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COMMUTATIVE graded! connected algebra H over a field FF is called a Poincaré duality

A algebra of formal dimension d (denoted by f-dim(H) = d) if the following conditions
are satisfied:

(1) H; =0fori>d.

(2) Hy is a 1-dimensional vector space over [F.

(3) An element u € H; is nonzero if and only if there exists an element u“e Hy_;,

called a Poincaré dual for u, such that the product u - u” # 0 € Hy.

A nonzero element [H| € H; is called a fundamental class. Choosing a fundamental class
enables us to define for i = 0, ..., d a nonsingular symmetric bilinear form

<-|->:H;xHy;—F
by the requirement
u-v=<ulv>-[H].

The notion of Poincaré duality algebras originated in the work of topologists on the cohomol-
ogy of closed manifolds. Apart from the cosmetic difference of being graded commutative,
instead of commutative and graded, the cohomology of a closed smooth manifold with field
coefficients is a Poincaré duality algebra.

If a Poincaré duality algebra is generated by its homogeneous elements of degree one then it
is said to be standardly graded. If H is a standardly graded Poincaré duality algebra then
the dimension of its homogeneous component H; of degree one is called its rank. Stan-
dardly graded Poincaré duality algebras occur as quotient algebras of a (standardly graded)
polynomial algebra by a maximal primary irreducible ideal (see e.g., [16] Lemma 1.1.3 and
Proposition 1.1.5). Such ideals were studied in the work of E S. Macaulay [13] who devel-
oped an elegant means of constructing them. The fact that these quotients are Poincaré duality
algebras is a special case of a result of W. Grobner [7].

In this note we study Poincaré duality algebras over the field F, of two elements.? We obtain
a complete classification of surfaces, i.e., Poincaré duality algebras of formal dimension two.
To do so we determine the Grothendieck group of standardly graded surface algebras over
an arbitrary field under the operation of connected sum. This group turns out to be finitely
generated and mirrors faithfully the topological classification of closed surfaces. By contrast,
for Poincaré duality algebras (standardly graded or not) of formal dimension strictly greater
than two the Grothendieck group fails to be finitely generated.

We make a systematic study of standardly graded threefolds, i.e., Poincaré duality algebras of
formal dimension three that are generated by their elements of degree one. The isomorphism
classes of threefolds of rank at most three are in bijective correspondence with the orbits of the
action of GL(3, F») on a 10-dimensional vector space, the space of catalecticant matrices. To
determine the number of isomorphism classes we count the number of orbits using invariant

1We warn the reader that we adhere to the grading conventions of J. C. Moore and therefore all elements and ideals in graded
objects are to be considered as homogeneous unless explicitly stated to the contrary. Thus a graded object X in a category €
consists of a collection {X;} of objects of €, one for each i € Z, called the homogeneous components of X of degree i.

2More generally, we denote by IF; the finite field with ¢ = p¥ elements, where p is any prime integer.
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theory. As a byproduct we obtain a classification of arbitrary bilinear forms in up to three
variables.

We determine all the standardly graded threefolds of rank at most three. There are 21 isomor-
phism classes. Twelve of these admit an unstable Steenrod algebra action, so could in theory
be realized as the mod 2 cohomology of a closed manifold. We exhibit for each such example
a corresponding manifold; most of these are obvious, but there is one example of a slightly
exotic 3-manifold that is a torus bundle over a circle to which we devote some space.

For threefolds of higher rank we explain one of several ways to construct such algebras that
are not connected sums using Macaulay’s theory of inverse systems. There is an appendix,
authored only by R.E. Stong, that in addition explains how this can be done by means of
Steiner systems. 3

This manuscript is organized into sections as follows:
81. Preliminaries
§2. Formal Dimension Two : Surfaces
§3. Formal Dimension Greater than Two
84. Threefolds of Rank Three I (Counting the Number of Isomorphism Classes)
85. Threefolds of Rank Three II (The Isomorphism Classes)
§6. Threefolds of Rank Three III (Seperating Invariants)
87. Threefolds of Rank Three IV (A Torus Bundle over a Circle)
§8. Indecomposable Threefolds of Arbitrary Rank
§9. Comments by Larry Smith on the Appended Letter of R.E. Stong
Appendix: Steiner Systems and Poincaré Duality Algebras by R.E. Stong

Most of the algebraic notations we employ are standard and can be found in [18] or [16]. A
possible exception is the notation and terminology of catalecticants* which comes from [16]
Part VI Section 2. As background, we assume the reader has a passing understanding of the
Steenrod algebra (e.g., as described in [19]), as well as the material in [16] Part I. Beginning
with § 2 we will assume that the ground field is the Galois field F, with two elements unless
noted to the contrary. The Steenrod algebra of F, will be denoted by /".

3 The letter from which the appendix is been taken has been commented by Larry Smith and edited with the assistance of Peter
Landweber.

4 This term was introduced by J.J. Sylvester.
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§1. Preliminaries

If H is a standardly graded Poincaré duality algebra then we may write H = B[z1, . .., 2,]/I
where F[z;, ..., 2] is a graded polynomial algebra with generators 2z, ..., z, of degree
one and I < F[z1, ..., 2,]is an m-primary irreducible ideal® (see e.g., [16] Section 1.1). If
I contains no nonzero linear forms (which we assume to be the case unless explicitly noted to
the contrary) then n is the rank of H and the formal dimension d of H is the smallest integer
such that every monomial of degree d + 1 belongs to I.

If H', H' are Poincaré duality algebras of formal dimension d their connected sum, denoted
by H'#H'", is defined by

.1 if k =
! I _ F! 1" 1 k 0,
(H#H '), = { H OH if0<k<d,
F-[H'#H'"] ifk = d,

where fundamental classes [H'| € H; and [H''] € H]] have been identified to a single element
[H'#H''] « H #H'". The product of two elements in H' or H'' is as in H' respectively H"
modulo this identification, whereas H; and H;' mutually annihilate each other if 0 <1, j < d.
If H and H'' are standardly graded then so is H' #H''.

Denote by E(uy) the exterior algebra with one generator uy of degree d. If H is a Poincaré du-
ality algebra of formal dimension d then a choice of a fundamental class [H] € H; amounts to a
map of algebras E(uyq)— H. If H and H'' are Poincaré duality algebras of formal dimension
d with fundamental classes [H'] and [H''] respectively then

E(ug) — H"
[ =]
H — H#H'"
DIAGRAM 1.1: The Connected Sum as a Pushout

is a pushout diagram.

We will often be concerned with Poincaré duality algebras that cannot be written as a con-
nected sum. So we introduce here the first of several criteria for a standardly graded Poincaré
duality algebra to be decomposable with respect to the connected sum operation.

LEMMA 1.1: Let H be a standardly graded Poincaré duality algebra of formal dimension
d over an arbitrary ground field . If H can be written as a connected sum H = H' #H'",
then H; = Hy; 0 Hy with Hy - H;' = 0. Conversely, if H, = H; 0 Hy with Hy - H;' = 0, then
H = H'#H' where H' is the subalgebra of H generated by H; and H'' is the subalgebra of
H generated by Hy' .

PROOF: The first assertion is clear from the definitions. For the second, suppose that
H; = H; O H; with H; - H;' =0. Let H' be the subalgebra of H generated by H; and H'' be the
subalgebra of H generated by H;'. To show that H = H'#H'' we first show that H; = H; O H,'
fori =1,..., d-1. If x € H; then x is a sum of products of i elements of degree one, say

X =) XX X Hi
j

5 The usual notation for the maximal ideal of F[zq, . . ., 2] would be (21, ..., 2,) or F[z1, ..., z,] both of which are rather
long and the latter ugly. We therefore write m for this ideal.
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Write xj,; = X} ; + x;'; with x] ; € H; and x;'; € H;'. Then a bit of rearranging of terms gives
X = Z(X}J + x},’1) o (x;,i + x],',,i)
D ST R
= Z(X;,1"'X;,i) + Z(Xj{,,lu'x]{,,i)’
J J

where = (xj ---xj ;) € H and }~;(x;'; ---x;";) € H'. Thus H; and H;' together span H;.
To see that the sum H; = H + H.' is direct for 0 <i < d, suppose that x € H, n H;'. By what
we have already shown, for any element u € Hy_; we may write u = u' + u'' withu' € H_,
and u'' € H)|_.. Doing so one sees

x-u=x-u'+x-u”=0+0,

since on the one hand u' annihilates x as x € H'', and on the other hand u'' annihilates x as
x € H'. By Poincaré duality for H this means that x = 0 proving that the sum H; = H. + H;'
is directfori =1,..., d-1.

Finally we need to show that H' and H'' are Poincaré duality algebras. So let 0 # x'  H;,
with i # 0, d. By Poincaré duality in H there is an element x" € Hy_; with x' - x” # 0 € Hy.
Write x" = x'% + x""U with x'" € H_, and x''"”  H)_.. Then

0+ x xP=x P X =X P00 =X -x'DeH:i
showing that the product pairing H; x H,_;— Hj = I is nonsingular. A similar argument
applies to show that H'' is also a Poincaré duality algebra. []

Rings of coinvariants provide a rich supply of standardly graded Poincaré duality algebras.
One important family of such examples are the Dickson coinvariants. Using Lemma 1.1 one
can show that these are #-indecomposable. Here is how.

EXAMPLE 1: Let ¢ = p” where p € N is a prime and denote by GL(n, ;) the full general
linear group over the field IF; with q elements. This group acts on the algebra of polynomial
functions Fy[V] on the vector space V = [y and the ring of invariants D(n) = F, [V]CL(uFa) s
well known to be a polynomial algebra called the Dickson algebra (see e.g., [18] §8.1). The
Dickson coinvariants F[V]gy(n,F,) = Fq Up(n) Fq[V] are therefore a Poincaré duality algebra
(seee.g., [18] Theorem 6.5.1). According to the discussion of this algebra in [11] §2 whenever
one chooses a basis zi, ..., 2, for the space V" of linear forms then the monomial u =
2] g1 zgn_qn 1. 587" s a fundamental class for Fy[VlL(nF,)- In particular the
product 21 - 23 - - - 2, is nonzero. If Fq[V]gy(n, r,) Were #-decomposable then Lemma 1.1 would
tell us that there is a direct sum decomposition V" = V'Y 0 V"5 where V'V # 0 # V''E If
21,..., 2, were a basis for V'"and ), . . ., 2], abasis for V''”then since z; - 2/ = 0 we
would have a contradiction. Hence F, [V]GL(n,]Fq) is #-indecomposable.

The operation # turns the isomorphism classes of Poincaré duality algebras of a fixed formal
dimension d over a fixed ground field [F into a commutative torsion-free monoid. The stan-
dardly graded Poincaré duality algebras under connected sum form a submonoid. One of our
purposes in this note is to study the corresponding Grothendieck groups.

4
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REMARK: For formal dimensions zero, respectively one, there is only a single Poincaré
duality algebra up to isomorphism. For formal dimension zero it is H-(point; IF) and for formal
dimension one it is HY(S!; ¥). One has point#point = point and S'#S! = S! so in both cases
the sum of the Poincaré duality algebra with itself is itself.

In the sequel we will use the following notations for various topological spaces.

NOTATION: The unit sphere of R"*! is denoted by S™ and the projective space of R**! by
RP(n). Note that RP(n) is an n-dimensional manifold and is diffeomorphic to the orbit space
of S™ by the antipodal map. If X is a topological space and ¢ | X an (n + 1)-dimensional real
vector bundle, then RP(¢ | X) denotes the total space of the corresponding bundle with fibre
RP(n).

§2. Formal Dimension Two : Surfaces

If H is a Poincaré duality algebra of formal dimension two then we call it a surface algebra.
Poincaré duality tells us that with one exception it is generated by its elements of degree
one: The exception is HY(S?; ;). If H is standardly graded we may write it in the form
Falz1, ..., 2] / I where I < Fy[z1, ..., 25| is an m-primary irreducible ideal containing no
nonzero linear forms.

LEMMA 2.1: Suppose that H = Fa[z21, ..., 2,)/I is a standardly graded surface algebra.
Then the m-primary irreducible ideal I © By[z1, . . ., 2] is./ -invariant.

PrROOF: Without loss of generality we may suppose that I contains no nonzero linear
forms. Since H has formal dimension two I must contain all forms of degree three or more.
If u # 0 I then for any i > 0 the element Sq'(u) must have at least degree three so is in I.
]

So Poincaré duality algebras of formal dimension two are unstable algebras over the Steenrod
algebra. As such they have a Wu class (see e.g., [16] Section II1.3) Wu; (H) € H; characterized
by <Sq'(x) I [H]> = <x-Wuy(H) | [H]>.

LEMMA 2.2: Let H be a standardly graded Poincaré duality algebra over F, of formal
dimension two with trivial Wu class. Then H is a connected sum of tori.®

PROOF: Write H = Fo[21, ..., 2,]/I where n = rank(H) and I < F[z1, ..., 2,]is an
m-primary irreducible ideal. Since Wu;(H) = 0 we have for any z € H; that

2% =Sq’(z) = Wuy(H)-2=0-2 =0,

so z2,..., z2e 1. As z ¢ I its image in H is nonzero and it must have a Poincaré dual.
Since z{ = 0 a Poincaré dual of z; is not a multiple of z; so without loss of generality we may
suppose that z; is a Poincaré dual to z;. The products between z; and z; must be as given in

the adjacent table. So together z; and 2, span a hyperbolic plane

2122 in the space H; of linear forms with respect to the product pairing
z1 10 1 Hy xH; — Hj OR. There is a direct sum decomposition of H; into
b)) 1 0 this hyperbolic plane and its annihilator (see e.g. [1] Theorem

3.5). We may suppose 23, ..., 2, chosen as a basis for the annihilator, so if we let H',
respectively H'', denote the subalgebra of H generated by z; and z,, respectively 23, . . ., 2n,
then Lemma 1.1 shows that H OH' #H''. Note that Wu;(H'') = 0 because all the squares in

6 A standardly graded Poincaré duality algebra is called a torus if it is isomorphic to F[zq, . . ., 2] / (25, ..., 23)-
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H'' are zero, hence we can repeat the preceding argument using H'' in place of H. Since H"
has rank n — 2 a simple induction completes the proof. []

LEMMA 2.3: Let H be a standardly graded Poincaré duality algebra over F, of formal
dimension two with nontrivial Wu class. Then one of the following holds.
(i) IfWui # 0 € H then H = HY(RP(2)#(#(S* x S'));F,), where j = rank(H) - 1.
j

(i) If Wu? = 0 then H = HY(RP(2)#RP(2)#(#(S* x S*)); ), where j = rank(H) - 2.

J
PROOF: Write H = [y[z1, ..., 2g] / I with I an m-primary irreducible ideal in the algebra
F2[z1, ..., z,] not containing any nonzero linear forms. Since Wuj (H) # 0 there is no loss

in generality in supposing that Wu; (H) = 2.

Consider the case 0 # Wu% = z%. Let 2o, ..., 2, be chosen so as to project to a basis for the
annihilator of the image of 2; in H with respect to the product pairing H; x H; — Hy = .
Then

Fz [21]

(27)

where H'' is the subalgebra of H generated by z, . . ., 2, and Fy[z]/(2®) OHYRP(2); F,).
Since Wu; (H) = z; it follows that Wu; (H'') = 0 and therefore H'' is a connected sum of tori
by Lemma 2.2 proving (i).

HO #H'"

Next suppose that Wu; (H)? = 0 € H. There must be a Poincaré dual z{ for the image of z;
in H and, since 22 = Wu; (H)? = 0 no choice of z{'is a multiple of

21 2 ; . .

1 =2 %1. So without loss of generality we may suppose the image of 2,
z1 [ 0 1 is a Poincaré dual to the image of z; in H. Hence the product be-
2| 1 1 tween these two elements in H is as given in the adjacent matrix.

The only entry needing explanation is the one for z2, which becomes clear if one notes
Z% = Sql(ZZ) = 23 -Wul(H) = 2221.

So again we look at the subspace of H; that annihilates the linear span of z; and z,. Neither 2;
nor 2z, belong to this subspace and it has dimension n -2, since, by Poincaré duality the pairing
H; x Hy — Hj = ¥, is nonsingular. Therefore without loss of generality we may suppose that
the annihilator of z; and 25 in H; is spanned by 23, ..., 2,. Hence an application of Lemma
1.1 shows that H OH' #H'' where H' = H is the subalgebra generated by 21, 23, and H' = H
is the subalgebra generated by 23, ..., 2.

ain, as trivial Wu class since Wu;(H) = 21 € H', so emma 2.2 the algebra
Again, H' h ivial Wu cl ince Wu; (H H by L 2.2 the algeb
H'' is a connected sum of tori. On the other hand H' is isomorphic

XY to HY{RP(2)#RP(2);F,). To see this simply make the change of
x110 basis x = 21 + 22, y = 22, so that the product structure in the
y|101 X, y basis is as pictured in the adjacent matrix. This shows that

the algebra H' is isomorphic to Bz [x, y]/(x* - y?% xy) OHYRP(2)#RP(2); F,) and completes
the proof. []

The following result mirrors cohomologically the topological classification of surfaces of which
it is a consequence. However it is easy enough to prove directly by elementary means. An
alternative formulation in the language of quadratic spaces may be found in [1] Chapter 3.

In the proof we make use of the notion of catalecticant matrices associated with a standardly
graded Poincaré duality algebra H. If H has formal dimension d, then there is one such

6
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matrix cat(i, j) for each pair i, j € Ny with i + j = d. To define these, one writes H as a
quotient F[z1, ..., 2n] / I. The algebra [F[z1, . . ., zn]has a basis consisting of monomials in
the variables which we choose to index by the elements E = Njj: For E = (e, ..., e;) € Nj
we set zf = zfl .-z and let [(E[(0denote the sum e; + --- + e, which is the degree of this
monomial. Choose a fundamental class [H] € Hy for H. The catalecticant matrix cat(i, j)
has rows indexed by the monomials’ z! with 0= i and columns by the monomials z’ with
[WO=j. The (2!, 27) entry c; ; of cat(i, j) is defined by the requirement that in H one has
zl 27 = ¢; ;- [H]. Thus cat(i, j) encodes the product structure H; x Hj— Hy OF of H. For
more information, in particular the relation of these matrices to Macaulay’s theory of inverse
systems, see [16] Part VI.

LEMMA 2.4: The algebras
HYRP(2)#RP(2) #RP(2)#(#(S' x S1)); )
j
and
HIRR(2)#( # (51 x5"));F2)

are isomorphic for any j € Ny.

PROOF: Clearly it is enough to consider the case j = 0 since the cases with j >0 arise from
the case with j = 0 by forming the connected sum with j copies of HY(S! x S1; F,).

Both the algebras HHRP(2)#RP(2)#RP(2);F,) and HY(RP(2)#(S! x S1); ;) are deter-
mined by a single catalecticant matrix cat(1, 1) describing their product structure (see e.g.,
[16] Section VI.2). These matrices are as follows.

cat(1, 1) | Xy z cat(1, 1) | uvw
b 100 u 1 00
y 010 v 001
Z 001 w 010
HD(]RIP(Z)#IRP(Z)#]RIP(Z);IFZ) H'](IRJPJ(Z)#(S1 x Sl);]Fz)
So one needs to show that the matrices
100 100
010/|,|001|eGLGBR)
00 010

belong to the same orbit in GL(3, F2) under the operation of GL(3, [F2) on GL(3, Fy) given by
(T, M)— TMT"  for T, M & GL(3, ).
In other words one is asking that the quadratic forms
F> xF; — B,

defined by the two catalecticant matrices be equivalent. If one rewrites the second quadratic
form using as new ordered basis u + v + w, u + v, u + w one obtains for the matrix of the

7 So one needs to choose an ordering of the monomials.
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quadratic form

cat(1, 1) |u+v+w u+v u+w

u+v+w 1 0 0
u-+v 0 1 0
u+w 0 0 1

and the equivalence of the forms is demonstrated. []

THEOREM 2.5: The semigroup under connected sum of the surface algebras over F, is
generated by the two Poincaré duality algebras HY(S! x S1;¥,) and HY(RIP(2); F») subject to
the single relation in the Grothendieck group®

[H(RP(2)#RP(2) #RP(2); F2)] = [H(RP(2)#(S' x S"); F2)].

PROOF: This follows from Lemmas 2.2, 2.3, and 2.4. [J

COROLLARY 2.6: The Grothendieck group under connected sum of the surface algebras
over By is isomorphic to Z.

PROOF: Denote the Grothendieck group by A and write T = [HY(S! x S1;F,)] and P =
[HYRP(2);F,)] for the elements of A defined by the indicated algebras. Then by Theorem
2.5 T and P generate A and 3P = P+ T,so T = 2P € A and A is therefore isomorphic to Z
with P as generator. []

REMARK: Needless to say the Grothendieck group under connected sum of the surface
algebras over [, is isomorphic to the Witt group of symmetric bilinear forms over [F,. This is
because a Poincaré duality algebra H of formal dimension two is completely determined by
the catalecticant matrix defined by the product pairing Hy x H; — Hy = [Fs.

§3. Formal Dimension Greater than Two

In this section we show that the Grothendieck group of standardly graded Poincaré duality
algebras of formal dimension d > 2 is free abelian but not finitely generated (cf. § 2 for the
case d = 2).

The following result is a sort of Krull-Schmidt Theorem for connected sums of standardly
graded Poincaré duality algebras.®

PROPOSITION 3.1: Suppose that H is a standardly graded Poincaré duality algebra of for-
mal dimension d > 2 over an arbitrary field F. If

H (1)#---#H'(r)=H =H'(1)#---#H''(s)

are two decompositions of H into connected sums of indecomposable Poincaré duality alge-
bras (of necessity standardly graded and each of formal dimension d), then r = s and after
permutation H' (i) OH' (i) fori =1,..., r =s.

8The [ ] denotes equivalence class of the enclosed algebra in the Grothendieck group.
9 One needs standardly graded here since the connected sum of any surface algebra H with E(uy) = H(S?; ;) is H again.
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PROOF: Let H = H(1)#--- #H(t) be a decomposition of H into indecomposable Poincaré
duality algebras. Then by Lemma 1.1

Hy=H(1);0---0H(t),
and
H(i);-H(j)1 =0fori #j.
Every x € H; can be written uniquely in the form
X = pi(x) + -+ pe(x)
with p;(x) e H(i); fori=1,..., t.
Suppose we also have a decomposition
H, = H; O HY/
with
Hy-Hj =0.

Note that p;(H;), pi(H; ) < H(i); are linear subspaces that mutually annihilate each other:
Forif x' € H} and x'' € H{' then, since d > 2,

0=x"-x"=(p1(x') + -+ pe(x))(pr(x") + - + pe(x"))

= > pr(x)pr(x") = pix)pr(x) + -+ pe(x)pe(x”) € H(1)2 0 -+ O H(t)s

ihi"=1
because H; and H; mutually annihilate each other.

Since H; 0 H; = Hj it follows that for 1 <i < t one has p;(H;) + p;(H; ) = H(i)1. Moreover
H(i) is indecomposable, so by Lemma 1.1 H(i); cannot be written as a nontrivial direct sum
of subspaces that mutually annihilate each other. Therefore one of p;(H;) and p;(H]') is zero
and the other the entire space. Again, applying Lemma 1.1, this says that there is a partition
of {1, ..., t} into two disjoint subsets {ij, ..., i;} and {i; , ..., i,.;} such that

H' = H(i))#---#H' (i})
H' = H@i))#---#H' (i)

This proves the desired result in the case one of the decompositions has only two factors, and
an easy induction then yields the general result. []

This has the following consequence for the Grothendieck group.

COROLLARY 3.2: The Grothendieck group of standardly graded Poincaré duality algebras
of formal dimension d > 2 over an arbitrary field F is a free abelian group with basis the
equivalence classes of the indecomposables. [ ]

Unfortunately, although the formal structure of the Grothendieck group of standardly graded
Poincaré duality algebas of formal dimension d > 2 is straightforward, it seems difficult to
find a minimal generating set. Certainly it is not finitely generated. For suppose that H =
Flz1, ..., 2,]/I is a Poincaré duality algebra. If H were decomposable, then by Lemma
1.1 there would be a pair of complementary subspaces X, Y contained in the space of linear
forms such that X - Y = 0 in the quotient algebra H. InF[z;, . . ., 2,] thiswould mean that X -
Y < I, so if the m-primary irreducible ideal I < F[z;, . .., 2z,| contains no nonzero quadratic

9
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forms, and such ideals exist if f-dim(H) = d > 2, at least one of such a pair of complementary
subspaces of linear forms would have to be trivial. Hence H would be indecomposable. The
following result provides other forms of indecomposables.

PROPOSITION 3.3: IfH' and H'' are standardly graded Poincaré duality algebras of formal
dimensionsd', d'' >0 then their tensor product H' 1 H'' is a Poincaré duality algebra of formal
dimension d' + d'' which is indecomposable with respect to the connected sum operation.

PRrROOF: The first assertion is clear. So suppose one has M 0 N = H = P#Q which is both
a nontrivial tensor product of the Poincaré duality algebras M and N as well as a nontrivial
connected sum of the Poincaré duality algebras P and Q. For 0 # m € My, m is uniquely
expressible in the form m = p + g with p= P; and q € Q;. Alsop = mp + np, ¢ = mq + ng are
uniquely expressible as sums of elements of M; and N;. Thenm =p + qg=mp + np + mq + nq
gives m = mp + mq and np + nqg = 0, so mg = m —mp and np = —nq. Next note

0 =pq = (mp+np)-(mqg+nq)=(mp+np)-(m-—mp—np)
(0) = mp(m — mp) —mpnp + np(m —mp) — npnp
= mp(m-mp) + (m —2mp)np —npnp € My - M1 + M1 - N7 + N7 - Ny.
One has a direct sum decomposition
(MON)y =M, 0 (M; ONp)ON,
giving
mp(m-mp) =0, npnp =0
so from equation (OJ) we conclude that
0 = (m-2mp)np.
Note 0 = (m —2mp)np = (m —2mp) 0 np € M; O N; if and only if np = 0 or m —2mp = 0.
In the case m —2mp = 0, then m = 2mp so
2mp = m = mp + np
which yields that mp = np. Therefore
0 = (m-2mp)np = mnp —2n12) = mnp.

Since m # 0 and mnp = m 0 np € M7 0 N; we conclude np = 0 in this case also. Thus p = mp
and likewise ¢ = mq, so p, ¢ € M; which gives M7 = (M7 n P1) O (M3 n Q). Similarly one
has a direct sum decomposition Ny = (N7 n P1) O (N1 n Qq).

Suppose that M1 n P; # 0 and choose m = mp € M1 n P;. For any n € Nj write n = np + nq
with np € Ny n P; and ng € N7 n Q;. Then mpng = 0 since P; - Q; = 0. Since mp # 0 we
must have nq = 0. Thus Ny n Q; = 0and N; = Ny n P;.

Since 0 # N; = N1 n P; one deduces similarly that M; = M; n P;. But this says that Q; = 0
contrary to the hypothesis that H = P#Q is a nontrivial connected sum. []

We record one more #-indecomposability criterion here: There are others. To formulate it we
require an idea we borrow from algebraic topology. Let A be a commutative graded algebra
over a field and X < A a graded subset. The x-length!® of X is the smallest integer cx + 1
such that the product of any cx + 1 elements of X is zero in A if such an integer cx exists,
otherwise we say the x-length of X is infinite.

10 An algebraic topologist would probably call this the O-length (pronounced cup length). In topology U-length provides a lower
bound for the category of a topological space, i.e., the number of open subsets, contractible in X, needed to cover it.
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PROPOSITION 3.4: Let H be a standardly graded Poincaré duality algebra of formal di-
mension d over an arbitrary field F. Suppose there is a codimension one subspace V. & H; of
x-length strictly less than d. Then either

(i) H is indecomposable with respect to the connected sum operation #, or
(i) H has rank two and H OF[x, y]/(xy, x? = y4) OF[x] /(x@*1)) # (By]/ (y¢*1).

PROOF: Suppose that H = H'#H'' is a nontrivial connected sum. Let the rank of H be
r, that of H' be r', and that of H' be r'' sor = r' + r''. Recall'! the formula from linear
algebra relating the dimensions of two subspaces U', U'' = U, viz.,

dimp(U' + U'"") = dimp(U") + dimg(U"") - dimg(U' n U"").
Apply this to V, H; < H;. After rearranging a bit one obtains
dimg(V + Hy) + dimg(V n Hy) = dimg(V) + dimg(H;) =r -1+ 7.
On the other hand we have the inequality
dimp(V + Hy) + dimg(V n Hy) <7 + dimp(V n Hj),

o)

r+dimp(VaH)2r+r -1
whence we conclude that

dimg(V n H) 27 - 1.

Since V n H; & H; the subalgebra of H generated by V n H; has x-length at most d — 1. If
dimp(V n Hy) were to equal r' then, since H' is a Poincaré duality algebra of formal dimension
d, this would imply that H; was trivial since no product of d elements of H; could be nonzero.
Hence dimg(V n H;) = r' — 1. This tells us that V n H] is a codimension one subspace of H;

whose x-length is at most d — 1. By symmetry V n H;! < H;' is also a codimension one
subspace of x-length at most d — 1.

Putting these facts together says that (V n H;) O (V n Hy') < V is a codimension one subspace.
So we may choose a v e V that does not belong to this subspace. Writev =v' +v'' withv' € H;
and v'' € H;'. Note thatv' ¢ V n Hy: For if it were, then this would say v'' =v-v' € V n HY
which implies that v = v' + v'' belongs to (V n Hy) O (V n H;') contrary to how we chose v.
Therefore v ¢ V n Hj and similarly v'' ¢ V n Hy'.

Retaining these notations we next choose a basis v, ..., vy_; for V. n H;. Note that v'
extends this to a basis for H;. Consider a product v, ---v;, - (v')47% of d elements from this
basis. One has, for k >0,

0= Vi Vi .Vd_k = ...Vik . (V’ + V”)d_k =y ...Vik . (V')d_k’

k
since v'' € H}' annihilates vy, ..., vo_; € Hy, and vy, - - v;, - v¢X is a product of d elements
of V which has x-length at most d — 1. Thus the only product of d elements of the basis
Viy, ..., Vi, v for H] thatis nonzero is (v')<. Poincaré duality then forces that H' has rank
one and is isomorphic to F[x]/(x?*!). Likewise H" OF[y]/(y?*!). Finally one notes that
H = (F[x]/(x4*1)) #(Fly]/(y4*!)) satisfies the hypotheses of the proposition — specifically
the subspace spanned by x + y in H; has codimension one and x-length d —=1. []

EXAMPLE 1: Consider the cohomology algebra

HD<(51 x .o x SY)x ((STx SNY# .. #(S x 51));19'2>_
d-2 r

11 As usual F denotes the ground field and dimg (=) the dimension of the vector space - over F.
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This is a standardly graded Poincaré duality algebra of formal dimension d and rank d -2 + 2r
which has a codimension one subspace in H; of x-length d — 1. To see this one considers the
projection map

Stx.oxShyx ((STxsh#...#(S' xsh)

«— d-2—— r

Stx..x Sy x ((STx S1)# ... #(S! x S1))
d-3 r
and takes the image of the induced map on the first cohomology modules.

For fixed d and distinct r these algebras are not isomorphic since they have different ranks.
From Proposition 3.4 they are #-indecomposable for d —2 + 2r > 2 and therefore one has the
following.

FACT: The Grothendieck group of standardly graded Poincaré duality algebras over a field
of characteristic two and formal dimension three or more is not finitely generated.

For yet other forms of #-indecomposables we refer to [21] and § 8.

The proofs in this section make clear that the case of formal dimension three might contain
the key to systematically constructing indecomposable elements in the Grothendieck group
of standardly graded Poincaré duality algebras of any formal dimension d > 2. So beginning
with the next section we concentrate on the case d = 3 and F = F.

§4. Threefolds of Rank Three I (Counting the Number of Isomorphism Classes)

If H = F[x, y]/I is a Poincaré duality quotient algebra of Fy[x, y] of formal dimension two

then one has the matrix of products which de-
termines H up to isomorphism. Notice that the
X a b ¢ leftmost 2 x 2 submatrix, which is pictured be-
y c d b low, defines a bilinear form ¢ : H; x H;— F,

cat(1, 2) | x2 y? xy

by the rule ¢(u, v) = uv? and this bilinear form

determines cat(1, 2) and hence H up to iso- . 2
morphism. These bilinear forms were classi-
fied in [16] Section I1.3 in slightly different lan-
guage with the result that H is isomorphic to Y
one of the following three examples.

2
b
d

=
OQX

Fa[x]/(x°) DH(RP(2); F2)
Falx, y]/(xy, x* + y*) DHY(RP(2)#RP(2); F>)
Folx, y]/(x% y*) OH{(S' x S*; Fy)
The case of threefolds of formal dimension three is richer and more complicated. We devote

the rest of this and the next few sections to their description.

A Poincaré duality algebra H = Fs[x, y, 2]/I of formal dimension three and rank at most three

12
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is completely determined by its matrix of products.

1’ 2) | 2 2

cat( x? y? 22 xy xz yz
X a b ¢ d g j
y d e f b j h
Z g h i j ¢ f

Here a, ..., j € H3 = ;. This matrix also defines a bilinear form ¢ : H; X H;— F, by
o(u, v) = uv? after identifying H3 with ,. This form determines all but one of the entries
of cat(1, 2), namely it does not determine xyz = j. So one might approach the classification
problem for threefolds of rank at most three by first classifying the bilinear forms ¢, and
then deal with there being two possible algebras for each equivalence class of such forms
determined by the different values of j. The value of j itself turns out not to be an invariant
of H, which makes the problem both more difficult and more interesting.

We employ Macaulay’s Double Duality Theorem (see [16] Sections II.2 and VI.1) to put
the isomorphism classes of standardly graded Poincaré duality algebras of formal dimen-
sion three and rank at most three into bijective correspondence with the orbits of the set
of nonzero inverse cubic forms of the action of GL(3, F,) on the inverse polynomial algebra'?
Fo[x7%, y71, 27]. The action of GL(3, If,) on the space of inverse cubic forms is not the linear
action one would obtain by regarding Fo[x"!, ¥}, z7!] as a polynomial algebra in the variables
x71, y71, 271 and extending the natural GL(3, F,) action on the three dimensional vector space
FF5 with basis x %, y!, 27! to the polynomial algebra. Rather, the representation of GL(3, ;)
on the inverse cubic forms is the dual of the linear action of GL(3, F,) on the cubic forms
F2[x, y, z]s. That these two representations of GL(3, F2) are not isomorphic can best be seen
by noting that B[x, y, z]gL(g’M = 0, whereas Fo[x7!, y71, z‘l]gL(g’M contains the nonzero in-
variant inverse cubic form x™'y 1z7! corresponding to the catalecticant matrix cat(1, 2) all
of whose entries are zero except for j which is 1. (See also [16] Section 1.6 Example 1 and
Section II.3 for further discussion of this point.)

The space of inverse cubic forms has dimension @ =10 so there are 1023 nonzero such forms.
To show that the problem lies within reasonable bounds we make a count of how many orbits
there are: It turns out there are 21. In the next section we will list representatives of these
orbits and describe the corresponding ideals and Poincaré duality algebras.

NOTATION: For a finite set Y write (¥ [ for the number of elements in Y. If the group G
acts on a set X then X/G is the set of G-orbits and is called the orbit space. If g = G then X8
denotes the subset of X whose elements are fixed by g.

With the aid of the classical Cauchy-Frobenius Lemma we can replace the problem of count-
ing the number of orbits of the action of GL(3, F,) on the space of inverse cubic forms
Fo[x7, 71, 2713 with a collection of problems in invariant theory. First recall that the
formula of Cauchy-Frobenius converts the problem of counting orbits of a finite group acting
on a finite set into computing the average number of fixed points of the elements of the group.
Namely, this formula says (see e.g., [9] §1.1 or [22] volume II page 404): If X is a finite G

12 For the notations and terminology of catalecticant matrices see [16] Section VI.2.

13 Ordinary cubic forms are classified in [4]. The action of GL(3, [Fy) involved in this classification is the dual inverse of the one
used here.
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set and G a finite group then

(0) (X/GO= LZngD
GO

As it stands this formula is a bit intimidating: After all, in our case there would be 168 sum-
mands. However, there are various ways to simplify this expression to avoid redundant com-
putation. For example, one can sum over one representative for each conjugacy class of ele-
ments of G since conjugate elements have the same number of fixed points. This simplification
is the one we will use. We refer the reader to [9] which devotes several sections to other ways
to transform formula (O) .

To use these ideas as a means of counting the number of orbits of a finite group G acting
linearly on Fy[21, . . ., 2n]x one needs to assemble the following data.
(1) A transversal g1, ..., g for the conjugacy classes of G.
(2) For each conjugacy class, the number of elements it contains.
(3) For each element g; of the transversal, the Poincaré series of the ring of invariants
Fqlz1, ..., zn]<gi> of the cyclic group <g; > generated by g; up to and including
degree k.
We proceed to do this for G = GL(3, [F») in its tautological representation and k = 3.

From the equality (O), vector space duality, and the Jordan normal form (for more details see
e.g., [16] Lemma 1.6.3 and Proposition 1.6.4) it follows that the number of orbits of GL(3, ;)
acting on the space of inverse cubic forms is the same as the number of orbits of the action on
the space of ordinary cubic forms.'* The Cauchy-Frobenius Formula (0) converts the orbit
count into counting the number of fixed points of one representative for each conjugation
class. These are problems in invariant theory since the number of fixed points of g = GL(n, Fy)
onFylz1, . .., 2]k is q¢, where d = dimg, (Fqlz1, - . ., zn]k<g>) and Fylz1, .. ., 2,] <87 is
the ring of invariants of the subgroup generated by g.

Since GL(3, [Fy) is the simple group of order 168 much of what we need concerning its struc-
ture can be extracted from [5]. The information about its conjugacy classes is summarized in
Table 4.1 to follow. In the table w € F; 0Z/7 is a generator and we have identified GL(3, IF»)
with a subgroup of GL(3, [Fs) to write representatives for the conjugacy classes of elements of
order seven.®

The next step is to compute the Poincaré series (at least up to degree three) of the rings of
invariants of the cyclic groups generated by the representatives listed in the table.

CASE: y1. The representative for this conjugacy class is the identity matrix, so the invari-
ants are Fy[x, y, 2] and the Poincaré series is

Pxi(t) = P(By[x, y, 2], t) = = =143t +66>+10t% +---.

1
(1-1)
The dimension of the fixed point set on the space of cubic forms is d,, = 10.

CASE: y». The involution that interchanges x with y represents the the conjugacy class
X2, SO the ring of invariants is IFy[x + y, xy, 2] and the Poincaré series

1
P)(z(t) = P(]F2[X; }’, 2]2/2; t) = m = ]. + 2t + 4t2 + 6t3 + ...

14We emphasize this holds for the number of orbits and not their individual sizes. See e.g., Example 1 in Section 1.6 of [16].

15 These are sometimes called Singer cycles.
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x —class | order # elements representative

100
1
001

(=)
(=)

X1 1 1

o
—_
(=)

X2 2 21 1

(=)
(=)

o
o
—

o
—_
(=)

X4 4 42 0

—_
—

ot

~

N

~
o o¢e
o §,0
S.oo

e

6 0 0
X7 7 24 w® 0
0 o3

o O

TABLE 4.1: Conjugacy Classes of GL(3, Fy)

The dimension of the fixed point set on the space of cubic forms is d,, = 6.

CASE: y3. The action of the cyclic group of order three generated by the representing
matrix is as the alternating group A3 whose invariants are a complete intersection algebra
generated by the four forms ey, ey, e3, and V where, for i = 1, 2, 3 the form e; is the i-th
elementary symmetric polynomial in x, y, z, and V may be taken to be x2y + y?z + 2%x (see
e.g., [18] Chapter 4 Section 2 Example 2). The Poincaré series of this algebra is

1+t°
(1-6)(1-t2)(1-1t3)
so the dimension of the fixed point set on the space of cubic forms is d,, = 4.

PX3(t)=P(]F2[X;y; Z]A3: t): 21+t+2t2+4t3+---’

CASE: y4. The action of the 4-cycle representing this conjugacy class is the full Jordan
block of size 3 x 3. The invariants were computed in [17] from which one sees that the
Poincaré series is

1+t°
1-t)(1-t2)(1-¢3)(1-t%)
so the dimension of the fixed point set on the space of cubic forms is d,, = 3.

P, (t) = P(Fax, y, 2|24 t) = =14+t+22 433+,

CASE: x; . Since we are only interested in the Poincaré series (and that only up to de-
gree three) we may extend the ground field from [F, to Fg. Doing so, we have a diagonal
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action which sends monomials to monomials, viz., the representing matrix maps x?y?z¢ to
wdt2bracxaybyc So we see that the ring of invariants has an Fg-basis consisting of monomi-
als x%y?z® where a + 2b + 4c =0 mod 7. If we interpert w from the representing matrix in the
Table 4.1 as a primitive 7-th root of unity in the complex numbers G, we obtain a characteristic
zero lift of the Fg-representation. By Molien’s Theorem the Poincaré series is
P)(;(t) = P(]F2[X) Y 2]2/7’ t) = P(]F8[x’ Y, Z]Z/7’ t) = P(C[X’ Y 2]2/7) t)
1

B (1-wt)(1-02t)(1- o*t) =14+ 4+,

and the dimension of the fixed point set on the space of cubic forms is dX7+ =1.

CASE: y,. The representing matrix is the inverse of the representing matrix for y; so
the rings of invariants coincide and the dimension of the fixed point set on the space of cubic
forms is d,; = 1.

For the number of orbits of GL(3, ;) acting on the space of cubic forms in Fy[x, y, 2] we
therefore obtain from the Cauchy-Frobenius Formula

DF2[X; Y, 2]3/GL(3; ]FZ)DZ

1 -
1—68(5;(15- dy, + Op0-dy, + Op0-d,, + BuO-d, + O O dys + Otz 0 dy;)
1 3696
= — (1-1024+21-64+56-16+42-8+24-2+24.2)=>""_ =22
168 ( 4 4 42-8 + 24 4.-2) 168 s

where we have denoted the number of elements in the conjugacy class y by Oy Of these or-
bits one consists of the zero form of degree three, and this means we have proven the following
result.

PROPOSITION 4.1: There are 21 isomorphism classes of standardly graded Poincaré duality
algebras of formal dimension three and rank at most three. []

The next step is to list representatives of the orbits and delineate the structure of the corre-
sponding Poincaré duality algebras.

§5. Threefolds of Rank Three II (The Isomorphism Classes)

In the previous section we saw that there are exactly 21 distinct standardly graded Poincaré du-
ality algebras of formal dimension three and rank at most three. We did so by using Macaulay’s
Double Duality Theorem which allowed us to reduce this problem to several invariant theo-
retic problems that put together gave us a formula for the number of orbits of GL(3, F,) acting
on the space of inverse cubic forms Fy[x7!, y7%, 271]-3. Instead of trying to find representa-
tive inverse cubic forms for the orbits we choose a different tack to describe the 21 different
standardly graded Poincaré duality algebras of formal dimension three and rank at most three.

Recall from § 4 (see [16] Part VI Section 2) that associated to each standardly graded Poincaré
duality algebra H = Fy[x, y, z]/I of formal dimension three there is a catalecticant matrix
caty(1, 2) encoding the products between linear and quadratic forms: It is a 3 x 6 matrix of

16



POINCARE DUALITY ALGEBRAS MOD TWO

the form
caty(l, 2) | x2 y2 22 xy xz yz
() X a b ¢ d g j
y d e f b j h
Z g h i j ¢ f

where the entries a, . .., j are from [F,, and take the value 1 precisely when the product of
the linear form heading the row with the quadratic form heading the column is nonzero in the
Poincaré duality algebra. This matrix determines H up to isomorphism. It depends of course
on the choice of an ordered basis for the linear forms and an ordering of the monomials. If H'
and H'' are standardly graded Poincaré duality algebras of formal dimension three and rank
at most three then they are isomorphic if and only if there is an element g € GL(3, F») such
that g - caty (1, 2) - g = caty (1, 2).

Let us rephrase this a bit. Note that the set of all the matrices ([0) forms a 10-dimensional
vector space Catp,(1, 2) over Fy which consists of the zero 3 x 6 matrix and the catalecticant
matrices caty(1, 2) where 6 ranges over the nonzero inverse ternary cubic forms. The group
GL(3, F2) acts on the space Matg, (3, 6) of 3 x 6 matrices over F, preserving Catp, (1, 2) by
letting g = GL(3, F,) send M into the matrix product g-M- g". This representation of GL(3, [F2)
on Catp,(1, 2) is isomorphic to the representation of GL(3, F2) on the space of inverse cubic
forms Fo[x !, y71, 271]_3. The way we choose to describe the 21 different isomorphism classes
of standardly graded Poincaré duality algebras of formal dimension three and rank at most
three is to give representing matrices for the orbits of the action of GL(3, F2) on Catp,(1, 2).

The leftmost 3 x 3 submatrix of caty (1, 2) is the matrix of the bilinear form ¢y : Hy XxH; — Fo
defined by ¢ (u, v) = uv?. This bilinear form determines all but one of the entries of the
matrix caty(1, 2). Our strategy will be to first classify these bilinear forms, and then, to each
equivalence class associate two catalecticant matrices corresponding to the possible values of
j € F,. We warn the reader in advance that the value of j is not an invariant of H (see the
comments following Proposition 5.1). The first step is to determine the orbits of GL(3, ;)
acting on Matg, (3, 3) by the transposition action given by letting g = GL(3, F2) send M =
Matg, (3, 3) into the matrix product g- M- g".

The next proposition tells us there are 12 such orbits. The information needed for its proof
by means of the Cauchy-Frobenius formula is summarized in Table 5.1. We leave the veri-
fications of the entries in this table to the reader, which amount to some exercises in matrix
multiplication and linear algebra to find the linear subspace fixed by the representative of
each conjugacy class, and then exponentiating to obtain the number of fixed points.

PROPOSITION 5.1: There are 12 orbits of the action of GL(3, F2) on Matg, (3, 3) given by
letting g = GL(3, F,) send M € Matg, (3, 3) into the matrix product g - M - g".

PROOF: We employ the Cauchy-Frobenius Formula () from § 4 and count the number
of fixed points for one element out of each conjugacy class of elements in GL(3, [Fy). A list of
conjugacy classes and representatives for them is given in Table 4.1. So the number of orbits
may be computed using Table 5.1 as follows:

1
(Matg,(3, 3) /GL(3, B2)0= 15 (1-512+ 2132+ 56-8 +42-8 + 241 +24.1)
1
= 1gg(2016) =12. [J
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x-class | Fixed Matrices #Fixed Matrices

X1 all matrices 27 = 512
[a b c]

X2 b ac 2° =32
& & 1]
0 b o

X3 c ab 28 =38
| b ¢ a]
a b c

X4 b+c c O 282 =38
c 00
[0 0 0]

x5 000 20=1
|0 0 O]
[0 0 0]

X7 000 20=1
|0 0 O]

TABLE 5.1: Fixed Point Data

Since there are 22 orbits of GL(3, F2) acting on the vector space Catg,(1, 2) but 12 orbits on
the space Matg, (3, 3) it must be the case that choosing distinct values for j to extend an orbit
of Matg, (3, 3) to Catp,(1, 2) can lead to the same orbit of Catp,(1, 2). In other words, as
already remarked the value of j is not an invariant of the orbit of the catalecticant matrix ()
(see e.g., the discussion below of extending Orbit 1 from Matg, (3, 3) by j = 1 to Catg,(1, 2)).

We list representatives for the orbits of GL(3, F2) acting on Matg, (3, 3) and their invariants
in Table 5.2. We will make use of three invariants to distinguish the twelve orbits. These
invariants are explained following the table. Table 4.1 shows there are six conjugacy classes
in GL(3, F2) and by contrast Table 5.2 shows there are only four orbits of GL(3, F») acting
via the transposition action on the invertible matrices in Matg, (3, 3) so the coincidences of
the 2 x 2 case that occurred in [20] are not repeated in the 3 x 3 case, and the invariants
of the conjugation action on Matg, (3, 3) of GL(3, F») will be quite distinct from those of the
transposition action.

There are three invariants used to distinguish the orbits of GL(3, F») on the space Matg, (3, 3)
as we explain next. A 3 x 3 matrix

ab c
d e f| e Matg, (3, 3),
g h i

has two extensions to a 3 x 6 catalecticant matrix () , which depend on a choice of j € F,.
Such a 3 x 6 matrix defines a Poincaré duality algebra of formal dimension three and rank at
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100 s-rank = 3 101 s-rank = 2

ORBIT 1: 010 c-invariant = 4 ORBIT 7: 011 c-invariant = 2

|0 0 1] symmetric |0 0 0] asymmetric

(1 1 0] s-rank=3 (1 0 1] s-rank=2
ORBIT 2: 010 c-invariant = 4 ORBIT 8: 010 c-invariant = 4

|0 0 1] asymmetric |0 0 0] asymmetric

1 1 0] s-rank =3 [0 1 0] s-rank=2
ORBIT 3: 011 c-invariant = 6 ORBIT 9: 100 c-invariant = 0

|0 0 1| asymmetric |0 0 0] symmetric

[1 1 0] s-rank =3 [1 0 0] s-rank=1
ORBIT 4: 001 c-invariant = 2 ORBIT 10: 000 c-invariant = 4

|0 1 0] asymmetric 10 0 0] symmetric

1 0 0] s-rank=2 [1 1 0] s-rank=1
ORBIT 5: 010 c-invariant = 4 ORBIT 11: 00O c-invariant = 2

|0 0 0| symmetric 10 0 0| asymmetric

[1 1 0] s-rank=2 [0 0 0] s-rank=0
ORBIT 6: 010 c-invariant = 6 ORBIT 12: 000 c-invariant = 0

|0 0 0] asymmetric |0 0 0] symmetric

TABLE 5.2: GL(3, F2) Orbits on Matg, (3, 3)

most three. The invariants we use are as follows: They do not depend on the choice of j.

s-Rank: This is the dimension of the image of the squaring map from linear to quadratic
forms in the corresponding Poincaré duality algebra. As [Fy is the ground field, the set of
squares of linear forms is a vector subspace of the space of quadratic forms and the s-rank is its
dimension. It is nothing but the ordinary rank of the leftmost 3 x 3 matrix of the corresponding
catalecticant matrix, i.e., it is the rank of the bilinear form defined on the linear forms by
o(u, v) = uv.

c-Invariant: This is the number of nonzero cubes of linear forms in the corresponding
Poincaré duality algebra and is independent of the choice of j € F,.

Symmetry: The meaning of this is clear if applied to a 3 x 3 matrix, and for a catalecticant
matrix it refers to the leftmost 3 x 3 submatrix and whether it is symmetric or not.

At this point our program is clear, if not easy. For each orbit of the GL(3, F;)-action on
Matg, (3, 3) there are two catalecticant matrices differing in their j-values in (0) extend-
ing a 3 x 3 matrix representing one of the orbits in Table 5.2. These two extensions each
define a Poincaré duality algebra, and these two algebras may differ or they may coincide: In
fact, since there are only 21 distinct algebras and 23 choices'® for the catalecticant matrices

16 Orbit 12 can only be extended by j = 1 since the zero matrix is not a catalecticant matrix.
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obtained in this way there must be some coincidences.

We are going to need additional invariants to classify the 21 algebras. These new invari-
ants must distinguish between algebras with the same s-rank, c-invariant, and symme-
try/asymmetry property, i.e., between two algebras whose catalecticant matrices differ only
in their j-value, if those algebras are not isomorphic: But, we cannot use j itself.

We will of course want to describe these algebras by giving a minimal set of generators for the
corresponding ideals. Before starting we should perhaps look at what to expect. The Poincaré
algebras we are seeking to classify are completely described by their catalecticant matrices
(O) . If the rank of this matrix is 1, then one of the rows will be nonzero and the other rows
will be zero or that row repeated. There will then be two linear relations and the algebra H
will be isomorphic to Flu]/(u*) which means there is an additional relation of degree 4. Thus
the ideal is generated by forms of degrees 1, 1, and 4.

If the rank of (O) is 2, then there will be a single relation of degree 1 and H will be isomorphic
to Flu, v] / J. By aresult due to E S. Macaulay (see [12], or [24] for a modern generalization)
J will be a regular ideal, so will have two generators, say of degrees a and b. Since H has
formal dimension 3 we must have a + b —2 = 3 and, since we may suppose 1 <a < b, there is
only the solution a = 2 and b = 3. So the ideal is generated by forms of degrees 1, 2, and 3.

If the rank of (O) is 3, then there are no linear relations so dimg,(H;) = 3 and Poincaré
duality implies that dimg, (H2) = 3 also. Since dimg, (Fs[x, ¥, 2]2) = 6 there must be 3 linearly
independent quadratic relations, say fi, fa, f3. If the ideal is regular these will be a minimal
generating set. If not, then in degree 3 the ideal they generate is spanned by the nine forms
x fi, ¥ fi, 2fi, where i = 1, 2, 3, but this subspace of the cubic forms has dimension at most 8,
so there are linear relations between these nine forms. Note that Fy[x, ¥, z]3 has dimension
10. So one must add additional cubic forms to the set { f1, f2, f3} to raise the dimension of
the homogeneous component of the ideal they generate in degree 3 to 9. Having done this
one might need to add biquadratic forms in addition to force the homogeneous component
of degree 4 of the ideal generated by the entirety of these forms to coincide with Fs[x, y, 2]4.
At this point we are done: We have found all the generators. Thus we would be looking for 3
quadratic generators, some cubic generators, and possibly some biquadratic generators. The
case of HY(RP(3)#(RP(2) x RP(1)); ;) (see orbit 13 in the tables that follow) requires all
of these: In this case the ideal is generated by (x*, y3, 22, xy, xz). A final useful fact in the
rank 3 case is that the minimal number of generators must be odd (see [25]). Having seen
the patterns to expect we turn to the examples. In construction of the table we will make use
of the following invariants in addition to those already introduced.

Dimension Sequences: We divide the seven nonzero elements u € H; into two groups,
those with u® = 0 and those with u3 # 0. For each element u € H; we compute the dimension
of the image of left multiplication by u from H; to H, and obtain a list with seven entries
which we divide into two parts, viz., (—----), (=----), those with u3 = 0 and those with
u® # 0, so the length of the second sequence is the c-invariant. We call these the dimension
sequences and arrange the entries in nondecreasing order. If the two lists differ for two
algebras with the same s-rank, c-invariant, and symmetry/asymmetry, i.e., for two algebras
whose catalecticant matrices differ only in their j-value, then the algebras are not isomorphic.
If the two lists coincide this may help us to find an automorphism that carries one catalecticant
matrix into the other. Such an isomorphism must pair elements with the same cube and same
dimg, (u - Hy).

Rank: For algebras with s-rank<3 there may be only one choice of j [F, giving a threefold
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of rank three.

/"-Action: The presence or absence of an unstable_ /" algebra structure. The /" -algebra
structure may help to find an isomorphism between algebras with distinct j values since the
Wu classes must be preserved. It may also help us to distinguish them, if for example only
one value of j leads to an unstable /" algebra structure. Both situations arise. By Wu’s
Formula (see e.g. [23]), to check if a catalecticant matrix defines an algebra with an unstable
_A"-structure one writes under the catalecticant matrix the row vector

Sql(xz: y2’ 22’ Xy, Xz, yz) = (O; 0, 0, Uxy, Axz, ayz)

where @, # 0 precisely when Sq!(uv) is nonzero in the quotient algebra. This vector is a
linear combination of rows of the catalecticant matrix if and only if the corresponding quotient
algebra has an unstable #"structure.

The following lemma tells us that in the symmetric case one always has an unstable_#/"-module
structure.

LEMMA 5.2: Let H = Fo[x, y, 2] /I be a Poincaré duality algebra of formal dimension three
with a symmetric catalecticant matrix. Then I < y[x, y, 2] is an A -invariant ideal and the
algebra H has trivial Wu class.

PROOF: Since I contains all forms of degree 4 or more we need only show that Sq!(h) e I
for every quadratic form h  I. Let

h = ax®>+ by* + cz* + dxy + exz + fyz € By[x, y, 2]
be any quadratic form. Then
Sq'(h) = d(®xy + xy?) + e(x%z + x2%) + f(y*z + yz?).
The symmetry of the catalecticant matrix tells us that
xzy + xyz, x%z + xz2, yzz + yz2 el

and therefore Sq'(h) I for any quadratic form. [

We proceed to list the 21 different orbits of GL(3, F2) on Catp, (1, 2), the corresponding m-
primary irreducible ideals in Fy[x, y, 2], and Poincaré duality quotients. Due to the extensive
amount of material included (and also omitted) we will not be able to give many details. In
this list we use the notation A |RP(k) for the canonical line bundle over RP(k) (remember
RP(1) = S!) and r|RP(2) for the tangent bundle of RP(2). The trivial k-plane bundle over
the space X is denoted by R¥ | X.

Subgroups of GL(3, F,) occurring in the list are Y4, the symmetric group on 4 letters acting
on FF5 identified with the subrepresentation of the permutation representation on IB‘;‘ spanned
by the vectors with coordinate sum zero; X3 as the permutation representation of s and its
alternating subgroup As; Syl,(GL(3, F2)) which is the 2-Sylow subgroup of GL(3, Fs) and is
isomorphic to a dihedral group of order 8; K 0Z/2 x Z/2 the elementary abelian 2-group of
order 4 that occurs as the subgroup fixing a hyperplane pointwise; D1, a dihedral group of
order 12 occurring as an extension of K by a three cycle; and various subgroups generated by
a single involution, so isomorphic to Z/2.

An inverse cubic form defining the i-th orbit is denoted by §; and the ideal it defines by
I(el) — ]FZ[XJ Y, Z]'
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Orbit 1 of Catg,(1, 2) Orbit 1 of Matg, (3, 3) extended by j = 0
5 5 o rank = 3
caty (1, 2) | X< y® 2° Xy X2 y3% s —rank = 3
b'e 1 0 0 0 0 O ¢ —invariant = 4
y 01 0 0 0 O dimension sequences = (2, 2, 2), (1, 1, 1, 1, 3)
z 001 0 0 0 b =x7 4y 57
i I(6h) = (22 -x3 22 -y3 xy, xz, y2)
symmetric 1 s Y5 XY, X2, Y
isotropy group = 3 is an /1" algebra realized by
orbit size = 28 HY(RP(3)#RP(3)#RP(3); IF>)
Orbit 2 of Catg,(1, 2) Orbit 1 of Matg, (3, 3) extended by j = 1
5 5 o rank = 3
catg,(1, 2) | XT YT 20 Xy Xz yz s—rank = 3
b'e 1 0 0 0 0 1 ¢ —invariant = 4
y O 1 0 0 1 O dimension sequences = (2, 2, 2), (1, 3, 3, 3)
z 0011 0 0 bp=x+y? + 27 +x7ly
symmetric I(62) = (x* + yz, y* + x2, 2* + Xy, X%y, xy?)
isotropy group = s is an 41" algebra realized by
orbit size = 28 HY(RP(3)#RP(r |RP(2)); F>)

We give some details to show the Poincaré duality algebra corresponding to this catalecticant
matrix is realizable as the [Fo-cohomology of the indicated topological space. First, change
bases by settingu =x+y +2, v=x+Yy, w =X+ zsothe catalecticant matrix becomes

caty (1, 2) u? v w? uv uw vw
u 1 0 0 0 0 O
% 0O 01 0 O 1
w 0O 1 0 0 0 1

whose j value is zero. So this orbit contains matrices with distinct j-values showing that j
is not an orbit invariant. Next, using this new basis and catalecticant matrix, note that the
algebra is the connected sum of F[u] /(u*) and the algebra of coinvariants Fa[v, w]gi(2, g,) Of
the group GL(2, [F,), called the Dickson coinvariants of rank 2. The Dickson coinvariants are
known (see e.g., [15]) to be realized as the cohomology of the projective space bundle associ-
ated to the tangent bundle r |RIP(2). Denoting this projective space bundle by RP(r |RIP(2))
the ¥,-cohomology of the connected sum RIP(3)#RIP(z |RIP(2)) realizes the algebra associ-
ated to this orbit as a cohomology algebra.

We will see further examples of such constructions involving projective space bundles in con-
nection with realizing other Poincaré algebras as cohomology algebras. For the algebra in
back of the projective bundle construction and its uses in constructing m-primary irreducible
ideals in polynomial algebras see [21].

22



POINCARE DUALITY ALGEBRAS MOD TWO

Orbit 3 of Catg,(1, 2) Orbit 2 of Matg, (3, 3) extended by j = 0
5 5 o rank = 3
caty (1, 2) | X° y® 2° Xy Xz Y3z s —rank = 3
b'e 1 1 0 0 0 O ¢ —invariant = 4
y 0O 1 01 0 O dimension sequences = (3, 3, 3), (1, 2, 2, 2)
2 001 0 0 0O b3 =x3 +xy2 +y3 + 273
asymmetric I(63) = (x* + xy + ¥ X%y, x2, ¥z, 2° + xy?)
isotropy group = As is not an_¢1" algebra

orbit size = 56

The algebra corresponding to this orbit is the connected sum of F[z] / (z*) = H{RP(3); F,) and
the rank two algebra with Macaulay inverse x> + y ™3 + x~'y~2 which is not an_//"-algebra.

Orbit 4 of Catg,(1, 2) Orbit 2 of Matg, (3, 3) extended by j = 1
5 9 o rank = 3
caty, (1, 2) | X< y® 2% Xy Xz Y2 s —rank = 3
X 1 1 0 0 0 1 ¢ —invariant = 4
y O 1 0 1 1 O dimension sequences = (3, 3, 3), (3, 3, 3, 3)
_ -3 -1,,-2 -3 -3 -1,,-1,-1
2 001 1 0 0 O =x"+xy 2 +y > +27+xy 2
asymmetric I(0s) = (?ZC2 +yz, %% +y2 + xz, x* + y? + 2%+
isotropy group = As xy, x7, x*z)
orbit size = 56 is not an /" algebra
Orbit 5 of Catg,(1, 2) Orbit 3 of Matg, (3, 3) extended by j = O or 1
5 5 o rank = 3
caty, (1, 2) | X< y® 2° Xy Xz yz s —rank = 3
X 1 1 0 0 0 ¢ —invariant = 6
y 01 1 1 j 0 dimension sequences = (2), (2, 2, 2, 3, 3, 3)
b5 =x2+y2 +22 +xly2 +y 143572
z 0015 01 y Y 2 3 ys 3y 3,3 2
asymmetric 1(65)=(xz,Dz +yz, x> +y°, x°+ 2° 2° + xy°)

orbit size = 84

Both values of j may be used to extend the matrix representing orbit 3 on Matg, (3, 3) to a
representative for orbit 5 on Catp,(1, 2), demonstrating again that the value of j is not an
orbit invariant. The generators for the ideal were computed for j = 0. The isotropy group of
this orbit is Z/2 generated by the involution

XF—x+y, y—y, st—y+z2

so the orbit contains 84 elements. Since the dimension sequences are (2), (2, 2, 2, 3, 3, 3) an
isomorphism between the algebra defined by j = 0 with the algebra defined by j = 1 must
send the unique element u with u® = 0 to itself, so x + z must be fixed. Further, the three
elements in H; for j = 0 with u® # 0 and dimg, (u - H1 (j = 0)) = 2, must go to the corresponding
elements in H; for j = 1. Thus{x, 2, y + 2} forj = 0must goto {y, x + y, x + y + g} for
j =1, and {x, 2z} with sum x + z must become {y, x + y + 2z} also with sum x + z. A linear
map implementing these correspondences is

X—y,yr—2,2F—x+y + 3.
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This ideal is not /" invariant because Sq' (2% + yz) = y?z + yz? and 05 (y%?z + y22) =1+ 0#0
in H, but 22 + yz = I(6s).

Orbit 6 of Catg,(1, 2) Orbit 4 of Matg, (3, 3) extended by j = Oor 1
5 9 o rank = 3
catg (1, 2) | X y® 2% Xy xz y3z s —rank = 3
X 1 1 0 0 0 O ¢ —invariant = 2
y 0 01 1 o0 1 dimension sequences = (2, 3, 3, 3, 3), (2, 3)
O = x 3+ x1y2 + y g2 4 y 2571
z 01 0 0 0 1 6 yorYy Y
asymmetric I(66) = (xz, 2* + xy, x> + y* + 2% + y2)
isotropy group = Z/2 is not anﬂm algebra

orbit size = 84

A linear change of coordinates (cf. the discussion of the previous orbit for an explanation of
how one arrives at such a map) sending the algebra for j = 0 isomorphically to the algebra
forj =lisgivenbyxr—x+32, yr—x+y, zt—z.

Orbit 7 of Catg,(1, 2) Orbit 5 of Matg, (3, 3) extended by j = 0
5 5 o rank = 2
caty (1, 2) | X< y® 2° Xy X2 y3% s —rank = 2
by 1 0 0 0 0 O ¢ —invariant = 4
y 01 01 0 O dimension sequences = (2, 2, 2), (3, 3, 3, 3)
2 0000 0 O b = x7 +y7
i 1(67) = (2, xy, x3 + %)
symmetric o7 0% Y, y
isotropy group = Syl,(GL(3, F,)) is an %/I algebra realized by
orbit size = 21 H-(RP(3)#RP(3);Fy)
Orbit 8 of Catp,(1, 2) Orbit 5 of Matg, (3, 3) extended by j = 1
1o | 5 5 o rank = 3
catg(1,2) | x* y* 2° xy xz yz s —rank = 2
b'e 1 0 0 0 0 1 ¢ —invariant = 4
y 01 0 0 1 O dimension sequences = (2, 2, 2), (3, 3, 3, 3)
z 0001 00 O =x +y? +x7y g7
symmetric {(98) ZD(XZ +yz, y? +xz, 2%)
isotropy group = Syl,(GL(3, F,)) is an%ﬂ algebra realized by
orbit size = 21 HYRP(7 | (RP(2)#RP(2))); F2)

Here the 2-plane bundle 5| (RP(2)#RIP(2)) has total Stiefel-Whitney class 1 + u + v + u?
where u, v are the nonzero elements of the first cohomology of the two connected sum com-
ponents. The bundle 7 restricted to one copy of RIP(2) in the connected sum is the tangent
bundle, and restricted to the other copy the sum of the canonical line bundle with a trivial line
bundle. It may be constructed by forming the bundle over the one point union RP(2) ORP(2)
of two copies of RIP(2) which is t over one copy and A O R over the other copy (the two
being identified along a trivialization over the wedge point) and pulling this bundle back to
RP(2)#RIP(2) along the collapsing (or pinching) map RP(2)#RP(2) — RIP(2) ORP(2).
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Orbit 9 of Catg,(1, 2)

catg(1, 2) | x?2 y? 22 xy xz yz
b'e 1 1 0 0 0 O
y 0101 0 0
b4 0O 0 0O 0O 0 O
asymmetric

isotropy group = D1s
orbit size = 14

Orbit 10 of Catp,(1, 2)

catg,(1, 2) | x2 y? 22 xy xz yz
by 1 1 0 0 0 1
y 0101 1 0
Z 0O 0 01 0 O
asymmetric

isotropy group = D1»
orbit size = 14

I
(=)

Orbit 6 of Matg, (3, 3) extended by j
rank = 2

s —rank = 2

c —invariant = 6

dimension sequences = (2), (3, 3, 3, 3, 3, 3)
fo =x3+y3 +x1y2

I(09) = (2, x2 + xy +y2 x3 + %)

is not an 1" algebra

I
—

Orbit 6 of Matg, (3, 3) extended by j
rank = 2
s —rank = 2
¢ —invariant = 6
dimension sequences = (2), (3, 3, 3, 3, 3, 3)
bo=x2+y3 +xly2 +x 1y lg!
I(6ho) = (x2 + xz + y2, x? + yz, z2)
is an 41" algebra realized by

HYM3;F,)

The mystery manifold M? is a torus bundle over a circle and is described in § 7.

Orbit 11 of Catg,(1, 2)

catg, (1, 2) | x2 y? 22 xy xz yz
x 1 01 0 0 o
y 0 1.1 0 0 O
b4 0O 0 0 0 1 1
asymmetric

isotropy group = Z/2
orbit size = 84

Orbit 12 of Catp,(1, 2)

catg,(1, 2) | x2 y? 22 xy xz yz
by 1 01 0 O 1
y 0110 10
b4 0O 0 01 1 1
asymmetric

isotropy group = Z/2
orbit size = 84

25

Orbit 7 of Matg, (3, 3) extended by j = 0

rank = 3

s —rank = 2

¢ —invariant = 2

dimension sequences = (2, 2, 2, 3, 3), (2, 2)

611 = x 3 +y3x1g2 4y g2

I(6h1) = (x> +y% + 2%, xz + yz, x¥)

is an /1" algebra realized by
HY(RP(A#R? | (RP(2)#RP(2)); F2)

Orbit 7 of Matg, (3, 3) extended by j = 1

rank = 3

s—rank = 2

¢ —invariant = 2

dimension sequences = (2, 2, 2, 3, 3), (3, 3)

bro =x3+y3x1g2 +y g2 4 x7ly g7t

I(th2) = (x2+y% + 2%, y?> + xy + xz,
x2+xy +yz 25 x3+y%)

is not an 1" algebra
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Orbit 13 of Catp,(1, 2) Orbit 8 of Matg, (3, 3) extended by j = 0
5 9 o rank = 3
catg,(1, 2) | Xyt Xy Xz yz s —rank = 2
X 1 01 0 0 O ¢ —invariant = 4
y O 1 0 0 0 O dimension sequences = (1, 2, 3), (1, 2, 2, 3)
z 0000 1 0 bi3 = X7 + y o 12
asymmetric I(613) = (x* + 2%, 2% y%, y(x + 2), y2)
isotropy group = 1 is an /1" algebra realized by
orbit size = 168 HY(RP(3)#(RP(2) xRP(1)); F2)
Orbit 14 of Catp,(1, 2) Orbit 8 of Matg, (3, 3) extended by j = 1
5 9 o rank = 3
caty,(1, 2) | X< y® 2° Xy X2 y3% s —rank = 2
X 1 01 0 0 1 ¢ —invariant = 4
y O 1 0 0 1 O dimension sequences = (1, 2, 3), (1, 2, 2, 3)
_ -3 -3 -1,,-2 -1,-1,-1
2 0 00 1 1 0 ba=x"+y> +x'2°+x"y 2z
asymmetric {(‘914) = (X2D+ 2% X% +yz, y* + xy + xz)
isotropy group = 1 is not an ¢/~ algebra
orbit size = 168
Orbit 15 of Catg,(1, 2) Orbit 9 of Matg, (3, 3) extended by j = 0
5 5 o rank = 2
caty (1, 2) | X< y® 2% Xy Xz yz s —rank = 2
X 01 01 0 O ¢ —invariant = 0
y 1 0 01 0 O dimension sequences = (2, 2, 2, 2, 2, 2, 2), ()
z 0000 0 0 bis = x2y 7 +xTy
symmetric I(615) = (x* + xy +y2, x?y + xy?, 2)
isotropy group = 24 is anJ/ID algebra realized by
orbit size = 7 HY(RP(z|RP(2));F,)

The corresponding Poincaré duality quotient algebra is Fz[x, ¥]gL(2 ,), the rank two Dickson
coinvariants.

Orbit 16 of Catp,(1, 2) Orbit 9 of Matg, (3, 3) extended by j = 1
5 9 o rank = 3
catg, (1, 2) | X< y® 2° Xy X2 y3% s —rank = 2
X 01 0 1 0 1 ¢ —invariant = 0
y 1 0 0 1 1 O dimension sequences = (2, 2, 2, 2, 2, 2, 2), ()
2 0001 0 0 bro = x 2yt +xy

symmetric I(6i6) = (x* + x2, y* + yz, 2%)
isotropy group = Y4 is an %/I Yalgebra realized by
orbit size = 7 HYRP({ | RP(2)#RP(2)); F2)

Here the total Stiefel-Whitney class of the 2-plane bundle { is 1 + x + y where x and y are
the nonzero elements of degree 1 in the first cohomology of the connected sum factors. So ¢
is the pullback of A 0 R|RIP(2) along the folding map RP(2)#RP(2) — RP(2).
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Orbit 17 of Catp,(1, 2) Orbit 10 of Matg, (3, 3) extended by j = 0
5 9 o rank = 1
catg, (1, 2) | X° y® 2° Xy Xz Y3z s —rank = 1
X 1 0 0 0 0 O ¢ —invariant = 4
y O 0 0 0 0 O dimension sequences = (2, 2, 2), (3, 3, 3, 3)
z 0000 0 0 b7 = x7
symmetric I(6i7) = (x% ¥, 2)
isotropy group = S is an /1" algebra realized by
orbit size = 7 HYRP(3);F)
Orbit 18 of Catp,(1, 2) Orbit 10 of Matg, (3, 3) extended by j = 1
5 5 o rank = 3
catyy(1, 2) | X% y® z° Xy xz yz s —rank = 1
X 1 0 0 0 0 1 ¢ —invariant = 4
y O 00 0O 1 O dimension sequences = (2, 2, 2), (3, 3, 3, 3)
z 000 1 0 0 big = x7 + x7Ty T
symmetric I(ig) = (x* +yz, y% 2%)
isotropy group = %4 is an 1" algebra realized by
orbit size = 7 HYRP(2 0 2| (RP(1) x RP(1)));F2)
Orbit 19 of Catg,(1, 2) Orbit 11 of Matg, (3, 3) extended by j = 0
5 o o rank = 2
catgy(l, 2) | XT YT Xy Xz yz s—rank = 1
X 1 1 0 0 0 O ¢ —invariant = 2
y 0O 001 0 O dimension sequences = (2, 2, 2, 2, 3), (3, 3)
z 000 0 0 0 bo = X +x7ly?
asymmetric I(thg) = (2, ¥* x°)
isotropy group = K (1%/2 x Z/2 is an /1" algebra realized by
orbit size = 42 HY(RP(2) x RP(1); F2)
Orbit 20 of Catp,(1, 2) Orbit 11 of Matg, (3, 3) extended by j = 1
5 9 o rank = 3
catg,(1, 2) | X yT Xy Xz yz s—rank = 1
b'e 1 1 0 0 0 1 ¢ —invariant = 2
y O 0 0 1 1 O dimension sequences = (2, 2, 2, 2, 3), (3, 3)
z 000 1 0 0 a0 = x4 X7y + a7y e
asymmetric I(60) = (x* + y? x* + yz, 2%)
isotropy group = K 0%/2 x Z/2 is an /" algebra realized by
orbit size = 42 HY(S! x (RP(2)#RP(2)); F2)

This Poincaré duality algebra is also realized as the cohomology of RIP(¢ | (S! x S!) which is
the total space of the projective space bundle associated to a 2-plane bundle & over S! x S!
with nontrivial first Stiefel-Whitney class.
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Orbit 21 of Catp,(1, 2) Orbit 12 of Matg, (3, 3) extended by j = 1
5 9 o rank = 3
caty, (1, 2) | X% y® z° Xy xz yz s —rank = 0
x 0 0 0 0 0 1 ¢ —invariant = 0
y O 0 0 0 1 O dimension sequences = (2, 2, 2, 2, 2, 2, 2), ()
z 000 1 0 0 b1 = x7ly 'z”
symmetric I(621) = (x% y? 2%)
isotropy group = GL(3, F,) is an /1" algebra realized by
orbit size = 1 HY(S' xS' xS1; )

In summary: This gives us 21 isomorphism classes of Poincaré duality algebras of formal
dimension three and rank at most three. Of these examples:

* One example has rank one (orbit 17).

 Four examples have rank two (orbits 7, 9, 15, 19).

 Four examples of rank three are decomposable with respect to the connected sum
operation (orbits 1, 2, 3, 13).

» Seven examples of rank three are indecomposable unstable, ¢ "-algebras (orbits 8, 11,
16, 18, 19, 20, 21).

» Five examples of rank three are indecomposable non-4/-algebras (orbits 4, 5, 6, 12,
14).

* All the #-decomposable algebras are defined by ideals with five generators.

o If both values of j in () occur among the matrices in an orbit, then the isotropy
group of that orbit is Z/2 (orbits 5 and 6); however, the isotropy group can be Z/2
and still only one value of j appear among the members of the orbit (orbits 11 and
12).

Finally, Table 5.3 summarizes the values of the invariants we have used in the classification
of the orbits. In this table the dimension sequences give the value of the c-invariant as the
length of the second dimension sequence; rank means the rank of the full 3 x 6 catalecticant
matrix, and s-rank means the rank of the leftmost 3 x 3 submatrix.

§6. Threefolds of Rank Three III (Separating Invariants)

The elements of Fy[Catp,(1, 2)]°“3®2) may be regarded as functions on the orbit space
Catp,(1, 2)/GL(3, F2), so it would be nice to compute this ring of invariants and select from
it sufficiently many invariants to separate the orbits. Even using a two step approach, and
first computing IF,[Matg, (3, 3)]%“®F2), this seems at present an inordinately difficult problem.
Instead we describe a procedure to find separating invariants by an indirect method and use
it to determine invariants that separate the orbits of GL(3, F2) on Matg, (3, 3).

We will make use of the GL(3, F,)-equivariant linear map
L: Catp,(1, 2)— Matg,(3, 3)

that assigns to a catalecticant matrix

caty(l, 2) | x2 y? 22 xy xz yz

(0) x a b ¢c d g ]
y d e f b j h

Z g h i j ¢ f
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Orbit | rank | s-rank | c-invariant 2:;15:5222 symmetric | A" isg:;c;g Y
1 3 3 4 (1(,2’1}2’1}2;) yes yes X3
2 3 3 4 (1(,2’3}2’3}2;) yes yes X3
3 3 3 4 (1(?’253’2}3)2) no no As
4 3 3 4 (é’s’;’;;) no no As
5 3 3 6 22, 2(122,)1 3, 3) no no Z/2
6 3 3 2 2 ?2’2’3’3?’ 3) no no Z/2
7 2 2 4 (,OSJZ",%Z’&Z;) yes yes | Syl,(GL(3, F,))
8 3 2 4 (55,2,3,213,2)3) yes yes | Syly(GL(3, Iy))
9 2 2 6 33 :§’2)3’ 3, 3) no no Do
10 2 2 6 3,3, ?512;} 3, 3) no yes D1o
11 3 2 2 (2 2(’212’2‘;3’ 3) no yes Z/2
12 3 2 2 (2 2(’212’2)3’ 3 no no Z/2
13 3 2 4 (1(’1’212’2?;) no yes {1}
14 | 3 2 4 (1(’1’2’2’2?;) no no {1}
15 2 2 0 (22,2 (2)’ 222) yes yes X4
16 3 2 0 (22,2 (2)’ 222) yes yes X4
17 1 1 4 ( é}2,3’2,3’2)3 yes yes X4
18 3 1 4 (é,2,312,312;) yes yes X4
19 | 2 1 2 (2 2(323)2 3) no ves | z/2xz/2
20 3 1 2 (2 2(’3}2’3)2’ 3) no yes Z/2 X7/ 2
21 3 0 0 222 (2)’ 222) yes yes GL(3, ;)

TABLE 5.3: Orbit Invariants
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its leftmost 3 x 3 submatrix'’ to separate the orbits of GL(3, F,) on Catp,(1, 2). The map L
induces a map

L™ : Ba[Matg, (3, 3)]°“®™) — B,[Catg,(1, 2)]>F)

that allows us to regard the elements of Fy[Matg, (3, 3)]°"(>F2) as functions on both of the
orbit spaces Matg, (3, 3)/GL(3, ;) and Catp,(1, 2)/GL(3, ). From the determination of
the orbits Catp, (1, 2)/GL(3, F2) we know this will not suffice to separate them - it is only a
first step in that direction. The method we introduce does however allow one to finish the
determination of seperating invariants as we indicate briefly at the end of this section.

A 3 x 3 matrix A € Matg, (3, 3) defines a bilinear form ¢, : ]l?!‘gj X IB'S’H F, and conversely.
The action of the group GL(3, F,) on F3 permutes the nonzero elements of E so defines an

. . 0 . . . .
inclusion GL(3, F,) < X,. Put the elements of 3 into a linear order and use it to define a
linear map

T:Matg,(3,3) —F =W
by assigning to A = Matg, (3, 3) the vector (¢a(u1, u1), ..., ¢a(uy, uy)), where uy, ..., uy
are the distinct nonzero elements of F5. Clearly the number ca of nonzero coordinates of T(A),
i.e., the number of elements whose square with respect to g is nonzero, is an invariant of the
orbit to which A belongs. Note that for a catalecticant matrix C with L(C) = A the number ca
coincides with the number of nonzero cubes in the corresponding Poincaré duality quotient
algebra of Fy[x, y, z], and is the c-invariant used in § 5 to distinguish orbits in Catp, (1, 2).

The group Y7 acts on [Fj by permutation of the standard basis vectors so by means of § we
obtain an action of GL(3, F2) on W = F] making the map T equivariant. Hence we have
induced maps

0
Fol W)™ & B[ WO ™) 5 By |Matg, (3, 3)] 0

which allow us to define the elements THe1), . .., THey) € Fy[Matg, (3, 3)]°*CF2), where
e1, ..., ey e By[W]? are the elementary symmetric polynomials.

Denote by wy, ..., wy € WU the standard dual basis. Recall that e; is the sum of all the
monomials in the Xy-orbit of the monomial wy - - - w;. So, if A € Matg, (3, 3) and the number
of nonzero squares ga(u, u) for u € F3 is ca, then it follows that the value of T(e;) on A is
the number of ways that one can choose i elements from among the cpx nonzero elements
oa(u, u) for u e 3, i.e.,, ga = (CIA) and this value'® is constant on the orbit of A. From the
table of orbits, Table 5.2, of Matg, (3, 3)/GL(3, F2) we see that ca € {0, 2, 4, 6}. Thus the
odd symmetric polynomials evaluate to zero and one has the following table of values for the
even ones.

Form\CA | 0 2 4 6
T(e2) 0 1 0 1
T(eq) 0 0 1 1
T(ee) 0 0 0 1

TABLE 6.1: Values of Even Symmetric Functions on Orbits

From this we see that the forms TH(ey), THe4) € Fo[Matg, (3, 3)]°>F2) determine the c-
invariant. So we have proven the following result.

17 Since the j-entry in (0) is not an orbit invariant there is no equivariant splitting for this map.
18 The value of a binomial coefficient (}) with k > n is defined to be zero.
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PROPOSITION 6.1: The c-invariant of a matrix A € Matg, (3, 3), or a catalecticant ma-
trix C € Catp,(1, 2) with L(C) = A, is determined by the two invariant forms T-(ez), TH(e4) =
IF,[Matg, (3, 3)]°*®F2), Specifically one has the following table of values.

c—-invariant condition
0 T-(e2)(A) = 0 = T(es)(A)
2 THes)(A) = 1, T(e4)(A) = 0
4 Te2)(A) = 0, THe4)(A) = 1
6 THe2)(A) = 1 = T(esq)(A)

TABLE: Determination of the c-Invariant by Invariant Forms

So the number of nonzero cubes in the Poincaré duality algebra associated to C is determined
by the two invariant forms T-(e5), T-(e4) by means of this table. []

In addition to the c-invariant we also made use of the rank of a matrix and whether it is
symmetric or not to determine its orbit. We deal next with the symmetry property, which we
show is detected by a single invariant form. Let

ab c
A= |d e f EMat]FZ(:';, 3)
g h i

If A is not symmetric then there will be one, two, or three of the terms
b+d,c+g, f+h

which are nonzero. This means that exactly four of the terms

0) (b+d), (c+g),(f+h),(b+d)+(c+g), (b+d)+(f+h),(c+g)+(f+h)
(b+d)+(c+g)+(f+h)

are nonzero. The action of GL(3, ) on Matg, (3, 3) permutes these values. Define the map
S: Matg,(3,3)—F) = W

by assigning to the matrix A the vector whose coordinates are the terms listed in () . The
group X7 acts on W = [Fj by permutation of the coordinates and by means of the inclusion
6 : GL(3, Fy) & X7 so does GL(3, [F,). The map S is GL(3, [F,)-equivariant so induces a map

(]
Fo[W]Y < Fo[W]CLEF) N [F2[Matg, (3, 3)]S-C.F2),

PROPOSITION 6.2: The form S™(e,) € Fa[Matg, (3, 3)]°“3F2) detects if a matrix is symmetric
or not. Specifically SH(e4)(A) = 0 if and only if A = Matg, (3, 3) is symmetric.

PROOF: If A € Matp, (3, 3) is symmetric then it is in the kernel of S so SHe4)(A) = 0. If
A is not symmetric then exactly four of the seven values listed in (0) are nonzero. Hence
the only monomial in S”(e4) that can evaluate nonzero on A is the one that selects these four
coordinates so S"(e4)(A) = 1. [

To complete the separation of the orbits of GL(3, F2) on Matg, (3, 3) by invariant forms it
remains to find additional forms to determine the rank of a matrix A € Matg, (3, 3). If, as
before, ga : F5 x F5 — [, is the bilinear form associated to A € Matg, (3, 3), then putting the
elements of 5 \ {0} into a linear order allows us to define a linear map

M : Matg, (3, 3) — Matg, (7, 7)
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by assigning to A the 7 x 7 matrix [¢a(u, v)],. VeF3\{0} - The vector space Matg, (7, 7) has
dimension 49 and the symmetric group Y49 acts on it by permutation of the standard basis
elements [ d; j ]; j<7- The action of X7 on FF5 permutes the nonzero elements and induces an
action of X7 on Matg, (7, 7) by simultaneous permutation of the rows and columns of a matrix.
By means of the inclusion 6 : GL(3, F2) < X7 we therefore obtain an action of GL(3, F)
on Matg,(7, 7). Unravelling the definitions one finds that the linear map M is GL(3, Fy)-
equivariant so induces a map

M : Fy[Matg, (7, 7)]% — Fa[Matg, (3, 3)]% ™).
PROPOSITION 6.3: Let o; € Fy[Matg, (7, 7)]%# be the i-th elementary symmetric polyno-
mial,i =1,..., 49. Then
det, TH(e3), THe4), M (03) = Fo[Matp, (3, 3)]LEF2)
determine the rank of a matrix in Matg, (3, 3) by means of the following table*®

rankA) | o 1 2 3

det(A) o 0o 0 1
Miog)A) | o o 1 2
#0 #0 #0

and the table from Proposition 6.1 to compute the c-invariant from T e2)(A) and TH(e4)(A).

c-invariant 0

PROOF: Clearly det = I, [Matg, (3, 3)]°*®F2) distinguishes the matrices of rank three from
all the others, and on the basis of Propositions 6.1 and 6.2 one is left to distinguish three pairs
of examples. To wit, one has the following list of problem pairs:

orbits 5 and 10 which are symmetric with c-invariant 4 and have ranks 2 and 1 re-
spectively,
orbits 7 and 11 which are asymmetric with c-invariant 2 and ranks 2 and 1 respec-
tively,
orbits 9 and 12 which are symmetric with c-invariant 0 and have ranks 2 and O re-
spectively.
The orbits 3 and 6 which are asymmetric and have c-invariant 6, but different ranks, are
already distinguished by the determinant, since of the two of them only one has rank 3.

For A € Matg, (3, 3) finding the entries of M(A) is routine. To fill in the missing entries of the
first three rows you take sums of the first three columns, and then you get the bottom four
rows by taking sums of the first three rows as indicated in the following schema.

M(A) x y Z x+y x+z y+z x+y+z
X a b c col; coly col, col;
y d e f -+ + + +coly
z g h i col, cols cols +cols

x+y row; + rows

X+ 2z rows + rows

y+z row; + rows

x+y+z row; + rOWo + rows

19 The entry indicated by a ? plays no role.
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Having done this for the twelve orbit representatives in Table 5.2 we can count the number
ta of nonzero entries in the matrix M(A). Since GL(3, F2) acts by permutation of the linear
formsx, y, z, x +y,x+ 2,y + 2, x +y + z the number t, is an invariant of the orbit of A.
We summarize the result of this computation in the following table.

OobitofA | 1 2 3 4 5 6 7 8 9 10 11 12
nonzeros in M(A)l 28 28 28 28 24 24 24 24 24 16 16 O

From this table one sees that the rank of A tells us ta as recorded in the next table.

rankA) | 0 1 2 3
ta | 0 16 24 28

The value of M”(s;)(A) is given by (tl“) the number of ways to choose i nonzero entries in

M(A). So M (0g)(A) = (') = 0if Ahas rank 1 and M%(05)(A) = (%') = 1 if A has rank 2 and
therefore M”(og) can be used to separate the orbits of rank one matrices from those of rank

two. This suffices to distinguish each of the pairs in our problem list. []

COROLLARY 6.4: If A € Matg, (3, 3) is a nonzero 3 x 3 matrix, then

3 ifand only if det(A) # 0,
rank(A) = ¢ 2 ifand only if det(A) = 0 and M~(og) = 1, and
1 if and only if det(A) = 0 and M"(gg) = 0.
Hence the rank of a nonzero 3 x 3 matrix over the field F, is determined by the two invariant
forms det, M7(og) & Fy[Matg, (3, 3)]"CF), ]

Combining Propositions 6.1, 6.2, and 6.3 we see that the five invariant forms
THe2), THea), S™(ea), det, M™(0g) & Fs[Matg, (3, 3)]°-C-F2)

suffice to determine the c-invariant, whether a matrix is symmetric or not, and its rank. Hence
we have found separating forms for the orbit space Matg, (3, 3) /GL(3, F2), to wit we have the
following result.

THEOREM 6.5: The five invariant forms
Tes), THes), SH(es), det, MH(3) & Fo[Matg, (3, 3)]HEF2)

separate the orbits of the transposition action of GL(3, F2) on Matg, (3, 3). [

Note that by means of the map
L”: Fo[Matg, (3, 3)] ") — B,[Cat, (1, 2)]*F)

and Theorem 6.5 we have determined the c-invariant, symmetry or asymmetry, and the rank
of a cataclecticant matrix C € Catp, (1, 2). However these invariants do not suffice to separate
the GL(3, F2) orbits. We need, for example, in addition the rank sequences, and whether or not
the corresponding Poincaré duality quotient supports a Steenrod algebra action to determine
the orbits. These are however both a question of rank (see § 5) and so it is possible to proceed
in a way similiar to that used in the proof of Proposition 6.3 to find additional invariant forms
in Fy[Catp, (1, 2)]°*®F2) to separate the orbits. Since the details offer no new features we
omit them.
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§7. Threefolds of Rank Three IV (A Torus Bundle over a Circle)

Of the seven standardly graded Poincaré duality algebras of rank three with an unstable Steen-
rod algebra action six have been identified as the cohomology of manifolds. They are all pro-
jective space bundles over either the torus S! x S1 or the Klein bottle RP(2)#RP(2). The
missing example (orbit 10 of Catg, (1, 2), which is orbit 6 of Matg, (3, 3) extended by j = 1
to Catp,(1, 2)) cannot possibly be realized as a fibring over a surface. If one examines the
catalecticant matrix

catg,(1, 2) | x2 y? 22 xy xz yz

(0) X 1 1. 0 0 0 1
y 01 01 1 o

z 0 001 0 O

representing this orbit, one sees that z2 = 0 and the algebra H corresponding to this matrix can
be visualized as follows. As in [16] the entries on a given horizontal line in the diagram are a

. basis for the homogeneous component of H of
xyz degree the number of lines above the line con-
o o taining the unit 1 of the algebra. From this one
Xy Xz yz finds the relations
L] L] L[]
x y 3z x2 =Yz, y2 =xz+yz.
. This shows that H is a free module over the

subalgebra F[z]/(22) — H with basis the four
elements 1, x, ¥, xy. So H looks like the [Fy-
cohomology of the total space M? of a fibring S x St <~ M3 | S which is totally nonhomolo-
gus to zero. With the help of some suggestions from Slava Kruskal we were able to find such
a fibring which we explain next.

DIAGRAM 7.1: The Algebra for 65

Consider the universal covering R | S which has deck transformation group Z. If

(0) T= {‘CI Z]eGL(z,z)

then we may use the matrix T to define an action of Z on the torus S x S' = R x R/Z xZ. We
simply let Z act on R? in the usual way via the matrix ([)) and note that this action preserves
the integral lattice Z? and so passes down to the orbit space. We may then form the associated
torus bundle over the circle, viz.,

S1xS1 o Rxg (STx St =M3

(0) l
R/Z =St

The fundamental group m; (M3, [) = m is determined by an extension

1— 7[1(51 ><S1, [DH 7T1(M3, [DH 7T1(Sl, [DH 1
(0) 0 0 0
1— ZXZ —  m — Z —1

which splits since Z is a free group.

The manifold M?3 is acyclic since its universal covering space M? is R xR xR. To see this note
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that there are maps «, 3, v : R>— R3 defined by

a(t, x, y)=(t, x +1,y)

Bt x,y)=(t, x,y +1)

v(t, x, y) = (t + 1, ax + by, cx + dy)
with R x (S! x S1) being obtained from R x R x R by dividing by the (Z x Z)-action induced
by « and 8. The map y induces an action of Z on R x (S! x S!) and the quotient space is
M3. Hence M3 is a K(r, 1)-manifold with = = m as its fundamental group. The maps «, 3, v

which generate the deck transfromation group of the universal covering M3 | M3 correspond
in the usual way to generators of ;.

We are going to compute HY(M?3;F,) as a function of the entries of the matrix ([) . We fix
the notations introduced so far, so «, 3, y generate r;. By the universal coefficient theorem
HY(M3;F,) OHom(r, Z/2), and since Z/2 is abelian, any homomorphism 7 — Z/2 must
vanish on the commutator subgroup [, n1] of 71, so we start out by identifying [z1, m1].

NOTATION: Denote by Z/2 the cyclic group of order 2 written multiplicatively, i.e., identify
Z/2 with {£1}.

The extension (Ll) is determined by how y conjugates « and S. One has

y o' y(t, x,y) = y_lai[)’j(t + 1, ax + by, cx + dy)
y_l(t+1, ax +by+i,cx+dy+j)=(tx+p,y+q)
aPBI(t, x, y),

a b|l|p| _|i
< alla)=L]
Let ¢ = det(T)™! be the inverse of the determinant of the matrix ([)) . By Cramer’s rule for
computing the inverse of a 2 x 2 matrix we have

1= [22)

From this we obtain for p and g the formulae

where

p = dei-bej
q = agj —cel.
These formulae allow us to identify the commutator subgroup of 7;. Namely, we have
0 igT Lyl = gldeDivbei glasl)jcei.

so that the commutator subgroup lies in Z x Z generated by « and § and consists of the
elements

O{(ds—l)i—bsjﬁ(as—l)j—csi
where 7 and j are arbitrary integers. This means we can identify [r;, m;] with the image of
the homomorphism
0 ZxZ>ZxT Y,
where Z % Z is embedded in m; by « x § and S is the matrix
0) Sz[ds—l -be ]

—-ce ae-1
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o = (i)

The first requirement on the fibring S* x S < M3 | S! is that the fundamental group of the
base act trivially on the cohomology of the fibre. The fundamental group of the base S' is Z
with generator y and

H'(S' x $';1/,) = Hom(my(S* x S1, D), Z/2) = By x Fy.

The element y acts by the reduction of the matrix S from GL(2, Z) to GL(2, Fy). In order that
this action be trivial one must therefore have

Therefore

O(iﬁj — adsi—bsjﬁasj—csi
which yields the following conditions.
dej —bej =i mod 2
(t) .

aej —cei =j mod 2

Since ¢ = det(T) = #1 this gives

d=1=a, b=cmod2
as the conditions for the fundamental group of the base to act trivially on the cohomology of
the fibre of the bundle S x ' < M3 |St.

Using the identification of H(M?3;F,) with Hom(r;, Z/2) lets us define cohomology classes
x,y, 2 € H'(M?;R,) by specifying them as homomorphisms =; —> Z/2 as follows.

at— -1 alF—1 alF—1
x¢ Br—1 y] pr—-1 z{ Br—1
yF—1 y—1 y— -1

The cohomology class z € H!(M?3;F,) comes from the base so z2 = 0. The classes x, y =
H'(M3;,) restrict to become generators for the cohomology of the fibre H!(S! x S1;T,), so
the fibration is totally nonhomologous to zero as required.

From this one sees that H(M?3;F,) is a free module over HY(S!; ®,) with basis 1, x, y, xy
so the product structure indicated in Diagram 7.1 indeed holds. In addition 22 = 0. Thus the
catalecticant matrix for HY(M?3;F,) agrees with (0) in most of its entries. For the remaining
entries, begin by writing

X2

kxz + lyz + mxy

and

y% = nxz + oyz + pxy,
where k, I, m, n, o, p € By. Since x? and y? restrict to zero on the fibre both m and p are
zero, so one has

2

x kxz + lyz + mxy,

(0) y2 = nxz + oyz + pxy,
x> +y*=(x+y)?=(k+n)xz+(+o0)yz.

Any homomorphism sending m to Z/2 must send the commutator subgroup [r, m] to the
unit element. Recall that [r;, 1] = Im(¢) where ¢ : Z XZ— Z X Z is given by the matrix

G = [ds—l -be ]

—-ce ae-1
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after identifying Z x Z with the subgroup of r; generated by « and . Since we are assuming
the fundamental group of the base of the fibration S! x St < M3 |S?! acts trivially on the
cohomology of the fibre the relations ([J) must hold, so de =1, —be, —ce, and ae -1 are all
even and Im(¢) <2-Z %2 - Z. Moreover Im(¢) = 2-Z x 2 - Z if and only if

de-1 -be
det[ _% 2

e ac—1|=%*L

2 2
which is equivalent to m; / [m1, m| = Z x (Z/2 x Z/2). This in turn can be the case precisely if
none of the homomorphisms x, y, x + y can be lifted from Z/2 to Z/4. From the Bockstein
exact sequence

HY(M3;Z/4) "2 gl (p3; Z/2) s H*(M®;Z/2)
we deduce as an equivalent condition that none of the classes
x* =5q' (x), y? =84 (), x* +y* =5q'(x +)
should be zero, which means
det [dfc‘g 1 aj’fl} — 14,

Since ¢ = det(S) = %1 this amounts to the following two conditions.

l-ae-de+ad—-bc =4
l-ac—-de+ec=14

We also have the formulae (O) for x2, y2, and (x + y)? from which it follows that none of
them are zero if and only if x? and y? span the same 2-dimensional subspace of H?(M?3; ;)
as xz and yz (cf. Diagram 7.1). So using formulae ([J) we conclude we must have

(0) O#det[k l

]=ko+ln.
n o

Since z2 = 0 we have x?2 = kxz? + lyz? = 0 and y?2 = nxz? + oyz? = 0. Then

x3 = kx? + Ixyz = lxyz

and
y® = nxyz + oy*z = nxyz.
Also
x%y = kxyz + ly*z = kxyz
and

y*x = nx?z + oxyz = oxyz.

Since xyz € H3(M?3;,) is the fundamental class this gives us the following table of products
in HY(M?3;F,).

x [ 0
y k n O
b4 0O 0 O

TABLE 7.2: Partial Matrix of Products for HY(M?3;F,)

37



LARRY SMITH AND R. E. STONG

We need still more information to complete this table to a catalecticant matrix for H(M?3; ;)
and thereby determint it. First note that this table tells us that

Sq' (xy) = x%y + xy* = (k + 0)xyz
Sq'(xz) = x’z + xz2 =0
Sq'(yz) = y*z + yz* = 0.
This means that the first Wu class Wu; (M?3) is nonzero if and only if k + 0o =1 mod 2. Since

Wu; (M3) = wy(M?3) is the first Stiefel-Whitney class of M3 this is a question of whether M3
is orientable or not.

To determine if M is orientable or not, consider the action of 7;(M?) on the universal covering
manifold M3 = R x R x R. The translations « and  preserve the orientation, whereas y
preserves the orientation for ¢ = det(S) = 1 and reverses it for ¢ = det(S) = —1. Thus M? is
an orientable manifold for ¢ = 1 and a nonorientable manifold for ¢ = -1.

Notice also that the Wu class Wu; (M?3) = w1 (M?) restricts trivially on the fibre, since the fibre
S! x ! is orientable. Therefore Wu; (M?3) is a multiple of z and it follows that Wu; (M?3) = 2
if ¢ = -1 and Wu;(M3) = 0if e = 1.

If ¢ = 1 then Wu; (M?3) = 0 so Sq' maps H2(M?;F,) trivially to H3(M?;F,) and (k + 0)xyz =
Sql(xy) = 0. The matrix of products in Table 7.2 becomes

HYMB,) | <2 y? 22

x [ kK O
y k n O
b4 0O 0 O

and is symmetric. Since the upper 2 x 2 block of ([I) is asymmetric we conclude that a mani-
fold realizing orbit 10 cannot be orientable. To finish with this case, note that the determinant
of the upper 2 x 2 block is nonzero by (L) so there can only be the three possibilities listed

next.
01 11 10
10 10 01

For ¢ = -1 the manifold is nonorientable, the Wu class Wu; (M?) = z, and Sq! maps H?(M?3; B,)
nontrivially to H3(M3;,), so (k + 0)xyz = Sq!(xy) = xyz and k + 0 =1 mod 2. In this case
exactly one of k and o is zero and the other is one so the matrix ([]) has determinant [n.
We saw however that this determinant is 1, so both [ and n are nonzero. Hence x2, y3, and
(x + y)? are all nonzero. We can at this point fill in the catalecticant matrix for H{(M?3; )
and find the following.

HYM3;R,) | x2 y? 22 xy xz yz
by 1 1 0 1+0 0 1
y 010 o 1 0
Z 0 0 O 1 0 O
TABLE 7.3: Matrix of Products for HY(M?3;R,)

In this catalecticant matrix o = 0 or 1. Reversing the roles of x and y interchanges o = 1 with
o = 0, and this would be a manifold whose cohomology realized the catalecticant matrix ()
corresponding to orbit 10 of Catg, (2, 1).
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It only remains to exhibit a matrix S with all the required properties for HY(M?; R,) to realize
the algebra of orbit 10 of Catp,(1, 2) in the list of orbits in § 5, viz.,

a=1=d,b=0=cmod2
ad—bc=—1=det{a b] —cecy
c d
l-ace—-de+e=14+a+d-1=a+d==+4ecZ.

2

§8. Indecomposable Threefolds of Arbitrary Rank

One such matrix is

We saw in § 3 that the Grothendieck group of standardly graded Poincaré duality algebras of
formal dimension d > 2 is free abelian but not finitely generated. Specifically we showed in
Example 1 of § 3 that for a fixed d > 2 the infinite family of such algebras,

HD((S1 x .o x SY)x ((STx SN# .- #(S x S1)) ;IE‘2> reN,
d-2 r

have formal dimension d, rank d -2 + 2r, are pairwise nonisomorphic, and #-indecomposable
for d —2 + 2r >2. We refer to these as the standard examples of #-indecomposables of a given
formal dimension. Our purpose in this section is to provide constructions for nonstandard
such examples of formal dimension d = 3. To do so we will avail ourselves of Macaulay’s
Double Annihilator Correspondence as explained in [16] Part VI Sections 1 and 2 which we
next review in abridged form.

Fix an integer n and introduce the inverse polynomial algebra Fy[x;!, ..., x;!] which we
define to be the algebra of polynomials in the formal variables x7', ..., x;! each of degree
-1. There is an Fy[x;, . . ., x,]-module structure on Fy[x;!, ..., x;1], whose product we
denote by n since it is similar to the cap product between cohomology and homology, and
which is defined on monomials by

E A xF = {X_F"'E ifF—E‘E Nj
0 otherwise,

where E, F € NJ. The n-product is extended to all elements of Fa[xi, ..., x,] and
Folx;t, ..., x;1] by bilinearity. Macaulay’s Double Annihilator Theorem (loc. cit) tells us
that there is a bijective correspondence between nonzero elements of By[x;?, ..., x;!] of
degree —d and maximal primary irreducible ideals in Fy[x1, . . . , x,] whose Poincaré duality
quotient has formal dimension d: This correspondence associates to an inverse form ¢ its
annihilator ideal I(9).

For d = 3 this means each inverse cubic form
-1,-1_-1 -1 -1
0= in XJ X E]F2[X1,...,Xn],
i,j,keS
where S is a subset of the set of unordered triples of elements of {1, ..., n}, defines a

3-dimensional Poincaré duality algebra H(6) = Fa[x1, ..., x,]/I(6). We are interested in
finding sets of triples S so that H(#) is #-indecomposable.?

20 A natural choice for such a form is the sum of all the inverse trinomials. For an analysis of the Poincaré duality algebras defined
in this way see [21] §5.
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Given an inverse cubic form 6 = 37, ;o x7'x; ' xt e Fafx', . . ., x;,'] the set of trinomials
x;'x;'x; " that appear in this sum is the support of ¢; denoted by supp(¢). Note that the
trinomials x,xsx; of Fa[x1, . . ., Xp] that project to a fundamental class of H(#) are precisely
those for which the inverse trinomial x;*x; x; ! belongs to supp(#). Hence if x; does not occur
in some trinomial in supp(#) then there is no quadratic form q such that x;q # 0 € H(6).
Therefore x; = 0 € H(#), so x; € I(#), and from the point of view H(#) it is as though x; were
not there, so we might as well discard it. So from this point on we assume that every variable

x;1 occurs in some trinomial in supp().

For 1 <i<j <n we say that the variables x; and x; are linked in ¢, denoted by x; ng, if there
are trinomials t1, . . ., t; € supp(6) such that

(a) t; and t;;q have a common factor (are directly linked)

(b) x;! divides t; and xj'1 divides t;.
Linking is an equivalence relation®! and the equivalence classes are called the components.
If there is only one equivalence class then # is called connected. The following lemma is a
direct consequence of the definitions and Lemma 1.1.

LEMMA 8.1: Suppose that 6 =Y, ; ¢ %7 x;'x; " e Fo[x7?, . . ., x;'] is an inverse cubic

form. If 0 is not connected then H () is #-decomposable. []

So a #-indecomposable threefold corresponds to a connected inverse cubic form. In the sequel
we will concentrate such forms and seek additional conditions that force the corresponding
Poincaré duality quotient algebra to be #-indecomposable.

LEMMA 8.2: Suppose that § = 3, ¢ X7 x; !

j
form satisfying the conditions
(i) every x;! divides at least one trinomial in the support of §, and
(ii) every inverse binomial x; 1xj‘1 with i # j belongs to exactly one trinomial in the sup-
port of 6.
Then 6 is connected.

xiteBx;, ..., x;1] is an inverse cubic

PRrOOF: The conditions (i) and (ii) imply that any two inverse variables x; Land xj_l belong
to a trinomial in supp(#) and so they are directly linked by that trinomial. []
An inverse cubic form 6 = Y7, ; ;o x7'x;

Tl eBalxyt, .., x| satisfying the conditions of
Lemma 8.2 will be called admissible.

LEMMA 8.3: If § = 3, . 4 o x;'x; 't e Falxy', . .., x;'] is an admissible inverse cubic

form then the corresponding Poincaré duality algebra H(6) has rank n.

1 1,.-1

PRrOOF: This is because x;~ occurs in some inverse trinomial t = x;"x; x;.! of the support
of ¢ and hence by the remark preceeding Lemma 8.1 x;x;x; represents a fundamental class
of H(#). Denote by x;’ the binomial x;x. Suppose that we had a linear relation

(0) aix; +---+apx, =0

in H(0). Taking the product with x}” and using that ¢ is the only inverse trinomial in supp(¢)
divisible by xj‘lx,z1 we get 0 = a;x;x;' = a;x;x;x € H(#). Since x;x;jx; is a fundamental class
this forces a; = 0 and since 1 < i < n was arbitrary the linear relation (0) is trivial; whence
X1, ..., Xp € H(#); are linearly independent. []

21 Assuming as we did above that every variable x; for 1 < i < n occurs in some trinomial in the support of 6.
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PROPOSITION 8.4: Suppose that § = 3, ; ¢ X' X7 x " € Bo[x', . . ., x| is an admis-
sible inverse cubic form satisfying the condition that no trinomial in the support of 0 is di-
visible by the square of one of the variables x;! fori =1, ..., n. Then the ideal I1(§) <

Fa[x1, . .., xp] is generated by quadratic forms.

PrROOF: We begin by assembling several facts and establishing a bit of notation. First of
all, since H(6) has rank n by Lemmas 8.2 and 8.1, the homogeneous components of H(§) in
degrees 1 and 2 both have dimension n. Since x;, ..., X, is a basis for H(6); it follows in
the notation of the proof of Lemma 8.3 that x, . . ., x% is a basis for H(#),.

Next let J be the ideal in Fy[x1, ..., Xx,] generated by the quadratic forms in I(6) and set
Q =F[x1, ..., xn|/J. We are going to show that I(#) = J. Since I(#) and J are identical in
degree 2 so are H(#) and Q. This means that xlm, ..., x'is also a basis for Q;. Therefore
the products x,x} span Q in degree 3. Finally, remember that x2, ..., x2  I(f) since no
inverse trinomial in the support of ¢ is divisible by the square of one of the variables x;! for

i=1,..., n.Sox?, ..., x2e Jalso.

Since neither I(#) nor J contain any linear forms they also agree in degree one. To show that
I(#) = J we need to show they also agree in degree three. Since the natural map Q — H(0)
induced by the inclusion J & I(#) is an epimorphism this will be the case if and only if Q3 is
1-dimensional. Since Q is generated as an algebra by its homogeneous component of degree
one, X1, . .., X, is a basis for Q;, and xT, . . ., x[ is a basis for Qa, the products x,x} span
Q3, so we must show these products in fact span only a 1-dimensional subspace of Qs.

First consider a product with equal indices, viz., x,x-. Given 1<1i, j <n there is a unique
— (i i 111 5 s 0_ 0_
1<k = k(i, j) < n such that x;"x;"x; " is in the support of 6. Hence x;" = xjx and x; = x;xy,

50 x;x; = x;(xjxx) = X;(x;xx) = Xx;x;, and in Q3 all products x,x, are the same.

Next consider the case of a product xixj'-]where 1<i # j <n with distinct indices. Then there is
a unique inverse trinomial x; 1x]-‘1x,; 1in the support of 6 so ij = x;x;. Hence xiij = x;(xixy) =
x?xx = 0 € Q3 since I(4), and also J, contains all squares x7, . .., x2.
Finally notice that Q4, and hence Q; for i > 4 are zero. For if not then there would have to be
a nonzero monomial in Q4. But such a monomial x;x;xx, can be written as the product of
x;x;jxj and x,. Since as already shown all trinomials are either zero or equal in Q3 we could
rewrite this as (x7x;)x; = x;x2 = 0, since all squares belong to I(#) and hence also to J.

In summary, we have shown the map Q — H(6) is an isomorphism, and since it was induced
by the inclusion J < I(6) we must have J = I(6), so I(#) is generated by the quadratic forms
it contains. [

A square free inverse cubic form (i.e., one whose support contains no trinomials of the form
x; ij‘l) such as considered in Proposition 8.4, defines a Poincaré duality algebra in which
all squares are zero. One may therefore regard such an algebra as a quotient of the exterior
algebra E(x;, ..., xn). If we were to do so, then we could also do away with the inverse
polynomial algebra and set Macaulay’s theory up so that there is a bijective correspondence
between irreducible ideals and principal ideals in E(x1, . . ., x,) given by taking annihilators.
Although this is an attractive alternative we prefer to retain the inverse polynonial setup for
its generality and compatibility with the existing literature.

COROLLARY 8.5: Suppose that 6 =3, . ;s x;'x;'xi e Fa[xy', . .., x;'] is an admissible

inverse cubic form satisfying the condition that no trinomial in the support of 0 is divisible
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by the square of one of the variables x;* for i =1, ..., n. Then the algebra H(0) is #-
indecomposable.

PROOF: The ideal of a decomposable threefold always requires generators of degree
three.? For let H = H'#H'' be a decomposable threefold. Let H' = Fy[x}, ..., x,]/I' and
H' =Flx), ..., x]/I". If x;x;x;, represents a fundamental class of H' and xj x;1\ x;
represents a fundamental class of H'' then their difference, viz., xé,x;,x;{, - x;,',x;,',x,'{'u S
Folxy, ..., X, xy', ..., x] is zero in H and part of a minimal generating set for the
ideal I — B, [x}x},x,’(,, X} x;,', x;/] whose quotient algebra is H as follows from Diagram 1.1 in
§1. [

We still have the problem of supplying examples of inverse cubic forms satisfying the condi-
tions required in Corollary 8.5. In three variables there is only one, namely x 'y 'z and
the Poincaré duality algebra it defines is HH(S! x S x S1; ;) (see Orbit 21 in § 5). There are
none in four, five, or six variables (see Lemma 8.6 to follow), so seven variables would be the
next place to look, and here is one such.

ExXAMPLE 1: This example is based on the barycentric subdivision of a triangle as pictured
adjacent. So n = 7. The seven inverse vari-
ables x71, ..., x;! are indexed by the seven
vertices of the barycentric subdivision as pic-
tured. The monomials in the support of 6 are
the products of the variables corresponding to
vertices on any of the six lines containing three
vertices, and the product of the vertices form-
ing the inner triangle. This is easily seen to be
admissible with no trinomial in supp(4) divis-
ible by the square of an inverse variable. This example is not isomorphic to the standard
#-indecomposable example HH(S1#(S! x S1)#(S x S #(S! x S1); B,) that we constructed
in Example 1 of section 3. To see this one computes the dimension of the principal ideals
generated by the linear forms: For the standard example this is always 2 but for the example
derived from the barycentric subdivision of the triangle the dimension of the principal ideal
(x; + x;) for i # j is 4. (In fact there are only two #-indecomposable threefolds of rank seven
and this is the other one.)

Before looking at further examples we note that there is a restriction® on n, the number of
variables, imposed by the conditions of Corollary 8.5.

1

LEMMA 8.6: Suppose that 6 = 3", . ¢ x;7'x;7'x; " € Fa[xy', . .., x,'] is an admissible

inverse cubic form. Then n must be odd and n =0 or 1 mod 3.

n
. 2- . .
in supp(#) contains 3 such pairs, viz., x;

PROOF: To see this note that there are (
1,.-1

) inverse quadratic monomials x;'x;" and each

inverse trinomial x;1x; L, xi gt x71x . So

j j
the number of trinomials appearing in 6, i.e., the cardnality of the set S, is %(g) = @ SO
n(n — 1) is divisible by 6. Since certainly one of the two numbers n, n — 1 is even this gives

that n =0 or 1 mod 3.

22The argument that follows actually shows that the ideal defining a #-decomposable standardly graded Poincaré duality algebra
of formal dimension d always requires a generator of degree d.

231n fact it will follow from the appended letter of R.E. Stong that these conditions are sufficient for the existence of a square
free admissible inverse cubic form as was shown by Kirkman [10]. See the discussion in §15.4 of [8].
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For each x;! there are n — 1 inverse quadratic forms x;!x;!

7t with j # i. Each of these occurs
in exactly one inverse trinomial x; 1xj'lx,z1 in the support of 4. Thus the number of trinomials
n-1

- (interchange the roles of j and k) so n-l

in supp(6) is 5

odd. [

must be an integer, and hence n is

So the smallest rank of a nonstandard #-indecomposable threefold defined by a square free
admissible inverse cubic form is seven and we saw an example of such a form already. The
next possible rank of a form fullfilling the conditions of Corollary 8.5 in view of Lemma 8.6
is nine. The classical configuration of inflection points on a nonsingular cubic curve (see e.g.,
[3] pages 377 et seq.) provide a means of constructing such an example.

EXAMPLE 2: Fix a singularity free plane cubic curve C &= GP(2), say
C= {[zo, 2120] | 25 + 2} + 25 + 202120 = O} :

This curve is elliptic and admits an abelian group structure: Roughly speaking, if p, q belong
to C they determine a line in GIP(2) and one first defines a third point on C as the remaining
point?* of intersection of that line with the curve. The abelian group structure is derived from
this operation (loc. cit.).

A nonsingular cubic curve has nine inflection points. If p, g, r € C are inflection points then
D, q, and r are collinear if and only if their sum in the group structure is zero. In this way
we get twelve lines passing through triples of collinear inflection points on C. The pattern of
points on a one of these lines as illustrated in the accompanying graphic is either horizontal,
vertical, or one of the six patterns involved in the rule for determinants of 3 x 3 matrices.

| SR, bl S i ,
7 N
\ ! \\ s N VAR N !
\ NV NS N BN /
N < v X
\ 4 | N\ | | /
N 4 s N VRN
\ s N N N N /
N7 N7 N N ’
N | N4 | N
ETEE Rt CEEES XTI
7N 7N RN s 7 \
/ N\ 4 N v 7 N s
, N | N LN | N \

/ ~ | a | AN I A \
\ | s N | 3 N s N \

1 \‘ N | 7 NY 7 \

1 _ \/77777\/ 77777 /777

| S \

A

We use the inflection points of C to index nine variables and the twelve lines to index twelve
trinomials: Each trinomial is the product of the variables indexed by the inflection points in
the line. Taking these trinomials to be the support of a square free inverse cubic form in nine
variables we get one fullfilling the conditions of Corollary 8.5 of rank nine.

In the graphic the points could be interpreted as the nine points of the vector space F5 and the
twelve lines as the lines in this vector space, the essential issue being that each line contains
exactly three points. Using larger dimensional vector spaces leads to further examples of
forms satisfying the conditions of Corollary 8.5. The incidence relations between the lines
and points used to index trinomials and variables in these examples are reminiscent of finite
geometries. This is not an accident as the appendix to this manuscript shows.

24 There is the possibility that p or g has multiplicity 2 as a point of intersection.
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In addition to these examples, Example 1 is the first of an infinite family of similar examples
with ranks 2™ — 1 in which the variables are indexed by the nonzero elements of the vector
space F;'. Here is how this works.

ExAMPLE 3: Let m € N and consider two distinct nonzero vectors v', v'' it \ {0}.
Then v' and v'' are linearly independent and the 2-dimensional subspace they span consists
of the four points {v', v'', v +v'", 0}. The n = 2™ -1 variables x, are to be indexed by the
nonzero vectors v € FJ' \ {0}. The trinomials in the support of the inverse cubic form v,
in these variables are indexed by the two dimensional subspaces U = {v', v'', v/ + V"', 0},
where v' # v'' are nonzero, and the trinomial ty = x,x,1 X, ,,+ € supp(Y,,) . So there are

@ trinomials in the support of v,,. (The minimal size of supp(#) for a connected inverse

cubic form in n variables is ”7_1.) This example can also be thought of as having trinomials
indexed by the code words of weight three in the Hamming code /1, (see e.g., [6] chapter 3
§3.1).

§9. Comments by Larry Smith on the Appended Letter of R.E. Stong

The authors speculated for a while that examples illustrating Corollary 8.5 could only exist if
the number of variables was 2™ - 1, for some m N, because we had the Examples 1 and
3 of §8 and no others at the start. However, it soon became apparent that this was not the
case, as we both (re)discovered basically the same example in nine variables described in two
different ways in Example 2 above. Other examples followed.

Then Bob realized that there was a way to organize almost all of our examples around the
classical notion of a Steiner Triple System. Although he informed me of this and sent me
details and examples he did not write out a systematic account until a month before he died.
He sent copies of the letter (which took him several days to write) containing detailed proofs to
Peter Landweber and myself. It is a classical example of Bob’s style and tenacity in approaching
detailed computational problems, not to mention the elegance of the final result. This was
entirely his discovery, so in agreement with Bob’s family and Peter Landweber this account
is appended to the current manuscript. To retain as much of Bob’s character as possible it
is formatted as closely to the original as the differences between mediums allows. It would
also have been appropriate to reproduce it in a digitalization of Bob’s lovely handwriting, but
despite my asking him several times to provide me with large enough drawings to code such
a font, he never did.?

The only Poincaré duality algebras considered in Bob’s letter are generated by their homoge-
neous components of degree one: This is almost never explicitly mentioned in the letter. A few
notational dissimilarities with the rest of the manuscript occur, e.g., Bob writes the grading
index as an exponent instead of as a subscript, calls the Poincaré duality algebra P instead of
H, writes the projective space RPP(k) as RPP¥, as well as a number of other minor differences.
Footnotes have been added to clarify some few cases where confusion could arise. In a very
few instances I have changed notation or an index that seemed an obvious misprint to me. I
take full responsibility for all errors and no credit for any of the results.

The shortness of the individually dated blocks of text in this letter shows how difficult it must
have been for him to write these details. (In recent years I received three or four lettters a
week, each 4 — 7 pages long).

25 This footnote is typeset in a digitalization of my father’s calligraphy.
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Appendix
Steiner Systems and Poincaré Duality Algebras
A Letter from R.E. Stong to Peter Landweber and Larry Smith

11 March 2008

My interest comes from correspondence with Larry that used Steiner systems2® to build
Poincaré duality algebras. In looking back at that material what I find is completely incoherent.
It is a jumble of examples.?” I decided to try to present the material a bit more meaningfully
— and decided to write it for both of you.

X

So what is a Steiner system? A Steiner system S(t, k, v),2<t<k<veNisasetV =
{1, 2, ..., v} and a collection B of k-element subsets B of V (called blocks). A block B« B
will be written {iy, iz, ..., i;} or {i; <ip <---<i.} if order is given. The condition that is
satisfied is that for every t-element subset {i1, ..., i;} of V there is exactly one block B of
B, {i1,..., it, j1s-- ., Jk—} containing {i1, ..., i¢}.

Being given a set V = {1, 2, ..., v} and a collection B of k-element subsets of V one
has defined a Poincaré duality algebra P = Fa[x1, ..., x,]/I(6) given by a Macaulay class
6= x'-x;'inFx', ..., x;']. Here ¢ is the sum of those monomials x;' - --x;' for
which {i1, iz, ..., ix} = B< B. This is the same as saying that the product x;, ---x;, is a
nonzero element of P¥ if and only if {iy, iz, ..., ix} = B B.

P is a nice little exterior algebra.?® It is a quotient of E = Fo[x1, ..., x]/(x%, ..., x2)
and with x? = 0 and working over the field F, one has x? =0 forallx P! = Span{x;, . . ., x}.
It is k-dimensional®® with Pk OR,.

EXAMPLE: If B={B} consists of a single block B={1<2<...<k} then P =
Falxi, ..., %] /(2,0 X2, Xps1s - -+ %) OHHRP! x... x RP';B,). This is a Poincaré
duality algebra of rank k; rank P = dim P'. k copies

ExampLe: If B={{1,2,..., k},{k+1,..., 2k}} consists of 2 blocks, 2k = v, then P =
Q#R is the connected sum of two subalgebras Q generated by xi, ..., x; and R generated
by Xj11, ..., Xox. Here PP = Q) OR/ for1<j <k and P° = Q° = RO with Q' - R! = 0.

These are nice enough little Poincaré algebras, but not terribly nice.

The question becomes what properties P has if B is a Steiner system. For example, if B is
a Steiner system is rank P = v? If Bis a Steiner system, is P indecomposable under connected
sum? These are properties P may or may not have.

261,.S.: Steiner systems are special types of block designs. Background can be found in [8] and there are a number of interesting
exercises in [2] §14.

271.S. We were behaving a bit like 19-th century naturalists on a newly discovered tropical island so to speak at the time,
induldging ourselves in examining each and every new flower (i.e., example) in detail and looosing track of searching for an
organizing principal.

281.S.: What Bob means here is that all squares are zero in P, i.e., that it is a quotient algebra of the exterior algebra
E(x1,..., xp) =Fafx1, ..., xp]/(x?, ..., x2) as he explains in the next sentence.

291.S.: Clearly Bob meant of formal dimension k. I have changed this accordingly in the sequel.
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X

If P is the Poincaré duality algebra defined by 3, then the dual pairing P! x P"t — Pk (R,
is described by knowing the pairs of elements (xr, xs) € Pt x PX™t with §(xrxs) # 0. Here®
we write xt = x;, - x;, if T ={i1, ..., i;}, wewrite xs = xj, ---xj,_, if S ={j1, ..., jk=t}-

If B is a Steiner system and x7 € P!, there is exactly one B = B for which B > T and
exactly one xg & P*™t for which B = T O S. For {(xy/, xg) € P' x PK™ | §(xpixg) # 0} there
is exactly one pair (x1, xg') with f(xrxg ) # 0 and the xg is xs.

The dual pairing P! x PKt— Pk = R, may also be described as an isomorphism
Pt — Hom(P*"t, ;). This homomorphism sends xr to the homomorphism that sends xg' to
f(xTxg ). For xr, this sends xs to 1 and xg to zero if S' # S. That homomorphism is usually
denoted by x§' (i.e., if written in the ‘basis’ xg it is the dual basis element).

12 March 2008

The dual pairing P! x P*"t— Pk = R, admits a third description as an isomorphism
P*t— Hom(P!, IF,) but this homomorphism is harder to understand.

In the case k —t>t, x7 = P gives the block B = T [0 S and there is a unique block containing
S. Thus f(xrxs) = 1 and 6(xy1xs) = 0if T' # T. Then x5 Pkt defines the homomorphism
x5 i Pt— Ty with xH(xr) = 1, xF(xp) = 0for T' # T.

If k — t <t, there may be classes x; € P!, T' # T for which 6(x;xs) # 0. One has an
element x7 € Hom(E*, B,) given by xZ(x7) = 1, xf(x1) = 0 for T' # T, but this may not be
an element of Hom(P!, ;). If xf € Hom(P!, [F,) then x& cannot be any class of the form
xg € PFL.

X

To try to see what is happening, let’s consider the finite projective plane with 7 elements
over the field F,. This is a set of triples (x, y, z) # (0, 0, 0) with x, y, z = [, and the lines of
this plane are the triples satisfying a homogeneous equation ax + by + cz =0, a, b, c € Fy
not all zero.

If you identify (x, y, ) in the plane with the integer x + 2y + 4z the projective plane
becomes {1, 2, 3, 4, 5, 6, 7} and the lines become blocks

((1,0,0)—{2 4, 6}

(
(
(a, b, c) =< (
(
(

This describes the projective plane as a Steiner triple system S(2, 3, 7).
One now has a homomorphism P> — Hom(P!, F,) which assigns to x;x; the homomor-
phism x;' where x;x;xj is a block of the Steiner triple system. One has

x7'=(x2x3) = (Xaxs) = (x6X7)
b= (x165) = (x4%e) = (57)
X3= (x1X2) = (Xa27) = (x5X6)
x4=(o1x5) = (x224) = (x3X7)
x5= (x1X4) = (X27) = (x3X6)
Xg=(x137) = (X2x4) = (x3Xs)
x7=(x1%6) = (X57) = (x3X4)
301.S.: Here Bob is thinking of § as a linear form defined on the homogeneous component of degree k of Fa[x1, . . ., Xy)
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This gives dim Hom(P!, Fy) = 7 = v and one has rank P = v.

Knowing that rank P = 7 is sufficient to say that P is indecomposable.

If P is decomposable, one has P = Q#R which means P! = Q! OR!, P2 = Q20R?, P3 =
Q3 = R3. Because Q, R © P one has x2 = 0 for all x € Q! or all x € R!. Because f-dim Q =
f-dim R = 3 one must have dim Q! >3 and dim R' =3 and then 7 = dim P! = dim Q! + dim R?
so one of them must be 3 and the other is 4. So let’s choose dim Q! = 3, dim R! = 4.

Now one has

FACT: There is no Poincaré algebra M having x> = 0 for all x € M with f-dim M = n and
rank M = n + 1.

PROOF: Suppose X1 ---x, # 0. Then M! = Span{xy, ..., x,} OV where V = {y € M |
yxi1---Xj--+x, =00j =1,..., n}. (Here x; denotes that x; is omitted.) Specifically, for
xeM!, x =%+ (x + X) where x = Z]’»lzl(xxl---fj---xn)xjeSpan{xl, ..., Xpyandx +xe
V since

n
(X+Y)X1"')E}'"'Xn :xxl...)'é}....xn+Z(xxl...ﬁ...xn)xkxl...gf}...xn
k=1

and

0 j#k

Xp-oxp #0 j =k

Now for rank M = n + 1, V must be one dimensional and one may let V = Span{u}. Then
M™ ! is spanned by the classes x1 -+ Xj---xp and uxy - X;---Xj -+ xp (1<i<j<n)and for
each of these classes « one has ua = 0. By duality one must have u = 0, but Span{u} = V is
one dimensional. []

xkxl...)z}-...xn :{

The fact says the algebra R cannot exist so P is indecomposable
X

So we have checked out one example®! and it satisfied rank P = v and P is indecomposable.

It seems to me that the argument we just did for the projective plane actually works for
any Steiner triple system S(2, 3, v).

Being given a 2-element set {i, j} < V there is a unique block B = {1i, j, k} containing

!

{i, j}. Thus 6(x;xjxp) = { (1) i # i, and that says the homomorphism P?— Hom(P!, ;)
sends x;x;j to x}.

On the other hand, given k € V there is an i # k in V and the 2-element set {i, k} gives
a third element {i, j, k} or a block B € B. Then x;x; € P? gives x;/ = Hom(P!, F,).

Thus pairs x;x; € P give classes x;/ = Hom(P!, ;) and every x;’ comes from some x;x; &
P2. This says dim Hom(P!, F,) = v, which says rank P = v. Thus one has

FACT: For a Steiner triple system S(2, 3, v) the associated Poincaré algebra P hasrank P = v.
X
Now consider a Steiner system S(k, t, v) with2<t<k<v. Onethenhas2<t<k-1<k<v
but this is not a Steiner system S(k —1, k, v). For a given k —1 elementset{iy, ..., ix-1} <V
there may be no block {i1, ..., ix_y, ix} in B containing {i1, ..., ix1}. If however there
is such a block, it is unique. If {i1, ..., ix1, i}, {i1,..., ix-1, i} are blocks in B both
contain {i, ..., i} and hence they coincide.

311.S.: We knew about this example since the winter of 2005 — 2006 in the terms described here using the projective plane over
Fy, as well as in terms of the barycentric subdivision of the 2-simplex (see § 8 Example 1). The connection with Steiner triple
systems was discovered by Bob in February of 2006 in mulling over Example 3 in § 8 and the vast number of other examples we
had using square free admissible Macaulay classes as described in § 8.
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Now consider j € {1, 2, ..., v}. There is a block {j, i1, ..., ix-1} = B B. Specif-
ically {j, i1, ..., i;-1} can be taken to be a t-set containing j and there is then a block
containing {j, i1, ..., i-1} in B. By uniqueness {i1, ..., ix-1,j} = B e B and for j' #

N .
j>{i1, ..., ik-1,j'} ¢ B. One then has 6(x; - - i1 FXj) = {Sé 0 j.r fj and under the
homomorphism P*"! — Hom(P!, [f,), the element x;, - - - x;,_, is sent to xJ'-]e Hom(P!, B,).
We then have

FACT: For a Steiner system S(t, k, v), 2 <t < k <v the associated Poincaré duality algebra
has rank v.

Fantastic! After many days of hacking around, we finally have an argument that seems to
work. And it isn’t really a difficult argument.

Now, of course, we would like to consider the question: Is the Poincaré duality algebra P
of a Steiner system always indecomposable? We really don’t have much evidence for that — we
just know one example — and we are wanting something nice to happen.3?

13 March 2008

So now we want to look at indecomposability of P.

One starting point would be to consider another example. The next smallest Steiner sys-
temis S(2, 3, 9). This can be defined as the affine plane over the field Fs. A point in the plane
is a pair (x, y) with x, y € F3 and the lines in the plane are the sets of solutions of linear
equations ax + by = c with a, b, c € 3, (a, b) # (0, 0).

One can also write this down as blocks in V = {1, 2, 3, 4, 5, 6, 7, 8, 9} and the blocks
are:

If P = Q#R is a connected sum then Q and R are subalgebras satisfying x? = 0 for all
x e Q! or x € R'. Because f-dim Q = f-dim R = 3 one has dim Q! =3, dim R! =3 and
9 = dim Q! + dim R!. Because there is no Poincaré duality algebra M satisfying x> = 0 for
all x € M! with f-dim M = n and rank M = n + 1 neither Q nor R can have rank 4, so one of
Q and R must have rank 3 and the other has rank 6. Let’s choose rank Q = 3 and rank R = 6.

Then Q! has a basis {x, y, z} and xyz # 0 € Q3. The annihilator of x in P! is then the
space Span{x} + P! and is 7-dimensional. If P is decomposable, there must then be a class
x € P! with dim xP! = 2.

Is there something else we can try?

Lat er
I went to look at the old correspondence with Larry and happily found a result. >3

LEMMA: Let M be a Poincaré duality algebra satisfying u?> = 0 for all u € M. If there is a
class x € M! with dim xM' = rank M -1 then M is indecomposable.

32L.S.: In retrospect we had lots of examples. We just hadn’t thought to reformulate them in the language of Steiner systems.
In the text beginning next Bob rediscovers the example (see § 8 Example 2) of inflection points on a nonsingular elliptic curve
in the language of Steiner systems.

33 Compare this with Proposition 3.4.
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PROOF: Suppose M = Q#R. For x € M!, x = q + r with g € Q' and r € R! and for z =
q +r,xz=qq +rq +qr +rr' =qq + rr' since rq' and qr' belong to Q! - R! =
0. Now Q'— Q? : q'+— qq' has kernel containing q, so dim qQ! <dim Q! - 1 and
R'— R? : r' +— rr' has kernel containing r sodim rR! <dim R' —1. ThenxM' < qQ' + rR!
and this subspace ¢Q! + rR! has dimension at most dim Q! -1 + dim R! -1 = dim M! -2,
contrary to hypothesis. []

Now consider a Steiner triple system S(2, 3, v). For any j >1, {1, j} is a 2-element
subset of V and there is a block B = {1, j, k} € B. Then 6(x;xjx) # 0 and x;x; P! is
x;/e Hom(P?!, F,) OP?. The elements x, £ >1 are linearly independent, so the elements x;x;
are linearly independent and dim x; P! = v — 1. This gives the following result.

FACT: If P is the Poincaré duality algebra of a Steiner triple system S(2, 3, v) then P is
indecomposable.
Now consider a Steiner system S(2, k, v) with k > 3. For any j > 1, {1, j} is a 2-element
subset of V and there is a unique block {1, j, i1, ..., ix2} =Be B. Forany iy, ..., i,
notequal to i, . .., ix-, {1, J, i, ..., i;_,} isnota block in B. Thus

. — 0 {1'1’; i;<—2} %{il;"': ik—2}
s x ) = o G H Tl

If one has a linear combination 3 «;x1x; = 0 in P? then multiplying by x;, - - - x;,_, and applying
0 gives

0=26 (Z A X1 XX, - 'Xik_2> = Z aj 9(X1iji1 .. 'xik—z) = qj.

Thus the classes x1x; are linearly independent and dim x1P! = v - 1. This gives

FACT: If P is the Poincaré duality algebra of a Steiner system S(2, k, v) then P is indecom-
posable.
X
That is rather curious. We’ve gotten the result for Steiner systems S(¢, k, v) with t = 2.
There doesn’t seem an obvious way to approach t >2. (Of course, the point may be that
indecomposability is basically a degree 2 property.)
X
Let’s consider a Steiner system S(t, k, v) with 2 <t <k <v and let’s suppose that k —t > t.
For any t-element set{iy, ..., i;} = T thereisauniqueblock B=T0OS, S={j1,..., jk-t}
with B € B. Since k —t > t there is a unique block B' = T' O S containing {j1, ..., jr_¢}
and hence a unique block containing S. This implies that the homomorphism E* — P! is an
isomorphism.* Because k — t > t this implies that E/ — PJ is an isomorphism for all j < t,
and in particular for j = 2. Because the classes x1x; with 1 <j are linearly independent in E?
they must then be linearly independent in P? and dim x; P! = rank P! - 1. Thus we have

FACT: If P is the Poincaré duality algebra of a Steiner system S(t, k, v) with k —t > t, then
P is indecomposable.
(Note. This includes the case S(2, k, v) with k >3 since k —2 = 2, so we have eliminated
the restriction t = 2. That was part of a more general result.)

34L.S.: Clearly E is the exterior algebra E(xq, ..., Xn), as in the text dated 11 March 2008, and also as in that text Bob is
regarding P as a quotient algebra of E.
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16 March 2008

I haven’t made any progress on these questions for a couple of days. . . .
So I will stop here. I will try to go on later.
Sincerely,

Bob
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