EXOTIC NORMAL FUSION SUBSYSTEMS OF GENERAL LINEAR
GROUPS

ALBERT RUIZ

ABSTRACT. We classify the saturated fusion subsystems of index prime to p of the general
linear group over F, over a Sylow p-subgroup, where ¢ is a prime power prime to an odd
prime p. In this classification we get some of the exotic p-local finite groups discovered by
C. Broto and J. Mgller as saturated fusion subsystems of the general linear group.

1. INTRODUCTION

The concept of p-local finite group arose in the work of C. Broto, R. Levi and B. Oliver [3]
as a formalization of the p-local structure of a finite group. A p-local finite group consists of
a triple (S, F, L) where S is a p-group, F is a category defined in an axiomatic way which
models the fusion category over S, a Sylow p-subgroup of a finite group, and £ is an extension
of F which contains extra information so that its p-completed nerve has many of the same
properties as the p-completion of the classifying space of a finite group.

One source of examples of p-local finite groups is the ones constructed from finite groups:
when G is a finite group and S is a Sylow p-subgroup in G, we can construct a triple
(S, Fs(G), LL(G)) which is a p-local finite group. We can recover the p-primary informa-
tion of G using the fact that in this case |BG|) ~ |LE(G)]7).

The examples which cannot be constructed from a finite group are called exotic examples.
There are known exotic examples of p-local finite groups for all primes p, and these have been
constructed in two different ways:

(i) Examples by C. Broto, R. Levi and B. Oliver ([3], [4]), and A. Diaz, A. Viruel and the
author ([6], [10]) are constructed in a combinatorial way: they start with the saturated
fusion system of a finite group and they add morphisms to the automorphism group of
some proper subgroups.

Also Solomon’s example by R. Levi and B. Oliver ([7]): they show that the fusion on the
Sylow 2-subgroup of Spin,(q) (¢ an odd prime power) considered by Solomon, which is
known not to occur as the fusion of any finite group, has a p-local finite group structure.

(ii) Homotopy fixed point sets of p-compact groups by C. Broto and J. Mgller [5].

In this paper we use the study of saturated fusion subsystems by C. Broto, N. Castellana,
J. Grodal, R. Levi and B. Oliver [2] to obtain some of the classifying spaces of exotic p-local
finite groups from [3] and [5] as, up to homotopy equivalence, covering spaces of the classifying
spaces of a non-exotic p-local finite groups (Remark 6.4).
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More exactly we classify the saturated fusion subsystems of index prime to p of the general
linear group GL,(¢) for ¢ a prime power prime to p.

Now we will describe the contents of the paper, giving simplified versions of the main
results.

In Section 3 we review the classification of the saturated fusion subsystems of index prime
to p from [2]. For any (S, F, L) a p-local finite group, this classification is given in terms of
the F-centric subgroups of S and O (F), the smallest subcategory with the same objects as
F and which contains all the restrictions of all the automorphisms in F of p-power order.
With this data there is a bijection between saturated fusion subsystems of index prime to p

in F and subgroups of

Ly (F) = Outz(S)/ Outh(S),

where Out%(S) is defined as

def

Outy(S) = (o € Outx(S) | alp € Mor -, (P, S), some F-centric P).

(f)(

If we want to compute O? (F) in some particular cases we would like to restrict the family
of subgroups of S involved in this computation to a smaller one. So in this section we give
the following general result (Theorem 3.4):

Theorem A. Let F be a saturated fusion system over S. Then for each morphism ¢ €

Hom P, P'), there exists a sequence of subgroups of S

o' )
P:P()aPla-"akaPl and QlaQ?a"'ana

and morphisms ; € Autopf(f)(Qi), such that

e (; is fully F-normalized, F-centric and F-radical for each 1;
o Py, P < Qi and ¢i(Pi_y) = P; for each i; and
e (u) =g othp_yo0- -0 (u), Vu € P.

In Sections 4 and 5 we use J.L. Alperin and P. Fong results in [1] to describe the possible F-
centric, F-radical subgroups in GL,(¢). This description enables us to classify the saturated
fusion subsystems of index prime to p in GL,(q), using the following result obtained here as
Theorem 5.10:

Theorem B. Let p be a prime and q a prime power prime to p. Let e be the multiplicative
order of ¢ modulo p, and n > ep. Consider (S, q, Fnq, Lngq) the p-local finite group induced
by GL,(q) over S, 4, a Sylow p-subgroup. Then

Fpl (fnyq) = Z/e.

In Section 6 we identify the p-local finite groups corresponding to these saturated fusion
subsystems, getting that these correspond to the p-local finite groups described by C. Broto
and J. Mogller as the finite Chevalley version of the generalized Grassmannians, denoted by
X (e,r,m)(q"), for any positive integers e, r, m such that r divides e, e divides (p — 1) and ¢’
a p-adic unit. More precisely the result that we get in Proposition 6.1 and Theorem 6.3 is:
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Theorem C. Fiz p, q, € and (Syq, Fn g Lnq) as in Theorem B, and, for each r a divisor of
e, let (Snq, Fugr» Lngr) the unique p-local finite group such that (S, 4, Fnqr) is the saturated

fusion subsystem of index prime to p in (Sy.q, Fn,q) such that Outg, (Snq)/Outg, ,, (Snq) =
Z]r. Then:

(a) Up to homotopy equivalence, there is a fibration
|£n,q,r - |£n7q| — B(Z/T) °

(b) |Lngr| =~ BX(e,r,[n/e])(q¢°) up to p-completion, where [n/e] is the greatest integer less
or equal than n/e.

Using that BX (e, r,m)(q¢’) are known to be exotic p-local finite groups when m > p and
r > 2 [5, Proposition 11.5], this result provides us examples of extensions of p-local finite
groups where one of the involved elements is exotic, and the other two correspond to finite
groups. These examples answer a question proposed by B. Oliver in the Banff conference on
Homotopy theory and group actions (November 2005).

Remark 1.1. These results give us a new construction of the generalized p-adic Grassman-
nians. For all integer j > 0 we have natural maps [L, i | = [, ,i+1,| that at the level of
maximal tori induce the inclusion

(Z/pl—l-j)[n/e} < (Z/pl+j+1)[n/e] :

where [ = v,(¢° — 1). The telescope construction of these maps gives us a homotopy equiva-
lence
BX (e, r,[n/e]) ~ hocolim | £
j

il
n,qp ’r

up to p-completion.
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2. p-LOCAL FINITE GROUPS

In this section we review the concept of a p-local finite group introduced in [3] that is based
on a previous unpublished work of L. Puig, where the axioms for fusion systems are already
established. See [4] for a survey on this subject.

If P and @ are subgroups of a group G we consider Homg (P, ()) the group morphisms
from P to @ induced by conjugation of elements in GG, and Inj(P, Q) are the injective group
morphisms from P to Q.

Definition 2.1. A fusion system JF over a finite p-group S is a category whose objects are the
subgroups of S, and whose morphisms sets Homz(P, Q) satisfy the following two conditions:
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(a) Homg (P, Q) C Homz(P, Q) C Inj(P, Q) for all P and @ subgroups of S.
(b) Every morphism in F factors as an isomorphism in F followed by an inclusion.

We say that two subgroups P,QQ < S are F-conjugate if there is an isomorphism between
them in F. As all the morphisms are injective by condition (b), we write by Autz(P) the
group Homg (P, P). Outz(P) denotes the quotient group Autz(P)/ Autp(P).

The fusion systems that we consider are saturated, so we need the following definitions:

Definition 2.2. Let F be a fusion system over a p-group S.
e A subgroup P < S is fully F-centralized if |Cs(P)| > |Cs(P’)| for all P' which is
F-conjugate to P.
e A subgroup P < S is fully F-normalized if |[Ng(P)| > |Ng(P')| for all P" which is
F-conjugate to P.
o F is a saturated fusion system if the following two conditions hold:
(I) Every fully F-normalized subgroup P < S is fully F-centralized and Autg(P) €
SyL,(Autx(P)).
(IT) If P < S and ¢ € Homg(P, S) are such that pP is fully F-centralized, and if we
set

N, ={g € Ns(P) | ¢cgp™" € Auts(pP)},
then there is ¥ € Homg# (NN, S) such that @|p = ¢.

As expected, every finite group G gives rise to a saturated fusion system [3, Proposition
1.3], which provides valuable information about BG/. Some classical results for finite groups
can be generalized to saturated fusion systems, as for example, Alperin’s fusion theorem for
saturated fusion systems [3, Theorem A.10]:

Definition 2.3. Let F be any fusion system over a p-group S. A subgroup P < S is:

o F-centric if P and all its F-conjugates contain their S-centralizers.
e F-radical if Outz(P) is p-reduced, that is, if Outz(P) has no nontrivial normal p-
subgroups.

Theorem 2.4 ((Alperin’s fusion theorem for saturated fusion systems)). Let F be a saturated
fusion system over S. Then for each morphism ¢ € Autz(P, P'), there exists a sequence of
subgroups of S
P:P()aPla-"akaPl and QlaQ?a"'ana

and morphisms v; € Autz(Q;), such that

o (Q; is fully F-normalized, F-centric and F-radical for each 1;

o Py, P, < Qi and (P, 1) = P; for each i; and

[ ] w(U) :wkowk,lo---owl(u), Yu € P.

3. SATURATED FUSION SUBSYSTEMS OF INDEX PRIME TO p

The saturated fusion subsystems of index prime to p in any saturated fusion system (S, F)
are described in [2] in terms of:
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Definition 3.1. o If G is a finite group, O (G) is the smallest normal subgroup of
index prime to p (equivalently the subgroup generated by elements of p-power order
in G).

e A restriction-closed category over S is a category F such that Ob(F) is the set of
subgroups of S, such that all morphisms in F are group monomorphisms between the
subgroups, and with the following additional property: for each P’ < P < S and @' <
Q < S, and each ¢ € Homz(P, Q) such that ¢(P') < Q' then ¢|p € Homg(P',Q").

o If F is a saturated fusion system O (F) C F denotes the smallest restriction-closed
subcategory of F whose morphism set contains O (Autz(P)) for all subgroups P < S.

e If F is a saturated fusion system over S we write:

Outy(S) = (a € Out£(S) | alp € Morop/(f)(P, S), some F-centric P < S).

The result giving the classification of the saturated fusion subsystems of index prime to p
is the following [2, Theorem 5.4 and Proposition 5.2]:

Theorem 3.2. For any saturated fusion system F over a p-group S, there is a bijective
correspondence between subgroups

H < Ty(F) € Outz(5)/ Outd(S)
and saturated fusion subsystems Fy of F over S of index prime to p in F. The correspondence
is given by associating to H the fusion system generated by 0~ (B(H)), where B(H) is a
category with one object and with morphism monoid the group H, and 0 is the unique functor
0: F¢ — B(y(F))

with the following properties:
(a) B(a) = o (modulo Out(S)) for all o € Autx(S).
(b) B(p) = 1 if € Mor(O¥ (F)°).

The rest of the section is dedicated to reduce the family of subgroups involved in the
calculation of Outy(S).

Consider ®OP'(F) the smallest restriction-closed category of F whose morphism set con-
tains OP' (Autz(P)) for all fully F-normalized, F-centric, F-radical subgroups P < S.

Lemma 3.3. Fiz F is a saturated fusion system over S. Then:
(a) Autz(S) normalizes ROY (F).
(b) F = (FOY(F), Autz(S)).

Proof. (a) Consider 1) € Hom,, s (f)(P, P') and o € Aut#(S). We should check that apa~! €

HOmRO]*,/(}_)(a(P),a(P’)).
1 is the restriction of composition of ¢y, - -+, ¢, which are p-power order elements of auto-
morphisms of F-centric, F-radical subgroups R;, ..., R;. But now am)a! can be written

as the composition of ag;a !, which are p-power order elements of automorphisms of «(R;),
which are again fully F-normalized, F-centric and F-radical because this two properties are
kept under Autz(S)-conjugation.
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(b) By Alperin’s theorem for saturated fusion systems (Theorem 2.4) it is enough to check
that Autz(Q) < (ROP'(F), Autx(S)) for Q an F-centric, F-radical and fully F-normalized
subgroup of S. We will proceed by downward induction. Autxz(S) < (ROP'(F), Autx(S)), so
the result holds for Q = S. Assume now that the Autz(Q') < (RO (F), Autx(S)) for all Q'
of bigger order than a fixed @, and ¥ € Aut#(Q).

Consider the subgroup K dof ¥ Autg(Q)y~1, which is a p-subgroup of Autx(Q), so K <
AutRO,:/(f)(Q). Since @ is fully F-normalized, Autg(Q) is a Sylow p-subgroup of Autz(Q).
As AutRoff(f)(Q) < Autx(Q), we get that both Autg(Q) and K are Sylow p-subgroups in
AutRoff(f)(Q), so they are conjugated by an element ¢ € AUtRof’(}')(Q):

pK o' < Autg(Q) . (1)
So, as F is saturated, by condition (II) in Definition 2.2 ¢t must extend to a morphism

¢ defined over Ny which by Equation (1) is equal to Ng(@Q), so it is always bigger than
Q. So by induction hypothesis ¢i): Ng(Q) — S is an element in (FO¥ (F), Autx(S)), so
its restriction ¢ is again in (FO? (F), Autx(S)). Recall now that ¢ € AutROpr(f)(Q) SO

Y = ¢ Ypt) is an element in (FOP'(F), Autx(S)). O

Now we are ready to prove the main result of this section, which is analogous to the
Alperin’s Theorem (Theorem 2.4) for the category OF (F):

Theorem 3.4. Let F be a saturated fusion system over S. Then for each morphism ¢ €

Homop/(f)(P, P'), there exists a sequence of subgroups of S

P:P()aPla-"akaPl and QlaQ?a"'ana

and morphisms ; € Autopf(f)(Qi), such that

o (Q; is fully F-normalized, F-centric and F-radical for each 1;
o P, 1, P < Q; and vi(P; 1) = P; for each i; and
[ ] w(U) :wkowk,lo---owl(u), VUGP

Proof. We have just to check that OF' (F) < RO’ (F).

Consider a: P — P’ an element in OF (F). Then « is the composition of restrictions of
automorphisms of order a power of p in Autz(Q;), for some subgroups Q1,...,Q,. So it is
enough to check that these elements are in ZOY (F).

Consider then a: ) — @) an element of order a power of p, for () any subgroup in S. We
will check that it is a morphism in ®O? (F) by downward induction. The result is true for
@) = S (both morphisms sets are empty sets). Assume now that for a fixed @, all the elements
of order a power of p in Autz(Q’) are in FO?' (F) for all Q' of order bigger than the order of
Q.
If @ is not fully F-normalized, consider ¢g: @) — @' an isomorphism in Homz(Q, Q") such
that @' is fully F-normalized. Using Lemma 3.3 and [2, Lemma 3.4 (c)] we get that there
exists f € Aut#(S) and ¢ € HomRoff(f)(ﬁ(Q), Q') such that g = p o fg.

If goaog e HomRO]*,I(}.)(Q', Q') then flgoao 5*1|5(Q) =¢plogoaog
HomRoff(f)(Q’, @'). Use now that ais Autz(S)-conjugated to flgoao 715 and Autz(S)

Loy is also in
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normalizes #O?' (F) and we obtain that a is a morphism in #O? (F). So we can assume that
Q@ is fully F-normalized.

If @ is not F-centric, then by condition (II) in [3, Definition 1.2] we get that « extends
to a morphism ¥ € Homg(Q - Cs(@),S). The image of  must be again in @ - Cs(Q), so
P € Autg(Q - Cs(Q)) and B|lg = ¢. If the order of P is a power of p, we can apply the
induction hypothesis and the result follows. If not, we can consider an integer r such that
?"|o = ¢ and the order of ¥"| is a power of p, and apply the induction hypothesis.

Assume now that ) is F-centric and fully F-normalized, and a € Autz(Q) an element of
p-power order. If () is F-radical, we have finished, so suppose that @) is not F-radical. That
means that O,(Outz(Q)) # (1), and so K o O,(Aut£(Q)) is strictly bigger than Autg(Q).
As @ is fully F-normalized, we have that Autgs(Q) is a Sylow p-subgroup for Autr(Q), and
so K < Autg(®). Consider

def

N§(Q) = {r € Ns(Q) | ez € K},

which is strictly bigger than Q. If z € NI (Q), ac,a™! is an element in K (K is a normal
subgroup in Autz(Q)), so, in this case,

NE(Q) < No & {2 € Ns(Q) | ac,a™" € Auts(Q)}

and by condition (IT) in [3, Definition 1.2] o extends to a morphism @: N¥(Q) — S. Moreover
the image of @ is contained in NX(Q): the extension to elements of the normalizer in S of Q
must give elements in the normalizer of the image, which is again Q); also cz(;) = @oc 0™,
so if ¢, is in K, cg(s) is again in K. So we have an extension of «, which can be taken of p-
power order (take @" as before if necessary) and which is in #O? (F) by induction hypothesis.

As we are in a restriction closed category, « is also a morphism in FO? (F). O

4. A REPRESENTATION OF THE EXTRASPECIAL GROUP pi"?7 IN GL,(q)

In this section we introduce some subgroups needed to understand the fusion system of
GL,(g) over a prime p such that p { ¢. We divide this study in two subsections, the first
one concerning to the particular case ¢ = 1 mod p and the second one, where we extend the
results to the general case.

Notation 4.1. Consider the extraspecial group of order p'*2” and exponent p, noted as pff%,
as the group generated by Ay,..., A, 1, By,..., B, 1 and C with the relations [4;, A;] = 1,
[B;, Bj] =1 and [A;, B;] = C% for all i,j € {0,1,...,v—1}.

4.1. Case ¢ =1 mod p. Fix first ¢ a prime power such that p | (¢ — 1) and ¢ a p-root of the
unity in F,.

We will construct a representation of pfr”” in GL,»(g), so we assume that n > p7. In the
case n > p” we consider the inclusion of pfr”” in GL,(q), as the composition pff% < GL, <
GL,(q).

A faithful representation can be constructed as follows: consider V' a F,-vector space of
dimension p?, with basis {v,...,vyv_1}; write each integer k£ such that 0 < k£ < p” — 1 in
base p, getting v unique numbers a; € {0,...,p — 1}:

k= ag +a1p+a2p2 +---+a7_1p7_1.
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Then, using this basis consider the following morphisms:

e A, is the linear transformation which sends
. £33 .
Vagt-tappit-- 7 C Vag+-+aipi+-
e B, is the permutation in the basis which sends

Vag4-ta;pit- 7 Vag+--+(a;+1)pi+-

where the coefficient (a; + 1) is reduced mod p.

Lemma 4.2. The elements A; and B; defined above give a faithful representation ofpf:r27 n
G’Lp'y (q) .

Proof. A direct computation shows us that these elements carry out the relations in Notation

4.1, taking C' as (1d. 0
We will also be interested in the following transformation: fori € {0,1,...,n—1} we consider
o;: V — V as the linear map which in the basis vy, ..., v,v_1 acts as:
def
O-i(va0+---+aipi+---) = Ua0+---+(§ai)pi+---7 (2)

where £ is a (p — 1)-root of unity in F, and again the coefficient (£a;_;) is reduced mod p.
We can check with a direct computation that:

A, ifig
aiAjai—l:{ i, Wi )

A; ifi=y

) B, ifi#;j
B.o !l = J 4
0iBi% {B§ if i = j 4)

where Agfl (respectively Bf) means the matrix A; to the power ™! (respectively to the power

£)-

4.2. General case. Now we consider e the order of ¢ mod p. We assume that e > 1, and
observe that e must divide (p — 1).

Consider Fe a Galois extension of F,, with Galois group Z/eZ. F, can be regarded as the
quotient F,[x]/r(x), where r(z) is an irreducible polynomial of degree e with coefficients in
F,.

Now consider F,e as F,-vector space with basis {1, x,...,2°"'}. This gives an inclusion of
GL1(¢°) € GLc(g), and more generally of GL,(¢°) C GL.,(q) (convert every coefficient of a
matrix in GL,(¢°) to an e X e-matrix with coefficients in F,).

Using this inclusion we get that we can apply the previous subsection to the study of
GL,(¢%), getting the corresponding elements A;, B; and o; in GL,,(¢), and also the corre-
sponding inclusion of p'™*" < GLgy (q).

Consider the Frobenius automorphism of Fy, which is the [F,-linear map which sends every
Y o ap+ -+ ae_12°* to y?, and is a generator of the Galois group of F,. over F,. This can
be thought as an e x e matrix with coefficients in F,.
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Consider the following fixed isomorphism Fp. = " as F,-vector space:

if {v1,...,v,} is a basis of Fy. as F.-vector space, then
e—1 e—1 e—1
{’UI,ZUUh...,aT V1,VU2,TV2,...,T V2y ooy Upy TUpy..., T ’Un}

is a basis of F" as F,-vector space.

Now define ¢,, the F,-linear automorphism in . which sends a vector

on (11 ()01 + A+ 1 (@)0,) By ()P0 4 - (2) 0, (5)

and regard it as an automorphism of F;" in the previous basis.
With these definitions, we can compute the following conjugations:
o Y, Ajp;t = Al and
* onBjg;' = B
Note that, as the order of the Frobenius automorphism is ¢¢, the inverse ¢, ! is given by:
o (i (2o + - (T)v) = rl(x)qe_lvl +- 4 rn(x)qe_lvn ,
So ;! sends 7;(2)v; to 73 ()% v;. If we apply A;, each r;(2)?" v; is multiplied by a coefficient
a;; which only depends on the expression of ¢ in base p and j. In we apply now ¢, to
aijri(x)qeflvi we get agjvi. Now as A; are diagonal matrices, we get A?.
Bj permutes the basis v;, so it commutes with the action of ¢,,.

5. THE FUSION SYSTEMS OF GL,(q)

Notation 5.1. In all this section fix p and odd prime and ¢ a prime power prime to p.
Let e be the multiplicative order of ¢ modulo p, and | = v,(¢® — 1). Consider also V' an
n-dimensional F,-vector space, in such a way that we write GL(V') instead of GL,(q) if we
have to deal with subgroups.

We are interested in the F-centric, F-radical subgroups of the general linear groups. Fix
S a Sylow p-subgroup of a finite group G, and P a subgroup of S.

Note that when G is a finite group and S a Sylow p-subgroup, then a subgroup P < §'is
p-radical in G when Ng(P)/P does not contain any non trivial normal p-subgroup. Also a
subgroup P < S is p-centric in G if Cq(P) = Z(P) x Cy(P), where C{,(P) has order prime
to p.

For P, being p-radical in G and being Fgs(G)-radical (Fg(G) is the saturated fusion system
given by G over S) are independent definitions. If we require P to be p-centric in G, then
we have that when P is Fg(G)-radical, P is also p-radical in G. So the list of subgroups of
GG that we are interested in is contained in the list of p-radical subgroups of G.

The possible p-radical subgroups of GL,,(¢) over the prime p are described in [1, Section

4] and depend on some parameters a, vy, m, and ¢ = (cq,...,¢). These are constructed as
follows:
Fixed o« > 0 and v > 0 consider (Z/p”a)pfr“” the central product of the cyclic group of
I+«

order p!*® and an extraspecial group of order p'*?7 and exponent p over the center of the
extraspecial group. Consider R, the image of (Z/p'™®)p'™7 by the composition

(Z/pl-i-a)pij?v < GLy» (qepa) < GLepot(q) » (6)
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where the first inclusion works as follows:

e The subgroup Z/p'*t® corresponds to the matrices of the form AId, where ) is a
pte-root of unity in Fepe .

e The inclusion p'™? < GL,»(¢"") is as in Section 4.

Fix now m > 1 and R, ,, the image of R, , in GLj,.pe++(¢) which sends g to the m-fold
diagonal map.

Finally consider ¢ = (cy,...,¢) a sequence of positive integers and define F; dof (Z/p)“
(Z/p)=>r--U(Z]p)°. Let d L mepatrtat+e and denote by Ry, the image of Ry, o 0 Fe

in GLg4(g). Call a subgroup of this type as a basic subgroup of GL4(q).
Theorem 5.2 ([1]). Fiz V' an n-dimensional F,-vector space. Let G = GL(V), and R be a

p-radical subgroup of G. Then there exist decompositions

W=WeVie -8V,
R:RUXRIX"'XRS,

such that Ry is the trivial subgroup of GL(Vy), and R; are basic subgroups of GL(V;) fori > 1.

Now we are able to give the Sylow p-subgroup in terms of e, (the order of ¢ modulo p), {
(the p-adic valuation of ¢¢ — 1) and the coefficients ay, . .., ag, all of them 0 < a; < (p — 1)
such that:

[n/e] = ap+ap+-- -+ app”.

Lemma 5.3. S, 4, a Sylow p-subgroup of GL,(q), is given by the following construction:

e, k k—1
Snyq d:f (Z/pl ) Z/pZ .(.). ZZ/p)ak X (Z/pl ) Z/pZ (. . .) ZZ/p)ak—l ey

- X (Z[p" VL p)™ X (Z/p)*.
where e, | and ay, . ..,a are defined above.
Moreover, if (Spq, Fnq) is the saturated fusion system induced by GL,(q) over S, ,, then
Outz, ,(Sn,q) is isomorphic to

(Z/e x Z/(p— 1)1 0,) x (e x Z/(p— 1)) 2 80,_,) X -+ x (/)2 Say)

Proof. This combination of direct products and wreath products is included in GLf,/(q) <
GL,(q). Checking the orders of S, , and the Sylow p-subgroup of GL,(¢) we have finished.
Finally the outer automorphisms group is computed in [1, Section 4]. 0]

For fixed p and ¢ we can compute ¢, and the Sylow p-subgroup and the fusion does not
change between GL,(q) and GLpn/¢(q). Sometimes we will consider that we are working in
rank multiples of e and we will write in GL,,,(¢) instead of GL,(q).

Notation 5.4. Consider S, , a Sylow p-subgroup of GL,(¢) as computed in Lemma 5.3, and
(Sn.g> Fngs Ln,q) the corresponding p-local finite group.

Let us begin now with the first non-trivial case:

Lemma 5.5. Let p be an odd prime and q a prime power such that p|(q — 1). Consider
(Sp.gs Fpq) as in Notation 5.4. Then Outgfp,q(S) = Outg, (9).
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Proof. To simplify the notation, consider in this proof (S, F) o (Sp.gs Fpq)- In this case, by

Lemma 5.3 we have Outz(S) = Z/(p — 1). We can see that o defined in Equation (2) is a
generator, so we must check that o € Out%(S).

Consider Ry, as in Equation (6). We get that Ry is isomorphic to a central extension of
pit? generated by A and B as defined in Equations (3) and (4), by Z/p', the p-primary part
in the center of GL,(q).

A direct computation tells us that Ry ; is F-centric.

Equation (2) gives us the action of A and B:
cAo ' = A" and 0Bo ' = BS,

where ( is a (p — 1)-root in F,. So o restricts to an automorphism of Ry ; which, as element
in Outx(Rp,1), must be considered as the matrix (%1 2)

Use now that in this case, [1, Section 4] tells us that Outz(Ry 1) = SLy(p), and now apply
the fact that SLo(p) is generated by its elements of order p. O

Proposition 5.6. Consider (S,q Fng) as in Notation 5.4, with n >  ep.
There is a subgroup H in Outg, ,(Snq) such that Outz, ,(Spq)/H = Z/e and Outgfn’q (S) < H.

Proof. Let us consider the form of Outz, ,(Sy,) given in Lemma 5.3.

Observe that all the elements in Outg,  (Sy,q) restrict to automorphisms of the maximal

torus TI[;”/ ‘I

implies that if Fj is the minimal saturated fusion subsystem of (S, 4, Fn ) of index prime to
p over S, then

, and that different elements in Outg, (Sh,) give different restrictions. This

Out}-n,q (Sn,q)/ OUtg:n,q (Sn,Q) = Out}-n,q (Sn,LI)/ OUt}-O (S) =

n/e n 7
=~ Outr, , (T0}/)/ Outr, (T} (7)

~

e]) ‘
We have that Outg, , (TN =~ 7/, Sin/e]- Now consider Oy (Outpg, , (']I‘:E:,L/e])), the subgroup

[
generated by all the elenfents of order a power of p. As p < [n/e], there are elements of order p
in Xp,/¢, and as Oy (Outyg, , (Tgf/ e})) is a normal subgroup, it musts contain all the alternating
group Ap,/e] < Xpn/e) and its normal closure in (Z./e)™/l % Apn/e], Which is (Z)e)P/el=1 % Apn/el
((Z/e)n/d=1 < (Z /€)M is the kernel of the map (ai, ..., ap/g) — O ;).
To finish the proof, take the restriction of o, which by Lemma 5.5 is in Outofnq(S), and
which gives an odd permutation of X, /., getting that ,

Hy def (Z/e)[n/e]_l X /e < Out g, (T[n/e}) .

pl
But, by Equation (7), Outgcn,q(S) must be contained in H defined as the kernel of the mor-
phism:
Outz, ,(S) = Outg, ,(T4/")/Hr 2 Z /e,
and the result follows. O
From the previous proposition we get that Outfn,q(S)/Outggmq(S) has at most e ele-

ments. The rest of the section is dedicated to prove that there is an element of order e
in Outg, ,(S)/ Outggn’q(S).
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As we are interested just in the F, ;-centric, F,, ,-radical subgroups, we can remove some
subgroups in the list:

Lemma 5.7. If m > 1 then Ry, o, 15 not p-centric in S.

Proof. Assume m > 1. We are considering the inclusion of R, , in GLjepe+v(q) diagonally:

g 0 - 0
0 g --- 0
g—=1 . . . )
00 -+ ¢

Fix g a non-trivial element in the center or R, ,. We have that

g 0 -+ 0
e

is an element which centralizes R,, ., which is not in R,, -

Recall now that in a semidirect product G x H, if we have an element ¢ in the center of G
invariant under the action of H, then (g, 1) is in the centre of G x H. Apply this argument
to the element (h, h, ..., h) € (Rma,)?™ ", which is invariant by the action of %,. O

So, from now on, we just consider the case m = 1.

Lemma 5.8. Consider \ a p'-root of unity in Fye. The mazimal torus ']I‘;’} can be seen as the
image of (Z/p")™ under the composition

(a1, ..., am) — diag( A", ..., \*) € GL,,(¢°) < GLen(q) -

Fiz R an Fep,q-centric, Fem q-radical subgroup in Sem, (Notation 5.4) and consider x the
image in GLey,(q) of the subset (not a subgroup) of elements in (Z/p')™ such that the product
ai - am = 1. If € OP (Autg,, (R)), then (x N R) = xN R.

Proof. To simplify the notation in this proof consider (S, F) o (Sem.qs Fem,q) Consider R an

F-centric, F-radical subgroup of GL(V'), with V' an n-dimensional F,-vector space. By the
description in Theorem 5.2 we get that there is a decomposition which can be given, after
reordering and grouping by isomorphism type, as:

V:%@‘/l,l@"'@‘/l,ml@‘/2,1@"'@‘/]9,mk
such that R can be written as:
R = RO X (Rl)ml X e X (Rk)mk

with R; basic subgroups in GL(V;;), and such that md, + -+ + myd, = m, where d; =
dim(V;;). For each i € {1,...,k} and j € {1,...,m;}, consider H;; the image of GL(V;;)
in GL(V). Consider S;; = SN H;;, and F;; the saturated fusion system Fs,,(GL(Vi;))-
Observe that S;; 2 S; » and F; ; & F,  for 7,5 € {1,...,m;}.
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With all this notation, we have the isomorphism:
k
Autz(R)/R = [ [(Autz,  (Ri)/Ri) 1 S,
i=1

The action of R on itself by conjugation is included in the action of S over R, and this
preserves Y, as these are permutations.

Consider now an element in Autz(R) such that its class belongs to OP (Outz(R)). We
have to deal with two possibilities:

e As R; are F, j-centric basic subgroups, using Lemma 5.7 and [1, Section 4] all the
elements of order a power of p in Outfi,l(Ri) are permutations, so they preserve y.

e If there exists 7 such that m; > p then the elements of the form 7o(77!) are also in
OP' (Outx(R)), for all o in A, <%, and all 7 € Autg (R;) (An, the alternating
subgroup in ;). To simplify notation consider the elements in xNS; ; as (a1, ..., aq,) €
(z/p")%. But 7 sends (ai,...,aq4,) to (arq)qi, ..., ar@4;)4q;), and so o(r*) permutes
the components and multiply each one by ¢; ! respectively. In any case, the product
of the elements is

-1 -1
al...adiql...qdiql qd :al"'adi'

7

So the product a; - - - a4, doesn’t change.

This implies that the elements of ¢)(x N R) < x, but as v is an automorphism of R the result
follows. O

To get an element of order e in Autgcnq(Sn,q) we use the automorphism ¢; defined in
Equation (5) as follows: as we consider the case n > e, consider ¢ the F,-linear map defined
as

def
¢ = o1 @ Idp/e-1 - (8)

Observe that ¢ is an element of order e.

Proposition 5.9. Consider (S,.q4, Fnq) as in Notation 5.4, with n > e. For every F, .-
centric subgroup P, and j such that 1 < j < e — 1, the restriction of ¢’, where ¢ is defined

in Equation (8), to P is not in Homop/(f )(P, Snq)-
* n,q

Proof. Consider the restriction of ¢/ an F, ,-centric subgroup P. As P is F, ,centric, it
contains the center of S, ,, which can be seen as the image of the matrices AId in the

inclusion GLy(¢°) < GLer(q). Assume now that ¢|p is in Hom 7y (Ps Sng).

By Theorem 3.4, ¢/ can be written as a composition of restriction of automorphisms ¢; €
O¥ (Autg, (R;) (i € {1,...,k}), for R; F, -centric, F, ,radical subgroups. Consider now
pld, p a primitive p-root of unity in Fye, which is an element in x NP (x as defined in Lemma
5.8). This implies ¢’/ (pId) = ¢ o ¢ 10---0 ¢ (pld) € x.

A direct computation show us that ¢(pId) = p¢ ' Id, @®pldp, -1, and then ¢/(pId) =
p?” 1d, ®p1dp, e 1. So this element is not in x, as ¢ 7 # 1 mod p.

So we get a contradiction which comes from assuming that

¢’|p € Hom P, S,,) -

(fn,q)(
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O

Theorem 5.10. Let p be an odd prime and q prime power such that p 1 q. Consider e the
multiplicative order of ¢ modulo p. Fiz S, , a Sylow p-subgroup of GL,(q) and (Sy.q, Fnq) the
induced saturated fusion system. Then,

(Z/e)1Xmye) ife <n <ep,

Outx(S,4)/ Outh(S, ;) =
7—'( ,q)/ J—'( ,q) {Z/e ifepgn.

Proof. We have to consider n > e to have a nontrivial Sylow p-subgroup in GL,(q).

For n < ep we have that S, , = (Z/p")["/¢l, which is abelian. So the only F-centric subgroup
is the total and Outofn,q (Snq) is trivial.

When n > ep, use Proposition 5.6 to see that the quotient is at most Z/e and Proposition
5.9 implies the result. O

6. EXOTIC FUSION SUBSYSTEMS IN THE GENERAL LINEAR GROUP

Fix as before p a prime, ¢ a prime power prime to p. Fix e the multiplicative order of ¢
modulo p. Consider (S, 4, Fn g Ln,q) the saturated fusion system of GL,(¢) at the prime p,
with n > e.

Proposition 6.1. (a) For each r dividing e there is a p-local finite group (Sp g, Frgrs Logr),
such that F 4, is of index prime to p in F, 4 over Sy, and Outfn,q,r(Sn,q) 15 a subgroup
of index r in Outz, ,(Snq)-

(b) If n > ep, there is just one (Sn,q, Frgrs Lngr) Satisfying (a).

(c) Up to homotopy equivalence, there is a fibration

|Lngr| — |Lngl — B(Z/7).

Proof. For e < n < ep consider the saturated fusion subsystem of index prime to p corre-
sponding to the kernel of the group epimorphism from
Outr(Sn.q)/ Outr(Snq) = (Z/€) Spusel

to Z/r defined as

(Z/e)[n/e] X E[n/e} — Z/T

e

(b1y -y bnyeyo) = ;(bl + ot bpye) -

getting (a) and (c) for this case, applying [2, Theorem 5.5].
For n > ep we have Outz(S,,)/ Outy:(S,,) = (Z/e), so (a), (b) and (c) follows directly

again from [2, Theorem 5.5]. O

We proceed now to identify these saturated fusion subsystems with the ones studied in [5,
Section 11].

Let p be an odd prime and r > 1, e > 1 natural numbers such that r|e|(p — 1). Consider
G(e,r,m) the subgroup of GL,,(Z;) as the subgroup generated by:

Ale,r,m) = {diag(a, ..., an) | ¢ =1 and (ay - - - a,)*" =1}

and the matrices corresponding to permutations in the coordinates. As a group, we have that
G(e,r,m) = A(e,r,m) X 2,.
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Consider now m > 1 and let X(e,r,m) be the p-compact group which realizes the pseu-
doreflection group G(e,r,m) < GL,,(Z)) (see [8] and [9] for further information). If m > 2
these are called the Generalized p-adic Grassmannians and we are interested in their finite
Chevalley version. That is the space BX (e,r,m)(q) defined as the pullback diagram:

BX(e,r,m)(q) BX(e,r,m)

l |+

1xp?

BX(e,r,m) —— BX(e,r,m) x BX(e,r,m)
where A is the diagonal map and ¢? is the unstable Adams operation of exponent ¢, where
q is a p-adic unit.
So if we consider ¢ a power of a prime not divisible by p, it is a p-adic unit and the previous

construction makes sense. Consider e the multiplicative order of ¢ modulo p. In this case we
have the following equivalences up to p-completion [5, Remark 11.1]:
e BX(1,1,n)(¢q) ~ BGL,(q).
e BX(1,1,n)(q) =~ BX(1,1,¢e[n/e])(q).
e If ¢’ is a another prime power such that p|(¢’ — 1) and v,(¢' — 1) = v,(¢° — 1) then
BX(1,1,n)(q) ~ BX(e,1,[n/e])(¢'). Observe that we can take ¢’ = ¢°.

Where [n/e] is the greater integer less or equal than n/e.
Before the main statement of the section we need to compute some centralizers.
Lemma 6.2. Consider (Sy.q, Fngr> Lngr) a5 in Proposition 6.1, with n > e, and V a non-
trivial elementary abelian p-subgroup contained in S, ,. Then
(a) V' is Fp q,-conjugate to a subgroup of the mazimal torus ’]I‘I[:f/e}.

(b) For V' contained in Tl[ﬁ/e], consider the centralizer p-local finite group

(Csn,q (V)7 C]:n,q,r (V)7 Cﬁn,q,r (V))

defined in [3, Proposition 2.5]. Then there are integers mg, myq, ..., ms such that
|Cﬁn,q,r (V)| = |Lem07‘br X BGLml (qe) X X BGLms (qe)

up to p-completion. Moreover emy < n and [n/e] = my +mq + -+ + ms.

Proof. Consider V' a nontrivial elementary abelian p-group contained in S. Consider the
saturated fusion system (S, q, Fs, ,(GLjn/(¢%))) which is contained in (S, q, Frq,) for all
rle. Then we can use the fact that V' is Fg, (GLp,/¢(¢°))-conjugate to a toral subgroup,
getting (a).

To compute the centralizer fusion system, consider the point-wise stabilizer of V' in

Autg,, (T = Gle,r, [n/e)),

pl
which is isomorphic to G(e,r,mg) X X,,, X --- x X,,.. Note that as V' is a nontrivial group,
mo < [n/e].
We can see that Cx, (V) is a saturated fusion system over Cg,  (V'), which can be written
as Cs, , (V') 2 Semg,q X Smiyge X+ * X S, g, Wwhere we are using that Lemma 5.3 identifies S, 4
and Sepm,q. Also Cx, (V) contains Femggr X Fs,, o (GLm, (¢°)) X +++ X Fg, . (GLm,(¢%)),

,a°
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as all the morphisms in this last saturated fusion system centralize V' and are contained in
Fogr-

Considering now that F, ,, is a fusion subsystem of F,, ;, the morphisms in the centralizer
of V in F, ,, are again morphisms in the centralizer of V' in F,, ,.

The centralizer p-local finite group of V' in F, , is computed in [5, Proposition 11.2], and
its classifying space is mod p equivalent to BGL,,,, (¢) X BGL,,, (¢°) X -+ - x BGL,,,(¢%), and
also has the same Sylow p-subgroup as Cr, . (V).

With all this data we get that C'z, (V) is a saturated fusion subsystem of index prime to

p in Cr, (V) such that in the maximal torus Autcfnw(v)(Tgf/e}) is an index r subgroup of

Aute,, (v (']I‘:E:,L/e]), and so
CFogr (V) = Femoar X }—Sml (GL, (g°)) x -+ X mes,qe (GLm,(q%)) -

»q©
So (b) follows considering the centric linking systems associated to these saturated fusion
systems. 0

Theorem 6.3. For each r dividing e and n > e consider (Sp, Fnqr, Lngr)s the p-local finite
group from Proposition 6.1. Then

|Lngr| = BX (e, 7, [n/e])(¢°)
up to p-completion.

Proof. We proceed by induction on n, beginning by the smallest considered case, that is
n=e.

For GL¢(q) we have that the p-local finite group (Seq, Feqr Leqr) is characterized by
Seq = Z/p', and Autg,  (Sey) = Z/h, where h o e/r. So it corresponds to the fusion

system of Z/p! x Z/h, where h dof e/r. The Sylow p-subgroup of BX (e, h,1)(q) is also
isomorphic to Z/p', with outer automorphism group G(e, h,1) = Z/h, so both are the same
p-local finite group.

Now assume that the result is true for any n’ < n.

To proceed with the induction argument we use the centralizer decomposition from [3,
Theorem 2.6].

Fix V' < S an elementary abelian fully F, ,,-centralized subgroup. If necessary we can
conjugate it to get V' contained in the torus, and still being fully F, ,,-centralized.

Consider (Cs, (V),C#x,,.(V),C¢,,,.(V)) the centralizer p-local finite group, whose classi-
fying space is, by Lemma 6.2, homotopy equivalent up to p-completion to

|Lemg.qrl X BGLy, (¢°) X - -+ x BGLy,, (¢°) ,

with emy < n. By induction hypothesis we have, up to p-completion, |Lemg 4| = BX (€, 7,m0)(¢%)
and so

X BGLy,, (¢°) X -+ - x BGL,, (¢°) =~ )
BX (e, r,mg)(q%) X BGLy, (¢°) X - -+ X BGLyy,, (¢°) -

Now consider the centralizer decomposition from [3, Theorem 2.6], obtaining

hocolim |Cy,, . (V)] 2 [Ln g
Ve(Fe)or

|Lem07Q7T
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while using Equation (9) and [5, Proposition 11.3] we also get

hocolim |Cy,, , (V)| ~ BX (e, r, [n/e])(¢°)
Ve(Fe)or

getting the result. 0
We finally get one of the results which motivated this work.

Remark 6.4. Consider p a prime, ¢ a prime power such that e, the order of ¢ modulo p, is
bigger than 2. Consider r a divisor of e such that » > 2. Then, by Proposition 6.1 we have
the fibration (up to homotopy equivalence):

|Lngr| — |Lngl — B(Z]7).

By Theorem 6.3, we have
|‘Cn,q,7" = BX(@, r, [n/e])(qe)
up to p-completion, and by [5, Proposition 11.5], when r > 2 and n > ep, these are classifying

spaces of exotic p-local finite groups. So we get examples of extensions of p-local finite groups
where two of them correspond to finite groups and the third one is an exotic p-local finite

group.
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