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Abstract. We classify the saturated fusion subsystems of index prime to p of the general

linear group over Fq over a Sylow p-subgroup, where q is a prime power prime to an odd

prime p. In this classi�cation we get some of the exotic p-local �nite groups discovered by

C. Broto and J. M�ller as saturated fusion subsystems of the general linear group.

1. Introduction

The concept of p-local �nite group arose in the work of C. Broto, R. Levi and B. Oliver [3]

as a formalization of the p-local structure of a �nite group. A p-local �nite group consists of

a triple (S;F ;L) where S is a p-group, F is a category de�ned in an axiomatic way which

models the fusion category over S, a Sylow p-subgroup of a �nite group, and L is an extension

of F which contains extra information so that its p-completed nerve has many of the same

properties as the p-completion of the classifying space of a �nite group.

One source of examples of p-local �nite groups is the ones constructed from �nite groups:

when G is a �nite group and S is a Sylow p-subgroup in G, we can construct a triple

(S;FS(G);L
c
S(G)) which is a p-local �nite group. We can recover the p-primary informa-

tion of G using the fact that in this case jBGj^p ' jLcS(G)j
^
p .

The examples which cannot be constructed from a �nite group are called exotic examples.

There are known exotic examples of p-local �nite groups for all primes p, and these have been

constructed in two di�erent ways:

(i) Examples by C. Broto, R. Levi and B. Oliver ([3], [4]), and A. D��az, A. Viruel and the

author ([6], [10]) are constructed in a combinatorial way: they start with the saturated

fusion system of a �nite group and they add morphisms to the automorphism group of

some proper subgroups.

Also Solomon's example by R. Levi and B. Oliver ([7]): they show that the fusion on the

Sylow 2-subgroup of Spin7(q) (q an odd prime power) considered by Solomon, which is

known not to occur as the fusion of any �nite group, has a p-local �nite group structure.

(ii) Homotopy �xed point sets of p-compact groups by C. Broto and J. M�ller [5].

In this paper we use the study of saturated fusion subsystems by C. Broto, N. Castellana,

J. Grodal, R. Levi and B. Oliver [2] to obtain some of the classifying spaces of exotic p-local

�nite groups from [3] and [5] as, up to homotopy equivalence, covering spaces of the classifying

spaces of a non-exotic p-local �nite groups (Remark 6.4).
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More exactly we classify the saturated fusion subsystems of index prime to p of the general

linear group GLn(q) for q a prime power prime to p.

Now we will describe the contents of the paper, giving simpli�ed versions of the main

results.

In Section 3 we review the classi�cation of the saturated fusion subsystems of index prime

to p from [2]. For any (S;F ;L) a p-local �nite group, this classi�cation is given in terms of

the F -centric subgroups of S and Op0

� (F), the smallest subcategory with the same objects as

F and which contains all the restrictions of all the automorphisms in F of p-power order.

With this data there is a bijection between saturated fusion subsystems of index prime to p

in F and subgroups of

�p0(F)
def
= OutF(S)=Out

0
F(S) ;

where Out0F (S) is de�ned as

Out0F(S)
def
= h� 2 OutF(S) j �jP 2 Mor

Op0

� (F)
(P; S); some F -centric P i :

If we want to compute Op0

� (F) in some particular cases we would like to restrict the family

of subgroups of S involved in this computation to a smaller one. So in this section we give

the following general result (Theorem 3.4):

Theorem A. Let F be a saturated fusion system over S. Then for each morphism  2

Hom
Op0

� (F)
(P; P 0), there exists a sequence of subgroups of S

P = P0; P1; : : : ; Pk = P 0 and Q1; Q2; : : : ; Qk;

and morphisms  i 2 Aut
Op0

� (F)
(Qi), such that

� Qi is fully F-normalized, F-centric and F-radical for each i;

� Pi�1; Pi � Qi and  i(Pi�1) = Pi for each i; and

�  (u) =  k Æ  k�1 Æ � � � Æ  1(u), 8u 2 P .

In Sections 4 and 5 we use J.L. Alperin and P. Fong results in [1] to describe the possible F -

centric, F -radical subgroups in GLn(q). This description enables us to classify the saturated

fusion subsystems of index prime to p in GLn(q), using the following result obtained here as

Theorem 5.10:

Theorem B. Let p be a prime and q a prime power prime to p. Let e be the multiplicative

order of q modulo p, and n � ep. Consider (Sn;q;Fn;q;Ln;q) the p-local �nite group induced

by GLn(q) over Sn;q, a Sylow p-subgroup. Then

�p0(Fn;q) �= Z=e :

In Section 6 we identify the p-local �nite groups corresponding to these saturated fusion

subsystems, getting that these correspond to the p-local �nite groups described by C. Broto

and J. M�ller as the �nite Chevalley version of the generalized Grassmannians, denoted by

X(e; r;m)(q0), for any positive integers e, r, m such that r divides e, e divides (p� 1) and q0

a p-adic unit. More precisely the result that we get in Proposition 6.1 and Theorem 6.3 is:
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Theorem C. Fix p, q, e and (Sn;q;Fn;q;Ln;q) as in Theorem B, and, for each r a divisor of

e, let (Sn;q;Fn;q;r;Ln;q;r) the unique p-local �nite group such that (Sn;q;Fn;q;r) is the saturated

fusion subsystem of index prime to p in (Sn;q;Fn;q) such that OutFn;q(Sn;q)=OutFn;q;r(Sn;q) �=
Z=r. Then:

(a) Up to homotopy equivalence, there is a �bration

jLn;q;rj ! jLn;qj ! B(Z=r) :

(b) jLn;q;rj ' BX(e; r; [n=e])(qe) up to p-completion, where [n=e] is the greatest integer less

or equal than n=e.

Using that BX(e; r;m)(q0) are known to be exotic p-local �nite groups when m � p and

r > 2 [5, Proposition 11.5], this result provides us examples of extensions of p-local �nite

groups where one of the involved elements is exotic, and the other two correspond to �nite

groups. These examples answer a question proposed by B. Oliver in the Ban� conference on

Homotopy theory and group actions (November 2005).

Remark 1.1. These results give us a new construction of the generalized p-adic Grassman-

nians. For all integer j � 0 we have natural maps jLn;qpj;rj ! jLn;qpj+1;rj that at the level of

maximal tori induce the inclusion

(Z=pl+j)[n=e] � (Z=pl+j+1)[n=e] ;

where l = �p(q
e � 1). The telescope construction of these maps gives us a homotopy equiva-

lence

BX(e; r; [n=e]) ' hocolim
j

jLn;qpj;rj

up to p-completion.
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2. p-local finite groups

In this section we review the concept of a p-local �nite group introduced in [3] that is based

on a previous unpublished work of L. Puig, where the axioms for fusion systems are already

established. See [4] for a survey on this subject.

If P and Q are subgroups of a group G we consider HomG(P;Q) the group morphisms

from P to Q induced by conjugation of elements in G, and Inj(P;Q) are the injective group

morphisms from P to Q.

De�nition 2.1. A fusion system F over a �nite p-group S is a category whose objects are the

subgroups of S, and whose morphisms sets HomF(P;Q) satisfy the following two conditions:
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(a) HomS(P;Q) � HomF(P;Q) � Inj(P;Q) for all P and Q subgroups of S.

(b) Every morphism in F factors as an isomorphism in F followed by an inclusion.

We say that two subgroups P ,Q � S are F-conjugate if there is an isomorphism between

them in F . As all the morphisms are injective by condition (b), we write by AutF (P ) the

group HomF(P; P ). OutF (P ) denotes the quotient group AutF(P )=AutP (P ).

The fusion systems that we consider are saturated, so we need the following de�nitions:

De�nition 2.2. Let F be a fusion system over a p-group S.

� A subgroup P � S is fully F-centralized if jCS(P )j � jCS(P
0)j for all P 0 which is

F -conjugate to P .

� A subgroup P � S is fully F-normalized if jNS(P )j � jNS(P
0)j for all P 0 which is

F -conjugate to P .

� F is a saturated fusion system if the following two conditions hold:

(I) Every fully F -normalized subgroup P � S is fully F -centralized and AutS(P ) 2

Sylp(AutF(P )).

(II) If P � S and ' 2 HomF(P; S) are such that 'P is fully F -centralized, and if we

set

N' = fg 2 NS(P ) j 'cg'
�1 2 AutS('P )g;

then there is ' 2 HomF (N'; S) such that 'jP = '.

As expected, every �nite group G gives rise to a saturated fusion system [3, Proposition

1.3], which provides valuable information about BG^
p . Some classical results for �nite groups

can be generalized to saturated fusion systems, as for example, Alperin's fusion theorem for

saturated fusion systems [3, Theorem A.10]:

De�nition 2.3. Let F be any fusion system over a p-group S. A subgroup P � S is:

� F-centric if P and all its F -conjugates contain their S-centralizers.

� F-radical if OutF(P ) is p-reduced, that is, if OutF(P ) has no nontrivial normal p-

subgroups.

Theorem 2.4 ((Alperin's fusion theorem for saturated fusion systems)). Let F be a saturated

fusion system over S. Then for each morphism  2 AutF(P; P
0), there exists a sequence of

subgroups of S

P = P0; P1; : : : ; Pk = P 0 and Q1; Q2; : : : ; Qk;

and morphisms  i 2 AutF(Qi), such that

� Qi is fully F-normalized, F-centric and F-radical for each i;

� Pi�1; Pi � Qi and  i(Pi�1) = Pi for each i; and

�  (u) =  k Æ  k�1 Æ � � � Æ  1(u), 8u 2 P .

3. Saturated fusion subsystems of index prime to p

The saturated fusion subsystems of index prime to p in any saturated fusion system (S;F)

are described in [2] in terms of:
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De�nition 3.1. � If G is a �nite group, Op0(G) is the smallest normal subgroup of

index prime to p (equivalently the subgroup generated by elements of p-power order

in G).

� A restriction-closed category over S is a category F such that Ob(F) is the set of

subgroups of S, such that all morphisms in F are group monomorphisms between the

subgroups, and with the following additional property: for each P 0 � P � S and Q0 �

Q � S, and each ' 2 HomF(P;Q) such that '(P 0) � Q0 then 'jP 0 2 HomF(P
0; Q0).

� If F is a saturated fusion system Op0

� (F) � F denotes the smallest restriction-closed

subcategory of F whose morphism set contains Op0(AutF (P )) for all subgroups P � S.

� If F is a saturated fusion system over S we write:

Out0F(S) = h� 2 OutF(S) j �jP 2 Mor
Op0

� (F)
(P; S); some F -centric P � Si :

The result giving the classi�cation of the saturated fusion subsystems of index prime to p

is the following [2, Theorem 5.4 and Proposition 5.2]:

Theorem 3.2. For any saturated fusion system F over a p-group S, there is a bijective

correspondence between subgroups

H � �p0(F)
def
= OutF (S)=Out

0
F(S)

and saturated fusion subsystems FH of F over S of index prime to p in F . The correspondence

is given by associating to H the fusion system generated by b��1(B(H)), where B(H) is a

category with one object and with morphism monoid the group H, and b� is the unique functorb� : F c ! B(�p0(F))

with the following properties:

(a) b�(�) = � (modulo Out0F(S)) for all � 2 AutF(S).

(b) b�(') = 1 if ' 2 Mor(Op0

� (F)
c).

The rest of the section is dedicated to reduce the family of subgroups involved in the

calculation of Out0F(S).

Consider ROp0

� (F) the smallest restriction-closed category of F whose morphism set con-

tains Op0(AutF(P )) for all fully F -normalized, F -centric, F -radical subgroups P � S.

Lemma 3.3. Fix F is a saturated fusion system over S. Then:

(a) AutF (S) normalizes ROp0

� (F).

(b) F = hROp0

� (F);AutF(S)i.

Proof. (a) Consider  2 HomROp0

� (F)
(P; P 0) and � 2 AutF(S). We should check that � ��1 2

HomROp0

� (F)
(�(P ); �(P 0)).

 is the restriction of composition of �1, � � � , �k, which are p-power order elements of auto-

morphisms of F -centric, F -radical subgroups R1, : : : , Rk. But now � ��1 can be written

as the composition of ��j�
�1, which are p-power order elements of automorphisms of �(Rj),

which are again fully F -normalized, F -centric and F -radical because this two properties are

kept under AutF (S)-conjugation.
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(b) By Alperin's theorem for saturated fusion systems (Theorem 2.4) it is enough to check

that AutF(Q) � hROp0

� (F);AutF(S)i for Q an F -centric, F -radical and fully F -normalized

subgroup of S. We will proceed by downward induction. AutF(S) � hROp0

� (F);AutF(S)i, so

the result holds for Q = S. Assume now that the AutF (Q
0) � hROp0

� (F);AutF(S)i for all Q
0

of bigger order than a �xed Q, and  2 AutF (Q).

Consider the subgroup K
def
=  AutS(Q) 

�1, which is a p-subgroup of AutF(Q), so K �

AutROp0

� (F)
(Q). Since Q is fully F -normalized, AutS(Q) is a Sylow p-subgroup of AutF(Q).

As AutROp0

� (F)
(Q) � AutF (Q), we get that both AutS(Q) and K are Sylow p-subgroups in

AutROp0

� (F)
(Q), so they are conjugated by an element � 2 AutROp0

� (F)
(Q):

�K��1 � AutS(Q) : (1)

So, as F is saturated, by condition (II) in De�nition 2.2 � must extend to a morphism

� de�ned over N� which by Equation (1) is equal to NS(Q), so it is always bigger than

Q. So by induction hypothesis � : NS(Q) ! S is an element in hROp0

� (F);AutF(S)i, so

its restriction � is again in hROp0

� (F);AutF(S)i. Recall now that � 2 AutROp0

� (F)
(Q) so

 = ��1(� ) is an element in hROp0

� (F);AutF(S)i. �

Now we are ready to prove the main result of this section, which is analogous to the

Alperin's Theorem (Theorem 2.4) for the category Op0

� (F):

Theorem 3.4. Let F be a saturated fusion system over S. Then for each morphism  2

Hom
Op0

� (F)
(P; P 0), there exists a sequence of subgroups of S

P = P0; P1; : : : ; Pk = P 0 and Q1; Q2; : : : ; Qk;

and morphisms  i 2 Aut
Op0

� (F)
(Qi), such that

� Qi is fully F-normalized, F-centric and F-radical for each i;

� Pi�1; Pi � Qi and  i(Pi�1) = Pi for each i; and

�  (u) =  k Æ  k�1 Æ � � � Æ  1(u), 8u 2 P .

Proof. We have just to check that Op0

� (F) �
ROp0

� (F).

Consider � : P ! P 0 an element in Op0

� (F). Then � is the composition of restrictions of

automorphisms of order a power of p in AutF(Qi), for some subgroups Q1; : : : ; Qr. So it is

enough to check that these elements are in ROp0

� (F).

Consider then � : Q! Q an element of order a power of p, for Q any subgroup in S. We

will check that it is a morphism in ROp0

� (F) by downward induction. The result is true for

Q = S (both morphisms sets are empty sets). Assume now that for a �xed Q, all the elements

of order a power of p in AutF(Q
0) are in ROp0

� (F) for all Q
0 of order bigger than the order of

Q.

If Q is not fully F -normalized, consider g : Q! Q0 an isomorphism in HomF(Q;Q
0) such

that Q0 is fully F -normalized. Using Lemma 3.3 and [2, Lemma 3.4 (c)] we get that there

exists � 2 AutF(S) and ' 2 HomROp0

� (F)
(�(Q); Q0) such that g = ' Æ �jQ.

If g Æ � Æ g�1 2 HomROp0

� (F)
(Q0; Q0) then �jQ Æ � Æ �

�1j�(Q) = '�1 Æ g Æ � Æ g�1 Æ ' is also in

HomROp0

� (F)
(Q0; Q0). Use now that � is AutF(S)-conjugated to �jQ Æ�Æ�

�1j�(Q) and AutF(S)
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normalizes ROp0

� (F) and we obtain that � is a morphism in ROp0

� (F). So we can assume that

Q is fully F -normalized.

If Q is not F -centric, then by condition (II) in [3, De�nition 1.2] we get that � extends

to a morphism ' 2 HomF(Q � CS(Q); S). The image of ' must be again in Q � CS(Q), so

' 2 AutF(Q � CS(Q)) and 'jQ = '. If the order of ' is a power of p, we can apply the

induction hypothesis and the result follows. If not, we can consider an integer r such that

'rjQ = ' and the order of 'rjQ is a power of p, and apply the induction hypothesis.

Assume now that Q is F -centric and fully F -normalized, and � 2 AutF(Q) an element of

p-power order. If Q is F -radical, we have �nished, so suppose that Q is not F -radical. That

means that Op(OutF (Q)) 6= h1i, and so K
def
= Op(AutF(Q)) is strictly bigger than AutQ(Q).

As Q is fully F -normalized, we have that AutS(Q) is a Sylow p-subgroup for AutF (Q), and

so K � AutS(Q). Consider

NK
S (Q)

def
= fx 2 NS(Q) j cx 2 Kg ;

which is strictly bigger than Q. If x 2 NK
S (Q), �cx�

�1 is an element in K (K is a normal

subgroup in AutF (Q)), so, in this case,

NK
S (Q) � N�

def
= fx 2 NS(Q) j �cx�

�1 2 AutS(Q)g

and by condition (II) in [3, De�nition 1.2] � extends to a morphism � : NK
S (Q)! S. Moreover

the image of � is contained in NK
S (Q): the extension to elements of the normalizer in S of Q

must give elements in the normalizer of the image, which is again Q; also c�(x) = � Æ cx Æ�
�1,

so if cx is in K, c�(x) is again in K. So we have an extension of �, which can be taken of p-

power order (take �r as before if necessary) and which is in ROp0

� (F) by induction hypothesis.

As we are in a restriction closed category, � is also a morphism in ROp0

� (F). �

4. A representation of the extraspecial group p1+2

+ in GLn(q)

In this section we introduce some subgroups needed to understand the fusion system of

GLn(q) over a prime p such that p - q. We divide this study in two subsections, the �rst

one concerning to the particular case q � 1 mod p and the second one, where we extend the

results to the general case.

Notation 4.1. Consider the extraspecial group of order p1+2
 and exponent p, noted as p1+2

+ ,

as the group generated by A0; : : : ; A
�1, B0; : : : ; B
�1 and C with the relations [Ai; Aj] = 1,

[Bi; Bj] = 1 and [Ai; Bj] = CÆij for all i; j 2 f0; 1; : : : ; 
 � 1g.

4.1. Case q � 1 mod p. Fix �rst q a prime power such that p j (q� 1) and � a p-root of the

unity in Fq .

We will construct a representation of p1+2

+ in GLp
 (q), so we assume that n � p
. In the

case n > p
 we consider the inclusion of p1+2

+ in GLn(q), as the composition p1+2


+ � GLp
 �

GLn(q).

A faithful representation can be constructed as follows: consider V a Fq -vector space of

dimension p
, with basis fv0; : : : ; vp
�1g; write each integer k such that 0 � k � p
 � 1 in

base p, getting 
 unique numbers ai 2 f0; : : : ; p� 1g:

k = a0 + a1p+ a2p
2 + � � �+ a
�1p


�1 :
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Then, using this basis consider the following morphisms:

� Ai is the linear transformation which sends

va0+���+aipi+��� 7! �aiva0+���+aipi+��� ;

� Bi is the permutation in the basis which sends

va0+���+aipi+��� 7! va0+���+(ai+1)pi+��� ;

where the coeÆcient (ai + 1) is reduced mod p.

Lemma 4.2. The elements Ai and Bi de�ned above give a faithful representation of p1+2

+ in

GLp
 (q).

Proof. A direct computation shows us that these elements carry out the relations in Notation

4.1, taking C as � Id. �

We will also be interested in the following transformation: for i 2 f0; 1; : : : ; n�1g we consider

�i : V ! V as the linear map which in the basis v0; : : : ; vp
�1 acts as:

�i(va0+���+aipi+���)
def
= va0+���+(�ai)pi+��� ; (2)

where � is a (p� 1)-root of unity in Fp and again the coeÆcient (�ai�1) is reduced mod p.

We can check with a direct computation that:

�iAj�
�1
i =

(
Aj if i 6= j

A�
�1

j if i = j
(3)

�iBj�
�1
i =

�
Bj if i 6= j

B�
j if i = j

(4)

where A�
�1

j (respectively B�
j ) means the matrix Aj to the power �

�1 (respectively to the power

�).

4.2. General case. Now we consider e the order of q mod p. We assume that e > 1, and

observe that e must divide (p� 1).

Consider Fqe a Galois extension of Fq , with Galois group Z=eZ. Fqe can be regarded as the

quotient Fq [x]=r(x), where r(x) is an irreducible polynomial of degree e with coeÆcients in

Fq .

Now consider Fqe as Fq -vector space with basis f1; x; : : : ; xe�1g. This gives an inclusion of

GL1(q
e) � GLe(q), and more generally of GLn(q

e) � GLen(q) (convert every coeÆcient of a

matrix in GLn(q
e) to an e� e-matrix with coeÆcients in Fq ).

Using this inclusion we get that we can apply the previous subsection to the study of

GLn(q
e), getting the corresponding elements Aj, Bj and �j in GLen(q), and also the corre-

sponding inclusion of p1+2

+ � GLep
(q).

Consider the Frobenius automorphism of Fqe , which is the Fq -linear map which sends every

y
def
= a0+ � � �+ ae�1x

e�1 to yq, and is a generator of the Galois group of Fqe over Fq . This can

be thought as an e� e matrix with coeÆcients in Fq .
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Consider the following �xed isomorphism Fnqe
�= Fenq as Fq -vector space:

if fv1; : : : ; vng is a basis of Fnqe as Fqe -vector space, then

fv1; xv1; : : : ; x
e�1v1; v2; xv2; : : : ; x

e�1v2; : : : ; vn; xvn; : : : ; x
e�1vng

is a basis of Fenq as Fq -vector space.

Now de�ne 'n the Fq -linear automorphism in Fnqe which sends a vector

'n(r1(x)v1 + � � �+ rn(x)vn)
def
= r1(x)

qv1 + � � �+ rn(x)
qvn ; (5)

and regard it as an automorphism of Fenq in the previous basis.

With these de�nitions, we can compute the following conjugations:

� 'nAj'
�1
n = Aqj and

� 'nBj'
�1
n = Bj.

Note that, as the order of the Frobenius automorphism is qe, the inverse '�1n is given by:

'�1n (r1(x)v1 + � � �+ rn(x)vn) = r1(x)
qe�1v1 + � � �+ rn(x)

qe�1vn ;

So '�1n sends ri(x)vi to ri(x)
qe�1vi. If we apply Aj, each ri(x)

qe�1vi is multiplied by a coeÆcient

aij which only depends on the expression of i in base p and j. In we apply now 'n to

aijri(x)
qe�1vi we get a

q
ijvi. Now as Aj are diagonal matrices, we get Aqj .

Bj permutes the basis vi, so it commutes with the action of 'n.

5. The fusion systems of GLn(q)

Notation 5.1. In all this section �x p and odd prime and q a prime power prime to p.

Let e be the multiplicative order of q modulo p, and l = �p(q
e � 1). Consider also V an

n-dimensional Fq -vector space, in such a way that we write GL(V ) instead of GLn(q) if we

have to deal with subgroups.

We are interested in the F -centric, F -radical subgroups of the general linear groups. Fix

S a Sylow p-subgroup of a �nite group G, and P a subgroup of S.

Note that when G is a �nite group and S a Sylow p-subgroup, then a subgroup P � S is

p-radical in G when NG(P )=P does not contain any non trivial normal p-subgroup. Also a

subgroup P � S is p-centric in G if CG(P ) = Z(P )� C 0
G(P ), where C

0
G(P ) has order prime

to p.

For P , being p-radical in G and being FS(G)-radical (FS(G) is the saturated fusion system

given by G over S) are independent de�nitions. If we require P to be p-centric in G, then

we have that when P is FS(G)-radical, P is also p-radical in G. So the list of subgroups of

G that we are interested in is contained in the list of p-radical subgroups of G.

The possible p-radical subgroups of GLn(q) over the prime p are described in [1, Section

4] and depend on some parameters �, 
, m, and c = (c1; : : : ; ct). These are constructed as

follows:

Fixed � � 0 and 
 � 0 consider (Z=pl+�)p1+2

+ the central product of the cyclic group of

order pl+� and an extraspecial group of order p1+2
 and exponent p over the center of the

extraspecial group. Consider R�;
 the image of (Z=pl+�)p1+2
 by the composition

(Z=pl+�)p1+2

+ � GLp
 (q

ep�) � GLep�+
(q) ; (6)
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where the �rst inclusion works as follows:

� The subgroup Z=pl+� corresponds to the matrices of the form � Id, where � is a

pl+�-root of unity in Fqep� .

� The inclusion p1+2

+ � GLp
(q

ep�) is as in Section 4.

Fix now m � 1 and Rm;�;
 the image of R�;
 in GLmep�+
(q) which sends g to the m-fold

diagonal map.

Finally consider c = (c1; : : : ; ct) a sequence of positive integers and de�ne Fc

def
= (Z=p)c1 o

(Z=p)c2 o � � � o (Z=p)ct. Let d
def
= mep�+
+c1+���+ct and denote by Rm;�;
;c the image of Rm;�;
 oFc

in GLd(q). Call a subgroup of this type as a basic subgroup of GLd(q).

Theorem 5.2 ([1]). Fix V an n-dimensional Fq -vector space. Let G = GL(V ), and R be a

p-radical subgroup of G. Then there exist decompositions

W = V0 � V1 � � � � � Vs;

R = R0 � R1 � � � � � Rs;

such that R0 is the trivial subgroup of GL(V0), and Ri are basic subgroups of GL(Vi) for i � 1.

Now we are able to give the Sylow p-subgroup in terms of e, (the order of q modulo p), l

(the p-adic valuation of qe � 1) and the coeÆcients a0; : : : ; ak, all of them 0 � ai � (p � 1)

such that:

[n=e] = a0 + a1p+ � � �+ akp
k :

Lemma 5.3. Sn;q, a Sylow p-subgroup of GLn(q), is given by the following construction:

Sn;q
def
= (Z=pl o Z=po

(k)
� � � oZ=p)ak � (Z=pl o Z=po

(k�1)
� � � oZ=p)ak�1 � � � �

� � � � (Z=pl o Z=p)a1 � (Z=pl)a0 :

where e, l and a1; : : : ; ak are de�ned above.

Moreover, if (Sn;q;Fn;q) is the saturated fusion system induced by GLn(q) over Sn;q, then

OutFn;q(Sn;q) is isomorphic to�
(Z=e� Z=(p� 1)k) o �ak

�
�
�
(Z=e� Z=(p� 1)k�1) o �ak�1

�
� � � � �

�
(Z=e) o �a0

�
:

Proof. This combination of direct products and wreath products is included in GLe[n=e](q) �

GLn(q). Checking the orders of Sn;q and the Sylow p-subgroup of GLn(q) we have �nished.

Finally the outer automorphisms group is computed in [1, Section 4]. �

For �xed p and q we can compute e, and the Sylow p-subgroup and the fusion does not

change between GLn(q) and GLe[n=e](q). Sometimes we will consider that we are working in

rank multiples of e and we will write in GLem(q) instead of GLn(q).

Notation 5.4. Consider Sn;q a Sylow p-subgroup of GLn(q) as computed in Lemma 5.3, and

(Sn;q;Fn;q;Ln;q) the corresponding p-local �nite group.

Let us begin now with the �rst non-trivial case:

Lemma 5.5. Let p be an odd prime and q a prime power such that pj(q � 1). Consider

(Sp;q;Fp;q) as in Notation 5.4. Then Out0Fp;q(S) = OutFp;q(S).
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Proof. To simplify the notation, consider in this proof (S;F)
def
= (Sp;q;Fp;q). In this case, by

Lemma 5.3 we have OutF(S) �= Z=(p� 1). We can see that � de�ned in Equation (2) is a

generator, so we must check that � 2 Out0F(S).

Consider R0;1 as in Equation (6). We get that R0;1 is isomorphic to a central extension of

p1+2
+ , generated by A and B as de�ned in Equations (3) and (4), by Z=pl, the p-primary part

in the center of GLp(q).

A direct computation tells us that R0;1 is F -centric.

Equation (2) gives us the action of A and B:

�A��1 = A�
�1

and �B��1 = B� ;

where � is a (p� 1)-root in Fp . So � restricts to an automorphism of R0;1 which, as element

in OutF(R0;1), must be considered as the matrix
�
��1 0
0 �

�
.

Use now that in this case, [1, Section 4] tells us that OutF(R0;1) �= SL2(p), and now apply

the fact that SL2(p) is generated by its elements of order p. �

Proposition 5.6. Consider (Sn;q;Fn;q) as in Notation 5.4, with n � ep.

There is a subgroup H in OutFn;q(Sn;q) such that OutFn;q(Sn;q)=H
�= Z=e and Out0Fn;q(S) � H.

Proof. Let us consider the form of OutFn;q (Sn;q) given in Lemma 5.3.

Observe that all the elements in OutFn;q(Sn;q) restrict to automorphisms of the maximal

torus T
[n=e]

pl
, and that di�erent elements in OutFn;q(Sn;q) give di�erent restrictions. This

implies that if F0 is the minimal saturated fusion subsystem of (Sn;q;Fn;q) of index prime to

p over S, then

OutFn;q(Sn;q)=Out
0
Fn;q

(Sn;q) �= OutFn;q (Sn;q)=OutF0(S)
�=

�= OutFn;q (T
[n=e]

pl
)=OutF0(T

[n=e]

pl
) :

(7)

We have that OutFn;q(T
[n=e]

pl
) �= Z=e o �[n=e]. Now consider Op0(OutFn;q(T

[n=e]

pl
)), the subgroup

generated by all the elements of order a power of p. As p � [n=e], there are elements of order p

in �[n=e], and as Op0(OutFn;q (T
[n=e]

pl
)) is a normal subgroup, it musts contain all the alternating

group A[n=e] � �[n=e] and its normal closure in (Z=e)[n=e]oA[n=e], which is (Z=e)[n=e]�1oA[n=e]

((Z=e)[n=e]�1 � (Z=e)[n=e] is the kernel of the map (a1; : : : ; a[n=e]) 7!
P
ai).

To �nish the proof, take the restriction of �, which by Lemma 5.5 is in Out0Fn;q(S), and

which gives an odd permutation of �[n=e], getting that

HT

def
= (Z=e)[n=e]�1o �[n=e] � OutF0(T

[n=e]

pl
) :

But, by Equation (7), Out0Fn;q(S) must be contained in H de�ned as the kernel of the mor-

phism:

OutFn;q(S)! OutFn;q (T
[n=e]

pl
)=HT

�= Z=e ;

and the result follows. �

From the previous proposition we get that OutFn;q(S)=Out
0
Fn;q

(S) has at most e ele-

ments. The rest of the section is dedicated to prove that there is an element of order e

in OutFn;q(S)=Out
0
Fn;q

(S).
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As we are interested just in the Fn;q-centric, Fn;q-radical subgroups, we can remove some

subgroups in the list:

Lemma 5.7. If m > 1 then Rm;�;
;c is not p-centric in S.

Proof. Assume m > 1. We are considering the inclusion of R�;
 in GLmep�+
(q) diagonally:

g 7!

0BBB@
g 0 � � � 0

0 g � � � 0
...

...
. . .

...

0 0 � � � g

1CCCA :

Fix g a non-trivial element in the center or R�;
. We have that

h
def
=

0BBB@
g 0 � � � 0

0 1 � � � 0
...

...
. . .

...

0 0 � � � 1

1CCCA
is an element which centralizes Rm;�;
 which is not in Rm;�;
 .

Recall now that in a semidirect product GoH, if we have an element g in the center of G

invariant under the action of H, then (g; 1) is in the centre of G oH. Apply this argument

to the element (h; h; : : : ; h) 2 (Rm;�;
)
pc1+���+cr , which is invariant by the action of �n. �

So, from now on, we just consider the case m = 1.

Lemma 5.8. Consider � a pl-root of unity in Fqe . The maximal torus Tm
pl

can be seen as the

image of (Z=pl)m under the composition

(a1; : : : ; am) 7! diag(�a1 ; : : : ; �am) 2 GLm(q
e) � GLem(q) :

Fix R an Fem;q-centric, Fem;q-radical subgroup in Sem;q (Notation 5.4) and consider � the

image in GLem(q) of the subset (not a subgroup) of elements in (Z=pl)m such that the product

a1 � � �am = 1. If  2 Op0(AutFem;q(R)), then  (� \R) = � \ R.

Proof. To simplify the notation in this proof consider (S;F)
def
= (Sem;q;Fem;q) Consider R an

F -centric, F -radical subgroup of GL(V ), with V an n-dimensional Fp -vector space. By the

description in Theorem 5.2 we get that there is a decomposition which can be given, after

reordering and grouping by isomorphism type, as:

V = V0 � V1;1 � � � � � V1;m1
� V2;1 � � � � � Vk;mk

such that R can be written as:

R = R0 � (R1)
m1 � � � � � (Rk)

mk

with Ri basic subgroups in GL(Vi;j), and such that m1d1 + � � � + mkdk = m, where di =

dim(Vi;1). For each i 2 f1; : : : ; kg and j 2 f1; : : : ; mig, consider Hi;j the image of GL(Vi;j)

in GL(V ). Consider Si;j = S \ Hi;j, and F i;j the saturated fusion system FSi;j (GL(Vi;j)).

Observe that Si;j �= Si;j0 and F i;j
�= F i;j0 for j; j

0 2 f1; : : : ; mig.
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With all this notation, we have the isomorphism:

AutF(R)=R �=

kY
i=1

(Aut
F i;1

(Ri)=Ri) o �mi

The action of R on itself by conjugation is included in the action of S over R, and this

preserves �, as these are permutations.

Consider now an element in AutF(R) such that its class belongs to Op0(OutF(R)). We

have to deal with two possibilities:

� As Ri are F i;j-centric basic subgroups, using Lemma 5.7 and [1, Section 4] all the

elements of order a power of p in Out
F i;1

(Ri) are permutations, so they preserve �.

� If there exists i such that mi � p then the elements of the form ��(��1) are also in

Op0(OutF(R)), for all � in Ami
� �mi

and all � 2 AutF 0
i;1
(Ri) (Ami

the alternating

subgroup in �i). To simplify notation consider the elements in �\Si;j as (a1; : : : ; adi) 2

(Z=pl)di. But � sends (a1; : : : ; adi) to (a�(1)q1; : : : ; a�(di)qdi), and so �(��1) permutes

the components and multiply each one by q�1i respectively. In any case, the product

of the elements is

a1 � � �adiq1 � � � qdiq
�1
1 � � � q�1di = a1 � � �adi :

So the product a1 � � �adi doesn't change.

This implies that the elements of  (�\R) � �, but as  is an automorphism of R the result

follows. �

To get an element of order e in Aut0Fn;q(Sn;q) we use the automorphism '1 de�ned in

Equation (5) as follows: as we consider the case n � e, consider � the Fq -linear map de�ned

as

�
def
= '1 � Id[n=e]�1 : (8)

Observe that � is an element of order e.

Proposition 5.9. Consider (Sn;q;Fn;q) as in Notation 5.4, with n � e. For every Fn;q-

centric subgroup P , and j such that 1 � j � e � 1, the restriction of �j, where � is de�ned

in Equation (8), to P is not in Hom
Op0

� (Fn;q)
(P; Sn;q).

Proof. Consider the restriction of �j an Fn;q-centric subgroup P . As P is Fn;q-centric, it

contains the center of Sn;q, which can be seen as the image of the matrices � Id in the

inclusion GLm(q
e) � GLem(q). Assume now that �jjP is in Hom

Op0

� (Fn;q)
(P; Sn;q).

By Theorem 3.4, �j can be written as a composition of restriction of automorphisms �i 2

Op0(AutFn;q(Ri)) (i 2 f1; : : : ; kg), for Ri Fn;q-centric, Fn;q-radical subgroups. Consider now

� Id, � a primitive p-root of unity in Fqe , which is an element in �\P (� as de�ned in Lemma

5.8). This implies �j(� Id) = �k Æ �k�1 Æ � � � Æ �1(� Id) 2 �.

A direct computation show us that �(� Id) = �q
�1

Id1�� Id[n=e]�1, and then �j(� Id) =

�q
�j

Id1�� Id[n=e]�1. So this element is not in �, as q�j 6= 1 mod p.

So we get a contradiction which comes from assuming that

�jjP 2 Hom
Op0

� (Fn;q)
(P; Sn;q) :
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�

Theorem 5.10. Let p be an odd prime and q prime power such that p - q. Consider e the

multiplicative order of q modulo p. Fix Sn;q a Sylow p-subgroup of GLn(q) and (Sn;q;Fn;q) the

induced saturated fusion system. Then,

OutF (Sn;q)=Out
0
F(Sn;q)

�=

(
(Z=e) o �[n=e] if e � n < ep,

Z=e if ep � n.

Proof. We have to consider n � e to have a nontrivial Sylow p-subgroup in GLn(q).

For n < ep we have that Sn;q �= (Z=pl)[n=e], which is abelian. So the only F -centric subgroup

is the total and Out0Fn;q (Sn;q) is trivial.

When n � ep, use Proposition 5.6 to see that the quotient is at most Z=e and Proposition

5.9 implies the result. �

6. Exotic fusion subsystems in the general linear group

Fix as before p a prime, q a prime power prime to p. Fix e the multiplicative order of q

modulo p. Consider (Sn;q;Fn;q;Ln;q) the saturated fusion system of GLn(q) at the prime p,

with n � e.

Proposition 6.1. (a) For each r dividing e there is a p-local �nite group (Sn;q;Fn;q;r;Ln;q;r),

such that Fn;q;r is of index prime to p in Fn;q over Sn;q and OutFn;q;r(Sn;q) is a subgroup

of index r in OutFn;q(Sn;q).

(b) If n � ep, there is just one (Sn;q;Fn;q;r;Ln;q;r) satisfying (a).

(c) Up to homotopy equivalence, there is a �bration

jLn;q;rj �! jLn;qj �! B(Z=r) :

Proof. For e � n < ep consider the saturated fusion subsystem of index prime to p corre-

sponding to the kernel of the group epimorphism from

OutF(Sn;q)=Out
0
F(Sn;q)

�= (Z=e) o �[n=e]

to Z=r de�ned as
(Z=e)[n=e]o �[n=e] �! Z=r

(b1; : : : ; b[n=e]; �) 7!
e

r
(b1 + � � �+ b[n=e]) :

getting (a) and (c) for this case, applying [2, Theorem 5.5].

For n � ep we have OutF(Sn;q)=Out
0
F (Sn;q)

�= (Z=e), so (a), (b) and (c) follows directly

again from [2, Theorem 5.5]. �

We proceed now to identify these saturated fusion subsystems with the ones studied in [5,

Section 11].

Let p be an odd prime and r � 1, e � 1 natural numbers such that rjej(p� 1). Consider

G(e; r;m) the subgroup of GLm(Z
^
p ) as the subgroup generated by:

A(e; r;m) = fdiag(a1; : : : ; am) j a
e
i = 1 and (a1 � � �am)

e=r = 1g

and the matrices corresponding to permutations in the coordinates. As a group, we have that

G(e; r;m) = A(e; r;m)o �n.
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Consider now m � 1 and let X(e; r;m) be the p-compact group which realizes the pseu-

dore
ection group G(e; r;m) � GLm(Z
^
p ) (see [8] and [9] for further information). If m � 2

these are called the Generalized p-adic Grassmannians and we are interested in their �nite

Chevalley version. That is the space BX(e; r;m)(q) de�ned as the pullback diagram:

BX(e; r;m)(q) //

��

BX(e; r;m)

�
��

BX(e; r;m)
1�'q // BX(e; r;m)�BX(e; r;m)

where � is the diagonal map and 'q is the unstable Adams operation of exponent q, where

q is a p-adic unit.

So if we consider q a power of a prime not divisible by p, it is a p-adic unit and the previous

construction makes sense. Consider e the multiplicative order of q modulo p. In this case we

have the following equivalences up to p-completion [5, Remark 11.1]:

� BX(1; 1; n)(q) ' BGLn(q).

� BX(1; 1; n)(q) ' BX(1; 1; e[n=e])(q).

� If q0 is a another prime power such that pj(q0 � 1) and �p(q
0 � 1) = �p(q

e � 1) then

BX(1; 1; n)(q) ' BX(e; 1; [n=e])(q0). Observe that we can take q0 = qe.

Where [n=e] is the greater integer less or equal than n=e.

Before the main statement of the section we need to compute some centralizers.

Lemma 6.2. Consider (Sn;q;Fn;q;r;Ln;q;r) as in Proposition 6.1, with n � e, and V a non-

trivial elementary abelian p-subgroup contained in Sn;q. Then

(a) V is Fn;q;r-conjugate to a subgroup of the maximal torus T
[n=e]

pl
.

(b) For V contained in T
[n=e]

pl
, consider the centralizer p-local �nite group

(CSn;q(V ); CFn;q;r(V ); CLn;q;r(V ))

de�ned in [3, Proposition 2.5]. Then there are integers m0, m1, . . . , ms such that

jCLn;q;r(V )j ' jLem0;q;rj � BGLm1
(qe)� � � � � BGLms(q

e)

up to p-completion. Moreover em0 < n and [n=e] = m0 +m1 + � � �+ms.

Proof. Consider V a nontrivial elementary abelian p-group contained in S. Consider the

saturated fusion system (Sn;q;FSn;q(GL[n=e](q
e))) which is contained in (Sn;q;Fn;q;r) for all

rje. Then we can use the fact that V is FSn;q(GL[n=e](q
e))-conjugate to a toral subgroup,

getting (a).

To compute the centralizer fusion system, consider the point-wise stabilizer of V in

AutFn;q;r(T
[n=e]

pl
) = G(e; r; [n=e]);

which is isomorphic to G(e; r;m0)� �m1
� � � � � �ms . Note that as V is a nontrivial group,

m0 < [n=e].

We can see that CFn;q;r(V ) is a saturated fusion system over CSn;q(V ), which can be written

as CSn;q(V ) �= Sem0;q�Sm1;qe�� � ��Sms ;qe, where we are using that Lemma 5.3 identi�es Sm;qe

and Sem;q. Also CFn;q;r(V ) contains Fem0;q;r � FSm1;q
e (GLm1

(qe)) � � � � � FSms;qe
(GLms(q

e)),
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as all the morphisms in this last saturated fusion system centralize V and are contained in

Fn;q;r.

Considering now that Fn;q;r is a fusion subsystem of Fn;q, the morphisms in the centralizer

of V in Fn;q;r are again morphisms in the centralizer of V in Fn;q.

The centralizer p-local �nite group of V in Fn;q is computed in [5, Proposition 11.2], and

its classifying space is mod p equivalent to BGLem0
(q)� BGLm1

(qe)� � � � � BGLms
(qe), and

also has the same Sylow p-subgroup as CFn;q;r(V ).

With all this data we get that CFn;q;r(V ) is a saturated fusion subsystem of index prime to

p in CFn;q(V ) such that in the maximal torus AutCFn;q;r (V )(T
[n=e]

pl
) is an index r subgroup of

AutCFn;q (V )(T
[n=e]

pl
), and so

CFn;q;r(V ) ' Fem0;q;r � FSm1;q
e (GLm1

(qe))� � � � � FSms;qe
(GLms(q

e)) :

So (b) follows considering the centric linking systems associated to these saturated fusion

systems. �

Theorem 6.3. For each r dividing e and n � e consider (Sn;Fn;q;r;Ln;q;r), the p-local �nite

group from Proposition 6.1. Then

jLn;q;rj ' BX(e; r; [n=e])(qe)

up to p-completion.

Proof. We proceed by induction on n, beginning by the smallest considered case, that is

n = e.

For GLe(q) we have that the p-local �nite group (Se;q;Fe;q;r;Le;q;r) is characterized by

Se;q = Z=pl, and AutFe;q;r(Se;q) = Z=h, where h
def
= e=r. So it corresponds to the fusion

system of Z=pl o Z=h, where h
def
= e=r. The Sylow p-subgroup of BX(e; h; 1)(q) is also

isomorphic to Z=pl, with outer automorphism group G(e; h; 1) = Z=h, so both are the same

p-local �nite group.

Now assume that the result is true for any n0 � n.

To proceed with the induction argument we use the centralizer decomposition from [3,

Theorem 2.6].

Fix V � S an elementary abelian fully Fn;q;r-centralized subgroup. If necessary we can

conjugate it to get V contained in the torus, and still being fully Fn;q;r-centralized.

Consider (CSn;q(V ); CFn;q;r(V ); CLn;q;r(V )) the centralizer p-local �nite group, whose classi-

fying space is, by Lemma 6.2, homotopy equivalent up to p-completion to

jLem0;q;rj � BGLm1
(qe)� � � � � BGLms(q

e) ;

with em0 < n. By induction hypothesis we have, up to p-completion, jLem0;q;rj ' BX(e; r;m0)(q
e)

and so
jLem0;q;rj � BGLm1

(qe)� � � � � BGLms(q
e) '

BX(e; r;m0)(q
e)� BGLm1

(qe)� � � � � BGLms(q
e) :

(9)

Now consider the centralizer decomposition from [3, Theorem 2.6], obtaining

hocolim
�������!
V 2(Fe)op

jCLn;q;r(V )j ' jLn;q;rj
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while using Equation (9) and [5, Proposition 11.3] we also get

hocolim
�������!
V 2(Fe)op

jCLn;q;r(V )j ' BX(e; r; [n=e])(qe)

getting the result. �

We �nally get one of the results which motivated this work.

Remark 6.4. Consider p a prime, q a prime power such that e, the order of q modulo p, is

bigger than 2. Consider r a divisor of e such that r > 2. Then, by Proposition 6.1 we have

the �bration (up to homotopy equivalence):

jLn;q;rj �! jLn;qj �! B(Z=r) :

By Theorem 6.3, we have

jLn;q;rj ' BX(e; r; [n=e])(qe)

up to p-completion, and by [5, Proposition 11.5], when r > 2 and n � ep, these are classifying

spaces of exotic p-local �nite groups. So we get examples of extensions of p-local �nite groups

where two of them correspond to �nite groups and the third one is an exotic p-local �nite

group.
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