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HE STUDY of m-primary irreducible ideals in commutative graded1 connected Noetherean

T algebras over a field is in principal equivalent to the study of the corresponding quotient

algebras. Such algebras are Poincaré duality algebras (see e.g. [8] Section I.1), by which

we mean the following: There is an integer d called the formal dimension of the algebra such

that the homogeneous component of degree d is 1-dimensional, all homogeneous components

of degree strictly greater than d are zero, and the pairing between elements of degree i and

d − i, for 0 ≤ i ≤ d given by multiplication into the homogeneous component of degree d is

nonsingular.

The prototype of such an algebra (apart from the cosmetic difference of being graded commu-

tative rather than commutative graded) is the cohomology with field coefficients of a closed

oriented manifold. There are several topological constructions on closed manifolds that lead

to algebraic constructions on Poincaré duality algebras. To name but two, there is the projec-

tive bundle theorem and the notion of dualizing a line bundle. It is the purpose of this note to

examine these and other constructions in a purely algebraic context, and develop some of their

basic properties with an eye towards enhancing our store of examples (which are the basis for

theorems in the end) of irreducible m-primary ideals in polynomial algebras Fýz1 , . . . , znü.

If a Poincaré duality algebra is generated by its homogeneous component of degree one then

it is called standardly graded. For standardly graded Poincaré duality algebras of the same

formal dimension there is a operation called the connected sum (see § 6) that turns the set

of isomorphism classes of such algebras into a semigroup. In [12] we determined all sur-

face algebras (i.e., standardly graded Poincaré duality algebras of formal dimension two) by

amongst other things computing the Grothendieck group of standardly graded surface alge-

bras under the operation of connected sum. This group is finitely generated and its structure

mirrors faithfully the topological classification of closed surfaces. Namely it is generated by

the F2-cohomology T of the torus S1 × S1 and P the projective plain RPÿ2þ subject to the

one relation 3ýTü = ýTü + ýPü in the Grothendieck group (where ý ü denotes the isomorphism

class).

By contrast, for Poincaré duality algebras of formal dimension strictly greater than two the

Grothendieck group fails to be finitely generated. This manuscript grew in part out of the

search for generators for the Grothendieck of threefolds. We show that unfortunately there are

Poincaré duality algebras Pÿnþ which are quotients of Fýz1 , . . . , zn ü/Iÿnþ where the ideal Iÿnþ

requires roughly n! generators and the algebras Pÿnþ are indecomposable in the Grothendieck

group.

One of our basic tools is the theory of inverse systems due to F.S. Macaulay [5] Part IV and we

assume familiarity with it as presented for example in [8] §VI.1. We also make use of basic

facts concerning irreducible ideals as found in [8] Parts I and II.

1 We adhere to the conventions of J. C. Moore as far as graded objects go. This means only homogeneous elements are considered

unless explicitly stated otherwise. The homogeneous component of degree d of a graded object is denoted by a subscript d

attached to the object.
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§1. Projective Bundle Ideals

If M is a closed smooth manifold and ξ
[\M is a smooth k + 1-dimensional vector bundle over

M . Then one may form the corresponding projective bundle with fibres the projective space

of dimension k. The projective bundle theorem (see e.g. [14] page 62) provides a relation

between the cohomology of the manifold M and the total space Pÿξ
[\Mþ of the corresponding

projective bundle. It serves as the basis of the following definition.

DEFINITION: Let I⊂FýV , X ü be a m-primary ideal and J = I ∩ FýV ü. We call I a projective

bundle ideal with base ideal J if FýV , X ü
�

I is a free FýV ü
�

J-module with respect to the

module structure defined by the canonical inclusion FýV ü
�

J�FýV , X ü
�

I.

Suppose that I⊂FýV , X ü is an m-primary ideal and J = I ∩ FýV ü. Then there is a commutative

diagram

F & FýV ü & FýV , X ü & FýX ü & F[[\ [[\ [[\
F & FýV ü

�
J & FýV , X ü & ? & F

where the rows are coexact and the vertical maps the natural projections. Therefore the

unknown cokernel ? must be of the form FýX ü
�
ÿX k+1þ for some integer k. The integer k + 1

is called the bundle dimension. We call FýV , X ü
�

I the bundle algebra, FýV ü
�

J the base

algebra, and FýX ü
�
ÿX k+1þ the fibre algebra. This is because the coexact sequence

ÿ✣þ F & FýV ü
�

J & FýV , X ü& FýX ü
�
ÿX k+1þ& F

is an analog of the the coexact sequence of cohomology algebras

F & H∗ÿB ; Fþ& H∗ÿPÿξ
[\Bþ; Fþ& H∗ÿCPÿkþ; Fþ& F

associated to a complex vector bundle ξ
[\B of dimension k + 1 over the base space B, where

Pÿξ
[\Bþ is the associated projective space bundle (see e.g. [14] loc.cit.).

LEMMA 1.1: Suppose that I ⊂ FýV , X ü is a projective bundle ideal of bundle dimension

k + 1 and J = I ∩ FýV ü. Then FýV , X ü
�

I is a free FýV ü
�

J-module with basis 1 , X , . . . , X k.

PROOF: By hypothesis FýV , X ü
�

I is a free FýV ü
�

J-module and the coexact sequence ÿ✣þ

shows that it is generated by 1 , X , . . . , X k. From the graded Nakayama Lemma (see e.g. [9]

Proposition 5.1.3) it therefore follows that 1 , X , . . . , X� is a basis where � is the smallest

integer such that X�+1 can be written as an FýV ü
�

J-linear combination of 1 , X , . . . , X�. By

definition � is just k. þ
This lemma means that for a projective bundle ideal I ⊂ FýV , X ü of bundle dimension k + 1

one may write

−X k+1 = α1X k + · · · + αk X + αk+1

where α1 , . . . , αk+1 ∈ FýV ü
�

J and degÿαjþ = j for j = 1 , . . . , k + 1. We call this the bundle

relation.If we choose h1 , . . . , hk+1 ∈ FýV ü lifting α1 , . . . , αk+1 ∈ F ýV ü
�

J respectively, then

the form

hÿX þ = X k+1 + h1X k + · · · + hk X + hk+1

belongs to I. This is because

−X k+1 = α1X k + · · · + αk X + αk+1 ∈ FýV ü
�

J .

We call hÿX þ a homoginizing form or polynomial for I.
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LEMMA 1.2: Suppose that I ⊂ FýV , X ü is a projective bundle ideal of bundle dimension

k + 1, with bundle ideal J = I ∩ FýV ü, and bundle relation

−X k+1 = α1X k + · · · + αk X + αk+1 .

Then the kernel of the natural map�
FýV ü

�
J
�
ýX ü

φ& FýV , X ü
�

I

is the principal ideal generated by

αÿX þ = X k+1 + α1X k + · · · + αk X + αk+1 .

PROOF: We begin by assembling some facts.

(1) αÿX þ ∈ kerÿφþ.
(2) No nonzero element f ÿX þ = f0 + f1X + · · · + fm X m of lower degree m in X

belongs to kerÿφþ since 1 , X , . . . , X k are FýV ü
�

J-linearly independent.

(3) Any nonzero element of degree k + 1 in X belonging to the kernel of φ is a scalar

multiple of αÿX þ.
Hence we may procede inductively on the degree of an element in X belonging to kerÿφþ to

show it belongs to ÿαÿX þþ. Choose an element 0 Q= f ÿX þ = f0 + f1X + · · · + fm X m belonging

to kerÿφþ. Then m ≥ k + 1. Hence αÿX þ · X m−ÿk+1þ is a polynomial of degree m in X and

moreover f ÿX þ − αÿX þ · X m−ÿk+1þ belongs to the kernel of φ and has degree in X strictly less

than m, so by the induction hypothesis is also in ÿαÿX þþ and the result follows. þ
LEMMA 1.3: Suppose that I ⊂ FýV , X ü is a projective bundle ideal of bundle dimension

k + 1, J = I ∩ FýV ü is the base ideal, and

−X k+1 = α1X k + · · · + αk X + αk+1 ∈ FýV ü
�

J

is the bundle relation. Let

hÿX þ = X k+1 + h1X k + · · · + hk X + hk+1 ∈ FýV ü

be a homoginizing form. Then I = ÿJ , hÿX þþ⊂ FýV , X ü.

PROOF: Pass down from FýV , X ü to
�
FýV ü

�
J
�
ýX ü and note that the kernel of the natural

map φ :
�
FýV ü

�
J
�
ýX ü& FýV , X ü

�
I is the ideal I/J of

�
FýV ü

�
J
�
ýX ü. The result then follows

from Lemma 1.2. þ
The topological model for the following elementary example is a 2-plane bundle ξ

[\RPÿn − 1þ

with total Stiefel–Whitney class 1 + z ∈ H∗ÿRPÿn − 1þ; F2þ = F2ýzü
�
ÿznþ. Although this ex-

ample is quite simple, it exhibits some complex phenomena.

EXAMPLE 1: As base algebra we choose F2ýzü/ÿznþ, so the base ideal is J = ÿznþ, and as

homoginizing form X 2 + zX ∈ Fýz, X ü. Then I = ÿzn, X 2 + zX þ. The corresponding quotient

algebra F2ýz, X ü
�
ÿzn, X 2 + zX þ turns out to be isomorphic to F2ýxü

�
ÿx nþ#F2ýyü

�
ÿynþ where

# denotes the connected sum operation of Poincaré duality algebras introduced in Section I.5

of [8]. The precise definition is at the beginning of § 6 of this manuscript.2

One way to see this is to consider the isomorphism φ of F2ýz, X ü with F2ýx, yü induced by

sending z to x + y and X to y. Then

φÿX ÿX + zþþ = xy

φÿznþ = ÿx + yþn ≡ x n + yn mod ÿxyþ ,

2 The # operation is another topologically motivated construction on irreducible ideals and is extensively studied in [12].
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so φ maps ÿzn, X 2 + zX þ isomorphically onto the ideal ÿx n + yn, x yþ. An alternative version of

this proof is to be found in § 2 Example 1. As is shown in § 6 this is the only projective bundle

ideal with ground field F2 which produces a Poincaré duality algebra that is a connected sum.

REMARK: In the case where the ground field is a finite field Fq with q elements and

I⊂ Fq ýV , X ü is a projective bundle ideal with base ideal J = I ∩ FqýV ü then Lemma 1.3 shows

that I is closed under the action of the Steenrod algebra if and only if J is, and, one can choose

a homoginizing form hÿX þ such that its image αÿX þ in
�

FýV ü
�

J
�
ýX ü is a Thom class.3 The latter

certainly is the case if one can choose hÿX þ to be a product of linear forms in FqýV , X ü.

LEMMA 1.4: Suppose that I ⊂ FýX, y, zü is a projective bundle ideal. Then I is regular.

PROOF: Let J = I ∩ Fýy, zü be the bundle ideal. By a result of W. Vasconcelos [15] J is

generated by a regular sequence, say f ′, f ′′. So by Lemma 1.3 I is generated by f ′, f ′, h

which must then be a regular sequence since I is m-primary. þ

§2. Projective Bundle Ideals with an irreducible Base Ideal

We are particularly interested in projective bundle ideals which are irreducible. The next pair

of results show that this is equivalent to assuming that the base ideal is irreducible. For related

results see [13].

LEMMA 2.1: If I⊂FýV , X ü is a projective bundle ideal with a base ideal J = I ∩ F ýV ü that is

irreducible in FýV ü, then I⊂FýV , X ü is irreducible, and FýV , X ü
�

I is a Poincaré duality algebra

of formal dimension d + k, where d is the formal dimension of the base algebra FýV ü
�

J and

k + 1 is the bundle dimension.

PROOF: By [8] Lemma I.1.3 and Proposition I.1.5 an m-primary ideal in a polynomial

algebra is irreducible if and only if the corresponding quotient algebra is a Poincaré duality

algebra. Thus FýV ü
�

J is a Poincaré duality algebra and we need to show that FýV , X ü
�

I is also.

To this end note that the fundamental coexact sequence, § 1 ÿ✣þ , shows that the Poincaré

polynomial of FýV , X ü
�

I is of degree d + k and that the homogeneous component in this

degree of FýV , X ü
�

I is 1-dimensional. Choose a fundamnetal class u ∈ FýV ü
�

J. It has degree

d. We will show that uX k serves as a fundamental class for FýV , X ü
�

I.

Let f ∈FýV , X ü be a nonzero element and write f = f0 + f1X + · · ·+ fk X k where f0 , . . . , fk∈
FýV ü

�
J. Let � be the largest integer such that f� Q= 0, so in point of fact f = f0 + f1X + · · · +

f�X� . By homogeniety degÿ f�þ < degÿ f�−1þ < · · · < degÿ f0þ = degÿ f þ. Let f ∨� ∈ FýV ü
�

J be a

Poincaré dual for f�. Then degÿ f ∨� þ = d − degÿ f�þ so for i = 1 , . . . , � we have

degÿ f ∨� f�−iþ = degÿ f ∨� þ + degÿ f�−iþ = d − degÿ f�þ + degÿ f�−iþ > d ,

and hence f ∨� f�−i = 0 ∈ FýV ü
�

J, i = 1 , . . . , �, for degree reasons. Therefore

f ∨� X k−�
· f = f ∨� f0X k−� + f ∨� f1X k−�+1 + · · · + f ∨� f�X k = uX k

showing that uX k serves as a fundamnetal class for FýV , X ü
�

I and completing the proof. þ
LEMMA 2.2: If I ⊂ FýV , X ü is an irreducible projective bundle ideal with a base ideal

J = I ∩ F ýV ü, then J ⊂ FýV ü is irreducible.

3 One says that an element a ∈ A an unstable algebra A over the Steenrod algebra P ∗
is a Thom class if and only if the principal

ideal it generates is closed under the action of the Steenrod algebra.
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PROOF: Let k + 1 be the bundle dimension of I. Consider the fundamental coexact se-

quence ÿ✣þ of § 1. Since FýV , X ü
�

I is a free FýV ü
�

J-module this sequence splits as a sequence

of FýV ü
�

J-modules. So, if

s : FýX ü
�
ÿX k+1þ& FýV , X ü

�
I

is a splitting as F-vector spaces of the quotient map FýV , X ü
�

I & FýX ü
�
ÿX k+1þ , then the map

µ :
�
FýV ü

�
J
�

⊗
�
FýX ü

�
ÿX k+1þ

�& FýV , X ü

defined by µÿa , f þ = a · f is an isomorphism of FýV ü
�

J-modules. So for the Poincaré poly-

nomials of the terms of the fundamental coexact sequence one has the product formula

PÿFýV , X ü
�

I , tþ = PÿFýV ü
�

J , tþ · PÿFýX ü
�
ÿX k+1þ , tþ.

From this it follows that PÿFýV ü
�

J , tþ has degree d, where k + d = f ``dimÿFýV , X ü
�

I, and

moreover FýV ü
�

J is one dimensional over F in homogeneous degree d. Choose a nonzero

element u ∈ FýV ü
�

J of degree d. To show J ⊂ FýV ü is irreducible we invoke [8] Lemma I.1.3

and show instead that FýV ü
�

J is a Poincaré duality algebra with fundamental class u.

To this end suppose that 0 Q= a ∈ FýV ü
�

J. Then in FýV , X ü
�

I the element a has a Poincaré

dual, say

a∨ = a∨
0 + a∨

1 X + · · · + a∨
k X k .

By homogenity

degÿa∨
0 þ > degÿa∨

1 þ > · · · > degÿa∨
kþ = d ,

so a∨
0 = · · · = a∨

k−1 = 0 since FýV ü
�

J is identically zero in homogeneous degrees exceeding d.

Hence uX k = aa∨ = aa∨
k X k and therefore u = aa∨

k since 1 , X , . . . , X k is a basis for FýV , X ü
as an FýV ü

�
J-module by the graded Nakayama Lemma ( [9] Proposition 5.1.3). Hence a∨

k

serves as a Poincaré dual to a in FýV ü
�

J with respect to u. So u is a fundamental class for

FýV ü
�

J making it a Poincaré duality algebra. þ
PROPOSITION 2.3: If I ⊂ FýV , X ü is a projective bundle ideal with base ideal J = I ∩ F ýV ü,

then I is irreducible in FýV , X ü if and only if J is irreducible in FýV ü.

PROOF: Combine Lemmas 2.1 and 2.2. þ
Choose a basis z1 , . . . , zn for V and let Fýz−1

1 , . . . , z−1
n ü denote the algebra of inverse poly-

nomials (see [8] Section VI.1). If I ⊂ FýV , X ü is a projective bundle ideal with an irreducible

base ideal J = I ∩ FýV ü, then I is also irreducible, so both I, respectively J, have Macaulay in-

verses4 (loc. cit. Section VI.2) θI ∈ Fýz−1
1 , . . . , z−1

n , X −1ü, respectively θJ ∈ Fýz−1
1 , . . . , z−1

n ü.

In the theorem that follows we show that θI arises from θJ by means of a homoginization

process. We first require a lemma.

LEMMA 2.4: Let I ⊂ FýV , X ü be a projective bundle ideal of bundle dimension k + 1

with irreducible base ideal J = I ∩ FýV ü. Set d = f ``dimÿFýV ü
�

Jþ and let hÿX þ ∈ FýV , X ü be a

homoginizing form for I. Then X k+d+1 ∈ I and there exists a form of degree d in X

hÿX þ = X d + h1X d−1 + · · · + hd ,

whose coefficients belong to FýV ü and are well defined modulo the bundle ideal J, such that

hÿX þhÿX þ = X k+1+d ∈ �FýV ü
�

J
�
ýX ü.

4 One needs to choose a basis z1 , . . . , zn for V to define the Fýz1 , . . . , zn ü-module structure on F ýz−1
1 , . . . , z−1

n ü needed to

apply Macaulay’s theory. We always assume this has been done in a context involving Macaulay inverses.
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PROOF: It follows directly from the hypotheses that the Poincaré series for FýV , X ü
�

I is

a polynomial of degree d + k, and hence X k+d+1 ∈ I for degree reasons. By Lemma 1.3

I = ÿJ , hÿX þþ so passing down to
�
FýV ü

�
J
�
ýX ü one sees that X k+d+1 being zero in FýV , X ü

�
I

implies that in
�
FýV ü

�
J
�
ýX ü it belongs to the principal ideal generated by hÿX þ and the result

follows. þ
A form hÿX þ∈ FýV , X ü with the properties of Lemma 2.4 is called a dual homonigizing form

or polynomial for the projective bundle ideal I ⊂ FýV , X ü.

THEOREM 2.5: Let I ⊂ FýV , X ü be a projective bundle ideal of bundle dimension k + 1

with irreducible base ideal J = I ∩ FýV ü. If hÿX þ = X d + h1X d−1 + · · · + hd ∈ �FýV ü
�

J
�
ýX ü is a

dual homoginizing form for I (so d = f ``dimÿFýV ü
�

Jþ) and θJ ∈ Fýz−1
1 , . . . , z−1

n ü is a Macaulay

inverse for J, then

θI = hÿX þ ∩ ÿθJ · X −ÿd+kþþ = θI X
−k + ÿh1 ∩ θJþX −ÿk+1þ + · · · + ÿhd ∩ θJþX −ÿk+dþ

is a Macaulay inverse for I.

PROOF: We have the inclusion of ideals ÿJ , X k+d+1þH I =ÿJ , hÿX þþ. The ideal ÿJ , X k+d+1þ

is irreducible in FýV , X ü since

FýV , X ü
�
ÿJ , X k+d+1þ ≅

�
FýV ü

�
J
�

⊗
�

FýX ü
�
ÿX k+d+1

�
is a tensor product of Poincaré duality algebras (see e.g. [8] Lemma I.1.3) and hence a

Poincaré duality algebra in its’ own right. Moreover this tensor product splitting shows that

the Macaulay inverse for the ideal ÿJ , X k+d+1þ is θJ · X −ÿk+dþ ∈ Fýz−1
1 , . . . , z−1

n ü ⊗ FýX −1ü =

Fýz−1
1 , . . . , z−1

n , X −1ü. We next apply the K⊂ L paradigm (see [8] Theorem II.5.1) to the pair

of ideals ÿJ , X k+d+1þH I . To do so we require a transition element for I over ÿJ , X k+d+1þ.
To this end note that by standard properties of the ÿ : þ construction one has

ÿÿJ , X k+d+1þ : Iþ = ÿÿJ , X k+d+1þ :ÿJ , hÿX þþþ= ÿÿJ , X k+d+1þ :ÿhÿX þþþ= ÿhÿX þþ + ÿJ , X k+d+1þ

by the definition of hÿX þ. So hÿxþ serves as a transition element for I over ÿJ, X k+d+1þ and

applying [8] Theorem II.5.1 yields the desired conclusion. þ
EXAMPLE 1: Consider the situation J = ÿznþ⊂ F2ýzü, corresponding to the base algebra

being F2ýzü
�
ÿznþ, which has formal dimension n − 1 , and the homoginizing quadratic form

hÿX þ = X 2 + zX ∈ F2ýz, X ü (see § 1 Example 1), which means the bundle dimension is 2. The

corresponding dual homoginizing form (see Lemma 2.4) is then

hÿX þ = X n−1 + zX n−2 + · · · + zn−1 ,

as simple multiplication verifies. The inverse form z−n ∈ Fýz−1ü is a Macaulay inverse for the

ideal I = ÿznþ⊂ F2ýzü defining the base algebra. As a consequence of Theorem 2.5 the bundle

ideal ÿzn, X 2 + zX þ is therefore defined by the inverse form

θI = hÿX þ ∩ z−n X −ÿn−1þ = z−n + z−ÿn−1þX −1 + · · · + z−1X −ÿn−1þ .

If we replace z by x and X by y then this inverse form becomes

θ = x−n + x−ÿn−1þy−1 + · · · + x−1y−ÿn−1þ

and is in the same GLÿ2, F2þ-orbit as the inverse form x−n + y−n ∈ F2ýx
−1, y−1ü since the

transvection xD x , yD x + y sends the inverse form x−n + y−n to x−n + x−ÿn−1þy−1 + · · · +

x−1y−ÿn−1þ. The inverse form x−n + y−n is the Macaulay inverse for the ideal ÿxy, x n + ynþ. To

6
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verify this one first writes down the catalecticant matrix (see [8] Section VI.2) catθÿ1, n − 1þ

from which one sees that xy , x n + yn ∈ Iÿθþ. Then one notes that the induced map

F2ýx, yü
�
ÿxy, x n + ynþ& F2ýx, yü

�
Iÿθþ

has degree one since both these Poincaré duality algebras have x n as a fundamental class.

Finally one applies [8] Corollary I.2.4 to conclude this map is an isomorphism, so the inclusion

ÿxy, x n + ynþH Iÿθþ must be an equality. This justifies the remark made in § 2 Example 1

concerning the structure of quotient algebra F2ýz, X ü
�

J.

§3. Bundling an m-primary Irreducible Ideal

We next show that a converse of Theorem 2.5 holds, allowing the construction of a family of

m-primary irreducible ideals in FýV , X ü from a single m-primary ideal in J in FýV ü. Suppose

we are given an m-primary irreducible ideal J ⊂ FýV ü and a monic polynomial in X of strictly

positive degree. Guided by Lemma 1.3 we consider the ideal I = ÿJ , hÿX þþ⊂ FýV , X ü. Let

k + 1 be the degree of X in hÿX þ so

hÿX þ = X k+1 + h1X k + · · · + hk X + hk+1 ,

where the elements h1 , . . . , hk+1 ∈ FýV ü have strictly positive degrees, so belong to the

augmentation ideal of FýV ü. If d is the degree of the Poincaré polynomial of FýV ü
�

J, then

1 , X , . . . , X k generate FýV , X ü
�

I as an FýV ü
�

J-module, so one sees that the Poincaré series

of FýV , X ü
�

I is in fact a polynomial of degree k + d. Therefore we have proven the following

lemma.

LEMMA 3.1: If J ⊂ FýV ü is an m-primary irreducible ideal and hÿX þ ∈ FýV , X ü is a monic

polynomial in X of strictly positive degree k + 1, then I = ÿJ , hÿX þþ⊂FýV , X ü is an m-primary

ideal, the Poincaré polynomial of FýV , X ü
�

I has degree k + d, where d is the degree of the

Poincaré polynomial of FýV ü
�

J, and X k+d+1 ∈ I. þ
Continuing in this vein one has:

LEMMA 3.2: Let A be a commutative graded connected algebra over a field and AýX ü the

standard polynomial algebra over A (so X has degree 1). If αÿX þ∈ AýX ü is a monic polynomial

of degree m in X then AýX ü
�
ÿαÿX þþ is a free A-module with basis 1 , X , . . . , X m−1.

PROOF: One notes that homogeniety requires that the coefficients of αÿX þ apart from the

coefficient of X m belong to the augmentation ideal of A. Hence 1 ⊗ ÿX i
· αÿX þþ ≡ 1 ⊗ X m+i

for i = 0 , 1 , . . . , in F ⊗A AýX ü, so

1 , X , . . . , X m−1 , αÿX þ , X · αÿX þ , . . . ,

project to an F-vector space basis for the module of A-indecomposables F ⊗A AýX ü. Since AýX ü
is a free A-module they therefore are an A-basis for AýX ü by the graded Nakayama Lemma (see

e.g. [9] Proposition 5.1.3). Since αÿX þ , X · αÿX þ , . . . , span the ideal ÿαÿX þþ as an A-module

it follows that the inclusion ÿαÿX þþ� A splits as a map of A-modules. Hence AýX ü
�
ÿαÿX þþ is

also free as an A-module and 1 , X , . . . , X m−1 project to a basis for it. þ
Lemma 3.2 says in particular that, for any ideal J ⊂ FýV ü and any monic polynomial hÿX þ ∈
FýV , X ü in X that, the quotient algebra FýV , X ü

�
ÿJ , hÿX þþ is free as an FýV ü

�
J-module: Simply

set A = FýV ü
�

J in the lemma.

7



LARRY SMITH AND R. E. STONG

For an m-primary irreducible ideal J ⊂ FýV ü denote by dJ , or d if J is clear from context, the

degree of the Poincaré polynomial of FýV ü
�

J, i.e., d = f ``dimÿFýV ü
�

J is the formal dimension

of Poincaré duality quotient algebra FýV ü
�

J. Let hÿX þ have strictly positive degree k + 1, so

hÿX þ= X k+1 + h1X k + · · · hk X + hk+1, where hi ∈FýV ü has degree i for i =1 , . . . , k +1. The

maximal ideal of FýV ü
�

J is nilpotent, so the inhomogeneous element 1 + h1 + · · · + hk + hk+1

has a formal inverse in the degraded algebra5 TotÿFýV ü
�

Jþ. Say 1 + h1 + · · · + hd is such an

inverse, where h j ∈ FýV ü
�

J has degree j for j = 1 , . . . , d, so

ÿ✣þ ÿ1 + h1 + · · · hk+1þÿ1 + h1 + · · · + hdþ = 1.

Introduce the polynomial

hÿX þ = X d + h1X d−1 + · · · + hd .

Then ÿ✣þ shows that

ÿ✠þ hÿX þ · hÿX þ = X k+d+1 ∈ �FýV ü
�

J
�
ýX ü.

This leads to the following result.

LEMMA 3.3: With the notations preceding one has ÿJ , X k+d+1þH ÿJ , hÿX þþ and�
ÿJ , X k+d+1þ :ÿJ , hÿX þþ

�
=
�
hÿX þ

�
+ ÿJ , X k+d+1þ.

PROOF: The first statement follows from Lemma 3.1. Pass down to the quotient algebra

B = FýV , X ü
�
ÿJ , X k+d+1þ, then the second statement becomes equivalent to showing that

AnnBÿhÿX þþ = ÿhÿX þþ. The equation ÿ✠þ shows that ÿhÿX þþH AnnBÿhÿX þþ so it remains to

prove the reverse inclusion.

Suppose that 0 Q= f ÿX þ = f0X m + · · · + fm ∈AnnBÿhÿX þþ, where f0 , . . . , fm ∈ A = FýV ü
�
ÿJþ.

Since f ÿX þ is of degree m in X we have f0 Q= 0. But

0 = f ÿX þ · hÿX þ = f0X k+m+1 + terms of lower degree in X ,

so k + m + 1 ≥ k + d + 1 since B is a free A-module with basis 1 , X , . . . , X k+d. If m = d,

then f ÿX þ and hÿX þ both have degree d, so f ÿX þ − f0hÿX þ ∈ AnnBÿhÿX þþ and this element

has degree at most d − 1 in X . By what was just shown this means f ÿX þ − f0hÿX þ is identically

zero so f ÿX þ = f0hÿX þ and f ÿX þ belongs to the principal ideal generated by hÿX þ. Hence

we may proceed inductively and assume that for all m < m, if f ÿX þ ∈ B has degree m in X

and annihilates hÿX þ then f ÿX þ ∈ ÿÿhÿX þþ. If f ÿX þ ∈ AnnBÿhÿX þþ has degree m in X , then

writting f ÿX þ as above one sees that f ÿX þ − f0hÿX þ has degree at most m − 1 in X and it too

annihilates hÿX þ. By the inductive assumption f ÿX þ − f0hÿX þ belongs to ÿhÿX þþ and hence so

does f ÿX þ completing the inductive step. þ
THEOREM 3.4: Let J⊂FýV ü be an m-primary ideal and hÿX þ∈FýV , X ü a monic polynomial

in X of strictly positive degree k + 1. Then I = ÿJ , hÿX þþ⊂ FýV , X ü is a projective bundle

ideal of bundle dimension k + 1 with base ideal J. If J is irreducible in FýV ü then I = ÿJ , hÿX þþ
is irreducible in FýV , X ü.

PROOF: I is m-primary by Lemma 3.1 and FýV , X ü
�

I is free as an FýV ü
�

J-module by

Lemma 3.2. Since J = I ∩ FýV ü it follows from Lemma 1.3 that I is a projective bundle ideal

with base ideal J and bundle dimension k + 1. If J is irreducible in FýV ü, then ÿJ , X k+d+1þ is

irreducible in FýV , X ü, where d is the formal dimension of FýV ü
�

J. To see this one notes that

FýV , X ü
�
ÿJ , X k+d+1þ ≅

�
FýV ü/J

�
⊗
�
FýX ü

�
ÿX k+d+1þ

�
5 TotÿHþ for any graded algebra H is the direct product of its homogeneous components.
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is a Poincaré duality algebra by [8] Proposition I.1.5 and then applies [8] Lemma I.1.3 to

conclude that ÿJ , X k+d+1þ⊂ FýV , X ü is an irreducible ideal. By Lemma 3.1 ÿJ , X k+d+1þH
ÿJ , hÿX þþ and by Lemma 3.3�

ÿJ , X k+d+1þ :ÿJ , hÿX þþ
�

=
�
hÿX þ

�
+ ÿJ , X k+d+1þ

so I is irreducible by [8] Theorem I.2.1. þ
REMARK: In the situation of Lemma 3.3 one has shown in the quotient algebra

B = FýV , X ü
�
ÿJ , X k+d+1þ =

�
FýV ü

�
J
�

⊗
�

FýX ü
�
ÿX k+d+1þ

�
that

ÿ0 :
B

hÿX þþ = ÿhÿX þþ

or what is the same thing that

AnnBÿhÿX þþ = ÿhÿX þþ.

The algebra B is Noetherean and ÿ0þ⊂ B is an irreducible ideal since B is a Poincaré duality

algebra. Therefore by Emmy Noether’s Involution Theorem (see [8] Section I.1.2) one also

has

ÿ0 :
B

hÿX þþ = ÿhÿX þþ

or, again, what is the same thing that

AnnBÿhÿX þþ = ÿhÿX þþ.

Thus in the algebra B the images of hÿX þ and hÿX þ are mutual annihilators of each other. So

by [8] Corollary I.2.3 one has the following conclusions.

(i) B/ÿhÿX þþ is a Poincaré duality algebra of formal dimension

f ``dimÿBþ − degÿhÿX þþ = d + k + d − ÿk + 1þ = 2d − 1.

(ii) B/ÿhÿX þþ is a Poincaré duality algebra of formal dimension

f ``dimÿBþ − degÿhÿX þþ = d + k + d − d = k + d ,

(as of course it should be since B/ÿhÿX þþ≅ FýV , X ü
�
ÿJ , hÿX þþ).

If X k+d+1 ∈ ÿJ , hÿX þþ⊂ FýV , X ü, then by Theorem 3.4 the relation of Lemma 3.3 would also

hold with the roles of hÿX þ and hÿX þ switched, viz.,�
ÿJ , X k+d+1þ :ÿJ , hÿX þþ

�
=
�
hÿX þ

�
+ ÿJ , X k+d+1þ.

This would give us another projective bundle ideal ÿJ , hÿX þþ⊂ FýV , X ü. The condition

X k+d+1 ∈ ÿJ , hÿX þþ holds if for example

k + d + 1 > f ``dimÿFýV , X ü
�
ÿJ , hÿX þþ = 2d − 1

i.e., if k + 1 ≥ d.

It is also possible to reformulate the preceding discussion in terms of the Macaulay inverse θJ

of the ideal J. Here is how this works.

COROLLARY 3.5: Let J ⊂ FýV ü be an m-primary irreducible ideal with Macaulay inverse

θJ ∈ FýV ü of degree −d, so d = f ``dimÿFýV ü
�

Jþ. If hÿX þ ∈ FýV , X ü is a monic polynomial in X

of strictly positive degree k + 1 choose a polynomial hÿX þ of degree d such that hÿX þ · hÿX þ =

X k+d+1 ∈ �FýV ü
�

J
�
ýX ü (see the discussion preceding Lemma 3.3). Then

θ = hÿX þ∩ ÿθJ · X −ÿk+dþ=θJ · X −k + h1 ∩ ÿθJ · X −ÿk+1þþ+ · · ·+ hd ∩ ÿθJ · X −ÿk+dþþ∈FýV−1 , X −1ü

9
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defines an irreducible m-primary ideal Iÿθþ⊂ FýV , X ü which is a projective bundle ideal with

bundle dimension k +1 and base ideal J. The formal dimension of the corresponding Poincaré

duality quotient FýV , X ü
�

Iÿθþ is d + k.

PROOF: This follows from Theorems 3.4 and 2.5. þ

§4. Pulling off Sections and Inverse Symmetric Forms

Note that in the equation

θI = h ∩ ÿθJ · X −ÿk+dþþ

occuring in Corollary 3.5 one has

degÿhÿX þþ = d , degÿθJ · X −ÿk+dþþ = −2d − k.

Since degÿhÿX þþ = d = − degÿθJþ the formula

θm = hÿX þ ∩ ÿθJ · X −mþ

defines an inverse form of degree −m for any integer m ∈N. One may consider these inverse

forms (if nonzero) as defining additional m-primary irreducible ideals in FýV , X ü which may

not be projective bundle ideals at all.

Topologically, for m ≤ k + 1, this would correspond to pulling sections off of a bundle. For

example the bundle ξ
[\RPÿn − 1þ considered in connection with Example 1 of § 1 could have

been taken to be a line bundle, rather than a two plane bundle, since in the algebraic context

of this example the only feature of ξ we used was the total Stiefel–Whitney class which was

1+ z∈H∗ÿRPÿn −1þ; F2þ=F2ýzü
�
ÿznþ. In such a topological context the geometric dimension

of the bundle imposes a restriction on how many sections one may pull off, see e.g. [7] where

this topological restriction was of central importance. Algebraically however there is only the

restriction imposed by the requirement that θm = hÿX þ ∩ ÿθJ · X −mþ be an actual nonzero

inverse form, so m ∈ N. We exploit this next.

We start with an inverse form θJ ∈FýV−1ü of degree −d and a (dual homoginizing) form φÿX þ=

X d + φ1X d−1 + · · · + φd ∈ FýV , X ü of degree d and consider the homoginizations of θJ given

by

θ =φÿX þ∩ ÿθJ · X −mþ = θJ · X −m +φ1 ∩ ÿθJ · X −ÿm+1þþ+ · · ·+φd ∩ ÿθJ · X −ÿm+dþþ∈FýV−1 , X −1ü ,

for m ∈ N. These define m-primary irreducible ideals Iÿθmþ⊂ FýV , X ü. We organize this

section around an extensive family of ideals arising in this way, and use them to bring to the

fore a number of the less obvious6 properties of m-primary irreducible ideals.

NOTATION: We denote by e1 , . . . , en ∈ Fýz1 , . . . , znü the elementary symmetric poly-

nomials in the variables z1 , . . . , zn , and by σ1 , . . . , σn ∈ Fýz−1
1 , . . . , z−1

n ü their analogs as

inverse polynomials. In other words σi is the Σn-orbit sum Sÿz−1
1 z−2

2 · · · z−i
i þ of the inverse

monomial z−1
1 z−2

2 · · · z−i
i . By convention e0 = 1 = σ0.

With these notations one has

σi = en−i ∩ σn ∈ Fýz−1
1 , . . . , z−1

n ü for i = 0 , . . . , n .

6 It is very likely that many of these properties were known to F. S. Macaulay, but due to the enormous change in terminology

that has taken place since he wrote [5] this is very diffucult to confirm by reference to it.
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Introduce the form φÿX þ = en + en−1X + · · · + e1X n−1 + X n and define the inverse polynomial

θn by

θn = φÿX þ ∩ ÿσn · X −nþ = ÿen + en−1X + · · · + e1X n−1 + X nþ ∩ ÿσn · X −nþ

= X −n + σ1 · X −ÿn−1þ + · · · + σn−1X −1 + σn =

nY
i=1

ÿX −1 + z−1
i þ ∈ Fýz−1

1 , . . . , z−1
n , X −1ü.

Note that θn has degree −n so the corresponding Poincaré duality quotient algebra has formal

dimension n.

NOTATION: The Poincaré duality quotient Fýz1 , . . . , zn, X ü
�

Iÿθnþ will be denoted by

Pÿnþ.

If Iÿσnþ⊂ Fýz1 , . . . , zn ü denotes the m-primary irreducible ideal that is the Macaulay dual

to σn then all squares of elements in Qÿnþ = Fýz1 , . . . , znü
�

Iÿσnþ are zero since no mono-

mial divisible by the square of one of the variables z1 , . . . , zn occurs in the support of

σn . The algebra Qÿnþ is therefore a quotient of the exterior algebra Eÿz1 , . . . , znþ. Since

both these algebras are Poincaré duality algebras of formal dimension n the quotient map

Eÿz1 , . . . , znþ& Qÿnþ must be an isomorphism (see e.g., [8] Lemma I.3.1). Hence Qÿnþ =

Eÿz1 , . . . , znþ is an exterior algebra on the generators z1 , . . . , zn. Observe that f ∩ θn = 0

for any f ∈ Iÿσnþ so there is a natural map

Fýz1 , . . . , zn ü
�

Iÿσnþ& Fýz1 , . . . , zn , X ü
�

Iÿθnþ

which may be extended to a map�
Fýz1 , . . . , zn ü

�
Iÿσnþ

�
ýX ü& Fýz1 , . . . , zn , X ü

�
Iÿθnþ

in the obvious way. Hence we have shown the following.

LEMMA 4.1: With the preceding notations one has z2
i = 0 ∈ Pÿnþ for i = 1 , . . . , n. þ

Before we delve deeper into the structure of the ideals Iÿθnþ we indicate how these ideals

arise from projective bundle ideals by stripping off sections as described above. To simplify

this discussion we assume that the ground field has characteristic 2 so

φÿX þ2 = X 2n ∈ �Fýz1 , . . . , zn ü
�

Iÿσnþ
�
ýX ü

by Lemma 4.1. Therefore from the m-primary ideal Iÿσnþ⊂Fýz1 , . . . , znü and the homoginiz-

ing polynomial φÿX þ we obtain a projective bundle ideal ÿIÿσnþ , φÿX þþ⊂ Fýz1 , . . . , zn , X ü
with base ideal Iÿσnþ and bundle dimension n. A Macaulay dual for this ideal is

φÿX þ ∩ ÿσn · X 2n−1þ

since φÿX þ serves as its own dual homoginizing form.7 The Macaulay inverse θn of the the

ideal Iÿθnþ may be thought of as arising from the projective bundle ideal ÿIÿσnþ , φÿX þþ by

stripping off n-sections.

LEMMA 4.2: The Poincaré duality algebra Pÿnþ has rank n + 1 (in the sense of [8] Section

I.1), i.e., Pÿnþ1 has dimension n + 1 as an F-vector space.

PROOF: The value of θn on en is 1, which shows for i = 1 , . . . , n that z1 · · · bzi · · · zn

serves as a Poincaré dual for zi ∈ Pÿnþ and is zero on zj for j Q= i, so these elements are

linearly independent. Likewise θn evaluates to 1 on X n so not only is X nonzero but so are all

its powers up to the n-th. Hence X cannot be a linear combination of the elements z1 , . . . , zn

whose squares are zero. þ
7 For another context in which this type of self duality was exploited see [10].
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To analyze in more detail the multiplication of Pÿnþ we employ the natural map

Eÿz1 , . . . , znþýX ü =
�
Fýz1 , . . . , zn ü

�
Iÿσnþ

�
ýX ü& Fýz1 , . . . , zn , X ü

�
Iÿθnþ = Pÿnþ

introduced above. We note that as z1 , . . . , zn , X generate Pÿnþ as an algebra this map is

an epimorphism. So every element of Pÿnþ may be written as a sum of monomials of the

form X t zS where S = {i1 , . . . , is}H {1 , . . . , n}, zS = zi1 · · · zis
, and s = S the number

of elements in S. Since Pÿnþ has formal dimension n we need only consider such monomials

for t + S ≤ n. For two such monomials X t1 zS1
and X t2 zS2

of complimentary degree (i.e., for

which t1 + S1 + t2 + S2 = n) their product is given by

X t1 zS1
· X t2 zS2

=

�
0 if S1 ∩ S2 Q= ∅
1 otherwise.

Fix an integer j with 2j ≤ n. We introduce a matrix Mÿj , n − jþ that encodes the products of

elements of degree j with elements of degree n − j . The rows of the matrix are to be indexed

by

X j , X j−1z1 , . . . , X j−1zn , X j−2z1z2 + X j−1ÿz1 + z2þ , . . .

with the general term being

X j−SzS +
X

∅9T9S

X j−TzT , S ≤ j ,

so the terms get larger (in the sense they have larger support among the monomials we are

using) with increasing row number. The columns are indexed by

X n−j , X n−j−1z1 + X n−j , X n−j−1z2 + X n−j , . . . , X n−j−TzT + X n−j , . . . , T ≤ j .

The entries of the matrix are the value of θn on the product of the forms indexing the rows

and columns. This defines a square matrix Mÿj , n − jþ of size

m = 1 +

�
n

1

�
+

�
n

2

�
+ · · · +

�
n

j

�
.

which is an analog of the catalecticant matrix (see e.g., [8] §VI.2) The first row of Mÿj , n − jþ

is ÿ1 , 0 , . . . , 0þ since X j X n−j = 1 and X jÿX n−j−TzT + X n−jþ = 1 + 1 = 0. The first column

of the matrix consists entirely of 1s since in the first row of that column one has X j X n−j = 1 ,

and in the remaining rows
�P

∅9THS X j−TzT

�
X n−j , which is a sum of 2S − 1 entries which

are all 1s.

Next one considers the product

ÿ✣þ
� X

∅9THS

X j−TzT

��
X n−j−UzU + X n−j

�
for subsets S , U ⊂ {1 , . . . , n}. One notes that�

X j−TzT

��
X n−j−UzU + Xn−j

�
=

�
1 if T ∩ U Q= ∅
0 otherwise,

so the product ÿ✣þ being the sum of all these terms is the number of ∅9 T H S for which

T ∩ U Q= ∅. If U I T this sum is 2S − 1 Q= 0 ∈ F whereas if U ∩ S = ∅ the sum is 0. So it

remains to consider the situation ∅ Q= U ∩ S Q= S where one finds that the nonempty sets T

with T ∩ U = ∅ are those contained in S \ ÿU ∩ Sþ. So their number is

2S − 1 − ÿ2U−U∩S − 1þ = 2S − 2S−U∩S
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which is even, and hence zero in F (which remember was assumed to have characteristic 2).

This says that the matrix Mÿj , n − jþ with rows and columns indexed as described above has

the form indicated in the next table.

Mÿj , n − jþ X n−j small sets large sets

X j 1 0 · · · 0 0 · · · 0

small sets

1.
.
.
1

1 0 0

0
.
.
. 0

0 0 1

0 · · · 0

0
.
.
. 0

0 · · · 0

large sets

.

.

.

1

0 · · · 0

0
.
.
. 0

0 · · · 0

1 0 0

0
.
.
. 0

0 0 1

The matrix Mÿj , n − jþ is therefore nonsingular so the monomials indexing the rows are lin-

early independent in Pÿnþ. Hence we have proven the first assertion of the following result.

LEMMA 4.3: For j ≤ 2n we have

dimFÿPÿnþjþ = 1 +

�
n

1

�
+ · · · +

�
n

j

�
and therefore the epimorphism

Eÿz1 , . . . , znþýX ü& Pÿnþ

is an isomorphism through degree
h

n

2

i
.

PROOF: One only need note that Eÿz1 , . . . , znþýX ü also has dimension 1 +
�

n

1

�
+ · · · +

�
n

j

�
for j ≤

h
n

2

i
. þ

From Lemma 4.3 we can deduce the interesting result that the minimum number of generators

of the ideal Iÿθnþ exceeds the number of variables by roughly n!. This shows that there are m-

primary irreducible ideals not arising from connected sums8 where the number of generators

is arbitrarily larger than the number of variables or the formal dimension of the corresponding

Poincaré duality quotient algebra.

PROPOSITION 4.4: The number of linearly independent forms of degree
n

2
for n even or

n−1

2
for n odd needed to generate the ideal Iÿθnþ is�

n + 1
n

2
+ 1

�
if n is even, or�

n
n+1

2

�
if n is odd.

Therefore the minimum number of generators of the ideal Iÿθnþ exceeds the rank of Pÿnþ by

one less than the preceding numbers.

PROOF: Suppose that n = 2k is even. Since Pÿnþ is a Poincaré duality algebra the homo-

geneous components Pÿnþk−1 and Pÿnþk+1 must have the same dimension. By Lemma 4.3 the

dimension of Pÿnþk−1 is

1 +

�
n

1

�
+ · · · +

�
n

k

�
.

8 Lemma 4.3 and decomposability criteria from [12] tell us that Pÿnþ is not representable as a nontrivial connected sum.
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On the other hand the Poincaré series of the algebra Eÿz1 , . . . , znþýX ü is given by

PÿEÿz1 , . . . , znþýX ü , tþ =
ÿ1 + tþn

1 − t

so the homogeneous component of Eÿz1 , . . . , znþýX ü of degree k + 1 has dimension

1 +

�
n

1

�
+ · · · +

�
n

k + 1

�
This means that the kernel of the natural map Eÿz1 , . . . , znþýX ü& Pÿnþ must have dimen-

sion at least �
n

k

�
+

�
n

k + 1

�
=

�
n + 1

k + 1

�
as claimed. The case n =2k +1 is similar and left to the reader. Finally, if one recalls that Iÿθnþ
requires the n quadratic generators z2

1 , . . . , z2
n the statement about the excess of generators

over the rank follows. þ
We next note that the ideals Iÿθnþ are compatible with the action of the Steenrod algebra and

compute their conjugate Wu classes (see e.g., [1] or [14] pp 98 – 99 and 122 – 123 for the

case of the prime field and [3], [8] Section III.3, for arbitrary Galois fields).

PROPOSITION 4.5: Let F = Fq be the Galois field with q elements,

θn = φÿX þ ∩ ÿσn · X −nþ ∈ Fqýz1−1 , . . . , z−1
n , X −1ü ,

and Iÿθnþ⊂ Fq ýz1 , . . . , zn , X ü the m-primary irreducible ideal it defines. Then Iÿθnþ is

a P ∗
-invariant ideal and the conjugate Wu classes of the unstable P ∗

quotient algebra

Fqýz1 , . . . , zn , X ü
�

Iÿθnþ are given by the formula

χWu = ÿ1 + X q−1þn
·

nY
i=1

ÿ1 + X q−1 − X q−2zi + · · · − X z
q−2
i + z

q−1
i þ.

PROOF: By [8] Theorem VI.6.2 one has PPPPPÿθnþ = χWuÿPÿnþþ · θn, where PPPPP = 1 + P
1 +

· · · + P
k + · · · is the formal sum of the reduced power operations. To compute PPPPPÿθnþ we note

that by the mixed Cartan formula (see the discussion preceding Theorem VI.6.2 in [8])

ÿ✠þ PPPPPÿθnþ = PPPPPÿφnÿX þþ ∩
�
PPPPPÿσnþ · PPPPPÿX −nþ

�
so we turn to a computation of the individual factors.

The form

φnÿX þ = en + en−1X + · · · e1X n−1 + X n =

nY
i=1

ÿX + ziþ

so is a product of linear forms and hence a Thom class. Therefore one obtains

PPPPPÿφnÿX þþ =

nY
i=1

PPPPPÿX + ziþ =

nY
i=1

ÿX + zi + X q + z
q
i þÿ★þ

=

nY
i=1

�
ÿX + ziþ + ÿX + ziþÿX q−1 − X q−2zi + · · · − X z

q−2
i + z

q−1
i þ

�
=

nY
i=1

ÿX + ziþ
nY

i=1

ÿ1 + X q−1 − X q−2zi + · · · − X z
q−2
i + z

q−1
i þ

= φnÿX þ
nY

i=1

ÿ1 + X q−1 − X q−2zi + · · · − X z
q−2
i + z

q−1
i þ.
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The action of the total reduced power operation PPPPP on the inverse monomial X −n is given by

(see e.g., [8] Proposition 6.5.2 and the discussion following its proof)

ÿ✱þ PPPPPÿX −nþ = X −nÿ1 + X −1þn .

The action of PPPPP on the inverse monomial σn is trivial, i.e.,

ÿ❉þ PPPPPÿσnþ = σn .

Substituting formulae ÿ★þ , ÿ✱þ , and ÿ❉þ into formula ÿ✠þ yields

PPPPPÿθnþ = φnÿX þ
nY

i=1

ÿ1 + X q−1 − X q−2zi + · · · − X z
q−2
i + z

q−1
i þ ∩ ÿσn · X −n

· ÿ1 + X −1þnþ

=
�
ÿ1 + X þnÿ1 + X q−1 − X q−2zi + · · · − X z

q−2
i + z

q−1
i þφnÿX þ

�
∩ ÿσn · X −nþ

from which the desired conclusion follows by [8] Theorem VI.6.2. þ
Further intereting families of m-primary irriducible ideals are provided by starting with other

families of classical polynomials, such as the Dickson polynomials, and, or, varying the ho-

moginization schema employed. It is not our intention to persue this further here.

§5. The Poincaré Duality Algebra Dual to an Element

The idea of pulling off sections discussed in § 4 is a special case of another construction

called dualizing. The motivation comes from topology again. If λ
[\M is a line bundle over

a closed smooth manifold with first Stiefel–Whitney class w1 then the manifold dual to w1

is obtained as follows: Choose a classifying map fλ : M & RPÿ�þ for some large integer �
which is transverse regular to RPÿ� − 1þ. The manifold N dual to w1 is then the preimage

f −1
λ ÿRPÿ� − 1þþ. It can be thought of as the set of zeros of a generic section to λ. The normal

bundle of N in M is λ.

Algebraically this corresponds to the following simple construction. Let H be a Poincaré du-

ality algebra and 0 Q= u ∈ H . Then the dual of u in H is the quotient algebra H
�

AnnHÿuþ.

The algebra H
�

AnnHÿuþ is a Poincaré duality algebra of formal dimension f ``dimÿHþ − degÿuþ
(see e.g., [8] Corollaries I.2.2 – I.2.4). Since H is a Poincaré duality algebra the trivial ideal

ÿ0þ⊂ H is irreducible so the Noether Involution Theorem tells us that AnnHÿAnnHÿuþþ = u

for any nonzero element u ∈ H and that an ideal J ⊂ H is irreducible if and only if AnnHÿJþ
is a principal ideal.

Pulling off sections in the sense of § 4 amounts to dualizing powers of X in FýV, X ü
�
ÿJ, hÿX þþ.

Here is why.

PROPOSITION 5.1: Let Iÿθþ⊂ Fýz1 , . . . , znü be the m-primary irreducible ideal defined

by the inverse form θ ∈ Fýz1 , . . . , zn ü. If u Q= 0 ∈ Fýz1 , . . . , zn ü
�

Iÿθþ then the inverse

form u ∩ θ is a Macaulay dual for the ideal K in Fýz1 , . . . , zn ü defining the dual to u in

Fýz1 , . . . , zn ü
�

Iÿθþ.

PROOF: Let J = Iÿu ∩ θþ⊂ Fýz1 , . . . , znü. Then J is m-primary and irreducible. The

corresponding Poincaré duality quotient algebra has formal dimension  degÿθþ − degÿuþ. If

f ∈ J than θÿ f uþ = ÿu ∩ θþÿ f þ = 0 so f u ∈ Iÿθþ. This means there is an induced epimorphism

φ : Fýz1 , . . . , znü
�

J & �Fýz1 , . . . , zn ü
�
ÿIÿθþ

�.
Ann

Fýz1 , . . . , zn ü
�
ÿIÿθþÿuþ = Fýz1 , . . . , znü

�
K .
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The algebra Fýz1 , . . . , zn ü
�

Iÿθþ also has formal dimension  degÿθþ−degÿuþ by [8] Corollary

I.2.3 and hence φ must be an isomorphism by loc. cit Corollary I.2.4, making the inclusion

Iÿu ∩ θþH K an equality. þ
Despite being simple the dualizing construction can have surprising consequences. Again, we

illustrate this with some unusual examples. We choose F2 as ground field in these examples

to simplify the arithmetic.

EXAMPLE 1: Consider the inverse form9 θs = ÿx−1 + y−1þs ∈ F2ýx
−1, y−1ü for s ∈ N. To

compute the corresponding ideal Iÿθsþ we introduce the auxillary form

θs y−t = x−s y−t + · · · + y−ÿs+kþ

which is of the type conidered in Example 1 in § 2. Write s = 2a + b with 0 ≤ b < 2a, and

let c = 2a − b. As in that example the ideal Iÿθs y−tþ is generated by the two forms x s+1 and

y t+1−kÿyk + α1xyk−1 + · · · αk x kþ where α1 , . . . , αk are determined by

1 + α1x + · · · + αk x k =
1

ÿ1 + xþs
=

ÿ1 + xþ2s+1

ÿ1 + xþ2a+bþ
= ÿ1 + xþ2a−b = ÿ1 + xþc

= 1 +

�
c

1

�
x + · · · +

�
c

c

�
x c .

In the case that t = c − 1 this tells us that the ideal Iÿθs y c−1þ is generated by the two forms

x s+1 and ÿx + yþc . Next, note that

x s+1 = x2a+b+1x b+1
�
ÿx + yþ2a

+ ÿx + yþ2a�
so the ideal Iÿθs y c−1þ is also generated by the two forms ÿx + yþc and x b+1y2a

. If we dualize

y c−1 in the quotient algebra F2ýx, yü
�

Iÿθs y c−1þ we obtain Iÿθsþ and [11] Proposition 2.2 tells

us this is the ideal generated by ÿx + yþc and ÿxyþb+1

If s = 2t − 1 then c = 1 so the resulting ideal Iÿθsþ contains the linear form x + y. If in addition

s is divisible by r say, and ÿ2t − 1þ/r is not itself a power of two minus one,then the ideal Iÿθs/rþ
contains no nonzero linear forms as the value of c for ÿ2t − 1þ/r is not one. Since θs is the r-th

power of θs/r we obtain lots of examples of inverse forms θ for which the ideal Iÿθ rþ is not

contained in Iÿθþ. This should be contrasted with the results of [11] that imply Iÿθ2i

þ⊂ Iÿθþ
for any nonzero inverse form θ in characteristic two and any i ∈ N0. For more about the

interaction of the Frobenius map with irreducible ideals and their Macaulay inverses see [8]

§II.6 and [2] §9.

EXAMPLE 2: Consider the ideal I = ÿe1 , . . . , enþ in F2ýz1 , . . . , znü generated by the

elementary symmetric polynomilas e1 , . . . , en. The Macaulay inverse for this ideal is

θ =
X
σ∈Σn

z0
σÿ1þz

−1
σÿ2þ · · · z

−ÿn−1þ
σÿnþ ,

see [4] §4 Example 2. By Sharp’s Theorem (cf [8] Theorem II.6.5) the Frobenius square

I ý2ü is m-primary, irreducible, and by [8] Theorem II.6.6 has as Macaulay inverse the form

z−1
1 · · · z−1

n θ2. If we dualize z1 · · · zn ∈ H = F2ýz1 , . . . , zn ü
�

I ý2ü then Proposition 5.1 tells us

that

ÿz1 · · · znþ ∩ ÿz−1
1 · · · z−1

n θ2 = θ2 =
X
σ∈Σn

z0
σÿ1þz

−2
σÿ2þ · · · z

−2ÿn−1þ
σÿnþ

9 We have again chosen F2 as ground field to avoid problems of signs.
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is the Macaulay dual for the ideal of F2ýz1 , . . . , zn ü which is the kernel of the natural epimor-

phism of F2ýz1 , . . . , zn ü onto H
�

AnnHÿz1 · · · znþ. The ideal Iÿθ2þ contains I ý2ü = ÿe2
1 , . . . , e2

nþ

and by [11] Corollary 4.2 Iÿθ2þ = ÿI ý2ü : z1 · · · znþ. Since z1 · · · zn divides en it follows from loc.

cit. Lemma 2.1 that ÿI ý2ü : z1 · · · znþ = ÿe2
1 , . . . , e2

n−1, enþ. Therefore the dual of z1 · · · zn = en

in F2ýz1 , . . . , zn ü
�

I ý2ü turns out to be Iÿθ2þ= ÿe2
1 , . . . , e2

n−1, enþ, and more generally Iÿθ2r
þ=

ÿe2r

1 , . . . , e2r

n−1, e2r−1
n þ, The element z1 · · · zn is a Thom class so by [8] Theorem III.1.4 all these

ideals are A ∗-invariant.

EXAMPLE 3: There is a variation of the preceding example that arises because the al-

gebra F2ýz1 , . . . , zn ü
�
ÿe1 , . . . , enþ is not really a rank n algebra: It has rank n − 1 since

e1 = z1 + · · · + zn . The images of e2 , . . . , en in the quotient algebra F2ýz1 , . . . , zn−1ü =

F2ýz1 , . . . , znü/ÿe1þ are denoted by w2 , . . . , wn. One has

wi =

�
e i + e1e i−1 for i = 2 , . . . , n − 1 and

e1en−1 for i = n,

where e1 , . . . , en ∈ F2ýz1 , . . . , zn−1ü are the elementary symmetric polynomials in the vari-

ables z1 , . . . , zn−1. A Macaulay inverse for the ideal generated by w2 , . . . , wn is

ψ =
X

σ∈Σn−1

z−1
σÿ1þ · · · z

−ÿn−1þ
σÿn−1þ

(see [8] Section VI.4). So if we dualize z1 · · · zn−1 in F2ýz1 , . . . , zn−1ü
�
ÿw2 , . . . , wnþ we find

by the same reasoning as in Example 2 that it is the quotient algebra of F2ýz1 , . . . , zn−1ü by the

ideal Iÿψ2þ = ÿe2
2 + e4

1 , . . . , e2
n−1e2

1e2
n−2, e2

1en−1þ. Note that the generator of maximal degree,

viz. e2
1en−1 is not a polynomial in the generators of the original ideal ÿw2 , . . . , wnþ = Iÿψþ,

a phenomen not seen in examples before. Again Iÿψ2r
þ is a family of A ∗-invariant ideals.

§6. Applications

In this section we collect a number of examples and applications of projective bundle ideals. To

begin, recall that for two Poincaré duality algebras H′ and H′′ of the same formal dimension

their connected sum, denoted by H′#H′′ is defined in the following way:

ÿH′#H′′þk =

8<:F · ýH′#H′′ü if k = d

H′
k ⊕ H′′

k if 0 < k < d

1 · F if k = 0.

The products of two elements in either H′ or H′′ are as before, modulo the identification

of the three fundamental classes ýH′ü , ýH′#H′′ü , ýH′′ü. The product of an element of H′ of

positive degree and of H′′ of positive degree is zero. The operation # turns the isomorphism

classes of Poincaré duality algebras of a fixed formal dimension d over a fixed ground field F

into a commutative torsion free monoid.

One says that a Poincaré duality algebra H is #-decomposable if there are two nontrivial

Poincaré duality algebras H′ and H′′ such that H ≅ H′#H′′, otherwise one says that H is

#-indecomposable. The #-indecomposables are generators of the Grothendieck group of

the monoid of Poincaré duality algebras of a given formal dimension under the connected

sum operation. The Grothendieck group of standardly graded Poincaré duality algebras of

formal dimension d is of interest as a means of classification since every standardly graded

Poincaré duality algebra can be written in an essentially unique way as a connected sum of

#-indecomposable Poincaré duality algebras (see [12]). It seems however very difficult to

write down a minimal generating set if d > 2. There are simply too many #-indecomposables
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to account for as is implied by the following result. To formulate it we need to introduce

another concept borrowed from topology.

Let A be a commutative graded algebra over a field and X⊂ A a graded subset. The ×-length10

of X is the smallest integer cX + 1 such that the product of any cX + 1 elements of X is zero

in A if such an integer cX exists, otherwise we say the ×-length of X is infinite.

PROPOSITION 6.1: Let H be a standardly graded Poincaré duality algebra of formal dimen-

sion d. Suppose there is a codimension one subspace V ⊂ H1 of ×-length strictly less than d.

Then either

(i) H is indecomposable with respect to the connected sum operation #, or

(ii) H has rank two and H ≅ Fýx, yü
�
ÿxy, x d − ydþ =

�
Fýxüÿx d+1þ#Fýyü

�
ÿyd+1þ.

PROOF: Suppose that H = H′#H′′ is a nontrivial connected sum. Let the rank of H be

r, that of H′ be r′, and that of H′′ be r′′, so r = r′ + r′′. Recall11 the formula from linear

algebra relating the dimensions of two subspaces U ′, U ′′ H U , viz.,

dimFÿU ′ + U ′′þ = dimFÿU ′þ + dimFÿU ′′þ − dimFÿU ′ ∩ U ′′þ.

Apply this to V, H′
1 ⊂ H1. After rearranging a bit one obtains

dimFÿV + H′
1þ + dimFÿV ∩ H′

1þ = dimFÿVþ + dimFÿH′
1þ = r − 1 + r′ .

On the otherhand we have the inequality

dimFÿV + H′
1þ + dimFÿV ∩ H′

1þ ≤ r + dimFÿV ∩ H′
1þ ,

so

r + dimFÿV ∩ H′
1þ ≥ r + r′ − 1

whence we conclude that

dimFÿV ∩ H′
1þ ≥ r′ − 1.

Since V ∩ H′
1 ⊂ V the subalgebra of H generated by V ∩ H′

1 has ×-length at most d − 1. If

dimFÿV ∩ H′
1þ were to equal r′ then, since H′ is a Poincaré duality algebra of formal dimension

d, this would imply that H′
1 was trivial since no product of d elements of H′

1 could be nonzero.

Hence dimFÿV ∩ H′
1þ = r′ − 1. This tells us that V ∩ H′

1 is a codimension subspace of H′
1. By

symmetry V ∩ H′′
1 ⊂ H′′

1 is also a codimension one subspace of ×-length at most d − 1.

Putting these facts together says that ÿV ∩ H′
1þ⊕ ÿV ∩ H′′

1 þ⊂ V is a codimension one subspace.

So we may choose a v∈ V that does not belong to this subspace. Write v = v′+ v′′ with v′∈H′
1

and v′′ ∈ H′′
1 . Note that v′ Q∈ V ∩ H′

1: For if it were, then this would say v′′ = v − v′ ∈ V ∩ H′′
1

which implies that v = v′ + v′′ belongs to ÿV ∩ H′
1þ ⊕ ÿV ∩ H′′

1 þ contrary to how we chose v.

Therefore v′ Q∈ V ∩ H′
1 and similarly v′′ Q∈ V ∩ H′′

1 .

Retaining these notations we next choose a basis v1 , . . . , vr′−1 for V ∩ H′
1. Note that v′

extends this to a basis for H′
1. Consider a product vi1 · · · vik

· ÿv′þd−k of d elements from this

basis. One has

vi1 · · · vik
· ÿv′þd−k = vi1 · · · vik

· ÿv′ + v′′þd−k = vi1 · · · vik
· vd−k = 0

for k > 0, since v′′ ∈ H′′
1 annihilates v1 , . . . , vr′−1 ∈ H′

1, and vi1 · · · vik
· vd−k is a product of

d elements of V which has ×-length at most d − 1. Thus the only product of d elements of the

basis vi1 , . . . , vik
, v′ for H′

1 that is nonzero is ÿv′þd. Poincaré duality then forces that H′ has

10 An algebraic topologist would probably call this the ∪-length (pronounced cup length). In topology ∪-length provides a lower

bound for the category of a topological space, i.e., the number of contractible subsets needed to cover a space.

11 As usual F denotes the ground field.
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rank one and is isomorphic to Fýxü
�
ÿx d+1þ. Likewise H′′ ≅ Fýyü

�
ÿyd+1. Finally one notes that

H =
�
Fýxü

�
ÿx d+1þ

�
#
�
Fýyü

�
ÿyd+1þ

�
satisfies the hypotheses of the propossition: Namely the

subspace spanned by x + y in H1 has codimension one and ×-length d − 1. þ
COROLLARY 6.2: Let I ⊂ FýV, X ü be a projective bundle ideal with a Poincaré duality quo-

tient algebra of formal dimension m. Then either

(i) FýV, X ü
�

I is #-indecomposable, or

(ii) FýV, X ü ≅ Fýx, yü
�
ÿxy, x m+1 − ym+1þ.

PROOF: Let J = FýV ü ∩ I be the base ideal and FýV ü
�

J have formal dimension d. Consider

the coexact sequence

F & FýV ü
�

J & FýV , X ü& FýX ü
�
ÿX k+1þ& F .

By Lemma 2.1 the formal dimension of FýV, X ü
�

I is d + k, so the codimension one subspace

V of
�
FýV, X ü

�
I
�

1
has ×-length at most d < m = d + k and the result follows from Proposition

6.1. þ
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