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Abstra ct. We prove here the Martino-Priddy conjecture for the prime 2: the 2-
completionsof the classifyingspacesof two groupsG and G0 are homotopy equivalent
if and only if there is an isomorphismbetweentheir Sylow 2-subgroupswhich preserves
fusion. This is a consequenceof a technical algebraic result, which says that for a
�nite group G, the secondhigher derived functor of the inverselimit vanishesfor a
certain functor ZG on the 2-subgroup orbit category of G. The proof of this result
usesthe classi�cation theorem for �nite simple groups.

In their paper [MP], John Martino and Stewart Priddy conjectured that for any
prime p and any pair G; G0 of �nite groups, the p-completedclassifying spacesBG^

p
and BG0̂

p are homotopy equivalent if and only if the p-local structures of G and of
G0 are isomorphic in a senseto be made precisebelow. In an earlier paper [BLO] in
collaboration with Carles Broto and Ran Levi, we identi�ed the obstruction groups
to constructing a homotopy equivalencebetween thesespaces,given an isomorphism
between the p-local structures. For odd primes p, these groups have already been
shown [Ol] to vanish in all cases.The main technical result of this paper is that these
obstruction groupsalso vanish when p = 2. The proof of this result (like the proof of
the conjecturefor odd primes) dependson the classi�cation theorem for �nite simple
groups.

Fix a prime p and a �nite groupG. For any pair of subgroupsP; Q � G, let NG(P; Q)
denotethe transporter :

NG(P; Q) = f x 2 G j xP x � 1 � Qg:

The p-subgroup orbit category of G is the category Op(G) whoseobjects are the p-
subgroupsof G, and where

MorOp (G)(P; Q) = QnNG(P; Q) �= MapG(G=P; G=Q):

A p-subgroupP � G is called p-centric if Z (P) is a Sylow p-subgroupof CG(P), or
equivalently if CG(P) = Z(P) � C0

G(P) for somesubgroupC0
G(P) of order prime to p.

De�ne the functor
ZG : Op(G)op � � � � � � ! Ab

by setting ZG(P) = Z(P) if P is p-centric in G and Z G(P) = 0 otherwise,and letting

cx 2 MorOp (G)(P; Q) induce the morphism Z(Q)
c� 1

x� � � ! Z (P) if P and Q are both p-
centric. Our main algebraicresult is the following.

Theorem A. For any �nite group G,

lim �
i

O2 (G)

(ZG) = 0 for all i � 2.
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Proof. In Proposition 2.9, we show that lim �
i (ZG) = 0 for all i � 2 if each nonabelian

simple group L which appears in the decomposition seriesof G belongsto a certain
classL � 2(2). We then show that L � 2(2) contains all alternating groups(Theorem5.1);
all simple groupsof Lie type in characteristic two including the Tits group (Theorem
6.3); all simple groupsof Lie type in odd characteristic (Theorems7.4 and 8.11); and
all sporadic groups (Theorem 9.1). Theorem A then follows from the classi�cation
theorem for �nite simple groups. �

Theorem A was motivated by studying equivalencesbetweencompletedclassifying
spacesof �nite groups. Let p be a prime, let G and G0 be �nite groups,and let S � G
and S0 � G0 be Sylow p-subgroups. An isomorphism ' : S

�=� � ! S0 is called fusion
preservingif for all P; Q � S and all P �� � !

�=
Q, � is conjugation by an element of G

if and only if ' (P)
'�' � 1

� � � !
�=

' (Q) is conjugation by an element of G0.

The Martino-Priddy conjecture states that for any prime p, and any pair G; G0 of
�nite groups, BG^

p ' BG0̂
p if and only if there is a fusion preserving isomorphism

between Sylow p-subgroupsof G and G0. The \only if " part of the conjecture was
proved by Martino and Priddy [MP], and follows from the bijection

Rep(P; G) def= Hom(P; G)=Inn(G)
�=� � � � � � ! [BP; BG^

p ]

for any p-group P and any �nite group G [BL, Proposition 2.1]. Conversely, by [BLO,
Proposition 6.1], given a fusion preservingisomorphismbetweenSylow p-subgroupsof
G and G0, the obstruction to extendingit to a homotopy equivalenceBG^

p ' BG0̂
p lies

in lim �
2(ZG). HenceTheoremA implies:

Theorem B (Martino-Priddy conjectureat the prime 2). For any pair G and G0 of
�nite groupswith Sylow2-subgroupsS � G and S0 � G0, BG^

2 ' BG0̂
2 if and only if

there is a fusion preservingisomorphismS
�=� � ! S0.

We next turn to the question of self equivalencesof BG^
p . For any spaceX , let

Out(X ) denote the group of homotopy classesof self homotopy equivalencesof X .
For any �nite group G, any prime p, and any Sylow p-subgroupS � G, let Aut fus(S)
be the group of fusion preservingautomorphismsof S, let Aut G(S) be the group of
automorphismsinducedby conjugationby elements of G (i.e., elements of NG(S)), and
set

Out fus(S) = Aut fus(S)=Aut G(S):

TheoremA, when combined with [BLO, Theorem6.2], givesthe following description,
up to extension,of Out(BG^

p ).

Theorem C. For any �nite group G with Sylow 2-subgroup S � G, there is a short
exact sequence

1 � � � ! lim �
1

O2 (G)

(ZG) � � � � � ! Out(BG^
2 ) � � � � � ! Out fus(S) � � � ! 1:

In [Ol], we showed that when p is odd, the groups lim �
i (ZG) vanish for all �nite G

and all i � 1. In contrast, when p = 2, the groups lim �
1(ZG) can be nonvanishing.

Examplesof this include the groups G = PSL 2(q) when q � � 1 (mod 8), G = An

when n � 2; 3 (mod 4), and G = PSL 4(q) when q � 3 (mod 4). A simple proof of this
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whenG hasdihedral Sylow 2-subgroupis given in Proposition 1.6, and other casesare
discussedin Section10.

If G is an arbitrary �nite group, then Z G can be �ltered by subfunctorsZ K
G , de�ned

for all K C G by setting

Z K
G (P) =

(
Z (P) \ K if P is p-centric in G
0 otherwise.

The idea of the proof of Theorem A is to �lter G by a maximal sequence1 = K 0 �
K 1 � � � � � K n� 1 � K n = G of normal subgroups,and then analyzehigher limits of
the Z K j

G =Z K j � 1
G . In particular, lim �

i (ZG) = 0 for all i � 2 if the sameholds for higher
limits of Z K j

G =Z K j � 1
G for all j .

We �rst reduce the general computation of lim �
� � Z K j

G =Z K j � 1
G

�
to the special case

where L = K j is quasisimple(i.e., L is perfect and L=Z(L) is simple) with p-group
center A = K j � 1 = Z(L). This is done in Lemmas 2.1 and 2.4. We then observe
that in this case,lim �

� � Z L
G=Z A

G

�
dependsonly on L and on Aut G(L). This motivates

the de�nition of new functors Y �
L on Op(�) , de�ned for any quasisimplegroup L with

p-group center and any � � Aut( L) which contains Inn(L), with the property that

lim �
� (Z L

G=Z A
G ) �= lim �

� (Y �
L )

for any A C L C G as above with � = Aut G(L). For example, if L is simple (and
identi�ed with Inn(L) C �), then Y �

L = Z L
� . The de�nition of Y �

L in the generalcase
is given in De�nition 2.5.

To simplify notation in the rest of the paper, we then de�ne L i (p) to be the classof
simplegroupsL for which lim �

i (Y �
eL
) = 0 for all choicesof central extensionseL of L and

� � Aut( eL). We are thus reducedto proving that all simple groupslie in L � 2(2).

In Section 4, we de�ne, for each nonabelian �nite simple group L, certain sets
R i (L ; p) of p-subgroupswhich could \contribute" to lim �

i (� ), in a way made precise
in De�nition 4.1. We then show (Proposition 4.2) that L 2 L i (p) if there is a p-centric
subgroupQ � L, which is weakly closedin a Sylow p-subgroupwhich contains it, and
with the property that all subgroupsin R i (L ; p) contain Q up to conjugacy. This is
the result which in almost all caseswill be usedto show L 2 L � 2(2) (simple groupsof
Lie type in characteristic two are handled in a di�erent way). The last half of Section
4 then consistsof a seriesof propositions, each of which gives someconditions to be
usedwhen proving that certain subgroupsdo not lie in R � 2(L ; 2).

In this way, the paper splits into two halves. Sections1{4 involve homological
algebra,and reducethe problem to a seriesof criteria stated in purely group theoretic
terms. These criteria are then applied to the individual groups in Sections5{9, to
show that L 2 L � 2(2) in all cases.Afterwards, in Section 10, somecomputations of
lim �

1(ZG) are listed (mostly without proof).

Clearly, asa topologist writing a paper which dependsvery heavily on the structure
of the individual �nite simple groups, I had a lot of assistance.Michael Aschbacher,
Ron Solomon,and Richard Lyons all gave extensive help in answering my questions
about the structure of certain simple groups. I am grateful to SergeyShpektorov and
Ulrich Meierfrankenfeld for sendingme their manuscript listing the maximal 2-local
subgroupsof the monster and the baby monster | which allowed me to �ll in the
last step in the proof of Theorem A. I had several helpful discussionswith George
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Glauberman and Jesper Grodal during my short visits to the University of Chicago. I
am especially indebted to my earlier collaborator, Yoav Segev,who (while not involved
in this project) taught me much of what I know about the classi�cation theorem,and
especially about the �nite simple groups of Lie type. Finally, I would like to thank
my colleaguesat Northwestern University and the University of Wisconsin for their
hospitality while working on many of the later stagesof this project.

General notation: We list, for easyreference,the following notation which will be
usedthroughout the paper.

� Sp(G) denotesthe set of p-subgroupsof G

� Sylp(G) denotesthe set of Sylow p-subgroupsof G

� Gp denotesa Sylow p-subgroupof the group G, but only when it is abelian and a
direct factor of G

� Op(G) is the maximal normal p-subgroupof G

� Cn , Dn , and Qn denotecyclic, dihedral, and quaternion groupsof order n

� An and � n are the alternating and symmetric groupson n elements

� A radical p-subgroup of G is a p-subgroupP � G such that Op(NG(P)=P) = 1

� 
 n (P) (for a p-group P) is the subgroupgeneratedby all g 2 P such that gpn
= 1

� NG(H; K ) = f x 2 G j xH x � 1 � K g (for H; K � G)

� cx denotesconjugation by x (g 7! xgx � 1)

� HomG(H; K ) =
�

cx 2 Hom(H; K )
�
� x 2 NG(H; K )

	
(for H; K � G)

� Aut G(H ) = HomG(H; H ) �= NG(H )=CG(H ), and OutG(H ) = Aut G(H )=Inn(H )

� A functor F :Cop ! Ab is called acyclic if lim �
i (F ) = 0 for all i > 0.

In the later sections, we also use the following standard shorthand notation for
referring to certain groups:

� 2n = Cn
2 is an elementary abelian 2-group;

� 21+2 k
+ is the central product of k copiesof D8;

� 21+2 k
� is the central product of Q8 with k� 1 copiesof D8;

� 2a+ b is a 2-groupP such that Z (P) �= 2a and P=Z(P) �= 2b;

� [2n ] is an unspeci�ed group of order 2n ; and

� H :K , H �K , and H:K are extensions(split, unsplit, or indeterminate, respectively)
with kernel H and quotient K .
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4. Subgroupswhich contribute to higher limits 25



EQUIV ALENCES OF CLASSIFYING SPACES COMPLETED AT THE PRIME TW O 5

5. Alternating groups 33

6. Groups of Lie type in characteristic two 34

7. Classicalgroupsof Lie type in odd characteristic 41

8. Exceptional groupsof Lie type in odd characteristic 46

9. Sporadic groups 58

10. Computations of lim1(ZG) 69

References 70

1. Higher limits over orbit categories

We �rst �x our notation. For any prime p and any �nite group G, the p-subgroup
orbit category of G is the categoryOp(G) whoseobjects are the p-subgroupsof G, and
where

MorOp (G)(P; Q) = QnNG(P; Q) �= MapG(G=P; G=Q):

Recall that NG(P; Q) = f x 2 G j xP x � 1 � Qg (the transporter). This can also be
thought of asa categorywhoseobjects are orbits G=P of G and whosemorphismsare
G-maps, but for our purposesit is more convenient to let the objects be subgroups.
For any homomorphismG

�
� � � ! G0 of groups,we let Op(G)

� #� � � � ! Op(G0) denotethe
induced functor betweenorbit categories.

This section contains a variety of di�erent results whosemain point in common is
that they all involve higher limits of functors over orbit categories.

1.1 The functor � � In [JMO], certain gradedZ(p)-modules� � (G; M ) arede�ned,
for any prime p, any �nite group G, and any Z(p) [G]-module M , by setting

� � (G; M ) = lim �
�

Op (G)

(� G
M ) where � G

M (P) =

(
M if P = 1
0 otherwise.

Note that thesedepend on the prime p, even though that has beensuppressedfrom
the notation. We �rst list someof the basicproperties of thesegroups.

Prop osition 1.1. The following hold for any prime p and any �nite group G.

(a) Fix a p-subgroup P � G, and let F : Op(G) ! Z(p)-mod be any functor which
vanishesexcept on subgroupsconjugateto P. Then

lim �
�

Op (G)

(F ) �= � � (NG(P)=P; F (P)):

(b) If H C G is a normal subgroup which acts trivial ly on the Z (p) [G]-module M , then

� � (G; M ) �=

(
� � (G=H; M ) if (p; jH j) = 1
0 otherwise.

(c) If Op(G) 6= 1 (if G contains a nontrivial normal p-subgroup), then � � (G; M ) = 0
for all Z(p) [G]-modulesM .
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(d) A short exactsequence 0 � � ! M 0 � � � ! M � � � ! M 00� � ! 0 of Z(p) [G]-modulesin-
duces a long exact sequence

� � � � � � ! � i (G; M 0) � � � ! � i (G; M ) � � � ! � i (G; M 00) � � � ! � i +1 (G; M 0) � � � ! � � � :

Proof. See[JMO, Propositions 5.4, 5.5, & 6.1]. �

Proposition 1.1 is usually applied by �ltering an arbitrary functor on the orbit cat-
egory Op(G) in such a way that all quotient functors vanish except on one conjugacy
class. By Proposition 1.1(a), the higher limits of thesequotient functors can then be
described in terms of the gradedgroups� � . In most cases,this will be applied via the
following lemma.

Lemma 1.2. The following hold for any prime p, any �nite group G, and any functors
F; F 0: Op(G)op ! Z(p)-mod .

(a) Let ' : F ! F 0 be a natural morphism of functors suchthat for all P 2 Sp(G),

� � (NG(P)=P; Ker(' (P))) = 0 and � � (NG(P)=P; Coker(' (P))) = 0:

Then ' inducesan isomorphismlim �
� (F ) �= lim �

� (F 0).

(b) Let C � Op(G) be a full subcategory with the property that MorOp (G)(P; Q) = ?
wheneverP 2 Ob(C) and Q =2 Ob(C). Assume� � (NG(P)=P; F (P)) = 0 for all P
not in C. Then

lim �
�

Op (G)

(F ) �= lim �
C

� (F jC): (1)

Proof. In the situation of (a), lim �
� (Ker( ' )) = 0 and lim �

� (Coker(' )) = 0 by Proposition
1.1(a), together with the obvious �ltration of thesefunctors and the exact sequences
for higher limits of extensionsof functors. So lim �

� (F ) �= lim �
� (Im( ' )) �= lim �

� (F 0).

Now assumeC � Op(G) and F are as described in (b), and let F 0 be the quotient
functor F 0(P) = F (P) if P 2 Ob(C) and F 0(P) = 0 otherwise. By (a), the projection
F � � F 0 inducesan isomorphismlim �

� (F ) �= lim �
� (F 0). Also, any injective resolution

of F 0jC can be extendedto an injective resolution of F 0 by assigningall functors the
value zeroon objects not in C, and this shows that lim �

� (F 0) �= lim �
� (F jC). �

Proposition 1.1(b) motivates the following de�nition.

De�nition 1.3. For any �nite group G and any Z (p) [G]-moduleM , wesaythat G acts
p-faithfully on M if the kernel of the action Ker[G ! Aut( M )] has order prime to
p.

The following lemma is an immediate consequenceof Proposition 1.1(b,d).

Lemma 1.4. If the action of a �nite group G on a �nite Z (p) [G]-module M is not
p-faithful, then � � (G; M ) = 0. �

There is alsoa connectionbetweenp-faithful actions and p-centric subgroups.

Lemma 1.5. Fix a �nite group G and a p-subgroup P � G. If NG(P)=P acts p-
faithful ly on Z(P), then P is p-centric in G. More generally, if H C G is a normal
subgroup and NG(P)=P acts p-faithful ly on Z(P) \ H , then P \ H is p-centric in H .
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Proof. We prove the secondstatement; the �rst then follows in the caseH = G. Set
K = CH (P \ H ). If P \ H is not p-centric in H , then Z(P \ H ) = K \ P is not a
Sylow p-subgroup of K , and henceNK P (P)=P has order a multiple of p by Lemma
1.11. But NK P (P)=P acts trivially on Z(P) \ H , and this contradicts the assumption
that N (P)=P acts p-faithfully on Z(P) \ H . This shows that P \ H is p-centric in
H . �

To give a quick illustration of how these techniques are applied, we describe the
computation of lim �

1(ZG) in certain very simple cases. In particular, the following
proposition shows that these groups are nonvanishing when G is any of the simple
groupsA6, A7, or PSL2(q) for q � � 1 (mod 8).

Prop osition 1.6. Fix a �nite groupG anda SylowsubgroupS 2 Syl2(G). Assumethat
S is a dihedral group of order � 8, and let T1; T2 be S-conjugacyclassrepresentatives
for the subgroupsisomorphic to C2

2 . Then

lim �
1(ZG) �= Z=2

if Aut G(Ti ) = Aut( Ti ) for i = 1; 2, and lim �
1(ZG) = 0 otherwise.

Proof. AssumeP � S is such that � � (NG(P)=P; ZG(P)) 6= 0. Then P is 2-centric in
G, soPCG(P)=P hasodd order, and

� � (Out G(P); ZG(P)) �= � � (NG(P)=PCG(P); Z (P)) �= � � (NG(P)=P; Z (P)) 6= 0

by Proposition 1.1(b). HenceO2(Out G(P)) = 1 (Proposition 1.1(c)). If P is cyclic of
order � 4 or dihedral of order � 8, then Out(P) is a nontrivial 2-group,so thesecases
cannot occur. Sowe are left only with the cases

� i (Out G(P); Z (P)) �=

8
><

>:

Z=2 if P = S, i = 0
Z=2 if P �= C2

2 , Aut G(P) �= � 3, i = 1
0 otherwise.

The computation � 1(� 3; (Z=2)2) �= Z=2 follows from [JMO, Proposition 6.2(i)].

By Alperin's fusion theorem (or the theorem of Burnside shown in [Gor, Theorem
7.1.1]),T1 and T2 cannot be G-conjugate. Sousing Proposition 1.1(a) and the obvious
�ltration of ZG by subgroups,we obtain an exact sequence

0 � � � ! lim �
0

O2 (G)

(ZG) � � � � ! Z=2 � � � � ! (Z=2)k � � � � ! lim �
1

O2 (G)

(ZG) � � � ! 0;

where k is the number of i = 1; 2 such that Aut G(Ti ) �= � 3. If k � 1, then Z(S)
is G-conjugate to another subgroup of S, and this implies that lim �

0(ZG) = 0. Thus
lim �

1(ZG) has rank k� 1 in this case,and is trivial otherwise. �

1.2 Reduction to smaller orbit categories Wenext list someconditionswhich
allow us, in certain situations, to reducethe computation of higher limits of a functor
on Op(G) to thoseof another functor on Op(N (Q)=Q) for someQ � G.

Lemma 1.7. Fix a �nite group G and a p-subgroup Q � G. Then there is a well
de�ned functor

	 G
Q : Op(NG(Q)=Q) � � � � � � ! Op(G)
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suchthat 	 G
Q(P=Q) = P for all P=Q � NG(Q)=Q. Let T be any set of p-subgroupsof

G with the property

P 2 T =) Q C P, and Q C xP x � 1 for x 2 G implies x 2 NG(Q). (� )

Then for any functor F : Op(G)op ! Z(p)-mod which vanishesexcept on subgroups
G-conjugateto elementsof T , the induced homomorphism

lim �
�

Op (G)

(F )
	 G

Q
�

� � � � � � !
�=

lim �
�

Op (N G (Q)=Q)

(F � 	 G
Q) (1)

is an isomorphism.

Proof. Set 	 = 	 G
Q for short. Clearly, 	 is well de�ned on objects. To seethat it is

well de�ned on morphisms,recall �rst that

MorOp (G) (P; P0) = P0nNG(P; P0);

whereNG(P; P0) is the set of all x 2 G such that xP x � 1 � P0. Hencefor any pair of
objects P=Q and P 0=Q in Op(NG(Q)=Q),

MorOp (N G (Q)=Q) (P=Q;P0=Q) = (P0=Q)nNN (Q)=Q(P=Q;P0=Q) �= P0nNN (Q)(P; P0)

� P0nNG(P; P0) = MorOp (G)(P; P0);

and 	 is de�ned on morphism setsto be this inclusion.

Composition with 	 is natural in F and preservesshort exact sequencesof functors.
Henceif F 0 � F is a pair of functors from Op(G) to Z(p)-mod , and the lemma holds
for F 0 and for F=F0, then it alsoholds for F by the 5-lemma. It thus su�ces to prove
that (1) is an isomorphismwhen F vanishesexcept on the G-conjugacyclassof one
subgroup P 2 T . When P = Q, then (1) is precisely the isomorphism lim �

� (F ) �=
� � (N (Q)=Q; F (Q)) of Proposition 1.1(a).

Now let P 2 T be arbitrary. By condition (� ), Q C P, NG(P) � NG(Q), and F � 	
vanishesexcepton the Op(NG(Q)=Q)-isomorphismclassof P=Q. Let

	 0 = 	 N (Q)=Q
P=Q : Op(NG(P)=P) � � � � � � ! Op(NG(Q)=Q)

be the functor 	 0(R=P) = R=Q for p-subgroupsR � NG(P) � NG(Q) containing P.
Then the following squarecommutes

lim �
�

Op (G)

(F )
	 �

! lim �
�

Op (N (Q)=Q)

(F � 	)

� � (NG(P)=P; F (P))

(	 � 	 0) � �=

#
== � � (NG(P)=P; F (P)) ,

	 0� �=

#

and the vertical mapsare isomorphismsby Proposition 1.1(a) (seethe proof of [JMO,
Lemma5.4] for the precisedescription of the isomorphisms).This shows that 	 � is an
isomorphism. �

We next considertwo special casesof Lemma 1.7.

Lemma 1.8. Fix a �nite group G and a normal subgroup H C G. Fix a p-subgroup
Q � H , and let F : Op(G) ! Z(p)-mod be any functor suchthat F (P) = 0 whenever
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P \ H is not G-conjugateto Q. Then the induced homomorphism

lim �
�

Op (G)

(F )
	 G

Q� � � � � � !
�=

lim �
�

Op (N (Q)=Q)

(F � 	 G
Q);

is an isomorphism,where 	 G
Q : Op(N (Q)=Q) � � � ! Op(G) is the functor of Lemma1.7.

Proof. This follows immediately from Lemma 1.7, upon letting T be the set of p-
subgroupsP � G such that P \ H = Q. Condition (� ) holds sinceif P \ H = Q and
Q C xP x � 1, then x � 1Qx � P \ H = Q and hencex 2 NG(Q). �

In the next lemma,recall that for any �nite groupG andany S 2 Sylp(G), a subgroup
P � S is weakly closed in S with respect to G if P is not G-conjugate to any other
subgroupof S.

Lemma 1.9. Fix a �nite group G, a Sylow p-subgroup S 2 Sylp(G), and a subgroup
Q � S which is weakly closed in S with respect to G. Let F : Op(G) ! Z(p)-mod be
a functor suchthat F (P) = 0 wheneverP doesnot contain a subgroup G-conjugateto
Q. Then the induced homomorphism

lim �
�

Op (G)

(F )
	 G

Q� � � � � � !
�=

lim �
�

Op (N (Q)=Q)

(F � 	 G
Q);

is an isomorphism,where 	 G
Q : Op(N (Q)=Q) � � � ! Op(G) is the functor of Lemma1.7.

Proof. We apply Lemma 1.7, with T = f P 2 Sp(G) j Q � Pg. By hypothesis,P 2 T
for any p-subgroupP � G such that F (P) 6= 0.

For each P 2 T , there is x 2 G such that xP x � 1 � S; xQx � 1 = Q sinceQ is weakly
closedin S, and thus x 2 NG(Q). If yPy� 1 � Q, then xy � 1 2 NG(Q) by the same
reasoning,and thusy 2 NG(Q). This alsoshowsthat Q C P (the casey 2 P), and thus
that condition (� ) of Lemma1.7holdsfor all P 2 T . Hencelim �

� (F ) �= lim �
� (F � 	 G

Q). �

The following lemma is very similar in nature to Lemma 1.7.

Lemma 1.10. Fix a surjection ' : G � � � G0 of �nite groups. Then for any functor
F : Op(G0)op � � ! Z(p)-mod ,

lim �
�

Op (G)

(F � ' # ) �= lim �
�

Op (G0)

(F ):

More generally, set H = Ker(' ), and let O �
p(G) � Op(G) be the full subcategory whose

objects are the p-subgroupsP � G suchthat P \ H 2 Sylp(H ). Then

lim �
�

Op (G)

(F ) �= lim �
�

Op (G0)

(F ) (1)

for any F : Op(G0)op � � ! Z(p)-mod and F : Op(G)op � � ! Z(p)-mod suchthat

(F � ' # )jO �
p (G)

�= F jO �
p (G) ; (2)

and suchthat the action of NH P (P)=P on F (P) is trivial for all P 2 Sp(G).

Proof. It su�ces to prove the last statement, sinceNH P (P)=P actstrivially on F (' (P))
for each P.
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For all P 2 Sp(G) such that P \ H =2 Sylp(H ), p
�
� jNH P (P)=Pj (seeLemma 1.11),

and NH P (P)=P acts trivially on F (P). Henceby Lemma 1.4,

� � (NG(P)=P; F (P)) = 0

for all such P. Soby Lemma 1.2(b),

lim �
�

Op (G)

(F ) �= lim �
�

O �
p (G)

�
F jO �

p (G)

�
: (3)

Let ' 0
# : O�

p(G) ! Op(G0) be the restriction of ' # . This is a bijection on isomor-
phism classesof objects, since' 0

# (P) = P0 (for p-subgroupsP � G and P 0 � G0) if and
only if P 2 Sylp('

� 1P0). It is also surjective on all morphism sets,sincefor any pair
of objects P; Q in O �

p(G), and any x 2 NG(PH; QH ), xP x � 1 � QH is H -conjugateto
a subgroupof Q 2 Sylp(QH ), and hencex 2 H �NG(P; Q).

Now assumex; y 2 NG(P; Q) inducethe samemorphismin Op(G0). After replacingy
by an appropriateelement of Qy, wecanassumethat y 2 H x = xH . Sety = xh (where
h 2 H ). Then P and hPh� 1 are both subgroupsof x � 1Qx, so [h; P] � x � 1Qx \ H =
P \ H (sinceP \ H 2 Sylp(H )), and thus h 2 N (P). In other words,

MorOp (G0)(' (P); ' (Q)) �= MorOp (G)(P; Q)
�

(NH P (P)=P) :

Also, NH P (P)=P has order prime to p since P 2 Sylp(H P). The category Op(G0)
is thus equivalent to O �

p(G) after dividing out by the action of certain subgroupsof
automorphismsof order prime to p. Soby [BLO, Lemma 1.3],

lim �
�

Op (G0)

(F ) �= lim �
�

O �
p (G)

(F � ' 0
# );

and (1) follows from this together with (2) and (3). �

1.3 Radical p-subgroups Recall that a radical p-subgroup of a �nite group G is
a p-subgroup P � G such that Op(NG(P)=P) = 1; i.e., such that NG(P)=P has no
nontrivial normal p-subgroups. By Proposition 1.1(c), if P is a p-subgroupwhich is
not radical, then � � (NG(P)=P; M ) = 0 for all Z(p) [NG(P)=P]-modules M . Thus by
Lemma 1.2, lim �

� (F ) = 0 for any functor F on Op(G)op which vanisheson all radical
p-subgroupsof G. This helpsexplain the important role played by radical p-subgroups
when working with higher limits of functors on orbit categories.In this subsection,we
prove someproperties of radical p-subgroupswhich will be neededlater.

We �rst note the following, very elementary, group theoretic lemma.

Lemma 1.11. Fix subgroupsP; H � G suchthat P is a p-subgroup which normalizes
H , and P \ H =2 Sylp(H ). Then P \ H =2 Sylp(NH (P)), and hence

p
�
�jNH P (P)=Pj = jNH (P)=(H \ P)j:

Proof. Consider the action of P on H P=P �= H=(P\ H ), whoseorder is a multiple of
p by assumption. Then

(H P=P)P = NH P (P)=P �= NH (P)=(P\ H )

hasorder a multiple of p, and thus P \ H =2 Sylp(NH (P)). �

The next lemma lists someconditions for a p-subgroupto be radical or not.

Lemma 1.12. Fix a �nite group G and a prime p.
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(a) If G splits as a product G =
Q

i 2 I Gi , then each radical p-subgroup P � G is of the
form P =

Q
i 2 I Pi , where Pi � Gi .

(b) Let H C G be any normal subgroup. Then for each radical p-subgroup P in G,
P \ H is radical in H . Conversely,if Q is radical in H , then Q = P \ H for some
radical p-subgroup P in G.

Proof. (a) If P � G =
Q

i 2 I Gi does not split as a product, then let Pi � Gi be
the image of P under the projection, and set P 0 =

Q
i 2 I Pi � G. Then P0 	 P by

assumption,and NG(P0) � NG(P). Thus NP 0(P)=P is a nontrivial normal p-subgroup
of NG(P)=P, and P is not p-radical.

(b) Fix H C G. Assume�rst that P \ H is not radical in H , and set Q = Op(NH (P \
H )) 	 (P \ H ). Then QP 	 P (since Q � H ), and so NQP (P)=P 6= 1 by Lemma
1.11. Furthermore, NQP (P) is normalized by N (P) sinceQ is, NQP (P)=P is thus a
nontrivial normal p-subgroupof NG(P)=P, and so P is not radical in G.

Conversely, �x a radical p-subgroupQ in H , and set P = Op(NG(Q)). Then P \ H
is a normal p-subgroupof NH (Q) which contains Q, and henceP \ H = Q. Clearly,
NG(P) � NG(Q); they are equal sinceany x 2 NG(P) normalizesP \ H = Q; and
thus P is radical. �

1.4 Fixed poin t and norm functors Fix a �nite group G. For any subgroup
H � G, set NH =

P
h2 H h 2 Z[G]. For any prime p and any Z(p) [G]-module M , we

considerthe functors

H 0M ; NM : Op(G)op � � � � � � ! Z(p)-mod ;

de�ned by setting

H 0M (P) = H 0(P; M ) = M P and NM (P) = NP �M :

The next proposition plays a central role | almost as important as that of the
functors � � (G; M ) | when computing higher limits over orbit categories.

Prop osition 1.13. For any �nite group G, any prime p, and any Z (p) [G]-module M ,

lim �
i

Op (G)

(H 0M ) =

(
H 0(G; M ) = M G if i = 0
0 if i > 0

and lim �
i

Op (G)

(NM ) =

(
NG�M if i = 0
0 if i > 0.

Proof. Set bH 0M = H 0M =NM ; thus bH 0M (P) = bH 0(P; M ) for all P. Thesefunctors
are all proto-Mackey functors in the senseof [JM], and hence are acyclic by [JM,
Proposition 5.14]. The completedescription of the higher limits of H 0M and bH 0M is
shown in [JMO, Proposition 5.2], and that of NM follows immediately. �

1.5 Kan extensions and limits If H � G, andF : Op(H )op � � ! Ab is any func-
tor, then we let

F " G
H : Op(G)op � � � � � � ! Ab

denotethe right Kan extensionof F . To de�ne this, �x an object P in Op(G), let �#P
be the overcategorywhoseobjects are the morphismsQ ! P in Op(G) for Q � H ,
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and let � P : �#P ! Op(H ) be the forgetful functor which sends(Q ! P) to Q. Then

(F " G
H )(P) = lim �

� #P

(F � � P );

and a morphism P � � ! P 0 in Op(G) inducesthe obvious map betweeninverselimits.
We refer to [McL, xX.3] for more details.

Lemma 1.14. The following hold for any H � G and any F : Op(H )op � � ! Ab .

(a) lim �
�

Op (G)

(F " G
H ) �= lim �

�

Op (H )

(F ).

(b) We can identify

(F " G
H )(P) =

� M

g2 G

F (H \ gPg� 1)
� P � H

�=
M

H gP 2 H nG=P

F (H \ gPg� 1); (1)

where (x; y) 2 P � H acts on the �rst sum by sendingthe summandfor g to the
summandfor xgy� 1 via F (y). When aPa� 1 � Q, the induced morphism

a� = (F " G
H )(a) : (F " G

H )(Q) � � � � � � ! (F " G
H )(P)

satis�es (a� (� ))g = F (incl)( � ga� 1 ).

Proof. By [McL, xX.3], the right Kan extension (� )" G
H is a right adjoint to the re-

striction functor from Op(G)-mod to Op(H )-mod . From this, one easily seesthat
(� )" G

H preserves exact sequences,and sendsinjectives in Op(H )-mod to injectives in
Op(G)-mod . Also, if Z denotesthe constant functors with value Z, then

lim �
Op (G)

(F " G
H ) �= HomOp (G)-mod (Z; F " G

H ) �= HomOp (H )-mod (Z; F ) �= lim �
Op (H )

(F ):

Hence
lim �

�

Op (G)

(F " G
H ) �= lim �

�

Op (H )

(F ):

The formulas in (b) follow immediately from the de�nition of (F " G
H )(P) asan inverse

limit. In particular, the term for g 2 G corresponds to the maximal object H \

gPg� 1 g� 1

! P in the overcategory�#P. �

2. Reduction to simple gr oups

For any �nite group G and any normal subgroupK C G, we de�ne a subfunctor Z K
G

of ZG by setting

Z K
G (P) =

(
Z (P) \ K if P is p-centric in G
0 otherwise.

Our goalnow is to study the higher limits of quotient functors Z K 1
G =Z K 2

G , whenK 1=K2

is a minimal normal subgroupof G=K2. We want to reducethe computation of higher
limits of Z K 1

G =Z K 2
G to the casewhereK 1=K2 is a nonabelian simplegroup, K 2 = Z(K 1)

is an abelian p-group, and K 1 is perfect (thus a quasisimplegroup). This involves a
seriesof reductions.
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Lemma 2.1. Fix a prime p, a �nite group G, and subgroupsK 2 � K 1 both normal in
G, suchthat K 1=K2 is a minimal normal subgroup of G=K2. Set

H =
�

g 2 G
�
� [g; K 1] � K 2

	
C G

(thus H=K2 = CG=K 2 (K 1=K2)), chooseQ 2 Sylp(H ), and set

G0 = NG(Q) and K 0
i = CK i (Q):

Then K 0
2 = A � T, where A = K 0

2 \ Q = K 2 \ Z (Q) is an abelian p-group and T has
order prime to p. Set

G00= G0=T and K 00
i = K 0

i =T:

Then either

(a) K 0
1 � K 2 and the functor Z K 1

G =Z K 2
G is acyclic; or

(b) K 00
1 =K 00

2
�= K 0

1=K 0
2

�= K 1=K2, and

lim �
�

Op (G)

�
Z K 1

G =Z K 2
G

� �= lim �
�

Op (G0)

�
Z K 0

1
G0 =Z K 0

2
G0

� �= lim �
�

Op (G00)

�
Z K 00

1
G00=Z K 00

2
G00

�
: (1)

Proof. SinceK 2 C H by de�nition, Q0 def= Q \ K 2 2 Sylp(K 2) is p-centric in K 2. Thus
CK 2 (Q

0) = Z (Q0) � U for someU of order prime to p. After taking �xed points of the
Q=Q0-action, we get that CK 2 (Q) = A � T, where A = CZ (Q0)(Q) = Z(Q) \ K 2 and
T = CU (Q).

Let O�
p(G) � Op(G) be the full subcategory whoseobjects are those p-subgroups

P � G such that P \ H 2 Sylp(H ). If P \ H =2 Sylp(H ), then p
�
�jNH P (P)=Pj by

Lemma 1.11,NH P (P)=P acts trivially on (Z K 1
G =Z K 2

G )(P), and hence

� � (NG(P)=P; (Z K 1
G =Z K 2

G )(P)) = 0

by Lemma 1.4. Soby Lemma 1.2(b),

lim �
�

Op (G)

�
Z K 1

G =Z K 2
G

� �= lim �
�

O �
p (G)

�
(Z K 1

G =Z K 2
G )jO �

p (G)

�
: (2)

For any g 2 G, gQg� 1 = xQx � 1 for somex 2 H , since Q 2 Sylp(H ), so x � 1g 2
NG(Q) = G0, and g 2 H G0. Thus G = H G0. The subgroup K 0

1K 2 = CK 1 (Q)�K 2

is clearly normalized by G0 = NG(Q), and is normalized by H since[H; K 1] � K 2 by
de�nition. HenceK 0

1K 2 C H G0 = G; and the minimalit y assumptionon K 1=K2 implies
that K 0

1K 2 = K 2 or K 1. If K 0
1K 2 = K 2, then K 0

1 = CK 1 (Q) � K 2, so Z (P) \ K 1 � K 2

for any P � Q, (Z K 1
G =Z K 2

G )jO �
p (G) is the zero functor, and so lim �

� �
Z K 1

G =Z K 2
G

�
= 0 by

(2). This provescase(a).

It remains to consider the casewhere K 0
1K 2 = K 1, and thus where K 00

1 =K 00
2

�=
K 0

1=K 0
2

�= K 1=K2. By analogy with the de�nition of O �
p(G), let O�

p(G0) � Op(G0)
be the full subcategoryon subgroupswhich contain Q. Considerthe functor

O�
p(G0) �� � � � � � ! O �

p(G)

inducedby the inclusionG0 � G. For any P in O �
p(G), P \ H 2 Sylp(H ), and henceP is

conjugateto a subgroupcontaining Q 2 Sylp(H ), and thusto an object in O �
p(G0). If P1

and P2 both contain Q, then NG(P1; P2) = NG0(P1; P2) (any element of the transporter
sendsQ = P1 \ H = P2 \ H to itself), and thus � is the inclusion of a full subcategory
and an equivalenceof categories.
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For any p-subgroup P � G containing Q, CG(P) � CG(Q) � G0, and thus P is
p-centric in G if and only if it is p-centric in G0. Also, for i = 1; 2,

Z (P) \ K i = Z(P) \ CK i (Q) = Z(P) \ K 0
i :

Sothere is a natural isomorphism(Z K 1
G =Z K 2

G )(P) �= (Z K 0
1

G0 =Z K 0
2

G0 )(P) for all P in O�
p(G0).

The �rst isomorphism in (1) thus follows from (2), together with the analogousiso-
morphism for G0. The secondisomorphismin (1) follows from Lemma 1.10 (applied
with H = T). �

As a �rst application of Lemma 2.1, we consider the casewhere the subquotient
K 1=K2 is abelian.

Prop osition 2.2. Let G be a �nite group. If K 2 C K 1 C G are subgroups,both normal
in G, suchthat K 1=K2 is abelian, then the functor Z K 1

G =Z K 2
G is acyclic. If G is solvable,

then the functor Z G is acyclic.

Proof. Assume�rst that K 2 C K 1 C G are normal subgroupssuch that K 1=K2 is
abelian. It clearly su�ces to prove the acyclicity of Z K 1

G =Z K 2
G whenK 1=K2 is a minimal

normal subgroupof G=K2. If K 1=K2 hasorder prime to p, then Z K 1
G =Z K 2

G = 0, and so
we can assumethat K 1=K2 is a p-group.

By Lemma 2.1, we can also assumethat there is a normal p-subgroupQ C G such
that K 2 � Q, [K 1; Q] = 1, and Q=K2 2 Sylp(CG=K 2 (K 1=K2)). In particular, Q � K 1

sinceK 1=K2 is an abelian p-group. So

CG(Q) � CG(K 1) �
�

g 2 G
�
� [g; K 1] � K 2

	
;

and CG(Q) � Q sinceQ is a Sylow p-subgroupof the last group. Thus Q is p-centric.

Let O�
p(G) � Op(G) be the full subcategory with objects the p-subgroupswhich

contain Q. If P � Q, then 1 6= NP Q(P)=P � Op(NG(P)=P), so P is not radical.
Thus O�

p(G) contains all radical p-subgroupsof G. Soby Lemma1.2 (and Proposition
1.1(c)), for any p-local functor F on Op(G), lim �

� (F ) �= lim �
� (F jO �

p (G)).

Set M i = Z(Q) \ K i . For any p-subgroupP � G containing Q, Z (P) = Z(Q)P=Q

and hence

(Z K 1
G =Z K 2

G )(P) �=
�
Z (P) \ K 1

� ��
Z (P) \ K 2

� �= M1
P=Q

�
M2

P=Q:

Thus (Z K 1
G =Z K 2

G )jO �
p (G)

�= (H 0M1=H0M2)jO �
p (G) , and hence

lim �
�

Op (G)

(Z K 1
G =Z K 2

G ) �= lim �
�

Op (G)

(H 0M1=H0M2):

The last functor is acyclic by Proposition 1.13,and so Z K 1
G =Z K 2

G is alsoacyclic.

Now assumeG is solvable, and let 1 = K n C K n� 1 C � � � C K 1 C K 0 = G be its
derived sequence;i.e., K i +1 = [K i ; K i ] for each i . We have just seenthat Z K i

G =Z K i +1
G

is acyclic for each i . So Z K i
G is acyclic for each i , and in particular Z G = Z K 0

G is
acyclic. �

The following technical lemma will be useful in the later reductions.

Lemma 2.3. Let G be a �nite group with normal subgroups A C K C G, such that
A � Z (K ) is an abelian p-group. Let P � G be a p-subgroup such that either A � P,
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or (P \ K )=A is not p-centric in K =A. Then there is a subgroup H � G such that
p
�
� jNH P (P)=Pj and [H; P \ K ] � A; and furthermore

� �
�
NG(P)=P; (Z K

G =Z A
G )(P)

�
= 0:

Proof. Set H =
�

x 2 K
�
� [x; P \ K ] � A

	
. Then P normalizesH . Also, P \ H =2

Sylp(H ): this is clear if A � P, and follows by de�nition (of p-centric) if (P \ K )=A
is not p-centric in K =A. Hencep

�
� jNH P (P)=Pj by Lemma 1.11. SinceNH P (P)=P acts

trivially on Z (P )\ K
Z (P )\ A , the last statement now follows from Proposition 1.1(b). �

We next reducethe computation of lim �
� (Z K 1

G =Z K 2
G ) when K 1=K2 is nonabelian to

the casewhere K 1 is quasisimple; i.e., to the casewhere K 1=K2 is nonabelian and
simple, K 2 = Z(K 1), and K 1 is perfect.

Lemma 2.4. Fix a �nite group G, and subgroupsA � K � G, both normal in G, such
that A is a p-group, [A; K ] = 1, and K =A is nonabelian and a minimal normal subgroup
of G=A. Then A = Z(K ), and we can write K =A =

Q
j 2 J L j , where each L j is simple

and a minimal normal subgroup of K =A. Let K j � K be suchthat L j = K j =A, and set
eL j = [K j ; K j ], A j = eL j \ A = Z(eL j ), and Gj = NG(eL j ). Then for any given j 2 J ,

lim �
i

Op (G)

(Z K
G =Z A

G ) �= lim �
i

Op (G j )

(Z
eL j

G j
=Z A j

G j
)

for all i � 2, and there is a surjection

lim �
1

Op (G j )

(Z
eL j
G j

=Z A j
G j

) � � � � � � lim �
1

Op (G)

(Z K
G =Z A

G ):

Proof. SinceK =A is nonabelian and a minimal normal subgroupof G=A, it must be
a product of nonabelian simple groups isomorphic to each other (cf. [Gor, Theorem
2.1.5]). Sincewe alsoassume[A; K ] = 1, this implies that A = Z(K ). Sowrite K =A =Q

j 2 J L j whereL j = K j =A asabove. For any i 6= j , K i \ K j = A, and hence[K i ; K j ] �
A. SinceA is central, this meansthat the commutator map [� ; � ] : K i � K j � � ! A
is a homomorphismin each coordinate; e.g., [gg0; h] = [g; h][g0; h] for g; g0 2 K i and
h 2 K j . Thus

[K i ; K j ] = 1 for all i 6= j , (1)

sinceK i =A and K j =A are simple and centralize A.

Set Z j = Z
eL j
G j

=Z A j
G j

for short. De�ne functors � 1; � 2 : Op(G)op ! Ab by setting

� 1(P) =
� Y

j 2 J

Z j (P \ Gj )
� P

and � 2 = Z K
G =Z A

G :

Each factor Z j (P \ Gj ) in � 1(P) can be identi�ed with a subgroupof L j
�= eL j =A j , and

hence� 1(P) can be identi�ed with a subgroupof K =A. Under this identi�cation, � 1

sendsthe morphism in Op(G) represented by x 2 N � (P; Q) to that given by restriction
of x � 1.

Let � 0
1 and � 0

2 be the functors

� 0
i (P) =

(
� i (P) if P \ K is p-centric in K
0 otherwise.
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In Step 1, we show that

lim �
�

Op (G)

(� 1) �= lim �
�

Op (G j )

(Z j ) for all j 2 J ; (2)

and in Step 2 that

lim �
�

Op (G)

(� 0
1) �= lim �

�

Op (G)

(� 1) and lim �
�

Op (G)

(� 0
2) �= lim �

�

Op (G)

(� 2) (3)

In Step 3, we identify � 0
1 as a subfunctor of � 0

2, and prove in Step 4 that � 0
2=� 0

1 is
acyclic. The lemma then follows from the relative exact sequencefor higher limits of
the pair � 0

1 � � 0
2.

Step 1: For each j 2 J , there is an obvious morphism of functors on Op(Gj )

� 1jOp (G j ) � � � � � ! Z j ;

de�ned by projection to the j -th factor, which is adjoint to a natural morphism

! : � 1 � � � � � ! Z j " G
G j

:

Since G acts transitively on the factors L j � K =A (otherwise K =A would not be a
minimal normal subgroup), ! is an isomorphismof functors by the formula in Lemma
1.14(b) for Kan extensions.Hence(2) follows from Lemma 1.14(a).

Step 2: To prove (3), it su�ces using Lemma 1.2(b) to show that

� � (NG(P)=P; � i (P)) = 0

whenever i = 1; 2 and P \ K is not p-centric in K . By Proposition 2.3, there is
H � G such that [H; P \ K ] � A and p

�
�jNH P (P)=Pj. Also, both groups � i (P) can

be identi�ed with subgroupsof K =A �=
Q

j 2 J
eL j =A j , so NH P (P)=P acts trivially on

� i (P), and � � (NG(P)=P; � i (P)) = 0 by Lemma 1.4.

Step 3: Set eK =
Q

j 2 J
eL j and eA =

Q
j 2 J A j . We will write Rp for the Sylow p-

subgroup of a group R, but only in situations where it is a direct factor of R and
abelian.

Fix a p-subgroupP � G such that P \ K is p-centric in K , and note that

C eK (P) �=
hY

j 2 J

CeL j
(P \ Gj )

i P
and C eA (P) �=

hY

j 2 J

CA j (P \ Gj )
i P

:

Furthermore, the action of any g 2 P permutes the factorsunder each of theseproduct
decompositions, and is trivial whenever it sendsa factor to itself. Hence

� 1(P) �=

"
Y

j 2 J

CeL j
(P \ Gj )p

CA j (P \ Gj )

#P

�=

� Q
j 2 J CeL j

(P \ Gj )p
� P

� Q
j 2 J CA j (P \ Gj )

� P
�= C eK (P)p

�
C eA (P):

We can thus write

� 0
1(P) �= C eK (P)p

�
C eA (P) and � 0

2(P) �= CK (P)p
�

CA (P)

for all P such that P \ K is p-centric in K . The natural map from eK to K inducesa
natural morphism of functors � 0

1 ! � 0
2, and this is injective since� 0

1(P) and � 0
2(P)

can both be identi�ed assubgroupsof K =A �= eK =eA.
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Step 4: Set F = � 0
1=� 0

2 for short; it remains to show that F is acyclic. Fix S 2
Sylp(K ). De�ne functors

F0 : Op(G)op � � � � � ! Z(p)-mod and F : Op(NG(S)=S)op � � � � � ! Z(p)-mod

by setting

F0(P) =

(
F (P) if P \ K 2 Sylp(K )
0 otherwise

and F (P=S) = F (P) = F0(P):

We claim that
lim �

�

Op (G)

(F ) �= lim �
�

Op (G)

(F0) �= lim �
�

Op (N G (S)=S)

(F ); (4)

and that F is acyclic. The secondisomorphismfollows immediately from Lemma 1.8.

Recall that K =A =
Q

j 2 J K j =A, where the factors K j =A are simple. Also, eL j =

[K j ; K j ] is perfect (hencequasisimple),with center Z ( eL j ) = A j = eL j \ A. To prove
the �rst isomorphismin (4), it will su�ce, by Lemma 1.2, to show that

� � (NG(P)=P; F (P)) = 0 whenever P \ K =2 Sylp(K ). (5)

Let Q be the set of p-subgroupsQ � K such that Q � A, and Q=A =
Q

j 2 J Qj =A for
someQj � K j . SinceA � G is a normal p-subgroupandK =A =

Q
j 2 J K j =A, P\ K 2 Q

for all radical p-subgroupsP � G by Lemma 1.12(a,b). Henceif P \ K =2 Q, then P
is not radical, and (5) holds by Proposition 1.1(c).

Now let P � G be any p-subgroupsuch that Q = P \ K 2 Q and is p-centric in K .
The following sequenceis exact

1 ! C eA (P) ! C eK (P)p � CA (P) ! CK (P)p ! F (P) ! 1 (6)

since� 0
2(P) �= C eK (P)p=CeA (P) and (Z K

G =Z A
G )(P) �= CK (P)p=CA (P) by Step 3.

We claim that the sequence

1 ! eA ! C eK (Q) � A ! CK (Q) ! 1 (7)

is exact. This is obtained from the exact sequence1 ! eA ! eK � A ! K ! 1 by
taking �xed subgroupsof the conjugation action of Q. So the exactnessof (7) will
follow upon showing that C eK (Q) � A surjectsonto CK (Q). Any g 2 K can be written
g = a�

Q
j 2 J gj for a 2 A and gj 2 eL j , [g; Q] = 1 implies [gj ; Qj ] = 1 for each j (since

[Qj ; eL i ] � [K j ; K i ] = 1 for i 6= j by (1)), and thusga� 1 is the imageof (gj ) j 2 J 2 C eK (Q).

After taking �xed points of the P=Q-action on (7), we get an exact sequence

1 ! C eA (P) ! C eK (P)p � CA (P) ! CK (P)p ! H 1(P=Q; eA):

A comparisonwith (6) shows that F (P) is contained in H 1(P=Q; eA) asa module over
N (P)=P. In particular, if Q = P \ K =2 Sylp(K ), then NK P (P)=P hasorder a multiple
of p (Lemma 1.11), and acts trivially on F (P) sinceit acts trivially on P=Q �= PK =K
and on eA. So(5) follows from Lemma 1.4 in this case.

Finally, when Q = P \ K = S, the �rst three terms in the exact sequence(6) are
acyclic as functors on Op(NG(S)=S) by Proposition 1.13. (For example, C eK (P) =
C eK (S)P=S is the �xed subgroup of the P=S-action.) So F is also acyclic, and this
�nishes the proof that � 0

1=� 0
2 is acylic. �
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We have now reducedthe computation of lim �
� (Z K 1

G =Z K 2
G ) to the casewhere K 1 is

quasisimpleand K 2 = Z(K 1) is an abelian p-group. It turns out that this only depends
on K 1 and Aut G(K 1). To make this precise,we de�ne certain functors Y �

L as follows.
As usual, cx denotesconjugation by an element x.

De�nition 2.5. Fix a �nite group L and a group of automorphisms� � Aut( L) which
contains Inn(L). De�ne Y �

L : Op(�) op ! Ab by setting

Y �
L (P) =

( �
cx 2 Inn(L)

�
� x 2 CL (P)

	
p if P \ Inn(L) is p-centric in Inn(L)

0 otherwise.

For any P; Q � � , Y �
L sendsthe morphism represented by g 2 N � (P; Q) to conjugation

by g� 1.

Here, we again write K p for the Sylow p-subgroupof K in a situation where it is
a direct factor of K and abelian. Thus whenever P \ Inn(L) is p-centric in Inn(L),
Y �

L (P) � CInn (L ) (P \ Inn(L))p = Z(P \ Inn(L)).

Lemma 2.6. Fix a �nite group G with quasisimplenormal subgroup L C G, and
assumethat A = Z(L) is a p-group. Set � = Aut G(L). Then

lim �
�

Op (G)

(Z L
G=Z A

G ) �= lim �
�

Op (�)

(Y �
L ):

Proof. Let Z 0: Op(G)op ! Ab be the functor Z 0(P) = (Z L
G=Z A

G )(P) if P � A and
(P \ L)=A is p-centric in L, and Z 0(P) = 0 otherwise. We regard this as a quotient
functor of Z L

G=Z A
G . By Proposition 2.3, � � (N (P)=P; (Z L

G=Z A
G )(P)) = 0 for any P such

that Z 0(P) = 0, and hencelim �
� (Z L

G=Z A
G ) �= lim �

� (Z 0) by Lemma 1.2(a).

It remainsto show that lim �
� (Z 0) �= lim �

� (Y �
L ). Let c: G � � � be the surjectionwhich

sendsg 2 G to cg 2 Aut( L). Set H = Ker(c) = CG(L), and let O�
p(G) � Op(G) be the

full subcategory whoseobjects are the p-groups P � G such that P \ H 2 Sylp(H ).
By Lemma 1.10, it su�ces to show that

(a) (Y �
L � c# )jO �

p (G)
�= Z 0jO �

p (G) ; and

(b) the action of NH P (P)=P on Z L
G=Z A

G is trivial for all p-subgroupsP � G.

Point (b) is immediate from the de�nition of the functor Z K
G . Also, for any P � G

such that P \ H 2 Sylp(H ),

(Y �
L � c# )(P) = Y �

L (Aut P (L)) �=

(
CL (P)p=CL (A) if (P \ L)=A is p-centric in L=A
0 otherwise

�= Z 0(P);

and this proves(a). �

Lemma 2.6 �nishes the processof reducing the generalcomputation of lim �
� (ZG) to

that of lim �
� (Y �

L ) when L is quasisimpleand Inn(L) � � � Aut (L). Theseresults are
now summarizedin the following:

Prop osition 2.7. Fix a �nite group G and normal subgroupsK 2 � K 1 in G, suchthat
K 1=K2 is a minimal subgroup of G=K2. If K 1=K2 is abelian, or if there is a p-subgroup
Q � G such that [Q; K 1] � K 2 and CK 1 (Q) � K 2, then the functor Z K 1

G =Z K 2
G is
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acyclic. Otherwise,there is a quasiperfect groupL with p-groupcenter suchthat K 1=K2

is isomorphic to a product of copies of L=Z(L), a subgroup � � Aut( L) containing
Inn(L), and (for each i ) a homomorphism

lim �
i

Op (�)

(Y �
L ) � � � � � ! lim �

i

Op (G)

�
Z K 1

G =Z K 2
G

�

which is onto wheni = 1 and an isomorphismwheni � 2.

Proof. The abelian casewas handled in Proposition 2.3. The caseswhere K 1=K2 is
nonabelian follow from Lemmas2.1, 2.4, and 2.6. �

In order to avoid repeating theseconditions about central extensionsand groupsof
automorphismsthroughout the remaining sections,we de�ne the following classesof
�nite simple groups.

De�nition 2.8. For each prime p and each i � 1, let L i (p) be the class of �nite
nonabelian simple groupsL with the property that

lim �
i

Op (�)

(Y �
eL
) = 0

for each quasisimplegroup eL such that Z (eL) is a p-group and eL=Z(eL) �= L, and each
subgroup � � Aut( eL) which contains Inn( eL). Also, L � i (p) denotesthe intersection of
the classesL j (p) for all j � i .

The important consequenceof Proposition 2.7 is:

Prop osition 2.9. For any �nite group G and any i � 1, lim �
i (ZG) = 0 if for each

nonabelian simplegroup L which appears in the decomposition seriesfor G, L 2 L i (p).

Our goal now, throughout the rest of the paper, is to show that every �nite non-
abelian simple group lies in L � 2(2).

3. A rela tive version of � -functors

Throughout this section,p denotesa �xed prime. We �rst present a relative version
of the functors � � (G; M ) which will be useful when handling outer automorphismsof
a quasisimplegroup L.

De�nition 3.1. Fix a prime p, a pair H C G of �nite groups, and a Z (p) [G]-module
M . Let � G;H

M : Op(G)op � � ! Z(p)-mod be the functor de�ned by

� G;H
M (P) =

(
M P if P \ H = 1
0 otherwise;

and de�ne
� � (G; H ; M ) = lim �

�

Op (G)

(� G;H
M ):

Note in particular that � G
M = � G;G

M , and hence� � (G; M ) = � � (G; G; M ).
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The importance of these groups arisesfrom the following generalizationof [JMO,
Proposition 5.4]. For any H C G, we say that a functor F : Op(G)op ! Ab is H -
controlled if for all P, the inclusion of (P\ H ) in P inducesan isomorphismF (P) �=
F (P\ H )P .

Prop osition 3.2. Fix a �nite group G, a prime p, a normal subgroup H C G, and a
p-subgroup Q � H . Let F : Op(G) � � ! Z(p)-mod be any H -controlled functor which
vanishesexcept on subgroups P � G such that P \ H is G-conjugate to Q. (Thus
F (P) = F (Q)P=Q wheneverP \ H = Q.) Then

lim �
�

Op (G)

(F ) �= � �
�
NG(Q)=Q;NH (Q)=Q; F (Q)

�
:

Proof. This is a special caseof Lemma 1.8. �

The ideanow is to �lter an arbitrary H -controlled functor F : Op(G) ! Z(p)-mod
by subfunctorsFi in such a way that for each quotient functor Fi =Fi � 1, Fi =Fi � 1(P) = 0
except for those P � G such that P \ H lies in one conjugacyclassof p-subgroups
of H . Then each lim �

� (Fi =Fi � 1) is described via Proposition 3.2 and the � � (G; H ; � ).
When L is quasisimpleand Inn(L) � � � Aut( L), the functors Y �

L neednot be Inn(L)-
controlled, but we will seethat the sametechniques can be used to compute higher
limits of thesefunctors.

For any G, and any short exact sequenceof Z (p) [G]-modules

0 � � ! M 0 � � � � � ! M � � � � � ! M 00� � ! 0;

the induced sequenceof functors 0 � � ! � G
M 0 � � ! � G

M � � ! � G
M 00 � � ! 0 is also exact,

and henceinducesa long exact sequenceof the groups� � (G; � ). This is not in general
the casefor the relative groups� � (G; H ; � ) whenH C G is a proper normal subgroup,
which is why the statement of point (b) in the next proposition is so detailed.

Most of the properties of the relative groups � � (G; H ; M ) listed in the following
proposition generalizeproperties of the groups� � (G; M ) proven in [JMO].

Prop osition 3.3. Fix a prime p, a �nite group G, a normal subgroup H C G, and a
Z(p) [G]-module M . Then the following hold.

(a) If (p; jH j) = 1, then � 0(G; H ; M ) �= M G , and � i (G; H ; M ) = 0 for all i > 0. If
p
�
� jH j, then � 0(G; H ; M ) = 0.

(b) � � (G; H ; M ) = 0 if the kernel of the action of H on M has order a multiple of p.
More generally, if M 0 � M is a G-invariant submodule, then

� � � (G; H ; M ) �= � � (G; H ; M 0) if the kernelof the H -action on M =M 0 hasorder
a multiple of p; and

� � � (G; H ; M ) �= � � (G; H ; M =M 0) if the kernelof the H -action on M 0 hasorder
a multiple of p.

(c) � � (G; H ; M ) = 0 if Op(H ) 6= 1.

(d) If K C G is a normal subgroup which acts trivial ly on the Z (p) [G]-module M , and
H \ K has order prime to p, then

� � (G; H ; M ) �= � � (G=K; H K =K ; M ):
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(e) Assumep
�
�jH j, let � be the equivalence relation on Sylp(H ) generated by nontrivial

intersection, and set G0 = f g 2 G j gSg� 1 � Sg for some�xed S 2 Sylp(H ). Then
� 1(G; H ; M )�= M G0 =M G.

(f ) Assumethe Sylow p-subgroups of H are cyclic, or (if p = 2) quaternion. Then
� i (G; H ; M ) = 0 for all i � 2.

Proof. (a) If (p; jH j) = 1, then P \ H = 1 for all p-subgroupsH � G, and hence
� G;H

M = H 0M in the notation of Proposition 1.13. Soby that proposition, lim �
0(� G;H

M ) =
M G and its higher limits vanish. If p

�
� jH j, then � G;H

M vanisheson the Sylow subgroups
of G, and hencelim �

0(� G;H
M ) = 0.

(b) The �rst statement is a special caseof either of the other two.

Assume�rst that K def= Ker[H ! Aut (M =M 0)] C G has order a multiple of p.
Fix P � G such that P \ H = 1, and chooseQ 2 Sylp(PK ) such that Q 	 P. Then
NQ(P) 	 P, so NQ(P)=P 6= 1 acts trivially on M P =M P

0 , and hence

� �
�
NG(P)=P; (� G;H

M =� G;H
M 0

)(P)
�

= 0

by Proposition 1.1(b). Sincethis holds for all such P, lim �
� (� G;H

M =� G;H
M 0

) = 0 by Lemma
1.2(a), and hence� � (G; H ; M ) �= � � (G; H ; M 0).

Now assumethat K def= Ker[H ! Aut (M 0)] C G hasorder a multiple of p. There
is an exact sequenceof functors on Op(G)

0 � � � ! � G;H
M 0

� � � � � ! � G;H
M � � � � � ! � G;H

M =M 0
� � � � � ! 	 � � � ! 0;

where 	( P) � H 1(P; M 0) if P \ H = 1 and 	( P) = 0 otherwise. We have just seen
that lim �

� (� G;H
M 0

) = 0, and hencewe will be doneupon showing that lim �
� (	) = 0. For

each P � G such that P \ H = 1, NP K (P)=P has order a multiple of p (Lemma
1.11) and acts trivially on 	( P) � H 1(P; M 0), and thus � � (NG(P)=P; 	( P)) = 0 by
Proposition 1.1(b). So all higher limits of 	 vanish by Lemma 1.2(a).

(c) If Op(H ) 6= 1, then for all p-subgroupsP � G such that P \ H = 1,

Op(NG(P)=P) � NOp (H )�P (P)=P 6= 1:

Hence � � (NG(P)=P; M P ) = 0 for all such P by [JMO, Proposition 6.1(ii)], and so
� � (G; H ; M ) = 0 by Lemma 1.2.

(d) Let ' : G � � ! G=K be the projection, and let ' # denote the induced functor
betweenorbit categories. Let O �

p(G) � Op(G) be the full subcategory whoseobjects
are thoseP � G such that P \ K 2 Sylp(K ). We claim that

� G;H
M jO �

p (G)
�=

�
� G=K ;H K =K

M � ' #
�
jO �

p (G) : (1)

This is clear, oncewe have checked that for any p-subgroupP � G such that P \ K 2
Sylp(K ), P \ H = 1 if and only if PK =K \ H K =K = 1. If PK =K \ H K =K = 1, then
P \ H � K , and henceP \ H = 1 sinceP is a p-group and K \ H hasorder prime to
p.

Conversely, if P \ H = 1, then PK \ H has order prime to p, sinceP 2 Sylp(PK )
and thus any element of PK \ H of p-power order would be G-conjugateto an element
of P \ H . HencePK \ H � K , sinceany element of PK r K has order a multiple of
p. It follows that PK \ H K � K , and PK =K \ H K =K = 1.
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This �nishes the proof of (1). Lemma 1.10now appliesto show that

� � (G; H ; M ) = lim �
�

Op (G)

(� G;H
M ) �= lim �

�

Op (G=K )

(� G=K ;H K =K
M ) = � � (G=K; H K =K ; M ):

(e) Regard � G;H
M as a subfunctor of the functor H 0M , which sendsP to M P for all

P. By Proposition 1.13, H 0M is acyclic and lim �
0(H 0M ) �= M G . So there is a short

exact sequence

0 � � ! M G � � � � � ! lim �
0(H 0M =� G;H

M ) � � � � � ! � 1(G; H ; M ) � � ! 0:

It remainsonly to show that the middle term is isomorphic to M G0 .

To seethis, �x someT 2 Sylp(G) which contains our given S 2 Sylp(H ), and restrict
to the full subcategoryOT (G) � Op(G) whoseobjects are the subgroupsof T. Then

G0 = f g 2 G j gSg� 1 � Sg = hg 2 G j gTg� 1 \ T \ H 6= 1i

= hg 2 G j 9 P; gPg� 1 � T with P \ H 6= 1i ;

and hencelim �
0(H 0M =� G;H

M ) �= M G0 .

(f ) Fix bS 2 Sylp(G), set S = bS \ H 2 Sylp(H ), and let Z � S be the uniquesubgroup
of order p. In particular, Z is weakly closedin bS with respect to G.

Regard � G;H
M as a subfunctor of the functor H 0M which sendsP to M P for all P.

Then H 0M =� G;H
M sendsa p-subgroupP � G to M P if P contains a subgroupconjugate

to Z and sendsP to 0 otherwise. So by Lemma 1.9,

lim �
�

Op (G)

(H 0M =� G;H
M ) �= lim �

�

Op (N G (Z )=Z )

�
P=Z 7! M P

�
;

and this last functor is acyclic by Proposition 1.13. Since H 0M is also acyclic by
Proposition 1.13, the exact sequencefor the extension of functors now shows that
� i (G; H ; M ) = lim �

i (� G;H
M ) = 0 for all i � 2. �

The next proposition describesthe role of theserelative functors � � (G; H ; M ) when
computing higher limits of the Y �

eL
. For these purposes,it is useful to consider the

following subquotient functors of Y �
eL
, de�ned for any p-centric subgroupQ � L:

(Y �
eL
)� Q(P) =

(
Y �

eL
(P) if P � Q0, someQ0 �-conjugate to Q

0 otherwise

(Y �
eL
)Q(P) =

(
Y �

eL
(P) if P \ L is �-conjugate to Q

0 otherwise

Thus (Y �
eL
)Q is a subfunctor of (Y �

eL
)� Q, and this is a quotient functor of Y �

eL
. When �

and eL are clear from context, we drop them, and just write YQ � Y� Q, etc.

Lemma 3.4. Fix a simple group L, a central extension eL
�

� � � L such that eL is
quasisimpleand Ker(� ) is a p-group, and a subgroup � � Aut( eL) which contains
Inn(eL) �= L. Then the following hold for any p-centric subgroup Q � L.

(a) If Q =2 Sylp(L), then lim �
�

Op (�)

((Y �
eL
)Q) �= � � (N � (Q)=Q;NL (Q)=Q; Y �

eL
(Q)).
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(b) If S 2 Sylp(L), and Q is p-centric in L and weakly closed in S with respect to � ,
then for all i � 0,

lim �
i

Op (�)

((Y �
eL
)� Q) �=

(
(� � 1Q)N � (Q)=Z(eL)� if i = 0
0 if i > 0.

Proof. Let F 1 � F 0 be the following functors on Op(�):

F 1(P) =

(
(� � 1(P \ L))P if P \ L is p-centric in L
Z(eL)P otherwise

and F 0(P) = Z(eL)P :

Here, we identify L = Inn(eL) C �. By de�nition, Y = Y �
eL

�= F 1=F0. De�ne quotient
functors F i

� Q of F i and subfunctorsF i
Q � F i

� Q in analogy with the de�nitions for Y .
Thus

Y� Q
�= F 1

� Q=F0
� Q and YQ

�= F 1
Q=F0

Q

By Proposition 3.2,

lim �
�

Op (�)

(F i
Q) �= � �

�
N � (Q)=Q;NL (Q)=Q; F i

Q(Q)
�

for i = 0; 1. Since the action of NL (Q)=Q on F 0(Q) = Z(eL) is trivial, Proposition
3.3(b) implies that if Q =2 Sylp(L), then

lim �
�

Op (�)

(YQ) �= lim �
�

Op (�)

(F 1
Q=F0

Q) �= � �
�
N � (Q)=Q;NL (Q)=Q; F 1(Q)=F0(Q)

�

�= � �
�
N � (Q)=Q;NL (Q)=Q; Y �

eL
(Q)

�
:

Now assumethat Q is p-centric in L, and weakly closedin someS 2 Sylp(L) with
respect to �. By de�nition, for all P � Q in �, F i (P) = F i (Q)P for i = 0; 1. Henceby
Lemma 1.9 and Proposition 1.13,

lim �
� (F i

� Q) �=

(
0 if � > 0
F i (Q)N � (Q) if � = 0.

Thus Y� Q
�= F 1

� Q=F0
� Q is acyclic, and

lim �
0(Y� Q) �= (� � 1Q)N � (Q)=Z(eL)� : �

We will need a much stronger vanishing theorem for the � � (G; H ; M ) than what
was shown in Proposition 3.3. In the following lemma, for any set H 1; : : : ; Hm � G of
subgroups,we write N G(H1; : : : ; Hm ) to denote the subgroupof elements of G which
normalizeall of them. A radical p-chain of length n in G is a sequence

Op(G) = P0 C P1 C � � � C Pn

of distinct p-subgroupsof G such that Pi = Op(N G(P0; : : : ; Pi )) for all i (in particular,
Pi C Pn for all i ), and such that Pn 2 Sylp(N G(P0; : : : ; Pn� 1)).

Prop osition 3.5. Fix a �nite groupG, a normal subgroupH C G, and a �nite Z (p) [G]-
module M . Assume, for somen � 1, that � n (G; H ; M ) 6= 0. Let 0 = M 0

0 � M 0
1 �

� � � � M 0
n = M =pM be any �ltr ation by Z(p) [G]-submodules. Then there is a radical

p-chain
1 = P0 � P1 � P2 � � � � � Pn
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of length n in H suchthat N N H (P1 ;:::;Pn ) �(M 0
k=M 0

k� 1) 6= 0 for somek, and suchthat

rkp(M ) � rk(M 0
k=M 0

k� 1) � jPn j � pn :

Proof. For any Z(p) [G]-module M , let M G
M be the set of all sub-Mackey functors 	 �

H 0M ; i.e., those functors on Op(G) such that 	( P) � M P for all P, and such that
the relative norm N P

Q : M Q � � ! M P sends	( Q) into 	( P) for all p-subgroupsQ � P
in G. Let N G;H

M be the set of all functors on Op(G) of the form 	 \ � G;H
M (objectwise

intersection) for some	 2 M G
M . We �rst show:

for any � 2 N G;H
M and any n � 1 with lim �

n (�) 6= 0, there existsa radical p-
subgroupP � H such that N P �M 6= 0, and a functor � 0 2 N NG (P )=P;N H (P )=P

N P �M

such that lim �
n� 1(� 0) 6= 0.

(1)

To seethis, let 	 0 2 M G
M be such that � = 	 0 \ � G;H

M . Let 	 � 	 0 be the subfunctor
	( P) = 	 0(P) \ (NP \ H �M ); this still lies in M G

M . Since	 is acyclic [JM, Proposition
5.14], lim �

n� 1(	 =�) 6= 0. By an appropriate �ltration of 	 =�, there is a p-subgroup
1 6= P � H such that if we de�ne 	 P by 	 P (Q) = 	( Q) if Q \ H is conjugate to
P and � 0(Q) = 0 otherwise (still as a functor on Op(G)), then lim �

n� 1(	 P ) 6= 0. By
Proposition 1.1(a,c), for somep-subgroupQ � G such that Q \ H = P, Q is radical
in G, and hence P is radical in H by Lemma 1.12(b). Furthermore, if we de�ne
� 0 � 	 0 on Op(NG(P)=P) by setting 	 0(Q=P) = 	( Q) and � 0(Q=P) = 	 P (Q), then
	 0 2 M NG (P )=P

N P �M , and so

� 0 = 	 0\ � NG (P )=P;N H (P )=P
N P �M 2 N NG (P )=P;N H (P )=P

N P �M :

Finally, by Lemma 1.8, the functors 	 P and � 0 have the samehigher limits, and in
particular lim �

n� 1(� 0) 6= 0. This �nishes the proof of (1).

We next claim, by induction on n, that

for any � 2 N G;H
M with lim �

n (�) 6= 0, there existsa radical p-chain 1 = P0 �
P1 � � � � � Pn of length n such that N K �M 6= 0, whereK = N H (P1; : : : ; Pn).

(2)

To prove this, let P and � 0 be as in (1). If n = 1, then

0 6= lim �
0(� 0) � � 0(NG(P)=P; NH (P)=P; NP �M )

implies that (p; jNH (P)=Pj) = 1, hencethat P 2 Sylp(H ), and

(NP �M )NH (P ) = NNH (P ) �M 6= 0

by Proposition 3.3(a). Thus (0 � P) is a radical p-chain, and (2) holds in this case.

If n > 1, then by the induction hypothesis(applied to � 0), there is a radical p-chain

1 6= P2=P � � � � � Pn=P in NH (P)=P (3)

such that NK =P �(NP �M ) = NK �M 6= 0, where K =P = N NH (P )=P (P2=P; : : : ; Pn=P).
SinceP is radical in H , Op(NH (P)=P) = 1, and the sequence1 � P � P2 � � � � � Pn

is a radical p-chain of length n in H . Also, K = N H (P; P2; : : : ; Pn), and this �nishes
the proof of (2).

Now let M be any �nite Z(p) [G]-module such that � n (G; H ; M ) = lim �
n (� G;H

M ) 6= 0,
and let 0 = M 0

0 � M 0
1 � � � � � M 0

n = M =pM be a �ltration by G-invariant submodules.
Since each pkM =pk+1 M is isomorphic to an Fp[G]-submodule of M =pM, we can lift
this to a �ltration of M by submodules M 00

i such that each M 00
i =M 00

i � 1 is isomorphic
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to a submodule of someM 0
j =M 0

j � 1. Choose` such that lim �
n �

� G;H
M 00

`
=� G;H

M 00
` � 1

�
6= 0. Set

V = M 00
` =M 00

`� 1 for short.

Considerthe functor 	 : Op(G)op � � ! Z(p)-mod de�ned by 	( P) = (M 00
` )P =(M 00

`� 1)
P .

This is a sub-Mackey functor of H 0V, and thus an element of M G
V . Hence

� def= 	 \ � G;H
V = � G;H

M 00
`

=	 G;H
M 00

` � 1
2 N G;H

V :

By (2), sincelim �
n (�) 6= 0, there is a radical p-chain 1 = P0 � P1 � � � � � Pn of length

n such that NK �V 6= 0, whereK = N H (P1; : : : ; Pn ).

In particular, NPn �V 6= 0. Fix x 2 V such that N Pn �x 6= 0, and considerthe Pn -linear
homomorphismFp[Pn ] �� � ! V de�ned by setting � (g) = gx. Thus Ker(� ) is an ideal
in Fp[Pn ] which doesnot contain N Pn , and henceis the zero ideal (cf. [Se,x8.3, Prop.
26]). So � is injective, and V contains a copy of Fp[K ]. SinceV is isomorphic to a
subgroup of someM 0

k=M 0
k� 1, this module also contains a copy of Fp[Pn ]. The lower

boundsfor rkp(M ) are now immediate. �

4. Subgr oups which contribute to higher limits

As noted earlier, our remaining goal is to prove that every nonabelian �nite simple
group lies in the classL � 2(2) (seeDe�nition 2.8). Once we have shown this, then
Theorem A will follow as a consequenceof Proposition 2.9. The aim of this sectionis
to prove a seriesof propositions,whosehypothesesare stated in purely group theoretic
terms (without referenceto higher limits or � � 's), which can then be used in later
sectionsto carry out a case-by-casecheck that L 2 L � 2(2).

The following de�nition is mostly of interest when L is simple, but in a few cases
(when carrying out inductive arguments) we need to also deal with almost simple
groups. For simplicity in notation, for any group L with Z (L) = 1, we identify L =
Inn(L) as a subgroupof Aut( L). Recall that for any p-group P and any n � 1,


 n (P) def= hg 2 P j gpn
= 1i :

De�nition 4.1. Fix a centerfree group L and a prime p
�
� jL j.

(a) For each i � 1, let R i (L ; p) be the set of all p-subgroups P � L with the prop-
erty that for some� � Aut( L) which contains Inn(L), and someN � (P)-invariant
subgroup Z0 � Z (P),

� i (N � (P)=P; NL (P)=P; Z0) 6= 0:

(b) For each i � 1, set

Ei (L ; p) =
�


 1(Z (P))
�
� P 2 R i (L ; p)

	
:

(c) An elementaryabelian p-subgroup E � L is called pivotal if E = 
 1(Z (P)) for
someP 2 Sylp(CL (E)), and Op(Aut L (E)) = 1.

We also write R � i (L ; p) =
S

j � i R j (L ; p), and similarly for E� i (L ; p). In addition,
for any p-subgroup Q � L, we let R i (L ; p) � Q and R � i (L ; p) � Q denote the set of
subgroupsin R i (L ; p) and R � i (L ; p), respectively, which do not contain any subgroup
conjugateto Q.
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As will be seenin the next proposition (or in its proof), we can think of R i (L ; p) as
the set of p-subgroupsof L which could \contribute" to lim �

i (Y �
eL
), for somequasicentric

group eL with eL=Z(eL) �= L, and some� � Aut( eL) which contains Inn( eL) �= L. Of
course,the existenceof an element of R i (L ; p) does not mean that lim �

i (Y �
eL
) is non-

vanishing for some� and eL: a nonzero \contribution" to lim �
i (� ) by a subgroup in

R i (L ; p) could be cancelledby a contribution to lim �
i � 1(� ).

Prop osition 4.2. Fix a prime p, a �nite simple group L, S 2 Sylp(L), and i � 1.
Assume there is a subgroup Q � S which is p-centric in L and weakly closed in S
with respect to Aut (L), such that R i (L ; p) � Q = ? . Then L 2 L i (p). In particular,
L 2 L i (p) if R i (L ; p) = ? .

Proof. Fix � and eL, and let Y� Q be the subfunctor of Y �
eL

de�ned by setting Y� Q(P) =

Y �
eL
(P) if P doesnot contain a subgroupconjugate to Q and Y� Q(P) = 0 otherwise.

For each P � L �= Inn(eL) which does not contain a subgroup conjugate to Q, we
de�ned Y �

eL
(P) to be a certain N � (P)=P-invariant subgroupof Z (P) (De�nition 2.5).

Thus P =2 R i (L ; p) implies that

� i (N � (P)=P; NL (P)=P; Y �
eL
(P)) = 0:

Hence lim �
i (Y� Q) = 0 by Lemma 3.4(a) and an appropriate �ltration of Y� Q. Fur-

thermore, lim �
i (Y �

eL
=Y� Q) = 0 by Lemma 3.4(b), and this �nishes the proof of the

proposition.

The last statement is just the caseQ 2 Sylp(L). �

In the courseof the next �v e sections,we will prove that all simple groups lie in
L � 2(2), and most casesthis will be doneusing Proposition 4.2. The following proposi-
tion will, however, be neededwhen proving that simple groupsof Lie type in charac-
teristic two lie in L � 2(2) (and in fact, with the exceptionof L 3(2), lie in L � 1(2)).

Prop osition 4.3. Let L be a simple group. Fix S 2 Sylp(L), and let Q C S be a
p-subgroup with the following properties:

(a) Q is p-centric in L and weakly closed in S with respect to Aut (L).

(b) for each P � S which doesnot contain Q, and which is p-centric and radical in L,
P is weakly closed in S with respect to L, and Z(NL (P))p = Z(NL (PQ))p.

Then L 2 L � 1(p).

Proof. Let P be the set of p-subgroupsof S which are radical and p-centric in L. For
any P 2 P, let eP denoteits inverseimagein eL. We �rst check that for each P 2 P,

Z (N eL ( eP))p = Z(N eL (gPQ))p: (1)

By assumption,Z (NL (P))p = Z(NL (PQ))p. Also,

Z (N eL ( eP))=Z(eL) = Ker
�
Z (NL (P))

 P� � � ! Hom(NL (P); Z (eL))
�

;

and similarly Z (N eL (gPQ))=Z(eL) = Ker( P Q). Here,  P and  P Q are de�ned by lifting
to eL and taking commutators. Thus  P and  P Q have the samedomain. SinceZ(eL) is
a p-group and NL (P) � NL (PQ) � S (P and Q beingweakly closedin S), their target
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groups both inject into Hom(S;Z (eL)). Thus Ker( P ) = Ker( P Q), and this proves
(1).

For each R 2 P, de�ne functors YR and Y� R on Op(�) by setting

Y� R (P) =

(
Y �

eL
(P) if P \ L � R0, someR0 �-conjugate to R

0 otherwise

and

YR(P) =

(
Y �

eL
(P) if P \ L is �-conjugate to R

0 otherwise.

Thus Y� R is a quotient functor of Y �
eL
, and YR is a subfunctor of Y� R .

We claim that lim �
� (YR) = 0 for each R 2 P which doesnot contain Q. It su�ces to

prove this when N � (R)�L = � (otherwise replace� by N � (R)�L without changing the
higher limits). In this case,R and RQ are both weakly closedin S with respect to �.
Henceby Lemma 3.4(b), Y� R and Y� RQ are acyclic, and by (1),

lim �
0(Y� R) �= Z (N eL ( eR)) � =L

p

�
Z (eL)� �= Z (N eL (gRQ)) � =L

p

�
Z (eL)� �= lim �

0(Y� RQ ): (2)

Thus if we set Y �
� R = Ker[Y� R ! Y� RQ ], then lim �

� (Y �
� R) = 0. We can assume

inductively that lim �
� (YP ) = 0 for all P 2 P such that P 	 R and P � Q. Via the

obvious �ltration of Y �
� R , we now seethat lim �

� (YR) = 0.

Thus lim �
� (Y �

eL
) �= lim �

� (Y� Q), and Y� Q is acyclic by Lemma 3.4(b) again. Sincethis

holds for all � and eL, L 2 L � 1(2). �

It remainsto develop sometools for determining which subgroupsbelongto the sets
R i (L ; p). The �rst step is to study their connectionwith the sets Ei (L ; p) and the
pivotal subgroupsof L, alsode�ned in 4.1.

Prop osition 4.4. Fix a prime p, a �nite centerfree group L, and i � 1. Then the
followinghold for any p-subgroupP � L and any elementaryabelian p-subgroupE � L.

(a) If P 2 R i (L ; p) and E = 
 1(Z (P)), then P 2 Sylp(CL (E)). If E 2 Ei (L ; p) and
P 2 Sylp(CL (E)), then P 2 R i (L ; p) and E = 
 1(Z (P)). In other words, there
are inversebijections

R i (L ; p)=(conj)
elem� � � � � � � � ! � � � � � � � �
rad

Ei (L ; p)=(conj);

where elem(P) = 
 1(Z (P)) and rad(E) 2 Sylp(CL (E)).

(b) AssumeE = 
 1(Z (P)) and P 2 Sylp(CL (E)). Then the natural map

NL (P)=P � � � Aut L (E)

induced by restriction is a surjection, its kernelhasorder prime to p, and the action
of NL (P)=P on Z(P) factors throughAut L (E). Furthermore, for any � � Aut( L)
which contains Inn(L), the natural map N � (P)=P � � � Aut � (E) is a surjection.

(c) If E 2 Ei (L ; p), then E is a pivotal subgroup.

(d) If E is a pivotal subgroup and P 2 Sylp(CL (E)), then P is a radical p-subgroup of
L.
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(e) Fix S 2 Sylp(L). Each pivotal p-subgroup of L is L-conjugateto a subgroup E � S
suchthat E = 
 1(Z (CS(E))) , and hence suchthat E � 
 1(Z (S)).

(f ) Let E � L be an elementary abelian p-subgroup, and let X � CL (E)r E be a
CL (E)-conjugacyclassof elementsof order p suchthat jXj is prime to p. Then no
elementaryabelian subgroup E 0 � E suchthat E 0\ X = ? is pivotal in L.

Proof. (a) AssumeP 2 R i (L ; p), and let � � Aut( L) and Z 0 � Z (P) be such that

� i (N � (P)=P; NL (P)=P; Z 0) 6= 0:

Set H = CL (E) for short. Then P � H by de�nition of E. Since NH (P)=P acts
trivially on E, it acts trivially on 
 n (Z 0)=
 n� 1(Z 0) for each n, and hencemust have
order prime to p by Proposition 3.3(b). So by Lemma 1.11,P 2 Sylp(H ).

Now assumeE 2 Ei (L ; p). By de�nition, E = 
 1(Z (P0)) for someP0 2 R i (L ; p),
and we just saw that P 0 2 Sylp(CL (E)). Henceif P 2 Sylp(CL (E)), then P = xP 0x � 1

for somex 2 CL (E), so P 2 R i (L ; p), and 
 1(Z (P)) = xE x � 1 = E.

(b) Fix Inn(L) � � � Aut (L) (and we identify L with Inn(L) C �). Since E =

 1(Z (P)), we have N � (P) � N � (E). Since P is a Sylow p-subgroup of CL (E) C
N � (E), conjugation by any x 2 N � (E) sendsP to hPh� 1 for someh 2 CL (E), and
so h� 1x 2 N � (P). This shows that N � (E) = CL (E)�N � (P), and hencethat N � (P)=P
surjectsonto Aut � (E) �= N � (E)=C� (E). When � = L, then the kernelof this surjection
is NCL (E )(P)=P, which hasorder prime to p sinceP 2 Sylp(CL (E)).

It remains to show that NCL (E ) (P)=P acts trivially on Z(P). It acts trivially on
E = 
 1(Z (P)) by de�nition, and henceon 
 n (Z (P))=
 n� 1(Z (P)) for each n. By
[Gor, Corollary 5.3.3], any group of automorphismsof Z (P) with this property must
be a p-group; and sinceNCL (E )(P)=P hasorder prime to p, it must act trivially .

(c) AssumeE 2 Ei (L ; p), and �x P 2 Sylp(CL (E)). Then E = 
 1(Z (P)) by (a). So
to show E is pivotal, it remainsto show that Op(Aut L (E)) = 1.

Let Z 0 � Z (P) and � � Aut( L) be such that

� i (N � (P)=P; NL (P)=P; Z 0) 6= 0:

By (b), NL (P)=P surjects onto Aut L (E) with kernel K =P def= NCL (E )(P)=P of order
prime to p, and K acts trivially on Z(P) (henceon Z 0). So by Proposition 3.3(d),

� i
�
N � (P)=K; Aut L (E); Z 0

�
6= 0;

and henceOp(Aut L (E)) = 1 by Proposition 3.3(c).

(d) Assume E is pivotal and P 2 Sylp(CL (E)). By (b), NL (P)=P surjects onto
Aut L (E) with kernel of order prime to p. SinceOp(Aut L (E)) = 1 by de�nition of a
pivotal subgroup,Op(N (P)=P) = 1, and so P is radical.

(e) Fix S 2 Sylp(L). Any pivotal subgroup of L is L-conjugate to a subgroup E
such that someP 2 Sylp(CL (E)) is contained in S. Thus P = CS(E), and so E =

 1(Z (CS(E))) by de�nition of pivotal. Also, Z (S)�P � CS(E) = P, so Z(S) � P.
HenceZ(S) � Z (P), so that 
 1(Z (S)) � 
 1(Z (P)) = E.

(f ) Fix an elementary abelian p-subgroup E � L, and a CL (E)-conjugacy class
X � CL (E) of elements of order p such that jXj is prime to p. AssumeE 0 � E is such
that E 0\ X = ? . Then CL (E 0) \ X is the �xed point set of an E 0=E-action on X, hence
alsohas order prime to p, and contains a CL (E 0)-conjugacyclassX0 of order prime to
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p. Fix x 2 X0. Then [CL (E 0):CL (E 0; x)] is prime to p, so there is P 2 Sylp(CL (E 0))
such that x 2 Z(P), 
 1(Z (P)) 	 E 0, and thus E 0 is not pivotal. �

It remainsto list somemoreconditionswhich canbe usedlater to prove that certain
subgroupsare not in E� 2(L ; 2) or R � 2(L ; 2). Almost all of thesewill be basedon the
following, very general,proposition. Recall (from Section3) that a radical p-chain in
a group G is a sequence

Op(G) = P0 C P1 C � � � C Pn

of distinct p-subgroupsof G such that Pi = Op

�
N G(P0; : : : ; Pi )

�
for all i (in particular,

Pi C Pn for all i ), and such that Pn 2 Sylp
�
N G(P0; : : : ; Pn� 1)

�
.

Prop osition 4.5. Fix a �nite centerfree groupL and an elementaryabelian p-subgroup
E � L. Assume, for some m � 1, that E 2 Em (L ; p). Then for any sequence
1 = E0 � E1 � � � � � Ek = E of NAut (L ) (E)-invariant subgroups, there is some
1 � i � k, and a radical p-chain 1 = P0 � P1 � � � � � Pm in Aut L (E), such
that E i =Ei � 1 (when regarded as a Fp[Pm ]-module) contains a copy of the free module
Fp[Pm ].

Proof. Fix P 2 Sylp(CL (E)); then P 2 Rm (L ; 2) by Proposition 4.4(a). Let � �
Aut( L) and Z 0 � Z (P) be such that � m (N � (P)=P; NL (P)=P; Z 0) 6= 0. By Proposition
4.4(b), the natural map NL (P)=P � � � ! Aut L (E) is surjective with kernel of order
prime to p, and the action of NL (P)=P on Z(P) (henceon Z 0) factorsthrough Aut L (E).

Sinceeach quotient 
 n (Z 0)=
 n� 1(Z 0) is isomorphicas an Fp[N � (P)=P]-module to a
submodule of E, and sincethe E i areall Aut � (E)-invariant (henceN � (P)=P-invariant)
by assumption,there is a sequence1 = Z0 � Z1 � � � � � Zk = Z 0 of N � (P)=P-invariant
subgroupssuch that each Z i =Z i � 1 is isomorphicto a subgroupof someE j =Ej � 1. Hence
it su�ces to show that at least one of the quotients Z i =Z i � 1 contains a free module
Fp[Pm ] for someradical p-chain endingin Pm , and this followsfrom Proposition 3.5. �

The next proposition givessomespecial casesof Proposition 4.5.

Prop osition 4.6. Fix a �nite centerfree groupL and an elementaryabelian 2-subgroup
E � L. Let 1 = E0 � E1 � � � � � Ek = E be any sequence of NAut( L ) (E)-invariant
subgroupssuchthat at least one of the following conditions holdsfor each i :

(a) The Aut L (E)-action on E i =Ei � 1 is not p-faithful; i.e., its kernel has order a mul-
tiple of p.

(b) rk(E i =Ei � 1) � 3.

(c) rk(E i =Ei � 1) � 7 and the Sylow 2-subgroups of Aut L (E) are neither dihedral nor
semidihedral.

(d) rk(E i =Ei � 1) < 2�jRj for each radical 2-subgroup 1 6= R � Aut L (E).

(e) rk(E i =Ei � 1) < jR2j for each sequence 1 6= R1 � R2 � L such that R1 is a radical
2-subgroup of L and R2 is a radical 2-subgroup of NL (R1).

Then E =2 E� 2(L ; 2).

Proof. Assumeotherwise: that E 2 Em (L ; 2) for somem � 2. By Proposition 4.5,
there is somei , and a radical 2-chain 1 = P0 � P1 � � � � � Pm in Aut L (E), such that
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E i =Ei � 1 contains Fp[Pm ] as a summand. In particular, rk(E i =Ei � 1) � jPm j � 2m , and
this is impossibleif any of the conditions (b), (d), or (e) hold.

If rk(E i =Ei � 1) � 7, then jPm j � 4, so m = 2, P1 = hxi for someinvolution x, and
P2 = CS(x) for someS 2 Syl2(Aut L (E)). By [Hp, I I I.14.23], jCS(x)j = 4 implies that
S hasmaximal class(its central serieshaslength k � 1 if jSj = 2k). By [Gor, Theorem
5.4.5],each 2-groupof maximal classis dihedral, quaternion,or semidihedral.Together
with Proposition 3.3(f), this shows that S must be dihedral or semidihedral.

It remains to considercase(a). Let H C Aut L (E) be the kernel of the action on
E i =Ei � 1, and assumep

�
�jH j. By Lemma 1.11,for any p-subgroupP � Aut L (E), either

P \ H 2 Sylp(H ) or p
�
� jNH P (P)=Pj; in either caseN (P) \ H hasorder a multiple of p.

Upon applying this inductively, we seethat N (P1; : : : ; Pm� 1) \ H hasorder a multiple
of p. SincePm is assumedto be a Sylow p-subgroupof this intersectionof normalizers,
this shows that Pm \ H 6= 1, which contradicts the assumptionthat Z i =Z i � 1 contains
a summandisomorphic to Fp[Pm ]. �

We next look at somecaseswhereAut L (E) is a symmetric group or generallinear
group. Similar results involving other classicalgroups in characteristic two will be
shown in Proposition 6.4.

Prop osition 4.7. Fix a �nite centerfree group L, a pivotal 2-subgroup E � L, and
NAut (L ) (E)-invariant subgroups 1 = E0 � E1 � � � � � Ek = E. Let Aut L (E i =Ei � 1)
denote the image of Aut L (E) in Aut( E i =Ei � 1). Assume, for each 1 � i � k, that
E i =Ei � 1 either satis�es one of the conditions (a{e) in Proposition 4.6, or satis�es one
of the following conditions: either

(a) Aut L (E i =Ei � 1) �= GLn (2) for somen and rk(E i =Ei � 1) < 2n ; or

(b) Aut L (E i =Ei � 1) �= � n or An , and E i =Ei � 1 is the permutation representation on
(Z=2)n or (Z=2)n� 1; or

(c)
�
Aut L (E i =Ei � 1); E i =Ei � 1

� �=
�
GLm (2) o� n ; (Z=2)mn

�
for somem � 3 and n � 2.

Then E =2 E� 2(L ; 2).

Proof. Set E 0 = E i =Ei � 1 and G = Aut L (E i =Ei � 1) for short. By Propositions 4.5 and
4.6, it su�ces to show that there is no radical 2-chain 1 � P1 � � � � � Pk of length
k � 2 in G such that E 0 contains a copy of F2[Pk ] as a summand.

When G �= GLn (2), then the smallestradical 2-subgroupsof G have order 2n� 1 (see
Lemma6.1 for a description of the radical 2-subgroups).Henceby Proposition 4.6(d),
E 2 E� 2(L ; 2) implies rk(E i =Ei � 1) � 2n .

Now assumeG �= � n or An , regardedas acting on a set X of n elements, such that
E i =Ei � 1 is isomorphic to a submodule or quotient module of F2(X ). Then for any
2-subgroupP � G, E i =Ei � 1 contains a free submodule F2[P] only if the action of P
on X hasat least one free orbit. Furthermore, no radical 2-subgroupP � G can have
m > 1 free orbits: this is clear if jP j = 2, m = 2, and G = An , and holds in the other
casessinceO2(N � n (P)=P) contains a copy of P m� 1. Thus there is no radical 2-chain
of length � 2 such that P2 hasa free orbit, and so (b) follows from Proposition 4.5.

The third casenow follows since for any radical 2-chain f Pi g in GLm (2) o� n of
length � 2, either P2 \ (GLm (2))n 6= 1 and contains a nontrivial radical 2-subgroupof
(GLm (2))n (Lemma 1.12), in which casethe module contains no summandF2[P2]; or
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P2 \ (GLm (2))n = 1, and an argument similar to that usedfor G �= � n shows that the
module contains no summandF2[P2]. �

It is important to note that there is an action of � 5 on (Z=2)4 with the property
that � 2(� 5; (Z=2)4) �= Z=2. This is the action obtained by identifying � 5

�= � L2(4)
| the group SL2(4) �= A5 extendedby its �eld automorphism | and (Z=2)4 �= (F4)2.
Note that this action is transitive on the nonzeroelements in the module, unlike the
permutation action.

The following variant of Proposition 4.7will beneededwhenhandlingclassicalgroups
in odd characteristic.

Prop osition 4.8. Fix a �nite centerfree group L and a pivotal 2-subgroup E � L,
and set � = Aut L (E) for short. Assumethere is a �nite set X with � -action such
that E is isomorphic to a � -submodule of the permutation representationF2(X ). Let
X 1; : : : ; X k � X be the � -orbits, and assumethat the � -action contains all permutations
whoserestriction to each X i is an evenpermutation. Then E =2 E� 2(L ; 2).

Proof. Assumeotherwise. By Proposition 4.5, there is a radical 2-chain 1 � P1 � � � � �
Pk of length k � 2 in G such that X contains a free orbit of Pk .

Let X i � X be a �-orbit which contains a free Pk-orbit. Let m be the number of
free orbits of P1 in X i (thus m � [P2:P1] � 2), and let Y � X i be the union of those
orbits. Let H �= P1 o� m be the group of all permutations of X which centralize P1

and are the identit y on X r Y. Since� contains all even permutations of X i (henceof
Y) by assumption, � \ H C C� (P1) has index at most 2 in H . Also, O2(H ) �= Pm

1 if
m > 2 and O2(H ) = H if m = 2. In either case,O2(� \ H ) � P1, soO2(N � (P1)) 6= P1,
and this contradicts the assumptionthat P1 is a radical 2-subgroupof �. �

The following proposition will be useful when working with the sporadic groups.

Prop osition 4.9. Let L be any �nite centerfree group, let E � L be a pivotal p-
subgroup, and �x P 2 Sylp(CL (E)). In particular, E = 
 1(Z (P)). Let H � L be a
subgroup which contains NL (E) � NL (P).

(a) AssumeOp(H ) 6= 1, and set E0 = E \ Z (Op(H )). Then P � Op(H ), [E; Op(H )] =
1, E0 6= 1, and E0 is an Aut L (E)-invariant submodule of E. In particular, in this
case,E � Z (Op(H )) if E is Aut L (E)-irr educibleor if Op(H ) is centric in H .

(b) AssumeP 2 R i (L ; p). Let H 0 C H be a characteristic subgroup which is qua-
sisimple, and set K = CH (H 0). Assumethat NAut (L ) (E) � NAut (L ) (H ), and that
P \ H 0 =2 Sylp(H

0). Then PK =K 2 R i (H=K ; p).

Proof. (a) SinceE is pivotal, P is a radical p-subgroup of L (Proposition 4.4(d)),
and hencea radical p-subgroupof H (recall NL (P) = NH (P)). So P � Op(H ), and
E � Z (P) centralizes Op(H ). In particular,

E0
def= E \ Z (Op(H )) = 
 1

�
Z (P) \ Z (Op(H ))

�
;

and so E0 6= 1 sinceZ(P) \ Q 6= 1 for any 1 6= Q C P. Also, E0 is Aut L (E)-invariant,
sinceNL (E) = NH (E) normalizesboth E and Op(H ).

(b) We now assumethat P 2 R i (L ; p) (hence E 2 Ei (L ; p)), that H 0 C H is
a characteristic subgroup which is quasisimple, that P \ H 0 =2 Sylp(H 0), and that
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NAut (L ) (E) � NAut( L ) (H ). Let � � Aut( L) and Z 0 � Z (P) be such that

� i (N � (P)=P; NL (P)=P; Z 0) 6= 0:

Set K = CH (H 0), and considerthe groups

Z0 = Z 0\ K = Z 0\ CH (H 0) and Z 00= Z 0=Z0
�= Z 0K =K � H=K:

By assumption,N � (P) � N � (H ), and N � (H ) � N � (H 0) sinceH 0 is characteristic in H .
HenceZ0 is an N � (P)-invariant subgroupof Z 0. SinceP \ H 0 =2 Sylp(H 0), NP H 0(P)=P
has order a multiple of p by Lemma 1.11. This group acts trivially on Z0 � K , and
thus � i (N � (P)=P; NL (P)=P; Z 00) 6= 0 by Proposition 3.3(b).

Now set

bK = C� (H 0) and K = CL (H 0); so that K = H \ bK and K = L \ bK :

The action of NL (P)=P on Z 00must be p-faithful by Proposition 4.6(a). SinceP � H
normalizesH 0 and henceK and K , NP K (P)=P acts trivially on Z 00= Z 0=(Z 0 \ K ) =

Z 0=(Z 0 \ K ). HenceNP K (P)=P has order prime to p, and P 2 Sylp(PK ) by Lemma
1.11again.

Set

P0 = PK =K and � 0 = Aut � (H 0) �= N � (H 0)=C� (H 0):

Recall that K = bK \ H . We can identify

P0

�= P bK = bK

� H=K
�= H bK = bK

� � 0 and Z 00

�= Z 0 bK = bK

� Z (P0);

as subgroupsof Aut( H 0). SinceP 2 Sylp(PK ) (henceP 2 Sylp(PK )), and N � (P) �

N � (H ) normalizesK and K ,

NH (PK ) = NL (P)�K and N � (PK ) = N � (P)�K :

We can thus identify

NH =K (P0)=P0 �= NH (PK )=PK = (NL (P)�K )=PK �=
NL (P)=P

NP K (P)=P
;

whereNP K (P)=P hasorder prime to p. Also, sinceN � (P) � N � (H ) � N � (H 0),

N � (P)� bK � N � (H 0) \ N � (P bK ) � N � (PK ) = N � (P)�K � N � (P)� bK ;

so theseare all equal,and

N � 0(P0)=P0 �= NN � (H 0)(P bK )=P bK = (N � (P)� bK )=P bK �=
N � (P)=P

NP bK (P)=P
:

Henceby Proposition 3.3(d),

� i
�
N � 0(P0)=P0; NH =K (P0)=P0; Z 00

� �= � i
�
N � (P)=P; NL (P)=P; Z 00

�
6= 0;

and this provesthat P 0 = PK =K 2 R i (H=K ; p). �
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5. Al terna ting gr oups

We are now ready to go through the list of all �nite nonabelian simple groups L,
to show in each casethat L 2 L � 2(2). When L is of Lie type in characteristic 2, this
will be done using Proposition 4.3. In all other cases,we prove L 2 L � 2(2) with the
help of Proposition 4.2. This meanseither showing that R � 2(L ; 2) = ? (equivalently
E� 2(L ; 2) = ? ); or elsechoosing a 2-centric subgroupQ � L which is weakly closed
in a Sylow subgroup of L, and then showing that R � 2(L ; 2)� Q = ? (equivalently
E� 2(L ; 2)� Z (Q) = ? ).

We will be constantly referring to Proposition 4.4 for someof the most basicprop-
erties of subgroupsP 2 R i (L ; 2) and E = 
 1(Z (P)) 2 Ei (L ; 2), as well as the corre-
spondencebetweenthesetwo sets. Propositions4.5, 4.6, 4.7, and 4.8, all of which give
restrictions on the pairs (E; Aut L (E)) for E 2 Ei (L ; 2), will then be usedto further
eliminate subgroupsfrom thesesets;while Proposition 4.9 will be usedin somecases
to reduceto a problem involving a smaller group. Togetherwith Lemma 1.12, these
will be the only results from earlier sectionsusedin this part of the proof.

The easiestcaseto consideris that of the alternating groups.

Theorem 5.1. For any n � 5, An 2 L � 2(2).

Proof. Set L = An . When n � 7, then rk2(L) = 2, so R � 2(L ; 2) = ? by Proposition
4.6(b), and L 2 L � 2(2) by Proposition 4.2. So we can assumethat n � 8, and hence
that Aut (L) = � n (cf. [Sz,3.2.17]).

Weregard� n asthe group of permutations of the setn = f 1; : : : ; ng. For each i � 1,
let E2i be the set of subgroupsE � � 2i , such that E �= (C2) i , and the action of E on
n contains one free orbit and is otherwise�xed. Thesesubgroups(for each i ) clearly
make up oneconjugacyclassin � n .

Fix someS 2 Syl2(L), and let Q � S be the subgroupgeneratedby all E � S such
that E 2 E4. For any E; E 0 2 E4 with overlapping support, either E = E 0 (if they have
the samesupport), or hE; E 0i is not a 2-group (hencenot contained in S). Thus Q is
the direct product of [n=4] subgroupsin E4 with disjoint support, and is weakly closed
in S with respect to � n by construction. By Proposition 4.2, it remainsonly to show
that R � 2(An ; 2)� Q = ? .

Fix P 2 R � 2(An ; 2)� Q, and set E = 
 1(Z (P)). Then P 2 Syl2(CA n (E)) by Lemma
4.4(a). Each union of k orbits of E of order q (orbits under the action on n) which are
isomorphicas E-orbits contributes a factor Eq o� k (for Eq 2 Eq) to C� n (E). HenceP
is the intersection with An of a product of subgroupsof the form Eq oC2 o� � � oC2 for
Eq 2 Eq. If N (P) does not act transitively on n, then E is reducible as a N (P)=P-
module. By Proposition 4.6(a), N (P)=P must act p-faithfully on at least one of the
� n -irreducible composition factorsof E, and this implies that all but oneof the factors
of N (P)=P must have odd order. HenceP must have the form

P = An \
� �

Eq oC2 o� � � oC2| {z }
k times

� � r
� S0

�
;

where q � 2, Eq 2 Eq, k � 0, and S0 2 Syl2(� n� q2k r ). SinceP doesnot contain any
subgroupconjugateto Q, we must have either q � 8, or q = 2 and k = 0.

Set E0 = E \ S0. Then Aut L (E) acts trivially on E0, and (Aut L (E); E=E0) is
isomorphic to oneof the pairs (GL s(2) o� r ; (Z=2)r s) (if q = 2s, s � 3), or (� r ; (Z=2)r )
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or (� r ; (Z=2)r � 1) (if q = 2). In either case,Proposition 4.7(b,c) applies to show that
E =2 E� 2(An ; 2) (and henceP =2 R � 2(An ; 2)). �

By extending the above arguments, one can show that R � 3(An ; 2) = ? for all n,
and

R2(An ; 2) =
n�

E4 oC2 o� � � oC2| {z }
k times

� � 2
� S0

�
�
� E4 2 E4; 2k+3 � n; S0 2 Syl2(An� 2k +3 )

o
:

6. Gr oups of Lie type in chara cteristic tw o

Wenext considersimplegroupsof Lie type in characteristic two. We �rst summarize
the structures in thesegroupswhich will be needed(in arbitrary characteristic p). We
refer to [Ca1] and [GLS3] as generalreferences.

Assume�rst that L is a Chevalley group: L = G(q), whereG is oneof the groupsAn ,
Bn , etc., de�ned over the �nite �eld Fq (q = pa). For example,An (q) �= PSLn+1 (Fq).
Let � � V denote the root system of G, where V is a real vector spacewith inner
product. Let � + be the set of positive roots; thus � = f� r j r 2 � + g. Let I denote

the set of primitiv e roots, an R-basisof V. Then rk(G) def= dim(V) = jI j.

To each root r 2 � corresponds a root subgroupX r
�= Fq in L = G(q), and U def=

Q
r 2 � +

X r is a Sylow p-subgroupof L. Also, B def= NL (U) = Uo H (the Borel subgroup),
whereH � (Fq)rk( G) (of index dividing q� 1) is the subgroupof diagonalelements. Set
N = NL (H ); then W �= N=H is the Weyl group of G (and of the root system�).

For example,when L = An (q) = PSLn+1 (q), then we can take

V = f x 2 Rn+1 j
X

x i = 0g; � = f � i � � j j i 6= j g

(where f � 1; : : : ; � n+1 g is the standard basisof Rn+1 ),

� + = f � i � � j j i < j g; and I = f � i � � i +1 g:

Then X � i � � j is the subgroup of matrices which have 1's along the diagonal and are
zero elsewhereexcept at entry (i; j ), and henceU is the group of upper triangular
matriceswith 1'salongthe diagonal,andB is the groupof all upper triangular matrices.
Diagonal elements are those represented by diagonal matrices, N is the image of the
subgroupof monomial matrices,and W �= � n+1 .

For any subsetJ � I , let hJ i be the set of positive linear combinations of elements
of J contained in � + . Set

P J =


U�H; X � r

�
� r 2 hJ i

�
; and UJ =



X r

�
� r 2 � + r hJ i

�
:

The P J are the parabolic subgroupsof G(q). (We usethis insteadof the usualnotation
PJ to avoid confusionwith our useof P for an arbitrary p-group.) Also, UJ = Op(P J ),
and P J = NL (UJ ) (see[GLS3, Theorem2.6.5(d,e)]).

We next �x the notation for the twisted groups tG(q). The index t is the order of
an automorphism � 2 Aut( G(q0)), which is the composite of a graph automorphism
inducedby � 2 Aut( V; � ; � + ) with a �eld automorphism(inducedby an automorphism
of Fq0). In most cases,q0 = qt , and so Fq is the �xed sub�eld of the automorphism
of order t on Fq0. In all cases,� 2 Aut(� + ) can be seenas an automorphism of the
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Dynkin diagram (and t = 2; 3). Also, � (X r ) = X � (r ) for each r 2 �, and thus � leaves
invariant the subgroupsU, H , and N . The twisted group L = tG(q) is de�ned to be
the subgroup Op0

(CG(q0)(� )) generatedby the Sylow p-subgroupsof CG(q0)(� ) (recall

p = char(Fq)), or alternatively asthe subgroupof G(q0) generatedby U1 def= CU (� ) and
the analogoussubgroup for the root groups of negative roots. Its Borel subgroup is
de�ned to be

B 1 = NL (U1) = U1o H 1 where H 1 def= CH (� ) \ L:

Its parabolic subgroupsare the groups P 1
J

def= L \ CP J (� ), for all � -invariant subsets

J � I . In this case,we again have U1
J

def= CUJ (� ) = Op(P 1
J ), and P 1

J = NL (U1
J ) (again

by [GLS3, Theorem2.6.5(d,e)]).

Lemma 6.1. Let L = Op0
(CG(q)(� )) be group of Lie type in characteristic p (possibly

� = Id and L = G(q)). Fix a root system(V; � ; � + ) for G, let I � � + be the set of
primitive roots, and let � denotethe action on � induced by � . Let U be the product of
the root subgroupsX r for r 2 � + , and set S = U1 2 Sylp(L). Then a subgroup P � S
is radical in L if and only if P = U1

J for some� -invariant subsetJ � I . Furthermore,
for each such J , U1

J is weakly closed in S with respect to L, and more generally with
respect to any subgroup � � Aut (L) whoseaction on the set of primitive roots leaves
J invariant.

Proof. By [BW], each radical p-subgroupof L is L-conjugate to someU1
J . More pre-

cisely, this is shown in [BW] for radical p-subgroupsof Inndiag(L): the extensionof L
by its diagonal automorphisms. But sincethe radical p-subgroupsof L are precisely
the intersectionsof L with radical p-subgroupsof Inndiag(L) (Lemma 1.12(b)), the
sameresult holds for radical p-subgroupsof L.

It remainsto show, for any � � Aut( L) containing Inn(L) and any �-in variant subset
J � I , that U1

J is weakly closedin S = U1 with respect to �. The following argument is
basedon the proof of [Gro, Lemma4.2]. Let B = P 1

? = NL (S) be the Borel subgroup,
and let N be the normalizer of the group of diagonal elements in L. Then L = BN B
by, e.g., [Ca1, 8.2.2]. Hence,sinceU1

J C B, if U1
J 6= gU1

J g� 1 � S for any g 2 L, then
this occurs for g 2 N .

Now, g permutes the root subgroupsvia the action of w = gH 2 W � on �, and so
w(� + r hJ i ) � � + . Write � = � + r hJ i for short; this is closedin the sensethat any
r 2 � which is a positive linear combination of elements of � also lies in �. So

w(�) = � + r w(�h J i ) = � + r w(hJ i R)

hasthe sameproperty, wherehJ i R denotesthe R-linear subspaceof V generatedby J .
Hencew(�h J i ) is generatedby the set J 0 � I of primitiv e roots which it contains, and
thusw(�) = � + r hJ 0i . After replacingw by its product with someelement in the Weyl
group of �h J 0i , we can assumethat it sendspositive roots to positive roots, and hence
must be the identit y. But this contradicts the assumptionthat U1

J 6= gU1
J g� 1. �

We next list, for future reference,the notation usedherefor the root systemsof the
simple Lie groups.

Notation 6.2. The following notation wil l be used for the root systemsof the simple
Lie groups. When listed, H � V denotesa half-space which contains the positive roots,
and f � 1; : : : ; � ng denotesthe canonical basis of Rn .
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� G = An : V = f x 2 Rn+1 j
P

x i = 0g, H = f x j
P

(n � i )x i > 0g,

� + = f � i � � j j i < j g; and I = f � 1� � 2; � 2 � � 3; : : : ; � n � � n+1 g:

� G = Bn : V = Rn , H = f x j
P

(n + 1 � i )x i > 0g,

� + = f � i ; � i � � j j i < j g; and I = f � 1� � 2; � 2 � � 3; : : : ; � n� 1� � n ; � ng:

� G = Cn : V = Rn , H = f x j
P

(n + 1 � i )x i > 0g,

� + = f 2� i ; � i � � j j i < j g; and I = f � 1� � 2; � 2 � � 3; : : : ; � n� 1� � n ; 2� ng:

� G = Dn : V = Rn , H = f x j
P

(n + 1 � i )x i > 0g,

� + = f � i � � j j i < j g; and I = f � 1� � 2; � 2 � � 3; : : : ; � n� 1� � n ; � n� 1+ � ng:

� G = G2 : V = f x 2 R3 j
P

x i = 0g, H = f (x1; x2; x3) j 2x1 + x2 + 4x3 > 0g,

� =
�

� (� i � � j ); � (2� i � � j � � k) j f i; j; kg = f 1; 2; 3g
	

I = f (1; � 1; 0); (� 2; 1; 1)g:

� G = F4 : V = R4, H = f x j 7x1 + 3x2 + 2x3 + x4 > 0g,

� + = f � + (B4); 1
2(� 1� � 2� � 3� � 4)g; and I = f � 2� � 3; � 3� � 4; � 4; 1

2(� 1� � 2� � 3� � 4)g:

� G = E8 : V = R8,

� + =
n

� j � � i

�
�
� 1� i<j � 8

o
[

n
1
2

7X

i =1

(� 1)� (i ) � i + � 8

�
�
�

X
� (i ) even

o

I =
�

1
2(� 1� � 2� � 3� � 4� � 5� � 6� � 7+ � 8); � 2� � 1; � 2+ � 1; � 3� � 2; � 4� � 3;

� 5� � 4; � 6� � 5; � 7� � 6

	
:

� G = E7 : V = f x 2 R8 j x7 + x8 = 0g, � + is the set of positive roots of E8

which lie in V, and

I =
�

1
2(� 1� � 2� � 3� � 4� � 5� � 6� � 7+ � 8); � 2� � 1; � 2+ � 1; � 3� � 2; � 4� � 3; � 5� � 4; � 6� � 5

	
:

� G = E6 : V = f x 2 R8 j x6 = x7 = � x8g, � + is the set of positive roots of E8

which lie in V, and

I =
�

1
2(� 1� � 2� � 3� � 4� � 5� � 6� � 7+ � 8); � 2� � 1; � 2+ � 1; � 3� � 2; � 4� � 3; � 5� � 4

	
:

To seethat thesedo, in fact, describe root systemsof the given types, we refer to
Bourbaki [Bb, xVI.4].

Theorem 6.3. Let L be a �nite simple group of Lie type in characteristic two, or the
Tits group 2F4(2)0. Then L 2 L � 2(2), and L 2 L � 1(2) if L 6�= PSL3(2).

Proof. Write L C G = O20
(CG(q)(� )), where q is a power of 2 (and possibly � = Id).

Thus L = G, except when L is the Tits group (in which case[G:L] = 2). Fix a root
system� = � + [ � � for G, let I � � + be the set of primitiv e roots, and let � denote
the action on � inducedby � . Set S = U1 = CU (� ) 2 Sylp(G), whereU is the product
of the root subgroupsX r for r 2 � + . By Lemma 6.1, a subgroup P � S is radical
in G if and only if P = U1

J for some� -invariant subsetJ � I , each such subgroupis
weakly closedin S with respect to G, and is weakly closedwith respect to Aut( G) if
J is invariant under all permutations of I induced by graph automorphisms.

Let � Z � � + and J0 � I be the subsetsde�ned accordingto the following table:
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G � Z J0

An (n � 1) f � 1 � � n+1 g f � 1 � � 2; � n � � n+1 g

Bn (n � 2) f � 1 + � 2; � 1g f � 2 � � 3; � 1 � � 2g

Cn (n � 3) f 2� 1; � 1 + � 2g f � 1 � � 2; � 2 � � 3g

Dn (n � 4) f � 1 + � 2g f � 2 � � 3g

G2 f (� 1; � 1; 2)g f (� 2; 1; 1)g

F4 f � 1 + � 2; � 1g f � 2 � � 3; 1
2(� 1 � � 2 � � 3 � � 4)g

E6 f 1
2(1; 1; 1; 1; 1; � 1; � 1; 1)g f � 2 + � 1g

E7 � 8 � � 7 f 1
2(� 1 � � 2 � � � � � � 7 + � 8)g

E8 � 7 + � 8 f � 7 � � 6g

Then by [GLS3, Theorem3.3.1],

Z (U) =
Y

r 2 � Z

X r : (1)

Furthermore, by the samereference,when L = 2An (2k), 2Dn (2k), 3D4(2k), or 2E6(2k),
then

Z(S) = Z(U1) = CZ (U)(� ): (2)

Both of thesearealsoconsequencesof Chevalley's commutator formula, to bediscussed
below.

Case 1: We considerhere the cases

(i) L = G(2k) for someG and somek � 2; or

(ii) L is oneof the groups2An (2k), 2Dn (2k), 3D4(2k), or 2E6(2k) for k � 2; or

(iii) L is a Suzuki group 2B2(22k+1 ) or a Reegroup 2F4(22k+1 ) for somek � 1.

By [Ca1, Theorem6.3.1],for any r 2 �, hX r ; X � r i is the imageof a homomorphism
� r de�ned on SL2(q), which sends(strict) upper and lower triangular matrices to the
root subgroupsX r and X � r , respectively. Let D � SL 2(q) be the subgroupof diagonal
matrices. The images� r (D) commute with each other (for all r 2 �), � r (D) normalizes
X s for all r and s, the � r (D) generatethe abelian subgroupH of diagonal elements
of G(q), and NG(q) (U) = UH (cf. [Ca1, x7.1]). In particular, when q = 2k for k � 2,
CX r (� r (D)) = 1.

Thus when L = G(2k) for k � 2, then H acts on U with trivial �xed subgroup,and
henceZ(U)NL (U) = Z(NL (U)) = 1. If L is oneof the groups2An (2k), 2Dn(2k), 3D4(2k),
or 2E6(2k) for k � 2, then � Z = f sg has order 1, Z (U1) = CX s (� ) �= F2k , � s(SL2(2k))
is contained in L and contains CX s (� ), and henceZ(NL (U1)) = 1. Similarly, if L is
a Suzuki group 2B2(22k+1 ) or a Reegroup 2F4(22k+1 ) for somek � 1, then the center
of the Borel subgroupis trivial: this follows from the description (cf. [Ca1, Theorem
13.7.4])of the diagonalelements in thesegroups;or (more explicitly) from [HB3, xXI.3]
for the Suzuki groupsand from [Sh, xI I] for the Reegroups.
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SinceNL (U1
J ) � NL (U1) for each � -invariant subsetJ � I , this shows that in all of

the cases(i), (ii), (iii) above,

Z (NL (P))p = 1 for all p-centric radical p-subgroupsP � S. (3)

So in thesecases,the theorem follows from Proposition 4.3, applied with Q = S.

Case 2: The groups 2B2(2) �= C5o C4 and 2A2(2) = PSU3(2) are solvable, and
none of the groups B2(2) �= C2(2) �= � 6, or G2(2) �= Aut( PSU3(3)) is simple. When
L = A2(2) = PSL3(2), then rk2(L) = 2 (its Sylow 2-subgroupsare dihedral of order
8), so R � 2(L ; 2) = ? by Proposition 4.6(b), and L 2 L � 2(2) by Proposition 4.2.

So among the simple groups of Lie type, it remains only to consider those where
L = G(2) with rk(G) � 3, or where L is one of the groups 2An (2) (n � 3), 2Dn (2),
3D4(2), or 2E6(2). In all of thesecases,we claim (with referenceto the above table)
that

(b) J0 is invariant under any permutation of I induced by an automorphism of the
root system;

(c) U1
J0

is 2-centric in L; and

(d) for each J � I , Z (P 1
J ) = Z (P 1

J \ J0
).

Oncewehaveproven thesepoints, then the theoremfollowsfrom Proposition 4.3again,
this time applied with Q = U1

J0
.

Point (b) is clear in all cases.To seethe other two points, we refer to Chevalley's
commutator formula (cf. [Ca1, Theorem5.2.2]). This formula describes,for any r; s 2
� + , the commutator of a pair of elements in X r and X s as a product of elements in
the root subgroupsX ir + j s for all i; j � 1 such that ir + j s 2 �. Upon examining
more closelythe coe�cien ts in the formula (this is doneexplicitly in [GLS3, Theorem
1.12.1(b)]), we seethat

[X r ; X s] = 1 ( ) r + s =2 � + ;

or G 2 f Bn ; Cn ; F4g, r; s short roots, r ? s, r+ s a long root

[X r ; X s] 6= 1; 1 6= x 2 X r ; 1 6= y 2 X s =) [x; y] 6= 1:

(4)

When L = G(2) (and rk(G) � 3), points (c) and (d) now follow easily from (4).
To see(c), sincehJ0i = J0 in all cases,it su�ces to check that for each r 2 J0 there
is s 2 � + r J0 such that [X r ; X s] 6= 1, and this is clear. To see(d), it su�ces to
check that the actions on Z(S) (as described above) by the groups

Q
r 2hJ i X � r andQ

r 2hJ \ J0 i X � r have the same�xed subgroup. More precisely, in all cases,there is a
map of sets ! : J0 ! � Z with the following property: Z (P J ) is the product of the
root subgroupsX r for r 2 ! (J \ J0). This is easilychecked for the classicalgroupsand
F4(2). In the remaining casesE6(2), E7(2), and E8(2), the argument is simpli�ed by
using the descriptionsin [Bb, pp.250{270]of the positive roots as linear combinations
of primitiv e roots.

In all of the remaining(twisted) cases,� Z = f sg hasjust oneelement, henceZ(S) =
X s

1, and so (d) can be checked using directly the formulas in (4) again. Similarly,
jJ0j = 1 (and point (c) is easily checked), except when L = 2An (2) �= PSUn+1 (2) for
somen � 3. In this case,if we take r = � 1 � � 2 2 J0 and s = � 2 � � n (so � (s) = s), then
by (4), [X r ; X � s] = 1 and [X � r ; X s] = 1, and henceno nontrivial element of CX r �X � r (� )
centralizes CX s �X � s (� ) � U1

J0
. Thus U1

J0
is 2-centric in S, and (c) holds in this case.
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Case 3: Now assumeL is the Tits group 2F4(2)0. By Lemma 1.12(b), the radical
2-subgroupsof L are preciselythe subgroupsL \ P for 2-radical subgroupsP � 2F4(2).
Henceby Lemma6.1, the subgroupsof L \ CU (� ) 2 Syl2(L) which are radical in L are
exactly the subgroupsL \ CUJ (� ) for � -invariant subsetsJ � I . SinceI has just two
� -orbits, this meansthat there are exactly two such proper subgroups.

By [P1] (and in the notation used there), there are 2-subgroupsJ; K � L, with
normalizers H = NL (J ) and N = NL (K ), such that H and N both contain T 2
Syl2(L), and

O2(H ) = J; H=J �= C5o C4; O2(N ) = K ; N=K �= � 3:

Thus J and K are the two radical subgroupsof L which are proper subgroupsof T.
SincejJ j 6= jK j, this implies that J and K are both weakly closedin T with respect
to Aut( L). Also, by [P1] again, Z (H ) = Z(T) has order 2 (H is chosento be the
centralizer of an involution), while Z (K ) �= C2

2 . HenceL 2 L � 1(2) by Proposition 4.3,
applied with Q = K . �

Somemorepreciseresultswill beneededwhenworking with someof the other simple
groups.

Prop osition 6.4. Fix a �nite centerfree group L, a pivotal 2-subgroup E � L, and
P 2 Sylp(CL (E)). Fix NAut( L ) (E)-invariant subgroups1 = E0 � E1 � � � � � Ek = E.
Assume, for some 1 � j � k, that E i =Ei � 1 satis�es one of the conditions (a{e) in
Proposition 4.6 for each i 6= j , and that one of the following conditions holds for
E j =Ej � 1: either

(a) (Aut L (E j =Ej � 1); E j =Ej � 1) �= (Sp2n (2); (Z=2)2n) for n � 2; or

(b) (Aut L (E j =Ej � 1); E j =Ej � 1) �= (
 �
n (2); (Z=2)n) for n � 5; or

(c) (Aut L (E j =Ej � 1); E j =Ej � 1) �= (SO�
2n (2); (Z=2)2n) for n � 3; or

(d) (Aut L (E j =Ej � 1); E j =Ej � 1) �= (G2(2); (Z=2)6).

Here, Aut L (E j =Ej � 1) is the imageof Aut L (E) in Aut( E j =Ej � 1). Then E =2 E� 2(L ; 2).

Proof. This is closelyrelated to a theoremof Grodal [Gro, Theorem4.1], but doesnot
seemto follow from that result (at least not easily) in the generality we needit here.

Set E 0 = E j =Ej � 1 and G = Aut L (E j =Ej � 1) for short. By Proposition 4.5, it su�ces
to show that there is no radical 2-chain 1 � P1 � � � � � Pk of length k � 2 in G such
that E 0 contains a copy of F2[Pk ] asa summand.

When G �= G2(2), the smallestnontrivial radical 2-subgroupsof G are thoseUJ for
jJ j = 1, and have order 25.

When G �= Bn (2) �= 
 2n+1 (2) or Cn (2) �= Sp2n (2) (for n � 2), then using Lemma
6.1 and the descriptionsof the root systemsabove, we seethat the smallestnontrivial
radical subgroupof G is UJ for

J = f � 2 � � 3; � 3 � � 4; : : : ; � n� 1� � n ; � ng or J = f � 2 � � 3; � 3 � � 4; : : : ; � n� 1� � n ; 2� ng;

respectively. These correspond to the casesP J =UJ
�= Bn� 1(2) or Cn� 1(2). In both

cases,UJ is the product of the root groupsfor positive roots � 1 � � i (2 � i � n), and � 1

or 2� 1. So jUJ j = 22n� 1. Hencethe secondterm of any radical 2-chain in G has order
at least 22n > 2n + 1.
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Now assumeG �= 
 �
2n (2) for n � 3. When n � 4, the smallest radical subgroup

occursfor
J = f � 2� � 3; � 3 � � 4; : : : ; � n� 1� � n ; � n� 1+ � ng;

UJ is the product of root groups for roots � 1 � � i , and hencehas order j22n� 2j. Since
22n� 1 > 2n for n � 3, the result again follows from Proposition 4.5. When n = 3, the
smallest radical subgroupshave order 23 (for G �= 
 +

6 (2)) or 24 (for G �= 
 �
6 (2)); and

both of thesehave order > 6.

Now assumeG �= SO�
2n (2) (n � 3), and set G0 = [G; G] �= 
 �

2n (2). For any radical
2-subgroup1 6= P � G, P \ G0 is a radical 2-subgroupof G0 by Lemma 1.12(b).
Then either P \ G0 6= 1, in which case jPj � 22n� 2 (or jPj � 23 if n = 3); or
jPj = 2 and P \ 
 �

2n (2) = 1. In this last case,one can show by directly studying
centralizers of involutions in SO�

2n (2) that P must be generatedby an orthogonal
transvection: an involution which �xes a codimensionone subspaceof F2n

2 , and such
that NG(P) = CG(P) �= C2 � Sp2n (2). Thus in either case,the secondterm of a radical
2-chain hasorder at least 22n� 2 > 2n. �

We �nish the sectionwith the following, stronger result, which involvesonespecial
caseof Theorem6.3 which will be neededwhen handling someof the sporadic groups.

Lemma 6.5. Set L = PSU6(2). Then for any � � Aut (L) containing Inn(L),
R � 2(� ; 2) = ? .

Proof. A generaldescription of the outer automorphismgroup of a �nite simple group
of Lie type is given in [GLS3, Theorem2.5.12]. In the notation of that theorem,when
L = PSU6(2) = 2A5(2), then Outdiag(L) �= C3, � L

�= C2 and acts on Outdiag(L) via
x 7! x2, and � L = 1. Thus Out(L) �= � 3.

Fix P 2 R � 2(� ; 2), and set E = 
 1(Z (P)) 2 E� 2(� ; 2). In particular, P is a radical

2-subgroupof � (Proposition 4.4(c,d)), and soP0
def= P \ L is a radical 2-subgroupof L

by Lemma1.12(b). Also, P0 6= 1, sinceP 2 Sylp(C� (E)) is 2-centric. ThusNL (P0) � L
is a proper parabolic subgroup.

There are three parabolic subgroupsH � L for which the corresponding radical
subgroupO2(H ) hascenter of rank � 4:

NL (P1) = H1
�= 29:L3(4); NL (P2) = H2

�= 24+8 :(� 3 � A5);

NL (P3) = H3 = H1 \ H2
�= 24+5+4 :A5:

Thesecorrespond to the sets of primitiv e roots J1 = f � i � � i +1 j i = 1; 2; 4; 5g, J2 =
f � i � � i +1 j i = 1; 3; 5g, and J3 = f � i � � i +1 j i = 1; 5g, respectively. Their normalizersin
Aut( L) have the form

NAut (L ) (P1) = NAut (L ) (H1) �= 29:L3(4):� 3;

NAut (L ) (P2) = NAut (L ) (H2) �= 24+8 :(� 3 � � L2(4));

NAut( L ) (P3) = NAut( L ) (H3) �= 24+5+4 :� L2(4):

Here,� L2(4) �= (3� A5):2 is the extensionof GL2(4) by the �eld automorphism. These
are the only possibilities when P = P0 � L ; if P � L then there is the additional
possibility

NAut (L ) (P4) �= 26+4 :L3(2):
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Sincethe smallestnontrivial radical subgroupsof L 3(4) have order 16, Proposition
4.6(d,e) shows that P1 =2 R � 2(� ; 2) for any choiceof �. In all of the remaining cases,
rk(E) = rk(Z (P)) � 7, and in almost all of the casesAut � (E) (for any choice of �)
contains no radical p-chain of length 2 ending with a subgroup of order 4 (so E =2
E� 2(� ; 2) by Proposition 4.5).

The only exceptionsto this occur when P = P2 or P3 and � =L has even order. In
thesecases,Aut � (E) �= � 5. Identify GU6(2) � GL6(4) as the subgroupof matrices A
such that bA = A � 1, where A 7! bA is the \backward transposition" (aij $ a7� j; 7� i )
followed by the �eld automorphism. In either case(P = P2 or P3), E is the group

of matrices of the form
�

I 0 X
0 I 0
0 0 I

�
, where each entry is a 2 � 2 block and X = bX .

Then E contains two di�erent conjugacy classesof involutions | �v e transvections
(5-dimensional�xed subspace)and ten involutions with 4-dimensional�xed subspace
| and this is possibleonly if � 5 acts via the permutation action. So by Proposition
4.7(b), P2 and P3 cannot lie in R � 2(� ; 2). �

7. Classical gr oups of Lie type in odd chara cteristic

We next show that when q is an odd prime power, the simple classical groups
PSLn (q), PSUn(q), PSp2n (q), and P
 �

n (q) are all in L � 2(2). We refer to [Di] or
[Ca1, x1] for de�nitions and descriptionsof thesegroups.

Recall that the modular character � V of an Fq[G]-module V is de�ned by identifying
F�

q with a subgroupof C� , and then letting � V (g) 2 C be the sum of the eigenvalues

of V
g
! V lifted to C. We always considerthis in the casewhereG hasorder prime

to q, and hencewhen two representations with the samecharacter are isomorphic. See
[Se, x18] for more details.

Lemma 7.1. AssumeG = Aut( V; b), where V is a �nite dimensionalvector space over
a �nite �eld K of odd characteristic p, and b is a symplectic, quadratic, hermitian, or
trivial form. Fix H � G of order prime to p, let � : H ! C be the character of V
as an H -representation,and let Aut � (H ) be the group of automorphisms� 2 Aut( H )
suchthat � � � = � . Then

(a) Aut � (H ) = Aut G(H ) if G is a linear or unitary group;

(b) Aut � (H ) = Aut G(H ) if there is no irr educibleH -representationW � V suchthat
bjW 6= 0; and

(c) [Aut � (H ): Aut G(H )] � 2 if G is an orthogonal or symplectic group and V �= W k

for someirr educibleH -representationW.

Proof. We give herea direct proof; this can alsobe shown as a consequenceof Propo-
sition 8.5 in the next section.

Clearly, Aut G(H ) � Aut � (H ). If H � Aut( V) has order prime to p, and � 2
Aut � (H ), then the two representations of H on V inducedby the inclusionH � Aut( V)
and by its composite with � are isomorphic. Thus Aut � (H ) � Aut Aut (V ) (H ).

We now study how this can be done while preservinga hermitian, symplectic, or
symmetric form b. For any irreducible summandW � V, either bjW is nonsingular
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(henceV = W � W ? ), or bjW = 0 and V splits asa direct sumof someW � W 0 (where
b de�nes an isomorphismW 0 �= W � ) with its orthogonal complement. We can thus
decomposeV as orthogonal direct sums

V =

 
kM

i =1

Wi

!

� V 0 where V 0 =
M̀

j =1

�
Uj � U0

j

�
; (1)

where each Wi , Uj , and U0
j is an irreducible H -representation, all irreducible subrep-

resentations of V 0 are isotropic (b vanisheson them), and b de�nes an isomorphism
Uj

�= (U0
j )

� . Theseconditions determine V 0 uniquely, and determine the Wi , Uj , and
U0

j up to isomorphism. Hencefor any � 2 Aut � (H ), there is an � -linear automorphism
' 2 Aut( V) which permutes thesesummands.Also, ' can be chosento preserve b on
each Uj � U0

j , sinceotherwisewe could composeit by an appropriate H -linear endo-
morphism of Uj (and the identit y on U0

j ). This shows that � 2 Aut G(H ) if V = V 0;
i.e., if bjW = 0 for all irreducible W � V.

Next assumethat b is a symplectic or symmetric form, and that V �= W k for some
irreducible H -representation W. We must show that [Aut � (H ): Aut G(H )] � 2. By the
decomposition (1), it su�ces to do this when V is the orthogonal direct sum of copies
of W; in particular when W supports a form of the sametype asb. From this, we are
easily reducedto the casewherek = 1, and henceV = W is irreducible.

Set bK = EndK [H ](V), a �eld. Let K 0 � bK be the sub�eld of all elements r 2 bK such
that b(r x; y) = b(x; r y) for x; y 2 V. For any automorphism ' 2 NAut( V ) (H ), there is
a unique K -linear automorphism � = ! (' ) of V such that

b(' (x); ' (y)) = b(x; � (y))

for all x; y 2 V; and one easily seesthat � is H -linear and hence� 2 bK � . By the
(anti-)symmetry of b, b(� (x); y) = b(x; � (y)) for all x; y, and thus � 2 (K 0)� . This
de�nes a homomorphism

! : NAut( V )(H ) � � � � � ! (K 0)� ;

where! (u� Id) = u2 for all u 2 (K 0)� . The subgroupT def= ! (CAut( V ) (H )) thus contains
all squaresin (K 0)� , and so

Aut G(H ) = Ker
�
NAut (V ) (H )=CAut (V ) (H ) � � � ! (K 0)� =T

�

has index at most two in NAut (V ) (H )=CAut (V ) (H ) �= Aut � (H ).

It remainsto considerthe casewhereb is a hermitian form; weclaim that Aut G(H ) =
Aut � (H ). Let K 0 � K be the sub�eld of index 2: the �xed �eld of the involution
r 7! �r used to de�ne b. Using the decomposition (1), it su�ces to show, for any
irreducible K [H ]-representation W which supports a hermitian form, and any two H -
invariant forms b, b0 on W, that there is an K [H ]-linear map ' : W � � � ! W such that
b0(x; y) = b(' (x); ' (y)) for all x; y 2 W.

Let � 2 EndK [H ](W) be such that b0(x; y) = b(x; � (y)). Since both forms are
hermitian, b(x; � (y)) = b(� (x); y) for all x and y. Let bK 0 � EndK [H ](W) be the
sub�eld generatedby � and K 0, and let bK be the sub�eld generatedby � and K . We
regardW asa bK [H ]-module. Then b(x; r y) = b(r x; y) for all r 2 bK 0, so bK 0 \ K = K 0.
Thus [ bK 0:K 0] = [ bK :K ] is odd, and [ bK : bK 0] = 2. Let r 7! �r be the automorphism of bK
of order 2. Then b(r x; y) = b(x; �r y) for all x; y and all r 2 bK . So if we chooser such
that r �r = � , then b0(x; y) = b(r x; r y), and this �nishes the proof. �
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The next lemma will be neededlater as an explicit way of constructing automor-
phisms.

Lemma 7.2. AssumeG = Aut( V; b), where V is a �nite dimensionalvector space over
a �nite �eld K of odd characteristic p, and b is a symplectic, quadratic, hermitian, or
trivial form. Fix H � G of order prime to p, and let T � Z (H ) be an elementary
abelian 2-subgroup. Set

� =
�

� 2 Aut G(H )
�
� � jT = Id; � � Id (mod f� Idg)

	
:

For � 2 � and x 2 T, de�ne � x 2 Aut( H ) by setting � x (g) = g if � (g) = g and
� x (g) = xg otherwise. Then � x 2 Aut G(H ) for all � 2 � and x 2 T.

Proof. Let T � Z (H ) and � � Aut G(H ) be as described. Fix x 2 T and � 2 �, and
let V� be the � 1-eigenspacesfor x. Then V = V+ � V� is an orthogonal direct sum of
H -invariant subspaces.

By assumption, there is an � -linear automorphism ' 2 Aut( V; b), and ' preserves
the V� since� (x) = x. De�ne  2 Aut( V; b) by setting  jV+ = Id and  jV� = ' jV� .
Then  is � x -linear, and hence� x 2 Aut G(H ). �

Somemore information is neededabout elementary abelian 2-subgroupsof the pro-
jective classicalgroups.

Lemma 7.3. AssumeG = Aut (V; b), where V is a �nite dimensional vector space
over a �nite �eld K of odd characteristic, and b is a symplectic, quadratic, hermitian,
or trivial form. Set Z = Z(G), and let eE � G be a subgroup containing Z such that
eE=Z is an elementaryabelian 2-group. Set eE0 = Z �
 1(Z ( eE)). Let � : eE ! C be the
character of V as an eE-representation. Then

(a) � (g) = 0 for all g 2 eEr eE0; and

(b) � def=
�

� 2 Aut( eE)
�
� � j eE0

= Id; � � Id (mod f� Idg)
	

� Aut G( eE).

Proof. Write
eE �= T �

�
Z 0 � C2 X

�
;

whereT is elementary abelian, X is an extraspecial2-group(or X �= C2 if eE is abelian),
and Z 0 is a cyclic group with [Z 0:Z ] � 2. Under this identi�cation, Z ( eE) = T � Z 0

and eE0 = T � Z . For any g 2 eE, we let � g denote g�(� Id). SinceV splits as an
orthogonal direct sum indexedby the charactersof T, we are immediately reducedto
the casewhereT = 1; i.e., when eE = Z 0 � C2 X and eE0 = Z.

Point (a) follows from (b) since � (g) = 0 whenever there is � 2 Aut G( eE) such
that � (g) = � g. For any � 2 �, � 2 HomG( eE) if � jZ 0 = Id since it is an inner
automorphism of eE. This proves(a) and (b) when Z 0 = Z.

Now assume[Z 0:Z ] = 2. By the above remarks, � (g) = 0 for g 2 eEr Z 0. If V
splits asa sum of 1-dimensionalirreducible Z 0-representations (this occurswhenever b
is hermitian, or is symplecticor symmetric and 4

�
�jK � j), then noneof theseirreducible

summandssupports a form of the sametype as b. Hence in this case,V splits as
a sum of of eE-representations (U � U0), whosecharacters � U and � U0 are such that
� U (g) = � U0(g) if g 2 Z and � U (g) = � � U0(g) if g 2 Z 0r Z . This shows that � = � V



44 BOB OLIVER

vanisheson Z 0r Z , and hencethat (a) holds in this case. Also, since � � Aut � ( eE),
(b) holds by Lemma 7.1(b).

Now assumethat the Z 0-irreducible summandsof V are 2-dimensional(and still
[Z 0:Z ] = 2). Since the character of any such irreducible representation vanisheson
Z 0r Z , this �nishes the proof of (a). Hence� � Aut � ( eE), and so (b) follows from
Lemma7.1(a)whenG is a linear group (this casedoesnot occur whenG is unitary). So
assumeb is symplecticor symmetric, and hencethat jZ 0j = 4 (and jK � j � 2 (mod 4)).
In thesecases,each irreducible summandof V extendsto irreducible representations
of D8 � C2 X and of Q8 � C2 X , oneof which supports a symplectic form and the other a
symmetric (quadratic) form. Sinceany such form on an irreducible summandis unique
up to scalarmultiple, this shows that each irreducible summandof V can be extended
to an action of oneof the groupsD8 � C2 X or Q8 � C2 X which preserves the form b.
In particular, the involution � 2 � which is the identit y on X and sends� (g) = � g
for g 2 Z 0r Z doeslie in Aut G( eE); and this �nishes the proof of (b). �

We are now ready to show that all classicalgroupsof Lie type in odd characteristic
lie in L � 2(2).

Theorem 7.4. Let q be an odd prime power, and let L be one of the simple groups
PSLn (q) (n � 2), PSUn(q) (n � 3), PSp2n(q) (n � 2), or P
 �

n (q) (n � 5). Then
E� 2(L ; 2) = ? , and hence L 2 L � 2(2).

Proof. Write L = [G; G], whereG = PAut (V; b), V is a vector spaceof dimensionn or
2n over the �eld K = Fq or Fq2 and b is a symplectic, quadratic, hermitian, or trivial
form. SincePSL4(q) �= P
 +

6 (q), PSU4(q) �= P
 �
6 (q), and PSp4(q) �= P
 5(q), we can

assumethat dimK (V) 6= 4.

Set G = Aut( V; b), Z = Z(G) and eL = [G; G]. Thus G is oneof the groupsGL n (q),
GUn (q), Sp2n (q), or GO�

n (q). Also, G = G=Z and L = eL=(Z \ eL). Let � : G ! G
be the projection.

Fix E 2 E� 2(L ; 2), and set eE = � � 1(E). De�ne

� =
�

� 2 Aut G( eE)
�
� � � Id (mod f� Idg)

	
:

Set
eE0 = Z �
 1(Z ( eE)); eE1 =

�
g 2 eE0

�
� � (g) = g 8� 2 �

	
;

and E i = � ( eE i ).

By Lemma 7.3, together with the de�nition of eE1,

� =
�

� 2 Aut( eE)
�
� � j eE1

= Id; � � Id (mod f� Idg)
	 �= Hom(E=E1; f� 1g): (1)

So if we let � : eE ! C be the character of V as an eE-representation, then

� (g) = 0 for all g 2 eEr eE1: (2)

Let A � Aut (E) be the subgroupof all automorphismswhich induce the identit y
on E1, E0=E1, and E=E0. Then A � Aut G(E) by (1) and Lemma 7.2, and is a
normal subgroupsinceE0 and E1 are both Aut G(E)-invariant subgroupsof E. Also,
A is a 2-group (see [Gor, Corollary 5.3.3]), so A � O2(Aut G(E)), and A \ L = 1

since O2(Aut L (E)) = 1 (E is pivotal by Lemma 4.4(c)). Either jG=Lj � 4 (if G
is orthogonal), or G=L is cyclic. HenceA is cyclic or of order 4. Also, rk(E) � 4
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by Proposition 4.6(b), and this is easily seento imply that two of the three groups
E1, E0=E1, and E=E0 must vanish. So we are reducedto consideringthe three cases
(E0; E1) = (1; 1), (E; 1), or (E; E).

Case 1: Assume�rst that E0 = 1. Then eE = eP �= Z 0 � C2 X , where Z 0 is cyclic,
[Z 0:Z ] � 2, and X is an extraspecial2-group. Set2m = rk(X=Z(X )). Sincerk(E) � 4,
we must have 2m � 4.

Let � � Aut( E) be the group of automorphismswhich lift to automorphismsof eE
which arethe identit y on Z . Thus � �= Sp2m (2) if jZ 0j � 4, and � �= SO�

2m (2) otherwise.
By (2), the character � of eE on V vanisheson eEr Z , and hence� � Aut � ( eE). So by
Lemma 7.1(c), Aut G(E) has index at most two in �. Henceif m � 3, then Aut L (E) is
isomorphicto Sp2m (2), SO�

2m (2), or 
 �
2m (2), with the usualaction on eE=Z 0 �= (Z=2)2m ;

and by Proposition 6.4, E cannot lie in E� 2(L ; 2). If m = 2, and � = Sp4(2) �= � 6 or
SO�

4 (2) �= � 5, then again, Aut L (E) has index at most two in �, and E =2 E� 2(L ; 2)
by Proposition 4.7(b). (The orthogonal action of SO�

4 (2) �= � 5 on (Z=2)4 is the
permutation action modulo its �xed component.)

It remains to consider the casewhere � �= SO+
4 (2) �= � 3 oC2, and thus where

eE �= D8 � C2 D8
�= Q8 � C2 Q8. This group has a unique irreducible representation

W on which its central involution acts via (� Id), a representation of dimensionfour.
Sincewe are assumingdim(V) 6= 4, we must have V �= W k for somek � 2. Then
CL (E) = (CeL ( eE)=Z)� E, andhenceP 2 Syl2(CL (E)) hasthe form P = P 0� E for some
2-group P0. Also, E = 
 1(Z (P)) by Proposition 4.4(a), so P 0 = 1, and CeL ( eE)=Z has
odd order. But if k > 1, then either V splits nontrivially asan orthogonal direct sum,
in which caseP0 contains the automorphismswhich are the identit y on onesummand
and � Id on the others; or k = 2, G = Sp8(q), and CG( eE) �= Sp2(q) �= SL2(q). Thus
P0 6= 1 in all cases,and henceno subgroupof this type can be in E� 2(L ; 2).

Case 2: AssumeE1 = 1 and E0 = E. Write eE = Z � T whereT is elementary abelian.
By Lemma7.2, applied with � as in (1), any transvection � 2 Aut( E) (any involution
which �xes an index two subgroup) lies in Aut G(E). HenceAut G(E) = Aut( E), since
the transvections generatethe full automorphism group (cf. [Di, xx6,10,30]). Since
Aut( E) �= GLn (2) is a perfect group for n � 3, this shows that Aut L (E) = Aut (E).
HenceE =2 E� 2(L ; 2) by Proposition 4.7(a).

Case 3: Now assumeE1 = E. In this case,CL (E) is the image in L of CeL ( eE),
and hence eE must contain the center of CeL ( eE). Write eE = Z � T where T is ele-
mentary abelian, and let V =

L k
i=1 Vi be the decomposition into eigenspacesfor the

characters of T. This is an orthogonal decomposition, and CG( eE) is the product of
the groupsAut (Vi ; bjVi ). In particular, sinceE = 
 1(Z (P)) for someP 2 Syl2(CL (E))
(Proposition 4.4(a)), eE contains the center of CG( eE), and thus

eE �
�

' 2 eL
�
� ' jVi = � Id 8i

	
:

It follows that Aut G( eE) (or its imagein Aut (E)) is a product of symmetric groups: one
for each isomorphismclassof pairs (Vi ; bjVi ). But this is impossiblefor E 2 E� 2(L ; 2)
by Proposition 4.8. �
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8. Ex ceptional gr oups of Lie type in odd chara cteristic

In addition to the �v efamiliesof Chevalley groupsG2(q), F4(q), andEn (q), it remains
to considerthe twisted groups2G2(32k+1 ), 3D4(q), and 2E6(q) for odd q. The following
casesare easy.

Prop osition 8.1. AssumeL is one of the groupsG2(q) or 3D4(q) for any odd prime
power q, or 2G2(32k+1 ) for somek � 1. Then L 2 L � 2(2).

Proof. By [Gr2, Theorem 6.1], rk2(G2(Fq)) = 3. HenceG2(q) and 2G2(q) have 2-rank
at most 3 (in fact, equal to three in all cases).Furthermore, the tables of ordersof the
groupsof Lie type in [Ca1] or [GLS3] show that for odd q,

[3D4(q):G2(q)] = q6(q8 + q4 + 1)

is odd, and thus rk2(3D4(q)) = rk2(G2(q)). So E� 2(L ; 2) = ? by Proposition 4.6(b),
and henceL 2 L � 2(2) by Proposition 4.2. �

The groupsF4(q) are almost as easyto handle.

Prop osition 8.2. Assume, for some odd prime power q, that L = F4(q). Then
R � 2(L ; 2) = ? , and L 2 L � 2(2).

Proof. We regard L as a subgroupof G = F4(Fq). There are two conjugacyclassesof
involutions in G, denoted in [Gr2] as being of type 2A or 2B (see[Gr2, Table VI]).
By [Gr2, Theorem 7.3], G contains a unique conjugacyclassof maximal elementary
abelian 2-subgroups,represented by E5 = T(2) � h� i , whereT is a maximal torus, T(2)

is its 2-torsion subgroup,and � 2 NG(T) is an element which inverts T. Furthermore,
the elements of type 2B in E5 form (together with the identit y) a subgroupE2 � E5

of rank 2.

Thus for any elementary abelian 2-subgroupE � L, there is a subgroup E 0 � E
such that all involutions in E 0 are of type 2B in G and all involutions in Er E 0 are of
type 2A , and such that rk(E 0) � 2 and rk(E=E0) � 3. In particular, E 0 is NAut (G) (E)-
invariant, and thus NAut (L ) (E)-invariant. HenceE� 2(L ; 2) = ? by Proposition 4.6(b),
and so L 2 L � 2(2) by Proposition 4.2. �

In order to deal with the remaining cases,we need to look more closely at the
algebraicgroupsover Fq of which they are subgroups. Our generalreferencesfor the
properties of algebraicgroupsare [Hum] and [Ca2]. Note in particular that connected
algebraicgroupsalways have maximal tori (products of copiesof F � ) which are unique
up to conjugacy[Hum, x21.3]. For an arbitrary algebraicgroup G, we let G0 denotethe
connectedcomponent of the identit y: a normal subgroupof �nite index [Hum, x7.3].

A connectedalgebraic group over an algebraically closed�eld F is reductive if it
hasno nontrivial normal unipotent subgroup;this is equivalent to its being the central
product over a �nite group of a semisimplegroup and a torus [Hum, xx19.5 & 27.5].
We �rst note the following very elementary and well known results about centralizers
and normalizersof subgroupsof a maximal torus in a reductive group.

Lemma 8.3. Let G be an algebraic group over an algebraically closed �eld F whose
identity component G0 is reductive. Fix a maximal torus T � G, and set W =
NG(T)=T (regarded as a group acting on T). Let � be the set of roots of G, regarded
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as elementsof Hom(T; F � ). For each � 2 � , let X � � G denotethe corresponding root
subgroup (X �

�= F ). Then for any subgroup H � T,

CG(H )0 = hT; X � j � (s) = 1; all s 2 H i

is a reductive group, with root systemf � 2 � j � (s) = 1; all s 2 H g. Also,

CG(H ) = CG(H )0�f wT 2 W j w(s) = s all s 2 H g;

Aut G(H ) = Aut W (H ); and two elementsx; y 2 T are CG(H )-conjugate if and only if
they are CW (H )-conjugate.

Proof. The description of CG(H )0 in (a) is shown in [Ca2, Theorem 3.5.3] when G is
connectedand H = hsi is cyclic, and the proof given there also applies in the more
generalcase.

Since T is a maximal torus in CG(H )0, and all maximal tori are conjugate, each
element of NG(H ) conjugates T to another maximal torus, and hence CG(H ) =
CG(H )0�CNG (T )(H ) and NG(H ) = CG(H )0�NNG (T )(H ). This provesthe descriptionsof
CG(H ) and Aut G(H ). Similarly, for any x; y 2 T and g 2 CG(H ) such that y = gxg� 1,
T and gTg� 1 aretwo maximal tori of the reductive groupCG(H; y)0, henceconjugatein
CG(H; y)0, so there is a 2 CG(H; y) such that a(gTg� 1)a� 1 = T, and ag 2 CNG (T )(H )
conjugatesx into y. �

We adopt the terminology used in [GLS3], and write Steinberg endomorphismto
meana surjective algebraicendomorphismof an algebraicgroup whose�xed subgroup
is �nite. All �nite simple groups of Lie type can be constructed as (commutator
subgroupsof) �xed subgroupsof Steinberg endomorphisms. The following result is
oneof the key properties of theseendomorphisms.

Prop osition 8.4. (Lang-Steinberg theorem) Fix a prime p and a connected algebraic
group G over Fp. Let � be any Steinberg endomorphismof G. Then every elementof
G is of the form x � 1� (x) for somex 2 G.

Proof. See[St, Theorem10.1]. The proof is alsosketched in [Ca2, x1.17]. �

The following proposition is a special caseof [GLS3, Theorem2.1.5]. It describes,in
many cases,the relationship betweenconjugacyclassesand normalizersin a connected
algebraicgroup with thosein the subgroup�xed by a Steinberg endomorphism.

Prop osition 8.5. Let G be any connected algebraic group over Fq. Fix a Steinberg
endomorphism� of G. Let H � CG(� ) be any subgroup, and let H be the set of

CG(� )-conjugacyclassesof subgroupsG-conjugateto H . Let NG(H ) act on CG(H ) def=
� 0(CG(H )) by sendingg to xg� (x) � 1 (for x 2 NG(H )). Let CG(H )=N and CG(H )=C
denotesetsof orbits of the NG(H )- and CG(H )-actions, respectively. Then there is a
bijection

! : H
�=� � � � � � � ! CG(H )=N;

where ! (xH x � 1) = [x � 1� (x)] for x 2 G such that xH x � 1 � CG(� ). Also, for any
H 0 2 H, Aut CG (� ) (H 0) is the stabilizer of ! (H 0) under the action of Aut G(H ) on the
set CG(H ))=C of CG(H )-orbits.
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Proof. Note �rst that NG(H ) does act on CG(H ) and henceon � 0(CG(H )). If g 2
NG(H ) and x 2 CG(H ), then for all h 2 H ,

�
gx� (g) � 1

�
�h�

�
gx� (g) � 1

� � 1
= gx� (g� 1hg)x � 1g� 1 = g(g� 1hg)g� 1 = h

(sinceg� 1hg 2 H � CG(� )), and hencegx� (g) � 1 2 CG(H ).

If x 2 G is such that xH x � 1 � CG(� ), then c� (x) is equal to cx on H , and thus
x � 1� (x) 2 CG(H ). We �rst check that ! is well de�ned; i.e., that the NG(H )-orbit of
x � 1� (x) dependsonly on the CG(� )-conjugacyclassof xH x � 1.

Assume�rst that xH x � 1 = yH y� 1 � CG(� ), and set g = y� 1x 2 NG(H ). Thus
x = yg,

x � 1� (x) = g� 1
�
y� 1� (y)

�
� (g);

and so [x � 1� (x)] = [y� 1� (y)] 2 CG(H )=N . Finally, if x 2 G is such that xH x � 1 �
CG(� ), and g 2 CG(� ), then

(gx)� 1� (gx) = x � 1(g� 1� (g)) � (x) = x � 1� (x);

and thus ! (xH x � 1) = ! (gxH x � 1g� 1).

This shows that ! is well de�ned. To seethat ! is onto, �x somez 2 CG(H ). By
the Lang-Steinberg theorem, there is x 2 G such that x � 1� (x) = z. Then conjugation
by x and by � (x) are equal on H (since x � 1� (x) centralizes H ), so xH x � 1 � CG(� ),
and [z] = ! (xH x � 1) 2 Im(! ).

To seethat ! is injective, it now su�ces to considerthe casewhere x; y 2 G are
such that x � 1� (x) � y� 1� (y) (mod CG(H )0). Let z 2 CG(H )0 be such that x � 1� (x) =
y� 1� (y)�z. Then

x � 1� (x) = y� 1
�
� (y)z� (y) � 1

�
� (y)

so that
(xy � 1)� 1� (xy � 1) = � (y)z� (y) � 1 2 CG(yH y� 1)0:

By the Lang-Steinberg theorem, (xy � 1)� 1� (xy � 1) = g� 1� (g) for someelement g 2
CG(yH y� 1)0. Then xy � 1g� 1 2 CG(� ), and soxH x � 1 and yH y� 1 are CG(� )-conjugate.

It remains to describe Aut CG (� ) (H 0) for any H 0 = xH x � 1 2 H. Consider the
monomorphism


 : Aut CG (� ) (xH x � 1) � � � � � � � ! Aut G(H ) �= NG(H )=CG(H ) (1)

which sendscxgx � 1 to cg. We must show that Im(
 ) is the stabilizer of [x � 1� (x)] 2
CG(H )=C under the action of Aut G(H ).

Assume�rst that cg 2 Aut G(H ) stabilizes [x � 1� (x)]. Upon replacing g by ag for
some appropriate a 2 CG(H ), we can assumethat g �xes the class of x � 1� (x) in
CG(H ) = � 0(CG(H )) itself. Thus

g
�
x � 1� (x)

�
� (g)� 1 = (xg� 1)� 1� (xg� 1) � x � 1� (x) (mod CG(H )0);

and hence(asalreadyshown above) there is z 2 CG(xH x � 1) such that x(xg� 1)� 1z� 1 2
CG(� ). Thus, xgx � 1z� 1 2 NCG (� ) (xH x � 1), and 
 sendsconjugation by this element to
cg.

Conversely, for any g 2 NCG (� ) (xH x � 1),

(x � 1gx)�
�
x � 1� (x)

�
�� (x � 1gx)� 1 = x � 1g� (g) � 1� (x) = x � 1� (x);

and hencex � 1gx stabilizes[x � 1� (x)]. �
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For example,if H = T(2) is the 2-torsion in a � -invariant maximal torus T � G (and
H � CG(� )), then CG(H ) is generatedby T, togetherwith the element of W = N (T)=T
which inverts T if there is such an element. Hence� 0(CG(H )) hasat most two elements.
Soeither therearetwo CG(� )-conjugacyclassesof subgroupsG-conjugateto H (if some
element of W inverts T), or there is just onesuch class(if no element of W inverts T).

Prop osition 8.6. Let p be any prime, and let G be a connected reductive algebraic
group over an algebraically closed �eld F of characteristic 6= p. Then for any �nite
p-subgroup P � G, � 0(CG(P)) is a p-group, and the identity connected component
CG(P)0 of the centralizer is also a reductive algebraic group over F.

Proof. Let P0 C P bea subgroupof index p; we canassumeinductively that the lemma
holds for P0. Thus CG(P0)0 is reductive and has p-power index in CG(P0). Fix any
g 2 Pr P0. Then g acts on CG(P0) as an algebraicautomorphism, and we must show
that the �xed point set of its action on CG(P0)0 hasreductive identit y component, and
hasp-power index in the full �xed point set. In other words, it su�ces to considerthe
casewhere P = h� i is cyclic, but where instead of � being an element of G we only
assumethat it is an algebraicautomorphism of G of p-power order. Sincep is prime
to char(F), � is a semisimpleautomorphism.

Let T C G be the maximal normal toral subgroup,and let H C G be the maximal
normal semisimplesubgroup. Let eH be the universal cover of H . Set K = Ker[T �
eH

 
� � ! G], where  is the sum of the inclusion of the torus and the projection of eH

onto H . By [St, 9.16], � lifts to a unique automorphism of eH , which can be assumed
also to have p-power order (otherwise, just replaceit by an appropriate power). We
thus get an exact sequence

1 � � ! CK (� ) � � � ! CT (� ) � C eH (� ) � � � ! CG(� ) � � � ! H 1(h� i ; K ): (1)

The last group is a �nite p-group, sinceK is �nite and h� i is a p-group. Also, C eH (� )
is connectedand reductive by [St, Theorem8.1] (and this is the deepresult which lies
behind the proposition). The identit y component of CT (� ) is, of course,a torus; and
is the imageof the norm map Nh� i (sincethis imageis connectedand has �nite index
in the centralizer). Thus

� 0(CT (� )) = (T � )=(Nh� i �T) �= bH 0(h� i ; T)

is a p-group. Together with the exact sequence(1), this �nishes the proof that
� 0(CG(� )) is a p-group, and that CG(� )0 is reductive. �

The next proposition will beusedto show that certain elementary abelian subgroups
are not pivotal. Note that the condition on � 2 in the statement holds in all situations
which occur for �nite groupsof Lie type, except those involving the trialit y automor-
phism and 3D4(q). In general,when T is a maximal torus in an algebraicgroup G, we
let T(2) denotethe subgroupof elements of order 2.

Prop osition 8.7. Let G be a connected reductive algebraic group over Fq, where q
is odd, and �x a maximal torus T of G. Let � be a Steinberg endomorphismof G
such that � (T) = T, and such that � 2 is the identity on W = NG(T)=T and on T(2) .
Let E � CT (� ) be an elementaryabelian 2-subgroup. Assumethere is an involution
x 2 Tr E such that the orbit of x under the CW (E)-action on T has odd order. Then
no subgroup of CG(� ) which is G-conjugate to E is pivotal in CG(� ). More generally,
if E � E is also elementaryabelian, and is suchthat x is not CG(E)-conjugateto any
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elementof E , then for any L C CG(� ) which contains f gxg� 1 j g 2 Gg \ CG(� ), no
subgroup of L which is G-conjugateto E is pivotal in L.

Proof. We �rst show, for any E 0 � L C CG(� ) which is G-conjugateto E, that there
are g 2 G and k � 1 which satisfy the following conditions:

(a) E 0 = gEg� 1 and g� 1� 2k
(g) 2 T;

(b) � 2k
leavesT0 def= gTg� 1 invariant and acts via the identit y on W 0 def= NG(T0)=T0 and

on T0
(2) ;

(c) Aut CG (� 2k )(T
0) = Aut G(T0); and

(d) there is a CL (E 0)-conjugacy class X0 of odd order whose elements are all G-

conjugateto x0 def= gxg� 1.

Assumethese have been shown, and let E 0 � L be a subgroup G-conjugate to E.
Chooseh 2 G such that E 0 = hEh� 1, and set E 0 = hEh� 1. By (c), we can replaceg
(the element satisfying (a) and (b)) by ag for an appropriate element a 2 NCG (� 2k )(T

0),

to arrange that h 2 CG(E 0)�g. Then E 0 and gEg� 1 are CG(E 0)-conjugate; and E 0

contains no elements CG(E 0)-conjugate to x0 = gxg� 1 since E contains no elements
CG(E)-conjugate to x. HenceE 0 \ X0 = ? by (d), and E 0 cannot be pivotal in L by
Proposition 4.4(f).

It remainsto show points (a{d). Considerthe homomorphism

CW (E)
�

� � � � � � � 0(CG(E));

which is surjective by Lemma 8.3. Since� acts on W with order 2, and sinceCW (E)
has an odd number of Sylow 2-subgroups,we can chooseS0 2 Syl2(CW (E)) which
is � -invariant. Since� 0(CG(E)) is a 2-group (Proposition 8.6), � jS0 is also surjective.
Using Proposition 8.5, we can now chooseg such that E 0 = gEg� 1, and such that
g� 1� (g) 2 aT for someaT 2 S0. Then for k su�cien tly large,

g� 1� 2k
(g) 2

�
a�� (a)�� 2(a)� � �� 2k � 1(a)

�
T =

�
a�� (a)

� 2k � 1

T = T:

This proves(a), and (b) then follows easily. Furthermore, upon replacing k by k + 1,
we can assumethat � 2k

acts via the identit y on the subgroupH � T 0 generatedby
elements of order 4 in T0.

Set Gk = CG(� 2k
) for short. Let X0 be the CGk (E 0)-orbit of x0 def= gxg� 1. By Lemma

8.3, any two elements of X0 \ T0 are CW 0(E 0)-conjugate. Also, by the Lang-Steinberg
theorem,each cosetof T0 in NG(T0) has representativ es in Gk , and thus X0\ T0 is the
full CW 0(E 0)-orbit of x0. Sincethe CW (E)-orbit of x hasodd order by assumption,this
shows that X0 \ T0 has odd order. SinceX0 \ T0 = X0 \ CG(H ) is the �xed set of an
action of the 2-group H on X0, X0 must alsohave odd order.

Note also that Aut G(E 0) = Aut W 0(E 0) by Lemma 8.3, and hence Aut G(E 0) =
Aut Gk (E 0) since each coset of T0 in NG(T0) has representativ es in Gk . This proves
(c).

SincejX0j is odd, and since� acts on X0 � CGk (E 0) with order 2k , the �xed point
set X0 \ CG(� ) of this action also has odd order. Also, by assumption,X0 \ CG(� ) �
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L C CG(� ), and is a union of CL (E 0)-conjugacyclasses.Sothere is a CL (E 0)-conjugacy
classX0 � X0\ L of odd order, and this proves(d). �

We are now ready to considerthe remaining exceptionalgroupsEn (q), and 2E6(q).
We adopt someof the notation usedby Griessin [Gr2]. In particular, 2A and 2B will
be usedto denoteconjugacyclassesof elements of order 2.

In all cases,we let E6(Fq), E7(Fq), or E8(Fq) denote the adjoint (centerfree) forms
of thesegroups,and let eEn (Fq) denotetheir universal covers. Thus eE6(Fq) is a 3-fold
cover of E6(Fq) (when q is not a power of 3), and eE7(Fq) is a 2-fold cover of E7(Fq). In
all cases,by [Gr2, Lemma2.16], if T � eEn (Fq) is a maximal torus, there is a quadratic
form q: T(2) ! F2 which sendsoneof the conjugacyclassesto 1 and the other to 0,
and the Weyl group acts on T(2) as the full orthogonal group for the form q.

Prop osition 8.8. Assume,for someodd prime power q, that L is one of the simple
groupsE6(q) or 2E6(q). Then R � 2(E6(q) ; 2) = ? , and hence L 2 L � 2(2).

Proof. Set G = E6(Fq) (in adjoint form, with trivial center). Let  q 2 Aut (G) be
the �eld automorphism induced by (x 7! xq), and let � 2 Aut( G) be the graph au-
tomorphism with �xed subgroup F4(Fq). Set � =  q if L �= E6(q) or � =  q � � if
L �= 2E6(q). In either case,we let L be the commutator subgroup of CG(� ). Note
that CG(� ) = Inndiag(L) contains L with index (3; q � 1) if L = E6(q), or with index
(3; q+ 1) if L = 2E6(q).

Fix a maximal torus T � G upon which � acts via (x 7! xq) if L = E6(q), or via
(x 7! x � q) if L = 2E6(q). In the latter case,this can be found using the Lang-Steinberg
theorem: if T0 is the \standard" torus upon which  q acts via (x 7! xq) and � acts
with �xed subtorusof rank 4, then there is wT 0 2 N (T0)=T0 such that cw � � (x) = x � 1

for all x 2 T0, w = g� 1� (g) for someg 2 G, and we can take T = gT 0g� 1.

Thus in either case,T(2) � L . By [Gr2, Lemma2.16],there is a nonsingularquadratic
form q: T(2) � � ! F2 such that q(x) = 1 for x of type 2A and q(x) = 0 for x of type
2B , and such that the Weyl group action on T(2) is that of the orthogonal group
O(T(2) ; q) �= SO�

6 (2). Sincethe fundamental group of G has order prime to 2, [Ca2,
Proposition 3.7.3]appliesto show that L has the sametwo classesof involutions.

By [Gr2, Theorem 8.2], there is a unique maximal elementary abelian 2-subgroup
W5 � E6(Fq) which is not contained in a maximal torus, and W5 is contained in a
subgroup F4(Fq) � E6(Fq). By [Gr2, Lemma 2.16(i)], involutions in F4(Fq) of types
2A and 2B are sent under this embedding to involutions of types 2A and 2B in
E6(Fq). So by [Gr2, Theorem 7.3(ii)], the elements of type 2B in W5 (together with
the identit y) form a subgroupW2 � W5 of rank 2. Thus for any elementary abelian 2-
subgroupE � L which is not contained in a maximal torus of G, there is an NAut (L ) (E)-
invariant subgroupE 0 � E such that rk(E 0) � 2 and rk(E=E0) � 3, and E =2 E� 2(L ; 2)
by Proposition 4.6(b).

Now �x someE 2 E� 2(L ; 2). SinceE cannotbeG-conjugateto a subgroupof W5, it
must be G-conjugateto a subgroupE 0 � T(2) . Also, E is pivotal (Proposition 4.4(c)),
and rk(E) � 4 by Proposition 4.6(b). By Lemma 8.3(b), Aut G(E) �= Aut G(E 0) �=
SO(E; q), sinceevery element of Aut G(E 0) is the restriction of the action of an element
of the Weyl group.
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Assumerk(E) = 4. If qjE is singular, then E \ E ? is a proper subgroupof E which
is NAut (L ) (E)-invariant, so E =2 E� 2(L ; 2) by Proposition 4.6(b). So we assumeq is
nonsingular on E, and henceon E 0 � T(2) . Then T(2) = E 0 � E 0? , E 0? is CW (E 0)-
invariant, and hencethere is 1 6= x 2 E 0? whoseCW (E 0)-orbit has odd order. By
Proposition 8.7, no subgroup of L which is G-conjugate to E 0 is pivotal in L. In
particular, E =2 E� 2(L ; 2) in this case.

Finally, if rk(E) � 5, then we are in oneof the following situations: either

(i) rk(E) = 6 and Aut G(E) �= SO�
6 (2); or

(ii) rk(E) = 5, qjE \ E ? = 0, and Aut G(E) �= 24:SO�
4 (2); or

(iii) rk(E) = 5, qjE \ E ? 6= 0, and Aut G(E) �= 
 5(2) �= Sp4(2) �= � 6.

If any element of W �xes a rank �v e subgroupE 0 � T(2) , then it must be an orthogonal
transvection, and henceE 0 must be of type (iii) above (see[Di, x19]). Thus the kernel
of any root of E6 (regardedasan element of Hom(T; F�

q)), whenrestricted to T(2) , must
also be a subgroupof type (iii). So by Lemma 8.3, CG(E) = T if E has type (i) or
(ii), and CG(E) is connectedif E has type (iii). In all cases,Aut CG (� ) (E) = Aut G(E)
by Proposition 8.5, and henceAut L (E) = Aut G(E) since Aut G(E) has no normal
subgroupof index 3. So E =2 E� 2(L ; 2): by Proposition 4.6(c) in the �rst and third
cases(the Sylow 2-subgroupsof Aut L (E) are neither dihedral nor semidihedral),or by
Proposition 4.4(c) in the secondcase(E is not pivotal). �

Let eE7(q) � eE7(Fq) denote the universal groups, with center Z of order 2, and set
E7(Fq) = eE7(Fq)=Z and E7(q) = eE7(q)=Z .

Prop osition 8.9. Assume, for some odd prime power q, that L = E7(q). Then
R � 2(L ; 2) = ? , and hence L 2 L � 2(2).

Proof. Set eG = eE7(Fq), let z 2 Z( eG) be the central involution, and set G = eG=hzi =

E7(Fq). Fix a Steinberg endomorphism� of eG such that C eG(� ) = eL def= eE7(q). We
also let � denote the induced endomorphismof G. Note, however, that CG(� ) =
Inndiag(L) �= L:2 is the extensionof L �= E7(q) by its diagonal automorphisms. Let
eT � eG be a � -invariant maximal torus, and set T = eT=hzi .

By [Gr2, Table VI], the group eE7(Fq) has two conjugacyclassesof noncentral invo-
lutions, referredto as types2B and 2C, which are exchangedunder multiplication by
z. De�ne q: eT(2) � � ! F2 by setting q(x) = 1 if x = z or x is of type 2B , and q(x) = 0
if x = 0 or x is of type 2C. Then q is a quadratic form [Gr2, Lemma 2.16],and

W(E7) = SO(T(2) ; q) � C2
�= SO7(2) � C2:

In particular, this meansthat no automorphism of eL can switch the two classes2B
and 2C | sinceq would then no longer be a quadratic form.

The symplectic form associated to q inducesa symplectic form b on the subgroup
T0

(2) � T(2) of elements which lift to involutions. To describe this, for each 1 6= x 2 T 0
(2) ,

let ex 2 eT(2) be the (unique) lifting of x of type 2C (and set e1 = 1). Then b(x; y) = 0 if
ex�ey = fxy, and b(x; y) = 1 if ex�ey = z�fxy. It will be convenient to extend this de�nition
to any elementary abelian subgroupE � L all of whoseelements lift to involutions;
although of courseb will no longer be bilinear in generalif E is not toral.
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We note that no element of CG(� )r L lifts to an involution in eG. Sinceif there were
such an element, lifting to x 2 eG, then x and xz would be exchangedby � , and hence
� would sendall involutions of type 2B to involutions of type 2C and vice versa. That
would imply that the only involution in eL �= eE7(q) is the central element, which is
clearly not true.

By [Gr2, Theorem 9.8], G contains two conjugacy classesof maximal elementary
abelian 2-subgroups,both nontoral: M 8 of rank 8 and M 7 of rank 7. These lift to
centric subgroups fM8

�= Q8 � 26 and fM7
�= Q8 � 25 in eG. Also, M 8 = T(2) �h� i , the

extensionof 2-torsion in a maximal torus by an involution in NG(T) which inverts the
torus; while fM7 � Q8 � F4(Fq) � eG.

Fix E 2 E� 2(L ; 2), and P 2 Sylp(CL (E)). Thus P 2 R � 2(L ; 2) and E = 
 1(Z (P)).
Let E 0 � E be the subgroupof elements of E which lift to involutions in eL (a subgroup
by the above remarks,and clearly NAut (L ) (E)-invariant). We now considerthe di�erent
possibilities.

Case 1: AssumeE is G-conjugateto a subgroupof M 7. As notedabove, fM7 = Q� V,
where Q �= Q8, and V �= 25 is a subgroupof F4(Fq) � eE7(Fq). There is a subgroup
V2 � V such that the involutions in V2 lie in one classin F4(Fq) and those in Vr V2

in the other ([Gr2, Theorem 7.3]). Also, any index two subgroupof V containing V2

is toral in F4(Fq), hencein G, so the function q as de�ned above is quadratic on this
subgroup. Since eT(2) contains no rank four isotropic subspace,this is possibleonly
if the involutions in V2 have type 2C in G and those in Vr V2 have type 2B . Thus
b: V � V ! F2 takes the form b(x; y) = 1 if x; y generatea rank two subgroupof
V=V2 and b(x; y) = 0 otherwise.

Now set E 00= f x 2 E 0j b(x; E 0) = 0g; this is again a NAut (L ) (E)-invariant subgroup
of E. Upon identifying E 0 with a subgroup of V, we seethat either E 00 = E 0 and
rk(E 0) � 3, or rk(E 00) � 2 and rk(E 0=E00) � 3. In both cases,E =2 E� 2(L ; 2) by
Proposition 4.6(b).

Case 2: AssumeE is G-conjugate to a subgroup of M 8 = T(2) �h� i as above. In
particular, E 0 is a toral subgroup, and henceb is a symplectic form on E 0 which is
invariant under the action of NAut( L ) (E). By Proposition 4.6(b) again, rk(E 0) � 4; and
if rk(E 0) = 4 then b must be nonsingularon E 0.

By [Gr2, Theorem 9.8], Aut G(M8) �= 27:Sp6(2). The normal subgroup 27 is the
group of all automorphismswhich are the identit y on T(2) (induced by conjugation by
elements of order 4 in T). Thus Aut G(E) �= Aut (E 0; b) if E is toral (use Lemma 8.3).
If E is not toral, then Aut G(E) surjects onto Aut( E 0; b) with kernel an elementary
abelian 2-group.

Case 2a: If rk(E 0) = 6, then Aut G(E) surjectsonto Aut G(E 0; b) �= Sp6(2). Also, E 0

is conjugateto eT(2) =hzi , and CG( eT(2) =hzi ) = T�h� i by Lemma 8.3. Henceeither

� E is toral, CG(E) is a maximal torus extendedby the Weyl element which inverts
it, and Aut G(E) �= Sp6(2); or

� E is not toral, CG(E) �= 28, and Aut G(E) �= 2k :Sp6(2) wherek = rk(E) � 1.

In the �rst case,Aut L (E) �= Sp6(2) by Proposition 8.5.
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AssumeE is not toral. We look at the action of Aut G(E) on CG(E), wherex actsby
g 7! xg� (x) � 1. We assumethat T is the \standard" torus, on which � acts by x 7! xq.
Thus either � �xes all x 2 T of order 4, or � (x) = x � 1 for all such x. Also, all Weyl
group elements (cosetsof T in NG(T)) contain elements in CG(� ).

We must determine the isotropy subgroupsof this action, and it su�ces to do this
when E � M 8 = T(2) �h� i . We have CG(E) = M 8, and O2(Aut G(E)) is the group
of automorphisms which are induced by conjugation by elements of order 4 in T.
Thus O2(Aut G(E)) acts freely on one of the cosetsT(2) or T(2) �� (with one or two
orbits), and on the other cosetwith the �xed action. Hencefor each isotropy subgroup
H � Aut G(E) of this action, either O2(H ) 6= 1, or (since Sp6(2) has no subgroupof
index 2) H �= Sp6(2).

Thusby Proposition 8.5again,either O2(Aut L (E)) 6= 1, and E is not pivotal (contra-
dicting Proposition 4.4(c)); or Aut L (E) �= Sp6(2), and E =2 E� 2(L ; 2) by Proposition
6.4.

Case 2b: If rk(E 0) = 5, then E 00def= E 0\ E 0? hasrank oneand is NAut( L ) (E)-invariant,
and NL (E) (and NL (P)) are contained in

CL (E 00) �= SL2(q) � C2 SSpin+
12(q)

(see [Gr2, Table VI] for the centralizer of an involution of type 2B or 2C). Also,
NAut (L ) (E) � CAut( L ) (E 00). Henceby Proposition 4.9(b), applied with H = CL (E 00),
H 0 = SSpin+

12(q), and K = SL2(q), PK =K 2 R2(P
 +
12(q) ; 2). But this is impossible,

sinceR2(P
 +
12(q) ; 2) = ? by Theorem7.4.

Case 2c: Assumerk(E 0) = 4. Let V � T(2) be the subgroupof elements which lift
to involutions in eG, and let V4 � V be a rank 4 subgroupon which b is nonsingular;
thus G-conjugate to E 0. Fix an involution x 2 V4

? � V . The orbit of x, under the
action of those Weyl group elements which �x V4, has order 3; and thus the group of
Weyl group elements which �x hV4; xi has index 3 in the group of those which �x V4.
By construction, x is not G-conjugateto any element of Er E 0. Also, as noted above,
x is not conjugateto any element of CG(� )r L sinceit lifts to an involution in eG. So
by Proposition 8.7, E is not a pivotal 2-subgroupin L. �

It remainsonly to considerthe groupsE8(q).

Prop osition 8.10. Assume, for some odd prime power q, that L = E8(q). Then
R � 2(L ; 2) = ? , and hence L 2 L � 2(2).

Proof. Set G = E8(Fq). Fix a Steinberg endomorphism� of G such that CG(� ) = L.
Let T � G be a � -invariant maximal torus.

By [Gr2, Table VI], the group E8(Fq) has two conjugacyclassesof involutions, de-
noted types2A and 2B . De�ne q: T(2) � � ! F2 by setting q(x) = 1 if x has type 2A
and q(x) = 0 otherwise. Then by [Gr2, Lemma 2.16], q is a quadratic form. Also, if
� 2 NG(T) is an involution which inverts T, then

W=h� Ti = Aut G(T)=f� Idg �= O(T(2) ; q) �= SO+
8 (2):

By [Gr2, Theorem 2.17], G contains two conjugacyclassesof maximal elementary
abelian 2-subgroups,represented by M 9 = T(2) � h� i of rank 9 (where� againinverts T),
and M 8 of rank 8. All elements in M 9r T(2) are of type 2B . Also, there are subgroups
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V; W � M 8 of rank �v e, with intersection V \ W = X of rank two, such that the
elements of type 2A in M 8 are preciselythose in (V [ W)r X .

AssumeE 2 E� 2(L ; 2). Fix P 2 Syl2(CL (E)), so that P 2 R � 2(L ; 2) and E =

 1(Z (P)) by Proposition 4.4(a). Also, E is pivotal (Proposition 4.4(c)), and thus
O2(Aut L (E)) = 1. By Proposition 4.4(e), E must contain at least one involution of
type 2B , sincetheseare in the center of any Sylow 2-subgroupof L (there is an odd
number of them in any maximal torus sincethere are exactly 135 nontrivial isotropic
elements of T(2) ). Also, there must be at least oneNAut( L ) (E)-irreducible subquotient
of E which has rank � 4 (Proposition 4.6(b)). We will show that this is impossible,
and thus that E� 2(L ; 2) = ? .

Case 1: Assume�rst that there is an NAut (L ) (E)-submodule E0 � E of rank one.
Then NAut (L ) (E) � CAut( L ) (E0), and the centralizer is described as follows in [Gr2,
Table VI]:

type CG(E0) CL (E0)

2B SSpin16(Fq) SSpin+
16(q)

2A F�
q � C2

eE7(Fq) F�
q � C2

eE7(q)

We apply Proposition 4.9(b), with H = CL (E0), H 0 = SSpin+
16(q) or eE7(q), and K =

CH (H 0) �= C2 or F�
q. Then PK =K 2 R � 2(H=K ; 2). But we have already seenthat

R � 2(P
 +
16(q) ; 2) and R � 2(E7(q) ; 2) are both empty (Theorem 7.4 and Proposition

8.9), and so this is impossible.

Case 2: Assumethat E is not G-conjugateto a subgroupof M 9. HenceE is contained
in M8 up to G-conjugacy;and we assume(replacing M 8 if necessary)that E � M 8.
Also, this meansE contains involutions of both types.

Let V; W � M 8, with intersectionX = V \ W of rank two, beasabove. If E \ X 6= 0,
then (since rk(E) � 4) it is characterizedas the largest type 2B pure subgroupof E
each of whosecosetsis all type2B or all type 2A . HenceE \ X is NAut( L ) (E)-invariant.
Thus since E has no rank one invariant submodules (case1), either E \ X = 0, or
E � X . Also, sinceE must have someirreducible component of rank � 4, we seethat
either E=(E \ X ) has rank 6, or it has rank 4 and intersectseach of V and W with
rank 2. In the latter case,the map q: E � � ! F2 which sendsinvolutions of type 2A
to 1 and other elements to zerois a quadratic form, henceE is toral by [Gr2, Theorem
9.2], in contradiction to our assumption.

If E � X and rk(E=X) = 6, then E = M 8, and by [Gr2, Theorem2.17],CG(E) = E
and O2(Aut G(E)) �= 212. HenceO2(H ) 6= 1 for each isotropy subgroupH of the action
of Aut G(E) on CG(E), so O2(Aut L (E)) 6= 1 by Proposition 8.5, and E is not pivotal
in this case.

If E \ X = 0 and rk(E) = 6, then E = E1 � E2 wherethe elements of type 2A are
preciselythosein (E1 [ E2)r 1. Let E0 � E bea subgroupof rank 4 whoseintersections
with E1 and E2 each have rank two. Then qjE0 is quadratic, henceE0 is toral by [Gr2,
Theorem 9.2], and is a maximal toral subgroup of E. Choose E 0

0 � T(2) which is
G-conjugate to E0, and let E 0 � E 0

0 be such that the pair (E 0; E 0
0) is G-conjugate to

(E; E0). Then CW (E 0
0) leaves E 0

0
? invariant, and we can choose1 6= x 2 E 0

0
? whose

CW (E 0
0)-orbit has odd order. Since E 0

0 is a maximal toral subgroup of E 0, x is not
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CG(E 0
0)-conjugate to any element of E 0. Henceby Proposition 8.7, no subgroupof L

which is G-conjugateto E 0 can be pivotal, and in particular E =2 E� 2(L ; 2).

Case 3: Next assumeE is G-conjugateto a subgroupof M 9 = T(2) � h� i and contains
involutions of both types. Let E0 � E be the subgroupgeneratedby all involutions of
type 2A ; this is clearly NAut( L ) (E)-invariant, and is a toral subgroupsinceall elements
of M 9r T(2) are of type 2B .

By inspection, oneseesthat for any V � T(2) which contains elements of both types,
either V is generatedby its elements of type 2A ; or rk(V) � 5 and the elements of type
2A generatea subgroupV0 � V of index 2 within which the involutions of type 2B
(with the identit y) form a subgroupof index 2. Thus, either E = E0, or [E:E0] = 2 and
E is not toral, or rk(E0) � 4 and there is an NAut( L ) (E)-invariant subgroupE 0

0 � E0

of index 2. In particular, no group of this last type contains an irreducible component
of rank � 4.

We can thus assume[E:E0] � 2, and that either E = E0 or E is not toral. Consider
the quadratic form q (as de�ned above) on E0, and set E1 = E0

? \ E0. If rk(E1) = 4,
then E0 = E1, q is linear on E0, and (since we are assumingE contains elements of

type 2A ) E2
def= Ker(qjE0 ) is an NAut (L ) (E)-invariant subgroupof E of rank three. But

this would contradict Proposition 4.6(b).

Thusrk(E1) < 4, andso(by Proposition 4.6(b) again)wecanassumerk(E0=E1) � 4.
Hence either the bilinear form on E0 is nonsingular (E1 = 0); or (since E has no
invariant submodule of rank one) rk(E1) = 2, rk(E0=E1) = 4, and all involutions in E1

are of type 2B .

Case 3a: Assumethe bilinear form associated to q is nonsingular on E0 (E1 = 0),
and rk(E) < 8. Let E 0

0 � T(2) be G-conjugate to E0, and let E 0 � E 0
0 be such that

the pair (E 0; E 0
0) is G-conjugate to (E; E0). Then CW (E 0

0) leaves E 0
0

? invariant, and
we can choose1 6= x 2 E 0

0
? whoseCW (E 0

0)-orbit has odd order. If E 	 E0, then E 0 is
not toral and hE 0

0; xi is, so x is not CG(E 0
0)-conjugate to any element of E 0. Henceby

Proposition 8.7, no subgroupof L which is G-conjugate to E 0 can be pivotal; and in
particular, E =2 E� 2(L ; 2).

Case 3b: Assume rk(E0) = 8; i.e., E is G-conjugate to T(2) or M 9. We apply
Proposition 8.5 to determine the possibilities for Aut L (E). Since� 0(CG(T(2) )) �= C2,
T(2) restricts to two conjugacyclassesin L, both of which have Aut L (E0) �= SO+

8 (2).

Now, CG(M9) = M 9 and Aut G(M9) �= 28:SO+
8 (2), and O2(Aut G(M9)) acts freely on

oneof the cosetsT(2) or T(2) �� and trivially on the other. Thus if E is G-conjugateto
M9, then either Aut L (E) �= SO+

8 (2), or O2(Aut L (E)) 6= 1 (has 2-rank at least 8).

Thus, sinceO2(Aut L (E)) = 1 (E is assumedpivotal), we have Aut L (E) �= SO+
8 (2),

and E =2 E� 2(L ; 2) by Proposition 6.4.

Case 3c: Assumerk(E1) = 2, rk(E0=E1) = 4, and all involutions in E1 are of type
2B . Each automorphism of E0 which is the identit y on E1 and on E0=E1 preservesq,
and hencelies in Aut G(E0). Thus jO2(Aut G(E0)) j � 28. Also, sinceE0 contains a 2B -
pure subgroupof rank 4, CG(E0)0 is a maximal torus (seeCase4), and � 0(CG(E0)) �= 22

(generatedby the unique involution in SO+
8 (2) which �xes a rank 6 subgroupof this

type and the Weyl group element which inverts the torus). So by Proposition 8.5,
O2(Aut L (E0)) 6= 1, and E0 is not pivotal.
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Thus E 	 E0. Set T0 = CG(E0)0: a maximal torus of G. Since� 0(CG(E0)) �= 22 and
the elements of Er E0 invert T0, we have jCG(E)j � 210. Also, Aut G(E) surjectsonto
Aut G(E0), sinceeach cosetof T0 in NG(T0) contains an element which centralizes any
given element of Er E0. For any x 2 T0 of order 4 such that x2 2 E0, xgx � 1 = g for
g 2 E0 and xgx � 1 = x2g for g 2 Er E0. Thus Aut G(E) contains all automorphisms
of E which are the identit y on E0, and these form a normal subgroup of order 26.
SincejO2(Aut G(E0)) j � 28, it now follows that jO2(Aut G(E)) j � 214 > jCG(E)j. Soby
Proposition 8.5 again, O2(Aut L (E)) 6= 1, and E is not pivotal.

Case 4: AssumeE is type 2B pure of rank 4. Any such subgroup is toral [Gr2,
Theorem9.2], and thus G-conjugateto a maximal isotropic subgroupE 0 � T(2) .

Any element of W which �xes an index two subgroupE � T(2) must bean orthogonal
transvection, and henceqjE \ E ? 6= 0 (see[Di, x19]). So the kernel of any root of G =

E8(Fq), whenregardedasan element of Hom(T; F�
q)) and restricted to T(2) , is alsoof this

type, and thus doesnot contain any maximal isotropic subgroupof T(2) . Thus CG(E)0

is a maximal torus by Lemma 8.3. Sincethe stabilizer in W(E8)=C2
�= SO+

8 (2) of a
maximal isotropic subspaceis 26:L4(2) �= 26:
 +

6 (2), we alsoget that � 0(CG(E)) �= 21+6
+ ,

and Aut G(E) = Aut (E) �= L4(2).

Sinceeach cosetof T in NG(T) contains elements of L, the action of Aut L (E) on the
conjugacyclassesof � 0(CG(E)) is that induced by conjugation. This action of 
 +

6 (2)
on conjugacyclassesin 21+6

+ hasfour orbits: the orbits of the two central elements, and
thoseof isotropic and nonisotropic elements. Hencethere are four L-conjugacyclasses
of rank four 2B -pure subgroupsE, with Aut L (E) �= L4(2), � 6, or 24:(� 3 � � 3). Since
none of theseautomorphism groupshave dihedral or semidihedralSylow 2-subgroup,
E =2 E� 2(L ; 2) by Proposition 4.6(c).

Case 5: AssumeE is type 2B pure of rank 5. By [CG, Proposition 3.8], when G =
E8(C), there is only oneconjugacyclassof such subgroups,and they have centralizer
of the form CG(E) �= 25+10 . Henceby [GR, TheoremA.12], there is just oneconjugacy
classof such subgroupsin G �= E8(Fq).

In particular, E is G-conjugate to E 0 = hE 0
0; � i , where E 0

0 � T(2) is a maximal
isotropic subgroup. By Case4, Aut G(E 0

0) �= L4(2), and sincethis holds for any index
2 subgroup of E 0, we seethat Aut G(E 0) = Aut( E 0) �= L5(2). Also, CG(E 0

0)=T �=
21+6

+ : generatedby � , and those orthogonal transvections of T(2) which �x E 0
0. Hence

CG(E 0) �= T(2) o 21+6
+ has order 215. A closercheck (or a comparisonwith E8(C) using

[GR, Theorem A.12] again) shows that Z (CG(E 0)) = E 0 �= 25 and CG(E 0)=E0 �= 210;
and also that CL (E 0) = CG(E 0). So under the action of NG(E 0) on CG(E 0) as de�ned
in Proposition 8.5, CG(E 0) acts via conjugation, henceNG(E 0) leavesE 0 invariant, and
thus (sinceL5(2) hasno subgroupof index 32) must leavea point �xed. In other words,
by Proposition 8.5, for someE 00which is G-conjugateto E and E 0, NL (E 00) = NG(E 00).

Thus by Proposition 8.5 again,Aut L (E) is the stabilizer of the conjugation action of
NG(E 00)=CG(E 00) �= L5(2) on someconjugacyclassin CG(E 00) �= 25+10 . Also, L5(2) acts
on CG(E 00)=E00�= 210 with two nonzeroorbits having stabilizers 26:(� 3 � L3(2)) and
24:� 6. The point stabilizersof elements in CG(E 00)r E 00thus have index � 32 in oneof
the groups 26:(� 3 � L3(2)) or 24:� 6, while the point stabilizers of elements in E 00are
24:L4(2) and L5(2). Henceeither O2(Aut L (E)) 6= 1, or Aut L (E) �= A6, � 6, or L5(2). In
all of thesecases,E =2 E� 2(L ; 2): either sinceE is not pivotal; or by Proposition 4.6(c)
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(since the Sylow 2-subgroupsof � 6 and L5(2) are neither dihedral nor semidihedral);
or by Proposition 4.6(d) (sinceA6 hasno radical 2-subgroupof order 2). �

The results of this sectionare now summarizedin the following theorem.

Theorem 8.11. Fix an odd prime power q. AssumeL is a simple group, isomorphic
to oneof the groupsG2(q), 2G2(q), F4(q), 3D4(q), E6(q), 2E6(q), E7(q), or E8(q). Then
L 2 L � 2(2).

9. Sporadic gr oups

It remainsto considerthe sporadic simple groups.

Theorem 9.1. If L is one of the simple sporadic groups, then L 2 L � 2(2).

Proof. When L is one of the groupsM 11 , M 12 , J1, or O0N , then rk2(L) � 3 [GLS3,
x5.6]. HenceR � 2(L ; 2) = ? by Proposition 4.6(b), and so L 2 L � 2(2) in all of these
casesby Proposition 4.2.

The remaining sporadic groupsare consideredindividually. We recall now (without
repeating it each time when usedin the proof) that rk(E) � 4.

L = M 22 or M 23 : We have the following inclusionswith odd index:

M22 � M 23 � M 21:2 �= P� L3(4);

where P� L3(4) is the extension of PSL 3(4) by the �eld automorphism. Henceall
three of these groups have isomorphic Sylow 2-subgroups. Any elementary abelian
2-subgroupof rank 4 in P� L 3(4) is contained in PSL 3(4), and any Sylow 2-subgroup
of PSL3(4) contains exactly two such subgroups.

Identify L as a subgroup of M 24: the subgroup of elements which �x one or two
points under the action on a set X of order 24. Fix S 2 Syl2(L), and let V1; V2 � S
be the two elementary abelian subgroupsof rank four. We take V1 to be the subgroup
whosenormalizer in M 24 is the octad group V1:A8, where V1 acts freely on 16 points
in X and A8 permutes the remaining 8 points in the obvious way (cf. [Gr3, 6.8]).
Restriction to the subgroups�xing oneor two points shows that

Aut M 22 (V1) �= A6 and Aut M 23 (V1) �= A7:

Also, V2 is contained in O2(H ) �= 26, where H is the sextet subgroup of M 24, and
the O2(H )-action on X has orbits of order 4 (cf. [Gr3, x5]). Thus V1 and V2 are not
Aut( L)-conjugate,and henceare both weakly closedin S with respect to Aut( L).

SinceAut L (V1) has no radical subgroupof order 2, V1 =2 E� 2(L ; 2) by Proposition
4.6(d). Thus R � 2(L ; 2)� V2

= ? , and henceL 2 L � 2(2) by Proposition 4.2. (In fact,
V2 2 R2(L ; 2) for L = M 22 or M 23.)

L = M 24 or He: We refer to [A2, x39{42] for details of the structure of thesegroups.
In both cases,there is an involution z 2 L such that CL (z) �= 21+6

+ :L3(2), the centralizer
of a transvection in L 5(2), and this centralizer hasodd index in L. To handleelements
in this group, we �x V �= (F2)5 with basisf v1; : : : ; v5g, and set Vi = hv1; : : : ; vi i . We
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identify H = CL (z) with the group of automorphisms of V which leave V1 and V4

invariant.

For 1 � i < j � 5, let eij 2 H be the element which sendsvj 7! vi + vj and is the
identit y on the other basiselements. Thus z = e15. Let S be the subgroupgenerated
by all eij for i < j ; this is a Sylow 2-subgroupof H and henceof L. For each 1 � i � 4,
let Ui � S be the subgroup of automorphismswhich are the identit y on Vi and on
V=Vi . By [A2, Lemma 39.1(3)] (or by the argument given below), U2 and U3 are the
only subgroupsof S of rank six.

Let E � H be any elementary abelian subgroupof rank � 4. For each involution
u 2 E, we write K (u) = Ker(u � Id) and I (u) = Im(u � Id); thus I (u) � K (u) � V.
In particular, I (z) = V1 and K (z) = V4.

Assume�rst that for someu; v 2 E, I (v) � K (u); i.e., (u � Id)(v � Id) 6= 0. Then
uj I (v) and vj I (u) must be (nonidentit y) involutions, which implies that dim(I (u)) =
dim(I (v)) = 2 and dim(I (u) \ I (v)) = 1. Similarly, dim(K (u) + K (v)) = 4, so
dim(K (u) \ K (v)) = 2; and the three subspacesK (u) \ K (v), I (u), I (v) are linearly
independent modulo I (u) \ I (v). Also, sinceboth of thesecommute with z, we have
V1 � K (u) \ K (v) and I (u) + I (v) � V4. By an appropriate choiceof basiselements,
we are reduced(up to conjugacyin H ) to oneof the following situations:

� u = e12e35, v = e13e25, E � CH (hu; vi ) = hu; v; z; e14; e45i �= 22 � D8

� u = e12e34, v = e13e24, E = CH (hu; vi ) = hu; v; z; e14i �= 24

� u = e23e45, v = e24e35, E = CH (hu; vi ) = hu; v; z; e25i �= 24

In the �rst case,for any choice of E of rank 4, Aut S(E) contains all automorphisms
which are the identit y on z and on E=hzi , and thus contains a rank three subgroup.
In the other two cases,Aut S(E) contains all automorphismswhich are the identit y on
the last two generatorsand modulo the last two generators,and thus has rank � 4.
HenceE =2 E� 2(L ; 2) by Proposition 4.6(c), sincethe Sylow subgroupsof Aut L (E) are
neither dihedral nor semidihedral.

Weareleft with the casewhereW def= hI (u) j u 2 Ei is contained in W 0 def=
T

u2 E K (u).
If W = W 0, then either W = V1 or V4 and E = U1 or U4, or dim(W) = 2; 3 and
(up to H -conjugacy) E � Ui for i = 2; 3. A straightforward argument shows that
CL (E) = CH (E) = Ui in this last case,andhenceE = Ui sinceE is pivotal (Proposition
4.4(c)). By [A2, Lemma 40.5], Aut L (E) �= L4(2) or 23:L3(2) when E = U1 or U4

(rk( E) = 4), and Aut L (E) �= L3(2) � � 3 or 3�� 6 whenE = U2 or U3 (rk( E) = 6). Since
none of theseautomorphism groups has dihedral or semidihedralSylow 2-subgroups,
Proposition 4.6(c) shows that noneof the Ui can lie in E� 2(L ; 2).

The only remaining caseis where dim(W) = 2 and dim(W 0) = 3, and henceE is
H -conjugate to U2 \ U3. Thus the only subgroup of S which could lie in E� 2(L ; 2)
is U2 \ U3. It follows that R � 2(L ; 2)� U2U3

= ? . Since U2U3 is weakly closedin S
with respect to Aut (L) (U2 and U3 are the only rank six subgroupsof S), Proposition
4.2 now implies that L 2 L � 2(2). (In fact, in all three casesL = M 24, L = He, and
L = L5(2), onecan show that U2 \ U3 2 E2(L ; 2) and U2U3 2 R2(L ; 2).)

L = J2: This group contains two conjugacy classesof involutions, of which those of
type 2A are in the centers of Sylow subgroups.By [FR1, x3], the elements of type 2A
in any elementary abelian E � L form a subgroup,and there are no 2A - or 2B -pure
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subgroupsof rank 3. Thus any elementary abelian 2-subgroupE � L contains an
NAut (L ) (E)-invariant subgroupE0 � E (generatedby the elements of type 2A ) such
that rk(E0) � 2 and rk(E=E0) � 2. HenceE� 2(L ; 2) = ? by Proposition 4.6(c), and
L 2 L � 2(2) by Proposition 4.2.

L = Co3 or L = HS: By [Fi, x4], there are two conjugacy classesof involutions in
Co3, of which thosein the center of a Sylow 2-subgroupareof type 2A with centralizer
2Sp6(2), and thoseof type 2B have centralizer 2� M 12. By [Fi, Lemma4.7], this group
2Sp6(2) has two conjugacyclassesof noncentral involutions, whosecentralizers have
di�erent orders. In other words, if x; y are commuting involutions and x hastype 2A ,
then y and xy are conjugate in L (since their centralizers in CL (x) are isomorphic),
and thus have the sametype. This shows that in any elementary abelian 2-subgroup
E � L, the elements of type 2A together with the identit y form a subgroupof E.

By [PW, Lemma 2.2 & x4], there are two conjugacyclassesof involutions in H S,
of which those in the center of a Sylow 2-subgroup have type 2A and centralizer
(21+4

+ � C2 C4)�� 5, and the others have type 2B with centralizer 2 � Aut( A6). Also,
H S is also contained as a subgroupof Co3 (see[A2, xx23{24]), and a comparisonof
involution centralizers shows that the inclusion sendsinvolutions of type 2A and 2B
in H S to involutions of type 2A and 2B , respectively, in Co3.

Now assumeE 2 E� 2(L ; 2), for L = Co3 or H S, and let E0 � E be the subgroup
generatedby type 2A involutions. Then E0 6= 1, since E contains the center of a
Sylow 2-subgroup(Proposition 4.4(e)), and it is clearly NAut (L ) (E)-invariant. Thus
rk(E0) � 4 or rk(E=E0) � 4 by Proposition 4.6(b). Sincerk2(Co3) = 4 [GLS3, p.305],
this meansthat E = E0 is a rank 4 type 2A -pure subgroup. If L = Co3, then by [Fi,
Lemma 5.9], L hasa unique classof such subgroups,and Aut L (E) �= A8

�= GL4(2) for
any such E. If L = H S, then by [PW, Lemma 4.1], Aut L (E) �= � 6 for any such E. In
both cases,the Sylow 2-subgroupsof Aut L (E) are neither dihedral nor semidihedral,
and henceE =2 E� 2(L ; 2) by Proposition 4.6(c). Thus R � 2(L ; 2) = ? , and L 2 L � 2(2)
by Proposition 4.2.

L = McL or L = Ly : By [GLS3, p.308],rk2(L) = 4 (seealsothe discussionin [Fi, x5]
when L = McL). By [Fi, Lemma 5.2] (when L = McL) or [W5, x2] (when L = Ly),
Aut L (E) �= A7 for every elementary abelian 2-subgroupE � L of rank 4. SinceA7

contains no radical 2-subgroupof order2, such E cannotbein E� 2(L ; 2) by Proposition
4.6(d). Thus E� 2(L ; 2) = ? , and henceL 2 L � 2(2).

L = F5 = HN : We refer to [NW, x3.1] for the following information about L. There
are two conjugacyclassesof involutions in L, types2A and 2B . For any elementary
abelian 2-subgroupE � L, the function q: E � � ! F2, de�ned by q(v) = 1 if v is of
type 2A and q(v) = 0 otherwise,is quadratic.

Assume E 2 E� 2(L ; 2). Set E 0 = E \ E ? (with respect to the quadratic form
q), and E 00= Ker(qjE 0). Clearly, thesesubgroupsare both NAut( L ) (E)-invariant, and
rk(E 0=E00) � 1. So either rk(E 00) � 4 or rk(E=E0) � 4.

There are two conjugacyclassesof 2B -pure subgroupsof rank 2 in L, and each such
subgroupis either contained in a unique 2B -pure subgroupof rank 3, or in a unique
extraspecial subgroupX = 21+8

+ with NL (X )=X �= (A5 � A5):2. Thus if rk(E 00) � 4,
then NL (E) � NL (E 00) � NL (X ) (up to conjugacy),soE � Z (X ) �= C2 by Proposition
4.9(a), and this contradicts the assumptionrk(E 00) � 4.
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Weareleft with the possibility rk(E=E0) � 4. ChooseE0 � E such that E = E0� E 0;
then qjE0 is nonsingular and rk(E0) � 4. Also, E0 contains a 2A -pure subgroup E1

of rank two, and CL (E1) �= 22 � A8 � A12 � L . Inside A12, the involutions whose
support have order 4 or 12 are of type 2A , while those whosesupport have order 8
are of type 2B . Using this, one seesthat either rk(E0) = 6 and CL (E0) = E0, or
rk(E0) = 4 and CL (E0) �= 26 or 24 � A4. Thus in all of thesecases,E is contained in a
unique subgroupE of rank 6 (on which q is nonsingular), and NL (E) � NL (E). Also,
Aut L (E) = 
( E ; q) �= 
 �

6 (2), and so E =2 E� 2(L ; 2) by Proposition 4.6(c) (Sylow 2-
subgroupsof Aut L (E) areneither dihedral nor semidihedral). If rk(E) = 5, then either
qjE 0 6= 0 and Aut L (E) �= 
 5(2) �= � 6, which again contradicts Proposition 4.6(c); or
qjE 0 = 0 and O2(Aut L (E)) 6= 1, in which caseE is not pivotal. Finally, if rk(E) = 4
and q is nonsingularon E, then we have just seenthat the Sylow 2-subgroupsof CL (E)
are isomorphic to 26, and so E cannot be pivotal.

This shows that E� 2(L ; 2) = ? , and thus that L 2 L � 2(2) by Proposition 4.2.

In all of the remaining cases, the proof that L 2 L � 2(2) will be basedon a list
of maximal 2-local subgroupsof L | or in somecases,a list of proper subgroupsof
L (not necessarily2-local) which contain all 2-local subgroupsup to conjugacy. We
label thesesubgroupsHn for n = 1; 2; : : : , and set Vn = Z(O2(Hn )). The goal is to
show that R � 2(L ; 2) = ? ; unlesswe set Q = Vn for somen, in which casewe show
that Q is weakly closedin some(any) Sylow 2-subgroupwhich contains it, and that
R � 2(L ; 2)� Q = ? . In either case,Proposition 4.2 then implies that L 2 L � 2(2).

We �x a subgroupP 2 R � 2(L ; 2), and setE = 
 1(Z (P)). If NL (E) � NL (P) � Hn ,
then P � O2(Hn ), and so E � Vn if O2(Hn) is centric in Hn . In all cases,E \ Vn 6= 1
by Proposition 4.9(a). If rk(Vn ) = 2, then we can assumeE � Vn if the centralizers of
involutions in E appear elsewherein the list.

We usethe standard notation 2A , 2B , etc. for the conjugacyclassesof involutions
in L. Recall that by Proposition 4.4(e),E � 
 1(Z (S)) for someS 2 Syl2(L), and thus
E contains elements from each conjuacyclassof involutions represented in Z (S).

L = J3: By [FR2, x2], L contains threeconjugacyclassesof maximal 2-local subgroups.

� NL (E) � H 1
�= 21+ 4

� :A 5, E � V1
�= 2. Impossiblesincerk(V1) = 1.

� NL (E) � H 2
�= 24:GL 2(4), E � V2

�= 24. Then E = V4 and Aut L (E) �= GL2(4) �=
C3 � A5. SinceA5 has no radical subgroupof order 2, this contradicts Proposition
4.6(d).

� NL (E) � H 3
�= 22+ 4:(3 � � 3), E � V3

�= 22. Impossiblesincerk(V3) = 2.

L = Suz: We refer to [W2] for the following information. There are two conjugacy
classesof elements of order 2 in L, of which those of type 2A are in the centers of
Sylow 2-subgroups.Also, in any elementary abelian subgroupE � L, the involutions
of type 2A togetherwith the identit y form a subgroupof E. HenceNL (E) is contained
in the normalizer of some2A -pure subgroup;and henceby [W2, x2.4], in one of the
groupsHn in the following list.

� NL (E) � H 1
�= 21+ 6

� :U 4(2), E � V1
�= 2. Impossiblesincerk(V1) = 1.
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� NL (E) � H 2
�= 22+ 8:(A 5 � � 3), E � V2

�= 22. Impossiblesincerk(V2) = 2.

� NL (E) � H 3
�= 24+ 6:3A 6, E � V3

�= 24. Then E = V3 and Aut L (E) �= A6, which
contradicts Proposition 4.6(d) (A6 contains no radical 2-subgroupof order 2).

L = Ru : There are two conjugacyclassesof involutions, of which those of type 2A
lie in the centers of Sylow 2-subgroups. Thus all pivotal 2-subgroupsof L contain
elements of type 2A (Proposition 4.4(e)). By [W3, x2.4], the involutions of type 2A
in E together with the identit y form a subgroupE0 � E , and thus NL (E) � NL (E0).

By [W3, x2.4{2.5], the normalizer of each 2A -pure elementary abelian subgroupof
L is conjugateto a subgroupof oneof the subgroupsHn listed below. In all cases,Vi

is 2A -pure, and thus E = E0. For V3
�= 26 this is shown in [W3, Lemma 1] (where V3

is denotedR1).

� NL (E) � H 1
�= 2�24+ 6:� 5, E � V1. From the description in [A1, 12.12],we get that

V1 = Z(O2(H1)) hasrank 1. Alternativ ely, this follows directly from the commutator
relations listed in [P2, Lemma 12] (where O2(H1) is the subgroupgeneratedby the
eleven elements z; t; v; w; w1; x1; x2; a;b;c;d). Thus this caseis impossible.

� NL (E) � H 2
�= 23+ 8:L 3(2), E � V2

�= 23. Impossiblesincerk(V2) = 3.

� NL (E) � H 3
�= 26:G2(2), E � V3

�= 26. Assumeherethat NL (E) is not conjugateto
a subgroupof H1 or H2. Let T bethe conjugacyclassof the subgroupsof rank 2 in V2.
Let D be the \diagram" of E in the senseof [W3]: the graph with onenode for each
involution in E, and an edgeconnectingtwo nodeswhenever the elements generatea
subgroupin T . The automorphismgroup Aut L (E) actson D (and Out(L) = 1 in this
case).There cannot be any Aut L (E)-invariant nodeor triangle in D, sincethis would
imply an Aut L (E)-invariant element or subgroup in T , hencethat NL (E) � H1 or
H2, contradicting our assumptionon E.

By [W3, x2-4{2.5], for each E � V3 of rank � 2, either the diagram D contains an
Aut L (E)-invariant node or triangle; or D is a disjoint union of two or more triangles
and isolated nodes in which caseCL (E) = V3

�= 26; or E = V3 and Aut L (E) �=
G2(2) �= U3(3):2; or rk(E) = 2 and NL (E)=V3

�= (� 3 � � 3). Sincerk(E) � 4, this
shows that CL (E) �= V3, and hence(since E is pivotal) that E is conjugate to V3.
Thus (E; Aut L (E)) �= (26; G2(2)), and this contradicts Proposition 6.4.

L = F3 = Th : By [W7, Theorem 2.2], each 2-local subgroup of L is conjugate to a
subgroupof H1 or H2 as listed here.

� NL (E) � H 1
�= 21+ 8

+ �A 9, E � V1
�= 2. Impossiblesincerk(V1) = 1.

� NL (E) � H 2
�= 25 �L 5(2), E � V2

�= 25. Then Aut L (E) = Aut( E), which contradicts
Proposition 4.7(a).

L = J4: By [KW, x2], there are four conjugacyclassesof maximal 2-local subgroups,
as listed below.
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� NL (E) � H 1
�= 210 :L 5(2), E � V1

�= 210. If NL (E) � H1 and E � V1, then P def=
P=V1 is a radical 2-subgroupof H1=V1

�= L5(2), and NL (P)=P �= NL 5 (2) (P)=P. Also,
L5(2) acts irreducibly on V1 [Ja, Theorem A], and henceacts as � 2(V), whereV is
oneof the standard 5-dimensionalrepresentations. The only radical subgroupswhich
have �xed subspaceon V1 of rank � 4 are the trivial subgroup,and two subgroups24

with normalizer 24:L4(2) with �xed subspacesof rank 4 or 6. By Proposition 4.6(c),
no such subgroupcan be in R � 2(L ; 2).

� NL (E) � H 2
�= 23+ 12 :(� 5 � L 3(2)), E � V2

�= 23. Impossiblesincerk(V2) = 3.

� NL (E) � H 3
�= 21+ 12

+ �(3M 22 :2), E � V3
�= 2. Impossiblesincerk(V3) = 1.

� NL (E) � H 4
�= 211 :M 24 , E � Q = V 4

�= 211 . By [KW, Lemma 1.1.2], Q = V4 is
the uniquesubgroupof NL (Q) �= 211:M24 of rank 11; and this group contains a Sylow
2-subgroupS 2 Syl2(L). HenceQ = V4 is weakly closedin S with respect to Aut( L);
and we have just shown that R � 2(L ; 2)� Q = ? .

L = Co1: By [Cu, Theorem2.1], the normalizerof each elementary abelian 2-subgroup
E � L is contained in one of the seven subgroupslisted below. We set Q = V2, and
show that R � 2(L ; 2)� Q = ? .

� NL (E) � H 1
�= 21+ 8

+ �
 +
8 (2), E � V1

�= 2. Impossiblesincerk(V1) = 1.

� NL (E) � H 2
�= 24+ 12 :(3S6 � � 3), E � V2

�= 24. Then Aut L (E) = Sp4(2) �= � 6,
and this contradicts Proposition 4.6(c) (Sylow subgroupsare neither dihedral nor
semidihedral).

� NL (E) � H 3
�= 22+ 12 :(� 3 � A 8), E � V3

�= 22. Impossiblesincerk(V3) = 2.

� NL (E) � H 4
�= Co2. Upon examination of the proof of [Cu, Theorem2.1], onesees

that the only casewhere NL (E) is not contained in one of the other subgroupsHn

occurswhenE = h(4); � i (in the notation of p.419) is a certain \ BD-pure" subgroup
(all involutions have type 2A in the notation of the atlas) of rank 4 (rank 5 in 2Co1).
As noted by Wilson in [W1, p.112], this subgroup is contained in a unique rank 5
subgroup h(7); � i whoseinvolutions all have type 2A , and henceits normalizer is
contained in the normalizer of that subgroup,which is contained in somesubgroup
conjugateto H1. We can thus ignore the caseNL (E) � Co2.

� NL (E) � H 5
�= (A 4 � G2(4)) :2. Then by Lemma 1.12(a,b), P \ (A4 � G2(4)) =

P1 � P2 whereP1
�= 22 � A4 and P2 � G2(4) areradical 2-subgroups.By examination

of the two maximal parabolic subgroups22+8 :(3 � A5) and 24+6 :(A5 � 3) of G2(4), we
seethat the only possibility for E with an irreducible component of rank � 4 (see
Proposition 4.6(b)) is

E = 22 � 24 � A4 � G2(4):

In this case,E lifts to a subgroupof 2Co1 isomorphicto Q8 � 24; NL (E) is contained
in the normalizerof the secondfactor, whoseelements are not of type 2B (sincethey
lift to involutions in 2Co1); and henceby [Cu, Lemmas2.2 & 2.5], this normalizer is
contained in oneof the subgroupsHn for n = 1; 2; 3; 4 above.
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� NL (E) � H 6
�= (A 6 � U 3(3)) :2. Sincerk2(A6) = rk2(U3(3)) = 2, E has a �ltration

by NL (E)-invariant subgroupsfor which the quotients all have rank � 2, and this
contradicts Proposition 4.6(b).

� NL (E) � H 7
�= 211 �M 24 , E � Q = V 7

�= 211 . By [A1, (30.3) & (31.11)], Q is the
uniquesubgroupof H7 of rank 11,andhenceweaklyclosed(with respect to Aut( L)) in
any Sylow 2-subgroupwhich contains it. We have now shown that R � 2(L ; 2)� Q = ? .

L = Co2: By [W1, x3], the normalizer of each elementary abelian 2-subgroupof L is
contained in oneof the subgroupsHn in the following list.

� NL (E) � H 1 = 24+ 10 �(� 5 � � 3), E � V1
�= 24. Then E = V4 and Aut L (E) �= � 5,

and an examination of the �rst diagram in [W1, p.113]shows that Aut L (E) acts via
the permutation representation (with two orbits of lengths5 and10). This contradicts
Proposition 4.7(b).

� NL (E) � H 2 = 21+ 8
+ :Sp6(2), E � V2

�= 2. Impossiblesincerk(V2) = 1.

� NL (E) � H 3 = 21+ 6
+ :24A 8, E � V3

�= 2. Impossiblesincerk(V3) = 1.

� NL (E) � H 4 = M 23 . This subgrouparisesas (one possible) intersection of a sub-
group 211�M24 � Co1 with Co2. From the analysisin [Cu, x2], we seethat each time
the normalizer of an elementary abelian subgroup E � Co1 was shown to be con-
tained in a subgroupK �= 211:M24, it was contained in such a way that E intersects
nontrivially with the rank 11 subgroup. Henceif NL (E) � Co2, then K \ Co2 cannot
be isomorphic to M 23, and sowe can ignore this case.

� NL (E) � H 5 = U 6(2):2. Then P 2 R � 2(H5 ; 2) by Proposition 4.9(b), which is
empty by Lemma 6.5. (Note that Out(L) = 1.)

� NL (E) � H 6 = McL. Then rk(E) = rk2(McL) = 4, and Aut L (E) �= A7 as de-
scribed above. This is impossibleby Proposition 4.6(d), sinceA7 contains no radical
subgroupsof order 2.

� NL (E) � H 7 = 210 :M 22 :2, E � Q = V 7
�= 210 . By [A1, (30.3) & (31.11)], V7 is

the unique rank 10 subgroupof H7, and henceweakly closedin any Sylow subgroup
which contains it. We have just shown that R � 2(L ; 2)� Q = ? .

L = Fi 22 : By [A3, (25.7)], for any S 2 Syl2(L), the set of involutions in S of type 2A
generatesa subgroup210, which thus is weakly closedin S with respect to Aut( L). We
�x S, and let Q �= 210 denote this subgroup. We will show that R � 2(L ; 2)� Q = ? ,
and also that R � 2(Aut( L) ; 2)� Q = ? . The latter will be neededlater, when working
with the group F i 0

24. We set � = Aut( L) = F i 22:2 for short [A3, (37.2)]. Throughout
the following discussion,we usethe term \transp osition" to refer to involutions of type
2A ; theseall have the property that the product of any two of them hasorder 2 or 3.

By [W4, Proposition 4.4]or [Fl], for each elementary abelian 2-subgroup1 6= E � L,
NL (E) � Hn and N � (E) � H n for someHn and H n (n = 1; : : : ; 5) asdescribed in the
following list:
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� NL (E) � H 1 = 2U 6(2), N � (E) � H 1 = 2U6(2):2, E � V1
�= 2. If NL (E) � H1

and N � (E) � H 1, then P=V1 is in R � 2(U6(2) ; 2) or R � 2(U6(2):2 ; 2) by Proposition
4.9(b); and thesesetsare empty by Lemma 6.5.

� NL (E) � H 2 = (2 � 21+ 8
+ :U 4(2)):2, N � (E) � H 2 = (2 � 21+8

+ :U4(2):2):2, E � V2
�=

22. Impossiblesincerk(V2) = 2.

� NL (E) � H 3 = 25+ 8:(� 3 � A 6), N � (E) � H 3 = 25+8 :(� 3 � � 6), E � V3
�= 25. Thus

Aut L (E) is the stabilizer of the action of A6 or � 6. As described in [W4, xx3{4],
V3

�= 25 is generatedby a unique hexadof transpositions, and henceAut L (V3) �= A6

and Aut � (V3) �= � 6 act on V3 via the permutation action on F6
2=F2. Sinceneither A6

nor � 6 hasa radical subgroupof order2, Proposition 4.5showsthat E cannotbeequal
to V3, nor equal to the index two subgroupof V3 containing no transpositions (since
that is alsostabilized by A6). The only remaining possibility is for E to have rank 4,
containing exactly three or four transpositions(if it only hasoneor two its normalizer
is contained in H1 or H2). In thesecases,either Aut L (E)=O2(Aut L (E)) �= � 3 (three
transpositions) or Aut L (E) = Aut � (E) �= � 4 (four transpositions); and in neither
casecan E be contained in E� 2(L ; 2) (Proposition 4.6).

� NL (E) � H 4 = 26:Sp6(2), N � (E) � H 4 = 27:Sp6(2), E � V4
�= 26. By [W4,

xx3{4], the only situation where NL (E) � H4 and is not contained in any of the
other subgroupsHn occurswhen all involutions in E have type 2B (in particular, E
contains no transpositions),andE supports a nonsingularsymplecticform b such that
Aut L (E) = Aut( E; b). Thus by Proposition 6.4(assumingrk(E) � 4), E is in neither

E� 2(L ; 2) nor E� 2(� ; 2). Similarly, if E � � and E0
def= E \ L is 2B -pureand supports

a symplectic form as described in (e), then E � H 4
�= 27:Sp6(2), so E � O2(H 4) by

Proposition 4.9(a), henceeither Aut � (E) �= Aut L (E0) or O2(Aut � (E)) 6= 1; and the
samereasoningshows that E =2 E� 2(� ; 2).

� NL (E) � H 5 = 210 :M 22 , N � (E) � H 5 = 210:M22:2, E � Q = V 5
�= 210 . We have

already seenthat Q is weakly closedin any Sylow 2-subgroupwhich contains it; and
we have just shown that R � 2(L ; 2)� Q = ? .

L = Fi 23 : Note that Out(L) = 1 [A3, (37.2)]. Fix S 2 Syl2(L). Then Z(S) �= 22, and
contains a representativ e from each of the three classesof involutions in L. Thus by
Proposition 4.4(e), each critical 2-subgroupof L contains involutions from each of the
three classes.By [A3, (25.7)], the set of transpositions in S (involutions of type 2A )
generatesa subgroup211, which thus is weakly closedin S. We let Q �= 211 denotethis
subgroup,and will show that R � 2(L ; 2)� Q = ? .

By [Fl, x2], the normalizerof each elementary abelian2-subgroupof L which contains
transpositions is contained in oneof the subgroupsin the following list.

� NL (E) � H 1
�= 2Fi 22 , E � V1

�= 2. By Proposition 4.9(b) (and sinceOut(L) = 1),
P=V1 2 R � 2(F i22 ; 2). We have already seenthat this implies that P=V1 contains the
subgroup210 generatedby the involutions of type 2A in someSylow 2-subgroupof
F i22, and hencethat P � Q = V5 (up to conjugacy).
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� NL (E) � H 2
�= 22 �U 6(2):2, E � V2

�= 22. SinceOut(L) = 1, Proposition 4.9(b)
implies that P=V2 2 R � 2(U6(2):2 ; 2), and this set is empty by Lemma 6.5.

� NL (E) � H 3
�= (22 � 21+ 8

+ ):(3 � U 4(2)) :2, E � V3
�= 23. Impossiblesincerk(V3) =

3.

� NL (E) � H 4
�= 26+ 8:(� 3 � A 7), E � V4

�= 26. The subgroupV4 contains (and is
generatedby) exactly seven transpositions, which are permuted in the obvious way
by Aut L (V4) �= A7. HenceAut L (E) is the stabilizer of this permutation action of A7.
SinceA7 hasno radical 2-subgroupof order 2, V4 =2 E� 2(L ; 2) by Proposition 4.6(d)),
and thus E � V4. Thus P=O2(H4) �= P1 � P2, whereP1 � � 3 and 1 6= P2 � A7 are
radical 2-subgroups(Lemma 1.12(a)); E is the �xed subgroup of the P2-action on
V4; and this is impossiblesincethe nontrivial radical 2-subgroupsof A7 all have �xed
subgroupon V4 of rank � 3.

� NL (E) � H 5
�= 211 �M 23 , E � Q = V 5

�= 211 . We have already seenthat Q is
weakly closedin any Sylow 2-subgroupwhich contains it; and we have just shown
that R � 2(L ; 2)� Q = ? .

L = Fi 0
24 : By [A3, (37.1)], Out(L) �= C2, and Aut( L) = F i 24. We write � = F i 24 for

short. The group � is generatedby transpositions: elements in a conjugacyclassof
involutions in � r L the product of any two of which hasorder 2 or 3. By [A3, (37.4)],
L has two conjugacyclassesof involutions: each element of type 2A is a product of a
unique pair of commuting transpositions (its factors), while each element of type 2B
is a product of four commuting transpositions (but not uniquely).

Fix bS 2 Syl2(�), and set S = bS \ L 2 Syl2(L). By [A3, (25.7)], the set of transposi-
tions in bS generatesa subgroup bQ �= 212. SetQ = bQ\ L �= 211. By [A3, (34.9)], Q is the
Todd module for NL (Q)=Q �= M24. Henceby [A1, 31.11],Q is the unique elementary
abelian 2-subgroupof NL (Q) of rank 11. SinceQ C S, NL (Q) � S, and thus Q is
weakly closedin S with respect to Aut( L). We will show that R � 2(L ; 2)� Q = ? .

By [W6, TheoremsD & E] (with correctionsin [LW, x2]), each 2-local subgroupof
L is contained up to conjugacyin oneof the subgroupsin the following list.

� NL (E) � H 1 = N (2A ) �= 2Fi 22 :2, E � V1
�= 2. Then N � (E) � N � (H1), sincethe

factors of the generator of V1 normalize E. By Proposition 4.9(b) again, P=V1 2
R � 2(F i22:2; 2). We have already shown that this implies that P=V1 contains (up to
conjugacy) the subgroup210 generatedby the involutions of type 2A in any Sylow
2-subgroupof F i 22. Since all involutions in F i 22 lift to involutions in 2F i 22 [A3,
(23.8)], this shows that P contains a subgroup211, which must be conjugateto Q.

� NL (E) � H 2 = N (2B ) �= 21+ 12
+ �3U 4(3):2, E � V2

�= 2. Impossiblesincerk(V2) = 1.

� NL (E) � H 3
�= 22 �U 6(2):� 3, E � V3

�= 22. In this case,V3 � Q (up to conjugacy),
and all of its involutions are of type 2A . The factors of the involutions in V3 all lie
in bQ, and generatea rank three subgroupwith just three transpositions, which are
permuted by the conjugation action of E and hencenormalize E. Thus N � (E) �
N � (H3), and soP=V3 2 R � 2(U6(2):� 3 ; 2) by Proposition 4.9(b). But this set is empty
by Lemma 6.5.
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� NL (E) � H 4
�= 26+ 8:(� 3 � A 8), E � V4

�= 26. Here, Aut L (V4) acts on V4 via
the natural action of A8

�= 
 +
6 (2). This follows from the discussionin [W6, p.91],

where it is shown that V4 is the intersection with F i 0
24 of the subgroupof rank 7 in

F i24 generatedby the eight transpositions in an octad. HenceE � V4 by Proposition
4.6(c),sincethe Sylow 2-subgroupsof A8 areneither dihedral nor semidihedral.Hence
P=V4 is a nontrivial radical 2-subgroupof A8, and E is the �xed subgroupif its action
on V4. But the �xed subgroupof any such radical 2-subgrouphas rank � 3, and so
this caseis not possible.

� NL (E) � H 5
�= 23+ 12 :(A 6 � L 3(2)), E � V5

�= 23. Impossiblesincerk(V5) = 3.

� NL (E) � H 6
�= (A 4 � 
 +

8 (2):3):2, E � V6
�= 22. Then P � A4 � 
 +

8 (2), and is
a radical 2-subgroupof this product. So by Lemma 1.12(b), P = V6 � P0, where
P0 is a radical subgroupof 
 +

8 (2), and henceof the form O2(P ) for someparabolic
subgroupP � 
 +

8 (2) for which rk(Z (O2(P ))) � 4. The only such subgroupis of the
form P �= 26:
 +

6 (2), which would imply that

(E; Aut L (E)) �= (22 � 26; (3 � 
 +
6 (2)):2):

By Proposition 6.4, no such group E can be in E� 2(L ; 2).

� NL (E) � H 7
�= 28:
 �

8 (2), E � V7
�= 28. The maximal parabolic subgroupsof


 �
8 (2) are P 1

�= 26:U4(2) (O2(P 1) has 1-dimensional�xed subgroup on V7
�= 28),

P 2
�= 21+8

+ :(� 3 � A5) (2-dimensional �xed subgroup), and P 3
�= 23+6 :(L3(2) � 3)

(3-dimensional�xed subgroup). HenceP 	 V7 would imply rk(E) < 4; while Propo-
sition 6.4 shows that V7 =2 E� 2(L ; 2).

� NL (E) � H 8
�= 211 �M 24 , E � Q = V 8

�= 211 . We have already seenthat Q is
weakly closedin S with respect to Aut (L); and have now shown that R � 2(L ; 2)� Q =
? .

L = F2: This group contains four conjugacyclassesof involutions. By [Gr1, Theorem
3], or by [Sg, Theorem 5.6], Out(L) = 1. By [MS], every 2-local subgroup of L is
contained in oneof the subgroupsin the following list.

� NL (E) � H 1 = N (2B ) �= 21+ 22 :Co2, E � V1
�= 2. Impossiblesincerk(V1) = 1.

� NL (E) � H 2
�= 22+ 10+ 20 (M 22 :2 � � 3), E � V2

�= 22. Impossiblesincerk(V2) = 2.

� NL (E) � H 3
�= [235 ](� 5 � L 3(2)), E � V3

�= 23. Thus rk(E) � 3. The subgroup
H3 is described in [A1, p.33], and its construction in [A1, pp.219{220]. In particular,
H3 = NL (W) for a certain subgroup W � O2(H1) �= 21+22 of rank 3 (and with
Z (H1) � W), and H3=CL (W) �= L3(2). SinceH1 is the centralizer of an element of
W, this shows that CO2(H 1 )(W) C O2(H3) � H1. SinceO2(H1) is centric in H1, this
shows that Z (O2(H3)) � CO2(H 1 )(W), and hence(sinceO2(H1) is extraspecial) that
W = V3.

� NL (E) � H 4
�= 25+ 5+ 10+ 10L 5(2), E � V4

�= 25. Then Aut L (E) = Aut (E), and
this contradicts Proposition 4.6(b,c) (the Sylow 2-subgroupsof Aut L (E) are neither
dihedral nor semidihedral).
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� NL (E) � H 5
�= 29+ 16 :Sp8(2), E � V5

�= 29. Then E � V5
�= 29, and P=O2(H5) is a

2-radical subgroupof H5=O2(H5) �= Sp8(2). The only radical 2-subgroupsof Sp8(2)
whose�xed subgroupon 28 hasrank � 4 arethe trivial subgroup(and (Aut L (E); E) �=
(Sp8(2); 29) implies E =2 E� 2(L ; 2) by Proposition 6.4); and 210:A8

�= 210:L4(2) (im-
possibleby Proposition 4.6(c), since the Sylow subgroupsare neither dihedral nor
semidihedral).

� NL (E) � H 6 = N (2A ) �= 2:2E6(2):2. Then jV6j = 2, and P=V6 2 R � 2(H6=V6 ; 2)
by Proposition 4.9(b). In particular, (P=V6) \ 2E6(2) is a radical 2-subgroupof 2E6(2).
From the list of maximal parabolic subgroupsof 2E6(2), weseethat the only radical 2-
subgroupwhosecenter hasrank � 4 hasthe form 28+16 , with normalizer28+16 :SO�

8 (2)
in 2E6(2):2. Hencethe only possibilitiesare

(E=V6; Aut L (E=V6)) �= (28; SO�
8 (2)) or (27; Sp6(2)):

(The secondcasecorrespondsto the extensionof 28+16 by a transvection in SO�
8 (2).)

By Proposition 6.4, neither of this situations can occur for P=V6 2 R � 2(2E6(2):2 ; 2),
and so this caseis impossible.

� NL (E) � H 7 = N (2C) �= (22 � F4(2)):2. From the list of maximal parabolic sub-
groupsof F4(2), we seethat only two radical 2-subgroupsU = O2(P ) have centers of
rank � 4. In both cases,this would meanP = U of order 220, E = Z(P) �= 25, and
Aut L (E) �= P =U �= � 3 � L3(2); with a rank 2 subgroupof E0 � E which is normal
in P . Which contradicts Proposition 4.6(b).

� NL (E) � H 8 = N (2C2) �= � 4 � 2F4(2). The radical 2-subgroupsof 2F4(2) have
centers of rank one or two (see[W3] or [P1]), and henceE =2 E� 2(L ; 2) and P =2
R � 2(L ; 2).

L = F1: By [Gr1, Theorem 3], or by [GMS, Theorem 5.10], Out(L) = 1. By [MS],
every 2-local subgroupof L is contained in oneof the subgroupsin the following list.

� NL (E) � H 1 = N (2A ) �= 2�F2, E � V1
�= 2. By Proposition 4.9(b), P=V1 2

R � 2(F2 ; 2), and we have already shown that this last set is empty.

� NL (E) � H 2 = N (2A 2) �= 22 �2E6(2):� 3, E � V2
�= 22. Then (P=V2) \ 2E6(2) is a

radical 2-subgroupof 2E6(2). All involutions in 2E6(2) lift to involutions in its 2-fold
cover, soany elementary abelian2-subgrouplifts to an elementary abelian 2-subgroup
in the 2-fold cover. From the list of maximal parabolic subgroupsof 2E6(2), we see
that the only radical 2-subgroupwhosecenter hasrank � 4 has the form 28+16 , with
normalizer 28+16 :
 �

8 (2). Also, the only involutions z 2 SO�
8 (2)r 
 �

8 (2) such that
hzi is radical in SO�

8 (2) are the orthogonal transvections, with C
 �
8 (2) (z) �= Sp6(2).

Henceeither P=V2
�= 28+16 , E=V2

�= 28, and Aut L (E=V2) �= 
 �
8 (2); or P=V2

�= 28+16 :2,
E=V2

�= 27, and Aut L (E=V2) �= Sp6(2). Both of thesecasescontradict Proposition
6.4.

� NL (E) � H 3 = N (2B ) �= 21+ 24 :Co1, E � V3
�= 2. Impossiblesincerk(V3) = 1.

� NL (E) � H 4
�= 22+ 11+ 22 (M 24 � � 3), E � V4

�= 22. Impossiblesincerk(V4) = 2.
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� NL (E) � H 5
�= 23+ 6+ 12+ 18 :(L 3(2) � 3S6), E � V5

�= 23. Impossiblesincerk(V5) =
3.

� NL (E) � H 6
�= 25+ 10+ 20 :(L 5(2) � � 3), E � V6

�= 25. Then Aut L (E) = Aut (E),
which contradicts Proposition 4.7(a).

� NL (E) � H 7
�= 210+ 16 :
 +

10 (2), E � V7
�= 210. Then P � O2(H7), and P=O2(H7)

is a 2-radical subgroupof H7=O2(H7) �= 
 +
10(2). By examination of the root system

of the Lie group D5, one seesthat the only radical 2-subgroupsof 
 +
10(2) whose

�xed subgroup on 210 has rank � 4 are the trivial subgroup (and (Aut L (E); E) �=
(
 +

10(2); 210) implies E =2 E� 2(L ; 2) by Proposition 6.4); two conjugacy classesof
subgroups210 with normalizers 210:L5(2) (5-dimensional �xed subspace),and one
conjugacy class of subgroup 26+8 with normalizer 26+8 :L4(2) (4-dimensional �xed
subspace). Hence in both of these cases,Aut L (E) = Aut( E), which implies E =2
E� 2(L ; 2) by Proposition 4.7(a).

This �nishes the proof of Theorem9.1. �

10. Comput ations of lim1(ZG)

In this section, we summarizewhat we know about the groups lim �
1(Y �

eL
), with in-

dications of the proof in somecases. In all cases,lim �
0(Y �

eL
) = 0 by Glauberman's

Z � -theorem [Gl]. Using this, the following proposition follows by essentially the same
proof as that of Proposition 4.2.

Prop osition 10.1. Fix a �nite simple group L and S 2 Syl2(L). AssumeQ � S is 2-
centric in L and weakly closed in S with respect to Aut( L), and that it hasthe property
that R � 2(L ; p) � Q = ? , and that no subgroup in R 1(L ; p) � Q is contained in any other

subgroup in this set. Let eL be a quasisimplegroup such that Z ( eL) is a 2-group and
eL=Z(eL) �= L, and let � � Aut( eL) be a subgroup which contains Inn( eL) �= L. Then for
any set P1; : : : ; Pk of � -conjugacyclassrepresentativesfor subgroupsin R 1(L ; p) � Q,

lim �
1(Y �

eL
) �= Ker

h kM

i =1

� 1(N � (Pi ); NL (Pi ); Y �
eL
(Pi )) � � � � H 0(N � (Q); Y �

eL
(Q))

i

for somesurjection between thesetwo groups.

When L �= An , then

lim �
1

O2 (�)

(Y �
eL
) �=

(
Z=2 if eL �= An , � � � n , n � 2; 3 (mod 4)
0 otherwise;

When � � � n , this is shown via an easymodi�cation of the proof of Theorem 5.1.
(The caseL = A6

�= PSL2(9) and � � � 6 must be handled separately.) Recall that
we write E2k � � n for the elementary abelian group 2k acting with onefreeorbit, and
that Q � An denotesthe product of [n=4] copiesof E4. Then R1(An ; 2)� Q is empty

if n � 0; 1 (mod 4); and contains the conjugacyclassof the group An \
�

S0 � E � 3
2

�

for someS0 2 Syl2(� n� 6) if n � 2; 3 (mod 4). So An 2 L1(2) in the �rst caseby



70 BOB OLIVER

Proposition 4.2, and one gets the above computations using Proposition 10.1 in the
secondcase.

Note, however, that lim �
1(Z � n ) = 0 for all n, even in thosecaseswherelim �

1(Y � n
A n

) �=
Z=2. This follows from the observation that lim �

0(Z � n =Y � n
A n

) �= Z=2 whenn � 2; 3 (mod
4).

When L is of Lie type in characteristic two, then by Theorem6.3, L 2 L 1(2) except
when L = L3(2) �= L2(7). When L is of Lie type in odd characteristic, and not
isomorphic to E7(q) or E8(q), then L 2 L1(2) except for the following cases:

� lim �
1(Y �

L ) �= Z=2 if L �= PSL2(q) �= 
 3(q), q � � 1 (mod 8), � � Aut f g(L)

� lim �
1(Y �

L ) �= Z=2 if L �= PSL4(q), q � 3 (mod 4), � � Aut f g(L)

� lim �
1(Y �

L ) �= Z=2 if L �= PSU4(q), q � 1 (mod 4), � � Aut f g(L)

� lim �
1(Y �

L ) �= Z=2 if L �= 
 ns
2n (q), n � 3, � � Aut f g(L).

Here,Aut f g(L) denotesthe group generatedby inner, �eld, and graph automorphisms
of L. Also, 
 ns

2n (q) = 
( F2n
q ; q) whereq is a quadratic form with nonsquarediscriminant.

The caseL = PSL 2(q) is shown using Proposition 1.6 (or an easy modi�cation of
the proposition and its proof). In all other cases,there is a weakly closedsubgroup
Q such that R1(L ; 2)� Q contains at most one conjugacy class, or in certain cases
two L-conjugacy classeswhich are Aut( L)-conjugate. The results then follow from
Propositions 4.2 and 10.1.

The sporadic groupsall lie in L 1(2), with the possibleexceptionof the baby monster
and the monster. This is shown, either by modifying and extending the arguments
usedin Section9, or by using lists of radical 2-subgroupsof thesegroupssuch asthose
publishedby Yoshiara[Y1] [Y2] and by An & O'Brien [AO].
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