MISLIN GENUS OF MAPS
JIANZHONG PAN AND MOO HA WOO

ABSTRACT. In this paper, we prove that the Mislin genus of a (co-
JH-map between (co-)H-spaces under certain natural conditions is
a finite abelian group which generalizes results in Zabrodsky[9] ,

McGibbon[6] and Hurvitz[5)

1. INTRODUCTION

Let X be a nilpotent connected CW complex of finite type and X,
be the p-localization. The Mislin genus|7] of X is the set G(X) of the
homotopy types of nilpotent connected CW complexes Y of finite type
such that Y{, ~ X, for all prime p. In general G(X) is not trivial.
The first general result about Mislin genus is that of Wilkerson:

Theorem 1.1. [8] Let X be a 1-connected CW-complex of finite type.
If H,(X,7Z) = 0 for n sufficiently large or m,(X) = 0 for n sufficiently
large , then G(X) is finite.

In general it is difficult to determine the set G(X). An exceptional
case is the following result of Zabrodsky[9][10].
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Theorem 1.2. Let X be a 1-connected rational H-space (i.e., space of
finite type such that its rationalization is an H-space) with only finitely
number of nontrivial homotopy groups. Then the following is an exact

sequence
X, X); %z + 1) S G(X) =0

where t is a certain positive integer depending on X , | is the number
of integers k with QH*(X;Q) # 0 and [X, X|; is the set of homotopy

classes of the self-maps of X which are t-equivalences.

Remark 1.3. QH*(X;Q) in the above Theorem is the indecomposable
module of the algebra H*(X,Q) over Q.

Recently McGibbon [6] generalized this to the case of connected
nilpotent rational H-space and to the case of 1-connected rational co-
H-space.

On the other hand Hurvitz[5] introduced the genus of maps as follows

Definition 1.4. Let f : X — Y be a map between two nilpotent
connected CW complexes X,Y. The genus G(f) of f is defined to
be the set of equivalence classes of maps f' : X’ — Y’ such that for
each prime p there exist homotopy equivalences h, : X (’p) — X(p) and
ky : Y(; ) = Yip) satisfying foyhp >~ kp f(’p), where two maps f! : X] — Y/
, 1 =1,2, are equivalent if there exist homotopy equivalences g : X] —

X} and h : Y] — Y] such that fjg ~ hf].

Let [f, f]; be the set of equivalence classes of pairs (h, k) of t-equivalences
h:X — X, k:Y — Y satisfying kf ~ fh where t is a positive integer.
One of the main results in Hurvitz’s paper is the following extension

of Zabrodsky’s result.
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Theorem 1.5. Let f : X — Y be an H-map between H-spaces such
that H*(X,Q) and H*(Y,Q) are primitively generated and H*(f, Q) is
etther a monomorphism , an epimorphism , an isomorphism or zero.
Then G(f) admits an abelian group structure and there exist integers

k and t (depending on X,Y and f) and an exact sequence

!

o ok 3
[f, fli = [Zi) £ 1" = G(f) = 0
The main result in this paper is the following

Theorem 1.6. Let f : X — Y be an H-map between H-spaces such that
H*(X,Q) and H*(Y,Q) are primitively generated . Then G(f) admits
an abelian group structure and there exist integers k and t (depending

on X,Y and f) and an exact sequence

!

o1 S 22 21 S 6(f) — 0
where

I(X) if H*(f,Q) is an isomorphism
U(X)+UY) otherwise

k:

and 1(X) is the number of i such that 7;(X) @ Q # 0 while t will be
defined in Section 2.

Remark 1.7. Obviously the restriction on H*(f, Q) in Hurvitz’s result

has been removed .

It is not clear if Hurvitz’s original approach can be extended to get
the dual result . Combining Hurvitz’s and McGibbon’s approaches we

are able to extend the above result to the dual case as follows:

Theorem 1.8. Let f : X — Y be a co-H-map between co-H-spaces
with coprimitive generated homotopy Lie algebras . Then G(f) admits
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an abelian group structure and there exist integers k and t (depending

on X,Y and f) and an exact sequence

!

ol S0z 1S G(f) — 0

where

I(X) if m(f) @ Q is an isomorphism
U(X)+UY) otherwise

kE—

and 1(X) is the number of i such that H;(X,Q) # 0 while t will be
defined in Section 3.

Remark 1.9. There are similar results for Gy (f) and G*(f) as defined

in [5]. We will omit these quite clear extensions.

Remark 1.10. The analogue of rational (co-)H-space for map should
be rational (co-)H-map between rational (co-)H-spaces. Although we
are unable to extend the main results in this paper to the general case
until now, we do believe that it is true at least for rational (co-)H-map
between rational (co-)H-spaces with (co-)primitively generated rational

(homotopy Lie algebras) cohomology rings.

All spaces considered in this paper are based and of the homotopy
type of 1-connected CW complexes of finite type. For simplicity 0 will
be included into the set of primes. All spaces are assumed to have finite
number of nontrivial homotopy groups when we are dealing with genus
of H-map while spaces are assumed to have finite number of nontrivial
homology groups when we are concerned with genus of co-H-map.

Zy is the ring of modt integers and Z; is the group of units in Z,.
A map is said to be t-equivalence if it is p-equivalence for all prime p

dividing ¢.



MISLIN GENUS OF MAPS 5

2. GENUS OF MAPS BETWEEN H-SPACES

First we fix some notations. Let (X, u) be an H-space. We shall
denote by + the operation on [Z, X| induced by p , by ¢, the n-th

power map
Gn=pm(px1)-(gx1Ix--x1o(Ax1Ix--x1)---A

where A denotes the diagonal map.
In general the product p is not assumed to have an inverse. Never-

theless we have the following elementary but important result

Lemma 2.1. If (X, u) is an H-space, then [W, X] is an algebraic loop
for any space W, i.e., for any two maps f,g € [W,X] there ezists a
unique Dy, € [W, X]| such that Dy, + g = f.

Lemma 2.2. Let h : X; — X5 be an H-map and g : W1 — W5 be a
map. For any two maps fi1,f2 € [Wa, X1|, we have

hDy,.f, = Dhging, and (Dy,.,)9 = Diig,p29-
Remark 2.3. For the proof of the lemmas above, see [9]
For simplicity, denote Dy, by f — g. Define
= b — T — T
where 71, mo are projections from X x X to its factors. Then for any
coefficient A , define

PH*(X,A) = kerH*(f1,A)

Now let X be a rational H-space with only finitely nontrivial ho-
motopy groups. Denote by K(X) the generalized Eilenberg-MacLane
space with homotopy groups 7,(X)/torsion. Let A : X — XA X
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denote the reduced diagonal map. Define PH,(X,Z) to be kernel of
H.(A,Z) . Let 0, : m(X) — PH.(X,Z) be the obvious quotient map
of the Hurewicz homomorphism. Since X is a rational H-space , the

map o,, has a finite kernel and cokernel for each n. Define

t,(X) = exp(cokero, 1 )exp(kero,,)

(X)= [ )

n<N(X)
where , for a given finite abelian group G, expG is the smallest integer
n > 1 such that ng = 0 for all ¢ € G and N(X) is the least integer
such that m,(X) = 0 for every n > N(X) .

Let s,(X) = exp(torsion(H"(X,Z))) when QH"(X,Q) # 0 and
$n(X) = 1 otherwise. Let s(X) be the sequence of integers {s;(X), s2(X)
,oo . I f: X = Yisamap, then s(f) is defined to be the sequence
of integers {s1(X)s1(Y), s2(X)s2(Y), -} .

On the other hand , given a H-space X with primitively generated
H*(X,Q) and a sequence of integers s = {si, s3,---} , an s-maximal
map for X is a map px : X — K(X) such that for each n there exist
{z1,--+ , 2.} € H"(X,7Z) which projects to a basis of PH"(X,Q) and
a basis {t1, -, .} for PH"(K(X),7Z)/torsion with (¢x)*(t;) = spz;.
If X is an H-space and ¢x is an H-map, then the maximal map will be

called primitive. An elementary but useful result is as follows:

Lemma 2.4. s,t,(X) can be divided by the integer exp(m,(fiber(¢x)))

for an s-maximal map of X .
Remark 2.5. Any s(X)-maximal map of an H-space X is primitive.

Now we define the integer ¢ in Theorem1.6 as follow:
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Definition 2.6. Given an H-map f : X — Y between two H-spaces,

t=t(X)(t(Y))? 11 $n(X)sn(Y)

n<max(N(X),N(Y))

Let f : X — Y be a map between two rational H-spaces with prim-
itively generated rational cohomology and s be a sequence of integers
{s1, 82, -+ }. Then an s-maximal map for f is a homotopy commutative
diagram

x s v
X J/ Y J{
K(X) - K(Y)
where ¢ x, ¢y are s-maximal maps. If the map f is also an H-map, then

an s-maximal map for f is called primitive if fx, px, ¢y are H-maps.
Remark 2.7. Any s(f)-maximal map for f is primitive.

In this section we will prove Theorem 1.6. Before that , however, we

need several preliminary results .

Theorem 2.8. Let X be an H-space with primitively generated H* (X, Q)
and with only finitely nontrivial homotopy groups and W be any space.

Then

(1)For every map f : W, — X,, there exist an integer n and a map

g: W — X such that (n,p) =1 and gy ~ onf.

(i1)Given two maps fi,fo + W — X so that oxfi ~ @xfa where

ox : X — K(X) is a primitive s-mazimal map, then ¢y fo ~ ¢pfi

where t' = ] t.(X)sp-

n<N(X)

Proof. The statement (i) is essentially the same as that of Theorem 2.1

in [5].
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To prove the part (ii),it suffices to prove that ¢yk ~ % by Lemma
2.2 where k = Dy, 7,. The given conditions and Lemma 2.2 imply that
wxk ~ x. The result follows from an induction by Postnikov tower of

map ¢x , see the proof of Theorem 3.8 for details of a dual proof. [

Theorem 2.9. Let f : X — Y be an H-map between two H-spaces and
[ be an integer with | = pi* ---p¥s . Than given two spaces X')Y', a
function f": X' — Y’ and homotopy equivalences h,, : Xépi) —= X,
kp,
h:X —X,Y' =Y sothat fh ~ kf'.

Y(;i) — Y, satisfying fop,)hp, ~ kp, f(’pi), there exist l-equivalences

Proof. 1t is Theorem 2.2 in [5] O

Theorem 2.10. If f: X — Y is any map between rational H-spaces.

Suppose that an s(f)-mazimal map of f is given as in the following

diagram.
X' r X
J‘PX/ l Px
") K(X) —>—A4 K(X)

f

Y’ -y 7
SOY/{/ Py

K(Y)

Then for every pair («, 3), where a : K(X) — K(X) and 8 : K(Y) —
K(Y) are t-equivalences such that Bg ~ ga, there exist a map f': X' —
Y' f' € G(f) and t-equivalences h : X' — X and k: Y’ — 'Y such that
the every diagram in the following cube commutes up to homotopy and

©xr, pyr are s(f)-mazimal maps.
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Remark 2.11. Tt is easy to know that, if «, § are homotopy equivalences,

then f’ is equivalent to f.
Proof. It is Theorem 3.4 in [5]. O

Theorem 2.12. Let f : X7 — X5 be an H-map between H-spaces
such that H*(X1,Q) and H*(Xs, Q) are primitively generated. Let
Y1 = Y5 be a map between rational H-spaces. Choose s( f)-mazimal
maps fx, fy for f,f' respectively so that the maximal map for f is
primitive.

Then given a pair of maps (a1, az) as in the following diagram sat-
isfying asfy = fxai, there exist mappings h; : Y; — X;, i = 1,2, so

that all the diagrams in the following cube commute up to homotopy.

Yi ¢
(2% l@xl
/ qﬁfa
"/ KW LK (x)
YQ f;’ h2 XQ fX
PYy <PX2\
pra2
K(Ys) K(X3)

Proof. By Proposition 1.8 in [10] , for each pair (aj, ay) in the Theorem,
there exist mappings A : ¥; — X; so that ¢x,h; ~ 0y, 0y x,)u(xz) - It
is easy to know that ¢x,hg ~ ¢x,fh] . Theorem 2.8 implies that

Da(xa)2hg ~ Guxay2 Ry ~ fduxayzhi

since f is an H-map. The result follows by taking h; = ¢yh, where
t = 1/t(X1)t(Xs). O
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Theorem 2.13. Let f be as in Theorem 1.6. Given a primitive s(f)-

mazimal map g of f, there exists a commutative cube up to homotopy

as follows
Ix
X x K(X) - X
Px Xdp Px
9/ K(X) x K(X) - — K(X)
Y x K(Y) %2 it -y .
Py Xp; Py
K(Y) x K(Y) - K(Y)

where ¥x, ¥y restrict to the identity on the first factor and p are the
standard multiplication on product of Eilenberg-MacLane spaces and

left face is the given mazimal map.

Proof. The proof is similar to that of Theorem 2.12 using Proposition
4.6 in [6]. Although we modified the notion of maximal map, we have

also modified the integer #(X) to ensure that it remains valid. 0J
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Theorem 2.14. Let f : X — Y be as in Theorem 1.6 . Given [f'] €

G(f), then there is a commutative cube up to homotopy

X’ L X
I/ K(X) o K(X)

g/k y ¢

’ (Y)

K(Y

where h, k are t-equivalences , all the vertical maps are mazimal maps,

the back and front face diagrams are homotopy pullback diagrams and
a=Je:K(X) = KX),8=]]8:KY)— K(Y)
i J

where
a; » K(my(X)/torsion,i) — K(m;(X)/torsion, 1)
B+ K(m;(Y)/torsion, j) — K(m;(Y')/torsion, j)

and

K(X)= H K(m(X)/torsion,i), K(Y) = H K(m;j(Y)/torsion, j)

Proof. Take t-equivalences h : X’ — X,k : Y’ — Y as granted by
Theorem 2.9 so that fh ~ kf’. We will try to define the other
maps in the above diagram so that the Theorem is true. Without
loss of generality, we can assume that there is only one [ such that
m(X)Q®Q =m(Y)Q®Q = 0if i # . Choose rational H-space struc-
tures on X', Y’ such that k), k(g), f(/o) are H-maps. It is always possible
to choose bases{r1,- - ,z,, } for PH(X,Z)/torsion and {x}, - ,z!

bl 79



12 JIANZHONG PAN AND MOO HA WOO

for PHY(Y, Z)/torsion so that PH*(f,7)/torsion is diagonal with re-

spect to these bases and {zi,---,, } and {#},---,7,,} are bases
for PH*(X,Q) and PH*(Y,Q). Let ¢x,py be defined by s(f)z; =
(px)*(u) and si(f)a; = (py)*(¢;) where {u,--- ¢, } is a basis for

HY(K(X),Z)/torsion and {1}, - -, }is abasis for H'(K(Y'), Z)/torsion.
Then g is also of the diagonal form under the bases. Choose elements
{v1,-- ,yn} € H(X',Z) and {y},- - - ,y. } € H(Y',Z) such that they
projects to bases of PH*(X’,Q) and PH*(Y’,Q) respectively. Define
the maps ¢y, gy similarly. Since k, h are t-equivalences and rational

H-maps, we can write

Z)‘u’yz _I_vu ZA]]’yg +w]

where det \;;/, det )\;j, are prime relative to ¢ and v;,w; are torsions.

Certainly we can find ; and w; so that

(z;) = Z i (Yir + V), Z N (Y +y0)

Let ¢y be the map which sends each ¢; to s;(f)(y; + ¥;) and @y
be the map which sends each ¢; to s;(f)(y; + @w;) and set 3, to be

the maps which send ¢; and ¢} to D Aty and ) )\;- ., respectively.

j
Obviously what we have to verify is that ¢y f' ~ gpx:. It is easy
to know from diagram chasing argument that By f' ~ Bgpx:. Now
(v )" (1) — (9x/)*(1;) = u; which are torsion of order dividing ¢ for
all . u; =0 for all 7 iff > \jpuy = 0 for all 7 iff By f' ~ Bgpx since

det \;; is prime relative to t. Now it is clear that the front and back

squares are homotopy pullback. O

Proof of Theorem 1.6. Without loss of generality, we can assume that
there is an integer { such that m(X) @ Q = m(Y) @ Q =0ifi # . By

Theorem 2.10 and Theorem 2.14 it follows that there exists a surjection
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€:T — G(f) where
T = {(a,B)|Bg ~ ga,a and § are t-equivalences}.
In other words, there is a surjection ¢ : 7" — G(f) where
T = {(Ay, A9)|A; € M(Z,7y), (det Ay, t) = 1,5 = 1,2, A,C = C Ay}

where M(Z,n) is the set of n x n matrices and A, Ay, C' represents
a, (3, g respectively.

Given (A, Ay), (By, By) € T' such that det A; = det B; (mod #) for
¢t = 1,2, then an elementary calculation shows that A; = B;G; +
tHy, Ay = ByGy + tH,y, (G1,Gs) € T',detGy = det Gy = 1(modt)
and H,C = CH;. Claim 2.15 implies that we can assume det G; =
det Gy = 1. It follows from Theorem 2.14 and Theorem 2.13 and
Remark 2.11 that ¢'(A4;, Ay) = £ (B, By). Thus ¢ factors through the
map det : 7" — (Z3)! X)) The rest of the proof is the same as that
of Hurvitz[5]. O

Claim 2.15. Given G1,Gy with det Gy = det Gy = 1(modt) and
(G1,Gs) € T'. There exist Hi € GL(Z,r), Hy € GL(Z,r2) such
that (Hy, Hy) € T' and Gy Hy, = Id + tH!, H,Gy = Id + tH)}

Proof. Assume, without loss of generality, that the m; x ms matrix
C has entries zero unless those on diagonal. Then (Gi,Gy) € T is
equivalent to the equations
(G1)ijcs; = cii(G2)ij, for 0 <, 5 <o
(Gg)ij =0fori< lO andj > lO
(Gl)ij =0 fOI'j < lo and 7 > lo

where ¢;;, 0 < i < [y, are the nontrivial terms in matrix C. The proof of

the existence of the matrices Hy, Hy with the prescribed properties will
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be given by mathematical induction and it is obvious for / = 1. Assume
it is also true for | < s, we will prove it for | = s. If [y < m;, using
elementary matrix we can find H; € GL(Z,ry) such that (Hy,Id) € T

and we have the following modulo # equation

0 ifi:ml,lo<j<m1
(GlHl)ij = 1 if 1 = ml,j = My

(G1)ij otherwise

Similarly we can find Hy € GL(Z, 1) if [y < ms with similar properties.
It follows that we can assume ly = m; = my. In this case (G1,Gy) € T'

is equivalent to the equations
(G1)ijcjj = ci(Ga)ij, for i,5 <o

The equations above imply that G; and G, are determined by one
matrix. Thus the result follows from the corresponding result in the

one matrix case. O

3. GENUS OF CcO-H-MAPS BETWEEN CO-H-SPACES

As in the last section we fix some notations first. Throughout this
section all spaces will be 1-connected finite CW complexes with ra-
tional co-H-space structures. Given space X, let M(X) denote the
bouquet of spheres whose reduced integral homology is isomorphic to
H.(X,Z)/torsion. For any space X, let Qm,(X) denote the quotient of
7.(X) by the subgroup generated by all Whitehead products in m.(X).
An s-maximal map from M (X) to X is one that satisfies a condition
dual to that in the rational H-space case. A s-maximal map of a co-H-
space is called coprimitive if it is a co-H-map.

Let s,(X) = exp(torsion(ny(X))) when Qm,(X) Q@ Q # 0and s,(X) =
1 otherwise. Let s(X) be the sequence of integers {s;(X), so(X), -}
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. If f: X — Y is a map , then s(f) is defined to be the sequence of
integers {s1(X)s1(Y), s2(X)s2(Y),---} .

On the other hand , let o, : Qm,(X)/torsion — H, (X, Z) be induced
by the Hurewicz homomorphism. Since X is a rational co-H-space, o,

has finite kernel and finite cokernel for each n. Define
to(X) = exp(cokero, 1 )exp(kero,,)

and
(X)= [[ ()
n<N(X)
where N(X) is the least integer so that , for every n > N(X), H,(X) =

0. As in the last section, we have the following

Lemma 3.1. s,t,(X) can be divided by the integer exp(H,(C(¢x),Z))
where C(f) is the homotopy cofiber of f and ¢x is an s-mazimal map

of X.

Remark 3.2. Any s(X)-maximal map of a co-H-space is also coprimi-

tive.
Now we define as before an integer ¢ in Theorem 1.8 as follow

Definition 3.3. Given a co-H-map f : X — Y between two co-H-
spaces,

t=t(X)(t(Y))* 11 sn(X)sn(Y)

n<max (N(X),N(Y))

Let X be a rational co-H-space, we say 7,(X) ) @ is coprimitive gen-
erated as Lie algebra if there exists a Lie algebra basis {z1,---,z,} €
T.(X)®Q = m(X()) such that z; is represented by a co-H-map
57— X(0).
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Let f: X — Y be a map between two rational co-H-spaces with

coprimitive generated rational homotopy groups. Then an s-maximal

map for f is a homotopy commutative diagram
x 15 v
wa soyT
M(X) 5 M(y)
where @y, @y are s-maximal maps. If the map f is also a co-H-map,

then an s-maximal map for f is called coprimitive if fx,px, oy are

co-H-maps.
Remark 3.4. Any s(f)-maximal map of a co-H-map f is coprimitive.

In this section we will prove Theorem 1.8. As before , we need several
preliminary results which are dual to those in the previous section. Let
(X, v) be a co-H-space. We shall denote by + the operation on [X, W]
induced by v , by 7, the map

Mp=F--(FV1V---V1)o(pVIV---V1)---(p V1)

where F denotes the folding map.
In general the product v is not assumed to have an inverse. Never-

theless we have the following elementary but important result

Lemma 3.5. If (X, v) is a co-H-space, then [ X, W] is an algebraic loop
for any space W, i.e., for any pair f,g € [X, W] there exists a unique
Dy, € [X,W] such that Dy, + g = f.

Lemma 3.6. Let h : X7 — X, be a co-H-map and g : W1 — Wy be a

map. For any pair fi, fa € [Xo, W1|, we have (Dy, f,)h = Dp f,n and

ngl,fz = Dgf1,9f2'

Remark 3.7. The proof of the lemmas above are dual to that in [9]
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The dual of Theorem 2.8 is

Theorem 3.8. Let X be a 1-connected co-H-space and W be a space
with a finite number of nontrivial homotopy groups. Then we have the
following:

(i)For every map f : Xy — W) there exist an integer n, (n,p) =1,
and a map f: X — W so that f(p) ~ .

(i3) If two maps f1, fa : X — W satisfy fipx ~ fapx, then fony ~
finy where ox @ M(X) — X is a coprimitive s-mazimal map and

= J[ tu(X)sn.

n<N(X)
The part (i) is dual to Theorem 2.1(i) in [5], so we will only give a
detailed proof of the part (ii) .

Proof. As mentioned before, the maximal map ¢x as in the Theorem
exists. Let k = Dy, ,. It suffices to prove that kny ~ * by Lemma 3.6.
The given condition and Lemma 3.6 imply that kpx ~ *. Now consider
the Moore-Postnikov decomposition of the map ¢x : M(X) — X. A

typical term in the decomposition fits into the following

xm 9" (i)

MX) 25 X
where X(© = M(X) and map X — X+ is the mapping cone of
amap k™ : M(H,1(C(ex),Z),n) — X™ and M(G,n) is the type
G — n Moore space :
- G ifi=n
0 ifi#n
By the condition on X , there is an integer s such that X¢) = X. Let
t, = Hign t;(X)s;. We will prove that k,n,, ~ * where k, : X — W
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is the map induced by k£ : X — W which will completes the proof since
forn = s, k = k, and t' = t,. We will proceed by induction. It is
obvious for the case n = 0 . If the statement is true for n , we want to

prove it for n + 1. From the cofibration
M(H,11(Clex), Z),n) = X™ - X"+
the following exact sequence is exact:
[M(Hpa (Clpx), Z),n+ 1), W] = X", W] — [X™, W]

Now (1, )" (9")* (kpy1) = (4, ) kn = 0 . Since g™ is a co-H-map, it
follows by Theorem 4.1 that k,,17;, belongs to image of the group

[M(H,4+1(C(¢x),Z),n+ 1), W] which has exponent dividing ¢,1(X).
Therefore it follows that k.17, ,,s,., ~ * which completes the induc-

tion. |

The result dual to Theorem 2.9 is

Theorem 3.9. Let f : X — Y be a co-H-map between two co-H-
spaces, | be an integer with | = py’* ---p¥s . Given two spaces X', Y', a
function f': X" —Y" and homotopy equivalences hy, : X,,, — X, ky,
Yy, — Y, satisfying kp, fp,) ~ f(’pi)hpi, then there exist l-equivalences
h:X— XY =Y sothat kf ~ f'h.

Proof. The proof is exactly the dual of that of Theorem 2.2 in [5]. [
The following is what is dual to Theorem 2.10

Theorem 3.10. If f : X — Y is any map between rational co-H-spaces

, Suppose that an s(f)-mazimal map of f is given as in the following
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diagram.
M(X) - M(X)
-k
9/ x L X
MY) e ()’
Y b Ve

Then for every pair (o, 3) where o : M(X) — M(X), 6 : M(Y) —
M(Y) are t-equivalences such that Bg ~ g, there exist a map f' :
X' = Y' f' € G(f) and t-equivalences h : X — X' and k : Y — Y’
so that the every diagram in the above cube commutes up to homotopy

and @x, pyr are s(f)-mazimal maps.

Remark 3.11. Tt is easy to know that, if «, # are homotopy equivalences,

then f’ is equivalent to f.

Proof. The proof is dual to that of Theorem 3.4 in [5]. O

That Dual to Theorem 2.12 is the following

Theorem 3.12. Let f: X7 — X5 be a co-H-map between co-H-spaces
such that m.(X1) @ Q and 7.(X2) Q Q are coprimitively generated.
Let f" 1Yy — Y, be a map between rational co-H-spaces. Choose
s(f)-mazimal maps fx, fy for f, f', respectively, so that the mazimal
map for f is coprimitive. Then given a pair of maps (aq, ) satis-
fying asfx = fi-a1 as in the following diagram, there exist mappings

h; : X; = Y;, i = 1,2, so that all the diagrams in the following cube
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commute up to homotopy.

l)ll’r]f

M(X,) M(Y1)
lsoxl oyy
/X t—
M (X,) e M (V)
<Px2l Py,
X, b Yy

Proof. An exactly dual proof can be given for Theorem 2.12 ;| except
that, instead of using Theorem 2.8 and Proposition 1.8 in [10] , we ap-
peal to Theorem 3.8 and Theorem 3.13 below which is dual to Propo-
sition 1.8 in [10]. O]

Theorem 3.13. Let X be a finite co-H-space and ¢x : M(X) — X
be a s-maximal map and g : M(X) — W be any map into a space W.

Then there exists a map h : X — W such that hox ~ gnyx).-

Proof. Let ¥ : X — X \/ M(X) be the co-action given in Proposition

5.6 [6] with respect to maximal map ¢x. Then h is the composite
rx) Vid

X 2% x M) MY Wy X 5 W where Vi = id and Y]y = =,

It is easy to verify that h is what we want. (]

Theorem 3.14. Let f be as in Theorem 1.8. Given a coprimitive s(f)-

maximal map g of f, there exists a commutative cube up to homotopy
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as follows
M(X) : - M(X)\/ M(X)
ox ex Vng
‘ X Ix Vo /. x\/ M(X)
M(Y) — : MEY)\/ MY) /.
Py oy Vg
Y Ix - Y \/ M(Y)

where ¥ x, %y project to the identity on the first factor and v are the

standard multiplication on bouquet of spheres.

Proof. The proof is similar to that of Theorem 2.12 using Proposition

5.6 in[6]. 0

Theorem 3.15. Let f : X — Y be as in Theorem 1.8 . Given [f’] €

G(f), then there is a commutative cube up to homotopy

M(X) —*—— M(X)
g X h - X
MY) L My
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where h, k are t-equivalences, the vertical maps are all s(f)-mazimal

maps , the back and front face diagrams are homotopy pushout diagrams

and
o= \/av: MOX) = M(X),6 = \/ 8 : M(Y) = M(Y)
where | ]
a; : M(H,(X,Z)/torsion, i) — M(H;(X,Z)/torsion, i)
8; : M(H,(Y,Z)[torsion, j) — M(H;(Y,Z)/torsion, ;)
and

ZM (X, Z)/torsion, 1) ZM (Y, Z)/torsion, j)

Proof. Take t-equivalences h : X — Y,k : Y — Y’ as granted by
Theorem 3.9 such that kf ~ f'h. We will try to define the other
maps in the above diagram so that the Theorem is true. As in the
dual case , we can assume there is only one [ such that H;(X,Q) =
H;(Y,Q) = 0if i # [. Choose rational co-H-space structures on X', Y’
such that h(), k(o), f’ are co-H-maps. As in the dual case we can choose
elements {zy,---, 2, } € m(X), {2}, , 2, e m.(Y) , {y1,--- ,yn} €
m.(X') and {y},---,y,,} € m(Y’) such that they project to bases of
T(X)QQ , m(Y)QRQ , m(X')QQ and 7.(Y') QR Q respectively.
As in the dual case .(f)/torsion is of the diagonal form with respect

to these bases and

(@) = 3 Nt + vi, (k)u(@) = D Nty +

where det \;;/, det )\;-j, are prime relative to ¢ and v;,w; are torsions.

Certainly we can find v; and w; so that

(z:) = Z it (Yor + Dir), (k) Z N (g + 1)
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Let {t1,--- ¢, } be a base for H,(M(X),Z)/torsion and {¢},--- i,
be a basis for H,(M(Y'),Z)/torsion. Define py,px by s/(f)z; =
(0x)+(ti), si(f)a = (py)«(¢;) respectively and define g so that its

matrix with respect to {¢1, -, ¢, }, {¢,---, ¢, } is the same as that of
m.(f)/torsion . Let ¢x/ be the map which sends each ¢; to s;(f)(y; + ;)
and ¢y~ be the map which sends each ¢; to s;(f)(y}+w;) and set a, 3 to
be the maps which send ¢; and ¢ to ) Aoy and ) N it , respectively.
Obviously the only thing we have to verify is that py.g ~ flox:. It is
easy to know from diagram chasing argument that gpy.a ~ f'oxa.
Now (gpy)«(t:) — (pxr f")«(t;) = u; which are torsions of order dividing
t for all 4. u; = 0 for all 4 iff > Nivuy = 0 for all 7 iff gpya ~ floxa

since det )\;; is prime relative to t. O

Proof of Theorem1.8. Without loss of generality, we can assume that
there is an integer [ such that Qm(X)Q@Q = Qm(Y)QRQQ = 0 if
i # 1. By Theorem 3.10 and Theorem 3.15 it follows that there exists
a surjection ¢ : T — G(f) where

T = {(a, B)|Bg ~ go, o and B are t-equivalences}.
In other words, there is a surjection ¢ : 7" — G(f) where
T' = {(A1, A9)| Ay € M(Z,7;), (det Ay, 1) = 1,i = 1,2, A,C = C A, }.

and M(Z,n) is the set of n x n matrices and A;, Ay, C represent o, 3, g
respectively. Given (A, As), (By, B2) € T' such that det A; = det B;
(mod f) for i = 1,2, then an elementary calculation shows that A; =
B\Gy + tHy, Ay = ByGy +tHy | (G1,G) € T',detGy = det Gy =
1(modt) and GoC = CH,. Claim 2.15 implies that we can assume
det G; = det G = 1. It follows from Theorem 3.15 and Theorem 3.14
and Remark 3.11 that ¢ (A;, Ay) = €' (By, By). Thus ¢ factors through
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the map det : 7" — (ZZ)Z(X)H(Y). The rest of the proof is dual to that
of Hurvitz[5]. O

4. SOME RESULTS ABOUT CO-H-SPACES

In this section we will prove a result about co-H-spaces which is
needed in the last section and which may have independent interest.
This result concerns about the relative homology decomposition of a
map . Zabrodsky had proved that the Postnikov decomposition of an
H-map consists of H-spaces and H-maps (c.f., Corollary 2.3.2 in [9]).
The dual result is also true under our assumption that all co-H-spaces

we are concerned are l-connected.

Theorem 4.1. Let f : X — Y be a co-H-map between co-H-spaces.
Then the homology decomposition of f consists of co-H-spaces and co-

H-maps.

Remark 4.2. When the map f is the inclusion of the base point into the
space X , the homology decomposition of f is the Moore decomposition
of X. In that special case the above Theorem was already obtained by

M.Arkowitz[2] and M.Golasinski and John R. Klein[4]

To prove the Theorem above we will follow Zabrodsky’s approach
to the dual result. First let us recall results about the obstruction of
a map between co-H-spaces to be a co-H-map , see Arkowitz[1] for a
comprehensive survey about co-H-space.

Let XbX be the space of paths in X x X beginning in X \/ X and
ending at the base point and let 7 : XbX — X \/ X assign to a path

its initial point. Then we have a short exact sequence

(20).

0 — [2X, Q(XbX)] (X, 0(x \/ X)) P [0X,2(X x X)] -0
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where iy, 15 are the inclusions to the first and second factors of X \/ X.

The comultiplication v : XX \/ X determines an element
px = —Qiy — Qiy + Qv € [AX, QX \/ X))

such that (©j).(pux) = 0. Thus there exists a unique element H(v) €
[QX, Q(XbX)| such that (20).(H(v)) = ux. We call H(v) the dual
Hopf construction (applied to v). It is well known that §: YA — X
is a co-H-map if and only if H(v)3 =0 in [A, Q(XbX)] where XA has
the standard comultiplication on the suspension and [ is the adjoint

of the map (.

Lemma 4.3. Let f : (X,vx) — (Y,vy) be a co-H-map between co-H-
spaces and (3 : XA — X be a map. Then

H(uvy)(QfB) = Q(fof ) H (vx)3

Proof. Tt follows from the equation py (Qf3) = Q(fbf)ux 5 which can
be verified directly. O

It is well known that XbX has the weak homotopy type of XQX A QX.
The following is a special case of a general result given by Golasinski

and Klein.

Lemma 4.4. [4] If f : X — Y is a co-H-map between co-H-spaces and
f is n-connected with n > 1. Then fbf is n + 1-connected.

Remark 4.5. The authors learned of this result through the discussion
list of Hopf archive. Thanks go to all those who have shared information

about this with us.

Proposition 4.6. Let f : (X,vx) — (Y,vy) be a co-H-map. Suppose
f is n-connected with n > 2. Given any map B : YXM(G,n — 1) =
M(G,n) — X so that f3 ~ %, then (3 is a co-H-map.
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Proof. By Lemma 4.3 |, we have

x = H(vy)(x) = H(wy )(QfB) = Q(fbf)H(vx)3

On the other hand , H(vx)3 € [M(G,n—1), Q(XbX)] = m,_1(QXbX), G).
Thus 3 is a co-H-map if H(vx)3 = 0. Now Q(fbf)H(vx)3 =0 . The
universal coefficient formula for homotopy group with coefficient and
Lemma 4.4 imply that Q(fbf) induces a monomorphism which gives

the desired equation H(vx)B = 0. O

Proof of Theorem/.1. Now the proof of Theorem 4.1 follows from an
induction by the homology decomposition of the co-H-map f together
with Proposition 4.6 and the fact that cofiber of a co-H-map is a co-H-

space and the inclusion of the cofiber is a co-H-map. O
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