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ABSTRACT. We determine the integral cohomology ring of the ho-
mogeneous space Eg /T -E; by the Borel presentation and a method
due to Toda. Then using the Gysin exact sequence associated with
the circle bundle S' — Eg/E; — Eg/T"-E7, we also determine the
integral cohomology ring of Eg/FEj;.

1. INTRODUCTION

Let G be a compact connected Lie group and H a centralizer of a
toral subgroup. Then the homogeneous space G/H is called a gener-
alized flag manifold and plays an important role in the modern math-
ematics such as algebraic topology, differential geometry and algebraic
geometry. In fact, G/H admits a complex structure, Kahler structure
and symplectic structure. In algebraic topology, it is a classical prob-
lem to determine the integral cohomology ring H*(G/H;Z) of G/H.
Since the Chow ring of G/H, A(G/H) is canonically isomorphic to
H*(G/H;Z) ([10]), the determination of H*(G/H;Z) is of fundamen-
tal importance.

There are two descriptions of the cohomology ring H*(G/H;Z); One
is the Borel presentation which uses the invariants of Weyl groups and
the spectral sequence technique ([2]). The other is the Schubert pre-
sentation which uses the so called Schubert calculus ([1]). Using the
Borel presentation of rational cohomology and the results on mod p
cohomology H*(G;Z/pZ) for all primes p, Toda initiated the research
for computing the integral cohomology ring of G/H in [17]. Along the
lines of his idea, the integral cohomology rings of various flag mani-
folds have been computed explicitly([18], [19], [12], [11], [15]). On the
other hand, recently H. Duan developed extensively a multiplicative
formula of Schubert classes which is a generalization of the Littlewood-
Richerdson rule of Grassmann manifold ([8]). Furthermore, H. Duan
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and X. Zhao also computed the integral cohomology rings of the above
flag manifolds independently of Toda’s method ([9]). Until recently
none of these two methods have been successful in computing the in-
tegral cohomology rings of homogeneous spaces of the exceptional Lie
group Eg. The exceptional Lie group Eg contains a closed connected
subgroup T E; whose local type is T' x E;, where T! is a certain
one dimensional torus (see [12], §2). It is obtained as a centralizer of a
certain one dimensional torus (see 2.1). Hence the homogeneous space
Eg/T'-E is a generalized flag manifold. In this paper, using the above
method due to Borel and Toda, we compute the integral cohomology
ring of Ey/T"- E; explicitly.

The motivation of the current work is to study the cohomology of
the irreducible symmetric space EIX = Eg/SF; (see [12], §1), as well
as the integral cohomology ring of the full flag manifold Eg/T, where
T is a maximal torus in Eg, and the Chow ring of the corresponding
complex algebraic group ([13], [14]). In fact, we will use Theorem
3.8 to compute H*(F3/T;7Z), which is the only remaining case among
G/T’s for G simple, in our forthcoming paper([16]). Moreover, the
homogeneous space Eg/T"'-E; is a generating variety of Eg in the sense
of Bott ([5]) and its integral cohomology ring is needed to compute the
Pontrjagin ring H,(QFg; Z), where QQFg denotes the based loop space
of Eg.

The paper is organized as follows: In §2, we compute the rings of
invariants of the Weyl groups of Eg and T'-E;. In §3, using these results
and the Borel presentation of rational cohomology ring, we compute
the rational cohomology ring of Eg/T"'-FE;. Then, by investigating the
integral cohomology ring of Eg/T in low degrees, we determine the
integral cohomology ring of Eg/T"'-E; explicitly. Furthermore, using
the Gysin exact sequence associated with the circle bundle S' —
Eg/E; — FEg/T'-FE;, we also determine the integral cohomology ring

of Eg/E7.
Throughout this paper, o;(z1,...,x,) denotes the i-th elementary
symmetric function in variables zq,..., x,.

The author is grateful to Professor M. Mimura for many useful dis-
cussions and advice during the preparation of the manuscript.

2. THE RATIONAL INVARIANT SUBALGEBRAS OF THE WEYL GROUPS

2.1. Notations. Let T" be a maximal torus of Fg. According to [7],

the Dynkin diagram of Fy is as follows:
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where «;’s are the simple roots. As usual we may regard each root as
an element of H'(T;Z) = H*(BT;Z).
Let Cg be the centralizer of a one dimensional torus determined by
=0 (i # 8). Then as shown in ([12], §2),

Cs=T"E; and T'NE;~7/2Z.
The Weyl groups W (-) of Eg, Cy are respectively given as follows:
W(Es) = (si (1 <i<8)), W(Cs)= (s (i #8)),
where s; denotes the simple reflection corresponding to the simple root
aZLet {wi}i<i<s be the fundamental weights corresponding to the sys-
tem of the simple roots {a;}1<i<s. We also regard each weight as an

elememt of H?(BT;Z) and then {w;}<;<g forms a basis of H*(BT;Z).
The action of s;’s on {w;}1<i<s is given as follows:

8
Z Aailes) e oy
si(wk) = Oé]|0é] ,

Next we define the elements

ls = ws,
tr = sg(ls) = wr — ws,
te = s7(t7) = we — wr,
ts = s¢(t6) = ws — ws,
ty = s5(t5) = wy — ws,
t3 = s4(ty) = wy + w3 — wy,
ty = s3(l3) = w1 + wy — ws,
t1 = s1(t2) = —wi + wo,
c; = 0i(t1, ..., tg),
T =wy = 101
3



Then ¢ and t;’s span H?(BT;Z), since each w; is an integral linear
combination of ¢t and ¢;’s and we have the following isomorphism:

H*(BT;Z) = Z[t1, . .. ts, 1]/ (c; — 3t).

Furthermore, the action of s;’s on {#; }1<;<s and ¢ is given by TABLE
1, where blanks indicate the trivial action.

S1 S9 53|54 |55 |S6|S7| S8
t | to t— 1ty — 13
to | 11 t—1t — 13 t3
t3 t—1t1 — ts to | Ty
14 3 | t5
ls Iy | ts
16 5 | t7
4 lg | s
ls 4
t 2t —t] —ty — 13
TABLE 1
Putting
u = tg,
3
T=1— -u,
2
1

we have

H*(BT;Q) = Qu,,7,...77|/(¢1 — 37)
for ¢, =7 + -+ 4+ 7. The action of s;’s on {7;}1<i<7 and 7 is given by
TABLE 2, where blanks also indicate the trivial action.

Since E; NT = T" is a maximal torus of F;, we have a commutative
diagram of natural maps:

~

E. )T —— Cs/T —— Eg/T

2 L s

BT —*— BT —— BT.
Since Eg is 2-connected, ¢} : H*(BT;Z) — H?(FEg/T;Z). Under this
isomorphism, we denote the (f-images of t; (1 <14 < 8), ¢ by the same

letters. Thus we have the generators ¢; (1 <1 < 8),t € H*(Eg/T;Z)
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S1 59 S3 | S4|S5|S6 | St
T1 | T2 T —T9 — T3
To | T1 T —T1 — T3 T3
73 T —T1 — T2 T2 | T4
T4 T3 | Ts
T5 Ty | Te
T6 T5 | T7
T7 T6
T —T + T4+ 75 + T + Ty
U

TABLE 2

with a relation ¢; = 3t. We donote the generators t; (1 < i < 7),z in
[19] by t: (1 <4 < 7), t. Then, by a similar arguments to that in ([19],
§1), we have

(2.2) g (t) =t (1<i<7), g°(ts) =0, ¢*(¢t) = 1.
2.2. Invariant subalgebra of W (Cs). We recall the rational invari-
ant forms for F7 given in [19]. We put
rp=2t—t (1<i<7), xzz=t.
Then the set
S'={% (zf+2}) (1 <i<j<8)} Cc H(BT;Q)

is invariant under the action of W (E;). Thus we have W (E7)-invariant
forms

(2.3) I,=Y y"e H™BI;Q" ")
yeSs'’

Then direct computation using the same method as in ([19], §2) yields
the following results:
(2.4)

I, =—2°-3(cy, — 4t"),

I5 =2%-3%ch” +8c5) mod (¢, a4,

I =212.5(2¢,% — 3chcs) mod (¢, ag),

Iy =22.32.5.7(ck% — 4cydh) mod (', a,,"),

I, =29.32.5(=54¢,% 4 18¢ic, — chcydh) mod (¥, a.,'),

I, =21.3.7.11-29(2c) + 2¢4¢,cs — chekes)  mod (¢ a,,"),

Iy, =2%1-5-1229(—126¢kckc, — beycychey) mod (¢, as'),
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where ¢, = o;(t],...,t;) and a;' denotes the ideal of H*(BT"; Q) gener-
ated by I} for j < i with j € {2,6,8,10,12,14,18}. We also recall the
following result:

Proposition 2.1 ([19], Lemma 2.1). The rational invariant subalgebra
of the Weyl group W (E~) is given as follows:

H*(BTI; Q)W(E7) - Q[[éajf,ia Iilia IiOa 1127 [{47 [{8]

TABLE 2 shows that the action of W(Cs) on 7,7, . .., 77 is the same
as that of W(E7) on ¢, ¢, ..., t;. Therefore we have

Lemma 2.2. If we represent
I =, (¢, ... t) € H*"(BT'; Q)W(Eﬂ,

the rational invariant subalgebra of the Weyl group W (Cy) is given as
follows:

H*(BT; Q") = Qlu, Jy, Js, Js, Jr0, J12, J14, Jis),

where
Jp = T/Jn(T, Ty - ,77) c H2”(BT;Q)W(08)‘

2.3. Invariant subalgebra of W (Eg). We put
2 2
L=2t— —t(1<i<8), )
13 3 (1<i<8), & 3
Then we see from TABLE 1 that the set

S={x(E-&) 1<i<j<9), £(G+&§+8&) 1<i<j<k<9)}

is invariant under the action of W (FEjg). In fact, S is an orbit of 2wg
under the action of W(Ejg). Thus we have W (Eg)-invariant forms

L= y" € H™(BT; Q"™

yeSs

Let us compute I,,’s in the following way; We put

Sn:§1n+"'—|—§9n, dn:O'n(gl,...,gg).

Then s,’s and d,,’s are related to each other by the Newton formula:
n—1

(25)  sp=> (-1 'sy_idi + (=1)"'nd, (d, =0 for n>9).
i=1

Note that
s0=9, si=di =&+ - +&=0.
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Then

Zn' Db 1Y ettt N7 bt N e Et

1<J 1<j i<j<k i<j<k

(24) () e me)

) () ) ()]

1
6 :
Sy, —1)"s,, 1 3"s, —1)"3"s,,
= (Z—!> (Z( . >—9+§<Z m *Z%>

n n

(%) (57 (5

Therefore we have

n

n n—i n—
In - Z <Z>(_1) Sisn—i+2'3 1Sn

(2.6) ’° e
Z( )2" USiSn_i + ZZ( >< . >3z‘5j5nij
t=0 7=0
. 2 .
for n even. On the other hand, since & = 2t; — gt (1 <i<8)and
& = _§t’ we have



and therefore

2.7)  d,= ET; { (i i i) - (n f;i 1) } <_§t> T 2c;

for 1 < n < 9. Using (2.6), (2.5) and (2.7), we can compute I,,’s
explicitly and obtain the following results:

Lemma 2.3.
(i) I, =—2°-3-5(cy—4t%),
(i) Is  =2"-3-5{—18cs — 3c3c5 + 23 + t(12¢7 — 3czcy)
+12(—6c6 + 3¢2) + 12t3¢c5 + 2ty — 12t°¢c3 + 14t%}  mod ag,

) 5) 1 1
(iii) [, =21¥.3%.7 <c§ — 500 + 4 C3CaCs — 60306 + — 5153 >

mod (ta Cs, alz)a

1 I
—c3C4C7 + 66465

1
(iv) I, =2%°-32.5%2.7-11 <c§ — 535G + 3

mod (¢, cs, 0.,),

29
(v) ;s = -2%.32.5.7-13 <c§ — Tchce + 50%0405 + 182c3cscr

476 -
+75¢3¢3 — 5 C3C4C5C6 — 24csc607 mod (¢, cg, 0s3),

. 1 1
(vi) Ip =227-3%-5%-11-17-41 <144 1—8030307 54030405
1 .
27030407 +1803c506 mod (¢, cg, 0,0),
31
(vii) [y =2%2-3%-5%-7-11-19-199 <864OC3C4C5 + 480030507
BT L, T N NEI
—C;qC C CqCrC C CrCgC C3C:C
25920 32 4320 3 10T T 940 3TN T 4 BT
22 1 3
—ﬁ03040§07 — mc4c§> mod (t, cg, d,),
99 A7
iii) I3 =2%8.34.5°.7.11-13:61 [ ——¢3 ol
(viii) 50 51480 34560 3
L1519 6293, 32537, o 189919 ,
55920 30T T 7990 BAUGET T 9290050 T 66560 34
L2012 o, 16693, 223 Ry
1215 FAGET T 55990 BT T G480 1P T 1728

mod (¢, cs, 0,0),
8



where ¢; = 0;(ty,...,ts) and a; denotes the ideal of H*(BT;Q) gener-
ated by I; for j < i with j € {2,8,12,14, 18,20, 24, 30}.

Next consider the following elements of H*(BT;Q):
2.8
(fgo) = 9u?® 4 45uMv + 120w + 60ubv? + 30utvw + 10u?v? + 3w?,
Ly = 11u?* + 60u'By + 21uw + 105u'20? + 60usvw + 60usv3 + Jutw?
+30u?v?w + 50,
fgo = —9u3 — 2402y — 120w + 36uMvw — 40u'?v? — 12u0w? + 120ubv?w
—140ubv* + 24utvw? — 40uv3w — 16v° — Sw?,
where
u =tg,
1 273

(2.9) Y T 160807% T 640
1 55 , 666919

= 54328307 ~ 22% Y~ Gan1a0"

Remark 2.4. We have chosen the elements u, v, w so that they become
the generators of the integral cohomology ring of Eg/T'-E; (see 3.3).

u’,

In order to find the relations among .J,’s, I,,’s and I~20,I~24,I~30, we
consider the ring of invariants:

A= H*(BT’ Q)(SI,S?, ..... 57).

Then A is a subalgebra of H*(BT;Q) containing H*(BT;Q)" ().
More explicitly, we have

(2.10) A=Qlu,c1, ¢ ..., 07l
In fact, we can show (2.10) as follows; Putting

@' = Ui(tla e ,t7),

we have
Cpn = Cp + UCy_1 (1 STLSS),
since
8 8 7 7

=0 +t)=0+u) J[Ja+t)=0+u)) én

n=0 =1 =1 n=0
Conversely, one can express

Cn = Cp —UCy 1 + U g — -+ (=1)"u" (1<n<T).

In particular, the following relation holds:

(2.11) cs = ucy — u’ce + udes — uley + ules — uley +u'ep — ub.

9



Therefore, by TABLE 1, we have
A= H*(BT’ Q)(51,53 ..... s7)

= Q[t1,to, ..., 17, u]<81,53,,,,,57>
= Qu, é1,E, . .., ]
=Qlu, c1, 0, 5]/ (es — uer +uce — - +u’)
= Qu, 1,62, ..., ¢,

which has shown (2.10).
Denote by

a; C A (resp. b; ¢ H*(BT; Q)" (@),

the ideal of A (resp. of H*(BT;Q)"(“®)) generated by I;’s for j < i
where j € {2,8,12,14,18,20,24,30}.
The remainder of this section is devoted to proving the next lemma:

Lemma 2.5. In H*(BT;Q)W(Cg) = Q[Ua J27J67J87J107J127J147J18]7

we have
(i) I, = 5J5 + 120u°, Iy = 2% - 3Jg + (decomp.),
, 2%.3.5
Ly = =2° - 7J15 + (decomp.), I, = 59 Ji4 + (decomp.),
24.3.52.7.13
Lig = — 1999 Jig + (decomp.),

where (decomp.) means decomposable elements.
(i) Ino = 2%7 - 32 - 5% - 1117 - 4115y mod by,
I, =2%2.3%.5.7-11-19-1991,4 mod b,,,
I3p=2%-3-5°.7-11-13- 6113 mod b,,.
Suppose Lemma 2.5 for the moment. Then we have the following:

Lemma 2.6. The rational invariant subalgebra of the Weyl group W (Eg)
15 given as follows:

H*(BT;Q)"%) = Q[I,, Is, L2, Iia, Lis, Iz0, Ioa, Io).

Proof. By Lemma 2.5, I; is not a polynomial of I;’s for j < i where
1 =2,8,12,14,18, 20, 24, 30. Since

H*(BT;Q)W(ES) = H*(BESQ Q) = Q[?M,y16,y24,y28,y36,y40ay48ay60]

with deg(y;) = i, we have the required result. O
10



1 3
Proof of Lemma 2.5 (i). Since 7; = t; — U 1<i<T7)and7T=1t— U
we have

=t (1<i<7), 7=t mod (u).

Therefore, putting

we obtain
=0, (1<n<T7),cs=0 mod (u).
Then, in view of (2.4) and Lemma 2.2, we have

(2.12)
J2 = —25 - 3(62 — 4T2)

= —2°-3c, mod (t,u),
Jo =2%-3%(c2 +8c) mod (7,ds)
= 2%.32(c2 4+ 8cg) mod (¢, u,ag),
Jg =2'2.5(2¢% — 3c3¢5) mod (7, dg)
= 2'2.5(2¢2 — 3c3c5) mod (t,u, ag),
Jio =2'%2-3%-5-7(¢2 — 463¢;) mod (7, 8,0)
=212.32.5.7(c2 — 4dezer) mod (t,u, a,),
Jip =2'%-3%.5(=54¢2 + 1865¢7 — 364,¢5) mod (7, 8,,)
= 215.32. 5(—54c% + 18cscr — c3cucs) mod (¢, u, ay,),
Ju =2'.3-7-11-29(2¢ + 26364C7 — €36566) mod (7, 0y,)
=210.3.7-11-29(2¢% + 2c3¢c4¢7 — c3c5¢6)  mod (¢, u, ),
Jig = 2%.5.1229(—126¢5¢6¢7 — 5e3c4C5Cs) mod (7, 6sg)
= 221.5-1229(—126¢5c607 — Hegeacscs) mod (¢ u, G.g),

where @; denotes the ideal of H*(BT;Q)"(“) generated by J;’s for
j <iwith j € {2,6,8,10,12, 14, 18}.

Now we prove the last formula of (i): For degree reasons, in H*(BT; Q)" (¢s)
= Q[U, JQ, J(j, Jg, J10, J12, J14, Jlg], we can put

(2.13) Lig = aygJ15 + (decomp.)
11



for some a3 € Q. On the other hand, by using (2.10) and (2.12), we
have
A/(ta u, El18) = A/(ta u, J27 J67 J87 JlOa J127 J14)

- Q[ua C1, C2, C3, C4, C5, Cp, 07]

3
2 2 2
t, u, c2, 5+ 8cq,cy — 50305, c; — 4dese,
, 1 1 , 1
Cg — 5C5C7 + —c3CqC5, Cy + C3C4C7 — 5030506

3 54

= Q[03,04;C5706,C7]

3
2 2 2
/ c3 + 8¢, ¢ — 5 C3Cs G5 — 4eser,

1
2 2
Cg — 50507 + 5—4030405, c7 + C3c4C7 — 5030506

We consider (2.13) in the ring A/(t, u, a,3). Then, by Lemma 2.3 (v)
and (2.12), we have

Iig = —2%°.3.5%.7-13(—126¢5¢6¢7 — Heacacscs),
Jig = 2% - 5 1229(—126¢5c6¢7 — Hescacscs).

24.3.5%.7-13
Therefore cjg = — 1229 . Similar tedious computation gives
the other formulas. O

Before proceeding the proof of Lemma 2.5 (ii), we need the following
lemma:

Lemma 2.7. Ezplicit forms of W (Cs)-invariants Jg, Jip are given as
follows:
Jo = 2° - 3{24¢6 + 3¢5 — 46284 — 205 + (—1285 — 6C9¢3)T + (3185 + 16¢4)7°

+ 12¢57% — 1366,7* 4 1887°%},

Jio = 2'% - 3{105¢% — 420¢3¢; + 906263¢5 — 606,85 + 3006566 + 15¢5¢5
— 2065¢4 — 265 + (—30¢5¢3 — 330C5¢s + 480627 + 90626384 — 2106485) T
+ (2706564 — 2106265 — 1506365 — 22206586 + 75¢, + 345¢3)7°
+ (48063%¢3 — 570¢3¢4 + 2070285 — 660¢;)7°
+ (1050658, + 408085 — 9508 + 705¢3)7* + (—22506,¢3 — 342085)7°
+ (1580, + 5165¢3)7° + 2820377 — 12360¢,7° + 108687},

where ¢; = o;(T1,...,T7).
12



Proof. Since J,, has the same expression as I, replacing t', ¢, with 7, ¢
(Lemma 2.2), we have to compute the W (E?7)-invariant forms I, I],
explicitly. But this can be done from the data in ([19], §2). O

We can rewrite Jg, Jio in terms of t,u,¢; (2 < i < 7); Since u = tg

1
and Ti:ti—§u (1 <i<7), we have

<1+%u>§;@f:<1+%u>riu+wﬂ::< )fi(l——u+t>

_II<1——u+t>::§;< )81q

and hence

n

1 8 —i """ .
Cn + §uén_1 = Z <n B 2) <—§> cu™ (1<n<7).

1=0

From this, we obtain
(2.14)
¢, = 3t — §U,

37
Gy = c9 — 12tu + Zuz,

) %_87t 93 .
C = C3 — —CoUu —u——u
3 39 4 8
11 163
€y = 4_303U+302U —24tu + — 16 4
) 5 L 21 34_297t L 219 5
C = Cs — —CqU C’LL——C’LL — iU — —U
> g 3 42 16 32
Ce = Co — 2csu + —cyqu? — 130u +57cu4—ﬁu5+gu6
6 = > 4t 4 16 ° 4 64
) +_7 15 +_31 63 4_381t . 255 .
C = C7 — —CglU —CU——CU —CU——CU U ——u .
7 TR Ty g 16° 32 ° 64 128

On the other hand, by Lemma 2.3 (ii) and (2.11), we have

Iy = 2" 3-5(2¢2 — 3c3c5) mod (¢, cs, ag),
cs = ucy — ucg + ules — utey + utes — ubey + u'ep — ud

= ucy — u’cg + utcs — utcy + utes —u® mod (¢, ag),
13



and hence

cscs mod (t,cg,a4,),

c; — ulcg +udcs — utcy +ulcs mod (t,cg, ag).

Therefore, by (2.9) and Lemma 2.7, we obtain

(2.15)
S
T 46080°° 640
2 1 1 1 1
= =G + 2—ch — 505U + §c4u2 — 503u3 mod (, ag),
1 55 666919
w = 4 10

= 52828307 ~ 22"V~ 625120

Lo 1o (1 1 L 1 ;
——C: — —C3C —C3Cq — —C4C U — —C3CzU —C —C3C Uu
125 337 236 645 635 7 334

1 1
—§c§u4 + §c4u6 + 5 Cst

" mod (t,cs, a,,).

Under these preparations, we will prove Lemma 2.5 (ii).

Proof of Lemma 2.5 (ii). First note that

H*(BT, Q)W(CS) = Q[ua J27 Jﬁ; J87 J107 J127 J147 JIS]
= Q[ua-[277)7[87w7[127-[147[18]

by (i). Since Iy € H*(BT; Q)" (") ¢ H*(BT;Q)"(%), we can put

(%) Ioo= 227.3%.52. 1117 - 41(\u®® + Mu'v + Asubv? + \u?o®
+ Asu'®w 4+ Agutvw + Ayw?)  mod b,
for some \; € Q.

In order to determine the coefficients \;, we need the following lemma,
which is directly verified by making use of (2.10) and Lemma 2.3.

Lemma 2.8.

A/(ta Cg, azo) — A/(ta -[27087[87[127[147-[18)

= Q[ua C3, C4, Cs, Cp, C?]/']a
14



where J is the ideal generated by

ucr — ulcg + udes — utey + udcs — ub,

0421 - 20305,

5 O 5) 1 1
Ce — 50507 + a03c4c5 60306 + — 24
5 1 1 I

7 — 5030506 + §c3c407 + 60405’

29 476
— 7c§06 + 3030405 + 182c2cscr + THescd — 703040506 — 24cxscq07.

In particular, A/(t,cs,a,0) has a basis {uichchickele? (0 <i<7,0<
7<5 0<I,0<k,mmn<1)} as a Q-vector space.

Now we consider the relation (x) in the ring A/(¢, cs, a,,). By Lemma
2.3 (vi), we have

1 1 1 1 1
Iy = 2%27-3%.5%.11-17-41 (144 4 Ecgcgw 54030405 27030407 + 18030506> .

On the other hand, using (2.15) and Lemma 2.8, we can rewrite each
monomial in the right hand side of (). For example, we have

U 1 9 1 2, 1 1
W* = ——Cx — —C3C5C ey cesce ceqe
1225 T 1RO T 55 BUG T ghtts T oy h
—iu70307+ u703c5+ u60305+1u 030506—§u Cc3C4C7
12 12 24 3 9
4.,

Then using the second half of Lemma 2.8, the coefficients in (x) are
obtained as follows:

10
)\1:3, )\2:15, )\3:20, )\423, )\5:4, )\6:10; )\7:1

Thus we have obtained
10
I =2%"-3%.52.11-17- 41 <3u20 + 15uMv + 20uv? + §u2v3 + 4u'w

+ 10utvw + w? )
=227.32. 57 .11 - 17 - 41(9u® + 45u*v + 60uv? + 10u® + 12u'w
+ 30utvw + 3w?)

=2%7.32.52.11-17- 411y mod b,,.
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Putting
(%) Iy =2%-3.5%-7-11-19- 199 (pu®* + pou'v + pzu'?v® + pau’e?
+ psvt 4 peutw + pruPow + pguvio 4 poutw?) mod b,,

for some p; € Q, we will proceed quite similarly. By Lemma 2.3 (vii),
we have

31 1 337
Ty =2%2.3%.52.7-11-19-199 3
2 5640 345 T 7gpaoaC + geoanCacs
71 L 31 NEI 922 ) 1,
CCCC CCCC C3CCqg — ——C3C4C=C7 — ———CyC .
T 4320 3TAPTO T 9y BTRTETT T g ATETe T g5 AT T 190 4TS
On the other hand, in A/(t, cs, a,,), we have, for example,
4= 3105cc—|—104cc+337c33 7ICCCC+3CCCC
= 8640 34 T 40P T 25920 T 4320 BADD T 9y 3BT
31, 922 ) 1 4+11 - :
CaCrC CaCyC=C CyC UCC—UCCC
T g0 G0 T 135 BB T 1t T gl GG 37576
11 9 619
— 1—8u703c4c§+ 160u60§c6 480u60304c5+---

Then using the second half of Lemma 2.8, the coefficients in (%) are
obtained as follows:

11 21
M1 = 57M2 12, p3 =21, py =12, ps =1, Hﬁzg; pr =12,
9
ps = 6, Ho =7

Thus we have obtained

11
I, =2%.3%.52.7.11-19-199 (Eu“ + 1200 + 21u20% + 12u50°

21
+ot 4 gul‘lw + 1208w + 6uv?w + §u4w2>
=2%.3%.5.7-11-19 - 199(11u** + 60u'®v + 105u"%v? + 60u’e?
+ 5v* + 21uMw + 60ubvw + 30u*v?w + Jutw?)
=2%.3%.5.7-11-19-199L,; mod b,,.
Finally, we can also put

(k% %) I3p=2%.3".5°.7-11-13 . 61(,u*® + vpu*v + v3u'®® + vu'?e®

+ 1/5u61;4 + 1/61)5 + V7u20w + vgu Yow + l/gusv w + V10u2v3w

+ v ut®w? + vputtow? + visw®)  mod by,
16



for some v; € Q. Then, by Lemma 2.3 (viii), we have

599 47 1519

Iop0=2%-3*.5".7-11-13-61 | ———— — R ——
30 51840 345 T 312500 T 55990 805060
6203 5 o 32537, 189919 , ., 2012 16693
C C C3C4C:C CaC:C
7200 34T T 55920 3 466560345 1215 AT T 55990 BB
223 4 1 s
T 6480156 T 1728
On the other hand, in A/(t, cg, a,,), we have, for example,
v‘r’:&c‘r’ccc 47 +lc4ccc—|—199333c 9lcccc
11520 37T T 6912035 640 39T T B0 B Bh T 360 BB

1279 , , 49 7 299
11520 135 1440 1920
.1 5 365 5 5 1043 5 10792 A

0304050607 + 040506 + 030507 + -

= g3 C3CC5Cs — 8103C5CGC7+ 61835 ~ 5916 C3CaCier — 5839 3¢5
226 N 1 TR

- C3C4CECEC C4C5C C3C5C s+
943 BT T gy UG T 159 BT T 1759

Then using the second half of Lemma 2.8, the coefficients in (x  x) are
obtained as follows:

9
=-3, 1/2:_37 1/3:07 V4:_57 Vg = —

it - _9 __°
] 27”6 y V7 9

Vs =50 Vo= 15, vip = =95, vi1 = 5 V2= 3, i3 = —1.

Thus we have obtained

9 35
Ip=2%.3".5%.7.11-13-61 <—§u30 — 3u*v — 5u'?yd — ?UGULL —0°

3 9 3

—§u20w + §u14vw + 15ubv*w — 5uv*w — §u10w2 + 3utvw?® — w3>
=2%.3".52.7.11-13-61(—9u*® — 24u*'v — 40u"*v® — 140u’v" — 160°
— 120w + 36uMvw + 120uv?w — 40u*v3w — 12u'w? + 24utvw? — Sw?)
=2%.3".57.7.11-13- 6113 mod b,,.

Consequently, we have established Lemma 2.5. 0

3. COHOMOLOGY OF Fg/T'-E;,

3.1. Rational cohomology ring of Es/T'-FE;. With the above re-
sults, we will compute the rational cohomology ring of Eg/Cs. First of

all we review the classical results of Borel ([2]); Let G be a compact
17



connected Lie group, H a closed connected subgroup of GG of maximal
rank and 7" a commnon maximal torus. Consider the fibration

G/H - BH - BG.

Since H*(BG; Q) is a polynomial ring generated by elements of even
degrees and H*(G/H;Q) has vanishing odd dimensional part (Hirsch
formula [2]), the rational cohomology spectral sequence for this fibra-
tion collapses. In particular, we have the following description of the
rational cohomology ring of G/H:

¥

H*(G/H;Q) «+— H*(BH;Q)/(p"H*(BG;Q))
= H(BT;Q"™ /(Y (BT; Q" @),

where HT = @;-oH" and ( ) means the ideal generated by the ele-
ments in parenthesis.
We apply this result to the fibration:

E3/Cs — BCs -2+ BE;.
Then using Lemmas 2.2, 2.6, 2.5 and (2.9), we have
H*(Es/Cs;Q) = H*(BT; Q)" /(H* (BT; Q)" ™))

= Q[U, J27 J67 JS; J107 J127 J147 JIB]/([27 [87 [127 [147 1—187 1—207 [247 I30)
= Q[ua[27'U7[87w7[127[147[18]/([27[871127[147[187[2071247[30)

= Q[U,an]/(fzojmj?,o)-
Thus we have obtained

Lemma 3.1. The rational cohomology ring of Eg/T"'-E; is given as
follows:

H*(Es/T" E7; Q) = Qu, v, w]/ (I, Ioa, Io),
where degu = 2, degv = 12, degw = 20 and 1:20, 1:24 and fg,g are given
by (2.8).

3.2. Integral cohomology ring of Eg3/T in low degrees. Consider
the fibration

E./T' = Cy/T -5 EgJT - Eg/Cs.

Since H*(F3/Cs;Z) and H*(E7/T';7Z) have no torsion and vanishing
odd dimensional part by Bott [4], the Serre spectral sequence for the
above fibration collapses and the following sequence

7 — H*(Bs/Cs; 7) 2 H*(Bs/T;Z) - H*(Cs/T;Z) = H*(E;/T;Z) — 7.

18



is co-exact; that is,

p* is injective, ¢* is surjective and
Keri* = (p*H ™" (Es/Cs;Z)), the ideal generated by p*H ' (FEg/Cs; Z).
Therefore we will obtain some information about the generators of
H*(Es/Cs;Z) by considering Keri*. In order to investigate Keri*, we

will determine H*(Eg/T; Z) up to degrees < 36. First we need a simple
lemma.

Lemma 3.2. For the elements t and ¢; = o;(ty,...,ts) € H*(BT;Z),
we have
(i) S¢*(c2) = c3 + tea,
Sq*(c3) = c5 + teg + cacs,
Sq®(cs + tey) = teg + cacr + c3c6 + cucs + tef + tier + tPce + teycs
+ t2c3c4,
Sq*(cg + 2 + t2cs + they +1°) = (cg + tPce + tey + %) (cr +teg) mod 2.
(i) P'ecy — 1) = ey + 2 + 14,
P3(cq — t*) = & + 2c4c6 + 2e307 + 20908 + 54 + CoCh + Cocs + 209305
+ 2t mod 3.
(iii)  P(cy +1%) = cg + 2¢5 + degey + 265 + 2tes + teges + dtPey + A7 ch
+3t%cs + ttes + 2t° mod 5.

Proof. (i) follows immediately from the Wu formula: Sq¢? 2(¢;) =
i1

ZCZi—I—jCj and C1 = 3t =t mod 2.

7=0
(ii) Put

pi=t, 4+ +tt (power sum).
Then p;’s and ¢;’s are related to each other by the Newton formula:

n—1

P = Z(—l)i’lpn,ici + (—1)”’1ncn.

i=1
In particular, considering with mod 3 coefficients, we have
pr=c =0,

P2 = C2,
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Py = 2¢4 + 203,
Do = 2c§ + c4c6 + c3C¢7 + Ccocg + 20%04 + 20202 + 20306 + 0304 + coc3cs
+c5.
On the other hand, we have

P'(p2) =P (Z tf) =3Pt =D 2P () =D 2 1]
= Z 2t} = 2py,

P(ps) = P* (Z t?) =D PUH) = ) _@PUEE + 2P () PH(H)
= @t -2) =) = pu.

Using these facts, we have easily the required results.
(iii) Similar computation yields the required results. O

Lemma 3.3. The integral cohomology ring of Eg/T for degrees < 36
15 given as follows:

H*(ES/T7 Z) = Z[tla s 7t87t7 Y35 V45 V55 V65 V95 V105 715]
/(ph P2, P35 P4y Pss P65 P85 P95 P105 P125 P14, P15, p18)7

where t1,...,ts,t € H? are as in §2, v; € H* (i = 3,4,5,6,9,10,15)
and

pP1r = C — 3t,
P2 = C2 — 4t27
p3s = €3 — 273,

ps = c4 + 261 — 3y,

ps = c5 — 3tyy + 2673 — 25,

ps = g — 273° — tys + t2y4 — 2t° — 5,

ps = —3cs + 374 — 27375 + t(2¢7 — 67374) + 2(273° — 576) + 3775
+ dttyy — 67y + 8,

P9 = 2¢g7Y3 + teg + t2c; — 3t3cg — 29,

P10 = ’Y52 — 2¢77y3 — t2cs + 3t3c; — 3710,
20



P12

P14

P15
P18

= 159" + 27937475 — 2¢775 + 275" + 1075°v6 — 3csva — 274

+t(csys — 27375 + derya + 67374°) + 12 (3710 — 257476 — 75 — 1675774)
+13(257376 — 31475 + 1075°) 4 £*(3¢s + 37375 + 574%) + £°(—3cr — Bysa)

+ 4756732 — 775874 + 475973,

= ¢ — 3csYe + 674710 — 4csys” + 6cry3va — 6737747 — 1294776 — 2737576

+ (24737476 — 8¢773” — 8crve + 4cs¥s — 673710 + 1273%74)

+ 12 (=237a75 + 674 + 295°76 + 2076” — 495" — 1)

+ 13 (127374 + 8csys — Berva + 3757%6) + 1 (3v10 — 267476 + 6773 — 4737 74)
+ 1%(247y376 + 37aYs + 1273%) + t%(—=6cg + 274%) — 4t cr + 3(675 — 63%)

— 610y, + 12t yy — 2t

= (g — t2cg 4+ 2635 + 3t yy — %) (cr — 3tes) — 2(75° + ¢6) (0 — c673) — 2715,
= —75 — 2Tcsvi0 — 1873710 + 47370 + 10737670 + 67375710 — 673747576

— 18077372 + 9cgv4v6 + 30873?74 + 187%72 + 367276 + 60?74 + 6077??75

— 6737475 + 6cry57s — 495 — 3078 — 267576 — 55737 — 27¢rCs s

+ (2737570 — T2c77a7%6 + 24cs1ays + 1267757 + 12¢7710 + cs79 + 66373

— 8cs7376 + 367374710 — 108757776 — 4737576 — 5esy3 + 27375 — 547374)

+ t2(88y3v4 — Tc2 4 cry9 — 457210 — 273V4Ye — 10¢sY3Ys + 28¢7Y3%6 — 9crYaYs
+ 2257475 — 187) — 27ce; + 28375 74% — 3976710 + 12757575 — 19¢773)

+ t*(=97v5710 — 1507375 — 1657576 — 67379 — 10c77375 + 63775 + 43crcs

+ 97757 — 13745 + 54737 — 157670 + 4657374 — 4273)

+ #4(=9cs 76 + 674710 — 1665 — 1037575 — 37579 + 36737576 — 1357576

— 119¢77v374 + 97575 — 19¢873)

+ t°(39¢r7s — 187275 4 117cry2 + 195737476 — 12¢87Y5 + 37470 + 367310 + 87Y574)

+1°(3375 + 4370 + 18¢775 + 3Y3747%5 — 3295 — 629376)
+ t7(—8Tv375 — 167375 — 6crya — 457576 + 4cgys)

+ t*(=397y10 + 1157574 — TTcrys + 8174%6)

+ t7(=679 + 1874775 — 3073 — 577376)

+¢'%(=9¢s — 2775 + 97375)
+ (337374 + 48¢7)
— 3422 — 1813y + 9ty + 121105 — 6115,
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Proof. According to Toda ([17], Proposition 3.2), one can give the gen-
eral description of H*(Es/T;Z) as follows:

H*(Eg/T;Z) = Lty . . ., ts, t, 73, V4, V55 Y65 Y95 V105 V15]
/(1 P25 P35 Pas P55 P65 P35 P95 P105 P125 P14, P15, P18, P205 P24 £30)
where t,,...,ts,t € H? as above and
p1 = ¢ — 3t,
pi =0 — 2 (i = 3,5,9,15),
pi = 0; — 37 (i = 4,10),
Pe = 06 — 5V6-
Here §; (i = 3,4,5,6,9,10,15) is an arbitrary element satisfying
63 = Sq*(p2), 05 = Sq*(03), 09 = S¢®(05), 015 = Sq**(ps) mod 2,
6, = P (p2), 610 = P*(6,) mod 3,
66 = P'(pz) mod 5.

Other relation p; (j = 2,8,12,14, 18,20, 24, 30) is determined by the
maximality of the integer n; in

(3.1) nj - pj = 1g(L;) mod (pi;i < j).

Now let us determine the generators and the relations explicitly;
(1) In view of Lemma 2.3 (i) and (3.1), we can take

P2 = Cy — 4¢2.
(2) By Lemma 3.2 (i), we have
65 = Sq*(p2) = Sq*(cz) = c3 +tey =5 mod (2, py1, p2)
and we can take d3 = ¢3 so that
p3 = €3 — 273.
(3) By Lemma 3.2 (ii), we have
51 =P'(pa) =P ca—4t) =cu+ 3+t =cy +2t1 mod (3, p1, pa)
and we can take &, = ¢4 + 2t* so that
py = cq + 2t* — 3.
(4) By Lemma 3.2 (i), we have
65 = Sq*(03) = Sq*(c3) = c5 + teg + cocs = 5 +tey,  mod (2, pr, p2, 3, pa)
= c5 — 3tyy + 2t>y3  mod (2, p1, pa, p3, Pa)
and we can take 05 = c5 — 3ty, + 2t2v3 so that

ps = €5 — 3tya + 2673 — 27s.
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(5) By Lemma 3.2 (iii), we have
86 = P (p2) = Pl(co — 4t%) = ¢ + 2¢5 + degey + 265 + 2tes + tepces
+ dtPey + 423 + 3t3ey +ttey +2t° mod (5, p1)
= cg + 375 + dtys + t2y, + 3t°  mod (5, p1, p2, P3, pas P5)
=5 — 275 — tys + 2y — 2t° mod (5, p1, p2, p3, 1, P5)
and we can take dg = cg — 275 — ty5 + 24 — 2t° so that
pe = Cg — 273 — tys + 274 — 21° — 5.
(6) By Lemma 2.3 (ii), we have
Iy = 2" -3 5{—18¢g — 3czcs + 2¢5 + t(12¢7 — 3csey) + t2(—6c6 + 3c3)
+1283¢5 + 2t*cy — 12t°c5 + 1418} mod (1)
=232 5{=3cs + 37§ — 27375 + £(2c7 — 6737a) + 17(295 — 57)
+ 3%y 4+ 4ttyy — 6% + 1} mod (p;;i < 8).
Hence, by (3.1), we have
215.32.5pg = 15(Is) mod (pi;i < 8)

and it follows the form of pg.
(7) By Lemma 3.2 (i) , we have

So = S¢%(05) = Sq®(cs5 + tey) = teg + cacr + c3c6 + cycs + teh + ey
+ 3¢ + t2cocs + tPesey, mod (2, py)
= teg + t2c; +tPcg mod (2, pii < 9)
= tcg + tcy — 3t%c + 2c6ys mod (2, pisi < 9)
and we can take Jy = tcg + t2c7 — 3t3¢g + 2¢673 so that
P9 = tcg + t2c; — 3t3cq + 2c673 — 279.
(8) By Lemma 3.2 (ii), we have
610 = P3(64) = P (cy + 2t*) = 2 + 2c4c6 + 2c307 + 26508 + Cacy
+ ot + c3ce + 2coc3cs + 2670 mod (3, py)
=2+ cry3 + 2t%cs mod (3, p;;i < 10)
= v52 — 2¢773 + 3tPc; — tPcg mod (3, p;;i < 10)
and we can take d;9 = 72 — 2¢77y3 + 3t3¢c; — t?cg so that

P10 = 752 — 2c77v3 + 3t307 — tQCg.
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(9) By (2.6), (2.5) and (2.7), we obtain

3 1 1 1
I,=2%.3".5.7 {5662 — 507 — C4Cs + §C8C4Cs — ﬁci — 1—00ch + 4—Oc§
ot (Legog+ L ; L 205 + Loy
—C3C, —CyC7 — —Cx5Cq — —CqC —C
50308 T 5CaCT = £C5C6 — £C3C5 T+ £C3C)
2 5 2 1
+ ¢ <gc§ — 50307 — 50406 — 60304)
, (19 2 1\ (1, 19 S(14 1
+ 1 1_()0306 — 50405 — 503 + 1 —§C4 + %0305 + 1 307 + 50304
56 23 2 5 22 154
o —= =) — ey — =ty — =7 12 d (I
* < ;5T 30(;3> A A TR RN T mod (I,)

= 21834 5. 7{157% + 2937475 — 2¢775 + 273" + 1073276 — 3ess — 274
+t(csys — 275795 + derya + 67374%) + 12 (3710 — 257476 — crys — 1675°74)
+ 13 (257376 — 37475 + 1075”) + ¢4 (3cs + 37375 + 574°) + 17 (—3cr — 5y374)
+ 41832 — T3y, + 4793} mod (ps;i < 12).
Hence, by (3.1), we have
21834 5.7 piy = 15(112) mod (ps;i < 12)

and it follows the form of p;,. Quite similarly, we have

220.3%2.52. 711 pyy = 15(I4) mod (p;;i < 14),

2%6.3%.5%. 713 p1g = 1§(11s) mod (p;;i < 18)

and it follows the forms of py4 and pig.
(10) Finally, we will determine the relation p;5. Since

ps = —3cs + 374" — 29375 + 1(2¢7 — 6y374) + 17(275° — 5y6) + 3t°7s

+ 4ttyy — 617y + t°
=g+t + ey + 18 mod (2, py, P2, 3, Pa, P35 P6)s

we have, by Lemma 3.2 (i),

015 = Sq14(p8)
= Sq'"(cs + cf + 2o +thes +1°)

(cg +t%ce +t'cy +1%)(cr +tcg) mod (2, py)

(cs — t2ce + 2t7y5 + 3ty — %) (cr — teg) — 2(co +73) (Y0 — C673)

mod (2, p;;i < 15)
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and we can take

615 = (cg — t2ce + 235 + 3ty — %) (cr — teg) — 2(c6 + 73) (Y0 — c673)
so that

pis = (cs—t2co+2t 5+t yu —t%) (7 —tcs) —2(co+93) (Y0 — 673) — 2715

Consequently, we have established the lemma. 0

In order to determine Keri*, we need the result on H*(E7;/T";Z) in
([15], Theorem 5.9), which can be restated as follows:

Theorem 3.4. The integral cohomology ring of E;/T' is given as
follows:

H*(E7/TI) Z) - Z[tlla s 7t{77t177§,’,774,177g7 fysl)]
/(pllapl27pgapi}apgapgapgapgap1107p,127p,147p118)7

where ), ... th,t' € H? are as in §2, v} € H* (i = 3,4,5,9) and
py = ¢y — 3t
ph =y — 4t
Py =y — 27,
ph=c+20" = 3,
Py = s — Bt', + 27 — 294,
’ 2

o = 420 — 2ty — 3t + 1,

2 13 1 14

ph = 3747 — 298 + (2, — 694h) — 9t + 1207AL + 158" ) — 6L — ¢t

12 7 13 1 !
Cr — 3t Ce — 2797

Plo =" — 2675 + 387,

Po = 2cq73 +1
Phy = 3cl — 29 — 2chh + 29477 + 1 (Achy) — 2647 + 69474%)
+ 12 (=3cyh + Bcgvh) + (= 129474 + Begas) + ™ (=294 — 1574%)
— 10¢"%¢) + 12t L + 193] — 674 — 22,
Phy = & + 6747h — 2ckvavs — bl + 15(—9ch, + 3yh) — 6t i
+ 9t
Phs = =Y. + 2c5chh + 6cviYs” — 2654 — 2¢k7AVah + 206757
12

+ 1 (=654 4 24cry) + 17 (257475 + chye — 18ckchs)

+£9(—45¢7,” + 20ch7%95 + 3cpvinh — 3ch4)
25
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+ " (1162 + 2c5757E + 48c4,) + 51t clch, — 53t chyy

+ #"7(—69c,7} — 3chrh) + 16t chrh + 15t
Remark 3.5. Using the result in [15], we expressed the relations ply, pl4
and pig in terms of the generators t|, ..., t5, t' 5, Vi, Vi, Vo-
Corollary 3.6. For the induced homomorphism

" H(Es/T;2) — H*(Cs/T;Z) = H*(E7 /T, Z),
we obtain that
Keri* = (u, ¥, V10, 715),

where Y6 = 276 + V5 — t2y4 + 5.
Proof. By (2.2), we have

(3.2) () =t (1 <i<7T), i*(tg) =0, i*(t) =t
and therefore
(3.3) i*(cn) = Cln (1<n<7), i"(cs) = 0.

Then it is verified directly that
(i) =i (i=3,45,9),
i*(v6) =5ty — 1",
*(710) =0,
*(1s5) =0.

(3.4)

Now we put
I = (u, %6, 110, 115),
the ideal of H*(Eg/T;Z) generated by the elements in the parenthesis.
Using (3.2), (3.4) and Theorem 3.4, we see that [ is contained in Ker i*.
Hence there is an induced map

H*(Es/T52)/1 — H*(Cs/T;2) = H*(E7/T" Z).
Then, by Lemma 3.3, we have
H*(Es/T;Z)[1 =Z[t1, ..., ts,t, 73,7, V5, Vs, Yo, V10, V15]
[ (W, p1, P2, P35 Pa, P55 Pos V6, P85 P95 P10, V105 P125 P14 P15 V15, P18)
= Zlt, ... tr, t, 73,74, V5, Yol
(1, P2, P3; Pa, P5, Ve P8y P95 P105 P12, P14, P18)

for degrees < 36. Then it follows from Lemma 3.3, Theorem 3.4, (3.2),
(3.3) and (3.4) that

(o) = pl (i = 1,2,3,4,5,8,9,10,12, 14, 18),
i*(¥6) = p-
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Therefore this map induces an isomorphism and the assertion follows.
O

3.3. Generators of H*(FEg/T'-E;;Z). From Corollary 3.6, we see
that H*(Fg/Cs;Z) is generated by some four elements @ € H? © €
HY2, @€ H? and & € H* such that

(35) (’LNL,@,’UN},i‘) = (u,ﬁ%’,),m,f}/w)

as ideals. So our next task is to describe these generators in the ring
H*(Eg/T;Z). Hereafter we identify H*(Egs/Cy;Z) with the subalgebra
Im p* of H*(Es/T;Z).

Firstly, by Lemma 2.7 and (2.14), we have
(3.6)

1 1 1 1 L,
2003—1—05 _5t_§u + ¢4 §tu+§u

1 1 1 1 1
+cs <——t3 — —t?u — —u3> + th + oy — §t4u2 + 3u3 + 2ut — tud

La Lot + ! + Lo 23,
= —c — — ccu C4C ———u c3cs | =t — —u
Cy C3Cr 3Ce 4Cs 6 3Cs 6 34

1 1 1 23 37
+cA <—t2 + —tu + —u2) + 3 (Et‘l + Qtzu2 — %u‘l)

1 17 5) 3 3 1 37
3 42, 2 3 743 2,,2 _
+c7 <t + —t'u— —tu+ —u ) + ¢ < 2t U — 1475 u” + 2tu —84u >

1. 1 23 1 1 71
__t5 _t4 _t3 t? 3 _t .5
gt T gllut ot — gt + grtul + gpeu

6 42 3 3 16 204

1 1 37 73
—t7 —t6 ——t5 2——t4 3 —t3 4 —t2 5——t 6 It
ST L U Y L B T U S LT T

27

1 1 17 2 1 5) 131
+c4 <§t6 + —tPu + —t*u? — St3ud — —tPut + —tu’® — —u6>



1 1 7 2 7 35 233 7
_tIO _ _t9 _tS 2 _t7 3 _ _tﬁ 4 —t5 5 —t4 6 —t3 7

—|—3 3u+6u+3u 8u 8u+72u+24u
129 215 208601

——t2u8 + —tu® — u
56 168 645120
On the other hand, by Lemma 3.3, we have

10 mod (12)

c3 = 2737

cy = 3yq — 24,
(3.8) 4 4 )
cs = 275 + 3tyy — 2t%ys,
ce = 5V + 2732 + tys — 2y, + 2t5

in H*(Es/T;Z) — H*(Es/T;Q). Substituting (3.8) into (3.6), we have

- 1
fo =g gl
(3.9) = 279 + 3% — uys + (=12 + u?) — udyz + 5 — thu?
273
t3 3 t2 4_t 5 == 6‘
+t°u” + t°u U +640U

Similarly, substituting (3.8) into (3.7) and using the relations pg, pg and
P10, We have

(3.10)
P 1
0T o357

= y10 + uye — udcr — uysys + 20y — 2uly3ys + Y3y4(—6tu® + 2u?)

Jio

7 55
+732 <2t2u2 + 2tu® + ﬂu‘*) + Y6 (—5t2u2 + 5tu’ + Eu4>

55
+5 <t4u + 3t3u? + t?u — ﬂu‘r’)

103 79
+74 <6t4u2 — 3t%u® — ﬂﬁu‘l — tu® + ﬂufj)

31
+73 <—6t5u2 — 2t*® + 4tPut + 61%u° — 4tu’ — ﬂ@ﬁ)

7.3 906 4 55 (a6, 937 3y 55 4
+4t'u +ﬂtu — 6t°u —ﬂtu +ﬂtu —|—ﬂtu —ﬂtu
666919 ,

645120
Now let us determine our generators u, v, w and z; Obviously, we can
take u = tg as our generator .

+
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Next, since H*(Fg/Cs; Q) is generated by u, Js and Jyy (see 3.1), we
can put

v = adg + fu’
for some «, f € Q. On the other hand, by (3.5), we can express
Uv="9+[
for some element f € (u) N H'?(Eg/T;Z). Then using (3.9), we have
276 + 73> — P+t + f = a2y + 13 — tPya + t°)

273
+ a—uys + ulyy — udyy — tru? + Bud + Put — ) + (—a + B)

640
and we can take a =1, f = —277(?; Thus we see that
(3.11)

Vo= ————Jg — @uﬁ

210.32.5 640
= 295 + V32 — uys + Yu(—12 + u?) — uPys + 15 — tru? 4 3P 4 t2ut — tud

can be chosen as our generator o.
Similarly, we can put

w = )\jl() + MU4U + VUw
for some A, u, v € Q. On the other hand, by (3.5), we can express
W= "10+9

for some element g € (u,%) N H*(Fg/T;Z). Then using (3.10), we
can take A =1 and hence

Yio + g = Y10 + uye — uler — uyays + 2uv4” — 2uPy3ys + Y3ya(—6tu’ + 2u?)

7
+ 52 {2t2u2+2tu3 + <u+ 24> 4}

25
+ 7 { 5t2u? + 5tu’ +<2u+12> 4}
3,2 | 423 95 uP
+ 5 < thu 4 3t3u? 4 t2ud + ,u—ﬂ
103 79
4.2 43 3 o 2.4 45 6
+74{6tu 3t u +< I 24>tu tu +<u+24)u}
5,2 4,3 3,4 2,5 6 31 7
3 4 617 — 2th® + Attt + 6°07 — 4t + (—p— | u
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5%) 7 79
+ 4t™u® + (u + —) t5ut — 6t5u° + (—u — ﬂ) t'u® + (u + —) 3’

24 24
Y P PSS (LA I i AT
DY DY 645120 )
55 666919
and we can take py = ——, v = — . Thus we see that
24 645120
(3.12)
1 55 666919
=—  — Ja—-— 4, _ 77210
211, 33.5.70 " 24" Y T 645120

= Mo+ wyy — uler — umays + 2uPve? — 2uPysys + 37 (—6tu’ + 2u’)
+32(2t2u? + 2tud — 2ut) + v (—5t2u? + 5tud) + s (ttu + 3t3u? + t2u?)
+ya(6t1u? — 3t3u — 262ut — tu® + ub)
+y3(—6t5u? — 2ttu? + 4tPut + 6t2u® — 4tu’ + u”)
+4t7u? — 6t°u® + 2¢"u® + t3u” — t?u®

can be chosen as our generator w.

Finally, we have to find an element z of degree 30 such that x = 75
mod (u, v, w) in H*(Es/T;Z). Consider the element

x = %uw in H*(Es/T;Q).
In fact, it can be shown that z is an integral cohomology class and is
contained in Im p*. Furthermore, we can check directly that
=5 mod (u,v,w)
(see appendix). Hence the element x can be chosen as our generator z.

Remark 3.7. We can describe the element x explicitly in the ring
H*(Eg/T;Z). But it is too lengthy to write down here, so we will give
the explicit form of x in the appendiz.

3.4. Integral cohomology ring of Eg/T'-E;. Using the element z,
we can rewrite [3g:

fg,g = —0u*° — 24u**v — 120w + 36u " vw — 406?03 — 120 %w? + 120u8v%w
— 140u%v* 4 24utvw? — 40u*v w — 16v° — 8w?
= —362° — 48u v — 24uPwr + 36uvw — 40u?v? — 12u'%w? + 120uPv*w
— 140u’v* + 24utvw? — 40u*v3w — 160° — Sw?
= 4(—92° — 12u°vx — 6v’wz + Yu'tvw — 10u'?v® — 3u'w? + 30uPv’w

— 35uv* + 6utvw? — 10uv*w — 40° — 2w?).
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Therefore, in view of Lemma 3.1, we obtain the following main result:

Theorem 3.8. The integral cohomology ring of Eg/T*-E; is given as
follows:

H*(Es/T" E7;Z) = Zu, v, w, x]/(r15, 720, T24, T30),
where degu = 2,degv = 12, degw = 20, degx = 30 and
rs = u'® — 2z,
oo = 9u* + 45u'v + 120w + 60ubv? + 30utvw + 10u*v® + 3w?,
rog = 110 + 60u'®v + 21uttw + 1050202 + 60uBvw + 60usv® + 9utw?
+ 30u%v?w + 5vt,
ra0 = —922 — 12u°vz — 6uwzr + Yut*vw — 10u'%0? — 3uw? + 30udv?w
— 35uSv* + 6utvw? — 1000w — 40° — 2u°.
In order to determine the integral cohomology ring of Eg/E;, we

consider the Gysin exact sequence associated with the following circle
bundle

(3.13) S' —s Ey/E; > Eg/T" Ey,

where 7 is the natural projection. In this case, it reduces to the fol-
lowing short exact sequeces:

(3.14)

0 — HYEg/EnZ) — H*(Eg/T'-Ey;7)

=Y H*(Ey/T"-Er; Z) = H*(Ey/Ey; Z) — 0,
where Heven — @iZOH% and Hodd — @i20H2i+1-
From the exactness of (3.14), it follow that H®*"(Es/FE7;Z) is iso-

morphic to H*(Es/T"E7;Z)/(u). Define the elements z; (i = 12, 20, 30)
of H*(Eg/E7;7Z) as follows:

219 = (), 290 = 7 (W), 230 = 7 ().

Then, by Theorem 3.8, we obtain

H®"(Eg/E; Z) = Z[219, 299, 230] / (2230, 32202, 521", 4219° + 2200 + 9230%).
= Z[z12, 220, 230) / (2230, 32207, 212", 212° + 220” + 2307).

By Poincaré duality there exist elements z; € H'(Eg/E7;Z) (i =
59,71,79,83,91,95,103, 115) such that

3 2 _ .3 _ 2 _ _ _
212220259 = R19220R71 — R12279 = 12220283 — Z19291 — 220295 — £122103 — <115-
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Then it is not hard to show that

271 = 212759,
279 = Z20%59,
2
283 212259,
291 = 212220259,
2
2103 = 212220259,

2115 = 2:132220259-
Summing up the results, we obtain the following:

Corollary 3.9. The structure of H*(Es/Er;7Z) is given by the following

table:
nontrivial H*(Eg/E7;7) | basis elements

H =7 1
H12 =7 212
H20 =7 220
H24 =7 2122
HY =17, 230
H” =17 212720
H36 =7 2’123
HY = Zs Z20”
H" =7, 212230
H" =17 212”720
H® = 7Zs 21"
H" =17y 220730
H> =1 Z12%20°
H' =7y 212”230
H*® =17 212" 220
H59 =7 259
H> =7, R12220230
" =17,
H66 = Z2 2%2230
H68 = Z5 2%22’2[)
H?l =7 212259
H"™ =7, 219220230
H™ = Zj, 23522,
H” =17 220259
H83 =7 2’122259

32




nontrivial H*(Egs/FE7;Z) | basis elements
H86 = ZQ 2%2220230
H'=17 212220259
H95 = Z 2123259
H'S =17 2’122220259
H'" =17 2’123220259

4. APPENDIX

In 3.3, we defined the element = as a rational cohomology class given
by

1
x:§u15 in H*(E3/T;Q).

We need to show that x is in fact an integral cohomology class. By
Lemma 3.3, the following relations hold in H*(Es/T Z):

c1 = 3t,
co = 4t
cs = 273,
(41) e =3y — 2t%,

cs = 275 + 3tyy — 273,
ce = Y6 + 275 + tys — t2yy + 2t5.

Note that, by (2.11) and (4.1), the following relation holds:
(4.2)
cg = ucy — dulys — 2uys + (—tu? + 2u?)ys + (H2u? + 3tu® — 3u)y,

+(=282u? + 2u®)y3 — 2t0u? + 2t ut — 4¢2ub + 3tu” — Wb,

Using (4.2), we can rewrite the higher relations ps, po, p10, P12, P14 and
p15. For example,

ps = —3cs + 377 — 2737 + t(207 — 69370) + £2(293 — 57%) + 38>y
+4ttyy — 605 + 18
= 377 — 29375 + (2t — 3u)cy — 6tyzyy + (=582 + 15u8) 76
+(2t% + 6u?)v2 + (313 + 3tu? — 6u®)ys + (41 — 3t2u? — 9tu? + ut)v,

+(=6t° + 6t%u® — 6u®)ys + t& + 6t°u® — 6t*ut + 12¢2u® — 9tu” + 3ub.
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Using the relations p; (i = 1,2,3,4,5,6,8,9,10, 12,14, 15), we rewrite

the element z = §UI5 as follows:

=5 {U15 — p1s +uprs — udpra + (t'u — Pu)pyg

(76 + ts + uys + uPys + udys + 10+ thu? + Pud + Pt 4 tu® + ub)py
—39u’ps } + (—tuys + 2t°u® — 5tut) o

= 715 — 2073%6° + 375" 70 — 2375° %6 — 675° + 47670

+ 3uyavio — wysYe — 3uys®ya® + Bucrysys — 6uya®ys + (=3t + 2u)y5° s

(—4t + 4u)¥37576

+ (=t — uH)yye + (2 + tu — u?)erys® + (982 + 12tu + 5u?) 137476

(5t + 6tu + 2u)y3 vy + (3t° + 4tu + u?)erys

(=6t — 2t%u — 6tu® + 5u*)y3* — wPyaye + (3t7u + u?)y® + (2t%u + 3tu?)erys
(—458° + 10t%u — 40tu®)v6® + (£* — 2t%u + tu® — u®) 13775

(=33t + t?u — 31tu” + 13u®) 376

(—2t* — dt*u — 3tu® + 3u")cryy + (—9t" — 63u — 181%u* + 5tu® — 3u*) Y576
(=3t" — 3t%u — Tt*u® + 5tu’ — du')y3?ys + (—t* — 6t°u — t*u® — 3tu®)y37y4”
(=3t'u — 6t%u® + 3t*u® + 15tut)yip + (—3t*u + Pu? + 5t%u® + 10tu* — u°)crys
(15t° — 2t*u + 3t3u® + 14t%u® — 16tu* + 3u®) 52y,

(39t° — 13t'u + 8t%u® + 35¢%u® — 31tu* — 3u®)yuys

(15 — t*u2 — Bud — 2u® — tu® — u®)

(=13t + 12t%u + 5t*u? — 56t3u® + 8t?u* + 21tu® + 2u®) 36

(6t° + 3t°u + 2t*u® + T3u® + Pu’ — Stu’® + 3u®) s

(—8t° + 6t°u + 2t*u? — 2263 + 6t%u? + 8tu® — 2u’)v3®

(—6t" + t5u — 7t*u® + 5t3u* + 3t%u° + 3tu® — 63u’)y,>

(—t" 4 2t%u + tPu? — 11t*® + 6t%u* + 5t%u° + 6tu’ + 39u”) 375

(2% + 6t"u + 3t%u® — 4t°u® — 15t"u* + 6%u° + 3t2u® — 40tu” + 59u®)c;
(3% + %02 + 11#%0u® + 14t*u* — 208%1° — 4?0’ + 118tu” + 3u®) 374
(—48t? + 3t%u — 41¢7u? + 18t%u® + 16t°u* — 13t"u® — 67t3u® + 125¢%u”
— 15tu® — 291u”) s

+ + ++++++++++++ + + + +
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+ (—18% — 3tPu — 16t u? + 10t°°* — 4t°u* — 8t*u® — 16¢3u® — 23t%u” — 10tu®
— 115u”)5?

+ (=610 — 3t% — 9t%u? + 5t7u? — 5t%ut — 14¢*u° — 52t + 6t2u® — 601w’

+ 117u') s

+ (181 — 3t + 5t%u? + 116%u® — 28t7u* + 8t%u® 4 20t°u® — 64t*u” — 15¢%°
+ 54t*u” + 178tu® — 177u't)

+ (=2t" + 6" + 2t — 208%u® + 113" + 22¢7u® — 8t%u® + 83t°u”

+ 15t%u® + 5t%u° — 116¢%u'0 + tu' + 117u'?) 3

—12¢"% — "y — 10t3u? + 6t + Tt ut — 13¢10%0° — 318708 + 9t8u” — tTu®
— 118t%° — 1845u!° + 131t — 66%u'? — 233t%u!® + 175tutt — 58u!?,

which has shown that x is an integral cohomology class.
Next, we have to show that

z mod (u,v,w) = 5.
By (3.11) and (3.12), we have
v =27 +7 — Py +1° mod (u),
w =y mod (u,v).

Therefore, in the ring H*(Es/T;Z)/(u,v,w), the following relations
hold:

u =0,
(4.3) o= =29+ P — 10
Y0 = 0.

On the other hand, we determined the ring H*(Eg/T;Z) up to degrees
< 36 (Lemma 3.3). Taking (4.3) into account, we can show directly
that © = 75 in the ring H*(Es/T;Z)/(u, v, w).
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