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Abstract

The rational homotopy Lie algebra of function spaces is fully de-
scribed.

1 Introduction

Starting with the work of Thom [13] and followed by that of Haefliger [7],
the rational homotopy type of function spaces has been extensively studied.
However, there is no explicit and complete description of the homotopy Lie
algebra structure of such spaces, and only particular cases are known:

Denote by F(X,Y) (respec. F.(X,Y)) the space of free (respec. based)
maps from X to Y. From now on, X and Y are assumed to be nilpotent
complexes with X finite and Y of finite type over Q. In this way the compo-
nents of both F(X,Y) and F,(X,Y) are nilpotent CW-complexes of finite
type over Q and can be rationalized in the classical sense.
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If dim X < connY (so that F(X,Y) is connected) M. Vigué [14] showed
that the homotopy Lie algebra m,F(X,Y)q (respec. m.F.(X,Y)q) is iso-
morphic as Lie algebra to H*(X; Q) ® m.(Yy) (respec. HM(X;Q) ® m.(Yy)).
Later on, Y. Félix [4] used essential properties of this homotopy Lie algebra
to show, among other deep results, that the Lusternik Schnirelmann category
of the mentioned component is often infinite.

Following the Brown-Szczarba approach to the Haefliger model of func-
tion spaces [2], we first obtain a natural description of its rational homotopy
groups in terms of derivations. Then, we give a full and explicit description
of the homotopy Lie algebra structure of F(X,Y)q and F,(X,Y"). Let us be
more precise:

Let (AV,d) be a Sullivan model, non necessarily minimal, of Y, i.e., a
cofibrant replacement of a commutative differential graded algebra (CDGA
henceforth) homotopy equivalent to C*(Y; Q), and let B be a finite dimen-
sional CDGA of the homotopy type of C*(X;Q). Then, there is a model of
F(X;Y) of the form (A(V ® B,),d) (see next section for proper definitions
and details). By a model of a non connected space, or a map between them,
we mean a Z-graded CDGA, or a CDGA morphism, whose simplicial realiza-
tion has the homotopy type of the singular simplicial approximation of the
chosen space or map.

Moreover, given a map f: X — Y, there is a standard procedure [11]
to produce a Sullivan model (ASg,d) (in fact, the Haefliger model) of the
nilpotent space F(X,Y; f), the path component of F(X,Y") containing f.

Our first result is that the space of the indecomposables of this model
(S¢,Q(3)) is isomorphic as differential vector spaces to (Der (AV, B;¢), ),
the ¢-derivations from AV to B, being ¢: AV — B a model of f. As the
homotopy groups of a nilpotent space are isomorphic to (the dual of) the
homology of the indecomposables of a given model, we obtain:

Theorem 1. Forn > 1:
(1) m(F(X,Y; f)o) = Ha(Der (AV, B; ¢),6);
(1)) T (Fu(X,Y; f)o) = Hn(Der (AV, By; ¢),6).

This result, together with the naturality of the process followed, includes
(see Corollary 6) [9, Thm.2.1] and [10, Thm.1] as particular cases.

Then we proceed to fully and explicitly describe the Lie bracket on
m.F(X,Y; fo and m. F.(X,Y; f)o in terms of derivation:



Theorem 2. the differential linear map of degree 1
[, ]: Der.(AV, B; ¢) ® Der.(AV, B; ¢) — Der.(AV, B; ¢),
defined by

[, 0)(0) = (=) Y TS ey d(or - tr 0y u) (i),
i#]
in which dv = Y vy...v; and ¢;; is the sign defined in Lemma 5 below,
induces the Whitehead product in homology. Moreover, the restriction to

[, ]: Der.(AV, By; ¢) ® Der,.(AV, By; ¢) — Der.(AV, By; ¢),
also induces the Lie bracket in m.F.(X,Y; f)o.

A similar result gives also an explicit description of higher order White-
head products (see Theorem 12).

As an immediate application we generalize the result of Vigué stated
above: If we denote by x: X — Y the constant map, 7, (F (X, Y x)g) (respec.
Tn(Fu(X, Y %)q)) is isomorphic as Lie algebras to H*(X; Q)®m, (Yp) (respec.
H(X;Q) © 7.(Va))

Finally, from Theorem 2 we generalize [6] and [8, Thm. 1.2]. For a given
space Y, denote by dlY the least n (or infinite) for which there is a non
trivial whitehead product of order n in m,(Yp) (see §3 for more about this
invariant).

Theorem 3. If catyX < diYy, then F.(X,Y; f)o is an H space for all f.
Equivalently, its rational cohomology algebra is free.

When f is the constant map we may replace cat (X by the rational cup
length of X recovering the main result in [6].

2 Basics of rational homotopy theory of func-
tion spaces

We shall be using known results on rational homotopy theory for which [5] is
a very good and standard reference. We now recall some specific facts on the
rational homotopy type of a function space F(X,Y’) starting by its Brown-
Szczarba model. Consider A = (AV,d) — Apr(Y) a Sullivan model, non
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necessarily minimal, of Y and B — Ap;(X) a quasi-isomorphism with B a
connected finite dimensional CDGA. Let B, = hom(B, Q) be the differential
graded coalgebra dual of B, and consider the Z-graded CDGA A(A ® B,)
with the natural differential induced by the one on A and by the dual of

the differential of B. Now, consider the differential ideal I C A(A ® B.)
generated by 1 ® 1* — 1 and by the elements of the form

aja; ® B — Z(_l)‘aﬂﬁjl‘(al ® Bi') (a2 ® B;"),
J

ai,as € A, f € B, and A =37, 8 ® f;". Then, the composition
p: A(V®B,) CAA® B,) — A(A® B,)/I

is an isomorphism of graded algebras [2, Thm.1.2], and therefore, considering
on A(V® B,) the differential d = p~'dp, pis also an isomorphism of CDGA'’s.
Then, (A(V ® B,),d) is a model of F(X,Yg) [2, Thm.1.3]. In other words,
S.F(X,Yy) and the simplicial realization of (A(V ® B.),d) are homotopy
equivalent. B

In order to explicitly determine d on v ® 8 € V ® B,, calculate (dv) ®
B+ (=1)"ly ® dB and then use the relations which generate the ideal I to
express (dv) ® ( as an element of A(V ® B,).

We now explain how to obtain Sullivan models (in fact the Haefliger
models) of the different components of F(X,Y) [2, 11]. For this we need
some algebraic tools: let (AW, d) be a CDGA in which W is Z-graded, and
let u: AW —— Q be an augmentation. Given ® = a- ¥, a € (ATW?)
and ¥ € A(W7?), we denote by ®/u the element u(a)¥. Define a linear
map 9: W° — W' as follows: given w € WO, write dw = &y + &, + D,
with @y € (A*W<0) . (AW), & € (A*WP) - W', &, € W', and define

call W' a complement of the image of this map, W' = oW° @ Wl, and
define the CDGA A(W' & W>2,d) as follows:

given w € A(W' & W>2) write dw = &y + ®; + By + 03, in which
Dy € ATIW<O AW, @) € AH(OWO) - AW, &y € (AYWO) - (AW @ W22)
and ®; € ATV @ W22, Define dw = &, /u + P;.

Note that if we have in W a basis {w;} for which dw; € AW_;, then the
image of this basis in A(W1 @® W22, d) makes it a Sullivan model. However,
even when d is decomposable in AW, d might not be, i.e., A(W1 ® W22 d)
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is not necessarily minimal. This depends on u. In fact, as we just remarked,
for each w € W, ®,/u could be the linear part of duw.

Next, consider (A(V®B,), d) the model of the function space F(X,Y) and
let ¢: (AV,d) — B be a model of a given map f: X — Y. The morphism
¢ clearly induces a natural augmentation which shall be denoted also by

¢: (A(V ® B.),d) — Q. Applying the process above to this particular case

vields a CDGA (ASy, d) = (AV @ B, ® (V ® B,)22,d) which turns out to be
a Sullivan model of F(X,Y; f). Moreover, the CDGA morphism

wo: (AV,d) — (ASy,d) = (AV® B, @ (V ® B.)*2,d),
wo(v) = v @ 1% if v € V=22 or its projection over VeBb, ifve Viis a
Sullivan model of the evaluation at the base point wy: F(X,Y; f) = Y [11,
Cor. 22].

While wy(v) could vanish if |v| =1, when (AV,d) is 1-connected,

wo: (AV,d) — (ASy,d),
is a KS-extension or a relative Sullivan algebra. The fibre, which is of the
form B ) B
(A(Sy/V),d) = (A(V@ B, & (V® By)™),d),
is a Sullivan model of the fibre of wy: F(X,Y; f) = Y, i.e, of F*(X,Y; f).
Finally, we set some notation: for any pair V, B of Z-graded vector
spaces, denote by L(V,B) = {L,(V,B)},>o the graded vector space of its
homomorphisms. In particular, the dual of a given object (except for B,)
shall be denoted by £(—, Q). There is a natural isomorphism

0: L(V,B) — L(V ® B.,Q), 0(8)(v e 8) = (~1)FI+D5(4(0)).

Given a CDGA morphism ¢: A — B, call (Der(A, B;¢),0) the dif-
ferential graded vector space where Der,(A, B;¢) are the ¢-derivations of
degree n, i.e., linear maps 0: A* — B* ™ for which 6(ab) = 0(a)p(b) +
(=1)"l¢(a)f(b). The differential is defined as usual 66 = dof+(—1)""'fod.
Note that when A = AV, Der(AV, B; ¢) =2 L(V, B) as graded vector spaces
via the identification 6 — 6|,,. We shall denote also by

©: Der(AV, B; ¢) = L(V ® B.,Q)

the isomorphism above under this identification.
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3 Rational homotopy groups of function spaces

In this section we prove Theorem 1 and extract some consequences. Con-
sider the Sullivan model (ASy,d) of F(X,Y; f) and recall that, as for any
other nilpotent space, m.F (X, Y f)g is naturally isomorphic to the dual of
H*(Sy,Q(d)), being Sy = Q(ASy) = ASy/(ATSs - ATS,) the space of inde-
composables. In other word, it is isomorphic to the dual of the homology of
the following complex:

0—VeB 2% wven) 2 ven,) 2%

However, as (V ® B,)! = 9(V ® B,)' ® V® B, , this is exactly the
homology of this slightly different complex:

10®Q ()

(Ve B.)" -2~ (Ve B) 29 (v o B2 2% (v o B, 2L

Our main result in this section is that the dual of the complex above is
isomorphic to (Der (AV, B; ¢),0) via the map © defined in §2. We prove:

Theorem 4. The following commutes:

e L oo, L2 e p g L@

S %‘@ =0

~

)
Der(AV, B; ¢) ~— Der(AV, B; ¢)

Dery(AV, B; ¢)

Proof. Here, for simplicity in the notation, we write Q(d)* instead of £(Q(d), Q).
For the same purpose we shall omit signs and write just +. However, a careful
use of Koszul convention leads to proper sign adjustments.

We first show that, for n > 2, the square

Q(d)*

L.(V® B,,Q Lo (V® B, Q)

0= =0

Der ,(AV, B; ¢) Der ,41(AV, B; ¢)



commutes. On one hand, given 6 € Der,,1(AV, B;¢) and v®f € (V& B,)",
(©60)(v ® B) = £5(66(v)) = £B(d(0(v))) = B(0(dv)). (%)
On the other hand,
(Qd)*60) (v ® ) = £OH(Q(d)(v @ B)) = +OH({dv ® B} + v @ dff) =

= +00({dv ® }) + (dB)(0(v)) = £O0({dv @ £}) £ 5(d(0(v))).  (+*)

Here, {dv ® B} denotes the indecomposable part of the image of [dv ® f]
through the morphism:

A®BML£;AW®BQ%AW@BQ%MV@&ﬂ:A%.

To effectively compute {dv ® [} use first the relations which generates I to
write [dv ® 5] as an element of A(V ® B,). Then, cancel all elements of
negative degree and their derivatives, and replace any element of degree zero
by the corresponding scalar via ¢. Finally, keep the linear part.

At the sight of (%) and (xx), it will be enough to prove:

Lemma 5. Given ® € AV, € B, and 0 € Der.(AV,B;¢), (00){? ®
B}) = (=1)PIeHED 5(0(®)).

Proof. Denote by Fz: BB, — Q and Fpgp: (BQB)®(B,®B,) — Q
the maps defined respectively by Fp(b® ) = (—1)PI3(b) and Fpep(b @' ®
B® B = (—1)bIIHPEHYIZ(B) (b)), Then, if p is multiplication in B, it is
easy to see that the following commutes:

1
(B® B)® B, OB BeB,
lpep ® A Fp
(B®B)@ (B, ®B.) — Q.
(BoB)

To prove the lemma, assume ® = A*V and argue by induction on k. For
k=1, &=veVand {v®f} = v®p for which the lemma holds by definition
of ©. Assume ® = Uy with U € A¥"1V. Again, to avoid excessive notation,
we shall not write signs:



BOY-v) = B(O(T)p(v) £ H(¥)0(v))
= +£F(0()¢(v) ® B) + Fp(p(¥)0(v) @ B) =
= +Fper(0(¥) ® ¢(v) ® AB) £ Fpep(d(¥) ® 0(v) ® AB)
= (a)+ (b).

On the other hand
(O9{¥ v e B} = (O0){ }_ (¥ ® #)(v @ 5},

being AS = Zj B ®@ 7. By definition of {,}, we may keep only those
summands for which one of the factors is of degree zero. Hence, the above
equality becomes:

©0)f > @eswes)+©O){ Y HTE)(ve s}
[¥|+85|=0 v]+]87 |=0
= (e) + (f)
Using definition and induction hypothesis we get:

(f) = D £O0){T®p}Ie(ve b))

[v]+187 =0

=D EB(0(9)B] (6(v))

Jo]-+18 =0

= ) +Fpes(0(¥) ®@ 6(v) @ B © B7)
Jo]-+18 =0

= +Fpep(0(¥) ® ¢(v) ® AB) = (a)

Using repeatedly a similar argument one checks that (b) = (e) and the proof
is complete. O

Finally, we see that

% (0@ Q(d)"

~

) =0 =0

Der o(AV, B; ¢) «— Der (AV, B; ) «———— Dery(AV, B; ¢)
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commutes. For it note that given v ® 8 € (V ® B,)?, 9(v ® ) = {dv ®
B} + (=1)’y @ dB. Hence, using Lemma 5, and following exactly the above
argument:

(0 008)(v® ) = (—1)"*'ed({dv® B} + (—~1)"v @ dB) = (© 0 60) (v @ B),

which gives the commutativity of the left square. For the right square, write
ce(VeB) asasumz+v®[,r€dVRB,) vesec V®Bb,. Then,

((0@Q(d) 00f)(w) = (=1)"'(06)(Q(d)(ve §))
= (=) 00)({dv® B} + (—1)"v @ dB)
— (©060)(w).

O

Proof of Theorem 1. Part (i) is immediate from Theorem 4. For (ii) consider
the Sullivan model (A(S4/V),d) of F.(X,Y; f) recalled in the past section,
and observe that m, (}"*(X, Y; f)@) is then isomorphic to the dual of the
homology of the following complex:

0— Vo B 2% ven) 2 ven) 29 ...

To finish restrict Theorem 1 to the dual of this complex. 0

We now check that the above isomorphism is natural and respects the
evaluation map at the base point. Fix a map f: X — Y between nilpo-
tent complexes of finite type over Q and let Z be a finite nilpotent com-

plex. Let A = (AW,d) —2—~ Ap,(X) and (AV,d) —— Ap(Y) be Sulli-
van models (again non nec?assarily minimal!) of X and Y respectively, let
C —Z» Apr(Z) be a quasi-isomorphism with C' connected finite dimensional,
and let (: (AV,d) —— (AW, d) be a Sullivan model for f. Define

£ AV O, d) — AW®C,),d), twed) = ed,

being (A(V®C,), d) and AWeC.) d) the models of F(Z,Y) and F(Z, X)
respectively, and p: (A(W®C,),d) — (A(A®C,),d)/I the CDGA isomor-
phism described in §2. In other words, to compute effectively £(v®c) use the
relations which define I to express ((v) ® ¢ as an element of A(V ® C,). For

IIZ“



instance, if ((v) = wywy and Ac =}, ci® ¢}, {(v@c) = S (=)l () @
¢i)(wa @ ).

Finally, let ¢: (AW,d) — C and ¢po(: (AV,d) — C be models of g: Z —
X and fog: Z — Y respectively. Then [11, Thm.24], the diagram

(AS/W,d) S (ASje/V )
_ 3 _
(AS¢7 d) B (AS¢°C7 d)
Wo Wo
(AW, d) : (AV,d)
is a Sullivan model of
Az X — I E 2y
F(Z,X;9) ). F(Z,Y;fog)
Wo Wo
X ~Y.
f

Hence, in view of Theorem 1, the following, which includes [9, Thm.2.1]
and [10, Thm.1], is an easy exercise:

Corollary 6. (1) Forn > 1, m,(f.)q: mF(Z,X;9)0 = mF(Z,Y; fog)o
15 naturally equivalent to

H((): HyDer (AW, C; ¢) — H,Der . (AV,C;¢ 0 ().
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(2) Moreover,

™ F(Z, X5 9)0 (/) ™ F(Z,Y; fog)o

an(Z:X, 9)o Tulf)o ™ F(Z,Y; fog)o

Tn(wo)g T (wo)o

e e
18 equivalent to

H,(Der (AW, Cy; ¢)) H(G) H,(Der . (AV,Cy;¢0())
Ho(Der (AW, C5) — &) i, (Der.(AV. C56.0.)

H(e.) H(e.)

H(¢)

H, (Der (AW, Q;¢)) - Hn(Der*(;\V, Qe)).

O

Note that here (Der,.(AV,Q;e),d) = ((£(V,Q),Q(d)*) and therefore
H, (Der ,(AV,Q; ¢)) is isomorphic to the dual of H*(V, Q(d)).

4 The Lie algebra structure

This section is devoted to the proof of Theorem 2 and its first applications.
For that, the following remark is essential:

Remark 7. Let (AV,d) be a Sullivan model of a nilpotent space X. Recall
that d can be written as the sum d = Y_,., d;, with d;(V) C A’V. The linear
part d; = Q(d) induces a differential on AV. The differential d’ induced
by d on H*(AV,d;) = AH*(V,d;) has no linear term and (AH*(V,d;),d')
is the minimal model of X. The quadratic part, di is then a differential
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which can be identified as the Lie bracket on m,(Xq) [12, I1.6.(16)]. More
precisely, given the natural isomorphism m,(Xq) = L, (H*(AV,d;),Q) and
the multilinear map

(i, ) NPH*(AV,d)) x m.(Xg) x m.(Xg) — Q,

(@A B0, m) = 1(@)y0(B) + (—1) Pl (@)1 (8),

it turns out that:

[0, m] (@) = (=1)P* N dhyov; 70, 1),

in which o € H*(AV, dy), v € m,(Xq), 11 € m(Xq).
In the same way, given the multilinear map

(Y INV X VX x Vs Q,

(V1057055 YG) = Z Oiy..i; 1 (Vi) - - 75 (viy),
i1 yeee i
where 62-1,.@. is the expected sign induced by the Koszul convention, the higher
order Whitehead products on m,(Xq) can be identified with the i-th part of
d, via
[V, ] (V) = (D)P P < ds >,
being each v; of degree p; [1, Thm. 5.4] or [12, V.7(3)].

Consider now the component F(X,Y’; f) of a given function space and

let (ASy,d) be its Sullivan model defined in §2. We shall need a “quadratic”
analogue of Lemma 5. Given ® € AV and f € B,, denote by {® ® [}, the
quadratic part of the image of [® ® ] through the morphism:

A®B.JIZ+~AV®B,) » AVEB.) & (Ve B,

To effectively compute {® ® [}, use first the relations which generates
to write [® ® /5] as an element of A(V ® B,). Then, cancel all elements of
negative degree and their derivatives, and replace any element of degree zero
by the corresponding scalar via ¢. Finally, keep the quadratic part.

Lemma 8. Let & = v,..vy € A*V, B € B, and p,v € Der.(AV, B;¢) of
strictly positive degrees. Then,

({2@8}2: Op, 09) = (-1)FIPHIIHID Y o 5(g(v1.. 010 07000 (0:) ¥ (1))
i#]
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where pg =0, p; = |v1| + -+ |v;| for j > 1, and

B (—1)lelpi-1tloj—1 if1 <7,
Eij = (—1)lelpiatbloj1tlellvl f > 4.

Proof. Asin Lemma 5, to be clear in presenting our argument, we shall write
+ instead of proper signs, and leave to the reader the straightforward task
that the equality above holds with the given signs.

We proceed by induction on k. Let ¢ = viv,, assume AS =) 5l ® ()
and denote by I' the sum of all terms of 3 (—1)%*2l(v; @ B7)(va ® BY) in
which at least one of the two factors is of degree 0. Then

({o102 ® B}2;09,00) = (Y £(01 ® £) (12 ® ) — T; 0, O).

However, as ¢,1) are of positive degree, (I'; ©,,0¢) = 0 and the formula
above becomes:

D (11 © B)(va ® B); Op, Op) =
= £0p(01 ® B)OY (v ® B) + OY(v1 ® B)Op(v: ® BY) =
= " £B(p(v1)) 81 (¥ (v2)) £ BL(1(v1)) B (0(v2)) =

= £ Fos ((01) © V(v2) ® AB) & Fion (1(01) @ p(vs) © AB) =
= £6(e(v1)(v2)) £ B(¥(v1)p(v2))

which is the expected expression for £ = 2.
Assume the lemma holds for £ — 1 and let ® = v;...v;,. On one hand:

BBty P (0)(03)) =

i#]
[Z j:ﬁ(¢(v1...@j...vk,l)w(vk)w(vj) +3 iﬁ(qs(vl...@i...vk,l)w(vi)w(vk))] n
i#k i#k
+ Y j:ﬁ(qﬁ(vl...@i...@j...vk)w(vi)w(vj)) = (I) + (IT).
i#]
ij2k
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On the other hand:

({o100 ® B}2;00,00) = Y £({(v1..06-1 ® B;) (06 ® 5)) }2; O, OF).

In this formula, whenever v, ® (3 is of degree 0, we can replace it by the
scalar ¢(v, ® [V') resulting:

Y (v @ B)({or vk @ B))}a; Op, OF) +

v, ®B;|=0
+ Y H{oue ® 80 ® ) 09, 00) = (IT) + (1)
vk @B} >0

Applying induction we get:

(U1 = 37 4B ($or iy v )ow) b (vy) ) B (0(w1)

i

— ; +Fuen ((;3(1)1...@i...@j...vk_l)go(vi)@/)(vj) ® ¢(v) ® B @ 6,’«’)

- giFB@)B <¢(vl...f}i...@j...Uk_l)gp(vi)l/)(vj) ® ¢(vg) ® Aﬁ)

- gipB(qs(vl...@i...@j...vkl)go(w)w(vj)qﬁ(vk))@ﬁ)

= > 4800ty )R ) = (1T).
-

On the other hand:

(1) =Y £00({vr..ve 108,100 (k@B + Y £OP({v1...05 108, })Op (DY)
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Applying Lemma, 5 to this formula gives the following:
5 st ne) ) + 5 ) )
— Z +Fpen (gp(vl...vk_l) R Y(v) ® B @ B,'f) +

+len <'¢)(U1---UI~:—1) R p(vk) ® B ® 5,’«,)
= +Fpen <90(U1---Uk71) ® P (vr) ® Aﬁ) + FpeB (1/)(7)1---%4) ® o(vr) ® Aﬁ)

= £B(p(r- v )b(o) ) £ B0 v 1)p(v) ).

Finally, as ¢ and v are ¢-derivations, this last equation results in

Ziﬁ(qﬁ(vlﬁzvk 1 Uk )—FZ :*:B( LUk — l)w('uj)gp(vk)> — (I)
i#k j#k
and the proof is complete. O

Proof of Theorem 2. Let ¢,1 € Der (AV, B; ¢) be homogeneous derivations
of positive degrees p and ¢ respectively. In view of Theorem 1 and Remark
7, it is enough to show that, for any v® B € S,

O, ¥)(v ® B) = (1)’ (da(v ® §); O, OY)

being dy, as always, the quadratic part of the differential in (AS4,d). But

this is trivial noting that ¢ and 1 are of positive degree, and applying Lemma,
8. Indeed:

(=P Hda(v ® B); O, ©¢) = (=1)PT 7 ({dv @ B}2; O, OY)
= (—1)ptet Z ({v1...v05 ® B}2; Op, OY)

= (_1)p+q71 Z(_l)\ﬁ|(\p+q+\v\+l) Z €ij B(¢(U1ﬁzﬁjvk)g0(vl)1/)(v]))

1#£]
= (-1)Porer 5 (6, g](0) = Blg, ¥)(v ® ).
To finish we show that the restriction to

[, ]: Der.(AV, By;¢) @ Der .(AV, By; ¢) — Der . (AV, B, ; ¢),
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also induces the Lie bracket in 7, (F.(X,Y’; f)p). For that note that, as the
fibration
:F*(X,Y,f) —>f(X7Y;f) &Y

has a section, the exact sequence on rational homotopy induces an extension
of Lie algebras

0— mF(X,)Y; flo = mF(X,Y; fg — mYp — 0.

Hence, the Lie bracket on 7. F.(X,Y; f)o = H. (Der (AV, By; d))) is the re-
striction of the one in 7, F(X,Y; f)o = H. (Der (AV, B; ¢)) O

Remark 9. At the sight of the proof above, which heavily relies on Remark
7, the fact that

[, ]: Der.(AV, B; ¢) ® Der ,(AV, B; ¢) — Der ,(AV, B; ¢)

commutes with differential automatically holds. This is far from trivial if one
uses only differential homological algebra tools.

As a first and immediate application of Theorem 2 we describe the Lie
algebra structure on 7, F (X, Y %)g and 7, F, (X, Y’; %)g when considering the
constant map *: X — Y, recovering in particular Vigué’s result [14] stated
in the introduction.

Theorem 10. 7,(F(X,Y;*)q) (respec. m,(Fu(X,Y;%)q)) is isomorphic as
Lie algebra to H*(X; Q) ® m.(Yy) (respec. HT(X;Q) ® m.(Yyp))-

Proof. In this case, ¢: (AV,d) — B annihilates V. In view of Theorem 2,
[0, ¥](v) = (=)W P ()W (uh)gp(of) + (= 1) PG (0] )b (0)),

with dyv = Y, vjvj'. Via the isomorphism © of Theorem 4, this is taken to
the Lie bracket induced by dy on H*(V ® B, d;). However, this is precisely
the V' ® H*(B) with the usual Lie bracket. O

We may extend Lemma 5 to calculate in H, (Der (AV, B; ¢)) Whitehead
products of higher order.
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Definition 11. Given ¢1,...,p; € Der.(AV, B; ¢), of strictly positive de-
grees pi, ... ,pj, define [p1,...,¢;] € Der(AV, B; ¢) by

[Sola ceey @]](U) =
(_1)p1+---+p]~71 Z( Z gil...ij d)(Ul ce f;il...@ij...Uk)gpl(vil)...gpj(vij)),
il,...,ij
being dv = > vy ... v and Eiy..i; the adequate generalization of €ij..

Then, the exact analogue of the proof of Lemma 5 shows that given
® =v;...vy € A*V and 3 € B,,

{®® B} O¢1,...,0p)) =
(_1)|,3\(p1+---+pj+\‘1>|) Z 6i1...ij 5(@3(7)1...171'1...f)ij...Uk)gol(Uil)(,OQ(Ui2)...(,0j(Uij)).

Again, {® ® S}, is defined as the j-th part of the image of [® ® /] through
the morphism:

A®B,/IZ~ AV ®B,) =+ AV&B,) &(VeB.)>

Thus, as in the proof of Theorem 2, we get the following which, in view
of Remark 7, describes j-order Whitehead products on 7, F(X,Y’; f)o and
T.F(X,Y; fo-

Theorem 12. Oy, ..., p;](v®B) = (=1)P1 T +Pi~1{d;(v®f); Opy, ..., Op;).
0

From this, we immediately deduce Theorem 3. For a given a space X,
recall that dl X (dl stands for differential length) is the least n, or infinite,
for which there is a non trivial whitehead product of order n on m(Xg). This
coincides with the least n for which d,, the n-th part of the differential of
the minimal model of X is non trivial. Another geometric description of this
invariant is given in [6] in terms of the Ganea spaces of X.

Proof of Theorem 3. Assume cat X = m. Then, by a deep result of Cornea
[3], X has a finite dimensional model B for which any product of length
greater than m of nonzero elements of B* vanishes. Hence, for 7 > m and for
allv® B, given ¢y, ... ,p; € Der (AV, By; 9), [p1,...,¢;](v®p) € B>™ = 0.
However, as dlY > m, in view of Theorem 12, this implies that Ej vanishes
for all j > 2. This means that the differential on the minimal model vanishes
and the theorem follows. 1.
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