EQUIV ALENCES OF CLASSIFYING SPACES COMPLETED AT THE
PRIME TW O

BOB OLIVER

Abstra ct. We prove here the Martino-Priddy conjecture for the prime 2: the 2-
completions of the classifying spacesof two groups G and G° are homotopy equivalert
if and only if there is anisomorphismbetweentheir Sylow 2-subgroupswhich presenes
fusion. This is a consequenceof a technical algebraic result, which says that for a
nite group G, the secondhigher derived functor of the inverselimit vanishesfor a
certain functor Zg on the 2-subgroup orbit category of G. The proof of this result
usesthe classi cation theorem for nite simple groups.

In their paper [MP], John Martino and Stewart Priddy conjecturedthat for any
prime p and any pair G;G° of nite groups,the p-completed classifying spacesB Gg
and BGOg are homotopy equivalent if and only if the p-local structures of G and of
G are isomorphicin a senseto be made precisebelov. In an earlier paper [BLO] in
collaboration with Carles Broto and Ran Levi, we identi ed the obstruction groups
to constructing a homotopy equivalencebetweenthese spaces,given an isomorphism
between the p-local structures. For odd primes p, these groups have already been
shown [Ol] to vanishin all cases.The main technical result of this paper is that these
obstruction groupsalsovanishwhenp = 2. The proof of this result (like the proof of
the conjecturefor odd primes) dependson the classi cation theorem for nite simple
groups.

Fix aprime panda nite groupG. For any pair of subgroupsP; Q G, let Ng(P; Q)
denotethe transporter:

No(P;Q)=fx2 GjxPx ! Qu:
The p-sulgroup orbit category of G is the category O,(G) whoseobjects are the p-
subgroupsof G, and where
Moro,6)(P; Q) = QnNg(P; Q) = Mapg(G=P; G=Q):
A p-subgroupP G is called p-centric if Z(P) is a Sylow p-subgroupof Cg(P), or
equivalertly if Cg(P) = Z(P) CZ(P) for somesubgroupC2(P) of order prime to p.
De ne the functor
Zg: Op(G)* I Ab
by setting Zg(P) = Z(P) if P is p-certric in G and Zg(P) = 0 otherwise,and letting
1
¢ 2 Morg, ) (P; Q) induce the morphism Z(Q) 1 Z(P) if P and Q are both p-
certric. Our main algebraicresult is the following.

Theorem A. For any nite group G,

im'(zg)=0 foralli 2.
02(G)
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Proof. In Proposition 2.9, we shaw that lim'(Zg) = Ofor alli 2 if ead nonabelian
simple group L which appearsin the decompsition seriesof G belongsto a certain
classL ?(2). Wethen shaw that L 2(2) cortains all alternating groups(Theorem5.1);
all simple groupsof Lie type in characteristic two including the Tits group (Theorem
6.3); all simple groupsof Lie type in odd characteristic (Theorems7.4 and 8.11); and
all sporadic groups (Theorem 9.1). Theorem A then follows from the classi cation
theoremfor nite simple groups.

Theorem A was motivated by studying equivalencesbetween completed classifying
spacef nite groups. Let p be a prime, let G and G°be nite groups,andletS G

and S°  GP be Sylow p-subgroups. An isomorphism' : S 1 SCis called fusion
preservingif for all P;Q SandallP ! Q, isconjugationby anelemen of G

if andonly if ' (P) 1 ' (Q) is conjugation by an elemen of G°

The Martino-Priddy conjecture statesthat for any prime p, and any pair G; G° of
nite groups, BGQ ' BGOQ if and only if there is a fusion preservingisomorphism
between Sylov p-subgroupsof G and G% The \only if" part of the conjecture was
proved by Martino and Priddy [MP], and follows from the bijection

Rep(P; G) £ Hom(P;G)=Inn(G) = ! [BP;BGy]
for any p-group P and any nite group G [BL, Proposition 2.1]. Conversely by [BLO,
Proposition 6.1], given a fusion preservingisomorphismbetween Sylon p-subgroupsof
G and G, the obstruction to extendingit to a homotopy equivalenceBG, ' BG9, lies

in lim?(Zg). HenceTheoremA implies:

Theorem B (Martino-Priddy conjectureat the prime 2). For any pair G and G° of
nite groupswith Sylow2-sulgroupsS G andS° G° BG, ' BGY if and only if
there is a fusion preservingisomorphismS 1 S°

We next turn to the question of self equivalencesof BGg. For any spaceX, let
Out(X) denote the group of homotopy classesof self homotopy equivalencesof X .
For any nite group G, any prime p, and any Sylow p-subgroupS G, let Auts(S)
be the group of fusion preservingautomorphismsof S, let Autg(S) be the group of
automorphismsinducedby conjugation by elemens of G (i.e., elemens of Ng(S)), and
set

Outss(S) = Autgs(S)=Aut(S):

TheoremA, when combined with [BLO, Theorem 6.2], givesthe following description,
up to extension,of Out(BGy).

Theorem C. For any nite group G with Sylow2-sulgroup S G, there is a short
exactsequene

1 ! limYZg) I Out(BG,) I Outps(S) ! 1Lt
02(G)

In [Ol], we shaved that when p is odd, the groupslimi(ZG) vanish for all nite G
and alli 1. In cortrast, whenp = 2, the groupslim?(Z;) can be norvanishing.
Examples of this include the groups G = PSL,(g) when g 1 (mod 8), G = A,
whenn 2;3 (mod 4), and G = PSL4(g) whenq 3 (mod 4). A simple proof of this
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when G hasdihedral Sylov 2-subgroupis givenin Proposition 1.6, and other casesare
discussedn Section 10.

If G is an arbitrary nite group,then Z canbe ltered by subfunctorsZ&, de ned
for all K C G by setting

Z(P)\ K if P isp-certric in G

Zg(P) =

e (P) 0 otherwise.

The idea of the proof of TheoremA isto Iter G by a maximal sequencel = Ky
K1 Kni1i K,=Gof n(_)rmal subgroups,and then analyzehigher limits of
the Zg" :Zéj '. In particular, lim'(Zg) = Ofor alli 2 if the sameholds for higher

limits of Z§'=z &' * forall j .

We rst reducethe general computation of lim Zgj:Zgj ' to the special case
whereL = K; is quasisimple(i.e., L is perfectand L=Z(L) is simple) with p-group
certer A = K; ; = Z(L). This is donein Lemmas2.1 and 2.4. We then obsene
that in this case,lim Z5=Z£ dependsonly onL and on Autg(L). This motivates
the de nition of new functors Y, on O,() , de ned for any quasisimplegroup L with
p-group certer and any Aut( L) which contains Inn(L), with the property that

lim (z5=22) = lim (Y,)

forany A C L C G asabove with = Autg(L). For example,if L is simple (and
identied with Inn(L) C ), thenY, = Z'. The de nition of Y, in the generalcase
is givenin De nition 2.5.

To simplify notation in the rest of the paper, we then de ne L'(p) to be the classof
simple groupsL for which Iim'(YE) = 0 for all choicesof certral extensions€ of L and

Aut( E). We are thus reducedto proving that all simple groupslie in L 2(2).

In Section 4, we de ne, for ead nonabelian nite simple group L, certain sets
R'(L ;p) of p-subgroupswhich could \contribute" to lim'( ), in a way made precise
in De nition 4.1. We then shav (Proposition 4.2) that L 2 L(p) if there is a p-certric
subgroupQ L, which is weakly closedin a Sylonv p-subgroupwhich cortains it, and
with the property that all subgroupsin R'(L ;p) cortain Q up to conjugacy This is
the result which in almost all caseswill be usedto shav L 2 L 2(2) (simple groupsof
Lie type in characteristic two are handledin a di erent way). The last half of Section
4 then consistsof a seriesof propositions, ead of which gives someconditions to be
usedwhen proving that certain subgroupsdo not lie in R ?(L ; 2).

In this way, the paper splits into two halves. Sections1{4 involve homological
algebra,and reducethe problemto a seriesof criteria stated in purely group theoretic
terms. These criteria are then applied to the individual groupsin Sections5{9, to
shav that L 2 L 2(2) in all cases.Afterwards, in Section 10, somecomputations of
lim*(Z ) arelisted (mostly without proof).

Clearly, asatopologist writing a paper which dependsvery heavily on the structure
of the individual nite simple groups,| had a lot of assistance.Michael Aschbader,
Ron Solomon,and Richard Lyons all gave extensiwe help in answering my questions
about the structure of certain simple groups. | am grateful to SergeyShpektorov and
Ulrich Meierfrankenfeld for sending me their manuscript listing the maximal 2-local
subgroupsof the monster and the baby monster| which allowed meto Il in the
last step in the proof of Theorem A. | had seeral helpful discussionswith George
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Glaubermanand Jesper Grodal during my short visits to the University of Chicago. |
am esyecially indebtedto my earlier collaborator, Yoar Segevwho (while not involved
in this project) taught me much of what | know about the classi cation theorem, and
especially about the nite simple groups of Lie type. Finally, I would like to thank
my colleaguesat Northwestern University and the University of Wisconsin for their
hospitality while working on many of the later stagesof this project.

General notation: Welist, for easyreferencethe following notation which will be
usedthroughout the paper.

Sp(G) denotesthe set of p-subgroupsof G
Syl,(G) denotesthe set of Sylow p-subgroupsof G

G, denotesa Sylow p-subgroupof the group G, but only whenit is abelian and a
direct factor of G

Op(G) is the maximal normal p-subgroupof G

Cn, D, and Q, denotecyclic, dihedral, and quaternion groupsof order n

A, and , arethe alternating and symmetric groupson n elemens

A radical p-sulgroup of G is a p-subgroupP G sud that O,(Ng(P)=P) = 1
~(P) (for a p-group P) is the subgroupgeneratedby all g 2 P sud that g°" = 1

Ng(H;K)=fx2 GjxHx ! Kg (forH;K G)

cx denotesconjugationby x (g 7! xgx 1)

Homg(H;K)= ¢, 2 Hom(H;K) x2 Ng(H;K) (for H;K G)

Autg(H) = Homg(H;H) = Ng(H)=Cs(H), and Outg(H) = Autg(H)=Inn(H)

A functor F:C°®® —! Ab is called acyclic if lim'(F) = 0 for all i > 0.

In the later sections, we also use the following standard shorthand notation for
referring to certain groups:

2" = C7 is an elemertary abelian 2-group;

212K s the certral product of k copiesof Dyg;

212K s the certral product of Qg with k 1 copiesof Dg;
23*Pis a 2-group P sudh that Z(P) = 22 and P=Z(P) = 2%
[2"] is an unspeci ed group of order 2"; and

H:K, H K, and H:K are extensions(split, unsplit, or indeterminate, respectively)
with kernelH and quotient K.

Contents
1. Higher limits over orbit categories 5
2. Reductionto simple groups 12
3. A relative versionof -functors 19
4. Subgroupswhich cortribute to higher limits 25
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1. Higher limits over orbit categories

We rst x our notation. For any prime p and any nite group G, the p-sulgroup
orbit category of G is the categoryO,(G) whoseobjects are the p-subgroupsof G, and
where

Moro, () (P; Q) = QnNg(P; Q) = Mapg(G=P; G=Q):
Recall that Ng(P;Q) = fx 2 GjxPx ! Qg (the transporter). This can also be
thought of asa categorywhoseobjects are orbits G=P of G and whosemorphismsare
G-maps, but for our purposesit is more corveniert to let the objects be subgroups.
For any homomorphismG ! G°of groups,we let O,(G) “! 0,(G9 denotethe
induced functor betweenorbit categories.

This sectioncortains a variety of di erent results whosemain point in commonis
that they all involve higher limits of functors over orbit categories.

1.1 The functor In [IMQ], certain gradedZ ,-modules (G; M) arede ned,
for any prime p, any nite group G, and any Z,[G]-module M, by setting
(G:M)= lim ( &) where Spy= M TP=1
0p(G) 0 otherwise.

Note that thesedepend on the prime p, even though that has beensuppressedrom
the notation. We rst list someof the basic properties of thesegroups.

Prop osition 1.1. The following hold for any prime p and any nite group G.

(a) Fix a p-sulgroup P G, andlet F: Oy,(G) —! Z-mod ke any functor which
vanishesex@pt on sulgroups conjugateto P. Then

lim (F) = (Ng(P)=P;F(P)):
Op(G)
(b) If H C G is a normal sulgroup which acts trivial ly on the Z ) [G]-module M, then
G:My=  (GFHM) i (pijH) = 1
0 otherwise.

(c) If Oy(G) 6 1 (if G contains a nontrivial normal p-sulgroup), then (G;M) = 0
for all Z;)[G]-modulesM .
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(d) A shortexactsegguene0 ! M° I M I M® I 0of Z[G]-modulesin-
dueesa long exactsgquene
[ (Y & T B (c 1 Y/ T B (T4 Y/ B N (e T Y/ N

Proof. See[JMO, Propositions5.4,5.5, & 6.1].

Proposition 1.1 is usually applied by Itering an arbitrary functor on the orbit cat-
egory Op(G) in such a way that all quotient functors vanish excepton one conjugacy
class. By Proposition 1.1(a), the higher limits of thesequotient functors can then be
describked in terms of the gradedgroups . In most casesthis will be applied via the
following lemma.

Lemma 1.2. The following hold for any prime p, any nite group G, and any functors
F;F% Op(G)*® —  Z,-mod.

(@) Let' : F —! F%be a natural morphism of functors suchthat for all P 2 S,(G),
(Ng(P)=P;Ker(* (P))) =0 and (Ng(P)=P;Coker(" (P))) = Ot
Then' inducesan isomorphismlim (F) = lim (F9.

(b) Let C  Op(G) be a full sulzategory with the property that Morg ) (P; Q) = ?
wheneverP 2 Ob(C) and Q 2 Ob(C). Assume (Ng(P)=P;F(P)) = Ofor all P
not in C. Then

lim (F) = lim (Fjo): (1)
Op(G) c

Proof. In the situation of (a), lim (Ker(' )) = Oandlim (Coker(' )) = 0 by Proposition
1.1(a), together with the obvious Itration of thesefunctors and the exact sequences
for higher limits of extensionsof functors. Solim (F) = lim (Im(*)) = lim (F9.

Now assumeC  O,(G) and F are asdescrited in (b), and let F°be the quotiert
functor F{P) = F(P) if P 2 Ob(C) and F{P) = 0 otherwise. By (a), the projection
F F%inducesan isomorphismlim (F) = lim (F9. Also, any injective resolution
of FY¢ can be extendedto an injective resolution of F° by assigningall functors the
value zeroon objects not in C, and this shovsthat lim (F% = lim (Fjo).

Proposition 1.1(b) motivatesthe following de nition.

De nition  1.3. For any nite group G and any Z,[G]-module M , we saythat G acts
p-faithfully on M if the kernel of the action Ker[G —!  Aut(M )] has order prime to

p.
The following lemmais an immediate consequencef Proposition 1.1(b,d).

Lemma 1.4. If the action of a nite group G on a nite Z,[G]-module M is not
p-faithful, then (G;M) = 0.

There is alsoa connectionbetween p-faithful actionsand p-certric subgroups.

Lemma 1.5. Fix a nite group G and a p-sulgroup P G. If Ng(P)=P acts p-
faithfully on Z(P), then P is p-centric in G. More geneally, if H C G is a normal
sulgroup and Ng(P)=P acts p-faithfully on Z(P)\ H, thenP \ H is p-centric in H.
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Proof. We prove the secondstatemert; the rst then follows in the caseH = G. Set
K =Cy(P\ H). If P\ H isnot p-certric in H, then Z(P\ H) = K\ P isnot a
Sylowv p-subgroup of K, and henceN p (P)=P has order a multiple of p by Lemma
1.11. But Ngp(P)=P actstrivially onZ(P)\ H, and this cortradicts the assumption
that N (P)=P acts p-faithfully on Z(P)\ H. This shovs that P\ H is p-certric in
H.

To give a quick illustration of how these techniques are applied, we descrike the
computation of lim*(Z) in certain very simple cases. In particular, the following
proposition shows that these groups are nonvanishing when G is any of the simple
groupsAsg, A7, or PSL,(q) for q 1 (mod 8).

Prop osition 1.6. Fix a nite groupG anda SylowsulgroupS 2 Syl,(G). Assumethat
S is a dihedral group of order 8, and let Tq; T, be S-conjugacy classrepresentatives
for the sulgroupsisomorphicto C3. Then

im%(Zs) = 2=2
if Autg(Ti) = Aut(T;) for i = 1;2, andlim*(Z;) = 0 otherwise.

Proof. AssumeP  Sissud that (Ng(P)=P;Z(P)) 6 0. Then P is 2-certric in
G, soPCg(P)=P hasodd order, and

(Outg(P);Zg(P)) = (Ng(P)=PCg(P);Z(P)) = (Ng(P)=P;Z(P)) 60

by Proposition 1.1(b). HenceO,(Outg(P)) = 1 (Proposition 1.1(c)). If P is cyclic of
order 4 or dihedral of order 8, then Out(P) is a nontrivial 2-group, sothesecases
cannot occur. Sowe are left only \évith the cases

27=2 ifP=S,i=0
'(Outg(P); Z(P)) = JZ=2 if P=Cf Autg(P) = 3i=1
"0 otherwise.

The computation *( 3;(Z=2)?) = Z=2 follows from [JMO, Proposition 6.2(i)].

By Alperin's fusion theorem (or the theorem of Burnside shovn in [Gor, Theorem
7.1.1]), T, and T, cannot be G-conjugate. Sousing Proposition 1.1(a) and the obvious
ltration of Z5 by subgroups,we obtain an exact sequence

0 ! 1im%Zy) I Z=2 | (Z=2) I limY(zg) ! O
02(G) 02(G)

where k is the number of i = 1;2 sud that Autg(T;) = 3. If k 1, then Z(S)
is G-conjugateto another subgroup of S, and this implies that lim°(Z;) = 0. Thus
lim*(Z ) hasrank k 1 in this case,and is trivial otherwise.

1.2 Reduction to smaller orbit categories Wenext list someconditionswhich
allow us, in certain situations, to reducethe computation of higher limits of a functor
on O,(G) to those of another functor on Oy(N (Q)=Q) for someQ G.

Lemma 1.7. Fix a nite group G and a p-sulgroup Q  G. Then there is a well
de ned functor

8: Op(Nc(Q)=Q) I Op(G)
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suchthat §(P=Q) = P for all P=Q Ng(Q)=Q. Let T be any set of p-sutgroupsof
G with the property

P2T =) QCP,andQC xPx *forx2 Gimpliesx 2 Ng(Q). ()

Then for any functor F: Oy(G)® —! Z,-mod which vanishesexept on sulgroups
G-conjugateto elementsof T, the induced homomorphism

G
lim (F) j ! im  (F §) (1)
Op(G) Op(N6 (Q)=Q)
is an isomorphism.
Proof. Set = 8 for short. Clearly, is well de ned on objects. To seethat it is

well de ned on morphisms,recall rst that
Moro,c)(P; P9 = PhNg(P; PY;

whereNg(P; P9 is the setof all x 2 G sud that xPx * P2 Hencefor any pair of
objects P=Q and P%=Q in O,(Ng(Q)=Q),

Moro, (ng (9)=0) (P=Q;P=Q) = (P=Q)nNNy (0)=0(P=Q;P*=Q) = PNy q)(P; P9
P%hNg(P; P9 = Moro, ) (P; PY;

and is de ned on morphism setsto be this inclusion.

Composition with  is natural in F and presenesshort exact sequencesf functors.
Henceif F® F is a pair of functors from O,(G) to Z(,-mod, and the lemma holds
for F%and for F=F°, then it alsoholdsfor F by the 5-lemma. It thus su ces to prove
that (1) is an isomorphismwhen F vanishesexcept on the G-conjugacy classof one
subgroupP 2 T. When P = Q, then (1) is precisely the isomorphismlim (F) =

(N(Q)=Q; F(Q)) of Proposition 1.1(a).

Now let P 2 T be arbitrary. By condition ( ), Q C P, Ng(P) Ng(Q), andF
vanishesexcepton the O,(N¢(Q)=Q)-isomorphismclassof P=Q. Let

0= 27 0p(Ns(P)=P) I 0p(Ne(Q)=Q)

be the functor YR=P) = R=Q for p-subgroupsR  Ng(P) Ng(Q) cortaining P.
Then the following squarecommutes

im (F) ——1  lim (F )
0p(G) 0p(N (Q)=Q)
(9 i‘: 0 i‘:
(Ne(P)=P;F(P)) == (Ng(P)=P;F(P)),

and the vertical mapsare isomorphismsby Proposition 1.1(a) (seethe proof of [JMO,
Lemma5.4] for the precisedescription of the isomorphisms). This shows that is an
isomorphism.

We next considertwo special casesof Lemmal.7.

Lemma 1.8. Fix a nite group G and a normal sulgroupH C G. Fix a p-sulgroup
Q H,andletF:Oy(G) — Zp-mod be any functor suchthat F(P) = 0 whenever
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P\ H is not G-conjugateto Q. Then the induced homomorphism

im (F)  °1 im  (F %)

0p(G) - Op(N(Q)=Q)
is an isomorphism,whee S:Op(N(Q)zQ) ' Op(G) is the functor of Lemmal.7.

Proof. This follows immediately from Lemma 1.7, upon letting T be the set of p-
subgroupsP G sud that P\ H = Q. Condition ( ) holdssinceif P\ H = Q and
QCxPx ! thenx 'Qx P\ H = Q andhencex 2 Ng(Q).

In the next lemma,recallthat for any nite groupG andany S 2 Syl (G), asubgroup
P S is weakly closal in S with respectto G if P is not G-conjugateto any other
subgroupof S.

Lemma 1.9. Fix a nite group G, a Sylow p-sulgroup S 2 Syl,(G), and a sulgroup
Q S whichis weakly closel in S with resgct to G. Let F: Oy(G) —  Z(;-mod be
a functor suchthat F(P) = 0 wheneverP doesnot contain a sulgroup G-conjugateto
Q. Then the induced homomorphism

G

lim (F) < im (F 8

Op(G) B Op(N(Q)=Q)
is an isomorphism,whee S:Op(N(Q)zQ) ' Op(G) is the functor of Lemmal.7.

Proof. We apply Lemmal.7,with T = fP 2 Sy(G)jQ Pg. By hypothesis,P 2 T
for any p-subgroupP G sud that F(P) 6 0.

Foreah P 2 T, thereisx 2 Gsudthat xPx 1 S;xQx = Q sinceQ is weakly
closedin S, and thus x 2 Ng(Q). If yPy ¥ Q, then xy ! 2 Ng(Q) by the same
reasoning,andthusy 2 Ng(Q). This alsoshavsthat Q C P (the casey 2 P), andthus
that condition ( ) of Lemmal.7holdsforall P 2 T. Hencelim (F) = lim (F 8).

The following lemmais very similar in nature to Lemma1l.7.

Lemma 1.10. Fix a surjection ' : G G of nite groups. Then for any functor
F: Op(G%Op ! Z(p)-mod,

lim (F '4) = lim (F):

Op(G) 0p(GY

More geneally, setH = Ker(" ), andlet O,(G)  Op(G) be the full sulzategory whose
objects are the p-sulgroupsP G suchthat P\ H 2 Syl,(H). Then

lim (F)= lim (F) Q)
Op(G) Op(G9)
for any F: O,(GY® ! Z-mod andF: O,(G)® ! Z(,-mod suchthat
(F " #)io,e = Fio,); (2)

and suchthat the action of Nyp(P)=P on F(P) is trivial for all P 2 S,(G).

Proof. It su ces to provethe last statemer, sinceNp (P)=P actstrivially onF (' (P))
for eat P.
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Forall P 2 Sp(G) such that P\ H 2 Syl (H), pjNyp(P)=Pj (seeLemma 1.11),
and Ny p (P)=P actstrivially on F(P). Henceby Lemma1l.4,
(Ne(P)=P;F(P)) =0
for all sudh P. Soby Lemma 1.2(b),

lim (F) = Iim Fjo ) : (3)
Op(G) 0,(G)
Let' O O,(G) — O,(GY be the restriction of ' 4. This is a bijection on isomor-

phism classe®f objects, since' ? (P) = P?(for p-subgroupsP G andP?® G9 if and
only if P 2 Syl(' P9, It is also surjective on all morphism sets, sincefor any pair
of objects P; Q in O,(G), andany x 2 Ng(PH; QH), xPx 1" QH is H-conjugateto
a subgroupof Q 2 Syl,(QH), and hencex 2 H Ng(P; Q).

Now assumex; y 2 Ng(P; Q) inducethe samemorphismin O,(G9. After replacingy
by an appropriate elemen of Qy, wecanassumehat y 2 Hx = xH. Sety = xh (where
h2 H). Then P and hPh ! are both subgroupsof x 'Qx, so[h;P] x !Qx\ H =
P\ H (sinceP\ H 2 Syl,(H)), and thush 2 N(P). In other words,

Moro, o (" (P);" (Q)) = Moro,)(P;Q) (Nxp(P)=P):
Also, Nyp(P)=P has order prime to p sinceP 2 Syl,(HP). The category 0,(G9Y
is thus equiwalert to O,(G) after dividing out by the action of certain subgroupsof
automorphismsof order prime to p. Soby [BLO, Lemma 1.3],
lim (F) = lim (F '9);
Op(GY 0,(G)

and (1) follows from this together with (2) and (3).

1.3 Radical p-subgroups Recallthat a radical p-sulgroup of a nite group G is
a p-subgroupP G sud that Oy(Ng(P)=P) = 1, i.e., sud that Ng(P)=P has no
nontrivial normal p-subgroups. By Proposition 1.1(c), if P is a p-subgroupwhich is
not radical, then  (Ng(P)=P;M) = 0 for all Z(,[Ng(P)=P]-modulesM. Thus by
Lemmal.2,lim (F) = O for any functor F on O,(G)*® which vanisheson all radical
p-subgroupsof G. This helpsexplain the important role played by radical p-subgroups
whenworking with higher limits of functors on orbit categories.In this subsection,we
prove someproperties of radical p-subgroupswhich will be neededlater.

We rst note the following, very elemetary, group theoretic lemma.

Lemma 1.11. Fix sulgroupsP;H G suchthat P is a p-sulgroup which normalizes
H,andP\ H 2 Syl (H). ThenP\ H 2 Syl,(Ny(P)), and hen@

P jNup(P)=Pj = jNy (P)=(H\ P)j:

Proof. Considerthe action of P on HP=P = H=(P\ H), whoseorder is a multiple of
p by assumption. Then

(HP=P)? = Nyp(P)=P = Ny (P)=(P\ H)
hasorder a multiple of p, andthusP \ H 2 Syl,(Ny (P)).
The next lemmalists someconditions for a p-subgroupto be radical or not.

Lemma 1.12. Fix a nite group G and a prime p.
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@ If G splits(gsa product G = Qm Gj, then eachradical p-sulgroupP G is of the
form P = ", P;, whee P; G;.

(b) Let H C G be any normal sulgroup. Then for each radical p-sulgroup P in G,
P\ H isradical in H. Conversely,if Q is radical in H, thenQ = P\ H for some
radical p-sulgroup P in G.

Proof. (@) If P G = Qm G; does not split as @product, thenlet P;  G; be

the image of P under the projection, and setP°= ~ ., P; G. Then P° P by

assumption,and Ng(P9 Ng(P). Thus Npo(P)=P is a nortrivial normal p-subgroup
of Ng(P)=P, and P is not p-radical.

(b) Fix H C G. Assumerst that P\ H is not radical in H, and setQ = O,(Ny (P \

H)) (P\ H). ThenQP P (sinceQ H), andsoNgp(P)=P 6 1 by Lemma
1.11. Furthermore, Ngp (P) is normalized by N (P) sinceQ is, Ngp (P)=P is thus a
nontrivial normal p-subgroupof Ng(P)=P, and soP is not radical in G.

Cornversely x aradical p-subgroupQ in H, and setP = O,(Ng(Q)). ThenP \ H
is a normal p-subgroupof Ny (Q) which cortains Q, and henceP \ H = Q. Clearly,
Ng(P) Ng(Q); they are equal sinceany x 2 Ng(P) normalizesP\ H = Q; and
thus P is radical.

1.4 Fixed point @nd norm functors Fix a nite group G. For any subgroup
H G,setNy = ,4h2 Z[G]. For any prime p and any Z,[G]-module M, we
considerthe functors

H°M; NM : Oy(G)® I Z(-mod;
de ned by setting
H°M(P) = H(P;M) = MP and  NM(P) = Np M:
The next proposition plays a certral role | almost as important as that of the
functors (G;M) | whencomputing higher limits over orbit categories.
Prop osition 1.13. For any nite group G, any prime p, and any Z,)[G]-module M,

. oG- = G jfij= . ifi=
imi(Homy = (GMI=MEINT=0 g imiumy = NeM =0
0p(G) 0 ifi>0 0,(G) 0 ifi >0.

Proof. Set°M = H°M=NM ; thus B°M (P) = 9(P; M) for all P. Thesefunctors
are all proto-Mackey functors in the senseof [JM], and henceare acyclic by [IM,

Proposition 5.14]. The complete description of the higher limits of H°M and ROM is
showvn in [JMO, Proposition 5.2], and that of NM follows immediately.

1.5 Kan extensions and limits IfH G,andF: Oy(H)® ! Ab isany func-
tor, then we let

F"S:0p(G)® I Ab

denotethe right Kan extensionof F. To de ne this, x an object P in Oy(G), let #P
be the overcategorywhoseobjects are the morphismsQ ! P in Oy(G) forQ H,
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andlet p: #P —! Oy(H) bethe forgetful functor which sends(Q! P)to Q. Then

(F"R)(P) = lim(F  p);
#P
and a morphismP ! P?%in Opy(G) inducesthe obvious map betweeninverselimits.
We refer to [McL, xX.3] for more details.

Lemma 1.14. The following hold for anyH G andany F: O,(H)® ! Ab.

@ lim (F"g) = lim (F).
Op(G) Op(H)
(b) We can identify
M L P H M L
(F"R)(P) = F(H\ gPg ") = F(H\ gPg ) 1)
92G HgP2H nG=P
whee (x;y) 2 P H actson the rst sum by sendingthe summandfor g to the
summandfor xgy ! via F(y). WhenaPa ! Q, the induced morphism

a = (F"3)(@: (F"3)Q) b (F"R)(P)

satises (a ( ))g = F(incl)( ga 1).

Proof. By [McL, xX.3], the right Kan extension ( )"S is a right adjoint to the re-
striction functor from O,(G)-mod to O,(H)-mod. From this, one easily seesthat
( )"4 presenesexact sequencesand sendsinjectivesin Opy(H)-mod to injectivesin
Op(G)-mod. Also, if Z denotesthe constart functors with value Z, then
lim (F"g) = Homo, (G)-mod (Z; F" 1) = HOMo, (H)-mod (Z; F) = lim (F):
Op(G) Op(H)
Hence
lim (F"3) = lim (F):
Op(G) Op(H)

The formulasin (b) follow immediately from the de nition of (F"3)(P) asaninverse
limit. In particular, the term for g 2 G correspnds to the maximal object H \
1
gPg ! 21 Pinthe overcategory #P.

2. Reduction to simple gr oups

For any nite group G and any normal subgroupK C G, we de ne a subfunctor Z §
of Z5 by setting

K Z(P)\ K if P isp-certric in G
Zg(P) = ;
0 otherwise.
Our goal now is to study the higher limits of quotiert functors Z $*=Z 52, whenK =K,
is a minimal normal subgroupof G=K,. We want to reducethe computation of higher
limits of Z §'=Z 52 to the casewhereK 1=K is a nonabelian simple group, K, = Z(K )
is an abelian p-group, and K, is perfect (thus a quasisimplegroup). This involves a
seriesof reductions.
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Lemma 2.1. Fix a prime p, a nite group G, and sulgroupsK, K both normal in
G, suchthat K ;=K is a minimal normal sulgroup of G=K,. Set

H= g2G [g)K; K, CG
(thus H=K; = Cg=«,(K1=K2)), chaseQ 2 Syl (H), and set
G°= Ng(Q) and  K?= Cx,(Q):
ThenK2= A T, whee A = K2\ Q= K,\ Z(Q) is an akelian p-group and T has
order prime to p. Set
G®= G=T and KX=KET:
Then either

(@) K¢ K, andthe functor Z §'=Z §2 is acyclic; or
(b) KIEKPL= K9=K2= K=K,, and
K2

0 0 00
lim zK:=zXz = |im Z§=z5¢ = lim ZS6=Z&h (1)
0p(G) Op(GY Op(G

Proof. SinceK, C H by de nition, Qod:‘Ef Q\ K22 Syl,(K>) is p-certric in K,. Thus
Ck,(Q9 = Z(Q% U for someU of order prime to p. After taking xed points of the
Q=Q%action, we get that C«,(Q) = A T, whereA = Cz9(Q) = Z(Q)\ K, and
T = Cu(Q).

Let O,(G)  Op(G) be the full subcategory whoseobjects are those p-subgroups
P Gsudhthat P\ H 2 Syl,(H). If P\ H 2 Syl,(H), then pjNyp(P)=Pj by
Lemma1.11,Nyp (P)=P actstrivially on (Z§'=Z52)(P), and hence

(Ne(P)=P;(Z&*=Z§?)(P)) = 0
by Lemmal.4. Soby Lemmal.2(b),

lim z§*=28* = lim (Z§*=Z§%jo, ) : (2)
0p(G) 0,(G)

Forany g2 G, gQg ' = xQx * for somex 2 H, sinceQ 2 Syl,(H), sox 'g2
Ng(Q) = G% andg 2 HG®% Thus G = HG® The subgroupK %, = Cy,(Q) K>
is clearly normalizedby G°= N¢(Q), and is normalizedby H since[H;K1] K, by
de nition. HenceK YK, C HG"= G; and the minimality assumptionon K ;=K implies
that K:?ng K, or Kj. If K:?ng K>, then K](_)z CKl(Q) Ko, SOZ(P)\ K1 K>
forany P Q, (Z§*=Z§%)jo,(e) is the zerofunctor, and solim Z§*=Z§? = 0by
(2). This provescase(a).

It remains to considerthe casewhere KK, = K, and thus where K&K =
K?=K2 = K;=K;. By analogy with the de nition of O,(G), let O,(G%)  Oy(G9
be the full subcategoryon subgroupswhich cortain Q. Considerthe functor

0,(G) I 0,(G)

inducedby the inclusionG® G. Forany P in O,(G), P\ H 2 Syl,(H), andhenceP is
conjugateto a subgroupcortaining Q 2 Syl,(H), andthusto anobject in Op(Gfb. If P,
and P, both contain Q, then Ng(P1; P2) = Ngo(P1; P,) (any elemen of the transporter
sendsQ = P;\ H = P,\ H to itself), andthus is the inclusion of a full subcategory
and an equivalenceof categories.
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For any p-subgroup P G cortaining Q, Cq(P) Cg(Q) G° andthusP is
p-certric in G if and only if it is p-certric in G° Also, fori = 1,2,

Z(P)\ K = Z(P)\ Cy,(Q) = Z(P)\ K?

Sothere is a natural isomorphism(Z §'=Z §2)(P) = (Z'S;:Z'éog)(P) for all P in O,(G9.
The rst isomorphismin (1) thus follows from (2), together with the analogousiso-
morphism for G° The secondisomorphismin (1) follows from Lemma 1.10 (applied
with H = T).

As a rst application of Lemma 2.1, we considerthe casewhere the subquotiert
K 1=K, is abelian.

Prop osition 2.2. LetG bea nite group. If K, C K; C G are sulgroups, both normal
in G, suchthat K 1=K is alelian, then the functor Zél:Z{;<2 is acyclic. If G is solvable,
then the functor Z 5 is acyclic.

Proof. Assume rst that K, C K; C G are normal subgroupssud that K=K is
abelian. It clearly su ces to provethe acyclicity of Z §'=Z &2 whenK 1=K is a minimal
normal subgroupof G=K.,. If K=K, hasorder prime to p, then Z5*=Z 52 = 0, and so
we can assumethat K =K, is a p-group.

By Lemma 2.1, we can also assumethat there is a normal p-subgroupQ C G sud
that Ko Q, [K4;Q] = 1, and Q=K; 2 Syl (Ce=«,(K1=K3)). In particular, Q K,
sinceK ;=K is an abelian p-group. So

Ce(Q) Ce(Ky) 02G [gKi Ky ;

and Cg(Q) Q sinceQ is a Sylowv p-subgroupof the last group. Thus Q is p-certric.

Let O,(G) Op(G) be the full subcategory with objects the p-subgroupswhich
cortain Q. If P Q, then 1 6 Npg(P)=P  Oy(Ng(P)=P), soP is not radical.
Thus O,(G) cortains all radical p-subgroupsof G. Soby Lemma1.2 (and Proposition
1.1(c)), for any p-local functor F on Oy(G), lim (F) = lim (Fjo_(s))-

SetM; = Z(Q)\ K;. For any p-subgroupP G cortaining Q, Z(P) = Z(Q)P=®
and hence

(28'=Z&*)(P)= Z(P)\ K1 Z(P)\ Kz = M”70 M,;”™
Thus (Z§*=Z§%)jo,e) = (H°M1=HM)jo_ (), and hence
lim (Z5*=2§2) = lim (H°M;=H°M)):
Op(G) Op(G)

The last functor is acyclic by Proposition 1.13,and soZ 5*=Z & is also acyclic.

Now assumeG is sohable,and let 1 = K, C K,, 1 C C K; CKp= G beits
derived sequencej.e., Ki;; = [Kj;K;j] for ead i. We have just seenthat Zéi=Zg”1
is acyclic for ead i. SoZ§' is acyclic for ead i, and in particular Z; = Z§° is
acyclic.

The following technical lemmawill be usefulin the later reductions.

Lemma 2.3. Let G be a nite group with normal sulgroupsA C K C G, suchthat
A Z(K) is an alelian p-group. Let P G be a p-sulgroup suchthat either A P,
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or (P \ K)=A is not p-centric in K=A. Then there is a sulgroup H G suchthat
pjNyp(P)=Pjand[H;P\ K] A; and furthermore

No(P)=P;(Z5=Z&)(P) = O:

Proof. SetH = x 2 K [x;P\ K] A . Then P normalizesH. Also, P\ H 2
Syl,(H): this is clearif A P, and follows by de nition (of p-certric) if (P \ K)=A
is not p-certric in K=A. Hencep jNyp(P)=Pj by Lemma1l.11. SinceNyp (P)=P acts

o Z(P)\ K "
trivially on Z((P))\ +» the last statemert now follows from Proposition 1.1(b).

We next reducethe computation of lim (Z§'=Z5?) when K=K, is nonabelian to
the casewhere K is quasisimple i.e., to the casewhere K ;=K is nonakbelian and
simple,K, = Z(K,), and K is perfect.

Lemma 2.4. Fix a nite group G, and sulgroupsA K G, both normal in G, such
that A is a p-group, [A; K]= 1, andK=A is nonateliaQanda minimal normal sulgroup
of G=A. Then A = Z(K), and we can write K=A = ~,,, L;, whee eachL; is simple
and a minimal normal sulgroup of K=A. LetK; K besuchthatL; = K;=A, and set
B = [Kj;Kj]. Aj = Ej\ A= Z(E), andG; = Ng(E;). Then for any givenj 2 J,

im'(z§=28&) = lim' (Zo =Zg))

Op(G) Op(Gj)
for alli 2, and there is a surjection
s 15 B _S A f 1> K 7 Ay.
lim (ZG} —ZGJ_‘) lim*(Zg=Zg):
Op(Gj) Op(G)

Proof. SinceK=A is nonabelian and a minimal normal subgroup of G=A, it must be
a product of nonabkelian simple groupsisomorphicto ead other (cf. [Gor, Theorem
61.5]). Sincewe alsoassumdA; K] = 1, this impliesthat A = Z(K). Sowrite K=A =

;25 Lj whereL; = K;=A asabove. Forany i 6 j, Ki\ Kj = A, and hence[K;; K]
A. SinceA is certral, this meansthat the comnutator map[ ; ]: K; K; ! A
is @ homomorphismin ead coordinate; e.g., [gg%h] = [g; h][g% h] for g;g° 2 K; and
h2 Kj. Thus

[Ki;K;j]=1 foralli6j, (1)
sinceK;=A and K;=A are simple and certralize A.
SetZ; = Zg; :Zéjj for short. De ne functors 1; 2: Op(G)® —! Ab by setting
Y P
1(P) = Z;(P\ Gj) and , = Z8=2&:

j2J

Ead factor Z;(P\ Gj) in 1(P) canbeidenti ed with asubgroupoflL; = Ej=A;, and
hence .(P) canbeidentied with a subgroupof K=A. Under this identi cation, ;
sendsthe morphismin O,(G) represeted by x 2 N (P; Q) to that given by restriction
of x 1.

Let $and 9 bethe functors

i(P) if P\ K isp-certric in K

OP =
i(P) 0 otherwise.
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In Step 1, we show that

lim ( 1) = lim (Z;) forallj2J; (2)
Op(G) Op(Gj)
and in Step 2 that
lim ( 9) = lim ( 1) and lim ( 9) = lim ( ) (3)
Opn(G) 0p(G) 0p(G) Opn(G)

In Step 3, we idertify 9 as a subfunctor of 9, and prove in Step 4 that 9= {is
acyclic. The lemmathen follows from the relative exact sequencedor higher limits of
the pair 2 9.

Step 1: Foreatj 2 J, thereis an obvious morphism of functors on Oy (G;)
1J0p(G)) L Zj,
de ned by projection to the j-th factor, which is adjoint to a natural morphism
Loy VAR

Since G acts transitively on the factors L; K=A (otherwise K=A would not be a
minimal normal subgroup),! is anisomorphismof functors by the formula in Lemma
1.14(b) for Kan extensions.Hence(2) follows from Lemma 1.14(a).

Step 2: To prove (3), it suces usingLemma1.2(b) to show that
(Ne(P)=P; i(P)) =0

wheneer i = 1;2 and P\ K is not p-certric in K. By Proposition 2.3, there is

H Gsudthat [H;P\ K] A and péNHp(P):Pj. Also, both groups (P) can

be idertied with subgroupsof K=A = =, E;=A;, so Nyp(P)=P acts trivially on
i(P), and (Ng(P)=P; i(P)) = 0by Lemmal.4.

Step 3: Setk = QjZJ Ei and & = QjZJ A;. We will write R, for the Sylow p-

subgroup of a group R, but only in situations where it is a direct factor of R and
abelian.

Fix a p-subgroupP G sud that P\ K is p-certric in K, and note that
hy I p hy I p
Ce(P) = C,gj (P\ Gj) and Ce(P) = Ca (P\ Gj)
j2J j23
Furthermore, the action of any g 2 P permutesthe factors under ead of theseproduct
decompositions, and is trivial wheneer it sendsa factor to itself. Hence

p- | e G " Qm Ce,(P\ G)p - Ce(P)o Ce(P)
1F) = = 0 = Le(F)p Lell):
125 Ca(P\ G)) i2Ca (P\ G))

We can thus write
J(P) = Ce(P)p Ce(P) and 3(P) = C«(P)p Ca(P)

for all P such that P\ K is p-certric in K. The natural map from K€ to K inducesa
natural morphism of functors ? —!' 9, and this is injective since 9(P) and 3(P)

can both beidenti ed assubgroupsof K=A = K=A.
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Step 4. SetF = 9= 9 for short; it remainsto shav that F is acyclic. Fix S 2
Syl,(K). De ne functors

Fo: Op(G)* I Zy-mod  and  F:Op(Ng(S)=9)% | Z(-mod
by setting

F(P) if P\ K 2 Syl(K)

0 otherwise and  F(P=§) = F(P) = Fo(P):

Fo(P) =

We claim that B
lim (F) = lim (Fo)= lim (F); (4)
0p(G) Op(G) Op(Ng (S)=9)

and that F is acyclic. The secondisomorphismfollows immediately from Lemma 1.8.

Recall that K=A = QjZJ K;=A, where the factors K;=A are simple. Also, E; =
[K;; K] is perfect (hencequasisimple),with certer Z(E;) = A; = E; \ A. To prove
the rst isomorphismin (4), it will suce, by Lemmal.2,to shav that

(Ng(P)=P;F(P)) =0 wheneer P\ K 2 Syl (K). (5)
Let Q bethe setof p-subgroupsQ K sudthat Q A, and 8=A = QjZJ Q; =A for
someQ; Kj. SinceA  Gisanormalp-subgroupandK=A = ~,,; K;=A,P\K 2 Q

for all radical p-subgroupsP G by Lemma 1.12(a,b). Henceif P\ K 2 Q, then P
is not radical, and (5) holds by Proposition 1.1(c).

Now let P G be any p-subgroupsuc that Q = P\ K 2 Q andis p-certric in K.
The following sequencas exact
1 Cg(P) — Ce(P)y Ca(P)— Ck(P)p— F(P)— 1 (6)
since 3(P) = Ce(P)p=Cg(P) and (Z§=2&)(P) = C« (P)p=Ca(P) by Step3.
We claim that the sequence

1— &1 Ce(Q A— C(Q— 1 (7)

is exact. This is obtained from the exactsequencel ! &! K A! K ! 1hby
taking xed subgroupsof the conjugation action of Q. So the exactnessof (7) will
follow boon shaving that C(Q) A surjectsonto Ck (Q). Any g2 K can be written

g=a ;,;g fora2zAandg 2 Ei, [0;Q] = 1implies[g;Q;] = 1 for ead j (since
[Q;E] [K;;Ki]= 1fori & j by (1)), andthusga *isthe imageof (gj)j2s 2 Cie (Q).
After taking xed points of the P=Q-action on (7), we get an exact sequence

1—! Cg(P)—! Ce(P), Ca(P)—! Ck(P),—! HYP=Q A&):

A comparisonwith (6) shavsthat F(P) is cortained in H}(P=Q; &) asa module over
N (P)=P. In particular, if Q = P\ K 2 Syl,(K), then Nk p (P)=P hasorder a multiple
of p (Lemma 1.11),and acts trivially on F(P) sinceit actstrivially on P=Q = PK=K
and on &. So(5) follows from Lemma 1.4 in this case.

Finally, whenQ = P\ K = S, the rst three terms in the exact sequencd6) are
acyclic as functors on Op(Ng(S)=S) by Proposition 1.13. (For example, C¢(P) =

Ce (S)P=° is the xed subgroup of the P=S-action.) So F is also acyclic, and this
nishes the proof that 9= 9 is acylic.
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We have now reducedthe computation of lim (Z5'=Z5?) to the casewhereK; is
quasisimpleand K, = Z(K) is an abelian p-group. It turns out that this only depends
on K; and Auts(K1). To make this precise,we de ne certain functors Y, as follows.
As usual, ¢, denotesconjugation by an elemen x.

De nition  2.5. Fix a nite groupL and a group of automorphisms Aut(L) which
contains Inn(L). De ne Y, : Oy() ®® —! Ab by setting

c2Inn(L) x2 C.(P) , if P\ Inn(L) is p-centric in Inn(L)

Y, (P) =
L(P) otherwise.

For any P; Q , Y, sendsthe morphismrepresentel byg 2 N (P; Q) to conjugation
byg *.
Here, we again write K, for the Sylow p-subgroupof K in a situation whereit is

a direct factor of K and abelian. Thus whenewer P \ Inn(L) is p-certric in Inn(L),
YL(P)  Cin@y(P\ Inn(L))p= Z(P\ Inn(L)).

Lemma 2.6. Fix a nite group G with quasisimplenormal sulgroup L C G, and
assumethat A = Z(L) is a p-group. Set = Autg(L). Then

lim (Z5=224) = lim (Y,):
0p(G) Op()

Proof. Let Z% O,(G)®® —! Ab be the functor Z{P) = (z5=z&)(P) if P A and
(P \ L)=A is p-certric in L, and Z{P) = 0 otherwise. We regard this as a quotient
functor of Z5=Z£. By Proposition 2.3, (N (P)=P;(Z5=Z&)(P)) = 0for any P such
that ZYP) = 0, and hencelim (Z5=2Z&) = lim (2% by Lemma1.2(a).

It remainsto show that lim (29 = lim (Y,). Letc: G bethe surjection which
sendsg 2 G to ¢g 2 Aut(L). SetH = Ker(c) = Cg(L), andlet O,(G)  Op(G) bethe
full subcategory whoseobjects are the p-groupsP G sud that P\ H 2 Syl (H).
By Lemma1.10,it su ces to shaw that

(a) (Yl_ C#)jop(G) = Z(]op((;); and
(b) the action of Ny p(P)=P on Z5=Z& is trivial for all p-subgroupsP  G.

Point (b) is immediate from the de nition of the functor Z§. Also, forany P G
sud that P\ H 2 Syl,(H),

CL(P)p=C.(A) if (P\ L)=A is p-certric in L=A
0 otherwise

ZYP);

(Yo ¢ )(P)=Y_(Autp(L))

and this proves(a).

Lemma 2.6 nishes the processof reducing the generalcomputation of lim (Z;) to
that of lim (Y_) whenL is quasisimpleand Inn(L) Aut(L). Theseresults are
now summarizedin the following:

Prop osition 2.7. Fix a nite group G and normal sulgroupsK, K in G, suchthat
K 1=K, is a minimal sulgroup of G=K,. If K=K, is akelian, or if there is a p-sulgroup
Q G suchthat [Q;K;] K, and Cx,(Q) Ky, then the functor Z5'=2 &2 is
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acyclic. Otherwise,there is a quasigerfect group L with p-group center suchthat K ;=K
is isomorphic to a product of copiesof L=Z(L), a sulgroup Aut(L) containing
Inn(L), and (for eachi) a homomorphism

lim' (Y, ) I lim' z&1=z5>
Op() Op(G)

which is onto wheni = 1 and an isomorphismwheni 2.

Proof. The abelian casewas handled in Proposition 2.3. The caseswhere K 1=K, is
nonakbkelian follow from Lemmas2.1, 2.4, and 2.6.

In order to avoid repeating theseconditions about certral extensionsand groups of
automorphismsthroughout the remaining sections,we de ne the following classesof
nite simple groups.

De nition  2.8. For each prime p and each i 1, let L'(p) be the classof nite
nonalkelian simple groupsL with the property that

lim'(Y) = 0

Op()

for each quasisimplegroup E suchthat Z(E) is a p-group and E=Z(E) = L, and each
sulgroup  Aut( E) which contains Inn(E). Also, L '(p) denotesthe intersection of
the classesL! (p) for all j .

The important consequencef Proposition 2.7 is:

Prop osition 2.9. For any nite group G andanyi 1, lim'(Zg) = 0 if for each
nonalkelian simple group L which appears in the decomposition seriesfor G, L 2 L'(p).

Our goal now, throughout the rest of the paper, is to shov that ewery nite non-
abelian simple group liesin L 2(2).

3. A rela tive version of -functors

Throughout this section,p denotesa xed prime. We rst presen a relative version
of the functors (G; M) which will be usefulwhen handling outer automorphismsof
a quasisimplegroup L.

De nition  3.1. Fix a prime p, a pair H C G of nite groups,and a Z,[G]-module
M. Let ":0,(G)® ! Z)-mod be the functor de ned by
- MP ifP\H=1
G;H

’ P e
m (P) 0  otherwise;

and de ne
(GiH;M) = lim ( 4"):
Op(G)

Note in particular that & = ¢ andhence (G;M)= (G;G;M).
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The importance of these groups arisesfrom the following generalizationof [JMO,
Proposition 5.4]. For any H C G, we sa that a functor F: Op(G)® —! Ab is H-
controlled if for all P, the inclusion of (P\ H) in P inducesan isomorphismF (P) =
F(P\ H)P.

Prop osition 3.2. Fix a nite group G, a prime p, a normal sulgroupH C G, and a
p-sulgroup Q H. Let F: Oy(G) ! Z-mod be any H-controlled functor which
vanishesexept on sulgroupsP G suchthat P\ H is G-conjugateto Q. (Thus
F(P) = F(Q)P=? wheneverP \ H = Q.) Then

lim (F) = Ng(Q)=Q;Nn(Q)=Q;F(Q) :

0p(G)
Proof. This is a special caseof Lemma1.8.

The ideanow isto lter an arbitrary H-cortrolled functor F: Oy(G) — Z(-mod
by subfunctorsF; in suc a way that for ead quotient functor Fi=F 1, Fi=F (P)=0
exceptfor thoseP G sud that P\ H liesin one conjugacy classof p-subgroups
of H. Then ead lim (Fj=F ) is describked via Proposition 3.2and the (G;H; ).
When L is quasisimpleand Inn(L) Aut(L), the functors Y, neednot beInn(L)-
cortrolled, but we will seethat the sametechniquescan be usedto compute higher
limits of thesefunctors.

For any G, and any short exact sequenceof Z ;) [G]-modules
0 ! M?° M I M% 1o

the induced sequenceof functors0 ! &, ! & I Sy ! 0Ois alsoexact,
and henceinducesa long exact sequencef the groups (G; ). This isnot in general
the casefor the relative groups (G;H; ) whenH C G is a proper normal subgroup,
which is why the statemen of point (b) in the next proposition is so detailed.

Most of the properties of the relative groups (G;H ;M) listed in the following
proposition generalizeproperties of the groups (G; M) proven in [JMO].

Prop osition 3.3. Fix a prime p, a nite group G, a normal sulgroupH C G, and a
Zp)[G]-module M. Then the following hold.

(@) If (p;jHj) = 1, then °(G;H;M) = M€, and '(G;H;M) = 0Ofor all i > 0. If
pjHj, then °(G;H;M) = 0.
(b) (G;H;M) = 0if the kernel of the action of H on M has order a multiple of p.
More geneally, if Mg M is a G-invariant submalule, then
(G;H;M) = (G;H;My) if the kernelof the H -action on M =M, hasorder
a multiple of p; and
(G;H;M) = (G;H;M=M)y) if the kernel of the H -action on M, hasorder
a multiple of p.

(©) (G;H;M)=0if Oy(H) 6 1.

(d) If K C G is a normal sulgroup which acts trivial ly on the Z,[G]-module M, and
H \ K hasorder prime to p, then

(G;H;M) = (G=K;HK=K;M):
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(e) Assumep jHj, let  be the equivalene relation on Syl,(H) geneated by nontrivial
intersection, andsetGo = fg2 GjgSg ! Sg for some xed S 2 Syl,(H). Then
YG;H;M)=MCo=Mm G,
(f) Assumethe Sylow p-sulgroups of H are cyclic, or (if p = 2) quaternion. Then
'(G;H;M)=0foralli 2

Proof. (a) If (p;jHj) = 1,then P\ H = 1 for all p-subgroupsH G, and hence
“H = HOM in the notation of Proposition 1.13. Soby that proposition, lim°( ™) =
M € and its higher limits vanish. If p jHj, then f,j“ vanisheson the Sylow subgroups

of G, and hencelim®( ") = 0.

(b) The rst statemert is a special caseof either of the other two.

Assume rst that K %' Ker[H —!  Aut(M=My)] C G has order a multiple of p.

Fix P Gsudthat P\ H = 1, and chooseQ 2 Syl,(PK) suc that Q P. Then
No(P) P, soNg(P)=P 6 1 actstrivially on M”=M{, and hence

Na(P)=P:( "= ¢ )(P) =0

by Proposition 1.1(b). Sincethis holdsfor all su P, lim ( "= 3") = 0by Lemma
1.2(a),andhence (G;H;M)=  (G;H;My).
def

Now assumethat K = Ker[H —  Aut(Mg)] C G hasorder a multiple of p. There
is an exact sequencef functors on O,(G)
G;H G;H G;H .
o ! L. L oo ! 0

where ( P) H(P;Mp) if P\ H = 1and ( P) = 0 otherwise. We have just seen
that lim ( f,lf) = 0, and hencewe will be done upon showing that lim () = 0. For
eah P G sud that P\ H = 1, Npk (P)=P has order a multiple of p (Lemma
1.11) and acts trivially on ( P) HZ(P;My), andthus (Ng(P)=P; ( P)) = 0 by
Proposition 1.1(b). Soall higher limits of vanishby Lemma1.2(a).

(c) If Oy(H) & 1, then for all p-subgroupsP G sudr that P\ H = 1,
Op(Ng(P)=P) No,m)r(P)=P 6 1

Hence (Ng(P)=P;MP) = 0 for all sudr P by [JMO, Proposition 6.1(ii)], and so
(G;H;M) = 0by Lemmal.2.

(d Let':G ! G=K bethe projection, and let ' » denote the induced functor
betweenorbit categories.Let O,(G)  Op(G) be the full subcategory whoseobjects
arethoseP G sudthat P\ K 2 Syl,(K). We claim that

GiH : _ G=K;HK=K , . .

M Jo,G) = M # Joy(e) (1)
This is clear, oncewe have cheded that for any p-subgroupP G sudh that P\ K 2
Syl,(K), P\ H = 1lif andonly if PK=K\ HK=K = 1. If PK=K\ HK=K = 1, then
P\ H K,andhenceP\ H = 1sinceP isap-groupand K \ H hasorder prime to
p.

Conversely if P\ H = 1, then PK \ H hasorder prime to p, sinceP 2 Syl (PK)
and thus any elemen of PK \ H of p-power order would be G-conjugateto an elemen
of P\ H. HencePK \ H K, sinceany elemen of PKr K hasorder a multiple of
p. It followsthat PK \ HK K,and PK=K\ HK=K = 1.
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This nishes the proof of (1). Lemma1.10now appliesto show that

(G;H;M)= lim ( %)= lim ( o“""¥ )=  (G=K;HK=K;M):
Op(G) Op(G=K)

(e) Regard ﬁ;H as a subfunctor of the functor H°M, which sendsP to M P for all

P. By Proposition 1.13, H°M is acyclic and lim°(H°M) = M €. Sothere is a short
exact sequence
0 ! M@ I lim°(HoM= S I YG;H:M) ! O

It remainsonly to show that the middle term is isomorphicto M ©e,

To seethis, x someT 2 Syl,(G) which cortains our given S 2 Syl,(H), and restrict
to the full subcategoryO+(G) O,(G) whoseobjects are the subgroupsof T. Then

Go=fg2GjgSg! Sg=hy2GjgTg *\ T\ H6 1i
=hg2 GjoP;gPg* Twith P\ H 6 1i;

and hencelim®(H°M= ™) = m®o,

(f) Fix 82 Syl(G), setS= 8\ H 2 Syl (H), andlet Z S bethe unique subgroup
of order p. In particular, Z is weakly closedin 8 with respectto G.

Regard 5" asa subfunctor of the functor H°M which sendsP to M P for all P.

Then H°M= ﬁ;H sendsa p-subgroupP G to MP if P cortains a subgroupconjugate
to Z and sendsP to O otherwise. Soby Lemma 1.9,

lim (H°M= S")Y=  lim  P=Z 7! MP ;

Op(G) Op(Ng(2)=Z)
and this last functor is acyclic by Proposition 1.13. Since H°M is also acyclic by

Proposition 1.13, the exact sequencefor the extension of functors now shows that
(G;H;M) = lim'( SMy=o0foralli 2.

The next proposition descritesthe role of theserelative functors  (G;H ;M) when
computing higher limits of the Y. For these purposes,it is useful to considerthe

following subquotient functors of Ye de ned for any p-certric subgroupQ L:

Ye(P) if P QS someQ’ -conjugate to Q

Y.) o(P) =
(Ye) o(P) 0 otherwise

YE(P) if P\ L is -conjugate to Q

Y, )o(P) =
(Ye)o(P) 0 otherwise

Thus (YE)Q is a subfunctor of (Ye) o+ and this is a quotiernt functor of Ye. When
and E are clear from cortext, we drop them, and just write Y, Y , etc.

Lemma 3.4. Fix a simple group L, a central extension E L suchthat E is
guasisimpleand Ker( ) is a p-group, and a sulgroup Aut( E) which contains
Inn(€) = L. Then the following hold for any p-centric sulgroupQ L.

(@) If QZSyl,(L), then lim ((Ye)g) = (N (Q=Q:NL(Q)=Q;Y,(Q)).

Op()
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(b) If S2 Syl,(L), and Q is p-centric in L and weakly closel in S with resgct to
thenfor all i O,

(
. _( 'QN@=zZ(®) ifi=o0
o (e) Q)= iti> 0.

Proof. Let F*  F? be the following functors on O,():

( Y(P\ L)P ifP\ L isp-cerric in L

1 —
F(P)= Z(B)P otherwise

and FOP)=zZ(E)":
Here, we idertify L = Inn(E) C . By de nition, Y = Ye = F1=F°. De ne quotient
functors F', of F' and subfunctorsF), F', in analogywith the de nitions for Y.
Thus

Y o= F'%4=F% and Y,= F3=F3
By Proposition 3.2,
im (F) = N (Q=QNL(Q=Q F4(Q)

Op()

for i = 0;1. Sincethe action of N_(Q)=Q on F°(Q) = Z(E) is trivial, Proposition
3.3(b) implies that if Q Z Syl (L), then

lim (Yo) = lim (Fg=F3) = N (Q)=Q;N.(Q)=Q F(Q)=F*(Q)

Op() Op()

= N (Q=Q;NL(Q)=Q;Y,(Q) :

Now assumethat Q is p-certric in L, and weakly closedin someS 2 Syl (L) with
respectto . By denition, forallP  Qin , F'(P)= F'(Q)P fori = 0;1. Henceby
Lemma 1.9 and Proposition 1.13,
. i 0 if >0
lim (F'Q) = FIQN @ if =0,

ThusY , = F*,=F°, is acyclic,and
im°(Y o) = ( 'Q" @=Z(E) :

We will needa much stronger vanishing theorem for the  (G;H ;M) than what
was shavn in Proposition 3.3. In the following lemma, for any setH,;:::;H, G of

normalize all of them. A radical p-chain of lengthn in G is a sequence
O(G)=P,CP,C CP,
of distinct p-subgroupsof G sud that P; = Oy(Ng(Po;:::;P;)) forall i (in particular,

Prop osition 3.5. Fix a nite groupG, anormal sulgroupH C G, anda nite Z,[G]-
module M. Assume,for somen 1, that "(G;H;M) 6 0. Let0= M M?
M? = M=pM be any ltr ation by Z,[G]-submalules. Then there is a radical
p-chain
1= Po P]_ P2 Pn
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rkp(M)  rk(M=ME 5)  jPj P

Proof. For any Z;[G]-module M, let M §; be the set of all sub-Madey functors
H°M; i.e., those functors on Op(G) such that ( P) MP for all P, and suc that
the relativenorm N§: M? I MP sends( Q) into ( P) for all p-subgroupsQ P

in G. Let N be the set of all functors on O,(G) of the form \ 5" (objectwise
intersection) for some 2 M $. We rst show:
forany 2 N,f,f;H andany n  1with lim"() 6 O, there existsa radical p-
subgroupP  H sucthat Np M 6 0,andafunctor °2 Ne{ =N (1)
suc that lim" *( 9 6 0.

Toseethis, let (2 M § besuhthat = o\ 7. Let o be the subfunctor
( P)= o(P)\ (Np\y M); this still liesin M §. Since is acyclic[JM, Proposition
5.14],lim" *( =) 6 0. By an appropriate ltration of =, there is a p-subgroup

16 P H sudhthat if wdene p by p(Q) = (Q)if Q\ H is conjugateto

P and Q) = 0 otherwise (still asa functor on Oy(G)), then lim" Y 5) 6 0. By

Proposition 1.1(a,c), for somep-subgroupQ G sud that Q\ H = P, Q is radical

in G, and henceP is radical in H by Lemma 1.12(b). Furthermore, if we de ne
0 %0on Op(Ng(P)=P) by setting qQ=P) = ( Q) and YQ=P) = 5(Q), then
02 M ¢, and so

0= 0\ HE(S):P:NH(P):P 2 N’ll\lf(’\;lj):P;NH(P):P:

Finally, by Lemma 1.8, the functors p and © have the samehigher limits, and in
particular lim" (9 6 0. This nishes the proof of (1).

We next claim, by induction on n, that

forany 2 NS with lim"() 6 0, there existsa radical p-chain 1= P, @
P, P, oflengthn sudhthat Ny« M 6 0,whereK = Ny (Py;:::;Pp).

To prove this, let P and °beasin (1). If n= 1, then
06 im° 9 %(Ng(P)=P;Nu(P)=P;Np M)
implies that (p;jNn (P)=Pj) = 1, hencethat P 2 Syl,(H), and
(Np M)N*®) = Ny, py M 60

by Proposition 3.3(a). Thus (0 P) is aradical p-chain, and (2) holdsin this case.
If n> 1, then by the induction hypothesis(appliedto 9, there is a radical p-chain

16 P,=P P,=P in Ny (P)=P 3)
sud that Nx-p (Np M) = Nk M 6 0, where K=P = Ny, )=p(P2=P;:::;P,=P).
SinceP is radical in H, Op(Ny (P)=P) = 1, and the sequencel P P, P

the proof of (2).

Now let M be any nite Z,[G]-module sud that "(G;H;M) = lim"( ") 6 0,
andlet0= M? M? M2 = M=pM bea ltration by G-invariant submadules.
Sinceeah p*M=p** M is isomorphicto an Fy[G]-submadlule of M=pM, we can lift
this to a Itration of M by submadules Msuc that ead M &M %, is isomorphic
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to a submadule of someM®M? ;. Choose’ sud that im" 5= S;S'ol 6 0. Set
V = M%&M, for short.

Considerthe functor : Oy(G)*® ! Z(,-mod denedby ( P) = (M%P=(M % )P,
This is a sub-Madey functor of H°V, and thus an elemen of M &. Hence

d=ef \ S;H - S;EOZ S:;iol 2 N\(/B;H:
By (2), sincelim”() 6 0, thereis a radical p-chain 1= Py Py P, of length
n sud that Nx V 6 0, whereK = Ny (Py;:::;Pp).

In particular, Np, V 6 0. Fix x 2 V sudh that Np, x 6 0, and considerthe P,-linear
homomorphismF,[P,] ! V dened by setting (g) = gx. Thus Ker( ) is an ideal
in Fy[Pn] which doesnot cortain Np,, and henceis the zeroideal (cf. [Se,x8.3, Prop.
26]). So is injective, and V cortains a copy of F,[K]. SinceV is isomorphicto a
subgroup of someM =M} ;, this module also cortains a copy of Fy[P,]. The lower
boundsfor rk,(M) are now immediate.

4. Subgr oups which contribute  to higher limits

As noted earlier, our remaining goal is to prove that ewery nonabelian nite simple
group lies in the classL 2(2) (seeDe nition 2.8). Once we have shown this, then
Theorem A will follow asa consequencef Proposition 2.9. The aim of this sectionis
to prove a seriesof propositions, whosehypothesesare stated in purely group theoretic
terms (without referenceto higher limits or 's), which can then be usedin later
sectionsto carry out a case-ly-caseched that L 2 L 2(2).

The following de nition is mostly of interest when L is simple, but in a few cases
(when carrying out inductive argumens) we needto also deal with almost simple
groups. For simplicity in notation, for any group L with Z(L) = 1, we idertify L =
Inn(L) asa subgroupof Aut(L). Recallthat for any p-groupP andany n 1,

2(P) € g2 Pjg = 1i:
De nition  4.1. Fix a centerfree group L and a prime p jLj.

(@) For eachi 1, let R'(L ;p) be the set of all p-sulgroupsP L with the prop-
erty that for some Aut( L) which contains Inn(L), and someN (P)-invariant
sulgroupz, Z(P),

'(N (P)=P;N_(P)=P;Z,) 6 O

(b) For eachi 1, set

E(L:p)=  1(Z(P)) P2R!(L;p) :

(c) An elementaryakelian p-sulgroup E L is called pivotal if E = (Z(P)) for

someP 2 Syl,(C_(E)), and Oy(Aut(E)) = 1.

. S . .
We alsowrite R '(L;p) = ; ;R!(L;p), and similarly for E (L ;p). In addition,

for any p-subgroupQ L, we let R'(L;p) o and R '(L;p) o denote the set of
subgroupsin R'(L ;p) andR (L ;p), respectively, which do not cortain any subgroup
conjugateto Q.
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As will be seenin the next proposition (or in its proof), we canthink of R(L;p) as
the setof p-subgroupsof L which could\contribute" to Iim'(YE), for somequasicetric

group E with E=Z(E) = L, and some Aut( E) which cortains Inn(E) = L. Of
course, the existenceof an elemen of R'(L ; p) doesnot mean that Iim'(YE) is non-

vanishing for some and E: a nonzero\contribution" to lim'( ) by a subgroupin
R(L ;p) could be cancelledby a cortribution to lim' *( ).

Prop osition 4.2. Fix a prime p, a nite simplegroupL, S 2 Syl(L), andi 1.
Assumethere is a sulgroup Q S which is p-centric in L and weakly closel in S
with respect to Aut(L), suchthat R'(L;p) o = ?. ThenL 2 L'(p). In particular,

L2Li(p)if Ri(L;p)= 2.

Proof. Fix andE, andlet Y 0 be the subfunctor of Ye de ned by setting Y Q(P) =
YE(P) if P doesnot cortain a subgroup conjugateto Q and Y Q(P) = 0 otherwise.

For eath P L = Inn(E) which does not cortain a subgroup conjugate to Q, we
de ned YE(P) to be a certain N (P)=P-invariant subgroupof Z(P) (De nition 2.5).

Thus P 2 R'(L ;p) implies that
'(N (P)=P;NL(P)=P;Y(P)) = O:

Hencelim' (Y Q) = 0 by Lemma 3.4(a) and an appropriate ltration of Y o Fur-
thermore, Iimi(Yng Q) = 0 by Lemma 3.4(b), and this nishes the proof of the
proposition.

The last statemert is just the caseQ 2 Syl (L).

In the courseof the next v e sections,we will prove that all simple groupslie in
L 2(2), and most caseshis will be doneusing Proposition 4.2. The following proposi-

tion will, howewer, be neededwhen proving that simple groupsof Lie type in charac-
teristic two lie in L 2(2) (and in fact, with the exceptionof L3(2), lie in L 1(2)).

Prop osition 4.3. Let L be a simple group. Fix S 2 Syl,(L), andlet Q C S be a
p-sulgroup with the following properties:

(@) Q is p-centric in L and weakly closal in S with respect to Aut(L).

(b) for eachP S whichdoesnot contain Q, and whichis p-centric and radical in L,
P is weakly closel in S with resgct to L, and Z(N_(P)), = Z(NL(PQ))p.

ThenL 2 L %(p).

Proof. Let P be the set of p-subgroupsof S which are radical and p-certric in L. For
any P 2 P, let B denoteits inverseimagein E. We rst ched that for eahh P 2 P,

Z(Ne(®))p = Z(Ne(RQ))p: 1)
By assumption,Z(N_(P)), = Z(N_(PQ)),. Also,
Z(Ng(PB)=Z(E) = Ker Z(N.(P)) 1 Hom(N.(P);Z(E)) ;

and similarly Z(N¢(PQ))=Z(E) = Ker( pg). Here, p and pq arede ned by lifting
to E and taking comnutators. Thus p and pq have the samedomain. SinceZ (E) is
ap-groupandN_(P) N_(PQ) S (P andQ beingweakly closedin S), their target
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groups both inject into Hom(S;Z (E)). Thus Ker( p) = Ker( pg), and this proves
(1).
Foreahy R 2 P, de ne functors Y; andY  on O,() by setting

Ye(P) ifP\VL R® someR? -conjugate to R

Y o(P) =
R(P) 0 otherwise

and
YE(P) if P\ L is -conjugate to R

Yo(P) =
r(P) 0 otherwise.

ThusY  isaquotient functor of Y, and Yg is a subfunctorof Y .

We claim that lim (Yg) = Ofor ead R 2 P which doesnot cortain Q. It su ces to
prove this whenN (R) L = (otherwisereplace by N (R) L without changingthe
higher limits). In this case,R and RQ are both weakly closedin S with respectto .
Henceby Lemma3.4(b), Y ¢ and Y r, areacyclic, and by (1),

Im°(Y g) = Z(Ne(R),™ Z(B) = Z(Ne(RQ)),™ Z(B) =1m°(Y go):  (2)

Thus if we setY = Ker[Y o —! Y gol, then lim (Y z) = 0. We can assume
inductively that Iim (Y,) = Oforall P 2 P suwthat P R andP Q. Via the
obvious ltration of Y , we now seethat lim (Yg) = 0.

Thuslim (Y) = lim (Y o), andY  is acyclicby Lemma3.4(b) again. Sincethis
holdsforall andE,L 2 L (2).

It remainsto dewelop sometools for determining which subgroupsbelongto the sets
R'(L;p). The rst stepis to study their connectionwith the setsE'(L ;p) and the
pivotal subgroupsof L, alsode ned in 4.1.

Prop osition 4.4. Fix a prime p, a nite centerfree group L, and i 1. Then the
following holdfor any p-sulgroupP L and any elementaryalelian p-sulgroupE L.

(@) If P2 RY(L;p) andE = 41(Z(P)), thenP 2 Syl,(C.(E)). If E 2 E'(L ;p) and
P 2 Syl,(CL(E)), thenP 2 R'(L;p) and E = 1(Z(P)). In other words, there
are inverse bijections

R(L:p=con) ! E(L:p)=(conj);

rad
whee elenfP) = 1(Z(P)) andrad(E) 2 Syl,(CL(E)).
(b) AssumeE = ((Z(P)) and P 2 Syl,(C_(E)). Then the natural map
NL(P)=P AUtL(E)

induced by restriction is a surjection, its kernelhasorder prime to p, and the action
of N_(P)=P on Z(P) factors throughAut (E). Furthermore, for any Aut(L)
which contains Inn(L), the natural map N (P)=P Aut (E) is a surjection.

(c) If E 2 E'(L ;p), then E is a pivotal sulgroup.

(d) If E is a pivotal sulgroup and P 2 Syl,(C_ (E)), then P is a radical p-sutgroup of
L.
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(e) Fix S 2 Syl(L). Eachpivotal p-sutgroup of L is L-conjugateto a sulgroupE S
suchthat E = 1(Z(Cs(E))), and hene suchthat E 1(Z(S)).

(f) Let E L be an elementary alelian p-sulgroup, and let X CL(E)rE bea
C. (E)-conjugacyclassof elementsof order p suchthat jXj is prime to p. Then no
elementaryalelian sulgroup E® E suchthat E°\ X = ? is pivotal in L.

Proof. (a) AssumeP 2 R'(L ;p), and let Aut(L) and Z° Z(P) be sud that
'(N (P)=P;N_(P)=P;Z9 6 O

SetH = C_(E) for short. Then P H by de nition of E. SinceNy (P)=P acts
trivially on E, it actstrivially on (Z%= ,, 1(Z9 for eath n, and hencemust have
order prime to p by Proposition 3.3(b). Soby Lemma1.11,P 2 Syl (H).

Now assumeE 2 E'(L ;p). By de nition, E = {(Z(P9) for someP°2 RI(L ;p),
and we just sav that P°2 Syl (C_(E)). Henceif P 2 Syl,(C_(E)), then P = xP% *
for somex 2 C_(E), soP 2 R'(L;p), and 1(Z(P)) = xEx = E.

(b) Fix Inn(L) Aut(L) (and we identify L with Inn(L) C ). SinceE =

1(Z(P)), we have N (P) N (E). SinceP is a Sylow p-subgroupof C.(E) C
N (E), conjugation by any x 2 N (E) sendsP to hPh ! for someh 2 C_(E), and
soh x 2 N (P). This shavsthat N (E) = C_.(E) N (P), and hencethat N (P)=P
surjectsonto Aut (E) = N (E)=C (E). When = L, thenthe kernelof this surjection
is Nc_ (e)(P)=P, which hasorder prime to p sinceP 2 Syl,(C.(E)).

It remainsto show that N¢ g)(P)=P acts trivially on Z(P). It acts trivially on
E = 1(Z(P)) by de nition, and henceon ,(Z(P))= ., 1(Z(P)) for ead n. By
[Gor, Corollary 5.3.3],any group of automorphismsof Z(P) with this property must
be a p-group; and sinceN¢,_ e)(P)=P hasorder prime to p, it must act trivially .

(c) AssumeE 2 E'(L;p), and x P 2 Syl(C_(E)). ThenE = (Z(P)) by (a). So
to shaw E is pivotal, it remainsto shav that Op(Aut (E)) = 1.

Let Z° Z(P) and Aut(L) be sud that
'(N (P)=P;N_(P)=P;Z9 6 0:

By (b), N_(P)=P surjectsonto Aut, (E) with kernel K=P «f N¢, e)(P)=P of order
prime to p, and K acts trivially on Z(P) (henceon Z9. Soby Proposition 3.3(d),

''N (P)=K:;Aut, (E); Z° 6 0;
and henceO,(Aut (E)) = 1 by Proposition 3.3(c).

(d) AssumekE is pivotal and P 2 Syl (C_(E)). By (b), N_(P)=P surjects onto
Aut, (E) with kernel of order prime to p. SinceOp(Aut (E)) = 1 by de nition of a
pivotal subgroup,O,(N (P)=P) = 1, and soP is radical.

(e) Fix S 2 Syl(L). Any pivotal subgroupof L is L-conjugateto a subgroup E
suc that someP 2 Syl (C_(E)) is cortained in S. Thus P = Cs(E), and soE =

1(Z(Cs(E))) by de nition of pivotal. Also, Z(S)P Cs(E) = P, soZ(S) P.
HencezZ(S) Z(P), sothat 1(Z(S)) 1(Z(P)) = E.

(f) Fix an elememary abelian p-subgroup E L, and a C, (E)-conjugacy class
X  C_(E) of elemets of order p sud that jXj is prime to p. AssumeE® E is sudh
that EA\ X = 2. Then C_(E9\ X isthe xed point setof an E%E-action on X, hence
alsohas order prime to p, and cortains a C, (E9-conjugacy classX° of order prime to
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p. Fix x 2 X% Then [C_(E9:C_(E%X)] is prime to p, sothereis P 2 Syl,(C_(E9)
sud that x 2 Z(P), 1(Z(P)) EP° andthusE%is not pivotal.

It remainsto list somemore conditions which canbe usedlater to prove that certain
subgroupsarenot in E ?(L ;2) or R 2(L ;2). AImost all of thesewill be basedon the
following, very general,proposition. Recall (from Section3) that a radical p-chain in
a group G is a sequence

0,(G)=P,CP,C CP,

Prop osition 4.5. Fix a nite centerfree groupL and an elementaryatelian p-sulgroup
E L. Assume, for somem 1, that E 2 E™(L;p). Then for any sequene
1= Eg E. Ex = E of Nau)(E)-invariant sulgroups, there is some
1 i k, and a radical p-chain 1 = P P, Pm in Aut_(E), such
that Ei=E; ;1 (whenregarded as a Fy[Py]-module) contains a copy of the free module
FolPm]-

Proof. Fix P 2 Syl,(C_(E)); then P 2 R™(L;2) by Proposition 4.4(a). Let
Aut(L) andz°® Z(P) besudithat M(N (P)=P;N_(P)=P;Z9 6 0. By Proposition
4.4(b), the natural map N_(P)=P ! Aut_(E) is surjective with kernel of order
prime to p, andthe action of N_ (P)=P onZ (P) (henceon Z9 factorsthrough Aut (E).
Sinceead quotient  (Z%= , 1(Z9 is isomorphicasan Fp[N (P)=P]-module to a
submadule of E, and sincethe E; areall Aut (E)-invariant (henceN (P)=P-invariant)
by assumption,thereisasequencd = Z, Z; Zy = Z°of N (P)=P-invariant
subgroupssud that eat Z;=Z; ; isisomorphicto a subgroupof someE; =E; ;. Hence
it suces to shav that at least one of the quotients Z;=Z; ; cornains a free module
Fo[Pm] for someradical p-chain endingin Py,, and this follows from Proposition 3.5.

The next proposition givessomespecial casesof Proposition 4.5.

Prop osition 4.6. Fix a nite centerfree groupL and an elementaryatelian 2-sulgroup
E L. Letl=Ey, E; Ex = E be any sequene of Nayy)(E)-invariant
sulgroups suchthat at least one of the following conditions holdsfor eachi:

(@) The Aut_ (E)-action on E;=E; ; is not p-faithful; i.e., its kernel has order a mul-
tiple of p.

(b) rk(Ei=E 1) 3.

(c) rk(Ei=E; 1) 7 and the Sylow 2-sulgroups of Aut, (E) are neither dihedral nor
semidihelral.

(d) rk(Ei=E; 1) < 2jRj for eachradical 2-sulgroup16 R Aut, (E).

(e) rk(Ei=E; 1) < JRyj for eachsequen@ 16 R; R, L suchthat R; is a radical
2-sulgroup of L and R, is a radical 2-sulgroup of N (R3).

ThenE ZE ?(L;2).

Proof. Assumeotherwise: that E 2 E™(L ;2) for somem 2. By Proposition 4.5,
there is somei, and a radical 2-chain 1= Py, P, Pm in Aut (E), sud that
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Ei=E; 1 cornains Fy[Py] asa summand. In particular, rk(Ei=E; 1) [Pmj 2", and
this is impossibleif any of the conditions (b), (d), or (e) hold.

If rk(Ei=E; ;) 7,thenjPy,j 4,som = 2, P; = Ixi for someinvolution x, and
P, = Cs(x) for someS 2 Syl,(Aut (E)). By [Hp, 111.14.23],jCs(x)j = 4 implies that
S hasmaximal class(its certral serieshaslengthk 1if jSj = 2¥). By [Gor, Theorem
5.4.5],ead 2-groupof maximal classis dihedral, quaternion, or semidihedral. Together
with Proposition 3.3(f), this showvs that S must be dihedral or semidihedral.

It remainsto considercase(a). Let H C Aut (E) be the kernel of the action on
Ei=E; ., andassumep jHj. By Lemmal.11,for any p-subgroupP  Aut,(E), either
P\ H 2 Syl,(H) or p jNyp(P)=Pj; in either caseN (P)\ H hasordera multiple of p.

of p. SinceP,, is assumedo be a Sylov p-subgroupof this intersection of normalizers,
this shovs that P, \ H 6 1, which contradicts the assumptionthat Z;=Z; ; cortains
a summandisomorphicto Fp[Pny].

We next look at somecaseswhere Aut, (E) is a symmetric group or generallinear
group. Similar results involving other classicalgroups in characteristic two will be
shown in Proposition 6.4.

Prop osition 4.7. Fix a nite centerfree group L, a pivotal 2-sulgroup E L, and
Naut (L) (E)-invariant sulgroups1 = E; E; Ex = E. Let Aut, (Ei=E; 1)
denote the image of Aut, (E) in Aut(E;=E; ;). Assume,for each1l i k, that
Ei=E; . either satis es one of the conditions (a{e) in Proposition 4.6, or satis es one
of the following conditions: either

(@) Aut_(Ei=E; 1) = GL,(2) for somen and rk(E;=E; ;) < 2"; or

(b) Aut_ (Ei=E; 1) = , or A,, and E;=E; ; is the permutation representation on
(Z=2)" or (Z=2)" 1; or

(c) Aut_ (Ei=E 1);Ei=Ei 1 = GLn(2)0 ,;(Z=2)™ for somem 3andn 2.
ThenE ZE ?(L;?2).

Proof. SetE®= E;=E; ; and G = Aut,(E;=E; :) for short. By Propositions 4.5 and
4.6, it suces to showv that there is no radical 2-chain 1 P4 Py of length
k 2in G sud that E°cortains a copy of F,[P,] asa summand.

When G = GL,(2), then the smallestradical 2-subgroupsof G have order 2" ! (see
Lemma6.1 for a description of the radical 2-subgroups).Henceby Proposition 4.6(d),
E 2 E ?(L;2) impliesrk(E;=E; ;) 2".

Now assumeG = , or A,, regardedas acting on a set X of n elemelts, sud that
Ei=E; , is isomorphicto a submadule or quotient module of F,(X). Then for any
2-subgroupP G, Ej=E; ; contains a free submadule F,[P] only if the action of P
on X hasat leastonefree orbit. Furthermore, no radical 2-subgroupP G can have
m > 1 free orbits: this is clearif jPj= 2, m = 2,and G = A,, and holdsin the other
casessinceO,(N |, (P)=P) cortains a copy of P™ 1. Thus there is no radical 2-chain
of length 2 sud that P, hasa free orbit, and so (b) follows from Proposition 4.5.

The third casenow follows since for any radical 2-chain fP;g in GL,(2) o , of
length 2, either P\ (GL,(2))" 6 1 and cortains a nortrivial radical 2-subgroupof
(GLm(2)" (Lemma 1.12), in which casethe module cortains no summandF;,[P,]; or
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P,\ (GL,(2))" = 1, and an argumert similar to that usedfor G = | shawsthat the
module cortains no summandF;[P;].

It is important to note that there is an action of 5 on (Z=2)* with the property
that ?2( s5;(Z=2)*) = Z=2. This is the action obtained by identifying 5= L,(4)
| the group SL»(4) = As extendedby its eld automorphism| and (Z=2)* = (F,)2.
Note that this action is transitive on the nonzeroelemeits in the module, unlike the
permutation action.

The following variant of Proposition 4.7 will be neededvhenhandling classicalgroups
in odd characteristic.

Prop osition 4.8. Fix a nite centerfree group L and a pivotal 2-sulgroup E L,
and set = Aut_(E) for short. Assumethere is a nite set X with -action such
that E is isomorphicto a -submalule of the permutation representationF,(X). Let
Xy Xk X bethe -orbits, and assumethat the -action contains all permutations
whoserestriction to each X; is an evenpermutation. ThenE 2 E ?(L ;2).

Proof. Assumeotherwise. By Proposition 4.5,thereis aradical 2-chainl1 P,
Py of lengthk 2in G sud that X contains a free orbit of Py.

Let X; X bea -orbit which cortains a free P-orbit. Let m be the number of
free orbits of Py in X; (thusm [P,:P;] 2),andletY X, bethe union of those
orbits. Let H = P; 0 , be the group of all permutations of X which certralize P,
and are the identity on Xr Y. Since cortains all even permutations of X; (henceof
Y) by assumption, \ H C C (P;) hasindex at most2in H. Also, O,(H) = P" if
m > 2and O,(H) = H if m= 2. In eithercase,0,( \ H) Py, s00,(N (P1)) 6 Py,
and this cortradicts the assumptionthat P; is a radical 2-subgroupof .

The following proposition will be usefulwhenworking with the sporadic groups.

Prop osition 4.9. Let L be any nite centerfree group, let E L be a pivotal p-
sulgroup, and x P 2 Syl,(C_(E)). In particular, E = ,(Z(P)). LetH L bea
sulgroup which contains N (E) N (P).

(a) AssumeOp(H) 6 1, andsetEyo= E\ Z(Op(H)). ThenP  Oy(H), [E; Op(H)] =
1, Eo6 1, and Ep is an Aut | (E)-invariant submalule of E. In particular, in this
case,E  Z(Oy(H)) if E is Aut (E)-irr educibleor if Op(H) is centric in H.

(b) AssumeP 2 R'(L;p). Let H°C H be a characteristic sulgroup which is qua-
sisimple, and setK = Cy(H9. Assqmethat Nawt)(E)  Nauw)(H), and that
P\ H°2 Syl,(H9. Then PK=K 2 R(H=K ; p).

Proof. (a) SinceE is pivotal, P is a radical p-subgroupof L (Proposition 4.4(d)),
and hencea radical p-subgroupof H (recall N_(P) = Ny (P)). SoP  Oy(H), and
E Z(P) certralizes Op(H). In particular,

Eo £ E\ Z(Op(H)) = 1 Z(P)\ Z(Op(H)) ;

andsoEp 6 1sinceZ(P)\ Q6 1forany 16 Q C P. Also, Eq is Aut, (E)-invariant,
sinceN_ (E) = Ny (E) normalizesboth E and Op(H).

(b) We now assumethat P 2 R'(L;p) (henceE 2 E'(L;p)), that HOC H is
a characteristic subgroup which is quasisimple,that P\ H® 2 Syl,(H9, and that
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N aut (L)(E) NAut( L)(H) Let Aut( L) and Z° Z(P) be sud that
'(N (P)=P;,N_(P)=P;Z9 6 C:

SetK = Cy(H9, and considerthe groups
Zo=Z\ K=2z2% Ccy(HY and Z72%%= z%,=272%K=K H=K:

By assumption,N (P) N (H),andN (H) N (H9 sinceH is characteristicin H .
HenceZ, isan N (P)-invariant subgroupof Z° SinceP \ H°2 Syl,(H9, Npo(P)=P
has order a multiple of p by Lemma 1.11. This group acts trivially onZ, K, and
thus (N (P)=P;N_(P)=P;Z% 6 0 by Proposition 3.3(b).

Now set
®=C(HY and K=C(HY; sothat K=H\ KR and K=1L\ K:

The action of N_ (P)=P on Z%®must be p-faithful by Proposition 4.6(a). SinceP  H
normalizesH °® and henceK and K, N - (P)=P acts trivially on Z%= 7°%4(z°% K) =

Z%(Z°\ K). HenceN,(P)=P hasorder prime to p, and P 2 Syl (PK) by Lemma
1.11again.

Set
P°= PK=K and %= Aut (H)=N (H9=C (H9:

Recallthat K = ®\ H. We can idertify

P H=Kk ° and z%  z(PY;
=PR=R  =HR=R =Z00=R

as subgroupsof Aut(H9. SinceP 2 Syl (PK) (henceP 2 Syl (PK)), andN (P)
N (H) normalizesKk and K,

Ny (PK) = N (P) K and N (PK)=N (P)K:
We can thus idertify

N_L(P)=P .
Npk (P)=P’

whereNpk (P)=P hasorder prime to p. Also, sinceN (P) N (H) N (H9,

Ny=k (PY=P°= Ny (PK)=PK = (N_(P) K)=PK =

N (PR N HY\ N (PR) N (PK)=N (P)K N (P)®;
sotheseare all equal,and

N (P)=P

(N (P) R)=PR = No o (P)=P

N o(P9Y=P°= Ny (1o (PHR)=PR

Henceby Proposition 3.3(d),
"N o(PY=PO Ny (P)=PSZ2% = ' N (P)=P,N_(P)=P;Z® 6 0;
and this provesthat P°= PK=K 2 R'(H=K ;p).
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5. Al terna ting gr oups

We are now ready to go through the list of all nite nonabelian simple groupsL,
to show in eat casethat L 2 L ?(2). When L is of Lie type in characteristic 2, this
will be done using Proposition 4.3. In all other caseswe prove L 2 L 2(2) with the
help of Proposition 4.2. This meanseither shaving that R 2(L ;2) = ? (equivalertly
E ?(L;2) = ?); or elsechoosinga 2-ceriric subgroupQ L which is weakly closed
in a Sylov subgroup of L, and then shawving that R ?(L;2) o = ? (equivalertly
E 2(L;2) z20)= ?)

We will be constartly referring to Proposition 4.4 for someof the most basic prop-
erties of subgroupsP 2 R'(L ;2) andE = ,(Z(P)) 2 E'(L ;2), aswell asthe corre-
spondencebetweenthesetwo sets. Propositions 4.5, 4.6, 4.7, and 4.8, all of which give
restrictions on the pairs (E; Aut,(E)) for E 2 E'(L ;2), will then be usedto further
eliminate subgroupsfrom these sets; while Proposition 4.9 will be usedin somecases
to reduceto a problem involving a smaller group. Togetherwith Lemma 1.12, these
will be the only results from earlier sectionsusedin this part of the proof.

The easiestcaseto consideris that of the alternating groups.
Theorem 5.1. Foranyn 5, A, 2L 2(2).

Proof. SetL = A,. Whenn 7,thenrk,(L) = 2,soR ?(L;2) = ? by Proposition
4.6(b), and L 2 L 2(2) by Proposition 4.2. Sowe can assumethat n 8, and hence
that Aut(L) = , (cf. [Sz,3.2.17]).

Weregard , asthe group of permutations of the setn = f1;:::;ng. Foreahi 1,
let E; be the set of subgroupsk ,i, sud that E = (C,)', and the action of E on
n cortains one free orbit and is otherwise xed. Thesesubgroups(for ead i) clearly
make up one conjugacyclassin .

Fix someS 2 Syl,(L), andlet Q S bethe subgroupgeneratedby all E S sud
that E 2 E,. For any E;E®2 E, with overlapping support, either E = E° (if they have
the samesupport), or hE; EY is not a 2-group (hencenot cortained in S). Thus Q is
the direct product of [n=4] subgroupsin E, with disjoint support, and is weakly closed
in S with respectto , by construction. By Proposition 4.2, it remainsonly to show
that R 2(A,;2) o = ?.

Fix P2 R 2(A,;2) q» andsetE = ((Z(P)). Then P 2 Syl,(Cx,(E)) by Lemma
4.4(a). Each union of k orbits of E of order q (orbits under the action on n) which are
isomorphicas E -orbits cortributes a factor Eq0  (for Eq 2 E;) to C  (E). HenceP
is the intersectionwith A, of a product of subgroupsof the form Eq;0C, 0  0C, for
Eq 2 B If N(P) doesnot act transitively on n, then E is reducible asa N (P)=P-
module. By Proposition 4.6(a), N (P)=P must act p-faithfully on at least one of the

n-irreducible composition factors of E, and this implies that all but oneof the factors
of N (P)=P must have odd order. HenceP must have the form

P=Ai\  Eq0C29, oCe T8y

whereq 2,Eq2 E, k 0,and S°2 Syl( , qxr). SinceP doesnot cortain any
subgroupconjugateto Q, we must have eitherqg 8,orgq= 2andk = 0.

SetEqg = E\ S° Then Aut_(E) acts trivially on E,, and (Aut_(E);E=Ey) is
isomorphicto one of the pairs (GLs(2) o (;(Z=2)"°) (if q= 2°, s 3),0or ( ;(Z=2)")

k times



34 BOB OLIVER

or ( ;(Z=2)" 1) (if g= 2). In either case,Proposition 4.7(b,c) appliesto show that
E 2E ?A,;2) (and henceP 2R 2(A,;2)).

By extending the above argumerts, one can shav that R 3(A,;2) = ? for all n,

and
n 0

R2(A,;2) = E40C2q, oG > SPE 2 E; 2% n; S°2 Syl(A, x)

k times

6. Gr oups of Lie type in chara cteristic tw o

We next considersimple groupsof Lie typein characteristictwo. We rst summarize
the structuresin thesegroupswhich will be needed(in arbitrary characteristic p). We
referto [Cal] and [GLS3 as generalreferences.

Assumerst that L isa Chewalley group: L = G(q), whereG is oneof the groupsA,,
Bn, etc., de ned over the nite eld F, (q= p*). For example,A,(q) = PSL+1 (Fg).
Let V denote the root systemof G, where V is a real vector spacewith inner

product. Let . be the setof positive roots; thus = f rjr 2 ,g. Let| denote
the set of primitiv e roots, an R-basisof V. Then rk(G) gt dim(V) = jlj.
Toeadh rootr 2  correspnds a root subgroup X, = Fyin L = G(g), and U def
2 . X isaSylow p-subgroupofL. Also, B Qef N_(U) = UoH (the Borel subgroup),
whereH  (F)™© (of index dividing g 1) is the subgroupof diagonalelemets. Set
N = N_(H); then W = N=H is the Weyl group of G (and of the root system ).

For example,whenL = A,(Q) ; PSLn+1(Q), then we can take

V=1fx2R"™j x = 0g; =f, ji6jg
(wheref 1;:::; ,+1 0 isthe standard basisof R"*1),
=t i< and I =f; jag
Then X, , is the subgroup of matrices which have 1's along the diagonal and are

zero elsewhereexcept at ertry (i;j), and henceU is the group of upper triangular
matriceswith 1'salongthe diagonal,and B isthe group of all uppertriangular matrices.
Diagonal elemelts are those represeted by diagonal matrices, N is the image of the
subgroupof monomial matrices,and W = .;.

For any subsetd |, let hJi be the set of positive linear combinations of elemeits
of J cortained in .. Set

P;= UH; X , r2hli; and U;= X, r2 ,rhli:

The P, arethe paralolic subgroupsof G(q). (We usethis instead of the usual notation
P, to avoid confusionwith our useof P for an arbitrary p-group.) Also, U; = Opy(P ),
and P; = N_(U;) (see[GLS3 Theorem2.6.5(d,e)]).

We next x the notation for the twisted groups'G(qg). The index t is the order of
an automorphism 2 Aut( G(q9)), which is the composite of a graph automorphism
inducedby 2 Aut(V; ; +)with a eld automorphism(inducedby anautomorphism
of Fg). In most cases,® = ¢, and so Fq is the xed sub eld of the automorphism
of ordert on Fe. In all cases, 2 Aut( .) canbe seenasan automorphism of the
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Dynkin diagram (and t = 2;3). Also, (X;)= X () foreatqir 2 , andthus leaves
invariant the subgroupsU, H, and N. The twisted group L = 'G(q) is de ned to be
the subgroup OpO(CG(qo)( )) generatedby the Sylow p-subgroupsof Cgqo( ) (recall

p = char(F)), or alternatively asthe subgroupof G(%) generatedby U* %' cu( ) and
the analogoussubgroupfor the root groups of negative roots. Its Borel subgroupis
de ned to be

Bl= N (UY) = UloH! where HYEcy()\ L

Its parabolic subgroupsare the groups P 3 €N Cp,( ), for all -invariant subsets

J I. In this case,we again have U; Qef Cu,( ) = Op(P3), and P = N (U3) (again
by [GLS3 Theorem 2.6.5(d,e))).

Lemma 6.1. LetlL = Opo(CG(q)( )) be group of Lie type in characteristic p (possibly

= Id and L = G(q)). Fix aroot system(V; ; ) for G, let| + be the set of
primitive roots, andlet denotethe action on induced by . Let U be the product of
the root sulgroups X, forr 2 ., andsetS= U!2 Syl(L). Then a sulgroupP S
is radical in L if and only if P = Uj for some -invariant subset] |. Furthermore,
for each suchJ, U} is weakly closel in S with resgct to L, and more geneally with
respect to any sulgroup Aut (L) whoseaction on the set of primitive roots leaves
J invariant.

Proof. By [BW], ead radical p-subgroupof L is L-conjugateto someU;. More pre-
cisely this is shovn in [BW] for radical p-subgroupsof Inndiag(L): the extensionof L
by its diagonal automorphisms. But sincethe radical p-subgroupsof L are precisely
the intersectionsof L with radical p-subgroupsof Inndiag(L) (Lemma 1.12(b)), the
sameresult holds for radical p-subgroupsof L.

It remainsto shaw, for any Aut(L) cortaining Inn(L) andany -in variant subset
J 1, that Uj isweakly closedin S = U?! with respectto . The following argumert is
basedon the proof of [Gro, Lemma4.2]. Let B = P = N (S) bethe Borel subgroup,
and let N be the normalizer of the group of diagonalelemens in L. ThenL = BNB
by, e.g.,[Cal, 8.2.2]. Hence,sinceU} C B, if U} 6 gujg ! S forany g2 L, then
this occursfor g2 N.

Now, g permutes the root subgroupsvia the actionofw=gH 2 W on , andso
w( +r hJi) +. Write = ,r hJi for short; this is closedin the sensethat any
r 2 which is a positive linear conbination of elemeits of alsoliesin . So

w() = +rw(hJi)= .rw(hig)

hasthe sameproperty, wherehli, denotesthe R-linear subspaceof V generatedby J.
Hencew( h Ji) is generatedby the setJ® | of primitiv e roots which it cortains, and
thusw() = .r hi9. After replacingw by its product with someelemen in the Weyl
group of h J9, we canassumethat it sendspositive roots to positive roots, and hence
must be the idertity. But this cortradicts the assumptionthat U 6 gUlg *.

We next list, for future referencethe notation usedherefor the root systemsof the
simple Lie groups.

Notation 6.2. The following notation will be usel for the root systemsof the simple
Lie groups. Whenlisted, H V denotesa half-spce which contains the positive roots,
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P P .
G=A,: V=fx2R"™j x;=0 H=fFfxj (n i)x > 0g,
+=F gji<jg and I=f41 22 &illia aa@

G=B,: V=R" H:ijP(n+1 i)x; > Og,
+=tga li<jg aan l=f1 2,2 3n1 n @
G=C,: V=R", H=fx] (n+1 1i)x > 0g,
=125 <o ang l=f1 202 3in1 200
G=D,: V=R", H=fxj (n+1 1i)x > 0g,
+ =1 iii<ijo gnd l=f1 202 3501 nronat @
G=G,: V=1x2R3% x;j=0g H="f(XyX2X3)j2X1 + Xo + 4x3> 0g,
= G @0 Wit kg= 11,239

| =1, 1,0):( 2L1g
G=F,: V=R H=1xj7xy+ 3X,+ 2X3+ X4 > 0g,

+=f iBa)i3(1 2 3 og and I =f, 33 4431 2 3 2O
G=Eg: V=R?
n 0o n Y , X 0
L= 5 il 8 3 (104 4 (i) even

i=1

1 : . : . :
= 35(1 2 3 4 5 6 7t8)i2 1,2t13 274 3;
5 4,6 5 7 6 -

G=E;: V=1x2R¥x;+ xg= 0g, + Is the set of positive roots of Eg
which lie in V, and

— 1 . . . . . . .
= 3(1 2 3 4 5 6 7t8);2 15213 2,4 35 46 5

G=Eg: V=1fx2R®&xs=x%x7= Xsg0 + Is the set of positive roots of Eg
which lie in V, and

- 1 . . . . . .
= 3(1 2 3 4 5 6 7t8)i2 15213 2,4 35 4°

To seethat thesedo, in fact, describe root systemsof the given types, we refer to
Bourbaki [Bb, xV1.4].

Theorem 6.3. LetL bea nite simple group of Lie type in characteristic two, or the
Tits group F4(2)° ThenL 2 L ?(2), andL 2 L (2) if L 6 PSL3(2).

Proof. Write L C G = OZO(CG(q)( )), whereq is a power of 2 (and possibly = Id).
Thus L = G, exceptwhenlL is the Tits group (in which case[G:L] = 2). Fix a root
system = . [ for G, let | + bethe setof primitiv e roots, and let  denote
the actionon inducedby . SetS= U= Cy( )2 Syl,(G), whereU is the product
of the root subgroupsX, forr 2 .. By Lemma6.1, a subgroupP S is radical
in G if and only if P = Uj for some -invariant subsetJ |, ead suc subgroupis
weakly closedin S with respect to G, and is weakly closedwith respect to Aut(G) if
J is invariant under all permutations of | induced by graph automorphisms.

Let - » andJo | bethe subsetsde ned accordingto the following table:
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G z Jo
A, (n 1) fi1 g f1 2,0 nu1d
B, (n 2) fa1+ 2 10 fo 31 20
Ci(n 3 f24; 1+ 20 f1 202 30
Dn(n 4 f i+ 20 fo 30
G, f( L 1,2) f( 211)g
Fa fi+ 2 10 fo a3(1 2 3 49
= f3(L1L155L 1 11)g fa+ 19
E- 8 7 f2(1 2 7+ 8)d
Es 7t 8 f7 o0

Then by [GLS3, Theorem 3.3.1],

Y
Z(U) = X, (1)

r2 z

Furthermore, by the samereferencewhenL = 2A,(2X), D,(2X), D4(2X), or E¢(29),
then

Z(S) = Z(U") = Czquy( ): (2)

Both of theseare alsoconsequencesf Chewalley's commutator formula, to be discussed
below.

Case 1: We considerherethe cases

(i) L = G(2¥) for someG and somek 2; or
(i) L is oneof the groups?A,(2%), D,(2%), D4(2X), or E(2¥) for k  2; or
(i) L is a Suzukigroup B,(2%*1) or a Reegroup F4(2%*1) for somek 1.

By [Cal, Theorem6.3.1],forany r 2 , hX,;X i isthe imageof a homomorphism

+ de ned on SL,(q), which sends(strict) upper and lower triangular matricesto the
root subgroupsX, and X ., respectively. Let D  SL,(q) bethe subgroupof diagonal
matrices. The images (D) commnute with ead other (forallr 2 ), (D) normalizes
Xs for all r and s, the (D) generatethe abelian subgroupH of diagonal elemens
of G(q), and Ng((U) = UH (cf. [Cal, x7.1]). In particular, whenq= 2% for k 2,
Cx.( (D)) = 1.

ThuswhenL = G(2K) fork 2,then H actson U with trivial xed subgroup,and
henceZ (U)Nt (W) = Z(N_(U)) = 1. If L is oneof the groups?A,,(2¥), D,(2¥), D4(2X),
or Eg(2¢) fork 2,then ; = fsghasorder1, Z(U') = Cx.( ) = Fx, s(SL2(2¥))
is cortained in L and cortains Cx_( ), and henceZ(N_(U%)) = 1. Similarly, if L is
a Suzuki group B,(2%*1) or a Reegroup F4(2%*) for somek 1, then the certer
of the Borel subgroupis trivial: this follows from the description (cf. [Cal, Theorem
13.7.4])of the diagonalelemens in thesegroups;or (more explicitly) from [HB3, xXI.3]
for the Suzuki groupsand from [Sh, xI1] for the Reegroups.
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SinceN_ (U;) N (U?) for eah -invariant subsetd |, this shavsthat in all of
the caseq(i), (ii), (iii) above,
Z(NL(P))p=1 for all p-certric radical p-subgroupsP  S. (3)

Soin thesecasesthe theorem follows from Proposition 4.3, applied with Q = S.

Case 2: The groups B,(2) = Cs0C,s and A,(2) = PSUz(2) are sohable, and
none of the groupsB,(2) = C,(2) = 4, or G,(2) = Aut(P SU3(3)) is simple. When
L = Az(2) = PSL3(2), then rky(L) = 2 (its Sylow 2-subgroupsare dihedral of order
8), soR 2(L;2) = ? by Proposition 4.6(b), and L 2 L 2(2) by Proposition 4.2.

So among the simple groups of Lie type, it remains only to considerthose where
L = G(2) with rk(G) 3, or whereL is one of the groups?A,(2) (n  3), D,(2),
D4(2), or £4(2). In all of these caseswe claim (with referenceto the above table)
that

(b) Jg is invariant under any permutation of I induced by an automorphism of the
root system;

(c) U3, is 2-certric in L; and
(d) foreahJ |, Z(P3)= Z(P} ,,)

Oncewe have proventhesepoints, then the theoremfollows from Proposition 4.3again,
this time applied with Q = U3,

Point (b) is clearin all cases.To seethe other two points, we refer to Chewalley's
comnutator formula (cf. [Cal, Theorem5.2.2]). This formula descrilkes,for any r; s 2

+, the comnutator of a pair of elemertts in X, and X as a product of elemerts in
the root subgroupsX; +;s for all i; j 1 sud that ir + js 2 . Upon examining
more closelythe coe cien ts in the formula (this is doneexplicitly in [GLS3, Theorem
1.12.1(b)]), we seethat

[Xr;xs]zl() r¢ sz .;
or G2 fB,;Cy; Fag, r;s short roots, r? s, r+s along root (4)
[X;:Xs]6 1, 16 x2X,;16y2Xs =) [xy]6 1

When L = G(2) (and rk(G)  3), points (c) and (d) now follow easily from (4).
To see(c), sincehlgi = Jg in all cases,it su ces to chedk that for ead r 2 J, there
iss 2 +r Josud that [X;;Xs] 6 1, and this is clear. To see(db it suces to
61ed< that the actions on Z(S) (as descrited above) by the groups = ,,,;; X  and

r2ha\ 35 X+ have the same xed subgroup. More precisely in all casesthere is a
map of sets! : Jo —! 7z with the following property: Z(P ;) is the product of the
root subgroupsX, forr 2 ! (J\ Jo). This is easily cheded for the classicalgroupsand
F4(2). In the remaining casesEg(2), E7(2), and Eg(2), the argumert is simpli ed by
using the descriptionsin [Bb, pp.250{270]of the positive roots aslinear conbinations
of primitiv e roots.

In all of the remaining (twisted) cases, ; = fsg hasjust oneelemen, henceZ(S) =
X!, and so (d) can be cheded using directly the formulas in (4) again. Similarly,
jJoj = 1 (and point (c) is easily chedked), exceptwhen L = %A,(2) = PSUp.1(2) for
somen 3. In this case,f wetaker = ; ,2Joands= , ,(so (S)=5), then
by (4), [X;; X ¢]= 1land [X ;Xs] = 1, and henceno nontrivial elemen of Cx, x ,( )
certralizes Cx, x .( ) Uj,. ThusUj, is 2-ceriric in S, and (c) holdsin this case.
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Case 3: Now assumel is the Tits group #4(2)° By Lemma 1.12(b), the radical

2-subgroupsof L are preciselythe subgroupsL \ P for 2-radical subgroupsP  #.(2).

Henceby Lemma6.1, the subgroupsof L\ Cy( ) 2 Syl,(L) which areradical in L are

exactly the subgroupsL \ Cy,( ) for -invariant subsets |. Sincel hasjust two
-orbits, this meansthat there are exactly two sud proper subgroups.

By [P1] (and in the notation used there), there are 2-subgroupsJ; K L, with
normalizersH = N (J) and N = N (K), sudh that H and N both cortain T 2
Syl,(L), and

Op(H)=J; H=J=Cs0Cy On(N)=K; N=K= g

Thus J and K are the two radical subgroupsof L which are proper subgroupsof T.
SincejJj 6 jK]j, this implies that J and K are both weakly closedin T with respect
to Aut(L). Also, by [P1] again, Z(H) = Z(T) hasorder 2 (H is chosento be the
certralizer of an involution), while Z(K) = C2. HenceL 2 L (2) by Proposition 4.3,
appliedwith Q = K.

Somemore preciseresultswill be neededvhenworking with someof the other simple
groups.

Prop osition 6.4. Fix a nite centerfree group L, a pivotal 2-sulgroup E L, and
P 2 Syl,(CL(E)). Fix Nauwr)(E)-invariant sulgroupsl= E, E; Ex = E.
Assume, for somel | k, that E;=E; ; satis es one of the conditions (a{e) in
Proposition 4.6 for eachi 6 j, and that one of the following conditions holds for
Ej=E 1. either

(@) (Aut (E;=E; 1);Ej=E; 1) = (Span(2); (Z=2)") forn 2, or
(b) (Aut (E;=E 1);Ej=F 1) =( ,(2);(Z=2)") forn 5; or
(c) (Aut_(Ej=E 1);E;=E 1) = (SO, (2);(Z=2)*") forn 3; or
(d) (Aut_(Ej=E; 1);Ej=E; 1) = (G2(2);(Z=2)").

Here, Aut, (E;=E; i) is theimageof Aut, (E) in Aut(E;=E; ;). ThenE 2 E 2(L;2).

Proof. This is closelyrelated to a theoremof Grodal [Gro, Theorem4.1], but doesnot
seemto follow from that result (at least not easily) in the generality we needit here.

SetE°= E;=E; ; and G = Aut_(E;=E; ;) for short. By Proposition 4.5, it su ces
to show that there is no radical 2-chain 1 Py Py of lengthk 2in G suth
that E°cortains a copy of F,[Px] asa summand.

When G = G,(2), the smallestnortrivial radical 2-subgroupsof G are those U; for
jJj = 1, and have order 2°.

When G = Bp(2) = 2n41(2) or Ch(2) = Span(2) (for n 2), then using Lemma
6.1 and the descriptionsof the root systemsabove, we seethat the smallestnortrivial
radical subgroupof G is U; for

J=Ff2 33 4 n1 mag O J=Ff2 33 4l a1 1200
respectively. These correspnd to the casesP ;=U; = B, 1(2) or C, 1(2). In both
casesU; is the product of the root groupsfor positiveroots ; (2 i n),and ;

or 2 1. SojuU;j = 2" 1. Hencethe secondterm of any radical 2-chain in G hasorder
at least2>" > 2n + 1.
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Now assumeG = ,,(2) forn 3. Whenn 4, the smallestradical subgroup
occursfor
J=Ff2 33 425 a1 nnat a0
U, is the product of root groupsfor roots 1 ;, and hencehasorder j2°" ?j. Since

22" 1> 2nforn 3, the result again follows from Proposition 4.5. When n = 3, the
smallestradical subgroupshave order 22 (for G = §(2)) or 2* (for G = 4 (2)); and
both of thesehave order > 6.

Now assumeG = SO,,(2) (n 3), andsetG°= [G;G] = ,,(2). For any radical
2-subgroupl 6 P G, P\ GPis a radical 2-subgroupof G° by Lemma 1.12(b).
Then either P\ G° 8 1, in which casejPj 2" 2 (or jPj 2%if n = 3); or
jJPj = 2and P\ ,,(2) = 1. In this last case,one can shav by directly studying
certralizers of involutions in SO, (2) that P must be generatedby an orthogonal
transvection: an involution which xes a codimensionone subspaceof F3", and sud
that Ng(P) = Cg(P) = C, Spon(2). Thusin either case the secondterm of a radical
2-chain hasorder at least 22" 2 > 2n.

We nish the sectionwith the following, stronger result, which involves one special
caseof Theorem 6.3 which will be neededwhen handling someof the sporadic groups.

Lemma 6.5. SetL = PSUg(2). Then for any Aut (L) containing Inn(L),
R ?( ;2)=72.

Proof. A generaldescription of the outer automorphismgroup of a nite simple group
of Lie typeis givenin [GLS3, Theorem2.5.12].In the notation of that theorem, when
L = PSUg(2) = %As(2), then Outdiag(L) = C3, | = C, and acts on Outdiag(L) via
x 7! x?,and | = 1. ThusOut(L) = 3.

Fix P2 R 2( ;2),andsetE = 1(Z(P)) 2 E 2( ;2). In particular, P is aradical
2-subgroupof (Proposition 4.4(c,d)), and soPg €' p\ L isaradical 2-subgroupof L
by Lemmal.12(b). Also, P, & 1,sinceP 2 Syl,(C (E)) is2-certric. ThusN_ (Po) L
is a proper parabolic subgroup.

There are three parabolic subgroupsH L for which the correspnding radical
subgroupO,(H) hascerter of rank  4:

NL(Py) = Hi= 2%:L3(4); NL(P2) = Ha= 2"%:( 3 As);
NL(P3) = Hy = Hy\ H, = 245 :Ag:
These corresppnd to the sets of primitive roots J; = f ; iv1 )1 = 1;2,4;59, J, =
fi wji=135g, andJ;="f; . ])i= 150, respectively. Their normalizersin
Aut(L) have the form
Naut 1) (P1) = Nau)(Ha) = 2%:L5(4): 3
NautL)(P2) = Naw)(H2) = 2%:( 5 Lo(4);
Naut(L)(P3) = Nauwcry(Hs) = 2757 1 Lo(4):
Here, L,(4) = (3 As):2isthe extensionof GL,(4) by the eld automorphism. These
are the only possibilitieswhenP = Py L; if P L then there is the additional
possibility
Naut 1)(Pa) = 2°*:L35(2):
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Sincethe smallestnorntrivial radical subgroupsof L3(4) have order 16, Proposition
4.6(d,e)shavs that P, 2 R 2( ;2) for any choiceof . In all of the remaining cases,
rk(E) = rk(Z(P)) 7, and in almost all of the casesAut (E) (for any choice of )
cortains no radical p-chain of length 2 ending with a subgroup of order 4 (so E 2
E ?( ;2) by Proposition 4.5).

The only exceptionsto this occur whenP = P, or P; and =L hasewen order. In
thesecasesAut (E) = 5. ldentify GUg(2) GLg(4) asthe subgroupof matrices A
sud that R = A !, whereA 7! R is the \backward transposition" (a; $ a7 7 i)
followed by the eld automorphism. In either case(P = P, or P3), E is the group

of matrices of the form ISE?’ , Where eat entry isa 2 2 block and X = %.

Then E contains two di erent conjugacy classesof involutions | v e transvections
(5-dimensional xed subspace)and ten involutions with 4-dimensional xed subspace
| and this is possibleonly if 5 acts via the permutation action. So by Proposition
4.7(b), P, and P; cannotlie in R ?( ;2).

7. Classical gr oups of Lie type in odd chara cteristic

We next shav that when g is an odd prime power, the simple classical groups
PSL,(q), PSUy(Q), PSpa(q), and P, (q) are all in L 2(2). We refer to [Di] or
[Cal, x1] for de nitions and descriptionsof thesegroups.

Recallthat the modular character y of an Fy[G]-module V is de ned by idertifying
F, with a subgroupof C , and then letting v (g) 2 C be the sum of the eigervalues

of V -4V lifted to C. We always considerthis in the casewhere G hasorder prime
to g, and hencewhentwo represetations with the samecharacter are isomorphic. See
[Se x18] for more details.

Lemma 7.1. AssumeG = Aut(V;b), whereV is a nite dimensionalvector space over
a nite eld K of odd characteristic p, and b is a sympletic, quadatic, hermitian, or
trivial form. Fix H G of order prime to p, let : H —! C be the character of V
as an H-representation,and let Aut (H) be the group of automorphisms 2 Aut(H)
suchthat = . Then

(@) Aut (H) = Autg(H) if G is a linear or unitary group;

(b) Aut (H) = Autg(H) if there is no irr educibleH -representationW  V suchthat
bjw 6 0; and

(c) [Aut (H):Autg(H)] 2 if G is an orthogonal or sympletic group and V = Wk
for someirr educible H -representation W.

Proof. We give herea direct proof; this can alsobe shavn asa consequencef Propo-
sition 8.5in the next section.

Clearly, Autg(H)  Aut (H). If H Aut(V) has order prime to p, and 2
Aut (H), thenthe two represemations of H onV inducedby the inclusionH  Aut(V)
and by its composite with  are isomorphic. Thus Aut (H)  Autau (v)(H).

We now study how this can be done while preservinga hermitian, symplectic, or
symmetric form b. For any irreducible summandW V, either bjy is nonsingular
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(henceV = W W?), or bjyy = 0OandV splits asa direct sumof somew W?(where
b de nes an isomorphismW?® = W ) with its orthogonal complemen We can thus
decommseV asorthogonal c'lirect sums
M ' M
V = W, V° where V°= U U (1)
i=1 j=1
whereeah W;, U;, and UjO is an irreducible H -represetation, all irreducible subrep-
resenations of V° are isotropic (b vanisheson them), and b de nes an isomorphism
U = (Ujo) . Theseconditions determine V° uniquely, and determinethe W;, U;, and
UJ-0 up to isomorphism. Hencefor any 2 Aut (H), thereisan -linear automorphism
" 2 Aut(V) which permutes thesesummands.Also, ' can be chosento presene b on
eah U UJ-O, since otherwise we could composeit by an appropriate H -linear endo-
morphism of U; (and the idertity on U?). This shavsthat 2 Autg(H) if V = V¢
i.e., if bjy = O for all irreducible W V.

Next assumethat b is a symplectic or symmetric form, and that V = Wk for some
irreducible H -represetation W. We must shav that [Aut (H): Autg(H)] 2. By the
decompmsition (1), it su ces to do this whenV is the orthogonal direct sum of copies
of W in particular when W supports a form of the sametype asb. From this, we are
easilyreducedto the casewherek = 1, and henceV = W is irreducible.

Setl = Endg)(V), a eld. Let K® K bethe sub eld of all elemens r 2 R such

that b(rx;y) = b(x;ry) for x;y 2 V. For any automorphism’ 2 Nayv)(H), thereis
a unique K -linear automorphism =1 (") of V sud that

b(" (x);* (y)) = b(x; (y))
for all x;y 2 V; and one easily seesthat is H-linear and hence 2 2 By the

(anti-)symmetry of b, b( (x);y) = b(x; (y)) for all x;y, andthus 2 (K9 . This
de nes a homomorphism

P Nawvy(H) L (K9 ;

where! (u Id) = u2forallu2 (K9 . The subgroupT %' ! (Caut(v)(H)) thus cortains
all squaresin (K9 , and so

Autg(H) = Ker Nau(v)(H)=Caury(H) ! (K9 =T
hasindex at most two in Nayt (v)(H)=Caut(vy(H) = Aut (H).

It remainsto considerthe casewhereb is a hermitian form; we claim that Autg(H) =
Aut (H). Let Ko K bethe subeld of index 2: the xed eld of the involution
r 7' r usedto de ne b. Using the decompsition (1), it suces to show, for any
irreducible K [H ]-represetation W which supports a hermitian form, and any two H -
invariant formsb, b®on W, that thereis an K [H]-linearmap' : W ! W sud that
bYx;y) = b(* (x);' (y)) forall x;y 2 W.

Let 2 Endkn)(W) be sudh that bYx;y) = b(x; (y)). Sinceboth forms are
hermitian, b(x; (y)) = b( (x);y) for all x and y. Let R, Endk (1;(W) be the
sub eld generatedby and Ky, and let i be the sub eld generatedby andK. We
regard W asal’@[H]-moduIe. Then b(x; ry) = b(rx;y) forall r 2 10y, S0\ K = Ko.
Thus [}bo:Ko] = [Ib:K] is odd, and [I}@:Ibo] = 2. Letr 7! r be the automorphism of 10
of order 2. Then b(rx;y) = b(x; ry) for all x;y andall r 2 . Soif we chooser suc
that rr = , then bYx;y) = b(rx; ry), and this nishes the proof.



EQUIVALENCES OF CLASSIFYING SPACES COMPLETED AT THE PRIME TWO 43

The next lemmawill be neededlater as an explicit way of constructing automor-
phisms.

Lemma 7.2. AssumeG = Aut(V;b), whereV is a nite dimensionalvector space over
a nite eld K of odd characteristic p, and b is a sympletic, quadatic, hermitian, or
trivial form. Fix H G of order prime to p, andlet T  Z(H) be an elementary
alkelian 2-sulgroup. Set

= 2 Autg(H) jr=Id; Id (modf Idg) :

For 2 andx 2 T, dene , 2 Aut(H) by setting «(g) = gif (g = g and
«(0) = xg otherwise. Then , 2 Autg(H) forall 2 andx2T.

Proof. Let T Z(H) and Autg(H) be asdescrited. Fix x2 Tand 2 , and
let V bethe 1-eigenspace®or x. ThenV = V. V isan orthogonaldirect sum of
H -invariant subspaces.

By assumption,there is an -linear automorphism' 2 Aut(V;b), and' presenes
the V since (x) = x. Dene 2 Aut(V;b) by setting jy, = Idand jy ="jyv .
Then is y-linear, and hence , 2 Autg(H).

Somemore information is neededabout elemerary abelian 2-subgroupsof the pro-
jective classicalgroups.

Lemma 7.3. AssumeG = Aut(V;b), where V is a nite dimensional vector space
overa nite eld K of odd characteristic, and b is a sympletic, quadatic, hermitian,
or trivial form. SetZ = Z(G), andlet E G be a sulgroup containing Z suchthat
E=Z is an elementaryakelian 2-group. Setl€y = Z ((Z(E)). Let :E —! C bethe
character of V as an E-representation. Then

(@ (g)=0forall g2 Er Ey; and
B £ 2AE) e = Id; Id (mod f Idg)  Autg(E).

Proof. Write
E=T Zz° o, X ;

whereT is elememary abelian, X is an extraspecial2-group(or X = C, if E is abelian),
and Z°%is a cyclic group with [Z%Z] 2. Under this iderti cation, Z(E) = T Z°
andE, =T Z. Foranyg2 [E, welet gdenoteg( Id). SinceV splits as an
orthogonal direct sum indexedby the charactersof T, we are immediately reducedto
the casewhereT = 1;i.e.,whenE = Z° ., X andE;= Z.

Point (a) follows from (b) since (g) = O wheneer there is 2 Autg(E) sudh
that (g = 9. Forany 2 |, 2 Homg(E) if jzo = Id sinceit is an inner
automorphismof E. This proves(a) and (b) whenz°= Z.

Now assume[Z%Z] = 2. By the above remarks, (g) = 0 for g 2 Er z% If V
splits asa sum of 1-dimensionalirreducible Z “represetations (this occurswheneer b
is hermitian, or is symplecticor symmetric and 4 jK j), then none of theseirreducible
summandssupports a form of the sametype asb. Hencein this case,V splits as
a sum of of E-represemations (U U9, whosecharacters y and o are sud that

u(@ = vl ifg2Zand y(g = wo(g)ifg2 Z% Z. This shovsthat =
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vanisheson Z% Z, and hencethat (a) holds in this case. Also, since Aut (E),
(b) holdsby Lemma 7.1(b).

Now assumethat the Z%irreducible summandsof V are 2-dimensional(and still
[2%Z] = 2). Sincethe character of any sud irreducible represemation vanisheson
Z% Z, this nishes the proof of (a). Hence Aut (E), and so (b) follows from
Lemma7.1(a)whenG is alinear group (this casedoesnot occurwhenG is unitary). So
assumeb is symplecticor symmetric, and hencethat jz9 = 4 (and jK j 2 (mod 4)).
In thesecases,ead irreducible summandof V extendsto irreducible represetations
of Dg ¢, X andof Qg ¢, X, oneof which supports a symplecticform and the other a
symmetric (quadratic) form. Sinceany sud form on an irreducible summandis unique
up to scalarmultiple, this shavs that ead irreducible summandof V can be extended
to an action of oneof the groupsDg ¢, X or Qg ¢, X which presenesthe form b.
In particular, the involution 2  which is the idertity on X andsends (g) = g
for g2 Z% Z doeslie in Autg(E); and this nishes the proof of (b).

We are now ready to shaw that all classicalgroupsof Lie type in odd characteristic
liein L 2(2).

Theorem 7.4. Let g be an odd prime power, and let L be one of the simple groups
PSL.(q) (n 2), PSUK(Q) (n  3), PSpzn(@) (n 2), or P ,(q) (n 5). Then
E ?(L;2)=7?,andheneL 2 L 2(2).

Proof. Write L = [G; G], whereG = PAut(V;b), V is a vector spaceof dimensionn or
2n over the eld K = F4 or F and b is a symplectic, quadratic, hermitian, or trivial
form. SincePSL4(q) = P (), PSU4(q) = P (), and PSps(g) = P 5(q), we can
assumethat dimg (V) 6 4.

SetG = Aut(V;b), Z = Z(G) and E = [G; G]. Thus G is oneof the groupsGL ,(0),
GU,(0), Spzn(0), or GO, (q). Also,G= G=Z andL = E=(Z\ B). Let :G—! G
be the projection.

Fix E2 E 2(L;2),andsetE = 1(E). Dene

= 2 Autg(E) Id (modf Idg) :
Set
Eo=2Z 1(Z(E)); Ei= g2E (99=98 2 ;
andE; = (E).
By Lemma 7.3, together with the de nition of E;,

= 2 Aut(E) je, = 1d; Id (modf Idg) = Hom(E=E;;f 1g): (1)

Soif welet :[E —! C bethe characterof V asan E-represetation, then
(9 =0 forallg2 Er Ey: (2)

Let A Aut(E) be the subgroupof all automorphismswhich induce the identity
on E;, Eo=E;, and E=E,. Then A Autz(E) by (1) and Lemma 7.2, and is a
normal subgroupsinceE, and E; are both Aut z(E)-invariant subgroupsof E. Also,
A is a 2-group (see[Gor, Corollary 5.3.3]), soA  Ox(Autz(E)), and A\ L = 1
since O,(Aut (E)) = 1 (E is pivotal by Lemma 4.4(c)). Either jG=L] 4 (if G
is orthogonal), or G=L is cyclic. HenceA is cyclic or of order 4. Also, rk(E) 4
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by Proposition 4.6(b), and this is easily seento imply that two of the three groups
E., Eo=E;, and E=Ey must vanish. Sowe are reducedto consideringthe three cases
(Eo; E1) = (1;1), (E; 1), or (ESE).

Case 1: Assumerst that Eo = 1. Then E = B = Z° ., X, whereZ is cyclic,
[Z%Z] 2,andX isan extraspecial 2-group. Set2m = rk(X=Z(X)). Sincerk(E) 4,
we must have 2m 4.

Let Aut( E) be the group of automorphismswhich lift to automorphismsof E
which aretheidertity onZ. Thus = Sp,(2)ifjZz§ 4,and = SO, (2) otherwise.
By (2), the character of E onV vanisheson Er Z, and hence Aut (). Soby
Lemma7.1(c), Autz(E) hasindex at mosttwo in . Henceif m 3, then Aut (E) is
isomorphicto Spom(2), SO, (2), or ., (2), with the usualaction on E=Z°= (Z=2)2";
and by Proposition 6.4, E cannotlie in E ?(L;2). If m= 2,and = Sps(2) = ¢ or
SO, (2) = s, then again, Aut, (E) hasindex at mosttwo in , andE 2 E 2(L;?2)
by Proposition 4.7(b). (The orthogonal action of SO, (2) = s on (Z=2)* is the
permutation action modulo its xed componert.)

It remainsto considerthe casewhere = SO;(2) = 3 0C,, and thus where
B = Dg ¢,Dg = Qg ¢, Qs. This group has a unique irreducible represetation
W on which its certral involution actsvia ( 1d), a represetation of dimensionfour.
Since we are assumingdim(V) 6 4, we must have V. = Wk for somek 2. Then
CL(E) = (Ce¢(®)=Z) E,andhenceP 2 Syl,(C (E)) hasthe form P = P° E for some
2-group PC Also, E = 1(Z(P)) by Proposition 4.4(a), soP°= 1, and C.(E)=Z has
odd order. But if k > 1, then either V splits nontrivially asan orthogonal direct sum,
in which caseP° cortains the automorphismswhich are the idertity on one summand
and Id on the others;or k = 2, G = Spg(q), and Cs(E) = Sp.(q) = SL,(q). Thus
PY6 1in all casesand henceno subgroupof this type canbein E ?(L ;2).

Case 2: AssumeE; = landEqg= E. Write E = Z T whereT is elememary abelian.
By Lemma7.2,appliedwith  asin (1), any transvection 2 Aut(E) (any involution
which xes anindex two subgroup)liesin Autz(E). HenceAuts(E) = Aut(E), since
the transvections generatethe full automorphism group (cf. [Di, xx6,10,30]). Since
Aut(E) = GL,(2) is a perfectgroup for n 3, this shavs that Aut, (E) = Aut(E).
HenceE 2 E ?(L ;2) by Proposition 4.7(a).

Case 3: Now assumeE; = E. In this case,C,(E) is the imagein L of C¢(E),
and hencel® must cortain the certer of C.(E). Write E = Z T whereT is ele-
mertary abelian, and let V = :‘:1 V; be the decompsition into eigenspacesor the

charactersof T. This is an orthogonal decompsition, and Cg(E) is the product of
the groupsAut (Vi; bjy. ). In particular, sinceE = 1(Z(P)) for someP 2 Syl,(C, (E))
(Proposition 4.4(a)), E cortains the certer of Cg(E), and thus

E '2E'j,= Id8i:

It followsthat Autg(E) (or its imagein Aut(E)) is a product of symmetric groups: one
for eath isomorphismclassof pairs (V;; bjy. ). But this is impossiblefor E 2 E (L ;2)
by Proposition 4.8.
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8. Exceptional gr oups of Lie type in odd chara cteristic

In addition to the v efamiliesof Chevalley groupsG,(q), F4(0), andE,(Qq), it remains
to considerthe twisted groups?G,(3%*), D.(g), and Es(q) for odd g. The following
casesare easy

Prop osition 8.1. AssumelL is one of the groups G,(q) or 3D ,4(q) for any odd prime
power g, or 2G,(3%**1) for somek 1. ThenL 2 L 2(2).

Proof. By [Gr2, Theorem6.1], rkz(Gz(IEq)) = 3. HenceG,(q) and ?G,(qg) have 2-rank
at most 3 (in fact, equalto three in all cases).Furthermore, the tables of ordersof the
groupsof Lie type in [Cal]or [GLS3]show that for odd g,

[Da(a):Ga(q)] = (e + o + 1)

is odd, and thus rko(3D4(q)) = rko(G(d)). SoE ?(L ;2) = ? by Proposition 4.6(b),
and hencel 2 L 2(2) by Proposition 4.2.

The groupsF,4(qg) are almost as easyto handle.

Prop osition 8.2. Assume, for some odd prime power g, that L = F4(q). Then
R 2(L;2)=7?,andL 2 L 2(2).

Proof. We regard L as a subgroupof G = F4(Fg). There are two conjugacy classesof
involutions in G, denotedin [Gr2] as being of type 2A or 2B (see[Gr2, Table VI]).
By [Gr2, Theorem 7.3], G cortains a unique conjugacy classof maximal elemetary
abelian 2-subgroupsrepreseted by Es = T,y hi, whereT is a maximal torus, T,
is its 2-torsion subgroup,and 2 Ng(T) is an elemen which inverts T. Furthermore,
the elemerts of type 2B in Es form (together with the identity) a subgroupE, Es
of rank 2.

Thus for any elemenary abelian 2-subgroupE L, there is a subgroupE® E
sud that all involutions in E° are of type 2B in G and all involutions in Er E° are of
type 2A, and sud that rk(E% 2 andrk(E=E% 3. In particular, E®is Nau (c)(E)-
invariant, and thus Ny (y(E)-invariant. HenceE ?(L ;2) = ? by Proposition 4.6(b),
andsoL 2 L 2(2) by Proposition 4.2.

In order to deal with the remaining cases,we needto look more closely at the
algebraicgroups over F4 of which they are subgroups. Our generalreferencedor the
properties of algebraicgroupsare [Hum] and [CaZ2]. Note in particular that connected
algebraicgroupsalways have maximal tori (products of copiesof F ) which are unique
up to conjugacy[Hum, x21.3]. For an arbitrary algebraicgroup G, we let G° denotethe
connectedcomponert of the idertity: a normal subgroupof nite index [Hum, x7.3].

A connectedalgebraic group over an algebraically closed eld F is reductive if it
hasno nontrivial normal unipotent subgroup;this is equivalert to its beingthe certral
product over a nite group of a semisimplegroup and a torus [Hum, xx19.5& 27.5].
We rst note the following very elememary and well known results about certralizers
and normalizersof subgroupsof a maximal torus in a reductive group.

Lemma 8.3. Let G be an algebric group over an algebaically closel eld F whose
identity component G° is reductive. Fix a maximal torus T G, and setW =
Ng(T)=T (regaded as a group actingon T). Let be the set of roots of G, regardal
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aselementsof Hom(T;F ). Foreach 2 ,letX G denotethe correspnding root
sulgroup (X = F). Then for any sulgroupH T,

Ce(H)°=hI;X j (s)=1; all s2 Hi
is a reductive group, with root systemf 2 | (s)=1; all s2 Hg. Also,
Cs(H) = Co(H)° fwT 2 Wjw(s) = sall s2 Hg;

Autg(H) = Autyw (H); and two elementsx;y 2 T are Cg(H)-conjugateif and only if
they are Cy (H)-conjugate.

Proof. The description of Cg(H)? in (a) is shown in [Ca2, Theorem 3.5.3]when G is
connectedand H = tsi is cyclic, and the proof given there also appliesin the more
generalcase.

Since T is a maximal torus in Cg(H)?, and all maximal tori are conjugate, eat
elemen of Ng(H) conjugates T to another maximal torus, and hence Cg(H) =
Co(H)° Cne(ry(H) and Ng(H) = Cs(H)° Ny, (ry(H). This provesthe descriptionsof
Cs(H) and Autg(H). Similarly, forany x;y 2 T andg 2 C¢(H) sud that y = gxg 1,
T andgTg ! aretwo maximaltori of the reductive group Cg(H;y)°, henceconjugatein
Co(H;y)° sothereis a2 Cg(H;y) suct that a(gTg Y)a * = T, andag2 Cy,(r)(H)
conjugatesx into vy.

We adopt the terminology usedin [GLS3], and write Steinkerg endomorphismto
meana surjective algebraicendomorphismof an algebraicgroup whose xed subgroup
is nite. All nite simple groups of Lie type can be constructed as (comnutator
subgroupsof) xed subgroupsof Steinberg endomorphisms. The following result is
one of the key properties of theseendomorphisms.

Prop osition 8.4. (Lang-Steirbergtheorem) Fix a prime p and a connected algebaic

group G over pr. Let be any Steinkerg endomorphismof G. Then every elementof
G is of the form x 1 (x) for somex 2 G.

Proof. See[St, Theorem 10.1]. The proof is alsosketched in [Ca2, x1.17].

The following proposition is a special caseof [GLS3, Theorem2.1.5]. It descriles,in
marny casesthe relationship betweenconjugacyclassesaind normalizersin a connected
algebraicgroup with thosein the subgroup xed by a Steinberg endomorphism.

Prop osition 8.5. Let G be any connected algebaic group over Ifq. Fix a Steinkerg
endomorphism of G. Let H Cs( ) be any sulgroup, and let H be the set of
Cs( )-conjugacyclassesof sutgroups G-conjugateto H. Let Ng(H) act on Cg(H) Qef
o(Cs(H)) by sendingg to xg (x) ! (for x 2 Ng(H)). Let C¢(H)=N and Cg(H)=C
denotesetsof orbits of the Ng(H)- and Cg(H )-actions, respctively. Then there is a
bijection
l:H 1 Cg(H)=N;

whee ! (xHx 1) = [x ' (x)] for x 2 G suchthat xHx ! Cg( ). Also, for any
H%2 H, Autc,(y(H9 is the stabilizer of ! (H9 under the action of Autg(H) on the

set Cg(H))=C of Cg(H )-orbits.
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Proof. Note rst that Ng(H) doesact on Cg(H) and henceon o(Cg(H)). If g 2
Ng(H) andx 2 Cg(H), then for all h2 H,

gx (@ L h gx (@ ' "=ogx (g thg)x g *=g(g *hg)g *= h
(sinceg thg2 H Cg( )), and hencegx (g) *2 Cg(H).
If x 2 G issuc that xHx *  Cg( ), then c ( is equalto ¢, on H, and thus

X 1 (x) 2 Cg(H). We rst chedk that ! is well de ned; i.e., that the Ng(H)-orbit of
x 1 (x) dependsonly onthe Cg( )-conjugacyclassof xH x 1.

Assume rst that xHx ' = yHy ! Cg( ), andsetg=y x 2 Ng(H). Thus
X =Yg,
xt =gty (9
andso[x ' (xX)] = [y * (y)] 2 Cs(H)=N. Finally, if x 2 G is suc that xH x 1
Cs( ), andg 2 Cg( ), then

(@) ' (@) =x Yg ' (@) )=x"1 (x);
andthus! (xHx 1) =1 (gxHx g 1).
This shovs that ! is well de ned. To seethat ! is onto, x somez 2 Cg(H). By
the Lang-Steirberg theorem, there is x 2 G sud that x * (x) = z. Then conjugation

by x and by (x) are equalon H (sincex ! (x) certralizesH), soxHx ' Cg( ),
and[z]="!"(xHx 1) 2 Im(!).

To seethat ! is injective, it now su ces to considerthe casewherex;y 2 G are
suhthat x ¥ (x) y ! (y) (mod Cg(H)?. Let z2 Cg(H)? besud that x * (x) =
y 1 (y) z. Then

x )=yt Nzm*
sothat
xy Dt (xy H= (Vz (y) 2 Ce(yHy 1)
By the Lang-Steirberg theorem, (xy ) ' (xy 1) = g ! (g) for someelemen g 2
Co(yHy 1° Thenxy g 12 Cs( ), andsoxHx tandyHy *areCg( )-conjugate.

It remainsto descrike Autc,(,(H9 for any H® = xHx ' 2 H. Considerthe
monomorphism

D Auteg(y(XHx 1) I Autg(H) = Ng(H)=Cs(H) (1)
which sendsc,gy 1 to ¢g. We must shav that Im( ) is the stabilizer of [x * (x)] 2
Cs(H)=C under the action of Autg(H).

Assume rst that ¢y 2 Autg(H) stabilizes[x ' (x)]. Upon replacing g by ag for
some appropriate a 2 Cg(H), we can assumethat g xes the classof x ! (x) in

Cs(H) = o(Cs(H)) itself. Thus
gxt () (@ *'=(xghH*xgH x*'(x) (modCs(H)";

and hence(as already shavn above) thereisz 2 Cg(xH x 1) suchthat x(xg 1) 1z 12
Co( ). Thus,xgx 'z 2 N¢ () (xHx 1), and sendsconjugationby this elemen to

Cy-
Conversely for any g2 N¢g( j(XHx 1),
(x 'gx) x ' (x) (x'gx)t=x1tg(@ tx)=x"* (%)
and hencex !gx stabilizes[x ' (x)].



EQUIVALENCES OF CLASSIFYING SPACES COMPLETED AT THE PRIME TWO 49

For example,if H = T, isthe 2-torsionin a -invariant maximal torus T G (and
H Cg( )), thenCg(H) isgeneratedby T, togetherwith the elemen of W = N(T)=T
which inverts T if thereis sud anelemen. Hence o(Cg(H)) hasat mosttwo elemets.
Soeither therearetwo Cg( )-conjugacyclasse®f subgroupsG-conjugateto H (if some
elemen of W inverts T), or there is just onesud class(if no elemen of W inverts T).

Prop osition 8.6. Let p be any prime, and let G be a connected reductive algebaic
group over an algebaically closal eld F of characteristic 6 p. Then for any nite

p-sulgroup P G, o(Cs(P)) is a p-group, and the identity connected component
Cs(P)° of the centralizer is also a reductive algebaic group over F.

Proof. Let P°C P bea subgroupof index p; we canassumenductively that the lemma
holds for P% Thus Cg(P9° is reductive and has p-power index in Cg(P9. Fix any
g2 Pr P% Then g acts on Cg(P9 asan algebraicautomorphism, and we must shav
that the xed point setof its action on C¢(P9° hasreductive idertity componert, and
has p-power index in the full xed point set. In other words, it su ces to considerthe
casewhereP = h i is cyclic, but whereinstead of being an elemen of G we only
assumethat it is an algebraicautomorphism of G of p-power order. Sincep is prime
to char(F), is a semisimpleautomorphism.

Let T C G be the maximal normal toral subgroup,andlet H C G be the maximal
normal semisimplesubgroup. Let 1§ be the universal cover of H. SetK = Ker[T

¥ ! G]J, where is the sum of the inclusion of the torus and the projection of 14

onto H. By [St, 9.16], lifts to a unique automorphism of 14, which can be assumed
alsoto have p-power order (otherwise, just replaceit by an appropriate power). We
thus get an exact sequence

1 1 C() ! Cr() Cg() ! Cs() ! HYhiiK): 1)

The last groupis a nite p-group, sinceK is nite andh i is a p-group. Also, Cg( )
is connectedand reductive by [St, Theorem 8.1] (and this is the deepresult which lies
behind the proposition). The identity componert of Cy( ) is, of course,a torus; and
is the image of the norm map Ny, ; (sincethis imageis connectedand has nite index
in the certralizer). Thus

o(Cr( ) = (T )=(Nn; T) = B°(h i;T)

is a p-group. Together with the exact sequence(l), this nishes the proof that
o(Cs( )) is a p-group, and that C( )° is reductive.

The next proposition will be usedto show that certain elemermary abelian subgroups
are not pivotal. Note that the condition on ? in the statemen holdsin all situations
which occur for nite groupsof Lie type, exceptthoseinvolving the trialit y automor-
phism and D,4(q). In general,when T is a maximal torus in an algebraicgroup G, we
let Tz denotethe subgroupof elemens of order 2.

Prop osition 8.7. Let G be a connected reductive algebaic group over Fq, whee q
is odd, and x a maximal torus T of G. Let be a Steinkerg endomorphismof G
suchthat (T) = T, and suchthat 2 is the identity on W = Ng(T)=T and on T(.
Let E C;( ) be an elementaryatelian 2-sulgroup. Assumethere is an involution
x 2 Tr E suchthat the orbit of x under the Cy, (E)-action on T hasodd order. Then
no sulgroup of Cg( ) whichis G-conjugateto E is pivotal in Cg( ). More geneally,

if E E is alsoelementaryatelian, and is suchthat x is not Cg(E)-conjugateto any
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elementof E, then for any L C Cg( )_which contains fgxg 'jg 2 Gg\ Cg( ), no
sulgroup of L whichis G-conjugateto E is pivotal in L.

Proof. We rst show, for any E® L C Cg( ) which is G-conjugateto E, that there
areg2 G andk 1 which satisfy the following conditions:

(@) E°= gEg 'andg ! 2(g) 2 T;

(b) 2 leaves T %' gTg !invariant and actsvia the idertity on WO L Ne(T9=T and

on To(z);
(c) Aut._ 2k)(T() = Autg(T9; and

(d) there is a C_(E9-conjugacy class X, of odd order whose elemetts are all G-
Odef

conjugateto x°=" gxg 1.
Assumethese have beenshavn, and let E® L be a subgroup G-conjugate to E.

Chooseh 2 G sud that E°= hEh !, andsetE°= hEh 1. By (c), we canreplaceg
(the elemen satisfying (a) and (b)) by ag for an appropriate elemen a 2 Neo 2k)(T(),

to arrangethat h 2 Cg(E% g. Then E°and gEg ! are Cg(E9-conjugate; and E°
cortains no elemeits Cg(E9-conjugate to x° = gxg ! sinceE cortains no elemens
Co(E)-conjugateto x. HenceE®\ X, = ? by (d), and E° cannot be pivotal in L by
Proposition 4.4(f).

It remainsto shaw points (a{d). Considerthe homomorphism

Cw(E) o(Ce(E));

which is surjective by Lemma8.3. Since actson W with order 2, and sinceCy, (E)
has an odd number of Sylov 2-subgroups,we can choose S, 2 Syl (Cw (E)) which
is -invariant. Since o(Cg(E)) is a 2-group (Proposition 8.6), |s, IS also surjective.
Using Proposition 8.5, we can now chooseg sud that E° = gEg !, and sud that
g ! (g) 2 aT for someaT 2 Sy. Then for k su ciently large,

gl %2 a (@ a *YayT=a@’ T=T

This proves(a), and (b) then follows easily Furthermore, upon replacingk by k + 1,
we can assumethat 2 acts via the idertity on the subgroupH  T° generatedby
elemers of order 4 in T

def

SetG, = Cg( 2) for short. Let X°be the Cg, (E9-orbit of xX°Z' gxg 1. By Lemma
8.3, any two elemens of X°\ T%are CyoE9-conjugate. Also, by the Lang-Steirberg
theorem, ead cosetof T?in Ng(T9 hasrepresetativesin Gy, and thus X°\ TCis the
full Cywo(E9%-orbit of x° Sincethe Cy, (E)-orbit of x hasodd order by assumption,this
shavs that X°\ T°hasodd order. SinceX®\ T%= X° Cg(H) is the xed setof an
action of the 2-groupH on X% X°must also have odd order.

Note also that Autg(E9 = Autwo(E% by Lemma 8.3, and hence Autg(E9 =
Autg, (E9 sinceeat cosetof T?in Ng(T9 has represemativesin Gyx. This proves
(©).

SincejXY is odd, and since actson X° Cg, (E9 with order 2%, the xed point
set X°\ Cg( ) of this action also has odd order. Also, by assumption,X°\ Cg( )
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L C Cg( ), andis a union of C_ (EY-conjugacyclasses.Sothereis a C, (E9-conjugacy
classXo X°\ L of odd order, and this proves(d).

We are now ready to considerthe remaining exceptionalgroups E, (q), and %E(0).
We adopt someof the notation usedby Griessin [Gr2]. In particular, 2A and 2B will
be usedto denote conjugacyclassesf elemens of order 2.

In all caseswe let E¢(Fy), E7(Fy), or Eg(Fy) denotethe adjoint (certerfree) forms
of thesegroups, and let En(l_:q) denotetheir universal covers. Thus |§6(|3q) is a 3-fold
cover of E¢(F,) (When g is not a power of 3), and E,(F,) is a 2-fold cover of E7(Fg). In
all casespy [Gr2, Lemma2.16],if T B, (F,) is a maximal torus, there is a quadratic

form q: Tp) —!  F, which sendsone of the conjugacyclassedo 1 and the other to O,
and the Weyl group actson T, asthe full orthogonal group for the form .

Prop osition 8.8. Assume,for someodd prime power g, that L is one of the simple
groupsEg(q) or Eg(q). ThenR ?(Eg(0);2) = ?, andhene L 2 L 2(2).

Proof. Set G = Eg(Fg) (in adjoint form, with trivial certer). Let 9 2 Aut(G) be
the eld automorphisminducedby (x 7! x%), andlet 2 Aut(G) be the graph au-
tomorphism with xed subgroupF4(Fy). Set = 9if L = Eg(q) or = 9 if
L = %Eg(q). In either case,we let L be the comnutator subgroup of Cs( ). Note
that Cg( ) = Inndiag(L) contains L with index (3;q 1) if L = Eg(q), or with index
39+ 1) if L = Ee(q).

Fix a maximal torus T G upon which actsvia (x 7! x9) if L = Eg(Q), or via
(x 7! x 9 if L = Eg(q). In the latter case this canbe found usingthe Lang-Steirberg
theorem: if TCis the \standard" torus upon which 9 actsvia (x 7! x9% and acts
with xed subtorusof rank 4, then there iswT°2 N(T9=T°sud that ¢, (x)=x ?
forall x2 TS w=g ! (g) for someg?2 G, andwe cantake T = gT% *.

Thusin eithercase,T;y L. By [Gr2, LemmaZ2.16],there is a nonsingularquadratic
form q: Ty ! F, sud that g(x) = 1 for x of type 2A and q(x) = O for x of type
2B, and sudh that the Weyl group action on T, is that of the orthogonal group
O(T(;q) = SOg (2). Sincethe fundamertal group of G has order prime to 2, [Ca2,
Proposition 3.7.3]appliesto shav that L hasthe sametwo classeof involutions.

By [Gr2, Theorem 8.2], there is a unique maximal elememary abelian 2-subgroup
Ws  Es(Fg) which is not cortained in a maximal torus, and W5 is cortained in a
subgroupF4(Fq) Es(Fg). By [Gr2, Lemma 2.16(i)], involutions in F4(F,) of types
2A and 2B are sert under this embedding to involutions of types 2A and 2B in
Ees(Fy). Soby [Gr2, Theorem 7.3(ii)], the elemerts of type 2B in Ws (together with
the identity) form a subgroupW, W5 of rank 2. Thus for any elememary abelian 2-
subgroupE L which is not cortained in a maximal torus of G, thereis an Nyt () (E)-
invariant subgroupE® E sudithat rk(E9 2andrk(E=E9 3,andE 2E ?(L;2)
by Proposition 4.6(b).

Now x someE 2 E 2(L;2). SinceE cannotbe G-conjugateto a subgroupof Ws, it
must be G-conjugateto a subgroupE® T,. Also, E is pivotal (Proposition 4.4(c)),
and rk(E) 4 by Proposition 4.6(b). By Lemma 8.3(b), Autgs(E) = Autg(E9 =
SO(E; q), sinceewery elemen of Aut ¢ (E9 is the restriction of the action of an eleme
of the Weyl group.
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Assumerk(E) = 4. If gjg is singular,then E\ E? is a proper subgroupof E which
iS Naut (L) (E)-invariant, soE 2 E (L ;2) by Proposition 4.6(b). So we assumeq is
nonsingularon E, and henceon E®  Tp. Then Ty = E® E®, E® is Cyw(E9-
invariant, and hencethereis 1 6 x 2 E® whoseCy (E9-orbit has odd order. By
Proposition 8.7, no subgroup of L which is G-conjugateto E° is pivotal in L. In
particular, E 2 E 2(L ;2) in this case.

Finally, if rk(E) 5, then we are in one of the following situations: either

(i) rk(E) = 6 and Autg(E) = SO (2); or
(i) rk(E) = 5, gjg, g~ = 0, and Autg(E) = 24:S0, (2); or
(i) rk(E) =5, gjg\g» 6 0,and Autg(E) = 5(2) = Spa(2) = .

If any elemem of W xes arank v esubgroupE® Ty, then it must be an orthogonal
transvection, and henceE° must be of type (iii) above (see[Di, x19]). Thus the kernel
of any root of E¢ (regardedasan elemen of Hom(T; F,)), whenrestricted to T(z), must
also be a subgroup of type (iii). Soby Lemma8.3, Cg(E) = T if E hastype (i) or
(i), and Cg(E) is connectedif E hastype (iii). In all casesAutc,((E) = Autg(E)
by Proposition 8.5, and henceAut (E) = Autg(E) since Autg(E) has no normal
subgroupof index 3. SOE 2 E ?(L ;2): by Proposition 4.6(c) in the rst and third
caseqthe Sylow 2-subgroupsof Aut_ (E) are neither dihedral nor semidihedral),or by
Proposition 4.4(c) in the secondcase(E is not pivotal).

Let B,(q) [;(F,) denotethe universal groups,with certer Z of order 2, and set
E7(Fq) = E7(Fg)=Z and E+(q) = E7(9)=Z.

Prop osition 8.9. Assume, for some odd prime power g, that L = E7(qg). Then
R 2(L;2)=7?,andheneL 2 L ?(2).

Proof. Set® = [;(F,), let z 2 Z(6) be the certral involution, and set G = @=tzi =

E,;(Fy). Fix a Steirberg endomorphism of € sud that Ce()=E gef E;(g). We

alsolet denote the induced endomorphismof G. Note, howewer, that Cg( ) =
Inndiag(L) = L:2 is the extensionof L = E;(qg) by its diagonal automorphisms. Let

T & bea -invariant maximal torus, and setT = P=lwi.

By [Gr2, Table VI], the group E;(F,) hastwo conjugacyclassef noncerral invo-
lutions, referredto astypes2B and 2C, which are exdhangedunder multiplication by
z.Deneq: ®y ! F,bysettingq(x)= 1if x =z orx is of type 2B, and q(x) = 0
if x = 0orx is of type 2C. Then q is a quadratic form [Gr2, Lemma 2.16],and

W(E7) = SO(T»;q9 C,= S0;(2) Cy:

In particular, this meansthat no automorphism of E can switch the two classes2B
and 2C | sinceq would then no longer be a quadratic form.

The symplectic form assaiated to g inducesa symplectic form b on the subgroup
TS T of elemets which lift to involutions. To descrite this, for ead1 16 x 2 T,

let @ 2 F, bethe (unique) lifting of x of type 2C (and set& = 1). Then b(x;y) = O if
re= Ky, andb(x;y) = 1if g = zKky. It will be corveniert to extend this de nition
to any elememary abelian subgroupE L all of whoseelemerts lift to involutions;
although of courseb will no longer be bilinear in generalif E is not toral.
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We note that no elemen of Cg( )r L lifts to aninvolution in &. Sinceif there were
such an elemen, lifting to x 2 &, then x and xz would be exchangedby , and hence
would sendall involutions of type 2B to involutions of type 2C and vice versa. That
would imply that the only involution in E = E,(q) is the certral elemem, which is

clearly not true.

By [Gr2, Theorem 9.8], G cortains two conjugacy classesof maximal elemeitary
abelian 2-subgroups,both nontoral: Mg of rank 8 and M; of rank 7. Theselift to
certric subgroupsMg = Qs 26 andM; = Qs 25 in 6. Also, Mg = T hi, the
extensionof 2-torsion in a maximal torus by an involution in Ng(T) which inverts the
torus; while M1; Qs Fu(Fy) 6.

Fix E2 E %(L;2),andP 2 Syl,(CL(E)). ThusP 2 R ?(L;2)andE = ((Z(P)).
Let E° E bethe subgroupof elemets of E which lift to involutions in E (a subgroup

by the above remarks,and clearly Ny ()(E)-invariant). We now considerthe di erent
possibilities.

Case 1. AssumekE is G-conjugateto a subgroupof M ;. As noted above, f1, = Q Vv,
whereQ = Qg, and V = 2° is a subgroup of F4(|3q) E7(|5q). There is a subgroup
Vo,V sud that the involutions in V, lie in one classin F4(I_:q) and thosein Vr V,
in the other ([Gr2, Theorem 7.3]). Also, any index two subgroupof V cortaining V,
is toral in F4(Fq), hencein G, sothe function g as de ned above is quadratic on this
subgroup. Since ¥y cortains no rank four isotropic subspace,this is possibleonly
if the involutions in V, have type 2C in G and thosein Vr V, have type 2B. Thus
b:V V —! F, takesthe form b(x;y) = 1 if x;y generatea rank two subgroup of
V=\, and b(x; y) = 0 otherwise.

Now set E®= fx 2 E%b(x; E9 = 0g; this is againa Nay ()(E)-invariant subgroup
of E. Upon identifying E° with a subgroup of V, we seethat either E®°= E° and
rk(E9 3, or rk(E®Y 2 and rk(E=E®) 3. In both cases,E 2 E ?(L;2) by
Proposition 4.6(b).

Case 2: AssumeE is G-conjugateto a subgroupof Mg = T hi asabove. In
particular, Eis a toral subgroup, and henceb is a symplectic form on E° which is
invariant under the action of Nay1)(E). By Proposition 4.6(b) again,rk(E%  4;and
if rk(E9 = 4 then b must be nonsingularon E°

By [Gr2, Theorem 9.8], Autg(Mg) = 27:Sps(2). The normal subgroup 2’ is the
group of all automorphismswhich are the idertity on T(» (induced by conjugation by
elements of order 4 in T). Thus Autg(E) = Aut(E%b) if E is toral (use Lemmas8.3).
If E is not toral, then Autg(E) surjects onto Aut(E%b) with kernel an elememary
abelian 2-group.

Case 2a: If rk(E9 = 6, then Autg(E) surjectsonto Autg(E%b) = Sps(2). Also, E°
is conjugateto Ty =tei, and Cg(Fy=tzi) = T h i by Lemma8.3. Henceeither

E is toral, Cg(E) is a maximal torus extendedby the Weyl elememn which inverts
it, and Autg(E) = Sps(2); or

E is not toral, Cg(E) = 28, and Autg(E) = 2¢:Sps(2) wherek = rk(E) 1.

In the rst case,Aut, (E) = Spe(2) by Proposition 8.5.
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AssumekE is not toral. We look at the action of Autg(E) on Cg(E), wherex acts by
g7' xg (x) 1. Weassumethat T is the \standard" torus, onwhich actsby x 7! x9.
Thus either xes all x 2 T of order 4, or (x) = x ! for all suc x. Also, all Weyl
group elemens (cosetsof T in Ng(T)) cortain elemens in Cg( ).

We must determine the isotropy subgroupsof this action, and it su ces to do this
when E Mg = T hi. We have Cg(E) = Mg, and O,(Autg(E)) is the group
of automorphisms which are induced by conjugation by elemeins of order 4 in T.
Thus Oy(Autg(E)) acts freely on one of the cosetsT or T (with one or two
orbits), and on the other cosetwith the xed action. Hencefor ead isotropy subgroup
H  Autg(E) of this action, either O,(H) 6 1, or (since Spe(2) has no subgroup of
index 2) H = Spg(2).

Thus by Proposition 8.5again, either O,(Aut . (E)) 6 1,andE is not pivotal (contra-
dicting Proposition 4.4(c)); or Aut, (E) = Spe(2), and E 2 E ?(L ;2) by Proposition
6.4.

Case 2b: If rk(E9 = 5,then E%%" EQ E® hasrank oneandis N aut( L) (E)-invariant,
and N_(E) (and N_(P)) are contained in

CL(E% = SLo(9) ¢, SSpirf,(q)

(see[Gr2, Table VI] for the certralizer of an involution of type 2B or 2C). Also,
Nauw)(E)  Cau(1)(E®. Henceby Proposition 4.9(b), applied with H = C_(E%,
H%= SSpin,(g), and K = SL,(q), PK=K 2 R?(P 1,(g);2). But this is impossible,
sinceR?(P 1,(q);2) = ? by Theorem7.4.

Case 2c: Assumerk(E% = 4. Let V T be the subgroupof elemets which lift

to involutions in &, andlet V, V be a rank 4 subgroupon which b is nonsingular;
thus G-conjugateto E® Fix an involution x 2 V,° V. The orbit of x, under the
action of those Weyl group elemens which x V,, hasorder 3; and thus the group of
Weyl group elemertts which x hV; xi hasindex 3 in the group of thosewhich x Vj.
By construction, x is not G-conjugateto any elemen of Er E° Also, as noted above,
X is not conjugateto any elemem of Cg( )r L sinceit lifts to an involution in €. So
by Proposition 8.7, E is not a pivotal 2-subgroupin L.

It remainsonly to considerthe groupsEg(q).

Prop osition 8.10. Assume, for some odd prime power g, that L = Eg(g). Then
R 2(L;2)=7?,andheneL 2 L ?(2).

Proof. SetG = Eg(lEq). Fix a Steinberg endomorphism of G sud that Cg( ) = L.
Let T G bea -invariant maximal torus.

By [Gr2, Table VI], the group Eg(Fy) hastwo conjugacy classesof involutions, de-
noted types2A and 2B. Dene q: Tzy ! F, by setting g(x) = 1 if x hastype 2A
and g(x) = 0 otherwise. Then by [Gr2, Lemma 2.16], q is a quadratic form. Also, if

2 Ng(T) is an involution which inverts T, then

W=h Ti = Autg(T)=f Idg= O(T»;q) = SO; (2):
By [Gr2, Theorem 2.17], G corntains two conjugacy classesof maximal elemeitary

abelian 2-subgroupsyepreseted by Mg = Ty h i ofrank 9 (where againinverts T),
and Mg of rank 8. All elemerts in Mor T, are of type 2B. Also, there are subgroups
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V; W Mg of rank v e, with intersectionV \ W = X of rank two, sud that the
elemetts of type 2A in Mg are preciselythosein (V[ W)r X.

AssumeE 2 E ?(L;2). Fix P 2 Syl,(C_(E)), sothat P 2 R 2(L;2) and E =

1(Z(P)) by Proposition 4.4(a). Also, E is pivotal (Proposition 4.4(c)), and thus
O,(Aut (E)) = 1. By Proposition 4.4(e), E must cortain at least one involution of
type 2B, sincetheseare in the certer of any Sylow 2-subgroupof L (there is an odd
number of them in any maximal torus sincethere are exactly 135 nontrivial isotropic
elements of T)). Also, there must be at least one Ny )(E)-irreducible subquotient
of E which hasrank 4 (Proposition 4.6(b)). We will show that this is impossible,
andthusthat E ?(L;2)= ?.

Case 1: Assume rst that thereis an Nay ()(E)-submadule E,  E of rank one.
Then Nay ) (E) Caut(L)(Eo), and the certralizer is descrited as follows in [Gr2,
Table VI]:

type Cs(Eo) CL(Eo)
2B | SSping(Fq) | SSpirs(a)
2A I_:q Cy E?(ﬁq) Fq Cy E7(q)

We apply Proposition 4.9(b), with H = C_(E,), H%= SSpir¢(q) or E;(g), and K =
Cy(HY) = Cz or F,. Then PK=K 2 R ?(H=K;2). But we have already seenthat
R 2(P 14(0);2) and R 2(E(qg);2) are both empty (Theorem 7.4 and Proposition
8.9), and sothis is impossible.

Case 2. Assumethat E is not G-conjugateto a subgroupof Mg. HencekE is cortained
in Mg up to G-conjugacy;and we assume(replacing Mg if necessarylthat E =~ Mg.
Also, this meansE cortains involutions of both types.

Let V;W Mg, with intersectionX = V\ W of rank two, beasabove. If E\ X 6 0,
then (sincerk(E) 4) it is characterizedas the largesttype 2B pure subgroupof E
eat of whosecosetsis all type 2B or all type 2A. HenceE\ X is Ny 1) (E)-invariant.
Thus since E has no rank one invariant submadules (casel), either E\ X = 0, or
E X. Also, sinceE must have someirreducible componert of rank 4, we seethat
either ES(E \ X) hasrank 6, or it hasrank 4 and intersectsead of V and W with
rank 2. In the latter case,the mapq: E ! F, which sendsinvolutions of type 2A
to 1 and other elemetts to zerois a quadratic form, hencekE is toral by [Gr2, Theorem
9.2],in cortradiction to our assumption.

If E X andrk(E=X) = 6,then E = Mg, and by [Gr2, Theorem2.17],Cs(E) = E
and O,(Aut¢(E)) = 2'2. HenceO,(H) 6 1 for ead isotropy subgroupH of the action
of Autg(E) on Cg(E), soO,(Aut, (E)) 6 1 by Proposition 8.5, and E is not pivotal
in this case.

If E\ X = 0andrk(E) = 6,then E = E; E, wherethe elemerits of type 2A are
preciselythosein (E;[ E,)r 1. LetE; E bea subgroupof rank 4 whoseintersections
with E; and E, ead have rank two. Then gjg, is quadratic, henceEj is toral by [Gr2,
Theorem 9.2], and is a maximal toral subgroupof E. ChooseEJ T which is
G-conjugateto Eq, and let E® EJ be sud that the pair (E%EQ) is G-conjugateto
(E;Eo). Then Cw(EQ) leavesEY’ invariant, and we can choosel 6 x 2 EJ’ whose
Cw (Ed)-orbit has odd order. SinceEJ is a maximal toral subgroup of E® x is not
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Ccs(EQ)-conjugateto any elemen of E°. Henceby Proposition 8.7, no subgroupof L
which is G-conjugateto E°canbe pivotal, and in particular E 2 E 2(L ;2).

Case 3: Next assumeE is G-conjugateto a subgroupof Mg = Ty h i and cortains
involutions of both types.Let E, E bethe subgroupgeneratedby all involutions of
type 2A; this is clearly Nayy L) (E)-invariant, and is a toral subgroupsinceall elemets
of Mor T areof type 2B.

By inspection, oneseeshat for any V. T which cortains elemeits of both types,
either V is generatedby its elemeits of type 2A ; or rk(V) 5 andthe elemerts of type
2A generatea subgroupVy V of index 2 within which the involutions of type 2B
(with the identit y) form a subgroupof index 2. Thus, either E = E, or [E:Eq] = 2and
E is not toral, or rk(Ep) 4 and there is an Nayy )(E)-invariant subgroup ES Eo
of index 2. In particular, no group of this last type cortains an irreducible componert
of rank 4.

We canthusassumegE:Ey] 2, andthat either E = Eq or E is not toral. Consider
the quadratic form g (as de ned above) on Ey, and setE, = Eo? \ Eq. If rk(E,) = 4,
then Eo = E4, qis linear on Eg, and (since we are assumingE cortains elemeits of

type 2A) E, Qef Ker(gjg,) is an Nay: (L)(E)-invariant subgroupof E of rank three. But
this would cortradict Proposition 4.6(b).

Thusrk(E;) < 4, andso(by Proposition 4.6(b) again)we canassumak(Eq,=E;) 4.
Hence either the bilinear form on Eg is nonsingular (E; = 0); or (since E has no
invariant submadule of rank one)rk(E;) = 2, rk(Eo=E;) = 4, and all involutions in E,
are of type 2B.

Case 3a: Assumethe bilinear form asseiated to q is nonsingularon E, (E; = 0),
and rk(E) < 8. Let EJ Ty be G-conjugateto E,, and let E® E§ be sud that
the pair (E%EY) is G-conjugateto (E;Eo). Then Cw (EJ) leavesEY’ invariant, and
we can choosel 6 x 2 EJ’ whoseCy (EQ)-orbit hasodd order. If E  Eo, then ECis
not toral and hE; xi is, sox is not Cg(EJ)-conjugateto any elemen of EC Henceby
Proposition 8.7, no subgroupof L which is G-conjugateto E° can be pivotal; and in
particular, E 2 E ?(L ;2).

Case 3b:  Assumerk(Eo) = 8; i.e., E is G-conjugateto T or Mo. We apply
Proposition 8.5 to determine the possibilities for Aut, (E). Since o(Cs(T))) = C,
T restricts to two conjugacyclassesn L, both of which have Aut, (Eo) = SOg (2).

Now, C(_;(M g) = Mg and Autg(M g) = 28805 (2), and Oz(AUtg(M g)) acts freely on
one of the cosetsT(, or Ty and trivially on the other. Thusif E is G-conjugateto
My, then either Aut, (E) = SOg (2), or Ox(Aut (E)) 6 1 (has 2-rank at least 8).

Thus, sinceO,(Aut | (E)) = 1 (E is assumedpivotal), we have Aut| (E) = SOg (2),
and E 2 E (L ;2) by Proposition 6.4.

Case 3c: Assumerk(E;) = 2, rk(Eo=E;) = 4, and all involutions in E; are of type
2B. Eadch automorphism of Eq which is the idertity on E; and on Eqo=E; presenesq,
and henceliesin Autg(Ep). ThusjO,(Auts(Eg))j 28. Also, sinceEq cortains a 2B -
pure subgroupof rank 4, Cs(E)° is amaximal torus (seeCase4), and ¢(Cg(Eg)) = 22
(generatedby the unique involution in SOg (2) which xes a rank 6 subgroup of this
type and the Weyl group elemen which inverts the torus). So by Proposition 8.5,
Oy(Aut | (Eo)) 6 1, and E, is not pivotal.
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ThusE E,. SetT%= Cg(Eo)% amaximaltorus of G. Since o(Cg(Eo)) = 22 and
the elemetts of Er E, invert T% we have jCs(E)j  2!°. Also, Autg(E) surjects onto
Aut g (E,), sinceeah cosetof T?in Ng(TY cortains an elemen which certralizes any
given elemen of Er Eq. For any x 2 T?of order 4 sud that x? 2 Eq, xgx ! = g for
g2 Epandxgx = x2gforg2 Er Eo. Thus Autg(E) cortains all automorphisms
of E which are the idertity on E,, and these form a normal subgroup of order 25.
SincejO,(Aut (Ep))j 28, it now followsthat jO,(Autg(E))j 2% > jCs(E)j. Soby
Proposition 8.5 again, O,(Aut _ (E)) 6 1, and E is not pivotal.

Case 4: AssumeE is type 2B pure of rank 4. Any sud subgroupis toral [Gr2,
Theorem9.2], and thus G-conjugateto a maximal isotropic subgroupE® T.

Any elemen of W which xes anindex two subgroupE T2 must be an orthogonal
transvection, and henceqjz, =, 6 0 (see[Di, x19]). Sothe kernel of any root of G =

Eg(ﬁq), whenregardedasan elemen of Hom(T; Ifq)) andrestricted to T,), is alsoof this
type, and thus doesnot cortain any maximal isotropic subgroupof Ti). Thus Cg(E)°
is a maximal torus by Lemma 8.3. Sincethe stabilizer in W (Eg)=C, = SOg (2) of a
maximal isotropic subspacds 2°:L 4(2) = 2°: {(2), wealsogetthat o(Cg(E)) = 21*°,
and Autg(E) = Aut(E) = L4(2).

Sinceead cosetof T in Ng(T) cortains elemerts of L, the action of Aut_ (E) onthe
conjugacyclassef o(Cg(E)) is that induced by conjugation. This action of §(2)
on conjugacyclassesn 21*° hasfour orbits: the orbits of the two certral elemetts, and
those of isotropic and nonisotropic elemeits. Hencethere are four L-conjugacyclasses
of rank four 2B -pure subgroupskE, with Aut, (E) = L4(2), &, or 2%( 3 3). Since
none of these automorphism groups have dihedral or semidihedral Sylov 2-subgroup,
E 2 E ?(L;2) by Proposition 4.6(c).

Case 5: AssumeE is type 2B pure of rank 5. By [CG, Proposition 3.8], when G =
Eg(C), there is only one conjugacyclassof sud subgroups,and they have certralizer
of the form Cg(E) = 2°*1°, Henceby [GR, TheoremA.12], there is just oneconjugacy

classof sut subgroupsin G = Eg(l_:q).

In particular, E is G-conjugateto E° = hE§; i, where E§ T is a maximal
isotropic subgroup. By Case4, Autg(EJ) = L4(2), and sincethis holds for any index
2 subgroup of E® we seethat Autg(E9 = Aut(E9 = Ls(2). Also, Co(E)=T =
2% generatedby , and those orthogonal transvections of T, which x E§. Hence
Cs(E9 = T2021*® hasorder 25, A closerched (or a comparisonwith Eg(C) using
[GR, Theorem A.12] again) shavs that Z(Cg(E%) = E°= 2° and Cg(E9=E® = 27,
and alsothat C_(E9 = Cg(EY. Sounder the action of Ng(E9 on Cs(EY asde ned
in Proposition 8.5, Cs(E9 actsvia conjugation, henceNg(EY leavesEinvariant, and
thus (sinceL 5(2) hasno subgroupof index 32) must leave a point xed. In other words,
by Proposition 8.5, for someE “®which is G-conjugateto E and E® N (E% = Ng(EY.

Thus by Proposition 8.5again, Aut, (E) is the stabilizer of the conjugation action of
Ng(E%=Cs(E® = Ls(2) on someconjugacyclassin Cg(E®) = 25710, Also, L5(2) acts
on Cg(E%=E%= 20 with two nonzeroorbits having stabilizers 25:( 3 L3(2)) and
2% 6. The point stabilizersof elemeits in Cg(E%r E%®thus haveindex 32in oneof
the groups 2°:( 3 L3(2)) or 2% ¢, while the point stabilizers of elemetts in E®are
2*:L4(2) and L5(2). Henceeither O,(Aut (E)) 6 1,0r Aut_(E) = A, 6, OrLs(2). In
all of thesecasesfE 2 E 2(L ;2): either sinceE is not pivotal; or by Proposition 4.6(c)
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(sincethe Sylow 2-subgroupsof ¢ and Ls(2) are neither dihedral nor semidihedral);
or by Proposition 4.6(d) (since Ag hasno radical 2-subgroupof order 2).

The results of this sectionare now summarizedin the following theorem.

Theorem 8.11. Fix an odd prime power g. AssumelL is a simple group, isomorphic

to one of the groupsG,(a), 2G,(0), F4(q), D4(0), Es(q), Ee(q), E-(g), or Eg(q). Then
L2L 2Q2).

9. Sporadic gr oups

It remainsto considerthe sporadic simple groups.

Theorem 9.1. If L is one of the simple sporadic groups,thenL 2 L 2(2).

Proof. When L is one of the groupsM 11, M 12, J1, or ON, then rky(L) 3 [GLS3
X5.6]. HenceR ?(L ;2) = ? by Proposition 4.6(b), and soL 2 L ?(2) in all of these
casesby Proposition 4.2.

The remaining sporadic groupsare consideredindividually. We recall now (without
repeating it ead time whenusedin the proof) that rk(E) 4.

L = My, or M,3: We have the following inclusionswith odd index:
Mz Moz M2ii2=P Lg3(4);

where P L3(4) is the extensionof PSL3(4) by the eld automorphism. Henceall
three of these groups have isomorphic Sylow 2-subgroups. Any elemetmary abelian
2-subgroupof rank 4 in P L3(4) is cortained in PSL3(4), and any Sylow 2-subgroup
of PSL3(4) cortains exactly two sud subgroups.

Identify L as a subgroup of M,,: the subgroup of elemens which x one or two
points under the action on a set X of order 24. Fix S 2 Syl,(L), and let V;;V, S
be the two elemenary abelian subgroupsof rank four. We take V; to be the subgroup
whosenormalizer in My, is the octad group V;:Ag, whereV; acts freely on 16 points
in X and Ag permutes the remaining 8 points in the obvious way (cf. [Gr3, 6.8]).
Restriction to the subgroups xing oneor two points shaws that

AUtM22 (Vl) = Ag and AUtM23 (Vl) = A7

Also, V, is cortained in O,(H) = 2%, where H is the sextet subgroup of M,4, and
the O,(H)-action on X has orbits of order 4 (cf. [Gr3, x5]). Thus V; and V, are not
Aut( L)-conjugate, and henceare both weakly closedin S with respect to Aut(L).

Since Aut, (V1) has no radical subgroupof order 2, V; 2 E ?(L ;2) by Proposition
4.6(d). ThusR %L ;2) ,, = ?, and henceL 2 L %(2) by Proposition 4.2. (In fact,
\, 2 RZ(L ,2) forL = M, or M23.)

L = M4 or He: We referto [A2, x39{42] for details of the structure of thesegroups.
In both casesthereis aninvolution z 2 L sud that C_(z) = 2*°:L5(2), the certralizer
of a transvection in Ls(2), and this certralizer hasodd index in L. To handle elemens
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identify H = C_(z) with the group of automorphismsof V which leave V; and V,
invariant.

Forl i<]j b5, leteg 2 H bethe elemen which sendsy; 7! v; + v; and is the
identity on the other basiselemens. Thusz = e;s. Let S be the subgroupgenerated
by all ; fori < j; this is a Sylow 2-subgroupof H and henceof L. Foreah1 i 4,
let U S be the subgroup of automorphismswhich are the identity on V; and on
V=\. By [A2, Lemma 39.1(3)] (or by the argumert given below), U, and U; are the
only subgroupsof S of rank six.

Let E H beany elemenary abelian subgroupof rank 4. For ead involution
u2E, wewrite K(u) = Ker(u Id) andl(u) = Im(u Id); thusl(u) K(u) V.
In particular, 1 (z) = V; and K (z) = V,.

Assume rst that for someu;v 2 E, I(v) K(u);ie.,(u Id)(v 1Id) 6 0. Then
uj; vy and vj; ) must be (nonidertity) involutions, which implies that dim(l (u)) =
dim(l(v)) = 2 and dim(l (u) \ 1(v)) = 1. Similarly, dim(K (u) + K(v)) = 4, so
dim(K (u)\ K(v)) = 2; and the three subspaceX (u) \ K (v), I (u), I (v) are linearly
independert modulo I (u)\ I (v). Also, sinceboth of thesecommute with z, we have
Vi K@)\ K(v)andlI(u)+ 1(v) Vi By an appropriate choice of basiselemelts,
we are reduced(up to conjugacyin H) to one of the following situations:

U= epess, V= €365, E Cy(hu;vi) = hupv;z; ey esi = 22 Dy
U= €634, V= €364, E=Cy(hu;vi) = hu;v;z e = 24
U= €365, V = €635, E = Cy(hu;vi) = hu;v; z;exsi = 2

In the rst case,for any choice of E of rank 4, Auts(E) cortains all automorphisms
which are the identity on z and on E=lzi, and thus cortains a rank three subgroup.
In the other two casesAuts(E) cortains all automorphismswhich are the identity on
the last two generatorsand modulo the last two generators,and thus hasrank 4.
HenceE 2 E 2(L ;2) by Proposition 4.6(c), sincethe Sylow subgroupsof Aut_(E) are

neither dihedral nor semidihedral.

T
Weareleft with the casewherew £ n (u)ju 2 Ei iscortained in WO L uze K (u).

If W = W then either W = V; or V, and E = U; or Ug, or dim(W) = 2;3 and
(up to H-conjugacy) E U for i = 2;3. A straightforward argumen shaows that

CL(E) = C4(E) = U in this last case,and henceE = U; sinceE is pivotal (Proposition

4.4(c)). By [A2, Lemma 40.5], Aut, (E) = L4(2) or 22L3(2) whenE = U; or U,

(rk(E) = 4),andAut (E) = L3(2) 30r3 swhenE = U, orU; (rk(E) = 6). Since
none of these automorphism groups has dihedral or semidihedral Sylov 2-subgroups,
Proposition 4.6(c) shows that noneof the U; canlie in E ?(L ;2).

The only remaining caseis where dim(W) = 2 and dim(W9 = 3, and henceE is
H-conjugateto U, \ Us. Thus the only subgroup of S which could lie in E 2(L ;2)
is Uz \ Us. It follows that R 2(L;2) ,y, = ?. SinceU,U; is weakly closedin S
with respectto Aut(L) (U, and Uz are the only rank six subgroupsof S), Proposition
4.2now impliesthat L 2 L 2(2). (In fact, in all three casesL = M4, L = He, and
L = Ls(2), onecanshawv that U,\ Us; 2 E(L ;2) and U,Us 2 R?(L ;2).)

L = J,: This group cortains two conjugacy classesof involutions, of which those of
type 2A arein the certers of Sylov subgroups.By [FR1, x3], the elemens of type 2A
in any elemenary abelianE L form a subgroup,and there are no 2A - or 2B -pure
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subgroupsof rank 3. Thus any elemenary abelian 2-subgroupE L cortains an
Naut (L) (E)-invariant subgroupE,  E (generatedby the elemerts of type 2A) sud
that rk(Eq) 2andrk(E=E;) 2. HenceE 2(L;2) = ? by Proposition 4.6(c), and
L 2 L 2(2) by Proposition 4.2.

L = Coz or L = HS: By [Fi, x4], there are two conjugacy classesof involutions in
Cos, of which thosein the certer of a Sylow 2-subgroupare of type 2A with certralizer
25pes(2), and thoseof type 2B have centralizer 2 M. By [Fi, Lemma4.7], this group
25pe(2) has two conjugacy classesof noncertral involutions, whosecertralizers have
di erent orders. In other words, if X; y are comnuting involutions and x hastype 2A,
then y and xy are conjugatein L (sincetheir certralizers in C_ (x) are isomorphic),
and thus have the sametype. This shows that in any elemenary abelian 2-subgroup
E L, the elemerts of type 2A together with the idertity form a subgroupof E.

By [PW, Lemma 2.2 & x4], there are two conjugacy classesof involutions in HS,
of which those in the certer of a Sylonv 2-subgroup have type 2A and certralizer
(2¥*4 ¢, C4) s, and the others have type 2B with certralizer 2 Aut(Ag). Also,
HS is also cortained as a subgroup of Co; (see[A2, xx23{24]), and a comparisonof
involution certralizers shows that the inclusion sendsinvolutions of type 2A and 2B
in H'S to involutions of type 2A and 2B, respectively, in Cos.

Now assumeE 2 E 2(L;2), forL = Cos or HS, andlet E; E be the subgroup
generatedby type 2A involutions. Then Eq 6 1, since E cortains the certer of a
Sylowv 2-subgroup (Proposition 4.4(e)), and it is clearly Ny )(E)-invariant. Thus
rk(Eo) 4 orrk(E=E;) 4 by Proposition 4.6(b). Sincerk,(Coz) = 4 [GLS3, p.305],
this meansthat E = Eg is a rank 4 type 2A -pure subgroup. If L = Cos, then by [Fi,
Lemmab5.9], L hasa unique classof sud subgroups,and Aut, (E) = Ag = GL4(2) for
any suh E. If L = HS, then by [PW, Lemma4.1],Aut (E) = ¢ forany sud E. In
both casesthe Sylow 2-subgroupsof Aut, (E) are neither dihedral nor semidihedral,
and henceE 2 E 2(L ;2) by Proposition 4.6(c). ThusR 2(L;2)= ?,andL 2 L ?(2)
by Proposition 4.2.

L = McL or L = Ly: By [GLS3,p.308],rk,(L) = 4 (seealsothe discussionin [Fi, x5]
whenL = McL). By [Fi, Lemma5.2] (when L = McL) or [W5, x2] (when L = Ly),
Aut, (E) = A; for ewery elemenary abelian 2-subgroupE L of rank 4. SinceA;
cortains no radical 2-subgroupof order 2, sud E cannotbein E ?(L ; 2) by Proposition
4.6(d). ThusE ?(L;2)= ?,andhencelL 2 L ?(2).

L = Fs = HN : We referto [NW, x3.1] for the following information about L. There
are two conjugacy classesof involutions in L, types2A and 2B. For any elemenary
abelian 2-subgroupE L, the function q: E ! F,, dened by q(v) = 1if v is of
type 2A and q(v) = 0 otherwise,is quadratic.

AssumeE 2 E 2(L;2). SetE°= E\ E? (with respect to the quadratic form
), and E%®= Ker(qgjeo). Clearly, thesesubgroupsare both Nay )(E)-invariant, and
rk(E=E® 1. Soeitherrk(E®Y 4orrk(E=E9 4.

There are two conjugacyclassef 2B -pure subgroupsof rank 2 in L, and ead sut
subgroupis either contained in a unique 2B -pure subgroupof rank 3, or in a unique
extraspecial subgroupX = 218 with N (X)=X = (As As):2. Thusif rk(E® 4,
thenN_(E) N_(E% N_(X) (up to conjugacy),soE  Z(X) = C, by Proposition
4.9(a), and this cortradicts the assumptionrk(E® 4.
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Weareleft with the possibility rk(E=E% 4. ChooseE, E sucthat E = E, E®
then gjg, is nonsingularand rk(Ep) 4. Also, E, cortains a 2A -pure subgroup E;
of rank two, and C_ (E;) = 22 Ag A, L. Inside Ay, the involutions whose
support have order 4 or 12 are of type 2A, while those whosesupport have order 8
are of type 2B. Using this, one seesthat either rk(Ep) = 6 and C_(Eg) = Eo, or
rk(Eo) = 4and C_(Eg) = 22 or 2* A,. Thusin all of thesecasesE is cortained in a
unique subgroupE of rank 6 (on which q is nonsingular),and N, (E) N (E). Also,
Aut (E) = (E;9 = 4(2), andsoE 2 E 2(L;2) by Proposition 4.6(c) (Sylow 2-
subgroupsof Aut (E) are neither dihedral nor semidihedral). If rk(E) = 5, then either
geo 6 Oand Aut (E) = 5(2) = 4, which again cortradicts Proposition 4.6(c); or
gieo = 0 and O,(Aut_(E)) 6 1, in which caseE is not pivotal. Finally, if rk(E) = 4
and g is nonsingularon E, then we have just seenthat the Sylow 2-subgroupsof C (E)
are isomorphicto 2%, and so E cannot be pivotal.

This shavsthat E ?(L ;2) = ?, andthusthat L 2 L 2(2) by Proposition 4.2.

In all of the remaining cases, the proof that L 2 L 2(2) will be basedon a list
of maximal 2-local subgroupsof L | or in somecases,a list of proper subgroupsof
L (not necessarily2-local) which contain all 2-local subgroupsup to conjugacy We
label these subgroupsH, for n = 1;2;:::, and setV, = Z(0O,(H,)). The goalis to
shav that R 2(L;2) = ?; unlesswe set Q = V, for somen, in which casewe shav
that Q is weakly closedin some(any) Sylov 2-subgroupwhich cortains it, and that
R ?(L;2) o = ?. In either case,Proposition 4.2 then impliesthat L 2 L 2(2).

We x asubgroupP 2 R 2(L;2),andsetE = (Z(P)). f NL.(E) N_(P) H,y,
thenP  Oy(H,), andsoE V, if O,(H,) is certric in H,. In all casesE \ V, 6 1
by Proposition 4.9(a). If rk(V,) = 2, then we canassumeE V, if the cenralizers of
involutions in E appear elsewheran the list.

We usethe standard notation 2A, 2B, etc. for the conjugacyclassesf involutions

in L. Recallthat by Proposition 4.4(e), E 1(Z(S)) for someS 2 Syl,(L), and thus
E conains elemeits from ead conjuacy classof involutions represeted in Z(S).

L = J3: By [FR2, x2], L cortains three conjugacyclasse®f maximal 2-local subgroups.
NL(E) H.=2Y*%A5 E Vi = 2. Impossiblesincerk(V,) = 1.

N (E) H,=2%GL,(4),E V,=2% ThenE = V, andAut, (E) = GL,(4) =
Cs As. SinceAs hasno radical subgroup of order 2, this cortradicts Proposition
4.6(d).

N (E) Hiz=22"%(3 3),E Vz= 22 Impossiblesincerk(Vs) = 2.

L = Suz: We refer to [W2] for the following information. There are two conjugacy
classesof elemeits of order 2 in L, of which those of type 2A are in the certers of
Sylowv 2-subgroups.Also, in any elemenary abelian subgroupE L, the involutions
of type 2A togetherwith the idertity form a subgroupof E. HenceN, (E) is cortained
in the normalizer of some2A -pure subgroup; and henceby [W2, x2.4], in one of the
groupsH, in the following list.

NL(E) Hi=2M5%U4(2), E V.= 2. Impossiblesincerk(V;) = 1.
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N.(E) H,= 228 (A5 3), E Vo = 22, Impossiblesincerk(V,) = 2.

NL(E) Hs = 24+6:3A6, E Vs = 2*. ThenE = V3 and AUtL(E) = Ag, which
contradicts Proposition 4.6(d) (Ag cortains no radical 2-subgroupof order 2).

L = Ru: There are two conjugacy classesof involutions, of which those of type 2A
lie in the certers of Sylow 2-subgroups. Thus all pivotal 2-subgroupsof L cortain
elemetts of type 2A (Proposition 4.4(e)). By [W3, x2.4], the involutions of type 2A
in E togetherwith the idertity form a subgroupEy E, andthusN_ (E) N_(Ey).

By [W3, x2.4{2.5], the normalizer of ead 2A -pure elemetiary abelian subgroup of
L is conjugateto a subgroupof one of the subgroupsH,, listed below. In all cases)V,
is 2A -pure, and thus E = E,. For V3 = 28 this is shavn in [W3, Lemma 1] (where V3
is denotedR3).

N (E) H.;=22%6 5 E Vi Fromthe descriptionin [Al, 12.12],we get that
V1 = Z(0,(H1)) hasrank 1. Alternativ ely, this follows directly from the commnutator
relations listed in [P2, Lemma 12] (where O,(H,) is the subgroupgeneratedby the
eleven elemetts z;t; v; w; wy; X1; Xo; @; b;c;d). Thus this caseis impossible.

N (E) H,=2%8:15(2),E V,= 23 Impossiblesincerk(\,) = 3.

N (E) Hiz=25G,(2),E Vi;= 25 Assumeherethat N, (E) isnot conjugateto
asubgroupofH, or H,. Let T bethe conjugacyclassof the subgroupsof rank 2 in V5.
Let D bethe \diagram" of E in the senseof [W3]: the graph with onenode for eath
involution in E, and an edgeconnectingtwo nodeswheneer the elemelts generatea
subgroupin T. The automorphismgroup Aut_ (E) actsonD (and Out(L) = 1in this
case). There cannotbe any Aut, (E)-invariant node or triangle in D, sincethis would
imply an Aut, (E)-invariant elemen or subgroupin T, hencethat N (E) H; or
H,, cortradicting our assumptionon E.

By [W3, x2-4{2.5], for eadh E =~ V3 of rank 2, either the diagram D cortains an
Aut, (E)-invariant node or triangle; or D is a disjoint union of two or more triangles
and isolated nodes in which caseC (E) = Vs = 2% or E = V3 and Aut, (E) =
G2(2) = Us(3):2; orrk(E) = 2and N (E)=\s = ( 3 3). Sincerk(E) 4, this
shows that C_(E) = V3, and hence(since E is pivotal) that E is conjugateto Vs.
Thus (E;Aut_ (E)) = (2%;G,(2)), and this cortradicts Proposition 6.4.

L = F3 = Th: By [W7, Theorem 2.2], eah 2-local subgroupof L is conjugateto a
subgroupof H; or H, aslisted here.

N (E) H;=2M8A4 E V=2 Impossiblesincerk(V;) = 1.

N (E) H,=2°Ls(2),E V,= 2% ThenAut, (E) = Aut(E), which cortradicts
Proposition 4.7(a).

L = J4: By [KW, x2], there are four conjugacy classesof maximal 2-local subgroups,
aslisted below.
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NL(E) Hi=29:Lg(2),E Vy=29 If N(E) HyandE Vi, thenp &
P=V; is a radical 2-subgroupof H1=\, = Ls(2), and N (P)=P = N, (P)=P. Also,
Ls(2) actsirreducibly on V; [Ja, Theorem A], and henceactsas ?(V), whereV is
oneof the standard 5-dimensionalrepresetations. The only radical subgroupswhich
have xed subspaceon V; of rank 4 arethe trivial subgroup,and two subgroups2*
with normalizer 2*:L4(2) with xed subspace®f rank 4 or 6. By Proposition 4.6(c),
no suc subgroupcanbein R ?(L ;2).

N (E) H,p=2%%2:( 5 L32), E V,= 22 Impossiblesincerk(V,) = 3.
NL(E) Hz=2112(3M,,:2), E V3= 2. Impossiblesincerk(Vs) = 1.

N (E) Hz=221My, E Q=V,=21 By [KW, Lemmal.1l.2],Q = V,is
the unique subgroupof N (Q) = 2!:M,, of rank 11; and this group cortains a Sylow
2-subgroupS 2 Syl,(L). HenceQ = V, is weakly closedin S with respectto Aut(L);
and we have just shavn that R ?(L;2) o = ?.

L = Co;: By [Cu, Theorem2.1],the normalizerof ead elememary abelian 2-subgroup
E L is cortained in one of the seven subgroupslisted belon. We setQ = V,, and
shov that R 2(L;2) o= 7.

NL(E) Hi=2*% %(2),E Vi= 2. Impossiblesincerk(V;) = 1.

NL(E) H, = 24+12:(386 3), E V, = 2*. Then AUtL(E) = Sp4(2) = 6
and this cortradicts Proposition 4.6(c) (Sylow subgroupsare neither dihedral nor
semidihedral).

N (E) Hz=22"2:( 3 Ag), E V= 22 Impossiblesincerk(Vs) = 2.

NL(E) Hy4 = Co,. Upon examination of the proof of [Cu, Theorem2.1], one sees
that the only casewhere N (E) is not cortained in one of the other subgroupsH,
occurswhenE = h4); i (in the notation of p.419)is a certain \ BD -pure" subgroup
(all involutions have type 2A in the notation of the atlas) of rank 4 (rank 5in 2Co,).
As noted by Wilson in [W1, p.112], this subgroupis cortained in a unique rank 5
subgroup N(7); i whoseinvolutions all have type 2A, and henceits normalizer is
cortained in the normalizer of that subgroup,which is cortained in somesubgroup
conjugateto H;. We canthusignorethe caseN, (E) Co..

NL(E) Hs=(As G3(4):2. Then by Lemmal1l.12(a,b),P\ (A; Gy(4)) =
P, P,whereP, = 22 AjandP, Gy(4) areradical 2-subgroups.By examination
of the two maximal parabolic subgroups2?*8:(3 As) and 24*5:(As 3) of G»(4), we
seethat the only possibility for E with an irreducible componert of rank 4 (see
Proposition 4.6(b)) is

E=22 22 A, GyA4):

In this case,E lifts to a subgroupof 2Co, isomorphicto Qs 2*; N, (E) is cortained
in the normalizer of the secondfactor, whoseelemens are not of type 2B (sincethey
lift to involutions in 2Co;); and henceby [Cu, Lemmas2.2 & 2.5], this normalizeris
cortained in one of the subgroupsH,, for n = 1;2; 3; 4 above.
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NL(E) He=(As U3(3)):2. Sincerk,(Ag) = rkz(Usz(3)) = 2, E hasa lItration
by N (E)-invariant subgroupsfor which the quotients all have rank 2, and this
cortradicts Proposition 4.6(b).

N.(E) H;=2"M,, E Q=V,;=21 By]Al (30.3) & (31.11)],Q is the
uniquesubgroupof H; of rank 11, and henceweakly closed(with respectto Aut(L)) in
any Sylow 2-subgroupwhich cortains it. We have now shovn that R 2(L ; 2) o= 7.

L = Co,: By [W1, x3], the normalizer of ead elemenary abelian 2-subgroupof L is
cortained in one of the subgroupsH,, in the following list.

NL(E) H, = 24+10 ( 5 3), E V; = 2*. Then E = \A and AUtL(E) = 5,
and an examination of the rst diagramin [W1, p.113]shaws that Aut, (E) actsvia
the permutation represetation (with two orbits of lengths5 and 10). This cortradicts
Proposition 4.7(b).

NL(E) H,=218Spe(2), E VW, = 2. Impossiblesincerk(\,) = 1.
NL(E) Hjz=21*6:24A4, E V3= 2. Impossiblesincerk(Vs) = 1.

NL(E) H4= Mys. This subgrouparisesas (one possible)intersection of a sub-
group 2'* M,,  Co, with Co,. From the analysisin [Cu, x2], we seethat ead time
the normalizer of an elememary abelian subgroupE  Co; was showvn to be con-
tained in a subgroupK = 2:M,,, it was cortained in sud a way that E intersects
nortrivially with the rank 11 subgroup. Henceif N, (E) Co,, then K\ Co, cannot
be isomorphicto M3, and sowe can ignore this case.

N (E) Hs = Ug(2):2. Then P 2 R 2(Hs;2) by Proposition 4.9(b), which is
empty by Lemma6.5. (Note that Out(L) = 1.)

N (E) He = McL. Then rk(E) = rky(McL) = 4, and Aut_ (E) = A; asde-
scribed above. This is impossibleby Proposition 4.6(d), sinceA; cortains no radical
subgroupsof order 2.

N (E) H;=20Mxn2, E Q=V;=2% By]Al, (30.3) & (31.11)], V; is
the unique rank 10 subgroupof H;, and henceweakly closedin any Sylow subgroup
which cortains it. We have just shovn that R 2(L ;2) 0= 7.

L = Fiyp: By [A3, (25.7)], for any S 2 Syl,(L), the setof involutions in S of type 2A
generatesa subgroup2*®, which thusis weakly closedin S with respectto Aut(L). We
x S, and let Q = 2'° denotethis subgroup. We will shav that R %(L;2) o = ?,
and alsothat R 2(Aut(L);?2) o = ?. The latter will be neededlater, when working
with the group Fi9,. Weset = Aut(L) = Fix:2 for short [A3, (37.2)]. Throughout
the following discussionwe usethe term \transp osition" to referto involutions of type
2A; theseall have the property that the product of any two of them hasorder 2 or 3.

By [W4, Proposition 4.4]or [FI], for eat elememary abelian 2-subgroupl 6 E L,
N (E) H,andN (E) H, forsomeH, andH, (n= 1;:::;5) asdescrikedin the
following list:
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NL(E) Hlf 2U6(2), N (E) ﬁl = 2U6(2)2, E V]_ = 2. If NL(E) Hl
andN (E) Hy, thenP=V;isin R ?(Ug(2);2) or R 2(Us(2):2;2) by Proposition
4.9(b); and thesesetsare empty by Lemma6.5.

NL(E) Ho=(2 28U4.(2):2,N (E) H,o= (2 21*8:Uy(2):2):2,E V,=
22, Impossiblesincerk(V,) = 2.

NL(E) Hs = 25+8:( 3 AG), N (E) Hs= 25+8:( 3 5), E V3 = 2°. Thus
Aut, (E) is the stabilizer of the action of Ag or 4. As descrited in [W4, xx3{4],
V3 = 2° is generatedby a unique hexad of transpositions, and henceAut | (Vs) = Ag
and Aut (Vs) = ¢ act on V3 via the permutation action on FS=F,. Sinceneither Ag
nor ¢ hasaradical subgroupof order2, Proposition 4.5shavsthat E cannotbeequal
to Vs, nor equalto the index two subgroupof V3 cortaining no transpositions (since
that is alsostabilized by Ag). The only remaining possibility is for E to have rank 4,
containing exactly three or four transpositions (if it only hasoneor two its normalizer
is cortained in H; or H,). In thesecaseseither Aut, (E)=0,(Aut_(E)) = 3 (three
transpositions) or Aut_ (E) = Aut (E) = 4 (four transpositions); and in neither
casecan E be cortained in E ?(L ;2) (Proposition 4.6).

N_(E) H4 = 25:Spe(2), N (E) Hs = 2":Spe(2), E V, = 25. By [W4,
xx3{4], the only situation where N (E) H, and is not cortained in any of the
other subgroupsH, occurswhenall involutions in E have type 2B (in particular, E
corntains no transpositions), and E supports a nonsingularsymplecticform b sud that
Aut| (E) = Aut(E;b). Thusby Proposition 6.4 (assumingrk(E) 4), E isin neither
E 2(L:2)norE 2( ;2). Similarly, fE ~ andEo ¥ E\ L is 2B -pure and supports
a symplectic form asdescrited in (e), then E  H, = 27:Spg(2), SOE  O(H4) by
Proposition 4.9(a), henceeither Aut (E) = Aut, (Eo) or O,(Aut (E)) 6 1; and the
samereasoningshavsthat E 2 E 2( ;2).

NL(E) Hs = 210:\ 22, N (E) ﬁ5 = 210:M22:2, E Q =Vsg= 210 We have
already seenthat Q is weakly closedin any Sylow 2-subgroupwhich cortains it; and
we have just shavn that R (L ;2) o= ?.

L = Fiys: Note that Out(L) = 1[AS3, (37.2)]. Fix S 2 Syl,(L). Then Z(S) = 22, and
cortains a represetativ e from ead of the three classesof involutions in L. Thus by
Proposition 4.4(e), ead critical 2-subgroupof L cortains involutions from ead of the
three classes.By [A3, (25.7)], the set of transpositionsin S (involutions of type 2A)
generatesa subgroup2'!, which thusis weakly closedin S. Welet Q = 2!! denotethis
subgroup,and will shov that R (L ;2) = ?.

By [Fl, x2], the normalizerof eat elemenary abelian 2-subgroupof L which cortains
transpositions is cortained in one of the subgroupsin the following list.

NL(E) Hi=2Fi,n, E V;= 2. By Proposition 4.9(b) (and sinceOut(L) = 1),
P=V; 2 R ?(Fi,;2). We have already seenthat this implies that P=V; cortains the
subgroup 2'° generatedby the involutions of type 2A in someSylowv 2-subgroupof
Fi,,, and hencethat P Q = Vs (up to conjugacy).
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N (E) H,=22Ug(2:2, E V, = 22, SinceOut(L) = 1, Proposition 4.9(b)
implies that P=V, 2 R 2(Ug(2):2;2), and this setis empty by Lemma6.5.

NL(E) Hsz= (22 2183 U4(2):2, E Vs;= 28 Impossiblesincerk(Vs) =
3.

N (E) H,=258( 3 A7), E V,= 25 The subgroupV, cortains (and is
generatedby) exactly sewen transpositions, which are permuted in the obvious way
by Aut, (V4) = A7. HenceAut | (E) is the stabilizer of this permutation action of A;.
SinceA; hasno radical 2-subgroupof order 2, V, 2 E (L ; 2) by Proposition 4.6(d)),
andthusE V4. ThusP=0,(H4) = P,y P,, whereP, sand16 P, A are
radical 2-subgroups(Lemma 1.12(a)); E is the xed subgroup of the P,-action on
V,; and this is impossiblesincethe nontrivial radical 2-subgroupsof A+ all have xed
subgroupon V, of rank 3.

N (E) Hs=2"My, E Q = V5 = 2. We have already seenthat Q is
weakly closedin any Sylov 2-subgroupwhich cortains it; and we have just shavn
that R %(L;2) o= 2.

L = Fid,: By [A3, (37.1)], Out(L) = C,, and Aut(L) = Fiy. Wewrite = Fiy for
short. The group is generatedby transpositions: elemeits in a conjugacy classof
involutions in r L the product of any two of which hasorder 2 or 3. By [A3, (37.4)],
L hastwo conjugacyclassesf involutions: ead elemen of type 2A is a product of a
unique pair of commnuting transpositions (its factors), while ead elemen of type 2B
is a product of four commnuting transpositions (but not uniquely).

Fix 82 Syl,(), andsetS= 8\ L 2 Syl(L). By [A3, (25.7)], the set of transposi-
tions in 8 generatesa subgroup® = 212, SetQ = G\ L = 2%, By [A3, (34.9)], Q isthe
Todd module for N (Q)=Q = My4. Henceby [Al, 31.11],Q is the unique elememary
abelian 2-subgroupof N (Q) of rank 11. SinceQ C S, N .(Q) S, andthusQ is
weakly closedin S with respect to Aut(L). We will shav that R 2(L ;2) 0= 7.

By [W6, TheoremsD & E] (with correctionsin [LW, x2]), eat 2-local subgroup of
L is contained up to conjugacyin one of the subgroupsin the following list.

NL(E) Hi=N(2A)=2Fi»:2,E V=2 ThenN (E) N (H,), sincethe
factors of the generatorof V; normalize E. By Proposition 4.9(b) again, P=V; 2
R 2(Fi»:2;2). We have already showvn that this implies that P=V; cortains (up to
conjugacy) the subgroup 2'° generatedby the involutions of type 2A in any Sylow
2-subgroupof Fi,,. Sinceall involutions in Fiy lift to involutions in 2F iy [A3,
(23.8)], this shows that P cortains a subgroup2!?, which must be conjugateto Q.

NL(E) H,=N(2B)=21"123U,(3):2,E V,= 2. Impossiblesincerk(V,) = 1.

N (E) Hsz=2%2Ug(2): 3, E Vs= 22 In this case,V; Q (up to conjugacy),
and all of its involutions are of type 2A . The factors of the involutions in V3 all lie
in @, and generatea rank three subgroupwith just three transpositions, which are
permuted by the conjugation action of E and hencenormalize E. Thus N (E)

N (H3), andsoP=\s 2 R ?(Ug(2): 3;2) by Proposition 4.9(b). But this setis empty
by Lemma6.5.
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N (E) Hs=258( 3 Ag), E V4, = 25 Here, Aut_(V,) acts on V, via
the natural action of Ag = §(2). This follows from the discussionin [W6, p.91],
whereit is shavn that V; is the intersectionwith Fi3, of the subgroupof rank 7 in
Fi,4 generatedby the eight transpositionsin an octad. HenceE  V, by Proposition
4.6(c), sincethe Sylow 2-subgroupsof Ag areneither dihedral nor semidihedral. Hence
P=\, is anortrivial radical 2-subgroupof Ag, and E isthe xed subgroupif its action
on V4. But the xed subgroupof any sud radical 2-subgrouphasrank 3, and so
this caseis not possible.

N (E) Hs=2%2:(As L3(2),E Vs= 25 Impossiblesincerk(Vs) = 3.

NL(E) Hg= (A, 5(2):3):2, E  Ve= 22 ThenP Ay 5(2), and is
a radical 2-subgroupof this product. Soby Lemma 1.12(b), P = Vs P° where
PCis a radical subgroupof 5 (2), and henceof the form O,(P) for someparabolic
subgroupP s (2) for which rk(Z(0O2(P))) 4. The only sud subgroupis of the
form P = 2% £ (2), which would imply that

(E;Aut (E)) = (2 2%(3  §(2):2):
By Proposition 6.4, no suc group E canbein E ?(L ;2).

NL(E) H;=2% 5(2, E V, = 28, The maximal parabolic subgroupsof
g(2) are Py = 26:Uy(2) (O2(P 1) has 1-dimensional xed subgroupon V; = 28),
P, = 21*8:( 3 As) (2-dimensional xed subgroup), and P5 = 2%%6:(L;(2) 3)
(3-dimensional xed subgroup). HenceP  V; would imply rk(E) < 4; while Propo-
sition 6.4 shows that V; 2 E 2(L ;2).

N, (E) Hg= 21 My, E Q = Vg = 21, We have already seenthat Q is
weakly closedin S with respectto Aut(L); and have now shovn that R ?(L ;2) Q=
?.

L = F,: This group cortains four conjugacyclasseof involutions. By [Grl, Theorem
3], or by [Sg, Theorem 5.6], Out(L) = 1. By [MS], ewery 2-local subgroup of L is
contained in one of the subgroupsin the following list.

N (E) H;=N(2B)= 2*22:Co,, E V; = 2. Impossiblesincerk(V;) = 1.
N (E) H,p= 2210720\ ,,:2 3), E Vb, = 22 Impossiblesincerk(\,) = 2.

N (E) Hz=[2%®]( 5 Ls3(2), E Vz= 2% Thusrk(E) 3. The subgroup
Hs is descrited in [Al, p.33],and its constructionin [Al, pp.219{220]. In particular,
Hs = N (W) for a certain subgroupW  Oy(H;) = 222 of rank 3 (and with
Z(H;) W), and H3=C_(W) = L3(2). SinceH; is the certralizer of an elemen of
W, this shaws that Co,n,)(W) C Oz(H3) Hi. SinceO,(H1) is certric in Hy, this
showvs that Z(O2(H3))  Co,mq)(W), and hence(since O,(H1) is extraspecial) that
W = V3.

N (E) H,=255+10%10 ;(2), E  V, = 25 Then Aut, (E) = Aut(E), and
this corntradicts Proposition 4.6(b,c) (the Sylow 2-subgroupsof Aut_ (E) are neither
dihedral nor semidihedral).
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N (E) Hs=2%%%:Spg(2),E Vs=2° ThenE V5= 2° and P=0,(H5) is a
2-radical subgroupof Hs=0,(Hs) = Spg(2). The only radical 2-subgroupsof Spg(2)
whose xed subgroupon 28 hasrank 4 arethe trivial subgroup(and (Aut_(E);E) =
(Sps(2); 2°) implies E 2 E 2(L ;2) by Proposition 6.4); and 21%:Ag = 210:1 4(2) (im-
possibleby Proposition 4.6(c), sincethe Sylov subgroupsare neither dihedral nor
semidihedral).

NL(E) Hg=N(2A) = 2:2E4(2):2. ThenjVgj = 2, and P=Vs 2 R 2(Hg=V%;2)
by Proposition 4.9(b). In particular, (P=Vs)\ Eg(2) is a radical 2-subgroupof E¢(2).
From the list of maximal parabolic subgroupsof E¢(2), we seethat the only radical 2-
subgroupwhosecerter hasrank 4 hasthe form 28716 with normalizer28*1¢:SQq (2)
in 2E¢(2):2. Hencethe only possibilities are

(E=Vs; Aut (E=V)) = (28,504 (2)) or (27;Sps(2)):

(The secondcasecorrespndsto the extensionof 286*1¢ by a transvectionin SOg (2).)
By Proposition 6.4, neither of this situations can occur for P=\ 2 R 2(E¢(2):2;2),
and sothis caseis impossible.

N (E) H7=N(2C)= (22 F4(2)):2. From the list of maximal parabolic sub-
groupsof F4(2), we seethat only two radical 2-subgroups = O,(P) have certers of
rank 4. In both casesthis would meanP = U of order 22°, E = Z(P) = 25, and
Aut (E) = P=U= 3 L3(2); with arank 2 subgroupof E, E which is normal
in P. Which cortradicts Proposition 4.6(b).

NL(E) Hg=N(2C?) = 4 2F4(2). The radical 2-subgroupsof #4(2) have
certers of rank one or two (see[W3] or [P1]), and henceE 2 E ?(L;2) and P 2
R 2(L;?2).

L = Fy: By [Grl, Theorem 3], or by [GMS, Theorem 5.10], Out(L) = 1. By [MS],
ewvery 2-local subgroupof L is cortained in one of the subgroupsin the following list.

N (E) Hi=N(2A)=2F,, E V. = 2. By Proposition 4.9(b), P=V; 2
R 2(F5;2), and we have already showvn that this last setis empty.

NL(E) H,=N(2A?% = 222E¢(2): 3, E Vo, = 22, Then (P=\W) \ E4(2) is a
radical 2-subgroupof £¢(2). All involutions in %Eg(2) lift to involutions in its 2-fold
cover, soany elemetary abelian 2-subgrouplifts to an elemenary abelian 2-subgroup
in the 2-fold cover. From the list of maximal parabolic subgroupsof &E¢(2), we see
that the only radical 2-subgroupwhosecerter hasrank 4 hasthe form 2816 with
normalizer 28*16:  (2). Also, the only involutions z 2 SOg (2)r 4(2) sud that
tei is radical in SOgq (2) are the orthogonal transvections, with C 8(2)(2) = Sps(2).
Henceeither P=\, = 28716 E=\, = 28 and Aut_ (E=W) = 4(2); or P=\, = 28+16:2
E=\, = 27, and Aut, (E=\,) = Sps(2). Both of these casescortradict Proposition
6.4.

N (E) Hsz=N(2B)= 2'*?*:Co,, E V3= 2. Impossiblesincerk(Vs) = 1.

N (E) H,= 22"11%22(M y, 3), E V4= 22 Impossiblesincerk(V,) = 2.
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N (E) Hg= 236712418 5(2) 3Sg), E Vs = 22. Impossiblesincerk(Vs) =
3.

N (E) Hg= 25%10+20:( 5(2) 3), E Vg = 2°. Then Aut_(E) = Aut(E),
which cortradicts Proposition 4.7(a).

NL(E) H; = 210+16. 10(2), E V7 = 2% Then P 02(H7), and P:OZ(H7)
is a 2-radical subgroupof H,=0,(H;) = 1,(2). By examination of the root system
of the Lie group Ds, one seesthat the only radical 2-subgroupsof 7,(2) whose
xed subgroupon 2!° hasrank 4 are the trivial subgroup(and (Aut,(E);E) =
( 16(2);2'9 implies E 2 E ?(L ;2) by Proposition 6.4); two conjugacy classesof
subgroups2'° with normalizers 21%L 5(2) (5-dimensional xed subspace),and one
conjugacy class of subgroup 26*8 with normalizer 26*8:1,4(2) (4-dimensional xed
subspace). Hencein both of these cases,Aut, (E) = Aut(E), which implies E 2
E 2(L;2) by Proposition 4.7(a).

This nishes the proof of Theorem9.1.

10. Comput ations of lim*(Zg)

In this section, we summarizewhat we know about the groupsliml(YE), with in-

dications of the proof in somecases. In all cases,limo(YE) = 0 by Glauberman's
Z -theorem|[Gl]. Using this, the following proposition follows by essetially the same
proof asthat of Proposition 4.2.

Prop osition 10.1. Fix a nite simplegroupL andS 2 Syl,(L). AssumeQ Sis 2-
centric in L and weakly closel in S with respect to Aut(L), and that it hasthe property
that R ?(L;p) o = ?, and that no sulgroupin RY(L ;p)  is contained in any other
sulgroup in this set. Let E be a quasisimplegroup suchthat Z(E) is a 2-group and
E=Z(E) = L, and let Aut( E) be a sulgroup which contains Inn(E) = L. Then for

vk i
lim*(Y,) = Ker YN (P)NL(P): Yo (P) HO(N (Q); Y. (Q))
i=1
for somesurjection betwesn thesetwo groups.

WhenL = A,, then

Iiml(YE) _ Z=2 ifE= An n, N 2,3 (mod 4)

02() 0 otherwise;
When n, this is showvn via an easymodi cation of the proof of Theorem 5.1.
(The caseL = Ag = PSL,(9) and 6 Must be handled separately) Recall that

we write E » for the elemenary abelian group 2 acting with onefree orbit, and
that Q A, denotesthe product of [n=4] copiesof E4. Then R(A,;2) o Is empty

if N 0;1 (mod 4); and cortains the conjugacyclassof the group A,\ S° E,?
for someS®2 SyL,( , ) if N 2,3 (mod 4). SoA, 2 L(2) in the rst caseby
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Proposition 4.2, and one gets the above computations using Proposition 10.1in the
secondcase.

Note, howewer, that lim*(Z ) = 0for all n, evenin thosecaseSNhereIiml(YAn”) =

Z=2. This follows from the obsenation that lim°(Z »=Ya") = Z=2whenn  2;3 (mod
4).

When L is of Lie type in characteristic two, then by Theorem6.3,L 2 L(2) except
whenL = L3(2) = Ly(7). When L is of Lie type in odd characteristic, and not
isomorphicto E;(q) or Eg(q), then L 2 L(2) exceptfor the following cases:

lim(Y,) = Z=2if L = PSLa(q) = 3(d), g 1(mod8),  Autry(L)
lim(Y,) = Z=2if L = PSL4(0), q 3 (mod4),  Autsy(L)
imi(Y,) = Z=2if L = PSUs(0), ¢ 1(mod4),  Autsg(L)

lim* (Y, )= z=2ifL= 5(¢,n 3, Autg(L).

Here, Aut;4(L) denotesthe group generatedby inner, eld, and graph automorphisms
ofL. Also, 25(g) = ( F2";q) whereqis a quadratic form with nonsquarediscriminart.

The caseL = PSL,(q) is shovn using Proposition 1.6 (or an easy modi cation of
the proposition and its proof). In all other cases,there is a weakly closedsubgroup
Q sud that R*(L;2) , cortains at most one conjugacy class, or in certain cases

two L-conjugacy classeswhich are Aut(L)-conjugate. The results then follow from
Propositions 4.2 and 10.1.

The sporadic groupsall lie in L(2), with the possibleexceptionof the baby monster
and the monster. This is showvn, either by modifying and extending the argumerns
usedin Section9, or by usinglists of radical 2-subgroupsof thesegroupssud asthose
published by Yoshiara[Y1] [Y2] and by An & O'Brien [AQ].
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