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1. INTRODUCTION

Let k be a field and S = k[ty, ..., t4] a polynomial ring with variables
t; of degree one. Consider a k-subalgebra R generated by m homoge-
neous elements {x1, ..., 2, }. In general, if x is a homogeneous element
in a graded object, we denote its degree by |z]|.

Problem. Let [S : R] denote the degree of the underlying fraction
field extension. If S is algebraic over R, calculate [S : R| from the

{lzl} -

First, one has a form of Bezout’s Theorem:

Theorem 1.1. If S is integral over R, the following hold:
(a) [S: R] divides [ |=].
(b) If m =d, then [S : R =[] |xi].

In this paper, we consider the case that m = d and obtain a converse
to part (b) above:

Theorem 1.2. If S is algebraic over R, m = d, and [S : R] =[] |z,
then S is integral over R (equivalently, S is finitely generated as an
R-module).

We also note that if S is not integral over R, then [S : R] need not
even divide [ |z

Our proofs rely on reduction to the case of standard graded k-
algebras. By a standard graded k-algebra we mean a positively graded
k-algebra that is Noetherian and generated by its homogeneous ele-
ments of degree one (equivalently, is generated by finitely many homo-
geneous elements of degree one). For such an algebra A the Hilbert
function H4(n) = dimy, A,, is eventually polynomial:

Ha(n) = e(A)n®/(d — 1)! + lower order terms.
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Here d is the Krull dimension dim A of A, whereas the positive integer
e(A) is defined to be the multiplicity of A. More generally, if M is a
finitely generated graded A-module, one has

Hpy(n) = e(M)n®*/(d — 1)! + lower order terms

for n > 0, where d = dim M is the Krull dimension of M as an A
module and e(M) denotes its multiplicity, see e.g. [3, 4.1.3].

We will deduce Theorem 1.2 from the next result that provides a
criterion for integrality in terms of multiplicities:

Theorem 1.3. Let A C B be an inclusion of standard graded k-
algebras which are domains. One has

(a) e(B) > [B, 4] e(A).

(b) e(B) = [B: A] e(A) if and only if A C B is integral.

An interesting application of Theorem 1.2 is in the study of rings of
invariants of finite groups acting on a polynomial ring:

Theorem 1.4. Let V' be a d-dimensional vector space over the field k,
V# its k-dual, and S = S[V#] = k[t,, ..., t4] the algebra of polynomial
functions on V. Let W C GL(V') be a finite group. There is an induced
action on S. Then SV = R is a polynomial algebra over k if and only

if there exist homogeneous elements {x1,...,xq} of R such that
(a) S is algebraic over klxy, ..., xq], and
(b) (W] =1Tlxl.

In the last section, we give examples where [B : A| does not divide
[]|zi| and examples of rings of invariants for which Theorem 1.4 is
useful in providing a proof of polynomial structure.

We note that Theorem 1.3 is a special case of results by Simis-Ulrich-
Vasconcelos [9, 6.1(b)]. However, the stronger hypotheses here make a
streamlined proof possible. We have also included more details of the
graded algebra computations in order to make the paper accessible to
the wider audiences of invariant theorists and algebraic topologists.

2. PROOF OF THEOREM 1.1

We borrow the proof from Adams-Wilkerson [1].

Proof of 1.1:  Pick a homogeneous spanning set {y;}L, for the
finitely generated graded R-module S. Choose a basis for the fraction
field L of S over the fraction field K of R consisting of homogeneous
elements {u;}Y, from S. Here N = [S : R]. Let U be the graded
R-submodule of S generated by the {u;}. Then U is a free graded
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R-module. Note that for each j, there exist {a;;} and {b;;} in R so
that b;; # 0 and y; = > (ai;/bij)uj. Then by taking A =[], . b;;, one
has that AS Cc U C S.
We now record some Hilbert-Poincaré series:
(a) Ps(T)=(1-T)""
(b) Pr(T) = h(T)(1 — T)™4J] (1 — T*N~1 for h a polynomial
with integer coefficients.
(¢) Py(T) = g(T)Pr(T), where g is a polynomial with non-negative
integer coefficients and g(1) = N =[S : R].
(d) Pas(T) =T Ps(T).
From the inclusions

1,J

AScUCcCS
one has
Pps(T) < Pu(T) < Ps(T).

These inequalities should first be interpreted as holding for the non-
negative integer coefficients of the powers of 7" in the respective formal
power series. But each of the series also represents a real analytic
function for T real and |T'| < 1. These functions each have a pole of
order d for T'= 1. So in terms of these functions, we can restate the
inequalities as

PAs(T) < PU(T) < Ps(T) for0<T <1 .
After multiplying by (1 — T)¢ > 0, one has
T < gD [ -T)/@=TF) <1 for0<T <1 .

These inequalities have meaning for the functions, although not neces-
sarily for the series. Thus in the limit as 7" — 1, one has

W9 [Tl =1, or h(1)g(1) = |a1] ... - [em|

Since g(1) = N = [S : R], it follows that [S : R] indeed divides
|z1] - ... |zm|. In the special case that m = d, R is a polynomial alge-
bra and h(T) = 1. Thus (a) and (b) are both established. O

3. REDUCTION OF THE PROOF OF THEOREM 1.2 TO THEOREM 1.3

Step One: Starting with k[z1,...,24 = R, obtain the subalgebra
R = k[z¥, ... 2], where the positive integers {k;} are chosen so that
for all i, |2%| = N, the least common multiple of the |z;|. Then R’ C R

is integral.
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Step Two: Replace S by the Veronese subring S®V) generated by
all homogeneous elements of S whose degree is an integral multiple of
N.

Step Three: We have an inclusion R’ ¢ S®) in which all elements
of each algebra have degree a multiple of N. Regrade the algebras by
declaring the new grading to be the old grading divided by N. Then
R C S™) can be regarded as an inclusion of finitely generated standard
graded domains, so Theorem 1.3 applies:

e(SM) = [SW) . R e(R)
if and only if R' ¢ SW) is integral.

We now need some small calculations.
Lemma 3.1. ¢(R') = 1.

Proof. This follows since R’ is a polynomial algebra on degree one gen-
erators. 0

Lemma 3.2. [S: SW™] = N.

Proof. Notice that {(¢1)"|1 <i < N — 1} is a vector space basis for the
fraction field of S over that of StV). O

Lemma 3.3. [R: R'] =[] k.

Proof. This can be easily seen by considering a basis of R as an R'-
module. U

Lemma 3.4. [S: R] [[k;=[S: R]=[S™ :R] N.

Proof. One has the chains of inclusions R € R C S and R’ ¢ SW) ¢
S, and likewise on the fraction field level. Now use Lemmas 3.2 and
3.3. O

Lemma 3.5. e(SW)) = N1

Proof. Since SV is the Veronese subring, we have Hgv) (n) = Hg(Nn).
Therefore

e(SNnd=1/(d— 1)+ ... =e(S)(Nn)“/(d— 1) + ...,
and we obtain e(S™)) = N¢-1le(S) = N1, O

Lemma 3.6.

SRR | [

e(SM) = [SWM) . R e(R') .

if and only iof
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Proof.
(5B =] I

= [S: R[] ki =[] (ilks)
= [S™M: RN = N*
= [S™M: R]=N"!
= e(SM) = [SM . R e(R) .
O

Lemma 3.7. S is integral over R if and only if S™) is integral over
R

Proof. If S is integral over R, then S is integral over R’, and hence
S is integral over R'. On the other hand if S®V) is integral over R/,
then S is integral over R, and hence over R. O

Theorem 1.2 now follows from Theorem 1.3(b), Lemma 3.6 and
Lemma 3.7.

4. PROOF OF THEOREM 1.3

To prove Theorem 1.3 it will be more convenient to consider the
more general class of quasi-standard graded k-algebras. By this we
mean positively graded k-algebras A so that A is Noetherian, Ay = k,
and A is integral over the k-subalgebra generated by the homogeneous
elements of degree one. As such algebras are finitely generated graded
modules over standard graded k-algebras, one can define the concepts
of Hilbert functions and multiplicities as in the standard graded case.

In this section, A C B is an inclusion of quasi-standard graded k-
domains, for which B is algebraic over A. The aim is to prove that
under suitable restrictions on the multiplicities of A and B, the ring B
must be a finitely generated A-module. More specifically, we have the
following generalization of Theorem 1.3:

Theorem 4.1. Let A C B be an inclusion of quasi-standard graded k-
algebras which are domains and for which B is algebraic over A. One
has

(a) e(B) > [B: A] e(A).

(b) e(B) = [B: A] e(A) if and only if A C B is integral.

Part (a) is clear since B contains a rank [B : A] free graded module
over A. One direction of the implications in (b) is standard:
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Proposition 4.2. Let A C B be an inclusion of quasi-standard graded
k-algebras which are domains. If B is integral over A, then e(B) =

[B: A] e(A).
This can be deduced from a more general fact:

Proposition 4.3. Let A be a quasi-standard graded k-algebra which is
a domain, with field of fractions K. If M is a finitely generated graded
A-module with dim M = dim A, then e(M) = dimg (M @4 K) e(A).

See [7, 14.8] for a proof of Proposition 4.3. The rest of this section
is devoted to a proof of the other implication in 4.1(b)

We first prove that we can reduce to the case that e(A) = e(B),
[B: Al =1, and A and B are standard graded.

Given A C B algebraic, choose homogeneous elements {¢; 1 < i <
N} in B that form a basis for the field of fractions L of B over the
field of fractions K of A. For each such ¢;, there exists a nonzero
homogeneous a; € A such that b; = a,c¢; is integral over A. Define
A" to be the A-subalgebra of B generated by the {b;}. Then A’ is
integral over A and the extension degree [A" : A] = [B : A]. Therefore
[B: A’] = 1. Notice that A’ is still quasi-standard graded, but that it
may fail to be standard graded even if A and B are — hence the need
to consider the wider class of quasi-standard graded algebras.

Thus by Proposition 4.2, since A C A’ is an integral extension of
quasi-standard graded k-algebras,

e(A)) = [A: A] e(A)

Hence if e(B) = [B : A] e(A), one has e(A") = e(B). Therefore the
proof of Theorem 4.1 can be reduced to showing the following propo-
sition:

Proposition 4.4. Let A C B be an inclusion of quasi-standard graded
k-domains such that B is algebraic over A and e(B) = e(A). Then B
is a finitely generated A module.

Finally, the reduction to the standard graded case follows from some
easy facts:

Lemma 4.5. Let A be a quasi-standard graded k-algebra. There exists
a positive integer N so that for each positive integer r, the Veronese
algebra AUN) is generated by the elements of A,n. That is, after re-
grading, A"Y) is a standard graded k-algebra.

Lemma 4.6. Let A C B be an inclusion of quasi-standard graded k-

domains such that B is algebraic over A. Let N be a positive integer.
If e(B) = e(A), then [BN) : AN =1,
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Lemma 4.7. Let A C B be an inclusion of quasi-standard graded k-
domains. Choose a positive integer N. Then B is integral over A if
and only if for the Veronese algebras, BN is integral over AN,

In light of Lemmas 4.5, 4.6 and 4.7 it will suffice to prove Proposition
4.4 in the standard graded case.

The idea of the proof then is to consider the graded A-module C'
defined by the short exact sequence

0—-A—B—-C—0

C has no obvious finiteness properties as an A-module, but it does have
a Hilbert function, namely

He(n) = Hg(n) — Ha(n)

Since B is algebraic over A, the two algebras have the same Krull di-
mension, say d, see for instance [6, Theorem A, p. 286]. As furthermore
e(A) = e(B), it follows that the leading term of Ho(n) occurs in degree
d — 2 or less.

We need to associate more structure to C' in order to utilize this
information about Hg(n). Let I = A;B be the homogeneous B-ideal
generated by A;. Let G be the associated graded algebra to the filtra-
tion of B by powers of I. That is,

G = é Ii/[i—l-l
i=0

Then G is a positively graded Noetherian ring, although in general it
is not a domain and Gy is not a field. It has Krull dimension that of
B, see e.g. [7, 15.7].

Proposition 4.8. The ring G s equidimensional. That s, for each
minimal prime ideal p C G , dimG/p = dim G = d.

Proof. The associated graded ring G can also be thought of as the
quotient of the domain R = B[It,t'] (the extended Rees algebra) with
respect to the principal ideal generated by ¢~!. The Krull dimension of
R is d+ 1, see [6, Theorem A, p. 286] or [7, 15.7]. The minimal prime
ideals of G correspond to the minimal prime ideals in R associated to
the principal ideal generated by t~!. Let q be such an associated prime
ideal in R. By the Krull Principal Ideal Theorem, see e.g. [7, 13.5],
the height of q is 1. Since R is an affine domain, we have dimR/q =
dimR — ht q, see e.g. [6, 13.4]. Therefore

dmR/q=dimR —-htq=(d+1)—-1=4d .
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Hence if p C G is the corresponding minimal prime ideal in G, then
dimG/p = dimR/q = d. That is, G is equidimensional. O

Proposition 4.9. In addition to the assumptions of Proposition 4.4
suppose that A and B are standard graded. Then the homogeneous
1deal B1G C G s nilpotent.

Proof of Proposition 4.4 using Proposition 4.9:

In light of Lemmas 4.6 and 4.7 we may assume that A and B are
standard graded. Since B;G is nilpotent according to Proposition 4.9,
its filtration degree 0 component, B;B/A;B, is also nilpotent in G.
Hence, back in B, B1B C +/A;B. So there exists a positive integer
N such that BY = A;Bx_;. As B is standard graded we deduce that
By = AiBn_1, and then B, = A,_yBy for every n > N. Thus a
generating set for B as an A-module can be obtained from a k-basis of
@?:01 B;. That is, B is a finitely generated A-module.

Proof of Proposition 4.9:

GG inherits an internal degree from B and a filtration degree from the
I-adic filtration. We write G, ;) where n is the internal degree and ¢
is the filtration degree. For the total degree, we use the sum of the
two degrees and set G,, = @, +iem G(n,i)- Note that since A and B are
standard graded, A1A,,_1 = A, and B1B,,_1 = B,, for all n. Thus

Gn = B,/Ai1By1 ® A1By_1/AsB—o...® Ay 1B /A, & A,
and
(B1G)n = B /A1 By @ AiBp_1/AsBp o ... ® A1 Bi /A, .

This last expression gives us the “raison d’étre” for G and B;G in
our strategy. When we take lengths, consecutive terms cancel. That
is dimg(B1G), = dimg B,/A,, = dimy C,,. Thus Hp,g(n) = He(n).
Notice that with respect to the total degree, GG is a standard graded
(finitely generated) k-algebra and B; G is a homogeneous G-ideal. Hence
the Hilbert function and polynomial for B;G detect the Krull dimen-
sion of B1G as a module over G:

Lemma 4.10. dim B,G < d — 1.

Proof. For n > 0, Hg,c(n) = Hc(n) = Hp(n) — Ha(n) is a poly-
nomal function of degree degree < d — 2, from the hypothesis that
e(A) = e(B). Since B;G is a finitely generated graded module over the
standard graded k-algebra (G, its dimension is detected by the degree
of the Hilbert polynomial, see e.g. [3, 4.1.3]. O
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On the other hand, for ann(B;G) the annihilator ideal of B;G in G,
dim B;G = dim G/ann(B;G).

Lemma 4.11. Let p C G be a minimal prime ideal of G. Then B1G C
p.

Proof. Since G is equidimensional, dim G /p = dim G = d for each such
p. Hence ann(B;G) € p since dim G/ann(B,G) < d — 1 < dim G/p.
Thus ann(B;G) contains an element not in p, ie., in G — p, so the
localization (B1G), = 0. Therefore B;G C p, since if B;G contained
an element not in p, it would yield a unit in (B1G),. O

Now Lemma 4.11 immediately gives Proposition 4.9, because the
nilradical of GG is the intersection of its minimal prime ideals.

5. COUNTEREXAMPLES AND EXAMPLES

We first construct an example for d = 2 for which the field exten-
sion degree does not divide the product of the degrees of the algebra
generators.

Ezample 5.1. Let S = k[x,y] where |z| = |y| = 1. Let R be the k-
subalgebra of S generated by the monomials 2% and zy?. Let K be the
fraction field of R and K’ the extension given by adjoining the element
x. Then [K' : K] = 3 and K’ contains y*>. Hence the fraction field
L of S is obtained from K’ by adjoining y. Thus [L : K’'| = 2, and
[L : K] = 6, which does not divide 3?2 = 9. There are of course no
examples involving only one variable.

The second class of examples are illustrations of Theorem 1.4. Wilk-
erson [10, Section III] lists several types of finite linear groups in char-
acteristic p for which one obtains polynomial rings of invariants. In
addition to the Dickson invariants for the general linear groups, the
special linear groups and variations on the upper triangular groups
qualify. But in these cases, the integrality conclusion of Theorem 1.4
is already evident.

However, the Shephard-Todd [8] list of finite complex reflection groups
provides more challenges. Clark-Ewing [4] analyze these to determine
for each group the primes for which there is an associated reflection
representation over the p-adic integers or F,. C. Xu in [11, 12] stud-
ied the three complex reflection groups labeled Wag, W3, and W34 in
characteristic 5, 5 and 7, respectively. In each case he obtained a list
of invariant polynomial forms that allow Theorem 1.4 to be applied:
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Theorem 5.2.

(a)

(b)

For the group Wy over Fy, there are forty linear forms {L;}
in Fs[ty, ..., ta] for which Wag permutes the powers {L}}. The
first, second, third, and fifth elementary symmetric polynomials
{24, 18, 212, 20} in the {L}} are algebraically independent over
F5 and the product of the degrees is4-8-12-20 = 7680 = |Way|.
For W3y overFy, there is a degree 4 polynomial Yy in Fs[ty, ..., t4]
for which the Wsy-orbit contains only sixz distinct polynomials,
{Yy.}. The second, third, fifth, and sizth elementary symmetric
polynomials {ys, Y12, Y20, Y2a} in the {Yy;} are algebraically in-
dependent. The product of the degrees is 8-12-20-24 = 46080 =
|W31‘.

For the group W3y over Fy, there are 126 linear forms {L;} in
Fr[ty, ..., ts] for which the sizth powers {L8} are permuted by
the action. The first, second, third, fourth, fifth, and seventh
elementary symmetric polynomials {zs, 212, 218, 224, 230, 242} N
the {LS} are algebraically independent and the product of the
degrees is 6 - 1218 - 24 - 30 - 42 = 39191040 = |Wy].

For Wsg and W3, Xu uses the computer algebra program Macaulay
to verify that the proposed generators are algebraically independent.
However, for example W34, the number and degree of the terms involved
force a different strategy. The Jacobian is set up but not expanded
symbolically. In fact, it vanishes at each point of (F7)®. However, Xu
finds a point in (Fy9)® for which this Jacobian does not vanish. That
is, the Jacobian is not identically zero, so the the proposed generators
are algebraically independent. Thus, by Theorem 1.4, the rings of
invariants are as claimed by Xu:

Corollary 5.3.

Fslt1, ..., ta)"? = Fjlx4, x5, 212, Tao).
Fslt1, ..., ta)"* = F5[ys, Y12, Y20, Y4
Frlt1, ..., te)"* = F5[z6, 212, 218, 224, 230, 242]-

Here the degree of xi., yi, or zj is k.

These examples can also be found in Aguadé [2] without proof of the
polynomial nature of the rings of invariants.
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