ON THE COHOMOLOGY AND THE CHOW RING
OF THE CLASSIFYING SPACE OF PGL,

ANGELO VISTOLI

ABSTRACT. We investigate the integral cohomology ring and the Chow
ring of the classifying space of the complex projective linear group PGL,,
when p is an odd prime. In particular, we determine their additive
structures completely, and we reduce the problem of determining their
multiplicative structures to a problem in invariant theory.
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Let G be a complex linear group. One of the main invariants associated
with G is the cohomology H{, of the classifying space BG. B. Totaro (see
[13]) has also introduced an algebraic version of the cohomology of the clas-
sifying space of an algebraic group G over a field k, the Chow ring Ay, of
the classifying space of G. When k& = C there is a cycle ring homomorphism
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Ay — Hg,. Chow rings are normally infinitely harder to study than coho-
mology; it remarkable that, in contrast, A¢; seems to be better behaved, and
easier to study, than Hf,. For example, when G is a finite abelian group, A,
is the symmetric algebra over Z of the dual group @; while the cohomology
ring contains this symmetric algebra, but is much more complicated (for
example, will contain elements of odd degree), unless G is cyclic.

This ring Af; has also been computed for G = GL,,, SL,,, Sp,, by Totaro
and R. Pandharipande, and for G = SO,, by R. Field. However, not much
is known for the PGL,, series. Even the cohomology of BPGL,, seems to
be mysterious. Algebraic topologists tend to work with cohomology with
coefficients in a field, the case in which their very impressive toolkits work
the best. When p does not divide n, the comology ring H*(BPGL,,, Z/pZ)
is a well understood polynomial ring. Also, since PGLy = SOj3, the ring
H*(BPGL9,Z/2Z) is also well understood. The other results that I am
aware of on H*(BPGL,,,Z/pZ) are the following.

(1) In [9], the authors compute the cohomology ring H*(BPGL3,Z/37Z).

(2) The ring H*(BPGL,,Z/27Z) is known when n = 2 (mod 4) ([8] and
12)).

(3) Some interesting facts on H* (B PGL,, Z/pZ) are proved in [14].

On the other hand, to my knowledge no one has studied the integral
cohomology ring Hpqyp, -

In the algebraic case, the only known results about Ay, , apart from
the case of PGLy = SO3, concern PGL3 and were proved by Vezzosi in [15].
Here he determines almost completely the structure of Apg;, by generators
and relations; the only ambiguity is about one of the generators, denoted by
x and living in A%GL3, about which he knows that it is 3-torsion, but is not
able to determine whether it is 0. This y maps to 0 in the cohomology ring
Hpp,; according to a conjecture of Totaro, the cycle map Apg, — Hpgr,
should be injective; so, if the conjecture is correct, x should be 0.

Despite this only partial success, the ideas of [15] are very important.
The main one is to make use of the stratification method to get generators.
This is how it works. Recall that Edidin and Graham ([2]) have generalized
Totaro’s ideas to give a full-fledged equivariant intersection theory. Let V' be
a representation of a group G; then we have Ay, = A7 (V). Suppose that we
have a stratification Vj, ..., V; of V by locally closed invariant subvarieties,
such that each Vg; et Nj<;V; is open in V, each V; is closed in V;, and
Vi = V' \ {0}. If we can determine generators for Ag(V;) for each 4, then one
can use the localization sequence

AG(Vi) — Aq(V<i) — Ag(V<in) — 0

and induction to get generators for Ag(V \ {0}); and since A (V' \ {0}) =
& /(cr(V)), where ¢, (V) € A, is the r*' Chern class of V, we obtain that
Ay, is generated by lifts to A7, of the generators for Ay, (V' \ {0}), plus ¢, (V).
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The stratification methods gives a unified approach for all the known
calculations of Ay, for classical groups (see [10]).

Vezzosi applies the method to the adjoint representation space V = sl3
consisting of matrices with trace 0. The open subscheme Vj is the subscheme
of matrices with distict eigenvalues; its Chow ring is related with the Chow
ring of the normalizer N3 of a maximal torus Tpgr, in PGL3. In order to
get relations, Vezzosi uses an unpublished result of Totaro, implying that
the restriction homomorphism Apg; . — A}, is injective. The reason why
he is not able to determine whether x is 0 or not is that he does not have a
good description of the 3-torsion in A’ .

In this paper we extend Vezzosi’s approach to the case of PGL,, where p is
an odd prime; and we also show how this can give considerable information
on the cohomology of a classifying space.

Let Tpgr, be the standard maximal torus in PGL,, consisting of classes
of diagonal matrices, S, its Weyl group. Here are our main results (see
Section 3 for details).

(1) The natural homomorphism A% ar, (AZ‘FP GLp)Sp is surjective, and

has a natural splitting ( Z‘FPGLP)SP — A*TPGLP, which is a ring homo-
morphism.
(2) The ring Ap, is generated as an algebra over (Atoes )Sp by a
P

single p-torsion element p € A%EILP; we also describe the relations.

(3) The ring Hpqy,, is generated as an algebra over (A%oer )Sp by two
P

elements: the image p € H%fg'fp of the class above and the Brauer

class 8 € H?F’,GLP; we also describe the relations.
(4) Using (2) and (3) above, we describe completely the additive struc-
tures of Apqy,, and Hpgy, .

(5) For p = 3 we give a presentation of ( Tp GL3)S3 by generators and

relations (this is already in [15]); and this, together with (2) and
(3) above, gives presentations of Apqp . and Hpgyp,, completing the
work of [15].

(6) The cycle homomorphism Apgy, — Hp¢Y, into the even-dimensional
cohomology is an isomorphism.

The ring (AZ‘FP GLp)s” is complicated when p > 3; see the discussion in
Section 14.

The class p in (2) seems interesting, and gives a new invariant for sheaves
of Azumaya algebras of prime rank (Remark 11.3). In [11], Elisa Targa shows
that p is not a polynomial in Chern classes of representations of PGLy,.

Many of the ideas in this paper come from [15]. The main new contri-
butions here are the contents of Sections 6 and 7 (the heart of these results
are Proposition 6.1, and the proof of Lemma 6.5), which substantially im-
prove our understanding of the cohomology and Chow ring of the classifying



4 ANGELO VISTOLI

space of N, and Proposition 10.1, which gives a way of showing that in the
stratification method no new generators come from the strata correspond-
ing to non-zero matrices with multiple eigenvalues, thus avoiding the painful
case-by-case analysis that was necessary in [15].

Acknowledgments. I would like to thank Nitin Nitsure and Alejandro
Adem for pointing out references [8], [12] and [14] to me.

I am also in debt with Alberto Molina, who discovered a serious mistake
in the proof of Theorem 3.2 given in a preliminary version of the paper, and
with Marta Morigi, who helped me fix it.

2. NOTATIONS AND CONVENTIONS

All algebraic groups and schemes will be of finite type over a fixed field
k of charateristic 0. Furthermore, we will fix an odd prime p, and assume
that & contains a fixed p'"" root of 1, denoted by w. When k = C, we take
W= eZﬁi/p.

The hypothesis that the characteristic be 0 is only used in the proof
Theorem 9.3, which should however hold over an arbitrary field. If so, it
would be enough to assume here that the characteristic of £ be different
from p.

Our main tool is Edidin and Graham’s equivariant intersection theory
(see [2]), which works over an arbitrary field; when we discuss cohomology,
instead, we will always assume that k& = C. All finite groups will be con-
sidered as algebraic groups over k, in the usual fashion. We denote by Gy,
the multiplicative group of non-zero scalars over k, u,, the algebraic group
of n'" roots of 1 over k.

Whenever V is a vector space over k, we also consider it as a scheme over
k, as the spectrum of the symmetric algebra of the dual vector space V. If
V is a representation of an algebraic group G, then there is an action of G
on V as a scheme over k.

We denote by Tgr,, Tsp, and Tpgr, the standard maximal tori in the
respective groups, those consisting of diagonal matrices. We identify the
Weyl groups of these three groups with the symmetric group S,. We also
denote the normalizer of Tpir, in PGL, by S, x TpaL,-

If ay, ..., ap are elements of £*, we will denote by [a1, ..., ap] the diagonal
matrix in GL, with entries ay, ..., ap, and also its class in PGL,. In general,
we will ofter use the same symbol for a matrix in GL, and its class in PGL,;
this should not give rise to confusion.

It is well known that the arrows

by — (Mg, )%, Hiy, — (A, )

and
S S
>§Lp (Aji'SLp ) P ) HE}LP (AV*I‘SLP ) i

induced by the embeddings Tqr, < GL, and Tsy, < SL;, are isomor-
phisms. If we denote by z; € A}, = Hfy, the first Chern class of
P P
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the 78 projection Tgr, — Gm, or its restriction to Tgp,, then Ai‘FGL =
P
H:;GLP is the polynomial ring Z[z1,...,zp], while Ai‘FSLp = HZ"FSLP equals
Zlx1,...,xp|/(x1 + -+ + xp). If we denote by o1, ..., o, the elementary
symmetric functions in the z;, then we conclude that
ELp = HaLp = Z[Ula s 7UP]
while
Ang = HELP = Zlo1,...,0p]/(01) = Z[oa, ..., 0p).

The ring AT, o, = HT, oL, is the subring of A% oL, generated by the
differences x; — x;. In particular it contains the element § = [, 7éj(aci — ),
which we call the discriminant (up to sign, it is the classical discriminant);
it will play an important role in what follows.

We will use the following notation: if R is a ring, t1, ..., t, are elements
of R, f1, ..., fr are polynomials in Z[z,...,z,], we write

R=Z[t1,....tn)/ (fi(t1,- - tn), -y fr(t1, oo 1))
to indicate the the ring R is generated by %1, ..., t,, and the kernel of the
evaluation map Z[zy, ..., z,] — R sending z; to t; is generated by fi, ..., fr.
When there are no f; this means that R is a polynomial ring in the ;.

3. THE MAIN RESULTS

Consider the embedding p, — Tpgr, defined by ¢ = [(, ¢2, .., ¢P ).
This induces a restriction homomorphism

ATpgr, = Aw, = Znl/(pn),

where 7 is the first Chern class of the embedding p,, C Gy .

The restriction of the discriminant § € (A’%QP;”L )% to p, is the element
P
o o 2
[1¢in — ) = (H(Z - J)) U
i#] i#]

of Z[n]/(pn); this is non-zero multiple of nPQ*” (in fact, it is easy to check
that it equals —nP” 7).

Proposition 3.1. The image of the restriction homomorphism
(Atpe,,)™ — Zn)/ (o)
1s the subring generated by anp.
This is proved at the end of Section 7.

Theorem 3.2. There exists a canonical ring homomorphism (A*TPGL )Sp —
P

Apgr,, whose composite with the restriction homomorphism Apgy, — (A*TPGLP)Sp
1s the identity.
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This is proved in Section 12.

S
As a consequence, Apgp, and Hpgp ~can be regarded as (A*TPGLP) v_

algebras.

Theorem 3.3. The (Ai‘FPGL )S”—algebm Apqr, is generated by an element
P

ptl
peE Apgl )

(a) pp=0, and
. . * S *
(b) pu =0 for all u in the kernel of the homomorphism (ATPGLP) P A/up'

and the ideal of relations is generated by the following:

There is a similar description of the cohomology: besides the element
p, now considered as living in H%’gfp, we need a single class S in degree
3. This class is essentially the tautological Brauer class. That is, if we
call C the sheaf of complex valued continuous functions and C* the sheaf of
complex valued nowhere vanishing continuous functions on the classifying
space BPGL,, the tautological PGL, principal bundle on BPGL, has a
class in the topological Brauer group H?(BPGL,, C*)ors (see [6]). On the
other hand, the exponential sequence

2mi

0 —2Z-—C—C"—1

induces a boundary homomorphism
H?(BPGL,,C*) — H*(BPGL,,Z) = Hpq,,

which is an isomorphism, since B PGL,, is paracompact, hence H'(B PGL,,C)
0 for all 7 > 0. Our class § is, up to sign, the image under this boundary
homomorphism of the Brauer class of the tautological bundle.

Theorem 3.4. The ring Hpg,,, is the commutative (A?‘FPGLp)Sp—algebm gen-

erated by an element B of degree 3 and the element p of degree 2p + 2. The

ideal of relations is generated by the following:

(a) % =0,

(b) pp=pB =0, and

(c¢) pu = pu =0 for all u in the kernel of the homomorphism (A*TPGLP)
AZP.

S
P

Corollary 3.5. The cycle homomorphism induces an isomorphism of A;GLP
with %"gﬁp.

From here it is not hard to get the additive structure of Apq;, and Hpqy, .
For each integer m, denote by r(m,p) the number of partitions of m into
numbers between 2 and p. If we denote by 7(m, p) the number of partitions
of m with numbers at most equal to p (a more usual notation for this is
p(m, p), which does not look very good), then r(m, p) = w(m,p)—n(m—1,p).

We will also denote by s(m, p) the number of ways of writing m as a linear
combination (p? — p)i + (p + 1)7, with i > 0 and 5 > 0; and by s’(m, p) the
number of ways of writing m as a the same linear combination, with ¢ > 0
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and 7 > 0. Obviously we have s'(m,p) = s(m,p), unless m is divisible by
p? — p, in which case s'(m,p) = s(m,p) + 1.

Theorem 3.6.
mo .
(a) The groups Apqy,, is isomorphic to

Z7™P) @ (7 /pZ)*(moP),

(b) The group Hpqr,, s isomorphic to A;n(/}ip when m is even, and is iso-
morphic to
(z/pz)* ("5 P)

when m 1s odd.

When p = 3 we are able to get a description of A;GLP and H;GLP by
generator and relations, completing the work of [15].

Theorem 3.7.

(a) Apgr, is the commutative Z-algebra generated by elements 72, 3, 9, p,
of degrees 2, 3, 6 and 4 respectively, with relations

276 — (4vs +12), 3p, Y2p V3.

(b) Hpgr, Y2, 73, 0, p and B of degrees 4, 6, 12, 8a and 3 respectively, with
relations

276 — (493 +13), 3p, 3B, A% yep, mp, 1By 1B

The rest of the paper is dedicated to the proofs of these results. We start
by recalling some basic facts on equivariant intersection theory.

4. PRELIMINARIES ON EQUIVARIANT INTERSECTION THEORY

In this section the base field k will be arbitrary.

We refer to [13], [2] and [15] for the definitions and the basic properites
of the Chow ring A{, of the classifying space of an algebraic group G over
a field k, and of the Chow group Af;(X) when X is a scheme, or algebraic
space, over k on which G acts, and their main properties. Almost all X that
appear in this paper will be smooth, in which case Af;(X) is a commutative
ring; the single exception will be in the proof of Lemma 6.5.

The connection between these two notions is that Ay, = A7 (Speck).

Recall that Af;(X) is contravariant for equivariant morphism of smooth
varieties; that is, if f: X — Y is a G-equivariant morphism of smooth G-
schemes, there in an induced ring homomorphism f*: A%(X) — AL(Y).

If K =C, and X is a smooth algebraic variety on which G acts, there is
a cycle ring homomorphism Af,(X) — Hg(X) from the equivariant Chow
ring to the equivariant cohomology ring; this is compatible with pullbacks.

Furthermore, if f is proper there is a pushforward f.: AL(Y) — AL (X);
this is not a ring homomorphism, but it satisfies the projection formula

(& f ) = fi -
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for any ¢ € A;(X) and n € AG(Y).

ALYY) 5 AL(X) — AL(X\Y) — 0.
The analogous statement for cohomology is different: here the restriction

homomorphism H,(X) — Hf (X \Y') is not necessarily surjective. However,
when X and Y are smooth we have a long exact sequence

e HE(X\Y)
/
i (V) S Hi(X) ——— HL (X \Y)
o

Hzé—2r+1(y) S

where r is the codimension of Y in X.

Furthermore, if H — G is a homomorphism of algebraic groups, and G
acts on a smooth scheme X, we can define an action of H on X by com-
posing with the given homomorphism H — G. Then we have a restriction
homomorphism

restr: AL(X) — A% (X).

Here is another property that will be used often. Suppose that H is an
algebraic subgroup of G. We can define a ring homomorphism A}, (G/H) —
A} by composing the restriction homomorphism Af(G/H) — Ay (G/H)
with the pullback A} (G/H) — A% (Speck) = A}, obtained by the homo-
morphism Speck — G /H whose image is the image of the identity in G(k).
Then this ring homomorphism is an isomorphism.

More generally, suppose that H acts on a scheme X. We define the
induced space G' x' X as usual, as the quotient (G x X)/H by the free right
action given by the formula (g,2)h = (gh,h 'z). This carries a natural
left action of G defined by the formula ¢'(g,2) = (¢'g,z). There is also
an embedding X ~ H x" X — G x X that is H-equivariant: and the
composite of the restriction homomorphism Af (G x X) — A3 (G x® X)
with the pullback A% (G x¥ X) — A%/(X) is an isomorphism.

Furthermore, if V is a representation of GG, then there are Chern classes
ci(V) e Aig, satisfying the usual properties. More generally, if X is a smooth
scheme over k with an action of G, every G-equivariant vector bundles £ —
X has Chern classes ¢;(E) € AL(X).

The following fact will be used often.

Lemma 4.1. Let E — X be an equivariant vector bundle of constant rank
r, s: X = F the 0-section, Ey C E the complement of the 0-section. Then
the sequence

AL(X) B AL (X) — AL(Fo) — 0,
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where the second arrow is the pullback along Ey — Speck, is exact.
Furthermore, when k = C we also have a long exact sequence

S HL N (E)

/
G " (X) — 5 Ho(X) ——— Hg(By)
0

Proof. This follows from the following facts:

(1) the pullbacks Af(X) — AL(F) and Hi(X) — HE(F) are isomor-
phisms,

(2) the self-intersection formula, that says that the homomorphisms
s*set AG(X) = AL(X) and s*s,.: Hi(X) — Hi(X) are multi-
plication by ¢, (F), and

(3) the localization sequences for Chow rings and cohomology. [ )

Let us recall the following results from [13].

(1) If T = G2, is a torus, and we denote by z; € AL the first Chern class

of the i*" projection T — Gy, considered as a representation, then
AY = Zlxy, ..., zp).

(2) If Tqr, is the standard maximal torus in GL,, consisting of diag-
onal matrices, then the restriction homomorphism Ag;, — At
induces an isomorphism

aL, =~ Llzy, ... o
= Z[Ula s 7Un]
where the o; are the elementary symmetric functions of the z;.
(3) If Tgy, is the standard maximal torus in SL,, consisting of diagonal

matrices, and we denote by x; the restriction to Ag; —of z; € Agy
then we have

A:‘FSL” =Zlz1,...,zp]/(01);

furthermore the restriction homomorphism Ag; ~— AT, induces
n
an isomorphism

* Sn
L, (Z[xl, ... ,xn]/(al))
= Z[o1,09,...,04]/(01).
(4) If t € A, is the first Chern class of the embedding p,, — G,

3
considered as a 1-dimensional representation, then we have

AL = Z[f](nt).
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Furthemore, if G is any of the groups above and k£ = C, then the cycle
homomorphism Ay, — Hy; is an isomorphism.

The following result is implicit in [13]. Let G be a finite algebraic group
that is a product of copies of u,,, for various n. This is equivalent to saying
that G is a finite diagonalizable group scheme, or that G is the Cartier dual
of a finite abelian group I, considered as a group scheme over k. By Cartier

duality, we have that I' is the character group Gy Hom(G, Gy,).

Proposition 4.2. Consider the group homomorphism G — AIG that sends
each character x: G — Gy, into c¢1(x). The induced ring homomorphism

Symy G — Ay is an isomorphism.
A more concrete way of stating this is the following. Set

G:l‘l”nl XX“’I’LT

For each i = 1, ..., n call x; the character obtained by composing the 7*!
projection G' — p,, with the embedding p,,, < G, and set & = ci(x;) €
Al.. Then

A*G = Z[&l, cee 757‘]/(’”’1617 s 7”7‘57‘)‘

Proof. When G = p,,, this follows from Totaro’s calculation cited above.
The general case follows by induction on r from the following Lemma.

Lemma 4.3. If H is an algebraic group over k, the ring homomorphism
n®z Ay — Ay,

induced by the pullbacks Ay — Ay, and A}, — Ay, along the two
projections H x p,, — H and H x p,, — w,, 15 an isomorphism.

Proof. This follows easily, for example, from the Chow—Kiunneth formula in

[13, Section 6], because p,, has a representation V' = k™ on which it acts
def

by multiplication, with an open subscheme U = V' \ {0} on which it acts
trivally; and the quotient U/u,, is the total space of a Gy -torsor on Pl
and, as such, it is a union of open subschemes of affine spaces.

It is also not hard to prove directly. [

There is also a very important transfer operation (sometimes called in-
duction). Suppose that H is an algebraic subgroup of G of finite index. The
transfer homomorphism

tsf: A% — AL
(see [15]) is the proper pushforward from A} ~ Af(G/H) to A (Speck) =
Ag,.

This is not a ring homomorphism; however, the projection formula holds,

that is, if £ € Ag(X) and n € A} (X), we have

tsfl (& res% n) =¢- tsf n

(in other words, tsfZ is a homomorphism of A% (X)-modules).
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We are going to need the analogue of Mackey’s formula in this context.
Let H and K be algebraic subgroups of GG, and assume that H has finite
index in G. We will also assume that the quotient G/H is reduced, and
a disjoint union of copies of Speck (this is automatically verified when k
is algebraically closed of characteristic 0). Then it is easy to see that the
double quotient K\G/H is also the disjoint union of copies of Speck. Fur-
thermore, we assume that every element of (K\G/H)(k) is in the image of
some element of G (k). Of course this will always happen if k is algebraically
closed; with some work, this hypothesis can be removed, but it is going to
be verified in all the cases to which we will apply the formula).

Denote by C a set of representatives in G(k) for classes in (K\G/H)(k).
For each s € C, set

K, = KnsHs ' CG.
Obviously K is a subgroup of finite index of K; there is also an embedding
K, < H defined by k +— s~ 'ks.

Proposition 4.4 (Mackey’s formula).

res$ tsf = Z tsfhe resgS Ay — Ak
seC

Proof. This is standard. We have that the equivariant cohomology rings
AL(G/H) and Af(G/K) are canonically isomorphic to A} and Aj, re-
spectively. The retriction homomorphism Aj — A} corresponds to the
pullback Af(Speck) — A{L(G/K), and the tranfer homomorphism corre-
sponds to the proper pushforward Af(G/H) — Af(Speck).

Since proper pushforwards and flat pullbacks commute, from the cartesian
diagram

G/K x G/H -2 G/H

lprl lw
G/K — s Speck
we get the equality
res% tsfd = p*r, = pr, pri: Al — A% .

Now we need to express G/K x G/H as a disjoint union of orbits by the
diagonal action of G. There is a G-invariant morphism G x G — G, defined
by the rule (a,b) — a'b, that induces a morphism G/K xG/H — K\G/H.
For each s € C, call Q; the inverse image of s € (K\G/H)(k), so that
G/K x G/H is a disjoint union [, -, Q. It is easy to verify that € is
the orbit of the class [1,s] € (G/K x G/H)(k) of the element (1,s) €
(G x G)(k), and that the stabilizer of [1, s] is precisely K. From this we get
an isomorphism

G/K x G/H ~ [] G/K,
seC
from which the statement follows easily. [ )
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Proposition 4.5. Assume that G is smooth. Let f: X — Y a proper G-
equivariant morphism of G-schemes. Assume that for every G-invariant
closed subvariety W C'Y there exists a G-invariant closed subvariety of X
mapping birationally onto W. Then the pushforward f.: A X — ALY is
surjective.

Here by G-invariant closed subvariety of X we mean a closed subscheme V'
of X that is reduced, and such that G permutes the irreducible components
of V transitively (one sometimes says that V' is primitive).

This property can be expressed by saying that X is an equivariant Chow
envelope of Y (see [3, Definition 18.3]).

Proof. In the non-equivariant setting the result follows from the definition
of proper pushforward.

In our setting, let us notice first of all that if Y/ — Y is a G-equivariant
morphism and X’ & Y’ xy X, the projection X’ — Y is also a Chow
envelope (this is easy, and left to the reader). Therefore, if U is an open
subscheme of a representation of G on which G acts freely, the morphism
fxidy: X xU — Y x U is an equivariant Chow envelope. But since G is
smooth, it is easily seen that pullback from (X x U)/G to X x U defines a
bijective correspondence between closed subvarieties of (X xU)/G and closed
invariant subvarieties of X x U; hence the (X x U)/G is a Chow envelope of
(Y xU)/G. So the proper pushforward A*((X x U)/G) — A*((Y xU)/Q)
is surjective, and this completes the proof. [

5. ON Cp x p,,

A key role in our proof is played by a finite subgroups C, x p,, € PGLy.

We denote by C, C S, the subgroup generated by the cycle o & (12...p).
We embed S, into PGL,, as usual by identifying a permutation o € S, with
the corresponding permutation matrix, obtained by applying « to the indices
of the canonical basis ey, ..., e, of V (so that oe; = e;11, where addition is
modulo p).

If we denote by 7 the generator

[w,...,wP™ 1]
of u, € PGLy,, we have that
70 = woT in GLp;
so 0 and 7 commute in PGL,, and they generate a subgroup
Cp x p, € PGLy,.
We denote by « and f the characters C, x p, = Gy, defined as
afc)=w and «afr)=1

and

Ble) =1 and pB(7)=w.
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The following fact will be useful later.

Lemma 5.1. If i and j are integers between 1 and p, consider the matriz
o'td in the algebra gl, of p x p matrices. Then if (i,5) # (p,p), the matriz
o1 has trace 0, and its eigenvalues are precisely the p-roots of 1.

Each o'19 is a semi-invariant for the action of Cp X py,, with character
a”I B8, Furthermore the o'td form a basis of ol,, and those with (i,j) #
(p,p) form a bases of sl,.

Proof. The fact that C, x u, acts on o'rd via the character o743 is an
elementary calculation, using the relation 70 = wor. From this it follows
that the o7/ are linearly independent, and therefore form a basis of gly.
The statement about the trace is also easy.

Let us check that the o'/ with (i,j) # (p,p) have the elements of p,
as eigenvalues. When 7 = p we get a diagonal matrix with eigenvalues are
w?, ..., wP¥, which are all the elements of Ky, because p is a prime and j is
not d1v151ble by p. Assume that ¢ # p. The numbers i, 24, ..., pi, reduced
modulo p, coincide with 1, ..., p. If X is a p'! root of 1, and ey, ..., e, is
the canonical basis of £™, then the vector

Z)\tm

is easily seen to be an eigenvector of o7/ with eigenvalue A (using the fact

that
(£)=(2) wn

when #; = ¢ (mod p), which holds because p is odd, and the relations
oe; = e;11 and T7e; = w'e;). This concludes the proof of the Lemma. [

Corollary 5.2. Any two elements in C, X p,, different from the identity are
conjugate in PGL,.

Remark 5.3. It is interesting to observe that the Proposition, and its Corol-
lary, are false for p = 2; then the matrix o7 has eigenvalues ++/—1, which
are not square roots of 1.

We will denote by & and 7 the first Chern classes in Alcp>< ", of the char-
acters a and 8. Then we have

Ac,xp, = ZI&nl/ (p€, ).

We will identify C, x p, with F, x F,, by sending o to (1,0) and 7 to
(0,1); this identifies the automorphism group of C, x u,, with GLa(IF} ).

We are interested in the action of the normalizer N¢, « ,upPGLp of Cp, x Ky
in PGL;, on Cp x p,, and on the Chow ring Ag, X by

Proposition 5.4. Consider the homomorphism
Ne, xp, PGLy — GLy(IFp)
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defined by the action of NCpXupPGLp on Cp x p,. Its kernel is Cp x ),
while its image is SLy(F,).
Furthermore, the ring of invariants

( - )SL2(1Fp)
p X Hyp

is the subring of A"épxup generated by the two homogeneous polynomials

A (Gl L
2_ — — — —
R N (Sl L

and

r et =P

The equality of the two polynomials that appear in the definition of ¢
is not immediately obvious, but is easy to prove, by subtracting them and
using the identity

(qu _ npfl)p _ 5172*11 _ 771)2*17‘

Proof. First of all, let us show that the image of the homomorphism above
is contained in SLy(IF,). There is canonical symplectic form

2
N\ (Cox 1) — i,
defined as follows: if @ and b are in C, X p,, € PGLy, lift them to matrices

@ and b in GL,. Then the commutator aba 15 " is a scalar multiple of the
identity matrix I,; it is easy to see that the scalar factor, which we denote by
(a,b), is in Ky, and that it only depends on a and b, that is, it is independent
of the liftings. The resulting function

<_’ _>: (Cp X “p) X (CP x “p) - Ky
is the desired symplectic form.

Now, SLy(F,) has p(p? — 1) elements. According to Corollary 5.2, the
action of N¢, « NpPGLp is transitive on the non-zero vectors in IE‘?,; so the
order of the image of N¢, x “pPGLp in SLy(FF,) has order divisible by p?—1.
It is easy to check that the diagonal matrix

1w,w, ..., w() yereywy 1]

ith place

is also in NcpxﬂpPGLp, acts non-trivially on Cp X p,,, and has order p. So
the order of the image of N¢,« /upPGLp is divisible by p; it follows that it is
equal to all of SLy(TF,).

It is not hard to check that the centralizer of C, x u, equals Cp X p,;
and this completes the proof of the first part of the statement.
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)SL2(1Fp)

To study the invariant subring ( , we use the natural sur-

*
CpxXup
jective homomorphism

prp,p = Z[faﬁ]/(PfaPﬂ) — ]Fp [5777]7

which is an isomorphism in all degrees except 1; it is enough to show that
the ring of invariants F, [¢, n]3"2(%) is the polynomial subring Fylq,r].
To look for invariants in F,[{,n], we compute the symmetric functions

of the vectors in the dual vector space (F?,)v; these are the homogeneous
components of the polynomial

IT ( + i€+ jm),
i,j€F,
which are evidently invariant under GLy(F,).

Lemma 5.5.

H (1+i€+4n)=1—q+rP
Ogirjgpfl

Proof. Using the formula
H (a +ib) = a? — ab’ !,
i€,

which holds for any two elements a and b of a commmutative I,-algebra,
we obtain

[T a+ic+im) =TT (1 +ig)? — (1 +i&)n~")
ivjer le]FP
= [ (@ =n ) +i( — P )
icF,
= (P = (=) — G
e A G s Ly
S (S L
=1—qg+rP" [ )
This shows that ¢ and r?~! are invariant under GLy(F,). The polynomial
r is not invariant under GLg(F,), but it is invariant under SLy(FF,). The
simplest way to verify this is to observe that r must be a semi-invariant of
GLy(F,) (if g € GL2(F,), then (gr)?~! = rP=! and this means that gr and
r differ by a constant in F;). But the commutator subgroup of GLa(F,)
is well known to be SLz(IF,); so any character GLa(F,) — [F, is trivial on
SLy(IF,), and r is invariant under SLy ([, ).

We have left to check that ¢ and r generate the ring of invariants F,[¢, n]V2(F).
The equalities

"t gepTl P = gt g P =,
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which are easily checked by homogenizing the equality of Lemma 5.5, that
is, by adding an indeterminate ¢ and obtaining

[T +ictgm =" =gt 4o,
Ugiajgpfl
G340

ensure that the extension F,[q,r] C F,[{, n] is finite. Hence it is flat, and its
degree equals

dimp, F, [€,7]/(q,r) = dimp, F[€, 1]/ (g, &)
+ dimp, F[¢, n]/(q,n)
+ dimg, F[¢, 7]/ (q,&" " —nP")
= dimg, F,[¢, 7]/ (0" 77, €)
+ dimg, Fy[¢, n]/ (€7 7,n)
+ dimg, F, [, 7]/ (€77, & =7 7Y)
=@’ -p+ @ -p+E -p-1)
=p(p® - 1),
which is the order of SLy(IF,). So the degrees of the field extensions

Fp(q,7) CEy(&m) and E,(&n)5 ) CF,(¢,n)

both equal p(p? — 1), so F,(q,7) = F, (&,17)52(Fr); and the result follows,
because F,[g, 7] is integrally closed. [

For later use, let us record the following fact. The image the restriction
% )SLQ(Fp)
CpXpy
going to need formulas for the restriction of the Chern classes c;(sl,) to
Ag
P

. * * . . .
homomorphism Apgr,, — Ag, « p, 18 contained in ( . We are
Xphp*

Lemma 5.6. Let i be a positive integer. Then the restriction of c;(sl,) to
A’éwp is —q if i = p* —p, is P~ if i = p* — 1, and is 0 in all other cases.

Proof. The total Chern class of gl, coincides with the total Chern class of
sly, because gl, is the direct some of sl, and a trivial representation. From
Lemma 5.1 we see that this total Chern class, when restricted to Af

Cpxupd
equals
p
> (A& + jn);
1,j=1
and then the result follows from Lemma 5.5. [

We will also need to know about the cohomology ring H"(‘jpX 1, For any
cyclic group Cp, = py,, the homomorphism A¢,  — Hg is an isomorphism.
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This does not extend to Cp X p,,; however, from the universal coefficients
theorem for cohomology, for each index k we have a split exact sequence

] j k VA i j .
00— @ He, ®H), — H, ) — @ Tor? ( ZCp,Hi‘p) —0;
itj=k itj=k+1

furthermore, since the exterior product homomorphism Ag, ® ALP — AQ,« “,
is an isomorphism, the image of the term ®i+j:k %p ®Hi‘p into H’épxﬂp
is the image of the cycle homomorphism A’épx w, = H’épx . From this it
is easy to deduce that the cycle homomorphism induces an isomorphism of
Ag, “, with the even dimensional part H&™; u, of the cohomology.
We have isomorphisms

H ~ Tory (Hg,, Hip) ~ 7./pZ;

3

CpxXup

chose a generator s of H%px u, (later we will make a canonical choice). We
I3

have that s> = 0, because p is odd, and s has odd degree.

The odd-dimensional part H%fidX . Of the cohomology is isomorphic to
p

the direct sum P, ; Tor? ( %p,HLp), with a shift by 1 in degree. Both

odd
HCp Xy

’ép ®H, = H%Vperxl u » and the isomorphism above is an isomorphism of
P P

modules. But @Z] Tor%( %p,HLp) is easily seen to be a cyclic H

and @i,j Tor%( %p, Hfup) have natural structures of modules over

even
CpxXpp~
module generated by s. From this we obtain the following result.

Proposition 5.7.
HE, s, = LZIE 1, 81/ (D€, P, ps, 7).

We are also interested in the action of SLy(FFp) on Hg, w, 1 claim that

the class s is invariant: this is equivalent to the following.

Lemma 5.8. The action of SLy(F,) on H%pxup is trivial.

This follows, for example, from the construction of Section 11, where we
construct a class 8 € Hy;  that maps to a non-zero element of Hy, . . Tt
P p X Hyp

would be logically correct to postpone the proof to Section 11, as this fact
is not used before then; but this would not be very satisfactory, so we prove
it now directly.

Proof. Consider the exact sequence
H(C, X p,, Z/pZ) -5 H3(C, x ,, Z) 25 H(C, X p, 2)
coming from the short exact sequence
0— 2257 — 7/p7 —s 0;

since H3(C,, x My, Z) = H%pxul, is Z/pZ, we see that the Bockstein homo-
morphism B: H%(C, x My, Z/pZ) — H3(C, x Ky, Z) is surjective. It is also
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SLy(IFp )-equivariant. By Kiinneth’s formula, the exterior product induces
an isomorphism of the direct sum

H*(Cy, Z/pZ) & (H'(Cy, Z/pZ) ® H' (1, Z/pZ)) & H* (s, Z./pZ)
with H%(C,, x My, Z/pZ). Now, from the commutativity of the diagram

H2(CP7 Z/pZ) — H3(CP7 Z) =0

| |

H>(Cy X py, Z/pZ) —— H3(Cp x 1, Z)

where the rows are Bockstein homomorphisms and the columns are induced
by projection C, x u,, — C,, we see that the Bockstein homomorphism j3
sends H?(C,, Z/pZ), and H2(/.Lp, Z/pZ) for analogous reasons, to 0. Hence
the composite of the exterior product map

H'(Cp, Z/pZ) © H' (1, Z/pZ) — H*(Cp X p,, Z/pZ)
with (3 is surjective. But we have an isomorphism
H'(Cp x p,, Z/pZ) = H'(Cy, Z/pZ) ® H' (), Z./pZ)

which induces an isomorphism

2
N\ HY(Cp x py, Z/pZ) ~ HY(Cp, Z/plZ) @ H' (1, Z/p).
This shows that the composite of the map

2
N\ H'(C, x p,, Z/pZ) — H*(C, X p,,, Z/pZ)

with the Bockstein homomorphism S is surjective, hence an isomorphism,
because both groups are isomorphic to Z/pZ. 1t is also evidently GLg(Fs)-
equivariant. The action of GLy(F,) on the exterior power A? H!(C, x My, Z[pZ)
is by multiplication by the inverse of the determinant; hence SLy([F,) acts
trivially, and this completes the proof.

From this we deduce the following fact.

SLe(E)

Proposition 5.9. The ring of invariants ( 1s generated by

%
CpXpp
q, r and s.

Remark 5.10. The group C, X p,, is important in the theory of division
algebras. Suppose that K is a field containing k£, and £ — Spec K is a non-
trivial PGL,, principal bundle. This corresponds to a central division algebra
D over K of degree p. Recall that D is cyclic when there are elements a and
b of K*, such that D is generated by two elements z and y, satisfying the
relations zP = a, y? = b, yx = wxy. It is not hard to show that D is cyclic
if and only if F has a reduction of structure group to C, x p,,.

One of the main open problems in the theory of division algebra is whether
all division algebras of prime degree is cyclic. Let V be a representation of
PGL,, over k with a non-empty open invariant subset U on which PGL, acts
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freely. Let K be the fraction field of U/PGL,, E the pullback to Spec K of
the PGL,-torsor U — U/G and D the corresponding division algebra; it is
well known that D cyclic if and only if every division algebra of degree p
over a field containing k is cyclic.

The obvious way to show that D is not cyclic is to show that there is an
invariant for division algebras that is 0 for cyclic algebras, but not 0 for D.
However, the result proved here implies that there is no such invariant in the
cohomology ring H;GLP- In fact, consider a non-zero invariant £ € H;GLP-
Then either £ has even degree, so it comes from Apgy, , hence it restricts to
0 in V/PGL,, for some open invariant subset V' C U, or it has odd degree,
and then it maps to 0 in AZ‘FPGLP, and it does not map to 0 in A’épxﬂp.

This is related with the fact that one can not find such an invariant in
étale cohomology with Z/pZ coefficients (see [4, §22.10]).

6. ON Cp X TGLp

Proposition 6.1. Assume that k = C. Then the cycle homomorphism

CpxTar, HCpNTGLP is an isomorphism.

Proof. This the first illustration of the stratification method: we take a

geometrically meaningful representation of C, x Tgr, and we stratify it.
def

Denote by V' = AP the standard representation of GL,, restricted to
Cp x Tgr,.- We denote by V; the Zariski open C, x Tqp,-invariant sub-

set consisting of p-uples of complex numbers such that at most ¢ of them
def

are 0, and by V; = V; \ V<;_1 the smooth locally closed subvariety of p-
uples consisting of vectors with exactly ¢ coordinates that are 0. Obviously

Vep1 =V \ {0} and V, = 0.

Lemma 6.2. For each 0 <1 < p—1, the cycle homomorphism AépNTGLp Vi —

* s - .
CypxTar, Vi is an isomorphism.

Proof. First of all, assume that 7 = 0. Then the action of C, x Tgr, on Vg
is transitive, and the stabilizer of (1,...,1) € Vy(k) is Cp; hence we have a
commutative diagram

*Cp KTGLp (VO) — HépKTGLp (Vb)

! |

* *
c, — Hg,

where the rows are cycle homomorphisms and the columns are isomorphisms.
Since the bottom row is also an isomorphism, the thesis follows.
When ¢ > 0 the argument is similar. The action of C, x Tgr, on V;

. e . . . def
expresses V; as a disjoint union of open orbits Q1, ..., Q,, where r = %(‘;’),

and the stabilizer of a point of each €; is an ¢-dimensional torus 7}; hence
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we get a commutative diagram

*Cp XTGLP (‘/7/) —_— HEPKTGLP (‘/7/)

! !

Dh-1 AT, ——— Dh— Hr,
where the columns and the bottom row are isomorphisms. [

Lemma 6.3. For each 0 <1 < p—1, the cycle homomorphism AépNTGLp Vai —

* s . -
CpxTar, V<i is an isomorphism.

Proof. We proceed by induction on 7. When ¢ = 0 we have V<o = Vp, and
the thesis follows from the previous lemma. For the inductive step, we have
a commutative diagram with exact rows

CpxTar, (Vi) —— Al xrg,, (Vi) —— AL, xrg,, (V<ic1) — 0

R R ¢

Ep[XTGLp (V;) *Cp KTGLp (ng) — HEP KTGLp (V§l71)7

by inductive hypothesis, the arrow marked with @ is an isomorphism, hence

the arrow marked with @ is surjective. However, the bottom row of the
diagram extends to a Gysin exact sequence

*CpKTGLp (‘/Z) - HEPIXTGLP (VSZ) - HépKTGLp (VSZ_l) - HEPKTGLP (‘/Z) —

showing that the arrow marked with @ is injective. From this, and the
fact that the left hand column is an isomorphism, it follows that the middle
column is also an isomorphism, as desidered. [

Let us proceed with the proof of the Theorem. For each 7 we have an
commutative diagram with exact rows

* V * k
ACp XTGLP M) ACPKTGLP — ACp XTGLp (V \ {0}) — 0

l | |

% V) py=
Entan, PTG gy s Hy ng, (V\ {0))

Now, by Lemma, 6.3 the right hand column is an isomorphism, hence, arguing
as in the proof of Lemma 6.3, we conclude that the bottom row of the
diagram is a short exact sequence.

If 7 is odd, we have HZCPNTGLP(V \ {0}) = 0, hence the multiplication
homomorphism

i—2p (V) 1yi
H
CpxTaL, CpxTar,
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is an isomorphism. From this we deduce, by induction on %, that H%pr oL, =
P

0 for all odd .
When 4 is even, one proceeds similarly by induction on 7, with a straight-
forward diagram chasing in the diagram above. [

Let us compute the Chow ring of the classifying space of C, x Tqr,.
The Weyl group S, acts on AZ"FGLP = Z[z1,...,zp] by permuting the z;’s.
Consider the action of Cj, on A%, oL, the group permutes the monomials, and
the only monomials that are left fixed are the ones of the form o), = z7 ...z,
while on the others the action of C, is free. We will call the monomials that
are not powers of o, free monomials. Then A% oL, splits as a direct sum
Zlop)®M, where M is the free ZCp-module generated by the free monomials.
Hence the ring of invariants (A} GLp)cp is a direct sum Z[o,] ® M®», and
MFC is a free abelian group on the generators > scC, ST, where m is a free

monomial.

We will denote by £ € Alcp the first Chern class of the character C, — Gy,
obtained by sending the generator (1,...,p) of C, to the fixed generator w of
My, and also its pullback to G, x Ty, through the projection C, x T, —
C,.
pWe will also use the subgroup p, C Tgr, of matrices of the form (T,
where ¢ € p,,. The Chow ring ALP is of the form Z[n]/(pn), where 7 is the
first Chern class of the 1-dimensional representation given by the embedding
t, < Gm. The action of C, on p,, is trivial, so there a copy of C, x p,, in
Cp X TgL,; the Chow ring A’(‘jpxup is Z[&,n]/ (p€,pn).

Here are the facts about Ag 1 oL, that we are going to need.

Proposition 6.4.

(a) The image of the restriction homomorphism
(Atg,, ) — Ay =Z[n]/(p)

is the subring generated by nP, which is the image of op. The kernel is
the subgroup of (A%, Vv generated by the Zsecp sm, where m is a free
P

monomial, and by po,.

(b) The ring homomorphism AEpIXTGLp — (AfFGLp)CP induced by the embed-
ding Tgr, — Cp X Tay, is surjective, and admits a canonical splitting
b (AZ"FGLP)CP — AEpKTGLp’ which is a ring homomorphism.

(c) As an algebra over AEPKTGLP7 the ring AEPKTGLP is generated by the
element &, while the ideal of relations is generated by the following: p& =
0, and ¢p(u)é = 0 for all u in the kernel of the ring homomorphism
AZ"FGLP — ALP induced by the embedding p,, — Tqr, -

(d) The ring homomorphism AEpKTGLp — A*TGLP X A"épxup induced by the
embeddings Tar, < Cp X Tqr, and Cp X p, — Cp X Tqr, is injective.
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(e) The restriction homomorphism A’éprGLp — (Ai‘FGLp)CP sends the kernel
lllp :

of AEpXTGLp — A’épxﬂp bijectively onto the kernel of ATGLp

*

1,2 SO Op

Proof. Let us prove part (a). All the z; in A%, ~map to n in A
P

maps to 7P, and all the sm map to pndee™ = 0.

p m, SECp Ui
* Cp
TGLp)
* )Cp
Tar,

Let us prove (b). First of all let us construct the splitting ¢: ( —

’épr ar, 35 @ homomorphism of abelian groups. The group ( is
free over the powers of 0}, and the Zsecp sm.

The restriction of the canonical representation V' of C, x Tgr, to the
maximal torus T, splits are a direct sum of 1-dimensional representations
with first Chern characters x1, ..., zp; hence the ith Chern class c;(V) €

CpxT oL, restricts to o; € (A% GLp). We define the splitting by the rules

(a) ¢p(oy) =cp(V)" € AEPKTGLP for each r > 0, and

Tar .
(b) ¢(Zsecp sm) = tsfe, K?TGLP m € A’éprGLp for each free monomial m.

Notice that the transfer in the second part of the definition only depends
on the orbit of m; hence ¢ is well defined.

We need to check that ¢ is a ring homomorphism, by taking two basis
element u and v and showing that ¢(uv) equals ¢(u)p(v). This is clear when
both u and v are powers of o).

Consider the product oy 3 . sm =3 s(opm); we have

(ﬁ(a;, Z 3m> = gb(Z s(al’;m)>
s€Cp s€Cp

T .
= tstGLp (o7m) (because o,m is still a free monomial)

pXTaL, \"P p
=c,(V)" tsfg:;’ffGL (m) (by the projection formula)
P
= qé(a;)qb( Z sm).
s€Cp

Now the hardest case. Notice that if m is any monomial, not necessarily
free, we have the equality

Tar,
gb( g 3m> = tSprxTGLp m
s€Cp

When m is free this holds by definition, whereas when m = o] we have

(Y o) =polop) ,,

5€Cp =pcp(V)"
Tar, CpxTar, r
= tSprleGLp reSyg, cp(V)
Tar,
= tsf 5 o)

CprGLp p*
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Take two free monomials m and n. We have

¢(Z sm - an):qﬁ( > sm-tn)

s€Cp s€Cp 5,t€Cp
= gb( Z sm 3tn>
5,t€Cp
= > #( X stm-tm)
teCyp s€Cp
Tar,
= Z bsf ey o (m - tn)
teC,
Tar,
= tSprxTGLp (m . Z tn)
teC,
Tar, CpxTar, , Tar,
=t fcprG (m “TeSp, tSprleGL )
TaL, Tar,
= tsf, XTar, (m) tstprGLp (n)
= (3 am)o(3 )
s€Cp s€Cp

as claimed. This ends the proof of part (b).
For parts (c) and (d), notice the following fact: since the restriction of &

T
to AT oL, is 0, from the projection formula it follows that & tst:’DL(pTGLp (m) =

0 € AEpKTGLp for any m € AZ"FGLP; hence we get that ¢} ,cc, m)E =
0 € A¢, xrg, » as claimed. Thus, the relations of the statement of the
P

Proposition hold true.
Denote by A?GLP the ideal of AT ar, generated by homogeneous elements

of positive degree. Then the image of (AJT“GL )Cp in A via ¢ maps to
P

D KTGLP

.. . CpxTar, * *
0 under the restriction homomorphism res., P AC, KT, Ag,- In
GLp

pKTGLp m’
is a monomial of positive degree, and by positive pow-

T

fact, the image of A¥GL is generated by elements of the form tsf .
P

where m € At

P

ers c¢,(V)" of the top Chern class of V. The fact that the restriction of

Ta
tsf o2 m is 0 follows from Mackey’s formula. On the other hand, the

Cp XTGLp
restriction of V' to C,, is a direct sum of 1-dimensional representations with
first Chern classes 0, £, 2¢, ..., (p — 1), so the restriction of V has trivial

top Chern class.

Lemma 6.5. The kernel of the restriction homomorphism

CplXTGLp % %
eS¢, : cprGLp'——*f\cp
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consists of the sum the image of (A¥GL )Cr in Ag, via ¢, and of the
P

ideal (cp(V)) C Af

Cp XTGLp °

KTGLp

Proof. Consider the hyperplane H; in the canonical representation V' = AP
defined by the vanishing of the i coordinate. Denote by H = U!_ H; CV
the union. If V) = V' \ H we have an exact sequence

by, (H) — Al wrgy (V) — Alyrg, (Vo) — 0.

We identify AEpIXTGLp(V) with A’éprGLp via the pullback AEpIXTGLp —
CpxT oL (V), which is an isomorphism. The action of Tgr, on Vg is free
and transitive, and the stabilizer of the point (1,1,...,1)is C, € C, x Tqr,.
Hence we have an isomorphism of A¢, ..t - (Vo) with A¢, , and the pullback
CpxT oL, (V) = A, ur GLp(VO) is identified with the restriction homomor-
phism AEPKT a, A"ép. So the kernel of this restriction is the image of

Ep xTar, (H )

Denote by H the disjoint union [17_, H; U {0} of the H; with the origin
{0} C V. Iclaim that the proper pushforward A"éprGLp (H) - AEpKTGLp (H)
is surjective. This follows from Proposition 4.5: we need to check that ev-
ery G, X Tqr,-invariant closed subvariety of H is the birational image of a

Cp x TgL,-invariant subvariety of H. Denote by W a C, x Tgr,-invariant
closed subvariety of H. If W = {0} we are done. Otherwise it is easy to
see that W will be the union of p Tqy, -invariant irreducible components
Wi, ..., Wp, such that each W; is contained in H;. Then the disjoint union
[ wi CI1?.,H; C His C, x Tqr,-invariant and maps birationally onto
W. Hence we conclude that the kernel of the restriction homomorphism is
the sum of the images of the proper pushforwards

*Cp KTGLp ({0}) — AEP KTGLp (V)

and
P

AprTGLp (H Hl) — AEpKTGLp (V)
i=1
After identifying AEpIXTGLp(V) with A*CpXTGLp’

just multiplication by ¢,(V), so its image is the ideal (c,(V)) C A

the first pushforward is

*
Cp XTGLp ‘

Notice that the disjoint union ]_[‘Z’:1 H; is canonically isomorphic, as a
Cp x Tqr,,-scheme, to (C, x Tqr,) x 6Ly H,: hence there is a canonical
isomorphism

p
Ep[XTGLp <HHZ> = A:‘i‘GLp (Hl)
=1

The pushforward At (Hy) — AEpIXTGL
P P

pushforward A% - (Hy) — A%} - (V), followed by the transfer homomor-

phism A:;GLP (V) — AEpKTGLp (V). After identifying AZ"FGLP (Hy) and A:;GLP (V)

(V) is the composite of the proper
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with Ai‘FGLp, ’éprGLp (V) with AEpIXTGLp’ we see that this implies that the
image of Ag 1, (1T, H;) in Al xTar, (V) = A, g, is the image of
So

each element of the image of AEPKT - (]_[5:1 Hz) can be written as a linear

the ideal (z1) C A% ar under the transfer map AZ‘FGLP — AG,xT Gy

combination with integer coefficients of transfers of monomials of positive
degree: and this completes the proof of the Lemma. [
)

Now we show that A¢ is generated, as an algebra over (A%
P

xTar, ’

by the single element £. Take an element « of A’(‘jp of degree d, and

xTar,
write its image in Ag, = Z[¢]/(p¢) in the form m&?, where m is an integer.
Then a — mé? € Ag,

. .. C d— .
is of the form 8 + 0,7y, where 8 is in (A*TGLP) P and v € Acpp. The proof is
concluded by induction on d.

Now we prove that the relations indicated generate the ideal of relations,
and, simultaneously, part (d).

Take an element o € A%pr . using the given relations, we can write

X T, MAps to 0 in A’ép, so according to Lemma 6.5 it

@ in the form ap + a1 + @p€? + -+ -, where o € (A%GL )Cp, while for each
P

¢ > 0 the element «; is of the form d;oy, where 0 < d; <p—1, and rp = d—i,

when p divides d — %, and 0 otherwise.

Assume that the image of « in ATGLP X AG, x p, 180 The image of o in
A% oL, is g, hence ag = 0.

Lemma 6.6. The restriction of ¢(op) = c,(V) to A’épxﬂp = Z[&,n](p€, pn)

equals nP — n&P~1,

Proof. The restriction of V' to G, x pu,, decomposes as a direct sum of 1-
dimensional representations with first Chern classes n, n —&,n—2¢, ..., n—

(p - 1)53 and

n(n—&n—28)...(n—(p—1)¢) =n’ —n&" . 'y

Since ¢ and 7P — néP~! are algebraically independent in the polynomial
ring [F, [€, n], it follows that all the «; are all 0. This finishes the proof of (c)
and (d).

Finally, let us prove part (e).

Injectivity follows immediately from part (d). To show that the restriction
homomorphism is surjective, it is sufficient to show that if u is in the kernel
of the homomorphism (A%, GLP)CP — AJ, , then ¢(u) is in the kernel of

By
* * * Cp
AG, kT o, A, x . Each element of (A} GLp)

goes to 0 in A’(‘jp, while o, goes to nP; hence v is a linear combination of

of the form 3 . sm

elements of the form } .. m and poj. So ¢(u) is a linear combination
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T
of element of AépKTGLp of the form pc,(V)" and tstSDLfTGLp m; from the

following Lemma we see that all these elements to A, ", is 0.

Lemma 6.7. If u is an element of positive degree in A*TGL , the restriction
P

TaL % .
of tsfcprerLp u to Acpxﬂp is 0.
Proof. The double coset space (Cp x p,,)\(Cp x Tar,)/Tar, consists of a
single point and (C), X p,,) N Tar, = py, so we have

Tar,

I
u = tsf\f res, "’ u.
P

T8¢, xp,  lc,xTar, CpXHy
However, I claim that the transfer homomorphism

tsfhr

. *
et Ay — A

*
CpX
is 0 in positive degree. In fact, the restriction homomorphism

Cpxl‘l’p_ *

%
resy, Cpxpy Aﬂp

is surjective, because the embedding p,, — C,, X p,, is split by the projection
Cp X p, = py,. It follows immediately, again from Mackey’s formula, that

the composition tsfgz i resui e s multiplication by p; and all classes in
P

A’épx “, in positive degree are p-torsion. [

This concludes the proof of Proposition 6.4. [

Remark 6.8. When & = C, Propositions 6.1 and 6.4 give a description of
the cohomology H’(‘jp This can be proved directly, by studying the

xTagr,
Hochschild—Serre spectral sequence

By = H'(Cp B ) = HE

Cpx TGLP .

7. ON Cp X TPGLp

In this section we study the Chow ring of the classifying space of the group
Cp x TpgL,- Here is our main result. Consider the subgroup K, € TraL,
defined, as in the Introduction, by the formula ¢ — [¢,¢2,...,¢P 1, 1]. This
defines a homomorphism of rings A7 o, A;p.

Proposition 7.1.

(a) The image of the restriction homomorphism
(At ) — AL = Z[n)/(pn)

15 the subring generated by nP.
. . C
(b) The ring homomorphism AEpIXTPGLp — (A:‘FPGLP) »

bedding Tpcr, < Cp X Tpgr, is surjective, and admits a canonical

induced by the em-

splitting ¢-: (AZ"FPGLP)C” — AEpKTPGLp’ which is a ring homomorphism.
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)Cp is generated by

As an algebra over ( , the ring A’ép

TFPGL XTpaL,
the element &, while the ideal of relations is generated by the following:
pé =0, and ¢p(u)€ =0 for all u in the kernel of the ring homomorphism

Alper — A;p induced by the embedding p, — TpaL,-
P
The ring homomorphisms

* * *
CpxTrar, ATPGLp x ACPX""p

and

*
Hcp

* *
HTPGLP x HCpXHp

xTpaL,

induced by the embeddings Tpcr, — Cp X Tpar, and Cp X p, = G, x Tpar,
18 injective.
The restriction homomorphism AEpKTpGLp — (A} )Cr sends the ker-

Tprar,
nel of Ag, — A’épxﬂp bijectively onto the kernel of A:;PGLP -
A, .
P

XTpaLy,

Proof. One of the main ideas in the paper is to exploit the fact, already used
in [15] and rediscovered in [14], that there is an isomorphism of tori

D: TPGLp >~ TSLp

defined by

D(tr,. . stp) = [ta/tp, ta/tr to/tas s tp1 [tp—2,tp/tp—1].

This isomorphism is not S,-equivariant, but it is Cp-equivariant; therefore
it induces an isomorphism

P: Cp X TPGLp ~ Cp X TSLp-

The composite of the embedding k, = Tpar, with the isomorphism &
is the embedding p, — Ts,, defined by ¢ — [(,(,...,(].

Now, take an open subset U of a representation of C, x Tqr, on which
Cp x Tqr, acts freely. The projection U/C, x Tsr,, — U/Cp x Tqr,, is
a Gp-torsor, coming from the determinant det: C, x Tgr, — Gm of the
canonical representation V' of Tgr,. Lemma 4.1 implies that there is an
exact sequence

* c1(V) * *
CpIXTGLp Cyp XTGLp ACpIXTSLp 0

and a ring isomorphism AEpKTSLp o~ AEpKTGLp /(c1(V)).

Consider the splitting ¢: (AZ"FGL )Cp — AG
P

T
vious section. I claim that c;(V) coincides with ¢(o1) = tsf

X Tar, constructed in the pre-

GLp "
Cp X TGLp 1

To prove this it is enough, according to Proposition 6.4 (d), to show that

these two classes coincide after restriction to AT, —and to A
P

*
Cpxpiy* The

restrictions of both classes to At~ coincide with z1 + -+ + 2.
P
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The action of C, x p, on V splits as a direct sum of 1-dimensional repre-
sentations with characters n+¢, n+2¢, ..., n+(p—1)&, n, so the restriction
of c1(V) to A

% .
Cpxps, 19

p 1
n+E+n+2+ - +n+pP-1DE+n=pn+ —F—>

. T .
So we need to show that the restriction of tsfcjififGLp z1 to Ag u, 18 also

0. This is a particular case of Lemma 6.7.
There is also an exact sequence

* g1 * *
0— ATGLP — ATGLp — ATSLP — 0,
SO AZ"FSLP is the quotient AZ"FGLP /(o).
Lemma 7.2. If G is a subgroup of Sy, the projection (A:}GL )G — (A?‘FSL )G
P P
induces an isomorphism

(Mg, )/ (01) = (A%, )

Proof. This is equivalent to saying that the exact sequence above stays exact
after taking G-invariants; but we have that H! (G,A?‘FGL ) = 0, because
P

G

Tep. 18 a torsion-free permutation module under G. [ )
P

Part (a) comes from the surjectivity of the restriction homomorphism
C C .
(AZ"FGLP) r— (Ai‘FSLp) " and Proposition 6.4 (a).

We construct the splitting (A?‘FSL )Cp — A¢ by taking the splitting
P

pXTSLp
C . . . L
* D *

(A% GLp) — A,k ar, constructed in the previous section, tensoring it

with ( Tar )Cp/(al) over (A:}‘GL )Cp, to get a ring homomorphism
P P

k C *
(ATGLp) "[(o1) — ACprGLp /(1)

and using the isomorphisms

* C x C
(ATSLp) = (ATGLP) p/(gl)
and
AépKTGLp /(0-1) = AEPD(Tst

constructed above. This proves part (b). Part (c) follows from Proposi-
tion 6.4 (c).
To prove part (e) consider the diagram of restriction homomorphisms

CpxTar, — CpxTsy, — ACpxp,

| L]
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The surjectivity of the map in the statement follows from Proposition 6.4 (e)
and from the fact that the first arrow in the bottom row is surjective.

To prove injectivity take an element u of A"éprSLp that maps to 0 in

prup and in (Ai‘FSLp)C”. Let v be an element of AEpIXTGLp mapping to u.
)

— ( X )Cp is generated

Since the kernel of the homomorphism (A%, oL Tep
P P

C
P as orw for some w €

(ATFGLP ) “» Then the element v—¢(o1w) maps to 0 in ALP and in (A:%GLP ) Cp3

hence, by Proposition 6.4 (d), it is 0. So v = ¢(o1)¢(w) maps to 0 in
% Cp .
(ATSLp) , as claimed.

by o1, we can write the image of v in ( Ter )
P

Let us prove part (d). The statement on Chow rings is an immediate
consequence of part (e).

For the cohomology, we will argue as follows. We have a long exact
sequence

i—1
HCPD(TSLP
2]
i—2 ) )
HCPKTGLP Cl—>(V) HCPKTGLP — HCpKTSLp
2]

By Proposition 6.1, the cycle homomorphism A¢ o, HCPKTGLP is
an isomorphism. Hence, for each 7 we have a commutative diagram with

exact rows

i—1 i i
ACPKTGLP — ACpKTGLp - ACPKTSLP —0

| | L

21—2 21 21 _
HCpD(TGLp ? HCplXTGLp ? HCPKTSLP ? HCpXTGLp -

in which the first two columns are isomorphisms. This implies that the third

column is also an isomorphism: so the cycle homomorphism ACprSLp —

even even

CpwTsy, 18 an isomorphism. Therefore the homomorphism He fp, — —
P P
Tar. Cyxp, 18 injective.
D »
When ¢ is odd, we have an exact sequence
. . o . Cl(V) .
_IT! 7 7 142 .
0= CplXTGLp HCP KTSLP HCP KTGLp HCPKTGLP’
: . pyodd even : :
hence the boundary homomorphism 0: HCprSLp CyxTar, yields an iso-
morphism of H!d with the annihilator of the element ¢; (V') of HY}

Cp XTSLp CpIXTGLp
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’éprGLp. From the description of the ring A’éprSLp in (c), it is easy to
conclude that this annihilator is the ideal generated by &.

Consider a free action of C, X Tgr, on an open subscheme U of a repre-
sentation. The diagram of embeddings

Cp X pty ——— Cp X Gy

l |

Cp X TSLp E— Cp X TGLp
induces a cartesian diagram

U/Cp x p, ——U/C) X Gy

l |

U/Cp x Tgr, — U/Cp x Tar,

in which the rows are principal Gy-bundles, and the columns are Gy,-
equivariants. This in turn induces a commutative diagram

odd o even
HCp xTsr,, > S CpxTaL,

| |

odd even
HCp X [y, CpXGm

in which the top row is injective, and has as its image the ideal ({) C

%\;e;TGLp as we have just seen. Furthermore, every element of (£) C
even
CpxTar,

into HE ™ iy

Gm, it follows that () also injects into HE g . So the composite arrow

H%(ideSLp — HE %g, in the commutative diagram above is injective. It

maps to 0 in H}_ , because it is torsion: hence (£) injects
P
by Proposition 6.4 (d). Since C, X p,, is contained into C, x

follows that the left hand column is injective.
This ends the proof of Proposition 7.1. [

Proof of Proposition 3.1. We need to analyze the action of the normalizer
N, of C, in S, on the Chow ring A’éprPGLp. If we identify {1,...,p} with
the field IF,, with p elements, by sending each ¢ into its class modulo p, then
Cp can be identified with the additive group F, itself, acting by translations.
There is also the multiplicative subgroup F;, of S), acting via multiplication.
This is contained in the normalizer of C, = [F,, and, since p is a prime, it
is easy to show that the normalizer of C, inside S, is in fact the subgroup
generated by F, and [, which is the semi-direct product F, x [,.

The subgroup C, = F, acts trivially, so in fact the action is through .
The action of I, leaves p,, invariant, and the result of the action of a € F}
on ¢ € m, is (*: hence a acts on A;p = Z[n]/(pn) by sending n to an,
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and the ring of invariants is the subring generated by n?~!. The image of
A, into Azp is the subring generated by 7P, by Proposition 7.1, and its
P

intersection with the ring of invariants in Azp is the subring generated by
nP(P~1). This shows that the image of (ATFP GLp)Sp into Azp is contained in

the subring generated by np(p_l). The opposite inclusion is ensured by the
fact that the discriminant § € (AZ‘FP GLp)Sp maps to —771’(10—1). '

8. ON Sp X TPGLP

The group S, does not act on C,, x Tpcr,, only the normalizer ) x F, of

*
Cp XTPGLP
consisting of all the elements that are invariant under F, x F,, and whose im-

agesin Ay, are Sp-invariant. The restriction homomorphism Ag .~ —
P 'y

C, does. Nevertheless, we define the subring (AEPKTPGLP)SP of A

- . S
* * 2
CpxTrar, has its image in (ACprpGLp) .

The result we need about S, x Tpgr, is the following.
Proposition 8.1. The localized restriction homomorphism
* * S
trn, OZI/ 0~ D] — (A urpe, ) © ZL/(p— D)1
18 an isomorphism.

Of course the statement can not be correct without inverting (p — 1)!,

because the torsion part of A¢ ., o, 18 all p-torsion, while Ag , 7, ar,

contains a lot of (p — 1)!-torsion coming from Ag . This is complicated, but
fortunately we do not need to worry about it.

Proof. Injectivity is clear: because of the projection formula, the composite

SpKTpGLp CpKTpGLp % %
tSfcpIXTPGLp r SpKTPGLp . Sp|><TPGLp ACpIXTPGLp
Sp X TPGLp

is multiplication by tSprNTpGLp =(p-1"

To show surjectivity, take a class u € (AEPKTPGLP)SP’ and set

*
» u € ASPKTPGLP .

We apply Mackey’s formula (Proposition 4.4). The double quotient
Cp X TPGLp\Sp X TPGLp/Cp X TPGLp = Cp\Sp/Cp
consists of p — 1 elements coming from the normalizer F) x F,, and (p —

1)% elements with the property that, if we call s a representative in

Sp X TPGLpa we have

S(Cp X TpGLp)S_1 N Cp X TPGLp = TPGLp-
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Therefore
Sp XTPGLp (p — 2)' -1 TPGLP CPKTPGLP
TeSG, gy, U = (p—Du+(p— 1)7;0 SE 0 Trar, "Tpar, U

hence it is enough to show that an element in the image of the trasfer map

TraL, * Sp * Sp
tSprprGLp' (ATPGLp) 5 ( CpKTPGLp)

is in the image of A} . , up to a multiple of (p — 1)!. But again an easy
/4
application of Mackey’s formula reveals that

CpXxTpaL TpaL
reSTPGLp P tSfSpKTII))GLp w=(p—1)lw
for all w € (AZ‘FP GLp)Sp , and this finishes the proof. [

k
9. SOME RESULTS ON Apgr,,

In this section we prove some auxilliary results, which play an important
role in the proof of the main theorems.
The following observation is in [15, Corollary 2.4].

Proposition 9.1. If{ is a torsion element of Apgy, , or Hpqy,,, then p§ =
0.

Proof. Suppose that & € A?GLP. Take a representation V' of PGL, with an
open subset U on which PGL,, acts freely, such that the codimension of V'\U

has codimension larger than m, so that Ap, = A™(B), where we have set
def

B = U/PGL,. Let m: E — B be the Brauer—Severi scheme associated with
the PGLy-torsor U — B: this is the projection U/H — U/PGL,, where
H is the parabolic subgroup of PGL, consisting of classes of matrices (a;;)
with a;1 = 0 when 7 > 1. The embedding H — PGL, lift to an embedding
H — GL,, as the subgroup of matrices (a;;) with a;; = 0 when ¢ > 1, and
a1 = 1; hence the pullback A™(B) — A™(E) factors through Ag;, , which
is torsion-free. It follows that & maps to 0 in A™(E).

Now consider the Chern class ¢,—1(Tg/p) € AP~L(E) of the relative tan-

gent bundle. This has the property that m,c,—1(Tg/5) = p[B] € A°(B);
hence, by the projection formula we have

p€ =€ m(cp-1(Tg/p))
= Tx (W*f ) Cp—l(TE/B))
=0.
The proof for cohomology is identical, except for notation. [

Proposition 9.2. The restriction homomorphisms Apgp,, — A’éprPGLp

and Hpgy,, — He, are injective.

XTpaLy,
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Proof. By a classical result of Gottlieb ([5]) the homomorphism Hpq, —

S,xTpqr,, 18 injective; while the injectivity of Apgr, — Ag yrpg, 1S 2
P P
recent result of Totaro. This is unpublished: a sketch of proof is presented

in [15].

Theorem 9.3 (Totaro). If G is a linear algebraic group over a field k of
characteristic 0 acting on a scheme X of finite type over k, and N 1is the
normalizer of mazimal torus, then the restriction homomorphism AfL(X) —
AN (X) is injective.

Now, the kernels of the homomorphisms in the statement are p-torsion, by

Proposition 9.1, while the kernels of Ag .. = Ag oy, andHg oo —
P P P
’éprPGLp are (p — 1)!-torsion, by the projection formula, so the statement
follows. [

Here is the basic result that we are going to use in order to verify that a
given relation holds in Apg;, and Hpgy, .

Proposition 9.4. The homomorphisms

* * *
Apar, — ATpGLp X Acpxup

and

H;GLP — H:%PGLP X HEpo,p
obtained from the embeddings Tpcr, < PGL, and Cp x p, — PGL, are
injective.

Proof. This follows from Propositions 9.4 and 7.1 (d). [ )

Here is another fundamental fact, which is one of the cornerstones of
the treatment of PGL3 in [15]. In the Lie algebra sl, of matrices of trace
0 consider the Zariski open subset 5[2 consisting of matrices with distinct
eigenvalues; this is invariant by the action of PGL,. Furthermore, we will
consider the subspace D, C sl, of diagonal matrices with trace equal to
zero, and Dg =D, rw[g. The subspaces D, and Dg are invariant under the
action of S, x Tpar, C PGL,.

Proposition 9.5 (see [15], Proposition 3.1). The composites of restriction
homomorphisms

Apar, (5[2) — AEPKTPGLP (5[2) — AEPKTPGLP (D,?)

and

H;GLP (5[2) — ngKTPGLp (5[2) — ng KTPGLp (‘Dg)

are isomorphisms.
Proof. The S;, x Tpar,-equivariant embedding Dg C 5[2 induces a PGL,-equi-
variant morphism PGL,, x SpXTrar, Dg — 5[2, which sends the class of a pair

(A, X) into AXA~!. This morphism is easily seen to be an isomorphism,
and the proof follows. 'S
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Corollary 9.6. The restriction homomorphisms
* * * *
APGLp — ATPGLp and ASPKTPGLP — ATPGLp
have the same image.

Proof. In the commutative diagram of restriction homomorphisms

A;GLP E— Al*DGLp (5[2)

l !

* * 0
ATPGLp ) ATpGLp (5[]))

the top row is surjective. On the other hand, the action on Tpgr, on 5[?J is

trivial and 5[2 is an open subscheme of an affine space, so the bottom row is

an isomorphism. It follows that the image of Apq;, in A} .~ maps isomor-
P

phically onto the image of Apgy,, (5[2) in AT, (5[2). A similar argument
P

shows that the image of Ag 1, - in AT, -

maps isomorphically onto the
image of AEpKTPGLp (DY) in A*TPGLP(Dg)' By we also have a commutative
diagram

A;GLP (‘5[2) E— Agp XTPGLP (Dg)

| !

* 0 * 0
ATPGLp (5[11) EE— ATPGLp (Dp)

where the top row is an isomorphism, by Proposition 9.5, and this concludes
the proof. [

10. LOCALIZATION

Consider the top Chern classes

p?—1 p—1
Cp271(5[p) S APGLp and Cpfl(Dp) € ASp XTPGLp :

We have the following fact.

Proposition 10.1. The restriction homomorphism Apgy, — Ag,
carries c,2_(sly) into the ideal (cp—1(Dp)) C A
momorphism

XTpaL,

The induced ho-

*
SpxTrar,
A;GLP /(Cle(ﬁ[p)) — AEPD(TPGLP /(Cpfl(Dp))

becomes an isomorphism when tensored with Z[1/(p — 1)!].

Proof. The representation D), of S, x Tpqr, is naturally embedded in s,
so we have that

2_
cp2-1(slp) = cp-1(Dyp) cps1(sly/Dp) € AS :

Sp KTPGLp ’

and this proves the first statement.
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The pullbacks
Apgr, = Apar, (s, \ {0}) and  Ag .oy — AS xTpgr, (Dp \ {0})

are surjective, and their kernels are the ideals generated by cp2_(sl,) and
cp—1(Dp) respectively: so it enough to show that the homomorphism

Apar, (8 \ {0}) — Ag xrpgr, (Dp \ {0})

obtained by restricting the groups, and then pulling back along the embed-
ding D, \ {0} < sl, \ {0} becomes an isomorphism after inverting (p — 1).
Now, consider the diagram

Apar, (slp \ {0}) —— Apar, (sl3)

! !

EPKTPGLP (Dp \ {0}) — Agp XTPGLP (D;)

where all the arrows are the obvious ones. The rows are surjective, while
the right hand column is an isomorphism, by Proposition 9.5: hence it is
enough to show that the rows are injective, after inverting (p — 1)!.

The first step is to observe that the restriction homomorphism Apgy, (sl
{0}) — AEpKTPGLp (s, \{0}) is injective, by Totaro’s Theorem 9.3. Next, the
restriction homomorphisms Ag oL (st \{0}) = A¢,wryp oL, (s[,\{0}) and

’ngTPGLp (D) — AEPKTPGLP (D) become injective after inverting (p —1)!.

So it is enough to show that the restriction homomorphisms A, rp, (slp\
'

{0}) — A (sly) and Ag (Dp \ {0}) — A (D;) are

CpxTpaL, CpxTpaL, CpxTpaLy,
injective.

Lemma 10.2. Suppose that W is a representation of C, x TpgL,, and U
an open subset of W\ {0}. Assume that

(a) the restriction of W to Cp x u,, splits as a direct sum of 1-dimensional
representations W = L1 @ --- ® L,, in such a way that the characters
Cp x p, = G describing the action of Cp X p,, on the L; are all dis-
tinct, and each L; \ {0} is contained in U, and

(b) U contains a point that is fized under Tpqr,.

(WA{0}) = A )

. . . *
Then the restriction homomorphism Ac, CoxTrar,

XTpar,
s an isomorphism.

Proof. First of all, let us show that A’épxﬂp(W \ {0}) — AEpXMP(U) is an
isomorphism. Denote by D the complement of U in W\ {0}, with its reduced

scheme structure. Let P be the projectivization of W, and call U and D the
(respectively open and closed) subschemes of P corresponding to U and D.
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We have a commutative diagram

ALy (D) ——— AZ sy (P) ——— Al L, () ——0

! | !

AG, xp, (D) — Ag, i, (WA{0}) — Ag, xp (U) — 0

where the columns are surjective pullbacks, and the rows are exact. It follows
that is enough to show that the composite

e (D) — ALy (P) — A%y (W {0})
is 0, or, equivalently, that any element of the kernel of A’(‘jpX ", (P) —

prup (U) maps to 0 in A’épxﬂp(W \ {0}). Denote by ¢; € P the ratio-
nal point corresponding to L;.

Denote by ¢; € Aépx “, the first Chern class of the character C, x p,, —

Gm describing the action of G, x p,, on L;, and h € Alcp>< ", the first Chern

class of the sheaf O(1) on P. We have presentations
prp,p(P) = Z[ﬁ,’l’], h]/(pf,pna (h - el) e (h - gr))
and

prup(W \ {0}) = Z[faﬂ]/(l’fapﬁael v 67‘)7

and a commutative diagram

Z1&,n, ]/ (p€,pn, (h — 1) ... (h = £,)) —— Z[&, 0]/ (P&, pn, b1 - .. 4r)

| |

Fp [fﬂ% h]/((h - gl) s (h - er)) — Fp [fﬂl]/(fl .. E,«)

in which the first row is the map that sends h to 0, and corresponds to the
pullback.

The restriction homomorphism A’épxﬂp(P) — A"épxup(qi) = A’épxﬂp

sends h into #;.. But U contains all the ¢;, so the kernel K of the re-

striction A¢ . up(P) — A, « up(U) is contained in the intersection of the

ideals (h — ¢;). In the polynomial ring F,[£,n, k], however, the intersection
of the ideals (h — ¥¢;) is the ideal generated by the product of the h — ¢;,
because F,[£,n, h] is a unique factorization domain, and the h — ¢; are pair-
wise non-associated primes. Hence the image of an element of K is 0 in
F,[€,n]/(41 ... £); but the homomorphism

Cpxp, WAA{O}) — Fp[E,m] /(61 4r)

is an isomorphism in positive degree, and from this the statement follows.
Now consider the restriction homomorphism

EPKTPGLP (W \ {0}) — A*CpD(TPGLp (U)
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Denote by v the top Chern class of W in AEPKTPGL ; the kernel of the
P
surjective pullback A¢ o = AG, wrpg (W\{0}) is the ideal generated
P P

by =, and we need to show that the kernel of the pullback A’éprPGL —
P
CpxTp arp (U) is also the ideal generated by 7.
Denote by R the image of AEpKTPGLp in A’épxﬂp = Z[&,n]/(p&, pn); this

is the subring generated by £ and the image of o, that is n? — £Pr~1p, by
Lemma 6.6.

Take some v in the kernel of AéprpGLp — AEPKTPGLP (U). Since Tpar,
has a fixed point in U, the pullback AT ar, AT, ar (U) is an isomorphism;
hence u is contained in the kernel of the restriction Ag ar, AT, ar,

This kernel is the ideal { A¢ , 1y, » which is a vector space over the field
P

[F,, with a basis consisting of the elements fia{;, with ¢ > 0 and 5 > 0. The
xTpar, ~ A’épxﬂp sends &'op into £1(nP — &P~ ). The
two elements & and 7P — £P~ 1y are algebraically independent in A’épx 1, 5O
. *
the ideal & ACpNTpGLp
enough to show that u maps into the ideal yR. But v maps into the ideal
’yA"épX“p, because by hypothesis maps into 0 in AEPXHP(W \ {0}), so we
will be done once we have shown that YR = RNy A

homomorphism A’ép

map isomorphically onto the ideal ¢ R. Hence it is

%
CpxXpp
For this purpose, consider the diagram

%
Rr—m> ACpxup

l |

Fp[€,nP — &P~ 1) —— Ty [€, 1]

where the horizontal arrows are inclusions and the vertical arrows are iso-
morphisms in positive degree. It suffices to prove that

VE (€, 0P — &l = Fy[€, 07 — €7 ) Ny B, €, ml;
but this follows from the fact that the extension F, [£, 7P — £P~1n] C F,[€, 7]

is faithfully flat, since it is a finite extension of regular rings.
This concludes the proof of the Lemma. [

The Lemma applies to the case W = D, and W = sl,. In the first case

this is straightforward; in the second one it follows from Lemma 5.1. [ )

11. THE CLASSES p AND 8
In this section we construct the classes p € A’I’)EILP and 3 € H%GLP.

Proposition 11.1. There exists a unique torsion class p € Af;gip, whose

mage in A%—L_X% equals r = fn(ﬁp 1 _ np 1).

Furthermore we have pp_1 = p2,1(5[p) S Aﬁch-
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Proof. Uniqueness is obvious from Proposition 9.4.

Let us construct a p-torsion element p € A% +l that maps to r in

Sp XTPGLp
CpXpp®
Consider the element —&¢(0p) = £, (V) € ApﬂprGL ; by Lemma 6.6,

its restriction to A’(‘jpX p, 18 7. It is p-torsion, because ¢ is p-torsion; hence it
P

maps to 0 in ATPGLP' Since the torsion part of ACpX“p injects into ACpX“p,

and the image of {¢,(V) in Ag . p, 18 invariant under [ x Fp, it follows

that £ c,(V) is also invariant under F x F,.

By Proposition 8.1, there exists a p-torsion class p € A% 1 whose

SpxTpar,
image in A’(‘j <, is . By Proposition 10.1, there exists a p-torsion element

pE A L whose image in A2 has the form p + cp,—1(Dp)o for a

S D(TPGL
certain class o € ASpMTPGL .
P

The image of p in ( EPXMP)SLz(Fp) = Z[q,r] must be an integer multiple
ar of r, for reasons of degree. The image of c,—1(D,) is —¢P~; hence by

mapping into A’épx u, We get an equality
ar=r—¢P'h e AEpXupv

where h € A%px ", is the image of 0. From this equality it follows easily
that ¢ is 1 and h is 0, and therefore p maps to r.

To check that p? 1 = c,2_;(sl}), observe that both members of the equal-
ity are 0 when restricted to TpaL,; hence, by Proposition 9.4, it is enough to
show that the restriction of cj2_;(sly) = c,2_1(gl,) to A{i_xlup equals rP1;
and this follows from Lemma 5.6. [ Y

Corollary 11.2. The restriction homomorphism Apgy, — ( EPXNP)SLQ(]FP)

18 surjective.

Proof. Thering ( ’épxﬂp)SLz(F”) is generated by g and . The class —c,2_,(sl,)
restricts to ¢, by Lemma 5.6, while p restricts to r. [ )

Remark 11.3. The class p gives a new invariant for sheaves of Azumaya
algebras of prime degree. Let X be a scheme of finite type over k, and
let A be a sheaf of Azumaya algebras of degree p. This corresponds to a
PGL,-torsor E — X; and according to a result of Totaro (see [13] and [1]),
we can associate to the class p € Ap PGL, and the PGLy-torsor E a class
#(A) € APTL(X) (where by A*(X) we mean the bivariant ring of X, see
[3]). Since by definition A is the vector bundle associated with £ and the
representation gl, of PGL,, we have the relation

p(AP L = o (A) € A H(X).
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Remark 11.4. The class p depends on the choice of the primitive p™ root
of 1 that we have denoted by w. If we substitute w’ for w, then the new
class p is ip.

For the class 3, one possibility it to obtain it as the Brauer class of the
canonical PGLy-principal bundle, as explained in the Introduction. Another
possibility is to define it via a transgression homomorphism, as follows.
There is a well known Hochshild-Serre spectral sequence

g . . »
By = Hbgy, © ), — HY
from which we get an exact sequence

2 2 3 3 0.
Hér, — Hg,, — Hpar, — Hrpg, = 0;

and H?Gm is the infinite cyclic group generated by the first Chern class ¢ of
the identity character Gy, = Gy, while HéLp is the cyclic group generated
by the first Chern class of the determinant GL, = Gy,, whose image in Hém
is pt. Hence H%’)GLP is the cyclic group of order p generated by the image of
t. We define 8 € H%GLP to be this image.

The odd dimensional cohomology HOPdC(;in maps to 0 in Hf, ary hence,
according to Proposition 9.4, maps injectively into H’(‘jpX [y By the results of
Section 5, we have that H%px “, is isomorphic to Z/pZ, hence the restriction
homomorphism H%GLP — H?épx “, is an isomorphism; and the image of 3
generated H%px . From Proposition 5.9 we obtain the following.

* )SLZ(]FP)

Corollary 11.5. The restriction homomorphism Hpgy, — ( Cpxps,

18 surjective.

12. THE SPLITTING

In this section we prove Theorem 3.2.
Consider the embeddings

T% Tpar,
Cp X pp—— S, x Tpar,
which induce a diagram of restriction homomorphisms

* * Sp
ASpKTPGLp (ATPGLp)

l |

* *
Cpxp, —7 Aup .
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Lemma 12.1. The induced homomorphism

ker (A8, wrpqy, = Al ) — ker(Afyg, )™ = A )

18 surjective.

Proof. We will prove surjectivity in two steps; first we will show that the
map is surjective when tensored with Z[1/p], then that is surjective when
tensored with Z[1/(p — 1)!].

For the first case, notice that A¢, ) ®Z[1/p] is 0 in positive degree, while
in degree 0 there is nothing to prove; so what we are really trying to show
is that A’ngTPGLp QZL[1/p] — (A*TPGLP)Sp ® Z[1/p] is surjective.

Consider the subgroup S, ; C S, of the Weyl group of PGL,, consisting
of permutations of {1,...,p} leaving p fixed.

Lemma 12.2. The restriction homomorphism Agp—MTpGLp — (A*TPGLP)SVI

18 surjective.
Proof. There is an isomorphism Tgr,_, >~ Tpar,, defined by
(tla s 7tp71) = (tla s 7tp717 ]-)

that is S,_1-equivariant, and therefore induces an isomorphism of the semi-
direct product S,_1 x Tpgr, with the normalizer Sp—1 X Tar, of the max-

imal torus in GL,_;. Hence it is enough to show that AgpileGLp_l —

(AerLIJﬂ)SP*1 is surjective; but the composite
* * " Sp1
GLp—1 — Asp_leGLV1 — (ATGLp—l)
is an isomorphism, and this proves what we want. 'y

Take an element u € (ATFP oL )Sp ; according to the Lemma above, there is
P

Sp—1XTrar,

T v = u. Consider the element
PGLp

some v € Agp such that res

—1XTpaL,

def Sp—1XTpaL
= tsfy’ P

w = SyxTrar, v EA

* .
Sp KTPGLP ’

to compute its restriction to we use Mackey’s formula (Proposi-

*
TpaL,
tion 4.4). The double quotient TPGLP\Sp X TPGLp/Spfl X TPGLp has p el-
ement, and we may take C, as a set of representatives. Then the formula

gives us that the restriction of w to A, s
P

Sp—1XTrar,
Z Sresp v = pu.
PGLp
s€Cp

If we invert p, this shows that u is in the image of A’ngTP ar, and completes
the proof of the first step.
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For the second step, take some u € L. According to Proposition 7.1 (e)
there exists v in the kernel of the restriction homomorphism A¢ ..~ —
P

Ag, x ", whose restriction to AT ar, 15 U Consider the element

def CpXTpaL
w = tsf” P
SpKTpGLp

I claim that w is in K. In fact the restriction of w to AT, is (p—1)lv = —v,
P

and thefore further restricting it to C, x Tpqr, sends it to 0.

The double quotient Tpar,\Sp X Tpar,/Sp—1 X Tpar, has (p — 1)! ele-
ments, and a set of representatives is given by S,_;. Hence according to
Mackey’s formula we have that the restriction of w to A% ar, is

CPKTPGLP

e — |
g STeSL U (p— D
5E€ESp—1

and this completes the second step in the proof of Lemma 12.1. [

Similarly, there is a diagram of restriction homomorphisms

A;GLP E— (A?i_‘PGLp ) Sp

l |

* A*
Cpxp, — ayy
Lemma 12.3. The homomorphism
S
ker(A;GLP — A"épxup) — ker((ATFPGLp) - A;p)
induced by restriction is an isomorphism.

Proof. Injectivity follows from Proposition 9.4.

As in the previous case, we show surjectivity first after inverting p, and
then after inverting (p — 1)!.

As before, we have A"(}pxup ®Z[1/p] = Z[1/p], so we only need to check

that Apgp, ®Z[1/p] — (A% )Sp ® Z[1/p] is surjective. This follows from
P
Lemma 12.1 and from Corollary 9.6.
Now we invert (p — 1)!. Choose an element

k S k
we ker (At )™ = A ) ©Z[1/(p— 1)1
by Lemma 12.1, we can choose
u e ker(A’éprPGLp — A’épx“p) ®Z[1/(p—1)]
mapping to u in AZ‘FPGL . By Proposition 10.1, we can write
P

u' =v+cp_1(Dp)w,

where v is in A;GLP ®Z[1/(p — 1)!] and w is in Ag RZ[1/(p — 1)!].

Sp XTPGLp
The image of c,(Dp) in A}, oL, is 0, because Tpqr, acts trivially on D,; so
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the image of v in A7} . equals u. But there is no reason why v should map
P

. *

to 0 in Ach“p.

Let us denote by v and w the images of v and w respectively in

o, @L[/ (p = DY = Z[1/(p = D&, nl/ (p€, p0);

the restriction of ¢, 1(D,) equals —¢P~1, so we have 7 — £P~1w = 0. On the
other hand ¥ is contained in

(A ep )" © 211/ (0 — 1)1 = Z[1/ (0 — Dl[g, 71/ (pa, pr);

since U is contained in the ideal of Z[1/(p — D)Y[£, n]/(p€, pn) generated by
¢, and the images of ¢ and r in

Z[1/(p— DN nl/ (& pn) = Z[1/(p — 1)][n]/(pn)

are an” and 0, we see that v is a multiple of r; hence we can write v =
r¢(q,r), where ¢ is a polynomial with coefficients in Z[1/(p — 1)!]. Set

U, =v- p¢(_ Cp2—pap);

then o' restricts to 0 in Ag, w and its image in AT, oL, equals the image

of v, which is u, because p maps to 0.
This concludes the proof of Lemma, 12.3. [

* k k S k
Set K = ker(APGLp — Acpxﬂp) and L = ker((ATPGLp) F— Aﬂp). The
induced homomorphism K — L is an isomorphism, according to Lemma, 12.3.
Consider the subring Z @ L C ( Trar, )Sp; Proposition 7.1 (e) gives us a
P

copy Z ® K of it inside Apgy, . To finish the proof of Theorem 3.2 we need
to extend this splitting to all of (A*

TPGLP)SP- According to Proposition 3.1,
we have that (A} )SP is generated as an algebra over Z @ L by the single
P

element . We need to find a lifting for §; this is provided by the following
lemma.

Lemma 12.4. The restriction of ¢,z ,(sly) € Apgy, to A?FZP;’L equals 0.
P

Proof. We use the notation in the beginning of Section 3. The representa-
tions sl and gl, = sl, ® k of PGL,, have the same Chern classes. If V = k"
is the standard representation of GLy, then gl, =V ® VV has total Chern

class
ct(g[p) = H(l + t(]?i — :L‘])) = H(l + t(]?i — 27]))
Y] i#]
in A*TGLP; but A*TPGLP - A*TGLP, so the thesis follows. )

Set 1 = c,2,(slp) € Apgy,. We consider the subring (Z @ K)[61] of
Apgr,; to finish the proof of the theorem we have left to show that it maps

injectively into (Z & L)[6] = (A%, )Sp
P
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Let us take a homogeneous element z € (Z & K)[d;] that maps to 0 in
(A* )S” ; according to Proposition 9.4, to check that it is 0 it is enough

TpaL,

to prove that it restricts to 0 into A"épxup. Write

x:a0+a161+a26%+a36:{’+---.

The a; of positive degree are in K, and therefore map to 0 in A’(‘jpX u, DY
D
definition; so there can be at most one term that does not map to zero, and
that has to be of the form héf, where h is an integer. However, the restriction

of z to ALP = Z[n]/(pn) is zero, and since J; restricts to a nonzero multiple

of 771’2_1’ we see that h must be divisible by p. This proves that h5f also
restricts to 0 in A’épx 1y and completes the proof of the theorem.

Remark 12.5. The splitting (A%, )Sp — Apgr, that we have con-
P

*
Cp KTPGLP

structed is not compatible with the splitting (AZ‘FP oL )Cp — A
P
constructed in Section 7, in the sense that the diagram

(A%, ) — Apar,

TraL,
(A* )Cp A*
TpGLp 7 CPKTPGLP )

where the rows are the splittings and the columns are restrictions, does not
commute.

13. THE PROOFS OF THE MAIN THEOREMS

Let us prove Theorem 3.3.
First of all, let us check that p generates A;GLP as an algebra over

(AZ‘FP GLp)Sp . Take a homogeneous element o € Apgp,. The image of
§ € (A%, GLP)SP in Apgr,, is ¢,z ,(slp), by construction; and this maps to
—q in A’(‘jpxup, by Lemma 5.6. So there is a polynomial ¢(x,y) with integer
coefficients such that « — ¢(0,p) is in the kernel of the restriction homo-
morphism Apq, — AEpXup3 but this kernel is in the image of (AZ"FPGLP)S”,
again by construction; and this shows that A;GLP is generated by p as an

* Sp
algebra over. ( Tp .GLP) ‘ .
The relations given in the statement are satisfied. We have pp = 0 by
construction. Furthermore, by construction the splitting (ATFP oL )S” —
P

Apg, sends the kernel of the homomorphism (Ai"FP GLP)SP — ALP into the

. S
kernel of Apq, — AEPXNP; hence, if u € ker((AprGLp) " = Apqr,) we
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have that up € A’épxﬂp goes to 0 in A?‘FPGLp, because p is torsion, and to
prup- Hence up = 0, because of Proposition 9.4.
Let x be an indeterminate, I the ideal in the polynomial algebra

* S
(ATPGLP) p[x]
generated by pz and by the polynomials uz, where w is in the kernel of the

restriction homomorphism (A*TP oL )Sp — ALP; we need to show that the
P
Sp

homomorphism (A%, . )7[z]/1 — Apgr, that sends z to p is an isomor-
P

phism. Pick a polynomial ¢ € (A*TPGLP)SP [] such that ¢(§) = 0 in AI’SGLP.
After modifying it by an element of I, we may assume that is of the form
a + (0, p), where « is in the the kernel of (Ai‘FPGLp)Sp — A;p, while 9 is
a polynomial in two variables with coeflicients in F,,. Since the images of 0
and p in A’(‘jpX [ that are ¢ and r, are linearly independent in Fp [, 7], we

see that ¢ must be 0. Hence o = 0 in Apgy, ; but since (Ai‘FPGL )S” injects
P

inside Apqy, , we have that ¢(z) = 0, as we want.
Next we prove Theorem 3.4. We start by proving Corollary 3.5, that says
that the cycle homomorphism Apg, — HpGr, is an isomorphism.

Call K and L, respectively, the kernels of the restriction homomorphisms

* * SL2 (Fp ) even even SL2 (Fp ) .
PGL, ( Cp></up) and PGL, ( CpXup) ; we have a com-

mutative diagram

0— K — Abar, — (A, )"

J l

even even SLa(Fp)
0 — L — Hpgr, — ( prp)

—>0

—>0

with exact rows. The right hand column is an isomorphism, because of
Propositions 5.4 and 5.9. The group L injects into

ker((Hi‘FPGLp)Sp — Hzp) = ker((A*TPGLp) — AZ;;)’

because of Proposition 9.4; on the other hand the restriction homomorphism

K —» ker((A*TPGLp)Sp — A}, )

Sp

is an isomorphism, because of Lemma, 12.3. This proves that K — L is an
isomorphism, and this proves Corollary 3.5.

To show that p and S generate Hpgy, as an algebra over (ATFP oL )S” ,
'd

take a homogeneous element o € Apg, . The element p generates Hp(,

because of Theorem 3.3 and the fact above.

If o is a homogeneous element of odd degree in Hp, , its image in Hodd

CpXpy
can be written in the form ¢(q,r)s, where ¢ is an integral polynomial, by

Proposition 5.9. Then a — ¢(—0, p)3 maps to 0 in H%idxﬂp. On the other
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hand HOP%ng injects into H‘()j‘idX 1y by Proposition 9.4, and this completes the
proof that p and B generated.

To prove that the given relations generated the ideal of relations is straight-
forward, and left to the reader.

Finally, let us prove Theorem 3.6.

. . * * *

Since the homomorphisms Apg;, ®Q - Agr,, ®Q and Apgr, ®Q —
A’éLp-(X)Q are ispmorphisms, the ranks of Abqr, and Hpg, equal the ranks
of Ag;, and Hg;, . The ranks of the Hpgy, are 0 when ¢ is odd; while for
any m > 0 the rank of Apy, ~ H%’(L}Lp equal the number of monomials of

degree m in o9, ..., 0p. Such a monomial 032 ...p% can be identified with
a partition (2% ...p%) of m, so this rank is the numbero of partitions of m
with numbers between 2 and p.

On the other hand it follows from Theorem 3.3 that the torsion part of
A;GLP is a vector space over the field F,, with a basis given by the elements

§'p7, where i > 0 and j > 0. Similarly, from Corollary 3.5 we see that the

; even ; odd
same elements form a basis for Hpgy, , while Hpgyp,  is an IF-vector space

with a basis formed by the elements §’p’3, where i > 0 and j > 0.
The theorem follows easily from these facts.

14. ON THE RING (A%, )S”
P

If T is a torus, we denote by T the group of characters T' — Gy,. We have
a homomorphism of T into the additive group A% that sends each character
into its first Chern class: and this induced an isomorphism of the symmetric
algebra Symg, T with AY.

In this section we study the ring of invariants (A%, ar, ) 5Tt is convenient

. S . S . o
to view (AZ‘FP GLp) ” as a subring of (A} GLp) ”s this last ring is generated by
the symmetric functions oy, ..., o}, of the first Chern characters z1, ..., z,
of the projections Tgr, — G-

If we tensor (A%, .. )Sp with Z[1/p], then we get a polynomial ring; and
P
it is easy to exhibit generators. The homomorphism of groups of characters
Tpar, — Tsi,

induced by the projection Tsr, — TpcL, is injective, with cokernel Z/pZ;
hence it becomes an isomorphism when tensored with Z[1/p]. Hence

(Atp, ) ©Z(1/p) — (A, )™ © Z[1/p)

is an isomorphism.

Sp

According to Lemma 7.2, the ring (Ai‘FSL ) is a quotient
P

(At ) /(1) = Zlow, o)/ (o1) = L., ),
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where we have denoted by 7; the image of o; in AT . One way to produce
P
elements of (ATFP oL )Sp is to write down explicitly the elements correspond-
P
ing to the o; in the isomorphism
S
(Ao, )™ ® Z[1/p] = Z[1/pllon, ..., 0]

and then clear the denominators.
The composite

ji‘pGLp ®Z[]‘/p]% A:‘i‘GLp ®Z[1/p] —_— A:‘i‘SLp ®Z[1/p]
| |
Z1/pl[@1, ..., xp] —— Z[1/p][z1,. .., 2p]/(01)
®Z(1/p]
is obtained by sending z; to x; — %01. We need to compute the image of the
o) in Apgr, ®Z[1/p] C Z[1/p][o1, ..., 0p], and this is given by the following

formula (the one giving the Chern classes of the tensor product of a vector
bundle and a line bundle).

Lemma 14.1. Ift is an indeterminate, we have

i p—Fk+1\
Uk(:vl-i—t,...,xp—)—t):Z( ; )tlak_i
=0

is an isomorphism, and the inverse Z[1/p|[z1, ..., 7p]/(01) = AT,
P

2

(=1 k P\ &
+ + (k—l)t o1+ (k‘)t .

in Zlxy, ..., zp,t], for k=0, ..., p.

—k+2
=0+ (p—k+ Dtop_q + <p )t%k_z

Proof. This follows by comparing terms of degree k in the equality
P P

S (1 +t)ops =[]0+t +m)
1=0 =1
P
:ZUZ-(:L“l—l—t,...,wp—i-t). [ )
1=0

If we subtitute —%01 for ¢ we obtain the images of the 7 in (Ai‘FPGLp)Sp ®

Sp

Z[1/p); we denote them by v}. In order to get elements of (A% . )", we
P

can clear the denominators in the +/; by a straightforward calculation we
can check that

k—1_1
Yk

e p—k+i . —1/p—1
(—1)lpk_z_1<p E+Z>0k—i0i+(—1)k_l—kk <i 1>U]f

Yk =

=

e
[\

A

Il
o

i
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fork=2,...,p—1, while
Yo = 1P,

p—2
=Y (1)’ op_ioi + (p — 1)ot
i=1

From the discussion above we get that (A%, . )Sp ® Z[1/p] is a poly-
P

nomial ring over Z[1/p] over 7, ..., 7. However, the 7; cannot generate
(ATFP oL )S” integrally, because all of them are in the kernel of the homomor-
P

. S . 2 5 \Sp .
phism (A*TPGLP) P ALP, while 6 € (A?FPG”LP) ? is not.

When p = 3 the situation is simple. The following result was proved by
Vezzosi.

Theorem 14.2 ([15, Lemma 3.2]).
* S
(ATPGL3) ? = Z[’)’Z,’)’?,, 5]/(275 - 4’73 - 'Y?%)

Proof. What follows is essentially the argument given in the proof of Lemma 3.2
in [15]. We have

2
Y2 :302—01

and

Y3 = 2703 — 90102 + 2011)’.
Let us express § as a rational polynomial in -y and -y3. This is most easily
done after projecting into
Aty = Zlz1, w2, 3]/ (01)
since we know that AT, injects inside AT . Since d is the opposite of the
P P
classical discriminant H:{)Si<j§3(xi —x;)?, the image of 0 in Z[z1, 22, z3]/(01)
equals 403 +2702. The images of y2 and 73 in Z[z1, 79, 23]/ (01) are 305 and
2703; hence we get the formula
270 = 43 + 2
showing that the relation in the statement of the theorem holds.
We will show that if ¢ € (A*TPGLB)S3 C Z[o1,09,03] is such that 3¢ is
in Z[7y2,vs,9], then ¢ is also in Z[y2,7s,d]. This implies that Z|[ya,y3,0] =
(AZ‘FPGL?))S?’, because we know that v9 and 73 generate (A*TPGL?))SB ® Z[1/3],

hence if ¢ € (AZ"FP GL3)83 then 3"¢ € Z[vy2,s, d] for sufficiently large n, and

we can proceed by descending induction on n.
Write
3¢ = p(72,73,0) € Zlo1,02,0] € (A, )™
for an integral polynomial p. The image of p(y2,73,d) in the polynomial ring
F3[01,09,03] is 0; the images of 72, y3 and d in F3[0q, 09, 03] are —o?, —o}
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and o3 respectively; and the ideal of relations between these three polyno-
mials is generated by (—o3)® + (—0?)2, which is the image in F3 [0y, 09, 03]
of

4y3 + 43 = 270.

Hence there are two integral polynomials ¢ and r such that we can write

3¢ = p(027 03, 5)
= 3q(02,03,0) + 270 - r(02, 03, 0).

Dividing by 3 we see that ¢ is in Z[og,03,0] C (A?‘FPGLS)S?’; and this con-
cludes the proof that 2, v3 and d generate.
Consider the surjective ring homomorphism

Zlws,z3,y) — (Afyey,)”™
that sends x; to v; and y to d; call I its kernel. We know that
(27y — 4a3 — 23) C I.
After tensoring with Z[1/3], both rings
Llxe, z3,y]/(2Ty — 4:1:% — wg) and (A*TPGLB)S3

become polynomial rings Z[1/3][z2, x3]; hence, if f € I, some multiple 3" f
is in (27y — 423 — z3). But this implies that f is in (27y — 423 — 23) because
3 is a prime in the unique factorization domain Z[zs,x3,y] and does not
divide 27y — 423 — 22, so

(27y — 4ay —23) =1,
as claimed. '

From this, Theorem 3.7 follows easily.
As p grows, the calculations become very complicated very quickly. The
Sp

obvious generalization of the result above, that (A*TP oL ) is generated by
P

the 7; and 9, fails badly. When p is larger than 3, it is not hard to see that
they fail to generate already in degree 4. When p = 5 the ring ( Tp GL5)85
has 9 generators, in degrees 2, 3, 4, 5, 6, 7, 9, 12 and 20; with some pain, it
is possible to write them down explicitly. The generators in degree 2 and 3
are yo and y3. With more work it shoud also be possible to find the relations
among them.

There are other approaches to calculations other than the one given here
for p = 3; but none of them seem to give a lot of information in the general
case.
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