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ABSTRACT. We study separating algebras for rings of invariants of finite groups.
We give an algebraic characterization for these. Furthermore, we describe a
particularly nice separating subalgebra for rings of invariants of p-groups in
characteristic p. This leads to a characterization of subalgebras such that their
p-root and integral closure is equal to the ring of invariants (see Property (%)
below). Finally, we present separating sets for invariants rings of nonmodular
representations of abelian groups whose size depends only on the degree of the
representation.

Let F be an algebraically closed field and let G be a finite group. Consider a
faithful representation
p: G <= GL(n,F)
of degree n. It induces an action of the group G on the symmetric algebra on the
dual space V*, which we denote by F[V]. The subring of G-invariants is denoted
by F[V]%. We note that the vector space V decomposes into disjoint G-orbits. We
denote the orbit space by

V/G={lv]={gvlge G}lveV}
Any invariant f € F[V]9 is constant on the G-orbits [v]. Indeed, F[V]¢ C F[V] is
the largest subalgebra with this property. A finitely generated graded subalgebra

A C F[V]¥ (or more generally a subset in F[V]¥) is called separating if for any two
distinct G-orbits [v] # [w] there exists a function f € A separating the two, i.e.,

fv) # f(w).
This notion was introducted in Definition 2.3.8 in [2]. Denote by A the integral

closure of the algebra A (in its field of fractions) and by VA its p-root closure in
F[V], where p is the characteristic of F. In Theorem 2.3.12 ibid. it is shown that

(%) VA = FV°,

provided that A C F[V]% is a finitely generated separating graded subalgebra. The
converse is not valid, see Example 2.3.14 ibid.

Remark 1. We note that for fields that are not algebraically closed, the notion
“separating” does not make sense. For example, consider the finite field Fo with
two elements. The general linear group GL(2,F2) is a finite group of order 6. Its
ring of invariants Fa[z,y]®-(2F2) is a polynomial ring generated by doo = x2y +
zy? and day = 2% + 2y + y?, see, e.g., Theorem 6.1.4 in [11]. The vector space
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V' = spang, {e1, ez} decomposes into the two orbits V'\ 0 and {0}. Note that the
subalgebra

Fyld21] C Fo [$7y]GL(2’]F2)
is separating, but the extension is neither finite nor integral. Even worse, the

1 .
(1) 1 has the same orbits on V. However, we could
consider the invariants over the algebraic closure of Fy. We obtain

Flr, %) = F@p, ol )

subgroup Z/3 generated by [

Taking into account the orbits of the group action on V = spang{e;,e2} we see
that the subalgebra generated by the degree two invariant is, as expected, no longer
separating: dg ; vanishes on the orbit [(1,w)] for a primitive 3rd root of unity w.

Separating invariants have been studied by several people, see, e.g., [7], [3], [4],
[2] and the references there. All of these studies show that separating invariants
are often better behaved than the ring of invariants itself, e.g., there are always
separating algebras that satisfy Noether’s bound, see Corollary 3.9.14 in [2], or,
separating invariants of vector invariants can be obtained by polarizations, see [4].
In this paper we continue the study of separating invariants.

In Section 1 we will describe a separating subalgebra for the ring of invariants of
a finite p-group P over a field of characteristic p. We note that generating invariants
of p-groups are usually difficult to describe. Indeed, apart from individual cases, the
only large families of modular representations of finite p-groups for which complete
(but maybe not minimal) generating sets for the invariants are known are the (all
of them) representations of cyclic groups of order p, see [6], and the indecomposable
representations of cyclic groups of order p?, see [10]. In both cases, the rings of
invariants are generated by norms, transfers, and invariants up to a certain degree.
The reason for including all invariants up to some degree is that norms and transfers
can be employed to decompose invariants usually only after some degree and not
all invariants at small degrees are norms or (relative) transfers. We want to show
that in contrast norms and transfers suffice to separate orbits for all representations
of any p-group. This study, moreover, will enable us to characterize subalgebras
A C F[V]F satisfying Property (x).

In Section 2 we turn to the other extreme: We will consider nonmodular rep-
resentations of abelian groups. With Noether’s bound, generating sets of the ring
of invariants can be easily described leading to an upper estimate on the number
of generators depending on the group order and the degree of the representation.
However, again separating invariants have yet a simpler structure: We will describe
separating sets whose size depends only on the degree of the representation.

We close the introduction with a characterization of separating subalgebras in
algebraic terms.

Theorem 2. Let p: G — GL(n, F) be a faithful representation of a finite group
G over some algebraically closed field F. Then a finitely generated subalgebra A C
F[V19 is separating if and only if the following two conditions are satisfied:

(1) The extension ¢ : A — F[V]9 is integral.

(2) The induced map
¢* : Max(F[V]¢) — Max(A)



SEPARATING INVARIANTS 3

between the spectra of maximal ideals is bijective.

Proof. Choose coordinates for V* and write F[V] = Flzq,...,2,]. For any point
v = (v1,...,v,) €V we obtain a maximal ideal
my = (xl — V1., Tn _vn) - IF[V]
Two maximal ideals my and my, coincide upon contraction to F[V]%,
my, NF[V]Y = m,, NF[V]
if and only if v and w lie in the same G-orbit. Thus the spectrum of maximal ideal
in F[V]¢ is given by
Max(F[V]¢) = {m, NF[V]%|[v] € V/G}.

If A is separating, then the extension A < F[V]¢ is integral by Theorem 2.3.12

in [2]. Thus, the induced map on the spectra of maximal ideals is surjective.

Furthermore, for any two points v,w € V lying in different G-orbits, there is a
function f € A such that

fv) # f(w).
The function f — f(w) separates the two points as well and moreover vanishes at

w. Thus we may assume that f € J(w) = my, C F[V] is contained in the vanishing
ideal of the point w, but f ¢ J(v) = my. Thus

femyNA but fé&mynA.

Therefore, the induced map on the spectra of maximal ideals is also injective.
Conversely, if A satisfies the two conditions mentioned above, then for any two
distinct G-orbits [v] and [w] we find

my NAZ#£myNA.
Therefore, there is a function f € A vanishing on v but not on w (and vice versa).

Thus A is separating. O

Since p-root extensions form a relatively nice subset of integral extensions we
have the following characterization.

Proposition 3. Let p: G — GL(n, F) be a faithful representation of a finite group
G over some algebraically closed field F. Then a finitely generated integrally closed
graded subalgebra A C F[V is separating if and only if VA = F[V]. Furthermore,
in that case the induced map on the prime ideal spectra

Spec(F[V]Y) — Spec(A)
is bijective.
Proof. If F has characteristic zero, then an integrally closed separating subalgebra
A is equal to the ring of invariants, since there are no nontrivial purely inseparable

extensions.
Thus let F have finite characteristic. If A is separating, then

VA =VA=FV]°

by Theorem 2.3.12 in [2]. Conversely, if v/A = F[V]%, then there exists an integer
s € Ny such that

VA" C ACVA=F[V°.
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Since with V4 also VA" is separating, so is A.
The last statement follows by Exercise 15 in Chapter 5 of [1]. O

Corollary 4. Let p: G — GL(n, F) be a faithful representation of a finite group G
over some algebraically closed field F. Let A C F[V]% be a finitely generated graded
subalgebra. If VA =T[V]S then A is separating.

Proof. Immediate from the preceding result. O

Ezample. Let p: G — GL(n,F) be a representation of a finite group G. Denote by
FG the group algebra and let

V(G)=FGaV

be the induced module. The group G acts on V(G) by left multiplication on the
first component. We obtain a surjective G-equivariant map between the rings of
polynomial functions

na - F[V(G)] — F[V].
By restriction to the induced ring of invariants, we obtain the classical Noether
map, see Section 4.2 in [11],

ng 1 FV(G)]¢ — F[V]©.

We note that V(@) is the n-fold regular representation of G. Thus F[V(G)]¢ are
the n-fold vector invariants of the regular representation of G. In the classical
nonmodular case the map n$ is surjective, see Proposition 4.2.2 in [11]. This does
not remain true in the modular case. However, as shown in Proposition 2.2 of [9]
the p-root closure of the image of the Noether map is equal to F[V]¢. Thus, by the
preceding result, the image of the Noether map is separating.

1. SEPARATING SUBALGEBRAS FOR MODULAR p—GROUPS

In this section we want to present a new construction for separating subalge-
bras of rings of invariants of finite p-groups over an algebraically closed field F of
characteristic p. This result is particularly interesting because it gives rise to a
characterization of subalgebras satisfying Property (x).

We start with a recollection of two methods to construct invariants. For f € F[V],
we define the norm of f, denoted N(f), by

[T 9(r) e FIVI©.
geG
Furthermore, the transfer is defined by
Te?  FV] — F[VI°, f— > g(f).
geG

We obtain a relative version in the following way: Let H be a subgroup of G. Then
the relative transfer (from H to G) is given by

T FVIT — FIVIC, () = > g,
geG/H
where the sum runs over a set of coset representatives of H in G. We set

I= Y Im(Trg) CFVIY,
H<G, max
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i.e., I is the ideal in F[V]“ generated by the image of the relative transfers for all
maximal subgroups H < G.

As mentioned in the introduction, norms and transfers usually!' do not suffice to
generate the entire ring of invariants F[V]¢, but play a crucial role for invariants of
p-groups as they appear in every known list of generating invariants. We proceed
by showing that, in contrast, norms and transfers suffice to separate orbits for any
representation of a p-group.

For a subset X € F[V]“ we define its zero set in V/G by

V(X)={[v] e V/G|f(v)=0 Vf e X}

For v € V, let G, denote the stabilizer of v in G. The following is a part of
Theorem 12.4 in [5] generalizing Feshbach’s Transfer Theorem.

Lemma 5. The zero set of I in V/G is equal to the fized point space of G
V(I)={[v]€V/G |Gy =G} =VC°.

Proof. Let v € V such that G, = G. Let H < G be a maximal subgroup and
f € F[V]H. Then

TGO = (> 9= D flg'v) =G H|f(v)=0.
geG/H geG/H

Conversely pick v € V such that Gy # G. Since G is finite, there exists f € F[V]
such that f(v) # 0 and f(gv) =0 for all g ¢ Gy. Let

N= T] n(f) e F[V]°.
heGy
Note that N(v) # 0 and N(gv) = 0 for all g ¢ G. Moreover
T, (N)(v)= Y gN(v)= > N@'v)=N(v)#0.
9€G/Gy 9€G /Gy

Let H be a maximal subgroup of G containing G,. Since G, C H, we have
Im(Trgv) C Im(Tr). Tt follows that v ¢ V(Im(Tr%)) and accordingly, v ¢ V(I) as
desired. 0

Let e1,es,. .., e, be abasis for V&, and let 1, s, . ..,z denote the correspond-
ing basis elements in the dual space.

Theorem 6. Let p: P — GL(n,F) be a faithful representation of a finite p-group
P over a field F of characteristic p. Then the subalgebra in F[V|F generated by I
and N(z;), i = 1,...,k is separating.

Proof. Assume that v,w € V are in different P-orbits. Then there exists an in-
variant f € F[V]F such that f(v) # f(w).

If one of them, say v, lies outside of V(I), then there exists a maximal subgroup
Q in P and an invariant h € F[V]? such that Trg(h)(v) # 0.

If Trg (h)(v) # Trg(h)(w) we are done. Otherwise, we find that
fTrg(h) =Teo(f - h) € Im(Trg)

separates v and w.

1An exception would be vector invariants of the regular representation of the cyclic group of
order p. Indeed, a very special case. See [8]
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Thus, we may assume that both, v as well as w, lie in V(I). From the pre-
vious lemma we have v,w € VP, Since the fixed point space V¥ is spanned by
{e1,...,e;} we can write v = Ele o;e; and w = Ele 3;e; for suitable oy, 3; € F,
1 <4 <k. Since v # w there is a ig € {1,...,k} such that a;, # B;,. Thus

N(z4,)(v) = afo and N(z;,)(w) = ﬁfo .
Since I has characteristic p, N(z;,)(v) # N(z;,)(w). Thus N(x;,) separates v and
w as desired. ([

The preceding result enables us to describe the radical of the ideal I, see Corollary
12.3 [5] for the special case of cyclic p-groups. We denote by J (V) C F[V] the
vanishing ideal of the fixed point set of P.

Proposition 7. Let p: P — GL(n,F) be a faithful representation of a finite p-group
P over a field F of characteristic p. Then we obtain the prime ideal
VI=gw?)nrvr.

Proof. By Lemma 5, we have V(I) = V¥. On the other hand, it is clear that
V(J(VP)) = VP, Since J(V?) is generated by the linear forms x; such that
1€ {1,...,k}, it is a prime ideal. Therefore, the Nullstellensatz yields

VIEV] = J(V7),
where IF[V] C F[V] denotes the extension of I in F[V]. Thus we obtain
VI C \IFVINF[V]® = 7(vP)nF[VP.
Since finite p-groups are reductive it follows that
J(VEYNFVIP C VI
by Lemma 3.4.2 in [12]. O

Theorem 6 also enables us to characterize the set of algebras A with Property
(%) in the case of p-groups. We need a preliminary lemma.

Lemma 8. Let A CF[V] be a finitely generated F-algebra. Then VA is integrally
closed (in its field of fractions).

Proof. Denote by FF(—) the field of fraction functor.

If FF(A) = FF(\/X), then A = VA, and thus the latter is integrally closed.

In general though

FF(A) = FF(4) — FF(VA)
is a nontrivial purely inseparable extension. We note that by definition the exten-
sion
A A ﬁ
is integral. Now, let a € FF(\/j) be integral over VA. Let
a™ + am_1a™ Vo +ajatag =0

be a relation of integral dependence, where a; € VA for all i. Thus, o " €4 and
a?” € FF(A) for some large s € N. In orther words, a?” € FF(A) is integral over A
and hence in 4. Thus a € VA by definition. (]
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Theorem 9. Let p: P — GL(n,F) be a faithful representation of a finite p-group P
over a field F of characteristic p. Let A C F[V]F be a subalgebra. Then VA = F[V]F
if and only if the following two conditions are satisfied:

(1) The extension A — F[V|F is integral.

(2) There exists a t € Ny such that v CA.
Proof. 1f A C F[V]¥ has Property (x) then the extension
A — F[V]¢

is integral. Furthermore, VA = F[V]” contains the image of the relative transfers
Trg for every maximal subgroup @ < P. Since rings of invariants are Noetherian,
the image of any (relative) transfer is finitely generated. Thus there exist s =
s(Q) € Ny such that

(Im(Trg))” €4
for all maximal subgroups < P. Furthermore, a finite group has only finitely
many maximal subgroups. Thus setting

t = max{s(Q)|Q < P maximal}
yields a universal power such that
" CA
To prove the converse we assume that the two properties listed above are sat-

isfied. Thus the image of the relative transfers Trg is contained in VA — F[V]®.
We obtain an algebraic extension of the associated fields of fractions as follows

FF(Em(Y " Trh)]) € FF(VA) CF(V)P
Q

Since the transfer is surjective at the level of fields of fractions, see Proposition 1.1
in [9], we have

F(V)" = F(FIm()_ Trg))).
Q

Thus FF(VA) = F(V)P. Since V4 is integrally closed by Lemma 8 it follows that
VA =F[V]”. 0

2. SEPARATING SUBSETS FOR NON-MODULAR ABELIAN GROUPS

In this section we consider finite abelian groups G and nonmodular representa-
tions thereof, i.e., |G| € F*. The field F continues to be algebraically closed, thus
F contains all |G|-th roots of unity. As it turns out, in this case we can not only
describe a separating subset (and thus separating subalgebra), but also give a sharp
upper bound on its order.

Let (@) denote the character group of G over F. Since every representation
of G over F is diagonalizable, there exists a basis {z1,x2,...,2,} of V* such that
9(z:) = xi(g)zi, with x; € £(G) for 1 <i<n.

The corresponding ring of invariants F[V] is generated by monomials, see, e.g.,
Lemma 7.3.5 in [11]. Furthermore, a monomial m = z{'x5? --- a2t is invariant if
and only if e;x1 + eaxa + -+ + enXn = 0 in k(G).
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To each subset & C {1,2,...,n} we associate an invariant monomial in the
following way. Set

M(S) = {z8' 25 -2 € F[V]Y ¢; = 0 for j ¢ S} C F[V]°.

Denote by i = i(S) the smallest integer in S. Define A = A(S) C N to be the set
of positive integers a such that there exists a monomial z3’ ---z¢ in M(S) such
that ¢; = a.

We note that A is not empty since it contains o;, the order of x; in x(G).

For a,b € A with a > b, we have that a — b € A as can be seen as follows. By
construction there are two invariants

xft-apr and m{foEM(S)

1

and thus we obtain two equations
eiXit - tenxn =0 and fixi+-+ faxn =0

such that e; = a, f; = b, and e; = f; =0 for j ¢ S. Taking the difference of these
equations yields

(ei = fi)xi + -+ + (en — fa)xn =0,
with e; — f; = a — b. The coefficients of this equation are not necessarily non-
negative. However, since G is finite, we can choose for each 1 < j < n, a positive

integer (namely, the order of x;) o; such that o;x; = 0. Therefore by adding
enough positive multiples of 0;x; for j € S\ {3}, we get an equation

hixi + -+ haxn =0
with h; =a—b, hj; > 0for j € Sand h; =0 for j ¢ S. It follows that AU {0} is a
lattice in Ny and hence generated by its smallest positive member, say amin. Let
mg =z -yt € M(S)

be the smallest monomial in M (S) w.r.t. lexicographic order with z; > xg > --- >
T, such that e; = anin. We show that the collection of these monomials mg, for
every S C {1,...,n} is separating.

Proposition 10. The set T = {mg|S C {1,2,...,n}} is separating. In particular,
the minimal size of a separating set is at most 2™ — 1.

Proof. We assume to the contrary that the monomials in 7 do not separate the
distinct orbits [v], [w] € V/G. We will show that this implies that m(v) = m(w)
for any invariant monomial m, and hence for any invariant, which is the desired
contradiction. Let
m =gz - afr € F[V]C.

Denote by S the complement in {1,2,...,n} of {j | e¢; = 0}. Thus m € M(S).
We proceed by induction on the order of S.

If |§] =1, say S = {j}, then m = a:;'o’ for some positive integer ¢, since m is
invariant. Furthermore, mg = x? € 7. Since we are assuming the monomials in

7T do not separate v = (v1,...,v,) and w = (w1, ..., w,) we find that
m(v) = U;O’ = w;'oj =m(w).

Since this is true for any choice of j we are done.
Next, we assume that |S| > 1, and the result has been proven for sets of smaller
size.
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Let ¢ denote the smallest integer in S. By construction there exists a positive
integer r such that the monomial

satisfies e; = f;. Hence,

€it1 e
mr o SFOE
ms xi-‘rl e xn”
is a rational invariant.
Let J denote the set of indices j such that x; appears in the denominator of
. Since m;J is an invariant for all j € 7, it follows that for some suitably large
S

N

H\
m

m .
m' = e H x;-oj c F[V¢
JjET
is an invariant monomial. Moreover, since x; does not appear in m’ and all the
indices of the variables that appear in m’ come from S, we have m’ € M(S§’) for
some &’ C S. Consider

m’ - mj
[es =5
Since ms € 7, the monomial m% does not separate v and w. Moreover, by our
induction hypothesis m’ € M(S’) and [ [, x;’ € M(J) do not separate v and w
either, because &', J C S. But the value of m at a point is uniquely determined
by m’, mg and [[,c ; a:jJ if[[cr a:jJ is non-zero at that point. Therefore m does

separate v and w if [[,c ; x;J is non-zero at one (hence both) of v and w.

m =

On the other hand if [ jer x? vanishes at a point, then m also vanishes at that

point because J C S, namely if a variable appears in [] jeg a:?j, it also appears in
m.

Finally, the monomial my corresponding to empty set is just 1, hence it is not
needed in a separating set. This completes the proof. O

We demonstrate in the following example that the bound of the previous propo-
sition is sharp.

Example. Let G = Zs be the cyclic group of order 3 acting diagonally on the poly-
nomial ring C[x1, z2] with complex coefficients by o(x;) = Az; for 1 <14 < 1, where
A is a primitive 3rd root of unity and o is a generator of G. The invariant ring is
minimally generated by {3, 2325, 7122, 23}. As the previous proposition predicts,
the set {x$, 2123, 23} is separating. If there were a separating set consisting of
two elements, say fi, fo, then C[fy, fo] € Cl[z1,22]¢ is a finite extension and more-
over C[z1, 2] is the normalization of C[f;, f2], because there are no nontrivial
purely inseparable extensions in characteristic zero. But this is impossible because
C[f1, f2] is a regular ring and hence is integrally closed.

Meanwhile the separating set in Proposition 10 can be refined substantially for
cyclic groups of prime order as we show next.

Proposition 11. Let G be a cyclic group of prime order. Furthermore assume that
n>2and x; #0 for 1 <j<n. Then

T ={ms|S C{1,2,...,n} and |S| = 1,2}
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is separating. Note that the order of T does not exceed ”2;".

Proof. Let |S| =1, say S = {j}, then ms = a:;J Assume next that |S| = 2 with
S ={4,j} and i < j. Since x(G) is cyclic of prime order and x;, x; # 0 there exists
a unique positive integer a; ; < o; such that

Xi+ QijX; = 0e H(G)
Hence a:za:;l’ is an invariant monomial. Since a; ; is the smallest among the positive
a

integers k such that z;2% is invariants it follows that mg = xim]i’j. Thus we have

obtained ’
T = {o} higjn U{ziz" hi<icj<n:

From this point on, the proof of the previous proposition carries over: We assume
that the monomials in 7 do not separate the vectors v,w € V with distinct G-
orbits. Let m = «7'25? - - - 25" be an arbitrary invariant monomial and let S denote
the complement in {1,2,...,n} of {j | e; = 0}. Then m € M(S). Let ¢ be the
smallest integer in S. We proceed by induction on |S].

If |S| =1, then m = a:fo for some positive integer o;. But, being in 7, z;* does
not separate v and w. Therefore m = a:fo does not either.
Assume next |S| > 2. Pick j € S with j > i. Then z; does not appear in

mo e
aq,j . Qj,j€4
(xixj 7)e x;
It follows that for sufficiently large t € N
m’(xix;”’j )i
m=———>""
to; ?

Zj

for some m’ that lies in M(S’) for some proper subset &’ in §. The value of m
at a point is uniquely determined by m’, (xl:cjj )¢ and x;j, if j-th coordinate of
that point is non-zero. In this case m does not separate v and w by induction
since m’ € M(S’) and :c;j,xixq’” € 7. On the other hand if x? (v) = 0 (hence

J
5

z;’(w) = 0), then m(v) = m(w) = 0 as well since j € S, i.e., z; appears in m. [
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