p-compact group Y = Y, is polynomial i ead simple factor Y; is polynomial (7.28).
According to (7.9) and Borel [9, 2.5], Y; is polynomial i Y; = SU(n) for somen or roW(Y;) 6
roW(Fa4); roW (Ee); roW(E7); roW(Es) if p= 3and roW(Yi) 6 roW(Es) if p= 5. O

In grqgter detail, any polynomial p-compact group X is of the form X = X; X, where
X1 = SU(n;) S =( ;') is a polynomial p-compact group whose universal covering is a
product of special unitary p-compact groups and X, is a product of some of the simple, simply
connected, certerless, polynomial p-compact groups of (7.9).

7.21. Corollary . All polynomial p-compact groups are totally N -determined.

Proof. Sinceall simple factorsof PX = PY = Q PY; aretotally N-determined (7.20,5.2,7.9), X
is totally N -determined (3.3, 3.7). O

7.22. Corollary . LetY be a simply connected, polynomial p-compact group. Then

1. Y is determined by its F,-Weyl group, and,
2. BY is cohomolgically unique among F ,-local spaces.

Proof. SinceY is totally N-determined (7.21), it suces (4.4, 4.5) to show that the cohomology
group(5| LW (Y); Hom(t(Y);t(Y))) is trd'yial. BE} that is proved by Notbohm in [79, 6.2]: Let
Y = Y, be asin (7.20). Let S = Si W (Y;) be the product subgroup with factors
Si = W(Yi) in caseY; = SU(n) and S; = Syl, W(Y;) in caseY; is one of the p-compact groups
from (7.9). Then jW(Y): Sj is prime to p. The natural homomorphism Cvy (t((?Y)S) I Yisa
monomorphism of maximal rank [31, 4.3], and, by inspection, Cy (t(Y)S) = Cy, (t(Y;)S) is
isomorphic to a product of SU(n)s and U(n)s. Thus H (W (t(Y)S); Hom(t(Y);t(Y))) = 0 by [74,
8.2]. But then alsothe cohomologygroup H (W (Y); Hom(t(Y);t(Y))) = 0 by a transfer argumert
becauseW (Cy (t(Y)S)) = W(t(Y)S) S hasindex prime to p in W(Y). O

7.23. Corollary . Any polynomial p-compact group is determined up to local isomorphism by its
mod p cohomolay algeba considered as an unstablealgeba over the Steenrod algeba.

Proof. The modp cohomological dimension as well as H (BSX;F;) (7.19), and hence (7.22)
BSX, canberead o from H (BX;Fp) if this is a polynomial algebra. But this information
is the local isomorphism classof X [67, 2.6]. O
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Two locally isomorphic p-compactgroups, X; =Y S 1;'1)and X =Y S ;' o) are
isomorphic i there exist automorphisms g 2 Out(Y) and h 2 Out(S) = Aut(S) such that the
diagram

z(y)o—o0 4 [ Jg

2(9) |= = =|n

z(v)e—o0, g

commutes [67, 4.3, 4.5].
The next example shows that there are locally isomorphic but non-isomorphic polynomial p-
compact groups with isomorphic mod p cohomologyalgebras.

7.24. Lemma. Let X =Y S ;') be a polynomial p-compact group. If pZ(Y), then
W(X) and W(Y S) are Fp-similar sothat H (BX;Fy) andH (BY BS;F) are isomorphic
unstable polynomial algebas.

Proof. We may assumethat , and hencesS, is non-trivial as otherwise there is nothing to prove.
From the short exact sequence) ! I T(Y) T(S)! T(X)! 0wegetthe exact sequence

0l HY( ;Fp)! HAT(X);Fp)! HAT(Y) T(S)Fp)! H?(;Fp)! 0
of FyW (X )-modules.

The map induced by ' : ! S, Ext(T(S);Fp) = HZ(T(S);Fp) ! H?( ;Fp) = Ext( ;Fp),
is surjective since' is injective. This implies that the F,W (X )-module homomorphism onto
H?2( ;Fp) hasaright inverse.

We next show that the Fp,W (X )-module homomorphism out of H( ;F,) has a left inverse.
Write K for the kernel of the map onto H?( ;Fp) and apply Ho(W(X); ) to the short exact
sequenced! HI( )! H?T(X))! K ! O0to getthe exactsequence

Hi(W(X); HA(T(X)) ! Hi(W(X);K) T H( ) Ho(W(X); HA(T(X))

where Hy(W (X ); K) = Hi(W(X); H3(T(Y) T(S)) = Hi(W(X); H?(T(Y))) sincethe homol-
ogy groupsH 1 (W (X ); H2( ), Ha(W(X); H2( )), andH1(W (X); H2(T(S))) aretrivial [5,3.2][74,
3.1]. It su ces to shaw that the map into Ho(W (X ); H2(T(X))) is injective or, by exactness that
the map out of Hy (W (X ); H?(T(X))) is surjective. The mapsZ(Y)! Z(X)= Z(Y) S ;')!
Z(Y)= induce dual maps Hom(Z(Y)= ;Z=p') ! Hom(Z(X);Z=p*) ! Hom(Z(Y);Z=p')
whose composition is surjective under the assumption of the lemma that pZ(Y). Thus
the secondof these maps, which by (11.17) can be identi ed to the rst map in the above exact
sequencemust be an epimorphism, too.
We now concludethat
H2(T(X);Fp) = HY( ;Fp)+ coker HY( ;Fp)! HZ(T(X);Fp)

H2( ;Fp)+ ker H3(T(Y) T(S);Fp)! H?( ;Fp)
H2T(Y) T(S);Fp)
as F,W (X )-modules and therefore the two rings of invariants,

H (BX:Fp)=H (T(X);Fp)" ) =H (T(Y) T(S);Fp)"™) =H (BY BS;Fy);
are isomorphic unstable algebrasover the mod p Steenrad algebra. O

7.25. Example. [98] [74, 9.6] The p-compact groups
U =SUp) U@D)=Z=p;inch; 0 i ; 3

from the local isomorphism system of U(p ) (11.28) are distinct, polynomial (7.19) p-compact
groups but (7.24) the Weyl groups W (U;) are F-similar and the unstable algebrasH (BU;; Fp)
areisomorphicfor 0 i< (and distinct from H (BU(p ); Fp)). Thusthe polynomial p-compact
group SU(p ) U(1) is not determined by its F-Weyl group, not even by its mod p cohomology
algebra.

An unstable graded algebra over the mod p Steenrad algebrais
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polynomial if its underlying gradedalgebraover F, is polynomial on nitely many generators,
topologically realizableif it is isomorphic to the mod p cohomologyof a topological space.

Steenrad's problem [90] asksfor the determination of all topologically realizable polynomial alge-
bras over the the mod p Steenrad algebra. A complete solution was found by D. Notbohm [76, 79
but it may still be vly,orthwhile‘to. record also the following form of the answer.

Write P(H;t) = (dimyg H")t' for the Poincare seriesof the graded algebraH over the eld k.

7.26. Theorem. A polynomial unstable algeba over the mod p Steenrod algeba is topologically
realizableif and only if it is isomorphicto H (BX;F,) = H (T(X); Fp)W(X) for somepolynomial
p-compact group X (as descrited in ( 7.20)). Moreover, the following conditions are equivalent

. (W; T) is the Weyl group of a polynomial p-compact group,

. (W; ST) is polynomial and Ho(W; L(T)) is a free Z,-module,

. (W;T) is polynomial and Ho(W;L(T)) is a free Z,-module,

. (W; T) is polynomial and H,(W;T) = O,

. (W;T) is polynomial and P(H (T;Fp)V;t) = P(H (T;Qp)";t),

. H (T;Zp)V is polynomial,

for any Z,-re ection group (W;T).

OOk, WNE

Proof. If BX is an Fy-local spaceand H (BX;F;) is polynomial, then X is a polynomial p-
compact group and H (BX;Zp) = H (T(X);Zp)W(X) is a polynomial ring (7.1). This proves
1) 6,and6, 5hby (7.27); we proceedto shaw5) 4) 3) 2) 1.

If item 5 holds, then H1(W; H! (T;Zp)) = Ofor all degree§  0(7.27). Forj = 1,in particular,
H(W;L(T)-) = 0 which, for generalreasons(11.11.1,11.8.8{9), is equivalent to H{(W;T) = 0
or to Ho(W; L(T)) being a free Z,-module. From the (split) short exactsequenced! ST ! T!
Ho(W;T)! 0 of ZoW-tori (11.8.10) we get an epimorphism H2(T;F,)  H?(ST;Fp) of F,W-
modules and therefore [71, 4.1] (W; ST) is polynomial. In the splitting (11.15) of (W;ST) into a
product of simple Z-re ection groups (W;; T;) with Ho(W;;L(T;)) = 0, ead factor is polynomial
(7.28), i.e. not similar to the Weyl groupsofF4, Eg gatp= 3andEg at p= 5(7.4). Thusall simple
factors of (W;ST) are Weyl groups of simple, simply connected, polynomial p-compact groups,
(W; ST) is the Weyl group of the product Y of these,and (W;T), whereT = (ST S)=( ;'), is
the Weyl group of the p-compactgroup X = (Y S)=( ;'), BS= (B S)g, which is polynomial
by (7.20). O

The map

Isomorphism classesof (WiT) Similarity classesof polynomial
polynomial p-compact groups © Zp-re ection groupswith H; = 0

is surjective by (7.26.(4)) and injective by (7.21).

7.27. Lemma. Let (W;T) bea Z,-re ection group. Then H (T;Z)V is polynomial if and only
if (W;T) is polynomial and P(H (T;Fp)W;t) = P(H (T;Qp)V;t). If this is the case, then
H (T;Zp)V  Z=p=H (T;Fp)V and HY(W;H (T;Z,)) = 0.

Proof. The Poincare seriescondition ensuresthat the monomorphism of H (T;Z,)"W Z=pto
H (T;Fp)V isanisomorphism. Now, if the Poincareseriescondition is satis ed, andH (T;Z,)W
Z=p=H (T;Fp)"V is polynomial, then there exist homogeneouglemerts x1;:::x, 2 H (T;Zp)V,
wherer isthe rank of T, that reduced mod p becomepolynomial generatorsfor H (T;F,)". Thus
the ring homomorphismZ,[x1;::: ;]! H (T;Zp)" becomesan isomorphism mod p and hence
it is an isomorphism by Nakayama's lemma. Conversely if H (T;Z,)W is polynomial, then [78,
2.3, 2.4] [77] the polynomiality condition from [11, Ch 5, x5, Exercice 5] [88, 5.5.4, 5.5.5] can be
usedto show that H (T;F,)" is polynomial. The last assertionof the lemma follows from the
exact sequence

P H (T;Z)W  H (T;F)W ©° HYWH (T:Zp) P HY(WH (T;Zp) !

where H1(W;HI(T;Zp)) is a nite Z,-module for xed degree; . O
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7.28. Lemma. Let A and B be nitely geneated graded algebasovera eld k. If A (B isa
graded polynomial ring over k on homayeneus geneators of positive degree, then both factors A
and B are polynomial.

Proof. SinceA B isfreeover A (a k-basisfor B providesan A-basisfor A ¢ B) and the global
dimension of the polynomial algebraA B is nite by Hilbert's syzygy theorem [7, 4.2.3], the
global dimension of A is also nite. Thus A is polynomial by Serre'scorverse[7, 6.2.3]to Hilbert's
theorem. O

8. Proofs of Theorem 1.2 and Cor ollaries 1.3{1.6

This small section contains the proofs of the results stated in the intro duction.

Proofs of Theorem 1.2, Corollary 1.3, and Corollary 1.5. The classi cation of Theorem 1.2 is the
content of (5.2, 6.1, 7.9). To obtain Corollary 1.3 and Corollary 1.5, combine this with (4.4, 4.10,
11.18,11.25)and (3.3, 3.7, 3.12.(3)). O

Proof of Corollary 1.4 Two connected p-compact groups with similar Z,-re ection groups have
isomorphic maximal torus normalizers (3.12.(1)), so are isomorphic (1.2). Thusthe map (W;L) is
injective.

To prove that the map (W, L) is surjective, let (W;L) be any Z,-re ection group. Then L sits
asthe kernel of a short exact sequencg11.5)

0! L! LHoW;T) PL! (L)! O

of Z,W-modules. Choosea p-compact torus S and a certerless p-compact group PX sud that
S PX realizesthe Z,-re ection group in the middle. This is possible since PL is a product
(11.15) of simple Z,-re ection groups, ead1 of which is realizable (7.10). The Z,-re ection group
(W; L) is now realized by a covering p-compactgroup of S P X (4.10).

The expressionfor the automorphism group of X is (3.12.(3), 3.15). O

Proof of Corollary 1.6. Obserwe that that the maximal torus normalizers [59, 1.3] for X and G

becomehomotopy equivalent after bre-wise completion away from the prime 2. This is because
the maximal torus normalizers of the assaiated p-compact groups split [4] when p is odd, cf. [59,

Proof of Proposition 5.5]. Thus there exists a space(BN )[%] and rational equivalences

BX)5]  (BN)3]! (BO);]

that p-completeto maximal torus normalizersfor the p—compactgroups(BX)g and (B G); at eadh
odd prime p. In this situation, N -determinism of the p-compact group (B G)g and the Arithmetic
Square[14, VI.8.1], ensurethe existenceof a homotopy equivalence(B G)[%] " (BX )[%] of spaces
localized away from 2. O

Within the framework of this paper, it easily can be showvn (seeremark below (2.13)) that also
the simple p-compact group (Eg;p = 5) [94] is totally N -determined, determined by its R-Weyl
group for R = Z,;Q,; Fp, and is a cohomologically unique p-compact group (4.4, 11.18, 11.25).
However, more information is neededfor the other menmbers of the E-family [6]. If this program
goes through we can remove the exceptionsfrom Theorem 1.2, and it will then follow that any
nite family Y; of connected, simple, non-abelian, pairwise non-isomorphic p-compact groups
is similarity free and any connectedp-compact group is completely reducible in the (provisional)
senseof [64, 3.4, 3.10]when p is odd. Thus for instance [66, 5.2] will apply to all (non-connected)
p-compact groups G and [64, p. 381]will contain a description of the set"q (X1; X2) of rational
isomorphismsbetweenany two locally isomorphic p-compact groups, X1 and X, for p odd.

9. N-determinism of product p-compact gr oups

We show in this section that determinacy behaves well with respect to formation of ( nite)
products of p-compact groups.

First two lemmas of a generalnature. A p-compact group morphism f : X ! Y is said to be
trivial if Bf : BX ! BY is null-homotopic.
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9.1. Lemma. Let X and Y be p-compact groupsand X | Z(Y) a p-compact group morphism
into the center of Y. If the composite morphism X ! Z(Y) ! Y is trivial, then X ! Z(Y) is
trivial.

Proof. Turn the certer Bz: BZ(Y)! BY into a bration (with bre Y=Z(Y)) and map BX into
it to obtain the bration

map(BX;Y=Z(Y))! map(BX;BZ(Y))s; 1oy ! mMmap(BX;BY)go

where the total spaceconsistsof all mapsBX ! BZ(Y) that composedwith Bz becomenull-
homotopic. With the help of the Sullivan Conjecture for p-compact groups [31, 9.3], the bre of
this bration identies to Y=Z(Y) and the baseto BY. Thus the total spaceidenties to the
connectedspaceBZ(Y) = map(BX;BZ(Y))go. This shaws the lemma. O

9.2. Lemma. Letf: X ! Y beap-compactgroupmorphismandj,: Np(X)! X the p-normalizer
[30, 9.8] of the maximal torus of X. Then

1. [32 5.6]f is a monomorphism , fj, is a monomorphism
2. [67, 6.6]f is trivial , fjp is trivial
If X is connected, this remains true with the p-normalizer replaed by the maximal torus.

Proof. Supposethat the restriction fj, of f to the p-normalizer is a monomorphism. Then [30,
9.11]H (BNy(X)) is a nitely generatedH (BY)-module via H (Bfj,). SinceH (BX) is a
H (BY)-submodule of H (BNp(X)) thanks to the transfer homomorphism[31, 9.13]JandH (BY)
a noetherian gradedring [30, 2.4],H (BX) is a nitely generatedH (BY)-module via H (Bf).
The conversefollows from the fact that the composition of two monomorphismsis a monomorphism.

If X is connected,any monomorphismof Z=pto X factorsthrough the maximal torus monomor-
phismi: T(X)! X [30, 4.7,5.6][31, 3.11]. This implies that if Np(X)! Np(X)! X ! Y has
a non-trivial kernel, the sameis true for T(X) ! T(X)! X ! Y [30, x7]; here, Ny(X) and
T(X) are discrete approximations [30, 6.4]. In other words, if T(X)! X ! Y isinjective, sois
Np(X)! X! Y [30 7.3][31 3.5].

The secondpart of the lemmaiis [67, 6.6, 6.7]. O

We now addressN -determinism of automorphisms of product p-compact groups. Let X; and
X2 be p-compact groups and

X1 X, X, o——IX,
1 2
the natural projections and inclusions.

9.3. Lemma. Letf:X; Xy! X; beap-compact group morphism suchthat f ;: X3! Xjis
an isomorphismand f ,: X, ! Xj is trivial. Then f is conjugateto f ; ;.

Proof. We want to shaw that the adjoint of Bf , BX2! map(BX1;BX1)g ,), Which mapsinto
a spacehomotopy equivalert [31, 1.3]to BZ (X 1), is null-homotopic. But this follows immediately
from (9.1) sincecomposition with the evaluation monomorphismto B X ; givesthe null-homotopic
map Bf B ». O

9.4. Prop osition. Let X; and X, be two connected p-compact groups with N -determined auto-
morphisms. Then also the product p-compact group X; X, has N -determined automorphisms.

Proof. Let f be an automorphism of X; X, under the product N; N of the two maximal
torus normalizers. The morphism 1f 1: X! X is an isomorphism for [58, 3.7] [31, 4.7] it is
a rational equivalence[30, 9.7] and a monomorphism (9.2). As also 1f 2: Xy ! Xq is trivial by
(9.2), it followsfrom (9.3) that f is conjugateto 1f 1 ;. Similarly, »f isconjugateto »f , >
and thusf is conjugateto the product morphismf; f, wheref; = f andf,= »f ,. Thus
N(f) = Ni(f1) N2(f2) and, sinceX; and X, have N -determined automorphisms, it follows that
f1 and f, are conjugate to identit y morphisms. O

Next, we addressN -determinism of products. This is basedon a slight reformulation of the
Splitting Theorem [32, 6.1] [80].
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9.5. Theorem. Assumethat p is odd. Let X be a connected p-compact groupandi: T! X a

maximal torus with normalizer j : N ! X. For any decompositon N T N; Nj of N into a
product of two extendel p-compact tori, N1 and N, there exist p-compact groups, X1 and X, and
an isomorphisms: X ! X; X suchthat

N —N; N
j1 2

X ——IX1 X,

j

commutesup to conjugacywher j;: N7 ! Xipandja: No! X, are normalizers of maximal tori.

Proof. Write Nj, i = 1;2, asan extensionT; ! N; ! W,; of a p-compact torus T; and a nite
group W;. Then the Weyl group W = ¢(N) of X isisomorphicto W; W, and W; acts [32, 6.3]
asare ection groupon 1(T;) Q. According to [32, 6.1], the splitting 1(T) = 1(T1) 1(T2)
asaW = W; W,-module can be realized by a p-compactgroup splitting s: X | X; X,. This
meansthat if N(s): N1 N? N2 wherej% NPl X; is the normalizer of the maximal torus
Ti! X;,i=1;2,isthe lift [67, 5.1] of s, then the discrete approximation [31, 3.12] N (s) to N (s)
determinesan isomorphism

0 It N I l1

N (s) ‘ W (s)

o—JI1, T,—IN? N2 wy W, I

of short exact sequencesvhere T (s) is the givensplitting T = T; T, and W (s) the given splitting
W = W; Wo,. Relative to the given splitting N = N; N3, the middle isomorphism N (s) takes
N; Nj isomorphically to NY NJ2. The composite

0
Ny ' Ng N, " N9 NO PN

where ; is the injection and § the projection, can be factored through a homomorphism W !

T, as it restricts to the trivial morphism T; ! T,. Since p is assumedto be odd, any such
homomorphismis trivial for the re ection group W is generatedby elemers of order prime to p.
This implies that N(s): N3 N ! NP2 NJis the product of two isomorphisms,N; ! N2 and
N2 ! NJ. Letjj, i = 1;2, bethe composite of this isomorphismN; ! N2with j;: N°! X;. O

The assumptionthat p should be odd is presumably not essetial.

9.6. Prop osition. The product of two connected N -determined p-compact groupsis N -determined
whenp> 2.

Proof. This is immediate from the commutativ e diagram

N T
r T
! [T

,(rrrr i° TTTT}
X1 X X0——Ix9 X2

where X % is any p-compact group with maximal torus normalizer j° and s the splitting iso-
morphism from (9.5). For if X; and X, are N -determined, we get isomorphismsfj: X; ! X9
and f,: X, ! X9 under N; and N, respectively, and s * (f; f5) is then an isomorphism
X1 Xyl Xoundeer N». O

The next step is to generalize(9.4) and (9.6) to possibly nontrivial extensions.

9.7. Theorem. LetY ! G! X be a short exact sgquene of connected p-compact groups.

1. If the adjoint forms PX and PY have N -determined automorphisms, so does G.
2. If the adjoint forms PX and PY are N -determined and p> 2, sois G.
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Sincea connectedp-compact group has N -determined automorphisms or is N -determined pro-
vided this holds for its adjoint form [68, 4.8, 7.10], the proof of the above theorem is an immediate
consequencef (9.4, 9.6) and the lemma below.

9.8. Lemma. LetY! G! X bean extensionof connected p-compact groups. Then
1. G is locally isomorphic [67, 2.7]to X Y, and,
2. the adjoint form PG is isomorphicto PX PY.

Proof. Let SX denote the universal covering p-compact group and S = Z(X)g the identity com-
ponert of the certer of X. LetY ! E;! SX S bethe extensionobtained by pulling badk along
the isogery [58, 5.4]SX S! X. Since[66, 3.2, 3.3, 3.4] the projection of SX Sto S inducesa

bijection Ext(S;Y) T Ext(SX S;Y) of equivalenceclassesof extensions,the p-compact group
E1, which is locally isomorphic to G, is isomorphicto SX E, for someextensionY ! E,! S
of the p-compact torus S by Y. By [66, 2.6], E; is locally isomorphicto S Y and henceG is
locally isomorphicto SX S Y, which is locally isomorphicto X Y.

Any connectedp-compact group has the sameadjoint form asits universal covering p-compact
group (4.6). HencePG = P(SX SY)=PX PY. O

9.9. Example. Since[66, 3.3, 3.4]
Ext(PU( p); SU(p)) = [BPU(p); BZ(SU(p))] = H2(BPU(p); Z=p) = Hom(Z=p;Z=p) = Z=p

there are p equivalenceclassef extensionsof PU(p) by SU(p) in the category of p-compact groups.
However, sincethe local isomorphism system of the p-compact group SU(p) SU(p) [67, p. 217]

fffffSSU(p) PU(p)

SuU SuU U PU
(9 (9 X000, ffffff3P (P) (P)
SU(p)o PU(p)
consistsof very few p-compact groups, we seefrom (9.10) that the middle p-compact group in any
of these extensionsmust be isomorphic to either the direct product SU(p) PU(p) or the semi-
direct product SU(p) o PU(p) for the conjugation action of PU(p) on SU(p). All the p-compact
groups locally isomorphicto SU(p) SU(p) are totally N -determined. The automorphism groups
are, for instance,
Out(SU(p) PU(p)) = Z, Z,
Out(SU(p) o PU(p)) = f(u;v)2Z, Z,ju vmodpgo Z=2

where Z=2 permutes the coordinates. Formulas like these follow from (5.1) in combination with
[67, 4.3]and [64, 3.5].

9.10. Lemma. For any short exactsequene Y ! G ! X of connected p-compact groups there
exists a correspnding short exact sequene Z(Y) ! Z(G) ! Z(X) of centers. In particular, Y
and G haveisomorphic centersif X is centerless.

Proof. Let z: Z(Y)! Y bethe certer of Y. In the commutativ e diagram

map(BZ(Y);BY)s, —/map(BZ(Y);BG)s(,) —ImapBZ(Y);BX)so

BY IBG IBX

the horizontal lines are bration sequencesnd the vertical arrows are evaluation maps. Note that
the middle arrow is a homotopy equivalencesincethe outer two arrows are homotopy equivalences.
This showvs that z: Z(Y)! G is certral and by naturality we obtain [30, 8.3] a short exact
sequence

PY! G=Z(Y)! X
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of p-compact groups. This extension is equivalent to the trivial extension [66, 3.4] since PY is
certerless[58, 4.7][31, 6.3]. ThusG=Z(Y) = PY X and

Z(G)=Z(Y) = Z(G=Z(Y)) = Z(PY X)= Z(X)
by [58, 4.6.(4)]. O

10. Maximal rank subgr oups of DI,

This sectioncontains somegeneraltheory for monomorphismsof betweenp-compact groupsand
it is shown that DI, cortains essetially unique copiesof eat of the 3-compact groups SU(2)
SU(2), U(2), Spin(5), SU(3), PU(3), and G».

Recall from the previous sectionthat BDI, is the homotopy colimit (at p= 3) of a diagram of
the form

(10.1) z=2" (_§SU(3)° BT(SU@R)E )w™

where Z=2 acts on BSU(3) asf g and W, the Weyl group of DI, is the subgroup of GL(2;Z,)
W = W(DIz) = W(SU(3));W(PU@))i = h; ; Ei

generatedby the Weyl groups of SU(3) and PU(3) or, alternativ ely, by the matrices

_ 01 0 1
-1 - 1 0

together with scalar multiplication with 1. The semi-direct product
N({DIz)=To W

W (SU3)) % nw %

whereT = T(SU(3)) is (3.12) the discrete approximation to the maximal torus normalizer N (DI ;)
for Dl 5.

We start our investigation of maximal rank subgroupsof DI, with somegeneralremarks.

Let X; and X, be two connected p-compact groups of the samerank. Let j;: N3 ! X; and
j2: N2 X, benormalizers of maximal tori i1: Ty! Xjpandiz: To! Xo.

Considerthe map [69, 3.11]

(10.2) N : Mono(X1;X2)! Mono(Ny;N3)
that to any conjugacy classof a monomorphismf : X, ! X, assa&iatesthe unique conjugacyclass
N(f): Ny ! N3 suc that
f
N M/N2

i1 j2

X1 f—/xz

commutesup to conjugacy Here,Mono(X 1;X2) [BX1;BX;] denotesthe setof conjugacyclasses
of monomorphismsof X1 into X, and Mono(N1;N,) denotesthe set of conjugacy classesof maps
BN ! BN inducing monomorphismson ; and isomorphismson . Note that if N; ! N; and
N2 ! Ny are discrete approximations then

[BN1;BN2] = [BN1;BN7]
sothat
Mono(N1; N2) = Mono(Ny; N2)=N;

consists of conjugacy classesof monomorphisms of N; into N,. For any monomorphism f 2
Mono(X 1; X2), we let N(f) 2 Mono(Ny;N;), determined up to conjugacy, denote any discrete
approximation to N (f).

10.3. Denition.  The monomorphismf 2 Mono(X 1;X>) is N -determined if the subsetN (N (f))
of Mono(X 1; X2) consists of f alone.

Let W1 = o(N1) and W, = o(N2) denote the Weyl groups.
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10.4. Example. If p -jW;j, then all monomorphismsare N -determined. Indeed, it is not di cult
to seethat (10.2) is bijective in this case.

In caseX; = X, the map (10.2) is the homomorphism N : Out(X;)! Out(N1) previously
encourtered. We say that X1 has N -determined monomorphismsif this map is injective; if X is
totally N -determined N is a bijection. Note that (10.2) is equivariant in the sensethat there is a
commutativ e diagram

Mono(X 1;X2) Out(X1) —Mono(X 1; X 2)
N N N
Mono(N1;N2) Out(N;j) —/Mono(Nl; N2)

relating group actions on sets of monomorphisms.
Let G and H begroups. Write f G > H g for the set of conjugacy classesf subgroupsabstractly
isomorphicto H of G.

10.5. Prop osition. Leti: X3! X, be a monomorphism between the two p-compact groups X ;
and X, of the samerank. Then the Euler characteristic (X,=iX1) = jW2: W;j and if

i is N -determined

X is totally N -determined

fN, > Nigis a one-pint set
then the action Mono(X 1;X2) Out(X1) ! Mono(Xq;X>) is transitive and all monomorphisms
of X1 into X, are N -determined.

Proof. The rst part is [69, 3.11]. For the secondpart, note rst that for any 2 Out(Xy), i
is an N -determined monomorphism. Supposenamely that N(f) = N(i ) = N(i)N( ) for some
monomorphismf : X;! X,. ThenN(f )= N(@{f)N( ) *= N(), sof !=i and therefore
f=i

Let now f: X3! X, beany monomorphismand N(f): N; ! N arepresenativ e for the con-
jugacy classN (f ). Since N, contains but a single copy of N1 up to conjugacy and X is totally
N -determined, N(f) = N(i)N( ) for someautomorphism of X;. Then N(f) = N(i ) and
f=i. O

The third condition is satis ed in caseN; = T;0W3, N, = T,0 W, are semi-direct products
and the setf W; > W,(g is a one-point set.

10.6. De nition.  For a monomorphismf : Y I X of p-compact groups, let Wy (f) or Wx (Y),
the Weyl group of f , denotethe component group of the Weyl space Wy (Y) [32, 4.1, 4.3].

10.7. Prop osition. Letf:Y ! X be a monomorphismof p-compact groups.

1. If the homomorphism o(Z(Y)) ! o(Cx (Y)) induced byf is surjective, then the Weyl group
Wy (Y) is the isotropy sulgroup Out(Y); for the action of Out(Y) on f 2 Mono(Y; X).

2. If f is centric [2§], then there is a short exactsequen@ of loop spaces[30, 3.2]Y ! Ny (Y)!
Wy (Y) where Nx (Y) is the normalizer of f [32, 4.4]

Proof. The monomorphismf determinesa bration

a
Wyx (Y) ! map(BY;BY)g E!f— map(BY;BX )g+
ot
where the componerts of the total spaceare indexed by the isotropy subgroup Out(Y); and the
bre is the Weyl space. The assumptionsof the proposition assurethat the inclusion of the bre
into the total spaceis a bijection on 4. If we make the additional assumptionthat f be certric,
the Weyl spacebecomeshomotopically discrete and the exact sequenceof the proposition is the
one from [32, 4.6] O

10.8. Lemma. Supmsethat i: X1 ! X, is a monomorphism and let N (i) 2 Mono(N1;N) be
the induced monomorphism of normalizers. Then the stabilizer sulgroup Out(N 1)y ¢y of N (i) is
isomorphic to the quotient group Nw, (W1)=Wj.
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Proof. Note that there is an epimorphism

Ny, (N1)=N1  Aut(N1)=N1 ;) = Out(N1)n

given by conjugation by elemeris of N, normalizing N;. This homomorphism is actually also
injective, hence bijective, for if conjugation by, say, n, 2 Ny,(N1) agreeswith conjugation by
someelemen n; 2 Ny, then n; and n, have the sameimage in W5, sothat n, belongsto N;.
This follows becausethe Weyl groups of the connectedp-compact groups X ; and X, are faithfully
represerted in their maximal tori. Consequetly

Out(N1)n iy = Ny, (N1)=Ny

and this last group is isomorphic to the quotient group N, (W1)=W; by the projection N, W5.
O

10.9. Prop osition. Let i: X3! X, be an N-determined monomorphism between the two p-
compact groups X1 and X inducing an epimorphism (Z(X1)) ! 0(Cx,(X1)). Then

Wx, (X1) = Nw, (W1)=W,
providad X is totally N -determined.

Proof. The assumptionsimply that the Weyl group Wy, (X1) is isomorphic to the stabilizer sub-
group Out(X1); which againis isomorphic to the stabilizer subgroup Out(N1)y () for the action

Mono(N1;N2)=N, Aut(N1)=N;! Mono(Ny;N2)=N;
of Out(N1) on N (i) 2 Mono(N1; N2). Now apply (10.8). O

10.10. Example. By (10.4), the inclusion Toh i ToW is realizable by an N -determined
monomorphismi: U(2) ! Dl,. The monomorphismi is certric (becauseBU(2) = BTyz=» and
the certralizer Cyp) (T) = T = Cp,(T)) so0(10.5, 10.7,10.9)

(D1,=U(2)) = 24 and Wpy,(U(2)) = Z(W)
and Out(U(2)) acts transitiv ely on Mono(U(2); DI ,) sincefToW > To h ig is a one-point set.

10.11. Example. Similarly, fW > Z=2 Z=2gis a one-point set, sothere is an essetially unique
monomorphismi: SU(2) SU(2)! Dl realizing the inclusionof To (Z=2 Z=2)into ToW. The
monomorphismi is N -determined, certric, and

(DI2=SU(2) SU(2)) = 12 and Wp,(SU(2) SU(2)) = Z(W)
and Out(SU(2) SU(2)) acts transitiv ely on Mono(SU(2) SU(2); DI ).

10.12. Example. Also fW > Dgg= fDgg, whereDg is the dihedral group of order 8. It follows
that there exists a unigue monomorphismi: Spin(5) ! DI, realizing the inclusion ToDg ToW.
This monomorphismis certric (becauseB Spin(5) and B(To Dg) are H F3-equivalert), so

(DI2=Spin(5)) = 6 and Wpy,(Spin(5)) = Z(W)
and Out(Spin(5)) acts transitiv ely on Mono(Spin(5); DI ,).
In a situation where a pair of monomorphismsG! Xi;and G! X, aregiven, let us write
map®®(BX1;BX>)
for the spaceof mapsBX;! BX, under BG up to homotopy.

10.13. Lemma. Letz:Z ! X, beacentral monomorphismandi: X;! X, any monomorphism
inducing an isomorphism X1 = Cx,(z) ! Cx,(f z). Thenf inducesa homotopy equivalene

map®Z(BX1;BX1)! map®?(BX1;BX5)

of mapping spaces.
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Proof. The spacesBCx,(z) = map(BZ;BX1)s, and BCx,(f z) = map(BZ;BX3)g( ) are
Xi1=Z-spacesand BCs (Z): BCx,(z) ! BCx,(f z)isan X;=Z-map inducing a map

map®# (BX1;BX1) = BCx, (2)"**#) 1 BCx,(f 2)"**%) = map®?(BX1;BX>)

of homotopy xed point spaces.If C; (z) is an isomorphism, then this map is a homotopy equiva-
lence. O

This happensfor instancefor V! Cx(V)! X sothat
map®¥ (BCx (V);BCx (V)) ' map®V (BCx (V);BX)

for any connectedp-compactgroup X , any elemenary abelian p-group V, and any monomorphism
VI X.

10.14. Example. Let i: SU(3)! DI, denote the monomorphism arising in the construction
(10.1) of BDI, as a homotopy colimit. By (10.13), Bi inducesa homotopy equivalence

map®2=3(BSU(3); BSU(3)) ! map®2=3(BSU(3); BDI )
whereZ=3! SU(3) is the certer, and thus a bijection
Out™ (SU(3)) ! Mono(SU(3); DI);

where Out™ (SU(3)) consistsof the unstable Adams operations Y indexed by units u 2 Z; with
u 1 mod 3. We obtain a commutativ e diagram

out* (SU(3)) = /Mono(SU(3); DI ,)
N | = N
Out(To W (SU(3))) =W(SU(3)) ——Mono(To W (SU(3)); To W)=W

and using (10.8) we seethat the kernel of the composition going down and then right is trivial.
Thusi is N -determined and [28, 4.2] certric. Consequetly,

(DI,=SU(3)) = 8 and Wpy,(SU@3)) = Z(W);

Out(SU(3)) acts transitiv ely on Mono(SU(3); DI ), and all monomorphismsof SU(3) into DI, are
N -determined.

10.15. Example. Similarly, the monomorphismi: SU(3) ! G arising in the construction (7.12)
of B G, asa homotopy colimit is N -determined and certric. Also, Out(SU(3)) acts transitiv ely on
Mono(SU(3); G2) with stabilizer subgroup W, (SU3)) = f Eg, and (G2=SU(3)) = 2.

10.16. Example. The inclusions of the maximal torus and of SU(3) into DI, constitute a homo-
topy coherert setof mapsout of the certralizer diagram (7.10) for BG, into BDI,. Observingthat
both maps are certric one seesrst that the Wojtk owiak obstruction groups vanish according to
(13.7) and next that the resultingmapBG, ! BDI; isacertric monomorphismrealizing the inclu-
sionToW(G2)! ToW(Gz) of maximal torus normalizers. As alsofW > W (G,)g = fW(G>)g,
we concludethat

(D|2:GQ) =4 and WDIZ(GZ) = flg
and that Out(G ;) acts transitiv ely on Mono(G»; DI >).
10.17. Example. BPU(3) is the homotopy colimit of a diagram of the form

SL(V)P / 0 B W (PU3)) *®
V) C<BV SPnSL(V)*® BCES SP nw (PU3)) * ”T@ (PUE)

=2

where S3 is a Sylow 3-subgroupof SL(V) and N3 is the 3-normalizer of the maximal torus. There
is a canonicalmap BN3 ! BDI, becauseNs is alsothe 3-normalizer of the maximal torus of DI ,.
This map BN3 ! BDI; is certric and it respectsthe maps of the above diagram up to homotopy.
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The obstructions to extending BN3 ! BDI, to amap BPU(3) ! BDI lie in the higher limits of
the A (PU(3))-module

o —
SL(V)CQ(BT(DIZ))) SLV)oS, (5?3) W (FU@) =S, (BT@W(PU(S))

Z=2

which vanish completely (13.7).(We are here implicitly using computations of mapping spacedike
map(BV;BDI,)g; = BT(DI;).) Thus there exists a unique homotopy classBi: BPU(3) ! BDI,
extending the inclusion of the 3-normalizer. Also, the restriction of i to the 3-normalizer of the
maximal torus is a monomorphism, soi itself is a monomorphism(9.2), and i is certric becausethe
Bous eld-Kan spectral sequence[14, XI.7.1] for map(BPU(3); BDI,)g; shaws that this mapping
spaceis weakly cortractible. As alsofToW > To W (PU(3)) g is a one-point set and PU(3) is
totally N -determined (5.1), (10.5, 10.7,10.9) show that

(DI,=PU3)) = 8 and Wpy,(PU(3)) = Z(W)

and that the group Out(PU(3)) acts transitiv ely on the set Mono(PU(3); DI,) of conjugacy classes
of monomorphisms.

In view of [10], which says that any connected,closedsubgroup of maximal rank of a compact
connectedLie group is the normalizer of its certer, this exampleis somewhatsurprising.

There is no monomorphism of PU(3) into G, for A (PU(3))(V) = SL(V) (5.10) is too big to be
a subgroupof A(G2)(V) = 3 Z=2(7.10). Indeed, no nontrivial compact, connectedLie group
admits a proper, certerless subgroup of maximal rank [10].

The next exampledescribesthe normalizers of the elemenary abelian subgroupsof DI ,. Strictly
speaking, these normalizers are not 3-compact groups, but rather extended 3-compact groups, in
that their componert groups are not 3-groups.

We start with a generalobsenation.

10.18. Prop osition. Let :V ! X beamonomorphismof an elementaryakelian p-groupV into
a p-compact group X .
1. There is a short exact seguen@ of groups
1t oCx()=V)! Wx()! AX)()! 1
where Cx ( )=V is the standard quotient [30, 8.3].
2. There is a short exact seguen@ of loop spaces

Cx()! Nx()! AX)()
where Nx () is the normalizer of [32, 4.4].

Proof. AssumingB : BV ! BX to bea bration, considerthe induced bration
a
Wy () ! map(BV:BV)gs o map(BV:BX)s
f2A(X)( )

wherethe bre is the Weyl space[32, 4.1] of and the componerts, ead one homotopy equivalent
to BV, of the total spaceare indexed by the automorphism group of in the Quillen category.
The homotopy exact sequence®f this bration and of its sub- bration

Cx()=vV! BV! BCx()

give the exact sequenceof groups and show that B(Cx ( )=V) is the regular covering space of
BWyx () corresponding to the normal subgroup o(Cx ( )=V) Wox ( ). Thusthere is a pull-back
diagram

BCx () —/BNx ()

B(Cx ( )=V) —/BWx ( );

where the horizontal maps are regular covering spaces. O
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10.19. Example. For any monomorphism :Z=3! DI, there is (10.18) a short exact sequence
of loop spaces

SUB)! Npi,()! Z(W)
where Z (W) = Z=2 actson SU(3) asf !g. Thus
Npi,( ) = SUB)o Z(W)

where B (SU(3)o Z(W)) denotesthe total spaceof the unique [66, 3.3, 3,7] B SU(3)- bration over
BZ (W) realizing the given monodromy action. (It is not essetial in [66, x3] that the componert
group o(X) beap-group.) Sincethe homotopy xed point spaceB Z (SU(3))"? (W) is cortractible,
the inclusion To W (SU(3)) SU(3) extendsuniquely to a short exact sequencemorphism

Tow(SU®)) —INrow () —IZ(W)

SU(3) Noi, () IZ(UN)

whereN;gw ()= ToW( )= To(W(SU@)) Z(W)).
For any monomorphism : (Z=3)?! DI, there is a short exact sequenceof loop spaces

T! Np,()! W
soNpy,( ) is an extended p-compact torus with To W as discrete approximation [31, 3.12].

10.20. Example. The normalizers of the 3-compact subgroupsof DI, are (10.7.2)
ND|Z(GZ) =G, and ND|2(X) = XOZ(W)

for X = U(2);SU(2) SU(2); Spin(5); SU(3); PU(3) whereZ (W) actson X asf !g. In ead case
there is a unique short exact sequencemorphism connecting the normalizer in ToW of Nx (T)
and the normalizer in DI, of X. For X = PU(3), for instance, the picture is

ToW (PU(3)) —N; o w (TOW(PU@R))) —/Z (W)

PUR)———Npi, (PUER)) ————~Z (W)

where Ntqw (TOW(PU(3))) = To(W(PU@)) Z(W)). It seemslikely that this is another
instance of N -determinism.

11. Free Zp-modules and p-discrete tori

Nearly all material of this sectionis presen, in oneform or another, in [75].

A Zp-module which is isomorphic to Z for some nite r will be called a Z,-lattice and a
Z,-module which is isomorphicto (Z=p' )" = (Qp=Zp)" for some nite r will be calleda Z,-torus.

Let T and L denote the endo-functors of the category Ab of abelian groups given by T =
Z=p and L = Hom(Z=p' ; ). Then Homay, (T(A);B) = Homgay, (A;L(B)) so(T;L) is a
pair of adjoint functors. The left adjoint functor T is right exact, T vanisheson nite Zy-modules,
turns Zp-lattices into Z,-tori, and its left derived functor T; = Tor(Z=p' ; ) presenes nite
Zp-modules and vanisheson Z,-lattices. The right adjoint functor L is left exact, L vanisheson
nite Zp-modules, turns Z-tori into Z,-lattices, and its right derived functor L, = Ext(Z=p' ; )
presenes nite Zp-modules and vanisheson Z,-tori. In symbols:

TO! S LT H!I 0 = 0! TqiL)! To(H)! T(S)! T(L)! TH)Y! O

Lol H!Y T! P! 0= 0! L(H)! L(M)! L(P)! Ly(H)! Li(T)! O
where S is a Z,-lattice, P is a Zp-torus, and L, H, and T are Z,-modules. In fact the pair (T;L)
provides adjoint equivalences[14, p. 181] betweenthe full subcategoriesof (the underlying abelian
groups of) Z,-lattices and (the underlying abelian groups of) Z-tori.

A Z,W-module whose underlying Z,-module is a Zp-lattice will be called a Z,W -lattice and
Z,W-module whoseunderlying Z,-module is a Z,-torus will be called a Z,W -torus.



N -DETERMINISM 49
11.1. De nition.  [75, 1.1.4,1.1.5]For a Z,W-lattice L and a Z,-torus T, put
SL = ker L! Hg(W;L) PL = L(PT(L))
PT = coker HO(W;T)! T ST = T(SL(T))

In plain language,SL is simply the Z,W-submodule of L generatedby the union of the subsets

(A w)L,w2 W, and T(PL) is the quotient of T(L) by the invariants T(L)W for the W -action.
We have short exact sequences

(11.2) 0! SL! L! Ho(W;L)! 0 0! HOW;T(L))! T(L)! T(PL)! O

de ning SL and PL. (SL could perhapsbe called the root lattice and PL the weight lattice of
L.)

It simpli es matters a great deal to assumethat W is generatedby elemens of order prime to
p (as are Zp-re ection subgroupsfor odd primes p).

11.3. Lemma. Suppsethat W is geneated by elementsof order prime to p. Then H{(W;H) =
0= HY(W;H) for any Z,-module H with trivial W -action.

Proof. Obsere that the abelianization H;(W;Z) is a nite abelian group generatedby elemeris
of order prime to p and apply universal coe cien ts. O

11.4. Lemma. LetL bea Z,W-lattice.

1. The Z,-module homomorphismHOo(W;L) ! L is split injective and the Z,-module homo-
morphisms THO(W;L) ! HOW;T(L)), HO(W;L)! Ho(W;L) are injective.

2. coker HO(W;L)! Ho(W;L) is nite.

3. HO(W;SL) = 0= Ho(W;T(SL)) and Ho(W;SL) is nite. If W is geneated by elements
of order prime to p, then Ho(W;SL) = 0.

4. The Zp-module homomorphismT(L) ! Ho(W; T(L)) is split surjective and the Z,-module
homomorphismsHo(W;L) ! LHo(W;T(L)), HO(W;T(L)) ! Ho(W;T(L)) are surjective.

5. ker HO(W;T(L)) ! Ho(W;T(L)) is nite.

Ho(W;T(PL)) = 0= HO%W;PL) and HO(W;T(PL)) is nite. If W is geneated by ele-

ments of order prime to p, then HO(W; T(PL)) = 0.

HOW;L) = LHO(W;T(L)) and Ho(W; T(L)) = THo(W;L).

HO(W;L)=0, Ho(W;L)is nite , Ho(W;T(L))=0, HOW;T(L)) is nite.

Ho(W;L) =0, Ho(W;T(L))=0=Hy(W;T(L)), Ho(W;L 2,6 Z=p = 0.

10. HO(W;T(L)) = 0, HOW;L)=0=HYW;L), HO°W;Hom(Z=p;T(L))) = O.

o

© o N

Proof. The inclusion H°(W;L) L has a right inverse becauseits cokernel is a torsion-free,
hencefree, Z,-module. ThenalsoTHO(W;L)! HO(W;T(L)) T(L) isinjective by functorialit y.
Sincethe rst homology group H{(W;L=H%(W;L)) is nite, the long exact coe cien t sequence
in homology shaws that HO(W;L) ! Ho(W;L) is injective. The Q,W-module L  Q, corntains
HO(W;L Qp) asa direct summand, so HO(W;L Q,) Ho(W;L Qp), and it contains
Ho(W;L Qp) asa direct summand, so Ho(W;L Qp) HPW;L Qp). Thus the vector
spacesHO(W;L) Qp = HOW;L Qp)andHo(W;L) Qp= Ho(W;L Qp) have the same
dimension. This shaws that the cokernel of the monomorphism H (W ; L) Ho(W;L) is nite.
Apply the left exact functor HO(W; ) to (11.2) and, usingitem 1, concludethat H°(W;SL) = 0.
Apply the right exact functor to (11.2) and concludethat Ho(W;SL) is nite (and, using (11.3),
trivial if W is generated by elemens of order prime to p). This provesthis rst three items
and the next three onesare proved in a dual fashion. For item 7, take the short exact sequence
0! Z,! Qp! Z=pt ! 0of Z,-modules. Apply Ho(W; ) (L ) and Ho(W; L) to it
and comparethe results

Ho(W; L) —Ho(W;ly Q) —/Ho(W:J (L)) —0

Ho(W;L) —/Ho(W;L) Qp ——/THo(W;L) —0
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to seethat THo(W;L) = Ho(W; T(L)). Dually, comparethe valuesof HO(W; ) Hom( ;T(L))
and Hom( ;HO(W;T(L))) applied to the sameshort exact sequenceand concludethat H°(W;L)
and LH °(W; T(L)) are isomorphic. Combine these isomorphismswith items 2 and 5 to obtain
item 8. To get the formulas of items 10 and 9, simply apply the right exact functor Ho(W; ) to

the short exact sequenced! L PLroL Z=p! 0 and the left exact functor H°(W; ) to the

short exact sequenced! Hom(Z=p;T)! T P T1 OwherelL Z=p= Hom(Z=p;T). O
From the commutativ e diagrams with exact rows
0—sL o p—Holvg L) —o
P, |
P
| o ""re b

0—JsL —IsL HOwW;L) —How;L) —o

0—HOW;T(L)) ” JT(L) IT(PL)y—0
k
k
kKT |
‘ K

0——Ho(W;T(L)) —IHo(W;T(L)) T(PL)—IT(PL)—0

the Snake Lemma producesexact sequence®f Z,W-modules
(11.5) 0! SL HOo%w;L)! L! (L)! O
0! (L)! T(SL) THOw;L)! T(L)! O
0! (L)! T(L)! Ho(W;T(L)) T(PL)! O
0! L! LHo(W;T(L)) PL! (L)! O

where (L) and (L) arethe nite groupsde ned by the short exact sequences

(11.6) 0! HOW;L)! Ho(W;L)! (L)! O
(11.7) 0! (L)! HOW;T(L))! Ho(W;T(L)! O
of abelian groups. We have thus constructed functors
s:ZyW mod! (Z;,W mod) ' s:Z,W mod! (Z,W mod)'

sLy= TsL) @) W THow;L)  sw)= P @) ) LHowW;TL)
from the category of Z,W-modules into the category of push-out (pull-back) diagrams of Z,W -
modules. Since we can recover L from the value of these functors in that colims(L) = T(L)
and L = lims(L), the classi cation of Z,W-modules has been reduced to the classi cation of
ZpW-modulesL with (L) =0or (L)=0.

11.8. Lemma. Let L be a Z,W-lattice and assumethat W is geneated by elements of order
prime to p.
1. (PL)= Ho(W;PL), (SL)=HOoW;T(SL), (PL)=0= (SL),and (PL)= (SL).
2. (L)! HOW;T(SL)) = (SL) isinjective and (PL) = Ho(W;PL)! (L) is surjective.
3.0! Ho(W;L)! LHoW;T(L)) (PL)! (L)! Ois an exactseuene.
4.0! (L)! (SL) THOW;L)! HOW;T(L))! O0is an exactsauene.
5. SSL = SL = SPL and PPL = PL = PSL.
6. (L)=0, SL HO%Ww;L)=Land (L)=0, L=LHoW,;T(L) PL.
7.1f HO(W;L) = 0, then (L) = Ho(W;L), (L) = H%W;T(L)), and there is a short exact
sqguene 0! (L)! (sL)! (L)! o.
8."' (L) 2 Hom( (L); THO(W;L)) = Ext( (L);H°(W;L)) classi es the alovealelian extension
(11.6) and' (L) 2 Hom(LH o(W;T(L)); (L)) = Ext(Ho(W;T(L)); (L)) classies (11.7).
9. Ho(W;T(L)) = coker' (L), Hi(W;T(L)) = ker' (L), Ho(W;L) = ker' (L), HY(W;L) =
coker' (L).
10. 0! HOwW;L)! L! PL! HYW;L)! O0and0O! Hy(W;T(L))! T(SL)! T(L)!
Ho(W;T(L)) ! O are exactsequen@s.
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Proof. Item 1is true becauseH°(W;PL) = 0= HO(W;T(PL)) by (11.4.6). For item 2, note that
there is a commutativ e diagram

G )y

i /(L)%(;; THO(w%(L) °

T(L) T(L)

for some homomorphisms and . For all elemenis x of (L), (X)+ (x) = 0in T(L). If

(X) = 0in T(SL), thenalso (x) = 0in T(L) so (x) = 0in T(L). But this meansthat the
monomorphism (; ) takesx to 0, sox = 0. Thus is a monomorphism. Apply the functor
Ho(W; ) to a short exact sequencerom (11.5) to obtain the commutativ e diagram

0 I LHo(W;T(L)) PL— (L) —0
0—THo(W;L) —ILH o(W; T(L)) HoW;PL)— (L) —o

with a bottom row that is exact accordingto (11.3). Concludethat SPL = SL. Using the exact
sequenceof item 3 and (11.4.7) we seethat there is short exact sequence

0! ker Ho(W;L)! LTHo(W;L) !' (PL)! (L)! O

for any Z,W-module L. Applied to SL, this gives (PL) = (SL).
For items 9 and 10 apply the left exact functor H°(W; ) to one of the short exact sequences
from (11.5) and get the commutativ e diagram

0 g ILH o(W:;TQ)) PL (b /o

‘O o
0—THOW; L) — L H oW T(L)) — = ker( (L)! H(W;L)) —0
usingH%(W;PL) = 0= H}(W;PL) (11.4.10). Now apply the Snake Lemma. O

The group W acts on the dual Zp-lattice L- = Hom(L; Z,) according to the rule (w ' )(x) =
"(w x),w2W,' 2L-,x2L. The W-equivariant duality pairing

(11.9) T(L) L-! z=p
obtained from the identi cation L- = Hom(L; L(Z=p' ) = Hom(T(L);Z=p" ) inducespairings
(11.10) H (W;T(L)) H (W;L-)! Z=p': H (W;T(L)) H (W;L-)! z=p'

relating homology and cohomology groups. (A duality pairing of Z,-modules is a bilinear map
A B! C of Z,-modules sud that the adjoint homomorphismsA ! Homz, (B;C) and B !
Homz_ (A; C) are isomorphisms.)

11.11. Lemma. LetL bea Z,W-lattice and L- its dual. Assumethat W is geneated by elements
of order prime to p.

1. The bilinear maps(11.10 are duality pairings.
2. S(L-) = (PL)-.

Proof. It is immediate that
H (W;L-)=H (W;Hom(T(L);Z=p" )) = Hom(H (W;T(L));Z=p")
for Hom( ;Z=p' ) is an exact functor. But then also

H (W;T(L)) = Hom(H (W;L-);Z=p")
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becauseA = Hom(Hom(A; Z=p' );Z=p! ) for any Zp-torus, Zp-lattice, or nite Zy-module A.
Apply the exact functor Hom( ;Z=p') to the short exact sequence0 ! S(L-) ! L- !
Ho(W;L-)! 0 to getthe short exact sequence

0! HOW;T(L)! T(L)! T(S(L-)-)! O
and concludethat PL = S(L-)-. O

Supposethat the group W = W; W, is the direct product of nitely many of its normal
subgroupsWy;::: ;Wy,. Forj = 1;:::;n, let

i6]
T

denote the product of all these subgroupsbut W;. Then W = W; W and W; = 6 W

Obsenethat H°(W;? ;L) is a Z,W;-module and alsothat the direct sum HOo(W?;L)isaZ,W-

module with a natural Z;W-module homomorphismto L given by addition.

11.12. Lemma. [32, 1.5]If Ho(W;T(L)) = 0=-H%(W;L) for a Z,W-lattice L, then there is a
Z,W-lattice U and a short exact sequen@ O ! HO(W?;L)! L! U! 0of Z,W-attices.
Each summandH%(W/ ;L) is a Z,W;-lattice and

HO(W;; THO(W? ;L)) = 0 provided Ho(W; T(L)) = 0,

Ho(Wi; HO(W;? ;L)) = 0 provided Ho(W;L) = 0 and each factor group W; is geneated by

elementsof order prime to p.

Proof. This amounts to showing that the addition maps
a
HO(W? ;L) ! L T HOW?;L) | T(L)

are injective. )
Supposethat fxi), with x; 2 H°(W7;L), satises = x; = 0. Then, for an arbitrarily chosen
i.Pdex iy X = igj Xi- The left hand sideis xed by Wj? and the right hand side is xed by
isj WW = W,. Thusx; is xed by W’ W; = W, sothat x; 2 H(W;L). But H%(W;L) =0
by (11.4.8). For the other addition map, recall from (11.4.1)that T H%(W? ;L) is contained in
HO(W?;T(L)) and proceedas above. The computation

HOWE T(HOWT L)) HOWE HOWT S TL) = HOW; WS T(L)
= HOW;T(L)

shows that HO(W;; T(HO(W,?;L))) = 0if HO(W;T(L)) = 0. If W, is generatedby elemeris of
order prime to p, then Hy(W;; (H%(W;”;L)) = 0 sothat

Ho(Wii HO(W7 ;L)) Ho(WiiHo(W/7 ;L)) = Ho(Wi W/ ;L) = Ho(W;L)
proving the nal assertionof the lemma. O

We now specializeto re ection sulgroups If W Aut(L) is a group of automorphisms of the
Zp-lattice L, any w 2 W restricts to automorphism Sw of SL and projects to to an automorphism
Pw of PL. If Sw is the identity on SL, then w is the identity on T(L) = colims(L) sow is the
identity. If wis are ection onL, then Sw is are ection on SL becauseSL=SL" | = L=L" . This
meansthat if W is a re ection subgroup of Aut (L) then also SW (PW) is a re ection subgroup
of Aut (SL) (Aut (PL). Thus the S-construction and the P-construction (11.1) are endo-functors
of the categoryZ, Re of Z,-re ection subgroups(4.1).

We wish to classify the elemeris of the category Z, Re up to similarity. The preceding
generaldiscussionimplies the following rst reduction of this classi cation problem.

11.13. Lemma. Let(Wy;L1) and (W,;L2) betwo objects of Z, Re . Then the following three
statementsare equivalent:

1. (Wy; L) and (W3; L) are similar.
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2. The diagram
T(SL1) @0 (L) —ITHO(W;;Ly)

TC )

T( )‘: = ‘ =
T(SLp) @9 (Lo) ——ITHO(W,; L)

commutesfor somesimilarity (; ): (SWq;SL1)! (SW;; SL3), someisomorphism between
(L1) and (L), and someisomorphism : HO(Wy;L1) ! HO(Wy;Ly).
3. The diagram

PLi — (L1) O— LH o(Wy; T(L1))
‘: :‘ = [(T)
PLy — (L2) ©— LH o(W2; T(L2))

commutes for some similarity (; ): (PWq;PL1)! (PW3;PL,), some isomorphism be-
tween (Li) and (L), and someisomorphism : Ho(Wy;T(L1)) ! Ho(W2;T(L2)).

The classi cation of similarity classesof objects (W;L) of Z, Re hasnow beenreducedto
the casewhere (L) = Oor (L) = 0. Fortunately, this is very easy

11.14. Theorem. [75] Let (W1;L1) and (W;L2) be two objects of Z, Re wher p is odd.
Assumethat (L) = 0= (Lp)or (L1)=0= (Lp),i=1;2 Then (Wy;L1) and (W>;L,) are
similar if they are Qp-similar.

Proof. Assumethat (Wy;L1) and (W;L2) are Qp-similar objects of Z, Re with (L1) =
0= (Lp). SinceL; = PL; LHo(W;;T(Lj)), i = 1;2(11.8.6),it suces (11.13) to show that
(PWq;PL;) and (PW;;PL>) are similar. As the splitting constructed in (11.15) below depends
on rational information only, it su ces to prove the theorem under the additional hypothesisthat
(Wi;L;) be simple. This is donein (11.18) below by going through the Clark{Ewing classi cation
table [20]. O

11.15. Lemma. [32 75] Let (W;L) be an object of Z, Re wherpis odd. If HO(W;T(L)) = 0
(or Ho(W;L) = 0), then

Y
(WiL) = (Wi;Li)

splits as a product of simple objects of Z, Re  with HO(W;;T(Li)) = 0 (or Ho(W;;L;) = 0) for
all i.

Proof. We shall only considerthe casewhereL = P is a Z,W-lattice with H°(W;T(P)) = 0. As
W isa nite re ection subgroupof Aut(P) andH°(W;P) = 0(11.4.8), the Q,W-module P z,Qp
splits asa direct sum  M; = Pz Qp of nitely many irreducible Q,W-modulesMy;::: ;M.
Each of theseirreducible summandsoccurswith multiplicit y oneand carriesa non-trivial W -action
[32, p. 280]. De ne W; to be the subgroup of W that poi%wise xes jsiM; sothat the action
of W; is concerrated on the summand M;. Then W = = W, is is the direct product of these
normal subgroups([32, 6.3] and, according to (11.12), P is isomorphic to the direct sum of the
Z,W -lattices HO(W;? ; P). Obserwe that each summandH °(W;? ;L) is a Z,W;-lattice and
W, is are ection subgroup of Autz, (H°(W;”;L)),
(Wi; HO(W/? ;L)) is simple,
PHO(W/? ;L) = HO(W?;L).
Indeed, the rst item is implicit in the proof of [32, 6.3], the seconditem is clear becausethe
rationalization HO(W;?;L) z, Qp = HY(W?;L 2z, Qp) = M; by construction, and the third
item is contained in (11.12). O
11.16. Lemma. Let (W;L) be a Zp-re ection group.
1. (W;L) and (W;L-) are Qp-similar and (L) = (L-).
2. (W;SL) and (W; S(L-)) are Z,-similar.
3. (W;PL) and (W;P(L-)) are Z,-similar.
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4. (W;SL) and (W; (PL)-) are Zy-similar.

Proof. For item 2, rst note that S(L-) = SP(L-) = S((SL)-) by (11.11.2). But SL is (11.15)
a product of sin@le Z,-re ection groups (Wi;éi) with Ho(W;;L;) = 0. So (SL)- is isomorphic
to the product ~ (W;L+) and S((SL)-) = ~(W;;S(Ly)). By inspection (of re ection group
family 1 and W (Es) at p = 3), we seethat (W;;L;) and (W;;S(L)) are Zp-similar. Thus SL and
S(L-) are Zy-similar. Moreover, the isomorphismsH%(W;L-) = Hom(Ho(W;T(L));Z=p' ) =
Hom(THo(W;L);Z=p' ) = Hom(Ho(W;L);Zp) from (11.11.1) shaw that the lattices H°(W;L-)
and H%(W;L) have the samerank. Therefore (W;L) and (W;L-) are Q,-similar (11.5). Finally,
(W;SL) = (W;P(L-)-) = (W;(PL)-) by (11.11.2) again. O

11.17. Lemma. Let (W;L) bea Zp-re ection group. Then there are natural group isomorphisms
Ho(W;L-  Z=p) = Ext(H%W;T(L));Z=p) and Hy(W;L-  Z=p) = Hom(H(W;T(L));Z=p).

Proof. Using (11.11),wegetHo(W;L- Z=p) = Ho(W;L-) Z=p= Hom(H°(W;T(L));Z=p")
Z=p= Ext(H°(W;T(L));Z=p). In the universal coe cien t exact sequence

0! Hy(W;L-) Z=p! Hy(W:;L- Z=p)! Tor(Ho(W;L-);Z=p! O

the term to right identies to Hom(Ho(W;T(L));Z=p) and the term to the left is trivial because
Hi(W;L-) = Hom(HY(W;T(L));Z=p" ) and H(W;T(L)) = 0[5, 3.3]. O

Recall that Go(W;L) stands for the set of similarity classesof re ection subgroupsthat are
Qp-similar to (W;L) (4.1).

Write Py SU(r + 1) for the quotient SU(r + 1)=C, of SU(r + 1) by the certral subgroup C,; of
orderp' for 0 i p(r + 1) where ,(r + 1) is the highest power of p that dividesr + 1.

11.18. Lemma. Let (W;L) be a simple object of Z, Re . Then Go(W;L) = exept that

1. Go(W(SU(r + 1))) = fW(Pp SU(r + 1)) jO i p(r + 1)g contains (r + 1)+ 1 elements.
2. Go(W (Eg)) = fW(Ee); W(PEg)g contains two elementsif p= 3.

Proof. The re ection subgroup rp(W;L) = (W;L  Z=p) is irreducible, and hence Go(W) =
(4.5.(2)), unless(W;L) isin Clark{Ewing family 1 or p= 3 and roW is roW (Eg) or roW (G>) [4,
6.2]. All the Lie casesare covered by G. Maxwell [56, Table I]. (Seealso [22] or [84, 5.1] for the
A-family.)

O

We learn from (11.18) that two simple objects, (W1;L1) and (W2;L>), of Z, Re are similar
if they are Qp-similar and either (L1) = (L2) or (Li) = (L2). Combined with the splitting
result (11.12), this proves(11.14).

Let (W;L) be an object of Z, Re . We shall next describe Go(W; L) as a partially ordered
set. For given diagrams

(11.19) : (PL) = Ho(W;PL) LH O(W;T(L))
(SL) = HO(W;T(SL)) I THO(W;L)

of Z,-modules, put

(11.20) S (PL)=lim PL! LH O(W;T(L))
T(P (SL)) = colim T(SL) I THO(W;L)
sothat (S (PL))= and (P (SL)) = . There are de ning short exact sequences
0! S (PL)! LHOW;T(L)) PL! 10

0! SL HO%w:L)! P(SL)! ' 0
of Z,W-modules. We have previously (11.5) seenthat

S ) Howi)(PL)=L=P gy () Thow:)(SL):
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By naturality, W is a re ection subgroupof Aut(S (PL)) and of Aut(P (SL)). Also by naturalit y,
there are morphisms

S (PL)! S (pL) o mow)(PL)=PL HOW;L)
HO(W;L) SL=P sy o trow.)(SL)! P (SL)

showing that (W;S (PL)) and (W;P (SL)) are Qp-similar to (W;L). Conversely any elemert
of Go(W; L) will have this form becauseif (W1;L1) and (W>;L>) are Qp-similar then (SW; SL )
and (SW; SLy) ((PW;PL1) and (PW;PLy)) are Zp-similar by (11.14) and clearly H °(W;; L) and
HO%(W,; L) are isomorphic Z,-lattices.

Declaretwo diagrams of the form consideredin (11.19)to be equivalert if they canbe connected
by an automorphism in Autz, re (W;PL) (or Autz, re (W;SL)) (4.1) and an automorphism
in Aut(H°(W;L)) asin (11.13).

11.21. Lemma. For any object (W;L) of Z, Re , p odd, there is a bijection between the
following three sets:

1. Go(W;L).
2. Equivalene classesof diagrams (PL) LH 9(W;T(L)) of Zp-modules.
3. Equivalene classesof diagrams (SL) I THOW;L) of Z,-modules.

Since (SL) = (PL) is a nite group (11.4.2), Go(W;L) is a nite set. Our next aim is to
intro duce an ordering relation on Go(W;L).

11.22. Lemma. ForaZ, Re morphism(; ): (Wi;L1)! (W>;L>) the following three state-
ments are equivalent:
Loro(; ):ro(Wp;Le) ! ro(Wa;Lz) is a similarity in Qp Re and W, acts trivial ly on
coker .
2. S(; ):S(Wg;L1) ! S(Wa;Ly) is a similarity in Z, Re and the induced morphism of
Zp-tori T((; ) ):THO(Wq;L1)! THO(W,;L,) an epimorphism with nite cokernel.
3. P(; ):P(Wyg;L1) ! P(Wa;L») is a similarity in Z, Re and the induced morphism of
Zy-lattices(; ) :HO(Wy;L1) ! HO(Wy;Lz) a monomorphismwith nite kernel.

Proof. Assumethat L; ! L is injective with nite cokernel H. Then there is a short exact
sequence

0! ker Ho(Wl;Ll)! Ho(Wz;Lz) I coker SL,! SL, ! ker H ! Ho(Wz;H) 1 0

provided by the Snake Lemma. If the middle term is trivial, then H = Ho(W3;H). If W, acts
trivially on H, then the kernel to the left is trivial becauseH1(W,;H) = 0 by (11.3), and the
kernel to the right is trivial becauseH = Hy(W;;H). The proof for PL; ! PL, is completely
dual. O

11.23. Denition. AnisogeryisaZ, Re morphism(; ):(Wy;L1)! (Wa2;L») that satis es
one of the three equivalent conditions of (11.22).

Write (Wy1;L1) (Wa;Ly) if there exists an isogery (Wy;L1) ! (W3;L>).

11.24. Lemma. If (Wq;L1) (W32;L2) (Wsg;L1) then (Wy;L1) and (W3; L) are similar ob-
jectsof Z, Re .

Proof. An isogery (W1;L1)! (W>;L>) inducesa commutativ e diagram

T(SL1) &9 (L1) ——/THO(W;Ly)

T(SLy) &0 (Lp) ——/THO(Wy;Ly)

which can be completed [61] by a vertical isomorphismto the right. O
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Thusthe relation  inducesa partial ordering relation on the set of similarity classesf objects
of Z, Re ;in particular on the set Go(W;L). For any object (W;L),

(W;SL - HO(W;L))  (WiL) (W;LHo(W;T(L)) PL)
by (11.5) and actually

Go(W;L) = f(WALYJ(WELY  (W;LHo(W;T(L)) PL)g
= f(WoLYj(wW;SsL HO(w;L)  (W%L9g

is the set of similarity classesof objects above LH o(W;T(L)) PL or belov SL  HO%(W;L).
| closethis sectionwith a few remarks about the set G,(W; L) (4.1).

11.25. Lemma. Let (W;L) be an object of Z, Re .
1. If (W;L) is simple, then G,(W;L) Go(W;L).
2. Go(W;L)\ Gp(PW;PL) = = Go(W;L)\ Gp(SW;SL) if HO(W;L) = 0.
3. If (W;L) is simple, then Go(W;L) = unless(W;L) is similar to (W (X);L(X)) for X =
P SU(r + 1)), 0< i< p(r+1).

Proof. Gp(W)  Go(W) whenW is simple becauseany two abstractly isomorphic groupsfrom the
Clark{Ewing list happen to have the samerank r and to be conjugate as subgroupsof GL(r; Q)
[4, 2.6]. When HO(W;L) = 0, PL is the unique object of Go(W;L) with = 0 (11.21); this
condition can (11.8.6) bereado from L Z=p. O

11.26. Example. Put (W;L) = (W;L)(PU(r + 1)) sothat (L) is cyclic of order p where this
is the highest power of p that dividesr + 1. The + 1 elemenrs of Go(W; L) are represertied by
the certerings (W;L;), 0 i , whereL; L is the inverseimage of the order p' subgroup of

(L) (11.21) [84, 5.1]. Thus (L;) is cyclic of order p' andL = L . Assumenow that 0< i < so
that both (L;) and (L;) are non-trivial cyclic p-groups. As pointed out to me by D. Notbohm,
tensoring the commutativ e diagram of Z,W-modules with exact rows and columns

0 0
0—Lo L Ly —o
|
0 /Ly I /(L )y—o
(Liy=—= (L)) —o
0 0

with Z=presults in the commutativ e diagram
Tor( (Li);Z=p) == Tor( (Li);Z=p)

0o—ITor( (Li);z=p —ILo Z=p—ILi z=p—— (L)) z=p—o
with a split epimorphism to the right. We concludethat
Li Z=p= coker HO(W;Ly, Z=p)! Lo Z=p Ho(W;L; Z=p; 0<i<

asF,W-modules. (Thesemodulesareirreducible [38] and it is no coincidence[84, 3.3]that L; Z=p
have the sameirreducible constituents, namely

coker HO(W;Lo Z=p)! Lo Z=p = ker L Z=p! Hop(W;L Z=p) and Z=p;
for all i.) This showsthat G,(W (P, SU(r + 1))) consistsof 2 elements for 0< i <
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11.27. Example. (Cf. (9.9)) For (W;L) = (W(X);L(X)), X = SU(p) SU(p), the set Go(W;L)
consistsof four elemers corresponding to the four subgroup-orbits under the action of the auto-
morphism group Autz, re (W;PL)= Z, Z, o0 Z=2o0nHo(W;PL)=2Z=p Z=p

11.28. Example. Go(W(X);L(X)) for X = U(p ) isthe posetf(i;j)22Z ZjOo | i g
with lexicographic ordering. The point (i; j) correspondsto the diagram

z=p z=p ¥ z=p'

where Z=p is the subgroup of order p' of HO(W (X ); T(SL(X))) = Z=p Z=p' . U(p ) corre-
spondsto ( ;0) in this formalism. If i; i, andj; |2, then the commutativ e diagram

Z:p Q_OZ:pl ﬁ/z:pl

Z:p Q_OZ:dz ﬁ/z:pl

plz J1

shows that (i1;j1)  (i2:)2).
12. Shapir 0's lemma

The main purposeof this sectionis to intro duce somenotation to be usedin Section 13.
For any set S and any abelian group M we put

MI[S]= Z[S] zM; MHBSi=Homz(Z[S[;M)

where Z[S] stands for the free abelian group with basisS. M][ ] is a covariant and Mhi a
contravariant functor from the category of setsto the category Ab of abelian groups. (M[ ]
(M hi ) isthe left (right) adjoint of the forgetful functor from abelian groupsto sets.) M hSi can
also be consideredas the abelian group of all functionsu: S! M. In caseS is a left G-set and
M a left G-module for somegroup G, the rules

gs m)=gs gm; (gu)(s)=ogu(g !s); g2G;s2Sm2M;u:S! M;

make M [S] and M hSi into left G-modules. A special caseoccurswhen S is the left G-set G=H of
left cosetsof a subgroupH of G.

12.1. Lemma. M [G=H] is isomorphic to the induced module Indﬁ (M) and M hG=Hi is isomor-
phic to the coinduced module Coindf (M ).

Proof. Let T be a set of left cosetrepreserativ esfor G=H.

The set T is a basis for the free right ZH-module ZG. The induced module Indﬁ(M) =
ZG zy M is[95, 6.3.4]the sumover|Tj copiest M of M with G-actiong(t m)=s hm where
gt =sh,s2T,h2H. The module M [G=H] = Z[G=H] z M isthe sumoverjTj copiest M of
M with G-actiong(t m)=s gm. The Z-linear isomorphism M [G=H] ! Indﬁ (M) that takes
t mtot t 'misG-linearasit takesg(t m)=y gmtoy y gm=y ht 'm=gt t ‘m).

The setT ' = ft 1 jt 2 Tgis a basis for the free left ZH-module ZG. The coinduced
module Coind‘H3 (M) is [95, 6.3.4]the product over |Tj of copies M of M, where (m:ZG! M
is the H-map sendingt Ytom 2 M andz to Oforall z6 tin T. The G-action is given
by g( ¢tm) = y(hm). The module M hG=Hi is the product over jTj of copies M of M, where

tm:G=H! M isthe set map sendingtH to m and zH to Ofor all z6 t in T. The G-action is
givenby g( tm) = y(gm). The Z-linear isomorphism Coindﬁ (M) ! MhG=Hi that takes (m to
t(tm) is G-linear asit takesg( +m) = y(hm) to y(yhm) = y(gtm) = g ((tm). O

Let Shc denote the homotopy colimit of S viewed as a functor from the category G to the
category of sets. (She is the nerve of the small groupoid that has S for object setandfg2 G j
0s1 = Szg asthe set of morphismss; ! s;.) The next lemmais just a reformulation of Shapiro's
lemma.

12.2. Lemma. There are natural isomorphisms
H (GMI[S])) = H (Sng;M); H (GMISi)=H (Shc;M)
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Proof. Let X be a set of represenativ esfor the G-orbits in S and G(x) the isotropy subgroup at
X 2 X. Then there are a homotopy equivalence
a

BG(x)! She
x2 X
and isomorphismsof G-modules
a a Y Y
M[S]=  MI[G=G(x)] = Indg,,(M); MiSi= MIG=G(x)i =  Coindg,(M)
induced by the isomorphismS =  G=G(x) of G-sets. Theseisomorphismscombine, with the help
of Shapiro's lemma, to the isomorphismsof the lemma. O

In other words, v
a
(12.3) H(GMI[S))= H (G(x);M); H (GMmSiI)= H (G(x);M)

wherex 2 S runs through a set of represenativ esfor the orbit set S=G.

13. Cellular  cohomology of small categories

The following is a generaldiscussionof the derived functors of the inverselimit.
Let | be a small category suc that

| hasonly nitely many objects,
any endomorphismis an isomorphism
any isomorphismis an automorphism

meaning that | is a special kind of very small ordered category [81] or El-category [54]. | could
for instance be a skeletal subcategory of the Quillen category of a p-compact group.

Write S(i; j) for the set of morphisms from the object i to the objectj and I (i) for the group of
morphismsi | i. Under the above assumptions,the set Ob(l) of objects of | hasthe structure of a
partially orderedset,aposet,wherei | if thereisamorphismfromitoj. Let K(I) = Cx(Ob(l))
denote the ordered simplicial complex assaiated to Ob(l). The vertex set of K (I) is the poset
Ob(l) and the p-simplices,p > 0, is the setof all strictly increasingsequencegio ip) of elemeris
of Ob(l) (wherei < jifi | andi 6 j). The ordered simplicial complexK (1) is d-dimensional if
there exists a string i ! I ig of d morphisms betweendistinct objects but no suc string of
d+ 1 morphisms. K (1) is again a poset with ordering given by inclusion.

For any p-simplex (io  ip) 2 K(I)p, put

l(io ip)=1(ip) 1) and S(io 1ip)= S(ip 1:ip) S(io; i)
with the convention that for p = 0, S(ip) is understood to be a point. Form the homotopy orbit
space
Sni(io  1p) = S(io  ipnicio ip)
for the action of the group I(io  ip) onthe setS(ip ip) given by

(8p;:::5a0) (8 1p3ii;801) = (Bpdp 1pd, '1iii1 ;&18018 1)

foralla; 2 I(ij)anda 45 2 1(i; 1;ij). This homotopy orbit spaceconstruction providesa functor
Shi: K()°P! Sp

from the opposite posetof K (1) to the category Sp of simplicial sets. For any inclusion 0 of
simplices, the map Sy ( ) Shi (9 is induced by the obvious projection 1( ) I( 9 and the
map S( )  S( 9 given by composition or omission of morphismsin the usual way.

Let now M: 1! Ab be a functor. Consider the functor HIM : K (1) ! Ab that takesthe
p-simplex (i ip) 2 K(I)p to the abelian group

HYSni(io  ip)iM(ip)) = HI(I(io  Tp);M(ip) S(i0  ip)i)
De ne cohomologyof K (1) with coe cientsin HIM, H (K (l); HIM ), asthe cohomologyof the
cochain complex (C(K (1); HIM); ):
Y

p 1

Y
(13.1) ! HIM(io ip 1) ! HIM (o ip)!
(io Tp 1)2K(Np 1 (o 1p)2K (1)p
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with di eren tial
l . . X) i i . .
PO )= (1)) jUGe B i)
j=0
for all cochainsU 2 CP (K (1); HIM ) and all p-simplices(io  ip) of the simplicial complexK (1).
Here, ; :1(ip) [(io) ! I(ip) I‘éi,—) I(ig) is the projection and the homomorphisms
8
i§M(ip)|3(i1;:::;ip)i g fi=0
M (ip) H(io; it ;ip)i 3 M (ip) I(io;::: ;il?;::: yip)  ifO0<j<p

" M(ip 1) H(ios:iisip 1) ifj=0
are given by
8
_ 2u(ap 1p;:ii:;an) ifj=20
Pu)(@ 1p;iiiia0) = JU(@ ap;iii g+ dy gjiiiian) fO<j<p
"M (ap 1p)u(ap 2p 1i-tt ; ao1) ifj = p.
It will becomeclear later that = 0, i.e. that (C(K (I); HIM); ) is indeed a cochain complex.
Let lim (I; ) denotethe right derived functors of the inverselimit functor lim: Ab' ! Ab.

13.2. Theorem. [54][87] Thereis a rst quadmnt cohomolaical spectral sequen@ E P9 with
EPY= CP(K(1);HIM) and E5SY = HP(K (1); HIM)
converging to limP*9(1; M)

This spectral sequencds assaiated to a descending Itration on the cochain complex C(I; M)
that haslim (1;M) for cohomologygroups:

Let  be the category of totally ordered nite setsand weakly order preserving maps. The
cosimplicial replacemen functor [14, XI.5]

Q “Ab' 1l Ab

takesthe abelian |-group M the cosimplicial abelian group Q M that in codegreen is the abelian
group of twisted n-cochains of | with coe cien tsin M, i.e.

Y
DAV M (in)
io! ! in2N(1)n
consistsof all functions U from N (1), with valuesU(ig! i1 ! I' i) in M (in). (As usual, the
nerve, N (1), of | is the singular set of | : The simplicial setthat in degree0 is the set of objects of
| and in degreen > 0 is the set of all sequencesg ! i ! I ip of n composablemorphisms
in 1.) The cofacemaps
d(U)io! ! inua)=UGio! ! B ina) 0 o
d"* (U)(ip ! I ips1) = M(in ! ins1)U(io! Loin)

are the obvious opes.De ne C(l; M) to bethe underlying cochain complexwhosedi eren t'@l is the
alternating sum ( 1)'d'. The ith cohomotopy group of the cosimplicial abelian group M,

IR ICEYD
is de ned [14, X.7.1] asthe ith cohomologygroup of its underlying cochain complex C(1;M).
13.3. Lemma. [14, X1.6.2] [81, Lemma 2] The functors
Q i
Ab' I Ab ! Ab; i O

form a universal cohomolaical -functor [95, 2.1.1] with lim in degree O.
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In other words, lim = and Iimi(I :M) = H(C(I;M)) is the ith cohomologygroup of
the cochain complex C(I; M) of | with (twisted) coe cien ts M.

De ne | to bethe function on N (1) that isOon N (l)o; onN (1)1, I(i ! i)=Owhilel(i! j)=1
if i andj are non-isomorphic;and in general

K 1
[(ig! ig! Iin) = (i ! i+ );
i=0
the function | counts the number of strict inequalities in the string ip i1 in. This makes
the nerve into a Itered simplicial set
; = FoN(l)  FiN(I) FpN(I)  Fpsaa N(I) N (1)
where
FoN(l) = fig! 1! P in 2 N()jlGio! ig! I in) < pg

is the set of all strings of composable morphisms where lessthan p of the morphisms have non-
isomorphic domain and codomain. Sincel hasonly nitely many equivalenceclassesof objects,
the Itration is nite: Fq+1 N(1) = N (1) if K(I) hasdimensiond.

The Itration we are going to useis the induced descending ltration on the cochain complex
C(I;M),
(13.4) C(I;M) = FoC(I;M)  F1C(1;M) FpoC(I;M)  Fper C(1;M) fOg
where

FpC(I;M)=fU2 C(I;M)jUF,(N(l)) = Og

consistsof all cochains that vanishon FoN (1). This ltration is nite: Fg.+1 C(I;M) = fOgif K (1)
is d-dimensional.

Proof of Theorem 13.2 Supposethat K (I) is d-dimensional. Then the E;-page of the spectral
sequenceassaiated [95, 5.4.1] to the Itration (13.4) satises E}Y = 0 whenewer p > d and
EY = H (FqC(I;M)[ d]) whereFqC(l;M)[ d] is the translated cochain complex [95, 1.2.8]that
in degreen equalsFqC(I;M )% ", Note that

M
FaC(I;M)[ d] = C(io ia;M)
io 12K (1)g
splits as a direct product over the d-simplicesin K (I) of the cochain complexesC(io iq;M)
given by
* +
a
C(io ig;M)"=M(ig) [(ig)® (g 1;idq) [(io;iz) 1(ig)"
ro+ +rg=n

with a dierential that is the restriction of the dierential on C(I;M). The claim is that the
cohomologyof C(ip ig;M) equalsH M (ip i4) asde ned above (13.1). The standard cochain
complex for computing this cohomologygroup is

(13.5) Hom, ;) 1Gio) (B (I(ia)) B (I(ig));M(ig)H(ig 1;iq) [(ig;in)i)
whereB (I (ig)) B (I(ip)) asthe tensor product of unnormalized bar resolutions has
Q@ag a )= ag @o +( 1)°aqg @ a +
+( 1)r0+ +rqg 1@-d ad 1 ao
asits dierential. Here,a = g, a1 whereaj 2 1(a) and
rx 1
@ = g g2t Qi +1 & +( D a1 a

ij =1
as usual [95, 6.5.1]. In fact, there is an isomorphism, , of cochain complexesfrom the standard
cochain complex (13.5)to C(ip  ig; M) given by

(U)@ag ;ad 1d;::0 ;a1 ;@080 )= ( 1)7"3" U(ag ;ad @d 145000 ;@1 ;@1 Qo1;a0 )
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wherea; @& 1j = &y, @13 1; andthe signis ( 1) raisedto the power that is the sum over
all oddj of r; = jg j. | leaveit to the readerto ched that this isomorphism indeed commutes
with the di erentials. The conclusionis that

Y
EY = HIFqC(I;M)[ d]) = HIM (io  iq)
(io id)2K (1)g

is isomorphic to the degreed group of the simplicial cochain complex C(K (1); HIM ) (13.1).
This samepattern repeatsitself at all stagesof the Itration as

Y
FoC(1;M)PT 9 = Fpuy C(1;M)PH Clio ip;M)P*d
(io ip)2K (1),

and, in fact, there is an isomorphism

Y
FoC(L M) pl=Fpa C(M)[ pl = Clio M)
(o ip)2K (1)p

of cochain complexes. So, by the above computation,

Y
EYI = HIM (o ip)
(o ip)2K (I)p
is isomorphicto CP(K (1); HIM).
It remains to compute the d;-di erential. Again, it will be sucient to considerthe dier-

ertial d‘lj la, Ef lay Efq as similar argumerts apply in general. Consider a cohomology class
[UGip ig 1)]iInHY%ig 1 io;M) represened by the g-cocycle

a

UGio ia 1): [(ig 1) * [(io)®! M(ig 1)h(ia 2:id 1) I(io;ia)i
fd 1+ To=(q

and extend this to an elemen of Fq4 1C(1; M) 9 1 by mapping the other (q+ d  1)-simplices of

N(l) to 0. The imagedS 9[U(ip iq4 1)] isrepresetted by ( * )U(ip i4 1) where isthe

zigzag-homomorphismof the short exact sequence

0! FqC(I;M)! Fgq 1C(I;M) ! FqC(I;M)=Fq 1C(I;M)! 0

of cochain complexes. This meansthat d‘lj 1q[U(io ig 1)] vanisheson all (q+ d)-simplices of
N (1) excepton the onesof the form

a |0 a;o0;.

(13.6) T R T PR A N T P

for someobject iJQ of I, whereit hasthe value

( D™ U(ag 1580 20 103058 ;@ 0808 13553801380 )
assuming,for simplicity, that 0< j < d 1. We must comparethis to the homomorphism
B (I(ia 1)) B (1(;) B () B (G 1) B (I(i0)) !
) . Uio ia y) . . . Sy
B (I(ig 1)) B (I(io)) " M (ig 1)H(ig 2;ig 1) [(ig;ig)i!
M(ig 1) I(ig 2;iq 1) LGDi) G sip) I(io;i1)
wherethe rst homomorphismtakesay 1 aj aj0 a 1 ag toaq 1
aj 1 & 3 ao . AssumingU(ip ig 1) to be normalized [95, 6.5.5], this agreeswith

the valueof (1 )U(ip ig 1) onthe (g+ d)-simplex (13.6) exceptthat the signis missing. [
There is also a dual spectral sequence
Elq = Hp(K(1)iHgM) ) colimp. q(1;M)
whereHqM (io  ip) = Hq(Sni(io  ip); M (io)).
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13.7. Example. 1. [95, 3.5.12]If the category | is a poset S, the spectral sequenceg(13.2) for a
functor M : S! Ab degeneratego a cochain complex
Y Y

(so sp 1)2K(S)p 1 (so sp)2K(S)p
with cohomologylim (S;M).
2. If the category |l isagroupGandM : G° ! Ab a G-module, then the spectral sequencel3.2
collapsesonto the vertical axis in the sensethat Ef’ = H/(G;M)andE] = Ofori> 0.
3. Supposethat | is a category

S(0;1
P ]

with two objects and no non-identit y automorphisms. The lim"(I;M) = 0 for n > 1 and there is
an exact sequence

ol Iim°;M)! M© M@ ! M@)K@O;i! lmi(1;M)! 0
where (mg;m3i)(a) = my M (a)(mg) for all morphismsa 2 S(0; 1).
4. For a category | with two objects, 0 and 1, there is a long exact sequence
L HIQEEM©O) HIG@iM@) T HIE©M@) ! lim (M) !

wherewe are assumingthat (1) 1(0) acts transitiv ely on S(0; 1) with stabilizer subgroup E (0; 1).
5. With 1 = A(W;t)f E;tg, the full subcategory of A (W;t) containing t and one of its non-trivial
subspaces 6 t, we get a long exact sequence

I HI(W(E)=W(E);M(E)) HI(W;M () * HI(W(E):M (1)
Lo limi ™ (M) !
wherethe homomorphismd; is inducedfrom M (E) ! M (t) and from the inclusionof W(E) W.

In caseE = tS 6 t is the xed-p oint spacefor the action of the Sylow p-subgroup S of W and
M (t5) and M (t) are Zp-modules, we concludethat there is an exact sequence

(13.8) 0! imo(;M) 1 M@ESWEOIWE) MW 1T MOVE) 1T limta;M) 1 0

and

HI(W(t5); M (1)) .
HI(W;M (1))

This quotient group vanishesif S has order p for NW(tS)(S) = Nw (S) (2.15) and both cohomol-

ogy groups equal H! (S; M (t))Nw (S) as these are the stable elemens [19, 9.1, 10.1] in this case.

Assuming, furthermore, that M (t5) = M W (%) and M (t) = M for someZ ) [W]-module M, we
rediscover the formula

(13.9) lim "t (1;M) = 1:

_ W
imi(;my= Mo =0
0 ifj>0
from [2].
6. Let H be a subgroup of the group G and I (G;H) = O(G)°Pf G=H; G=f egg the full subcategory
(13.10) Nt ((=H——— b=fegg )o

of O(G)°P containing the two objects G=f egand G=H. The limits of any functor M : I(G;H) ! Ab
t into along exact sequence

I HI(Ng(H)=H;M (G=H)) HI(G;M (G=feg) ¥ HI(Ng(H);M (G=feg))
Lolim! ™ (1(G;H); M) !
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where the homomorphismd; is induced from M (H): M (G=H) ! M (G=feg) and from the inclu-
sion of Ng(H) into G.
7. Let | be a category with three objects, 0, 1;, and 1,, of the shape

1AL @
Co
P 1, @
and let M be an |-module with M (0) = 0, M (11) = M1, and M (1) = M». Then
lim (I;M)=1m (I;;M1) lim (I2;M3)

wherel ; is the full subcategorygeneratedby the objects 0 and 13, |, the full subcategorygenerated
by the objects 0 and 1,, and the I(11)-module M, is consideredas an |;-module and the I(15,)-
module M, as an |,-module. Of course,this extendsto an arbitrary star shaped nite category
with outward pointing arrows.

8. Let | be a category with three objects, 01, 0., and 1, of the shape

(P
1d)
i

and let M be an I-module with M (0;) = 0 = M (02) and M (1) = M. Then there is a Mayer-
Vietoris sequence

L HIQ@; M) lim (1M1 lim! (1, M2) E limi (M) 0 HIP (@), m) !

where | is the full subcategory generated by the objects 0; and 1 and I, the full subcategory
generatedby the objects 0, and 1.

In the next lemma, R(A) meansthe full subcategory containing all objects of the form Ra for
a2 Ob(A).

13.11. Lemma. Let
L
| DR:/J

be an adjunction between two small categories, I (i; Rj) = J(Li; j) for all i 2 Ob(l);j 2 Ob(J), and
A a full sulzategory of J. Then

1. lim (J;L M) =1lim (I;M).

2. lim (A;M) = lim (R(A);L M) =lim (LR(A); M)
for any functor M:J! Ab.

Proof. Since any left adjoint functor is left conal, the rst assertionis a consequenceof the
Co nalit y Theorem [14, X1.9.2, XI.7.2].

For the proof of the secondassertion, where we may assumethat Ob(J) = Ob(A)[ Ob(LRA),
we considerthe inclusion functors

Al J -LRA

The inclusion of LR A into J is left co nal for the universalarrow LRa! ais aterminal object in
the over category LRA # a for all a2 Ob(J). For the other inclusion, considerthe Grothendiedk
spectral sequence

limP(J;lim%a#A;M))) IimP"9A;M)

If ain an object of A, the identity of a is an initial object in the under categorya # A. Otherwise,
note that the restrictions

L
Ra#RA o——LRa#A
R
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are adjoint functors so that

MLRa q=0

lim%LRa#A;M) = lim%Ra#RA;L M) =
0 g>0

becausethe identity of Ra is an initial object in the under category Ra # RA. We concludethat
lim (A;M) = lim (J;M) = lim (LRA;M). Finally, obsene that there is an induced adjoint-
nessbetweenRA and LR A sothat alsothe two groupslim (RA;L M) andlim (LRA;M) are
isomorphic. O

13.12. Prop osition. LetJ be a full sulzategory of I. If M vanisheson all objects outside J and
if any object of | with a morphism to an object of J is in J, thenlim (I;M) = lim (J;M).

Proof. The cochain projection map
Y

. Y .
M(in) ! M(jn)
io! I in2N(n jo!' ! jn2N(I)n

is an isomorphism. O
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