ALGEBRAIC BP-THEORY AND NORM VARIETIES
NOBUAKI YAGITA

ABSTRACT. Let X be a smooth variety over a field k of ch(k) = 0.
For a fixed prime p, the algebraic BP-theory ABP*’*’(X) is the
algebraic version of the topological BP-theory. Given a nonzero
symbol a € K | (k)/p, the norm variety Vj, is a variety such that
a=0¢€ KM, (k(V,))/pand V,(C) = v,. In this paper, we mainly
study ABP** (V,) for p odd prime case.

1. INTRODUCTION

A.Suslin and V.Voevodsky constructed and developed the motivic
cohomology theory H** (X;Z/p) for algebraic sets over the base field
k. This theory is the counter part in algebraic geometry of the usual
mod p singular cohomology in algebraic topology. Let ch(k) = 0 and
fix an embedding £ C C. As the counter part of the complex cobordism
theory MU*(X), Voevodsky [Vol,2] defined the algebraic cobordism
theory MGL** (X) and used it in the first proof of the Milnor conjec-
ture.

Given a nonzero symbol a € K} (k)/p, the norm variety V, is a
variety such that a = 0 € K%, (k(V,))/M and V,(C) = v,. Here v, is
the 2(p™ — 1) complex manifold generating

Z(p)[vl, ve,...] =2 BP*(pt.) C MU*(pt.)(p) = MGL2*’*(5’pec(k))(p)

the coefficient ring of the BP-theory in algebraic topology.

For p = 2, we can take the norm variety by the smallest neighbor @,
of the Pfister quadric defined by a. Voevodsky proved [Vol]| the Mil-
nor conjecture by studying cohomology operations on H** (Qq;Z/2).
Moreover MGL**(Q,) is studied by Vishik and Yagita [Vi-Ya].

Recently Rost ([Ro],[Su-Jo]) announced the constructions of the
norm variety V, also for p odd, and Voevodsky ([Vo4]) gives the proof
of the Bloch-Kato conjecture (which is the odd prime version of the
Milnor conjecture) by studying H** (V,;Z/p).
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In this paper we write down the properties of ABP** (X) which is
the algebraic counter part of BP-theory. For example we give a con-
struction of the Atiyah-Hirzebruch spectral sequence for ABP**(X;Z/p)
; its existence (of M G L-version) was announced by Hopkins and Morel
more that several years before, however any proof (or even statement)
does not appear yet. We study the cohomology operations, products
and Gysin maps explicitly in ABP**-theory. Using these results, we
compute ABP** (V,) which extends some parts of the results by Vishik
and Yagita to odd p cases.

2. COHOMOLOGY OPERATIONS

Let p be a fixed prime number. Let k be a field with ch(k) = 0,
which contains a primitive p-th root of unity. In this paper, the mod(p)
motivic cohomology H7, (X;Z/p(n)) is written by H™™(X;Z/p). We
fix an emmbedding £ C C and denote by ¢ the realization map

te : H(X:Z) — H*(X(C); Z)

where the right hand side is the usual (singular) cohomology of the
C-rational points of X.

In motivic mod(p) cohomology, we have the Bockstein and the re-
duced powers operations

(21)  B:H"(X;Z/p) — H*Y(X;Z/p),

(2.2) P HY(X;Z)p) — H -0 +0-Di( . 7, /p)

which are compatible with the usual Bockstein and the reduced powers
operations via the realization map tc.

Let 7 € H* (pt.;Z/p) 2 Z/p and p € H"'(pt.;Z/p) = k*/(k*)? be
elements corresponding to the primitive root ( of unity. Then 7 =
p. Reduced powers operations have the following properties (Lemma
9.7,Lemma 9.8 in [Vo4]),

(2.3) P° = Identity, P"(x)=2a" if x¢€ H*™"(X;Z/p),

(2.4) P'(x)=0 if v € H™(X;Z/p), i>m—mnand i > n.
When p > 2, the Cartan formula
Piey) = 3 PI@P @)
0<j<i

and the Adem relations are also satisfied as the topological cases. How-
ever when p = 2 we need some modification for 7 and p (P = S¢*
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and 8 = Sq¢'). For example
(2.5)  Sq¢*(uv) = Z Sq¥ (u)Sq* ¥ (v) + 1 Z Sq¥ () Sg* " (v).
0<i<i 0<j<i—1
Moreover we have the Milnor operation
(2.6) Q;: H™ (X;Z/p) — H* '\ "Y (X Z/p).

When p > 3, we have Qy = 3 and Q;,; = [@;, PP']. But for p = 2
the above property holds only with mod(p) (see [Vo3] for details). We
note @? = 0 and @Q;Q; = —Q;Q;. But Q; is not a derivation when
p # 0 and p = 2 (while it is a derivation whenever p > 3). In fact from
Proposition 13.4 in [Vo3],

(2.7) Qi(zy) = Qi(z)y + 2Qi(y) + pQi—1(2)Qi-1(y)

+PZ aryQr(x)Qr(y)

where a;; € H*(pt.;Z/2), laspr| > 0 and Q; = QF... for J =
(60, ceey 62',1), € = 0 or 1.

For a non zero element x in H™"(X;Z/p) or each cohomology op-
eration (or differential in the spectral sequence), we define the weight
and the difference by

w(x) = 2s.deg(x) — f.deg(x) =2n—m

d(z) = f.deg(z) — s.deg(z) =m —n

(here f.deg(x) (resp. s.deg(x)) is the first degree (resp. second degree)
of ) so that if X is smooth, then

w(z) >0, d(z) <dim(X).

We also note w(f) = —1, w(P") =0, w(Q;) = —1.
The solution of the Bloch-Kato conjecture by Voevodsky implies

H*(X;Z/p) = H}\(X;Z/p) for x < ¥,

H**(pt.; Z/p) = K" (k) /p = H;,(pt.; Z/p).
Since d(x) < 0 for non zero x € H** (pt.; Z/p), we have
Lemma 2.1. H*" (pt.;Z/p) =2 Z/p[t] ® KM (k)/p.

Corollary 2.2. Let p > 3. In H** (pt.;Z/p), we see Qi(x) = 0 and
Pi(z) =0 for all i,j > 1.
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Proof. By dimensional reason, P"(z) = 0 for x € H™"(pt.;Z/p) =
KM(k) or x = 7. When p > 2, the Cartan formula holds, hence
P*(z) = 0 for all 2 € H*(pt;Z/p) and n > 0. Thus we see also
Qn(z) =0 for n > 0. O

Remark. However when p = 2, in general, P"(x) # 0 and Q,(z) # 0
for x € H** (pt,;Z/p) which, for example, see §14 bellow.
V.Voevodsky ([Vo3,4] in particular Lemma 2.2 in [Vo4]) and G.Powell

[Po] showed that the mod p motivic Steenrod algebra A;‘,’*' is generated

as an H**(pt, 7Z/p)-module by products of P’ and 5. Moreover they
also prove

(2.8) Ay = H*(pt;Z/p) ® RP ® A(Qy, Q1 ...)

where RP is the Z/p-module generated by products of reduced powers
PP (without the Bockstein). Hence each element a in A;’;’*' is
represented by

a = ZCL[JPIQJ = ZCL[JPiI...Pin [E]OQ;T
with T = (i1,...,0n), i > 0, and J = (€g,....€m), € = 0 or 1, and
ary € H** (pt.; Z/p)
In this paper, we assume and consider (generalized) cohomology the-
ories in stable homotopy categories which hold the following Whitehead

type theorem. Let X and Y be connected. If f : X — Y is a map
such that for each extension F' of k, there is the isomorphism

then f induces the equivalence in this (satble homotopy) category over
the field k.

3. ABP THEORIES

Recall that MU*(—) is the complex cobordism theory defined in the
usual (topological) spaces and

MU* = MU*(pt.) = Z[x1, xa, ...] |z;] = —2i.

Here each z; is represented by sum of hypersurfaces of dim(z;) = 2i
defined by polynomials with the coeffients in Z, in some product of
complex projective spaces.

Let MGL** (—) be the motivic cobordism theory defined by Vo-
evodsky. By the Thom isomorphism, it is easily proved that ([Hu-Kr],
[Ve]) that there is the H** (pt)-module isomorphism

H**(MGL) = H**(BGL) = H** (pt)[c1, ¢2,...] with |¢;| = 2i.
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This isomorphism induces the A;’*'—module isomorphism
H*(MGL;Z/p) = H** @ RP ® Z/p[mi|i # p’ — 1]

with H** = H** (pt.; Z/p) and |m;| = 2i.

Let us write by AMU the spectrum MG L, representing the mo-
tivic cobordism theory, i.e., MGL** (=), = AMU"*(-). Since
MGL**(X) is a multiplicative cohomology theory, we know it is an
MGL* (pt.)-algebra. Moreover we can embeds MU* into MG L**(pt.)
([Vol]). Hence MGL**(X) is also an MU*-algebra.

Given a regular sequence S,, = (s1, ..., S,) with s; € MU(";,), we can
inductively construct the AMU-module spectrum by the cofibering of
spectra

(3.1) T Y2l A AMU(S;_y) =55 AMU(S;_y) — AMU(S;)

where T = A/(A—{0} = S} AS! is the Tate object. It is also immediate
that tc(AMU(S,)) = MU(S,,) with

MU(S,)" = MU* /(Ideal(S,)).

Recall BP* = Z, vy, ...] with identifying v; = ,,_1. We can con-
struct spectra

ABP = AMU (z;)i # p’ — 1), AP(n), Ak(n), AHZ, AHZ/p

so that tc(Ah) = hfor h = BP, P(n),.... Here P(n)* = BP*/(p, ..., v 1)
and k(n)* = Z/plv,] = BP*/(p, ..0p, ...).

For S = (v, ..., v;,), let us write
ABP(S) = AMU(S U {z;]i # p’})

so that tc(ABP(S)) = BP(S) with BP(S)* = BP*/(S). By using
the long exact sequence induced from (3.1)

Lemma 3.1. ([Ya4]) Let S = (v, ...,v;,). Then
H**(ABP(S); Z/p) = H*" (pt.; Z/p) ® H*(BP(S); Z/p)

By the above lemma for S = (p,vy,...) and the Whitehead type
theorem, we see that in the Al-stable homotopy category,

(3.2) Hyyp= AHZ[p= AMU (p, 1, %2, ...),

e.g., AHZ/p>*(X) =2 H**(X;Z/p). More strongly, Hopkins-Morel
showed that AHZ = Hy, namely, AHZ** (X) = H*(X,Z) ; the
motivic cohomology.
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Theorem 3.2. ([Yaj],[Ho-Mo]) Let Ah = ABP(S) for S = (vi,, viy, ...).
Then there is the Atiyah-Hirzebruch spectral sequence

E(Ah)gm,n,Zn’) — fgmn (X, h?n’) — Ahm+2n’,n+n’ (X)
with the differential — day 41 : Eé:ff’%,) — Egﬁ?’”“’"*’"’%"?’").

Remarks.

1) The cohomology H™"(X,h?) here is the usual motivic coho-
mology with coefficients in the abelian group h*¥, e.g., if h?"
is Z/p-module, then H™"(X;h?") =2 H™"(X;Z/p) ® h*>". In
particular, if X is smooth, then E™™?" =0  for m > 2n.

2) The convergence in AHss means that there is the filtration

AR (X) = FY D FY S B o L

s’ g~ 206 i, —2i
such that F;>" /F| = EX] :

3) Let S € R = (vj,...). Then the induced map ABP(S) —
ABP(R) of spectra induces the natural BF - module map of

AHss
E(ABP(S))r** — E(ABP(R))>"".

r

From the above theorem and dimensional reason, we see
(3.3) ABP(S)**(pt) = BP(S)* = BP*/(S).
From (1), we also have for smooth X,
(3.4) ABP(S)**(X) ®pp- Ly = H*™*(X) =2 CH* (X))
Let v; € S. Consider the long exact sequence

— ABP(S)**(X) 2 ABP(S)**(X)
— ABP(S,v;)**(X) = ABP(S)**1*(X) — .

Here the last term is zero when X is smooth. Hence this case
ABP(S,v;)"*(X) = ABP(S)*(X)/ (1).
More generally
Lemma 3.3. Let X be smooth and S C R C (p,v1,...). Then
ABP(R)**(X) =2 ABP(S)**(X)/(R).
Of course, the case R = (p, vy, ...) of the above lemma is the isomor-
phism (3.4).
Here we give a proof of Theorem 2.1 for ABP(S)** (X) with p € S.

Let I = (ig,il,ig,...) with 10 = 0 < 11 < 19 < ... and S; =
(p, Vi, , Viy, ...). We consider the AHss for the theory ABP(S;)** (X).
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We first study the construction for the following motivic Adams
spectral sequence. We consider an (injective) resolution of ABP(Sy)
by the (motivic) Eilenberg-MacLane spectrum HZ/p, namely, the se-
quence

d d

3
s Hy...

(1) ABP(S;) -2 H, % H, 2 H,

where H; is the product of T* HZ/p and induced cohomology sequence
is the resolution of H** (ABP(S); Z/p) over A%*'.

Consider sequences R = (r1,79,...) with r; = 0 for i € I. Let
[(R)=>"r;and |R| = Y 2r;(p'—1) (be finite). Let V,, be a Z/p-vector
space generated by sequences with [(R) =n — 1. We can construct an
resolution by

H,=HZ/p®V, = 1T HZ/p{vr}

I(R)=n—1, and r;=0 for i€l
where {vg} is just the base with |vg| = |R|. Hence
H* (H, Z/p) 2 ALY ®@ Vi = @upy—n1 AL @ {vr}.

(Note that for fixed degree (x, '), each H** (H,;Z/p) is finite, while
V,, itself is infinite dimensional vector space.) The differential map
d: : H** (H,1;Z/p) — H** (H,;Z/p) is give by

(2) divr) =Y Qi®uvp_a, A= (0,..,0,1,0,..).

If there are maps d,, with (2), then by standard arguments, (2) induces
the projective resolution of

H*"(ABP(S1);Z/p) = H*" (pt.; Z/p) ® RP ® A(Qili € 1)
for A;‘;*' which is isomorphic to

H**(HZ/p; Z/p) = H"* (pt; Z/p) ® RP ® A(Qy, ...).
(For topological case, this is well known by Milnor and Novikov. See

page 513 in [Mi].)
Note that the homotopy group

Hom(HZ[p, HL/p) = H"" (HL/p; Z/p) = A"

Hence we have Hom(H,, H, 1) = A;;’*' ® Hom(Vyu41,Vy). (Note also
that for fixed (7,7) the A'-homotopy [S*/H,,, H,,,] is finite.) Hence
there exists unique map d, : H, — H, satisfying (2). Thus we have
the resolution (1).
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Let B, be the cofiber of d,_;, namely, H, ; It H, ™ B, is the
cofiber sequence. Since d,d, ; = 0, there is a map 0, : B, — H,1
such that 0,p, = d, 41

dn_1 dy, dnt1
Hn—l s Hn ” n+1 - ? Hn+2
an{ /0n
B,

Here H** (B,;Z/p) & Kerd,_, = Cokerd;,,. Hence the sequence

dn . .
B, o H,., s H, .- is the cofiber sequence, by the Whitehead theo-
rem for motivic theories, in fact, the induced cohomologies make exact
sequence. Similarly, the exact sequence

0« Kerd'_, < H** (Hp1;Z/p) < Kerd?, < 0
induces the cofiber sequence S™'B, O H, Prit B, igl B,,.

i
Thus we get the following diagram such that the triangles 6 \ /1 p

. PINI . .
is cofiber sequence and "—; is commutative

ABP(S;) =By +2— B, +2_ B, «*_ B,

do\ PlT 01\ p2T G2\ pST

d d
H1 1>H2 2>H3

Taking Hom(X, —), we have the diagram of cohomology theories such

. (li . p*T\5* . .
that the triangles 6, \/T p. is exact and "=, ~ is commutative
ABP(S)™ (X) 2= BIY(X) «#— By (X) <= By (X)

00% N\ pl*T 015 \¢ P2*T 024 \¢ p:ﬂT

HI™ (X) =25 HY (X) =2 HPY(X)

where H*(X) = @ypjen1 H** (X;Z/p){v"} with degree |vf| =
—|vg| = |v] w52l ,

For an element x € H* (X) with p,.(z) € Image(iniis...inir), W
can define the differential

d(A)r(x) = 5n+r* (in+1*---in+r*)71pn*(l‘)-
If we give th filtration by
Filtms (@, H** (X)) = @,n H (X Z/p).
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Then we have the Adams spectral sequence converging ABP(S;)** (X),
namely

Extnq,ign(Z/p, H™ (X;Z/p)) = ABP*(S1)(X).
Here we give the another filtration
Filt}M (@, Hy" (X)) = @y por H (X5 Z/p) {v™}.
Writing v = v]'vj?..., we have the isomorphism
Fil,/Fil,_, = H* (X;Z/p) ® (BP/S;)*.

Thus we get the desired AHss converging ABP(S;)** (X).

Remark. V.Voevodsky define a slice filtration f,(E) for a spectrum
E in the stable homotopy theory SH (k) (for details, see Theorem 2.2
[Vo5])

The slice s4(E) is defined by the cofibering

for1(E) = fo(E) = s4(E)

and s,(F) belong to SLSH (k)¢//. Here SH(k)°// is the smallest trian-
gulated subcategory in SH (k) which is closed under direct sums and
contains suspension spectra of spaces but not their T-desuspensions.

The spectrum F is called slice wise cellular, if any ¢ € Z the slice
sq(E) belongs to the smallest triangulated category of SH (k) closed
under direct sums which contain the spectrum Y% Hy. Note that when
ch(k) = 0, the category of slice wise cellular spectra contains the sphere
spectrum and therefore T-cellular spectra (Corollary 4.5 in [Vo5]). In-
deed s,(HZ) = HZ for ¢ = 0 and s,(HZ) = 0 otherwise (Conjecture
1 in [Vo5]), and it is also proved sy(1) = HZ where 1 is the sphere
spectrum

If F is slice wise cellular, then we can construct the motivic Adams
spectral sequence

Ext yo (H™(E; Z/p), H** (X; Z/p)) = [X, El)

similar to the case above ; exchanging B; — f;(E), H; — s;—1(E). We
note that we can take s,(E) = X" HZp, g (see §5 in [Vo5]) where
HZy gy = HZ ®11,(E) in the Voevodsky’s notation.

The above arguments for ABP(Sy) showed that ABP(ST) is mod p
slice wise cellular, namely,

sq(ABP(Sy)) = SYHZ/ppp) s, -2 = SRHZ/p @ BP/(S;) ™
( Conjecture 5 in [Vod]).
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As amost simple example, we consider the case S; = (p, vy, ...., Un, -..),
namely, BP(S;) = k(n) the connected Morava K-theory

k(n)* = BP*/(p,v1,....; Un, ...) = Z/plvy).

This case H; = HZ/p{via,}. The map f : X — HZ/p{via,} repre-
sents the element z ® vi € H" (X) if f*(via,) = € H* (X;Z/p).
The differential dy,n_1(z ® v}) is represented by the composition map

X L HZ p{vin,} S HZ/p{viena, }-
Here we have

[ divivin, = [1(Qn ®via,) = Qu(z).
This means that dopn_1(z ® v}) = Qu(x) ® vi*! in AHss.

Lemma 3.4. The first nonzero differential in AHss for Ak(n)>* (X)
15 given by

d2pn+1($) = Up (024 Qn(x)
From the above lemma and the exact sequence
— Ak(n)> (X) 3 Ak(n)** (X) — H* (X;Z/p) — .

Lemma 3.5. Ifv,y =0 € Ak(n)** (X), then there isx € H** (X;Z/p)
such that Qn(x) = p(yn) where p : ABP — AHZ/p is the natural
(Thom) map.

We also note the following lemma ([Ya2]).

Lemma 3.6. IfS  v,y, = 0 € ABP**(X), then there isx € H>* (X;Z/p)
such that Q,(x) = p(yn) where p : ABP — AHZ/p is the natural
(Thom) map.

Proof. (It is just the motivic version of the arguments of Tamanoi [Ta).)
Let AL be the spectrum defined by the cofiber sequence

STiAL My MY -lABP —% ABP —% AL
where the map x is defined by
T -1ABP -, \/ ABP 12", App
so that . (bo, by, ...) = S vsb; for b; € ABP** (X).
Since k* = 0 on H** (—;Z/p), we have
0 — H*V(IIT' ~'ABP; Z/p) % H*¥(AL;Z/p) — H* (ABP;Z/p) — 0.

Recall H** (ABP;Z/p) = H** (pt.;Z/p) ® RP (see Lemma 3.1).
Hence the mod p cohomology is easily seen

H*"(AL; Z/p) = H*" (pt;; Z./p) ® RP ® {1, ¢5(10), ¢} (11), .-}
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where 1; € H*'~1P""1(TP" "L ABP; Z/p). Here we can prove that ¢} (1;) =
Q;(1) for 1 € H*(AL;Z/p). Because this holds for topological case
(see [Ta] for details), and the w(z) = —1 parts in H** (AL;Z/p)) are
written as RP ® {1,¢;(10),¢i(11),...} which maps injectivity to the
topological case by the realization map tc.

Let n : AL — AHZ/p be the map of spectra representing 1 €
HY°(AL;Z/p). The above equality means

pgi = Qin: AL — S¥ "YW LAHZ/p
as homotopy maps.
Suppose S vy = 0 € ABP**(X). Then x(TI(y;)) = 0. So there is
z € AL*7*(X) with T1(g;(2)) = TI(y;). Take z = n(z) and we get
p(yi) = pgi(2) = Qin(z) = Qi(x).
U

Corollary 3.7. Let z € E5"° ¢ H*(X;Z/p) in AHss converg-
ing to ABP** (X) such that viz = 0 € E***". Then there is x €
H** (X;7Z/p) such that 3" vayn = 0 in ABP**(X) with p(y,) = Qn(x)

for all n and z = p(y;) = Qi(x).
4. COHOMOLOGY OPERATIONS IN ABP** (—)-THEORY

Recall that
(41) H*(MGL) = H* (pt.; Z) @ H*(MU)
where additively H*(MU) = H*(BU) = Z|cy, ...] and where ¢; is the i-
th Chern class with deg(¢;) = (2i,4) in H**(MGL;Z). Since w(¢;) =0,
the elements ¢; are infinite cycles in AHss for X = MGL

o

E(X)y™" = H(X,2)®@ MU" = MGL"" (X).
Hence we have the isomorphism of spectral sequences E(MGL)
E(pt)>** @ H*(MU). This means
MGL** (MGL) = MGL** (pt) @ H*(MU).

Hence the Steenrod algebra of MG L-theory is generated as an MG L** (pt)-

module by the Landweber-Novikov operation s, corresponding c¢* =

(O3 pNeD) P
cttes?.. for a = (aq, an, ...).

Lemma 4.1. (Theorem 7.2 in [Ya4]) The theory ABP** (=) is a mul-
tiplicative theory and there exists the map ABP — AMG Ly, such that

ABP*(X) 2 MGL™ (X)) @umu;, BP",

*yk ok Y
r =

MGL* (X)) = ABP* (X) ®pp- MU,
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The Steenrod algebra of ABP-theory is generated as an ABP** (pt)-
module by the Quillen operation r, for a = (ay, ...).

Proposition 4.2. Let us write RP =2 Zy){ro|a = (a1, as,...),0; >
0,}. Then there is the isomorphism
ABP**(ABP) = ABP** ® H*(BP) = ABP** (pt) ® RP.
Remark. The Landweber-Novikov operation s, is also defined as
the cohomology operations in ABP** (—) theory by
ABP — MGL,) *$ MGL, — ABP.

We also use the same letter s, for the operation in ABP** (—). Then
for each sequence o = (ay,ay,...) such that a; = 0 if i # pF — 1 for
some k, the Landweber-Novikov operation generates ABP** (ABP)
as an ABP**(pt)-module.

Each multiplicative operation o(—) in BP*(X) theory is determined
by an element

o(y) € (BP*[ly])* = BP*(CP>) |y =2.
The total Quillen operation r; (resp. s;) in BP*(—)[t1,t2,...] ( |t;| =
2(p* — 1)) is defined by
Fpp

rot () =)ty (resp. syt (y) =)ty

where S_72” means sum of the formal group law of BP*(—) theory.
Then r,, is defined

ri(7) = Zra(x)ta with t* =17*...

and s, is defined similarly.
We note that the Quillen operation r, (and the Landweber-Novikov
operation s,) satisfies the Cartan formula

Lemma 4.3.

ra(@) = Y ra(@)ran(y).

a=a/ +a

Proof. The Cartan formula holds if
(*) :U'*(Ta) = Z Tor & T

a=a'+a!’

for the coproduct map y* : ABP**(ABP) — ABP** (ABP A ABP).
Here note for X = ABP, ABPAABP, we have ABP** (X) =2 ABP** (pt)®
H*(X(C)) ). In particular

ABP**(X) = BP*(X(QC)).
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The Cartan formular holds in BP*(—) theory and the formula (x)
holds in BP*-theory and so does in ABP**(ABP A ABP), indeed
re € ABP**(ABP). O

By the similar arguments, we have
Lemma 4.4. ABP** (ABP) is a BP*(BP)-module.

Recall that H*(BP) =~ Z(p)[ml,mQ, ] where m; = 1/(pi)(CPpi—1_
The Quillen operation r, on m,, is explicitly written.

Lemma 4.5. (Quillen [Ha/,[Ra])

ro(1my) = {mz if a=p'A,_y for A_;i=(0,..,0, 1_’0, )

0 otherwise.

Hazewinkel showed the expression of v,, by m;
Up = PMyp, — Z mlvgiz
1<i<n—1
identifying 7, (BP) = Zy)[v1, ...] C H (BP) = Zg)[ma, ...].
Let us write by I, the ideal in BP* generated by (v, ..., v, 1). (Let
vo = p.) One of the important properties of r, is ;

Lemma 4.6. ([Ha/,[Ra])

oy [ o) i a =y
10 mod(12) otherwise.

An Ideal J in BP* is called invariant if it is so under the Quillen (or
Landweber-Novikov) operations, i.e., r(J) C J for all .
Lemma 4.7. (prime invariant theorem [Laj) If for a € BP*, the ideal
J = (I, a) is invariant, then a = \vs mod(I,) for A\ € Z/p and s > 1.
In particular, prime invariant ideals are written as I,, for m > 1 or
I.

One of examples of invariant ideals is following. For AHss converging
ABP**(X), define a filtration of the infinite term by

1o

Fy(X) = Busy B2,

Corollary 4.8. Ifx € E**'0 and BP*/J{x} C E%**" for some ideal
J, then this ideal J is invariant.

Proof. Let us write 2/ € ABP** (X) a corresponding element to z €
E%¥0 Let a € J so that az’ = 0 mod(F,;,). Then

0=ro(ax’) = Z For(@)ren (') = ro(a)x’ mod(F,1)

a=ao/ +a"
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since o (') € F,41 for o” # 0 by dimensional reason. Hence 7,(a) is
also in J. O

5. AP(n) = ABP(I,) THEORIES

As the topological case, let us write
ABP(p, 01,y tn )™ (X) = AP(n)" (X)

e.g., AP(0)~*(X) = ABP*"(X), AP(1)"*(X) = ABP*"(X;Z/p)
and AP(c0)**(X) = H*"(X;Z/p).

We want show the Conner-Floyd type theorem for AP(n)**(—) and
AK (n)**(—). For ease of notations, let us write Q(n) = A(Qo, ..., Qn)-

Lemma 5.1. There is an AP(n)** -module isomorphism
AP(n)**(AP(n)) 2 AP(n)"”* @ RP® Q(n — 1).
Proof. (Compare [Wu],[Yal]) For the cofiber sequence
(1) T 'AAP(n) 8 AP(n) — AP(n +1),
we get the long exact sequence
SE AP(n) 2 2 T (AP(n)) &5 AP(n)™(AP(n))
+— AP(n)**(AP(n+1)) « .

By induction, we assume the isomorphism in the lemma for n. Let

1 € AP(n)»(AP(n)) represents the identity map of AP(n). Then
Vi = vpt. Let 2 = Y ar'Q i € AP(n)**(AP(n)) for a € AP(n)*".
Then we see

U;;TIQJ(L) = TIQJ(U:LL) = TIQJ(UnL) = Un(rIQJL) mod(I,).
The last equation is shown by Lemma 5.2 bellow. Therefore we get
vix = v,z. Hence we have AP(n)**(AP(n+1)) 2 AP(n)**(AP(n))/(v,).
Next we consider (the Sullivan) exact sequence induced from (1)

AP (n) 2" =122 =1 AP(n + 1)) 8 AP(n)"*(AP(n + 1))

AP+ 1) (AP(n+1)) 2 |
Since v, = 0 on AP(n)** (AP(n + 1), we get the isomorphism
AP(n+1)"*(AP(n+1)) 2 AP(n)**(AP(n))/(v,) @ A(Qn)

identifying Q,, = 0,,p, mod(Q(n — 1)). By induction on n, we get the
lemma. 0

Similarly, we get
AP**(AP(n)") = AP(n)** ® (R® Q(n —1))%°.
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Lemma 5.2. We can take 1, Q; which commute with v,, as AP(n)** -
module generators of AP(n)**(AP(n)).

Proof. Let us write by p: ABP AN AP(n) — AP(n) the product map.
From Lemma 4.3 and the preceding lemma for n, we can write

p(rr) = Z rp @rpm 4 Z axrLTE @TrLQy
I=1'+1"
with |K|, |J| > 0. From Lemma 4.6, we still know that
rr(v,) =0 mod(I,) |I]#0.
Recall v,z is defined by
T" =" A AP(n) 3" ABP A AP(n) % AP(n).
Hence we have

ri(vpx) = Z o () () + ZaKLJrK(Un)rLQJ(x)
I=r'+1"

which is equal to v,r;(x) mod(I,).

Define (); by the map

pibi t AP(n)* (X) 25 ABP(p, ..., 0, .on_1)"" (X) & AP(n)"" (X).

Here the maps ¢; and p; are ABP**-module maps. In particular
Qi(vpx) = v,Q;(x). O

We recall some arguments of Wiirgler([Wu]). Let us say that z €
AP(n)**(AP(n)) is ABP-primitive if

pi(z)=1®x in AP(n)** (ABP A AP(n)).
We say that = € AP(n)**(AP(n) A AP(n)) is ABP A ABP-primitive
if 1*(z) =(1®1) ® (z) for
IATAL

fi: ABP NABP AN AP(n) AN AP(n) "= ABP A AP(n) N ABP N\ AP(n)

"N AP(n) A AP(n)

where T is the switch map. Similarly we can define ABP"*-primitivity
for elements in ABP(n)** (AP (n)"*).

Of course ¢+ € AP(n)*(AP(n)) is ABP-primitive, and + ® ¢ €
AP(n)*°(AP(n)?) is ABPAABP-primitive. Hereafter we simply write
t by 1.

Lemma 5.3. Ifp > 3, then ABP-primitive elements in AP(n)?°(AP(n))
is additively generated by 1. Similarly if p > 5 and i < 3, then ABP"-
primitive elements in AP(n)"°(AP(n)™) is additively generated by 1%°.
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Proof. Each element z € AP(n)** (AP(n)) is represented as a sum of
Cl[J?”]Q]. Then

p(x)y=rr®a Qs+ ...

Hence if x is primitive, then |I|=0. Suppose that |J| > 0 (so |as| < 0
) and

r=a;Q; € AP(n)"*(AP(n)).
First note that
w(Qy) > w(Qo...Qn_1) = —n, and so w(ay) < n.
In the Fo-term of AHss for AP(n)**(pt.), let us write

las] = ZUK ®ay vk € P(n)*, ax € H" (pt;Z/p).

Since |ay| < 0, we see vg € P(n)~, so |vg| < |v,| = =2(p" — 1).
Moreover w(a’) < n and so |a| < 2n. Thus if p > 3, then

2] = [vgax Q] < |vn| + 20 + |Qo...Qun_1]

=2(—p"+1+..+p" H+2<0.

This is a contradiction. Hence primitive elements are case |I| = |J| =
0, and the result follows from AP(n)"°(pt.) = Z/p.

Each element z in AP(n)** (AP(n) A AP(n)) is represented by a
sum of

a-r1Qr@rpQy.

The result for ABP A ABP-primitive elements follows from that if
p > 5, then

2] < |vn| + 41 +2|Qo...Qn_1| = —2p" +4(1 + ... +p" 1) < 0.
The ABP”3-primitivity follows from the inequality
U] + 61+ 3|Qo...Qn 1] = —2p" +6(1 4+ ... +p" 1) < 0.
[

Theorem 5.4. If p > 3, then the theory AP(n)** (=) is independent
of the choice of generator v;. Moreover if p > 5, then there is the

unique associative, commutative product compatible with the natural
map AP(n—1) — AP(n).

Proof. Let I), = {p', v}, ...,v),} and Ideal(I,) = Ideal(I}). Let us write
AP'(n) = ABP(I]). Then we can see

AP'(n)** (AP(n)) = AP'(n)** @ R® Q(n — 1)
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as the proof of Lemma 4.9. The element 1 € AP'(n)*°(AP(n)) rep-
resents the map 7 : AP(n) — AP'(n). Similarly we get the map
i' : AP(n) — AP'(n). The fact that the composition i'i is identity for
p > 3 follows from the preceding lemma, namely, 7*i'*(1) is primitive
which represents 1 on AP'(n)*°(ABP). Such element must equal to
1.

Now we consider the product structure. The element
1®1€ AP(n)"(AP(n) A AP(n)) represents the map

p: AP(n) AN AP(n) — AP(n).
To see the commutativity, we consider the map
@ AP(n) A AP(n) 5 AP(n) A AP(n) %5 AP(n).

We see both p*(1 ® 1) and p/*(1 ® 1) are ABP A ABP-primitive,
since so is 1 ® 1. Hence from the preceding lemma, the both elements
must be equal if p > 5. The associativity follows from the ABP"3-
primitivity, and the compatibility of the product for the natural map
AP(m) — AP(n), m < n follows from the ABP-primitivity. O

Corollary 5.5. For p > 5, the AHss is a multipliticative spectral se-
quence. In particular there is the P(n)*-algebra isomorphism

grAP(n)** (pt.) = P(n)** @ H** (pt; Z/p).
Proof. Consider AHss
By = H (pts Z/p) @ P(n)" = AP(n)" (pt.).
Recall that H** (pt; Z/p) = KM (k)/p[r]. By dimensional reason,
d, (1) =0, and d.(v)=0 forxe KMk)/p.

Since the differential is a derivation, the AHss collapses. O

"

Corollary 5.6. Let p > 5. Then we can take the cohomology opera-
tion Q; and r; on AP(n)>*(—) such that

(1) QF=0, QiQ; =-Q;Q;, 1'(Q)=Q;R1+1®Q;.
(2) pi(rr) = Z rp @rp+ Z arg@QrL @ reQr

I=1'41"
with a € I,AP(n)**, |K + L| >0 and |K' + L'| > 0.

Proof. Define Q; = p;d; as in the proof of Lemma 4.10. Then Q? =0
and ;Q); = —Q;(Q); are immediately seen. We can prove the primitiv-
ity from the fact that the element (); is generates the ABP-primitive
elements in AP(n)?"' L' "1(AP(n)). This fact is proved by the argu-
ments similar to the proof of Lemma 5.2. O
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Suppose p > 5. Consider the filtration
0=F,CFC..CFy=AP(n)"(X)

with F; = {3 arzrlar € AP(n)**, w(x;) < i}. Then operations r;
act on F;/F;_; satisfying the Cartan formula from (2) in the preceding
corollary. Therefore using the arguments in the proof of Corollary 4.8,
we get the filtration

FoCFyC..CFy=F/F_

such that F,/F;,_y is the P(s)*-free module. Using this fact (for
details, see [La], [Yal]), we can prove ;

Lemma 5.7. (Ezact functor theorem for AP(n)** -theory) Let p > 5.
Let G be a P(n)*-module such that the map v, : G/I,, — G/I,, are
monic for all m > n. Then the functor

is an ezact functor (i.e., AP(n)"* (=) ®p(m)+ G is the cohomology the-

ory).

Corollary 5.8. Let p > 5. Let AK(n)** (=) = [v,;'|Ak(n)**(—) be
the motivic Morava K-theory. Then we get the isomorphism
AK(n)"*(X) =2 K(n)" ®pp- AP(n)"*(X).

Proof. The operation r; also acts on the AHss E*** converging to
AP(n)**(X). From the exact functor theorem, we know

E5" v BT ®p(n)* K(n)*
is the exact functor. Hence
H(E;™, dy) ®p)- K(n)" = H(EP™ ®pm)- K(n)*, d, @ 1).

Of course the left hand side is E,7]" ®p(n)- K(n)*. By induction, we
can show that the righthand side is isomorphic to the r 4+ 1-th term of
AHss converging to AK (n)*(X) since

Ey™ @p(my- K(n)" = H(X;Z/p) ® K(n)*
which is the Es-term of AHss converging to AK (n)**(X). O

6. HOMOLOGY THEORIES AND ABP, ,,(ABP)

Since eighties, most Adams Novikov spectral sequences are studied
for homology theories, but not cohomology theories. In this section,
we remark a bit about the homology theories and the motivic version
of the Adams-Novikov spectral sequence which are studied by Miller,
Ravenel and Wilson [Mi-Ra-Wi.
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First we recall the motivic homology for a smooth projective X. It is
known by Suslin and Voevodsky that the motivic (co)homology theory
holds the Poincare duality

A B (G 20) = Hag-oa o (52

where d = dim(X) and ux € Hyqq(X;Z/p) is the fundamental class
of X. Hence if 0 # x € H, +(X;Z/p), then

fdeg(z) <2d, w(x) <0, and d(z)<0.
Let us write
H, . = H,.(pt;Z/p) = H™ " (pt.; Z/p).
It is known (Conjecture [Vob]) that the homology
H,.(HZ/p;Z/p) 2 H,. ® RP ® A

where RP = 7/pl&1,&,...] deg(&) = (2p" — 2,p" — 1)
A= A(rp,71,...) deg(r;) = (2p" — 1,p" —1).
As the cohomology cases ([Hu-Kr],[Ve]), we have
Arguments similar to §3, we get
Lemma 6.1. Let S = (v;,,...,v;,). Then
H*’*’(ABP(S), Z/p) = H*:*' ® pr ® A(Tila sy Tis)
ABP(S).x(ABP(S)) 2 ABP, v ® RP ® A(7i), ..., Ti,)-

Moreover we have the AHss for homology theory

Theorem 6.2. Let Ah = ABP(S) for S = (vi,, vi,,...). Then there is
the Atiyah-Hirzebruch spectral sequence

E(Ah)?m,n,Zn’) = Hm,n (X§ th’) = Ahm+2n’,n+n’ (X)
with the differential  d*"+! : E?&T&Zn,) — E(Z;ztIZTfl,nfrﬂn’#»?r)‘

For ease of arguments, let B be ABP or AP(n) for p > 5 so that
they have the good product. Hence we also have the Kunneth map

B.w(X) ®p,, Bow(Y) = BP,u(X x Y).
Since |z| < 2d for nonzero = € H, . (X;Z/p), we see each element in

Hs44(X;Z/p) is permanent in the above AHss. In particular we can
take the fundamental class ux also in By q(X). Hence we can define
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the Poincare dual map — Nux : B* (X) — Bag_, 4« (X) by the map
of spectra

AAL 1INzAL

sNuy TS XABS XAXAB"S X ABAB™" X AB.
Theorem 6.3. For smooth X, there holds the Poincare duality
—Nux : B (X) & Byygw (X).

Proof. Consider spectral sequences E , , and E** which converge to
7Ty

B, .(X) and B***(X) respectively. Since we can define the Poincare
map in B**(—) theories, we can define the Poincare map of AHss’s.

. *,x] %! r
— N Uux - Er — EZd**,d**’,**”

The isomorphic of these maps follow from the isomorphic of Es-terms,
which follows from the Poincare duality of the motivic (co)homology
theory. O

Lemma 6.4. B, (B x X) 2 B, .(B) ®p,_, B.w(X).

Proof. First note that it is well known ([Vo3]) that the Kunneth for-
mular

H,. (Y xX;Z/p) = H,.(Y;Z]/p) ®m, ., H..(X;Z/p)

satisfies for all X, when Y = P". This induces that the Kunneth
formular holds, when Y = P>, BGL, MGL. By induction on n we
can prove the Kunneth formula for AP(n),

H,.(AP(n) x X;Z/p) = H, . (AP(n); Z/p) ®m. ., H,.(X;Z/p).
The isomorphism in the lemma follows from AHss. O

Then we can define B,-Adams Novikov resolution for X ( see Definition
2.1.1 in [Ra]), that is the injective resolution

0— Buw(X)— Byw(BAX) = B,w(BABANX) — ...
Thus we can construct the B, . Adams-Novikov spectral sequence ;
Theorem 6.5. There is the spectral sequence
E(BY... = Euty_(5)(Buw, Bow (X)) = m(X)g
with the differential d" : ET_, — ET

S,k % ST, %

gr(ﬂ-*a*, (X)(p)) = ®SE57*7*’/E3+17*7*"

, and
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Now we restrict the case that B = ABP and X is celluler. Then for
K, = ABP" A\ X, we have isomorphisms

ABP, . (K;) 2 ABP, . ®pp. ABP,, .(K,)

with ABPj, .(K,) = BP,(K,(C)) £ BP,. ® (RP)® ® Ha.(X(C)) ().

The differentials in the B, .-Adams-Novikov spectral sequence are
defined by the alternated sum of the natural (diagonal) inclusions
i/ : Ky — Ky1. The map 7,1*, on ABPs, .(Kj) is the just the map on
BP,, .(Ks(C)). Hence if ABP, . satisfies the condition of the exact
functor theorem (Lemma 5.7), then

E(ABP)?, , = ABP, , ®pp- Extyp pp)(BP., BP.(X(C)).

However the condition does not satisfied most cases. As for the case
B = AP(n), n > 1, we see ABP,, .(K,) % BP,.(K(C)). We only
know for £ = C.

Corollary 6.6. Let X be celluler. Let k =C, p> 5 andn > 1. Then
E(AP(n)):, o = Z/p[7] © Bxtpgy.pmy (P(n)s, P(n).(X(C)).

Sk, T

7. GYSIN MAPS

First we recall the Thom isomorphism. Let V' be an m-dimensional
vector bundle over X and Thx (V) be the induced Thom space. Then
it is well known that there is the Thom isomorphism

Th: H™ (X;Z) = H*P*™" ™ (Thy (V); 7).

The element Th(1) € H*™™(Thx(V)) is called its Thom class and the
above isomorphism is that of H** (X;Z)-modules ; the right hand

module is a free H**(X;Z)-module generated by the Thom class
Th(1).

Lemma 7.1. The Thom isomorphism also holds in ABP** (X) for
smooth X

Th: ABP*"(X) & ABP*Pm*+m(Thy (V).

Proof. Consider E(Thx(V)), (resp. E(X),) the AHss converging to
ABP** (Thx(V)) (resp. ABP**(X)). Since w(Th(1)) = 0, we see
the Thom class T'h(1) is a permanent cycle in E(Thx(V)),. Then we
see inductively that E(THx(V)), is the free F(X),-module generated
by Th(1). Hence we get the lemma. O
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For a projective map f : Y — X of smooth projective varieties such
that ¢ = codimx (Y") is constant, we will define the Gysin map

fo : ABP* (V) — ABP*+2#'+¢( X)),
By the definition, the projective map is factored as
FY SPrxX B X

where 7 is a closed embedding to the product P™ x X and p is the
projection.

For a close embedding i : Y — Z of codimz(Y) = ¢, we define the
Gysin map 7, by

in: ABP™(Y) = ABP*HC’*UFC(ThY(NZ/Y)) 4 ABP*+2ex'+e( 7)

where Ny is the normal bundle of Y in Z and ¢ : Z — Thy(Nzy)
is the quotient map.

For p: Z x X — X, the Gysin map p, is defined as follows. There
is an m dimensional vector bundle V' on Z with dim(Z) = d (Theorem
2.11 [Vo3]) such that there is a map i : T™*? — Thz(V) having the
property that the composition of maps

H2d,d(Z) ~ H2(m+d),m+d(ThZ(V)) l_*> H2(m+d),m+d(Tm+d) ~ HO’O(pt.) -7
coincides the degree map. Then we can define the Gysin map

o s ABP (Z x X) & ABP*2m¥+m(Th (V) x X)

5 ABpramatm(rtd o ) o2 AR (),

Of course for a projective map f, we define the Gysin map by f. = p.i..
Recall that we still defined the homological map f, : ABP, »(Y) —
ABP, +(X) in the preceding section. We can easily show that

foly)Nux = flyNuy) fory € ABP™(Y)

by using the fact that i,uy = ¢*Thy(1) N uy for an embedding and
P«(Thz(1) Nuxxz) = ux for a projection p: X x 7 — X.
From Lemma 3.3, we know that

ABP™*(X) @pp- Z/p = H**(X;Z/p) = CH*(X) /p.

By using the resolution of singularities, we can show that each element
r € ABP**(X) is represented by f,(1y) = [f : Y — X] such that
codimx(Y) = ¢ is constant and f is projective. (This fact is also
showen by using the algebraic cobordism Q*(X) defined by Levine and
Morel).
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Recall that s; (resp. ¢) is the total Landweber-Novikov operation
(resp. total Chern class). Let us write

Vi = —f*(T)() + Ty € K(Y)

for the tangent bundles Ty and Ty. Then on ABP?**(X), the Landweber-
Novikov operations are written ([Q]) by

si(fe(ly)) = fuleuvy)).

Example. Consider the inclusion i : P — P4*!. Then the total
Chern class of the normal bundle v; is

Vi) Ztny” N with e(y;) =y

in fact ca, (L) = e(L)” ! for line bundles L. On the other hand, the
total Landweber-Novikov operation is

s, (i, 1) = s, ! Ztny

from the definition of s; (see the explanation before Lemma 4.3). In-
deed, we show

Uy z Ztnyp _1) = Ztnypn
since i*i, (1) = e(z/i) =y.

Lemma 7.2. (Quillen [Q],[Me]) Let v € ABP***(Y) and f : Y — X
be projective. Then s,(f.(x)) = fi(ci(vy)si(x)).

Proof. Let x = [g: Z — Y]. By the definition
l/fg = —g*f*TX + TZ = g*(—f*TX + Ty) — g*TY + TZ = g*l/f + l/g.
This implies ¢;(vry) = g*(ci(vy))ci(vy). Hence we have

st(fer) = 5¢(f29+(1)) = fugulci(vsg))
= [eg:(g" (ar(vp)a(vy)) = fule(vp)g(elvy)) = file(vy)si(z)).

Let us write
I[(X) =1, ABP***(X) C ABP**(pt.) = BP".
From the Quillen’s lemma, it is immediate

Lemma 7.3. The ideal I(X) is generated by elements x with —dim(X) <
|z| <0 as a BP*-module. Moreover I(X) is an invariant ideal of BP*.
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Proof. Since ABP?**(X) is generated as a BP* module by elements y
with 0 < |y| < dim(X), we have the first statement. If a € I(X), then
a = m.(x) for some x = f,(ly) = [f : Y — X] € ABP?>*(X). Then
si(a) = mu(er(vr)si(z)) € T(X)[t]. O

Let k be an algebraic closure of k. Let i : ABP** (X) — ABP**(X|;)
be the induced map from the base change. Let pt. = Spec(k) and
j : pt. = X|; be an inclusion. Recall the definition ([Mo-Le]) of
deg(f) € BP*

deg(f){1.} = j"irfo(1y) € ABP*™(pt.) = BP*{1, }.
(When dim(X) = dim(Y'), deg(f) € ABP*°(pt.) = Z) is the usual
degree of the map f. When X = pt., we see deg(f) = [Y].)

Let m : X — pt. is the projection. Let us write by I (X) the sub
BP*-module of I(X) generated by 7,-images of elements in ABP?**(X)
of positive degree. The degree formula for the cobordism by Levine and
Morel is following ;

Theorem 7.4. ( Levin-Morel [Le-Mo])
saY] = deg(f)sa[X] € TT(X).
Proof. Consider the element
2= f.(ly) —deg(f)(1x) in ABP*(X).

Then by the definition, we see j¥iz(z) = 0 since jFiz(1x) = 1. On
the other hand, the kernel of the map j;i; is the sub BP*-module
of ABP?**(X) generated by positive degree elements. Hence m,(2) €
IT(X). Of course m.(z) = [Y] — deg(f)[X]. From the proceeding
lemma, we have the desired result. O

Let V be (a stable normal) m-dimensional bundle of X used to define
the Gysin map ; there is the map i : T — Thy(V), m' = d+m which
induces the degree on the motivic cohomology. Consider the cofibering

— T 5 Thy(V) % Thx(V)/T™ 5 SY0T™ -,

and the induced long exact sequence on the mod p motivic cohomology.

The Thom class Th(1l) € H*™™(Thx(V);Z/p) restricts to zero in
H**(T™;Z/p), and there exists t € H** (Thx(V)/T™;Z/p) with
¢*(t) = Th(1). Let 3 € H*™ ™ (Thx(V);Z/p) be the image of 0* of
a generator o of H?*™+Lm(SLOT™ .7, /p).

Proposition 7.5. (Lemma 4.1 in [Vo3])
Qn(t) = Mdeg(ra, (X))/p)d  where X\ # 0 € Z/p.
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Proof. We consider the exact sequence for Ak(n)*(—) theory
E Ak(n)™ (T™) & Ak(n)™ (Thyx (V) & Ak(n)™ (Thx(V)/T™) £ .

Recall that the Gysin map is defined 7, = i*Th where Th : Ak(n)** (X)
Ak(n)*t2m>+m(Thy (V') is the Thom isomorphism. Hence we have the
equivalents conditions

v € I(X) <= v, € T, (Ak(n)"" (X))

112

> v,0 € Im(i*) <= v,6 =0 in Ak(n)*(Thx(V))

= Quz=a for somez in H (Thx(V);Z/p).
The last equivalence follows from Lemma 3.5. By dimensional reason,
we can take 2 = At, A # 0 € Z/p.

On the other hand
m(lx) = [X] = vn = 74, ([X])/p # 0 mod(p).

Since k(n)* is generated non-positive elements, Ak(n)**(X) is gener-
ated by positive degree elements and 1y. Hence we see

T (Ak(n)*° (X)) is generated by m.(1x) mod(I%).

Therefore v, € I(X) if and only if v, = Ar,(1x) mod(I%) for A # 0 €
Z/p. O

8. I,+1-TORSION SPACES

Recall that I,;1 = (p,v1,...,v,). In this section, we consider I, -
torsion spaces and their applications according to V.Voevodsky. Re-
call that BP(n)*(X) be the cohomology theory with the coefficient
BP(n)" = Zyvi,...,vs] so that BP( — 1)"(X) = H*(X;Z/p) and
BP{c0)"(X) = BP*(X).

Lemma 8.1. ([Ya4]) Let EX**" be the AHss for ABP(n)"(X). If
T = Qn..Q1Qux' in H** (X;Z/p), then x € E*° and x is I,4-

"

torsion in E5 "
Proof. There is the cofiber map of spectra
TP -1 A ABP(k) —% ABP(k) —2 ABP(k—1) —2%

Consider the Baas-Sullivan exact sequence, namely, the long exact se-
quence induced from the above cofiber map

s ABP(k)* 2 2 () M ABP (kY (X)) 2

ABP(k — 1) (X) 25 ABP (k)% ¥+ 1 (x)



26 N.YAGITA

The induced map
Im(ABP{n — 1) (X) —» H**(X;Z/p)) — H* (X : Z/p)
defined by po...pn_1(2) = po...pndn(x) represents the operation @, +
S ar P'Q; with ap; € HP**(X;Z/p) and J > 2 from the topological

case [Yal] and (2.8).

By the Baas-Sullivan exact sequence, we can see that '’ = §,...0¢(z") €
ABP<n>*’*’ (X) is I,4i-torsion since the map 0; is a map of ABP-
module spectra. In particular, x = @Q,..Qo(2") = po...pn(2") is a
permanent cycle in the spectral sequence

E(ABP(n)), = H** (X; BP(n)") => ABP(n)"" (X),
and dopn_1(y) = v, @ x for y = Qp_1...Qo(2"). O
Compare with the spectral sequence
E(ABP)y** = H**(X; BP*) = ABP*" (X).

Since BP* = BP(n)" for x > —2p™*! + 2, we can see that x is I, ;-
torsion also in E(ABP);Z’,*TZ’*”.

Recall that Q(n) = A(Qo, ..., Q). If H**(X;Z/p) is Q(n)-free and
H**(X) is just p-torsion, we have more strong results by using the

Baas-Sullivan exact sequence in the proof of the preceding lemma.

Lemma 8.2. ([Yaj]) If ABP (k)" (X) is Ii-torsion for all k < n,
then H** (X;Z/p) is a free Q(n)-module. If H** (X;Z) has no (infi-

nite) p-divisible elements, then the converse is also holds.

Let the Cech complex C(X) be the simplicial scheme such that
C’(X)n = X" and the faces and degeneracy maps are given by partial
projections and diagonals respectively ([Vol1,2]). One of the important
properties of C'(X) is the following.

Lemma 8.3. ([Vo01,2]) Let X, Y be smooth schemes such that Hom(Y, X) #
(0. Then the projection C(X)xY — Y is a equivalence in A' -homotopy
category.

In the stable A' homotopy category, define C'(X) by the following
cofiber sequence

(5.1) C(X)— C(X) — Spec(k).

Lemma 8.4. (([Vol]) Let w : Y — pt. be the projection and m,([Y]) =
y in BP*. Let Ah = ABP(S,) for some regular sequence S, in BP*.
If Hom(Y, X) # 0, then Ah** (C(X)) is y-torsion.
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Proof. Let p: X xY — X be the projection, and consider the compo-
sition map

pupt P AR(X) = ARYY (X x Y) — ARFHlHL20 (x),
Here p.p*(z) = yz, indeed,
p:p*(2) = p(Ixxyp*(2)) = pe(lxxy)r = (ylx) - 2.
But Ah*(C(X) x Y) 22 0 since Ah** (C(X) x Y) = Ah** (V). O
Recall that I(X) = m.(ABP**(X)) for 7 : X — pt.

Corollary 8.5. If v, € I(X), then H** (C(X);Z/p) is a free Q(n)-
module.

Proof. If there are maps Vy, — Vi — ... — V, — X such that
tc(p«[Vi]) = v; for all i < n, then we have the result. From Lemma
3.5, we know 7,in, ,(vn) = v;. . Since I(X) is invariant ideal, we see
that v; € I(X) for all i < n. This means the existence of V; and above
maps. U

9. CHOW MOTIVE

For smooth X; and X5, an element § € C H#*™X2)(X| x X,) can be

viewed as a correspondence from X; to X5. For more generally element
0 € CH*(X; x X3) gives a homomorphism

for H (X1, Z/p) = H* (X5, Z/p) by fo(x) = pra.(pri(z) UO)

where pr; are projections of X; x X5 onto X;.

For § € CHY¥™X (X x X), the morphism py = f is called a projector
if pgopg = pp. The object of the Chow motive (Chow®//(k)) are
pairs (X, p) of smooth X and a projector p = py, and the morphisms
are defined by morphisms fp (namely, the Chow motive is the pseudo
abelian envelop of the category of correspondences). Objects (X, p)
are simply called motives M which are direct summand of M (X) =
(X,idx), and H** (M;Z/p) are defined as Im(p).

Lemma 9.1. Let M be a direct summand of M(X) and pg be its pro-
jector, i.e., pgH** (X Z/p) = H** (M;Z/p). Then py commutes with
Qi. Hence H** (M;Z/p) has the natural Q(oco)-module structure.

Proof. Let # € CHY(X x X) with dimX = d. Then
Po(Qi(w)) = pro. (pri(Qi(x)) - 0) = pran(Qi(pri(x) - 9)).

The last equation follows from @;(f) = 0 since w(f) = 0. Hence we
have the desired result if pro,Q; = Q;prax.
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By definition of the Gysin map (recall §7), we know
pro.(z) = i*(Thx (1) - x)

where Thx (1) € H*™(Thx(V);Z/p) is the Thom class for some bun-
dle Vover X and i : T™ x X C Thx(V) x X. Since w(Thx(1)) =0,
we see Qi(Thx(1)-xz) = Thx(1) - Q;(x). Therefore we see that pro,
commutes with @;. (Indeed, @; commutes with the Gysin maps.) O

Remark. The reduced powers P? do not act naturally on H** (M: Z/p),
see Lemma 9.2 bellow.

Let A*(X) be an oriented generalized cohomology theory on the
category of smooth varieties X over k, in the sense of Panin [P]|. The
theories CH*(X) and ABP**(X) are oriented generalized cohomol-
ogy theories.

We can define the category of A-motive M4(k) as a pseudo abelian
envelop of the category of A-correspondences Cor, (of degree 0). Here
objects in Cor, are classes [X] of smooth varieties and its morphisms
are given by

Morce, ([X],[Y]) = A% (X x V).
Theorem 9.2. ([Vi-Ya]) Let p* : A*(X) — CH*(X) be a map of
oriented cohomology theories such that p* are epic and Ker(p?) are
nilpotent for all X. Then p* induces the natural 1 to 1 correspon-

dence between the set of isomorphism classes of objects in M4 (k) and
Mcy (k).

The theory ABP?**(X) satisfies the assumption of the above theo-
rem (with localized at p) from (3.4) and the fact that BP* is generated
by nonpositive degree elements.

Lemma 9.3. (Karpenko-Merkurjev) [Ka-Me] For v € ABP**(X)
and § € ABP*4(X x X), d = dim(X), we have

st(fo()) = o) (se(z)cr(vx)).
Proof. From Lemma 7.2, we have
st(fo(x)) = si(prac(pri(x) - 0)) = pro.(se(pri(x)0)ce(vpr,)).

Here ¢;(vpy,) = pri(ci(vx)). Hence the above element is
prac(si(pri(z))se(0)pri(c(vx)) = pra.(pri(si(@)c(vx))si(0))),
which is fs, ) (s¢(z)c(vx)). O
Now we consider a hypersurface V in P! of degee = p. Recall that

H* (P Z[p) = H™ (pt; Z/p)[h)/ (h™?).
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We use the same letter h € H*'(V;Z/p) which is the image of h by
the map H** (P, Z/p) — H**(V;Z/p).

It is well known that Tpm @ € = (m + 1)O(1) where € is a trivial line
bundle. Hence there is the exact sequence of bundles

0 — Ty — Tpa+r — O(p) — 0.

Thus the total Chern class is ¢,(Ty) = (3 A1) %2,
Let us write simply

(Ty) = (L b=yt

letting t;, = 1 and ¢; = 0 for ¢ # j. Similarly define the total
Landweber-Novikov operation s; ' (—) by

s (2) = 571 (@)=, 15>1}

such that s(h) = so(h) + sa,(h) = h + h”. By Lemma 7.2, for a
projective map f : Y — X, we have

st (fe(2)) = fulen, (F(Tx) = Ty)) i, (%))
Recall that k is an algebraic closure of k, X|; = X ®; k and iy, :
X — X|; the extension map.

Lemma 9.4. Let V have no k-rational point. Then iz(h?) = pw for a
generator w € CHYV|3) ) = Zp).-

Proof. Since V has no k-rational points, the degree map deg : C’Hd(V)(p) —
CH"(pt.)p is not epic. Hence from the commutative diagram

de
CHYV) 5 pZyy C CHO(pt) ) = Ly

y |
de —
CHY(V];) —=  CH"(pt)) = Zg,
we see
(*) iECHd(X)(p) C pC'Hd(X|7€)(p).

On the other hand, for the emmbedding i : V — P%*!, the normal
bundle is v; = i*O(p), so we see i,(1ly) = ¢1(O(p)) = ph. Hence

iy(h?) = h%i, (1) = ph®*t in CHT (P,
Now consider the composition map
CHYV) & cH (P & OHO (pt.).

Since deg = m, for the projection 7 : X — pt., it is immediate
deg|CHYV) = deg o i,|CHY(V). So we get deg(h?) = p.
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From (x), we see that iz(h?) = pw for a generator w in CH(V|;).
U
Lemma 9.5. Let py be a projector for € CHYV x V) for dim(V) =
d such that pg(h?) = he. Then for each 0 < p* — 1 < d, we see
P2i(pg(h* 7)) = —h? in particular, py(h® P *1) #£ 0.

Proof. Compare the equation given by Karpenko and Merkurjev

(%) e, (Pa(h'™)) = s, () (50, (B )er, (=Tv)).
First we consider its right hand side term ;

e (B0 = (b Y =

e, (—Ty) = (1 4+ hP 142,
Here consider the case i = p® — 1 ;
s, (7P N e(=Ty) = RPN (L 4 pP 7177 = pAP L (pf — 1)
Hence P2:(py(h? 7" *1)) = —py(hd) = —h4, O
Corollary 9.6. If d + 1 = 0 mod(p), then py(h% P 1) £ pd=P"+1,
Proof. Note that
PA (WP +) = (d — p* + 1)AY,
which is zero if d + 1 = 0 mod(p). O
Remark. When p > 3, the norm variety described in the next sections
are not hypersurfaces of P!,
10. NORM VARIETY

Recently, Voevodsky announced the proof of the Bloch-Kato con-
jecture for all odd primes [Vo4]|. For non zero a = {ayg,...,a,} €
K (k)/p, Rost ([Ro3]) constructed the norm variety V, such that

(1) mllv] =Va(C) =va, a=0€ K3, (k(Va))/p
(2) the following sequence is exact
Ho o (Vox Vo, 2) "2 Ho | (Vi Z) — k™.

Let us write y, = C'(V,). By the solution of Bloch-Kato conjecture,
we see the exact sequence

(10.1) 0= H**"(x0; Z/p) = KXy (k) /p = Ky (k(Va))/p

identifying H*** ™ (x,; Z/p) = KM, (k). Sincea = 0 € KM, (k(V,))/p,
there is unique element o' € H" ™" (x,;Z/p) such that 7a' = a.
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Let M, be the object in DM/ defined by the following distin-
guished triangle

(10.2) M (xa(b))[2n] — My — M(xa) * =28 1M (x0) (b) (260 + 1]

where b, = (p" —1)/(p— 1) = p" ' + ... + p+ 1 so that deg(d,) =
(2b, + 1,b,). For i < p, define the symmetric powers

M = S'(Ma) = q:(M7") € M

where g;(a) = (1/i!) 3, g o(a) for a € M, and S; is the symmetric
group of i letters. One of the important results in [Vo4] Voevodsky
proved is that M?~! is a direct summand of a motive of V, (for details
see [Vo4]). Hence there are distinguished triangles ( (5.5),(5.6) in [Vo4])

(10.3) My~ (bn) [2ba] — My — M (xa) = My~ (ba) (200 + 1]

(10.4)  M(x4)(bni)[20,7] — M:— M 15 M(xq) (bni)[2b,7 + 1]
Then we have the diagram

H** (Xa; Z/p)

HY (g3 Zfp) =~ H™ (M Z/p) «—— H'M (M2 Z/p)
H* (MP~Y;Z/p)
where

(8,8) = (x+2(p" + bn), ¥ +p" + by — 1) = (5 + 2051, %" + bpyr — 1),

(1,7) = (x+2p" — 1,« +p" — 1).

and the vertical and horizontal arrows are exact. From the result of
Voevodsky, we know (Appendix in [S])

Lemma 10.1. ([Vo4]) For x € H** (x4; Z/p), we have

sy 17y 1(2) = AQoQ1...Qu(d) Uz X#0€Z/p.
Corollary 10.2. The following map

Qo--Qu(d) U = : H (x4; Z/p) = H" (x4; Z/p)

is surjective (resp. isomorphic) if the difference x —x' > 0 i.e., § —§' >
bop1 — 1 (resp. x —+" > 0d.e, 8 —8 >by,1 —1).
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Proof. Let the difference * — «' > 0. Since M,_; is a direct summand
of the motive of V,, we see

HY (M2 Z/p) =0, H¥ (M7 Z/p) =0

since their difference is larger than p™ — 1 = dim(V,). Hence we know
the subjectivity of s, ;7 When the difference * — %' > 0, we get

p—1-
moreover
H Y (MY 2/p) =0, HYY(MP5SZ/p) =0,
by the same reasons. Thus we see the injectivity. O

Denote by k(Q,) the function field of @), and by (Q,)o the set of
closed points of @),. The main theorem of the paper ([Or-Vi-Vol) by
Orlov,Vishik and Voevodsky is the following (for p = 2).

Theorem 10.3. ([Or-Vi-Vo]) For any a = {ay,...,a,} € KM(k)/p,
the following sequence is exact

Woe(vi), K2 (k(x))/p KX (k) /p = KX (B)/p — K (R(Va)) /p.

Outline of proof. (See for the case * = 1, A.1 in [Su-Jo|) This is just
odd primes p version of the arguments of the proof by Orlov, Vishik and
Voevodsky. From arguments by Voevodsky ([Vo4],the main theorem
in Appendix in [Su-Jo]), we see the exact sequence

Tri(e /k

Tri(e
(10.5) Waeqvyy, KX (k(x))/p =" KM (k) /p 2 H 10 (3 2 /).
The last map 4, is epic by the following reason. Consider the compo-
sition
( )/p H*+2bn+1 #+by, (X’ Z/p) Qq HZpbn+2,pbn (Xa? Z/p).
Since @0, = Qn...Qo(a’), we see that Q,0, is epic from the above
lemma. Since H**(Yq;Z/p) is A(Qy)-free we see that @, above is

injective. Thus we show that the map J, in the above sequence is epic.
We also know that the map

(10.6)  KM(k)/p 2 H* 20100 (. 7,/p)

(Qn-1--Q0)™ 1 x
1_)0 H +n+1, +n(Xa’ Z/p) _> *+n+1( )/p

is the multiplication with a because Vj, is a splitting variety of a. Thus
we get the exact sequence. U

Corollary 10.4. (Theorem 2.10 in [Or-Vi-Vo]) For each 0 # h €
KM(k)/p, there is a field E/k and a nonzero pure symbol a € KM (k)/p
such that hlg = a|p in KM(E).
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Proof. Let h = by +...+b; and each b; a pure symbol for 1 <7 </[. Let
V4, be the norm varieties and E; = k(Vp, X ... X V). Then of course
h|g, = 0. Take i such that h|g, , # 0 but h|g, = 0. Then from the
above theorem,
Ker(K,)' (Ei1)/p — K (E)[p) = 0Ky (Ei1) /.

Hence h|E; | = \b;|E; for A #0 € Z/p. O
Theorem 10.5. (Forp =2, [Yaj]) Let 0 # a = (ag, ..., an) € K} (k)/p.
Then there is a KM (k) @ Q(n)-modules isomorphism

H* (X3 Z/p) = KM (k) /(Ker(a)) ® Q(n) ® Z/pl&.}{a'}
where £ = Q,Qn_1....Qo(a’) and deg(a’) = (n+ 1,n).
Proof. Recall the difference d(z) = f.deg(x) — s.deg(x). Hence if 0 #
x € H** (Xa;Z/2), then d(z) > 0. We prove the theorem by induction

on d(t) for a Q(n)-module generator ¢ in H** (Y4;Z/p). From (10.6)
we already know that

—1
K,fw(k)/p 6# H*+2bn+1,*+bn+1(xa; Z/p) (Qn—l-;go) H*-l—n-l—l,*-i—n(xa; Z/p)

is an epimorphism, indeed, the map J, is epic from Corollary 10.2
and the map Q,_;...Qo is isomorphic since H** (Yq;Z/2) is Q(n)-
free. The composition of the above map with H*™ (¢ -7 /p) —

KM, .1 (k)/2 is multiplying a from (10.6). Since the last map is monic

from (10.1), we see that
H* (Yo 2/p) = K (k) /(Ker(a)){a} € KX (F).

Hence we get the case d(t) = 1.

Suppose that the isomorphism in the theorem holds for degree d(x) <
d. Let t € H** (Y4;Z/p) be a smallest weight element such that it is
a (n)-module generator with d(¢) = d. Then we see

d(Qo-..Qut) =p" +p" '+ ..+ 1+d> by + 1.
From Corollary 10.2, there is an element y € H** (Y,;Z/p) such that
Qo---Qn(t) = 5, 175 1(y) =& Uy.

Since ; is a derivation (with some modification for p = 2).
§a U Qz(y) = QU---Qn(a,) U Qz(y)

for i < n. Since the map multiplying &, is injective (indeed, isomor-
phic) for H** (Y4;Z/p) from Corollary 10.2, we see

Qi(y) =0 forall0<i<n.
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The fact that H** (X,; Z/p) is Q(n)-free implies that
Y= QuQn 1.-Qo(y) for some y € H*" (X4; Z/p).

Since we have
QOQn(t - gayl) - QUQn(t) - gaQO---Qn(y,) = QOQn(t) - gay = 07

the element ¢ — &,y is not a (Q(n)-module generator. Hence we can
take @(n)-module generator &,y instead of t.

Of course d(y') = d(t) — d(&,) < d(t). By induction on d, we see that
H**(Xq; Z/p) is generated as a KM (k) ® Q(n) module by Z/p[¢,]{a'}.
The theorem follows from also the fact that the multiplying &, is iso-
morphic. O

Remark. For n = 1 case of the above theorem is known by A.Suslin.

Lemma 10.6. If * < 4b,, then H** (M,;Z/p) = H*"(MP';Z/p).
Moreover if ¥ < 2b,, then H** (M,;Z/p) = H** (xa; Z/p).

Proof. Since H** (xq;Z/p) = 0 for * < 0, we get this lemma from
(10.2),(10.4). For example, (10.4) induces the long exact sequence

 H 2y T p) < HYY (M Z/p) < H™ (ML Z/p)

which induces the isomorphism H** (M?; Z/p) = H** (M:~';Z/p) for
the first degree x < 2b,1. O

Let us consider the following triangular domain generated by bidegree
D; = {deg(z)|w(z) 2 0, f.deg(x) < 2bni, d(x) > ba(i — 1)}
and D = U?;iDj.

Lemma 10.7. Let us write K = KM (k)/(Ker(a)). For bidegree (x, ') €
D defined above, we have the K-module (but not ring) isomorphism,

H*" (M Z/p) = K[t/ () ® Q(n — 1){a}
where deg(t) = (2b,,b,,).
Proof. Consider the exact sequence induced from (10.3)
— H (M (ba)[2ba); Z/p) & HY (M Z/p) & H* (xa3 Z/p) + .
By induction we assume for (x,*') € U?;lle
H* (M, 52 /p) = K[t]/(#71) @ Q(n — 1){d'}.
Then for (x, ') € Ui_, Dj, we see

H* (Mg~ (0a)[26a): Z/p) = (K[t]/(#71) © Q(n — 1){a'}) ® {t}.
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In particular, both sides of the above are zero if (x, ") € D;. Hence j,
is injective for this case.

Note |@Qna'| = 2p™ +n, and for x < 2p™ +n we have the isomorphism
H*" (xa;Z/p) = K ® Q(n — 1){a’} which is zero for (x,%') € V%, Dj.
Hence j5 is injective and j; is surjective in Ué-:le. O

Question. Is the isomorphism in the above lemma is that of Q(n—1)-
modules ?

Corollary 10.8. Let ¢; = QO...Qi...Qn_I(a’). Then there is the addi-
tive isomorphism

CH*(M;™")/p = Z/p{1} & Z/p[t]/ (") {co, ... p-1}-

Here we consider some easy cases such that KM (k)/p = 0 for = >
n+ 1. Then note KM (k)/(Ker(a)) = Z/p.

Proposition 10.9. Let 0 # a € K, 1(k)/p and KM(k)/p = 0 for
x >n+ 1. Then there is the additive isomorphism

H>(MP™YZ/p) = H* (pt; Z/p)[t]/ (1) ® Z/p[t)/ (") @ Q(n — 1){a’}
where Q(n —1)=Q(n—1) = Z/p{Qo---Qun-1,Q1.-.Qn_1}

Proof. For n+ 1 < %, we know H** (pt.;Z.p) = 0. Hence for n +1 <
* < |Qna'| = 2p™ + n, there is the isomorphism

H* (xa: Z/p) = Q(n — ){d'}.

In particular H** (xq;Z/p) = 0 for n +1 < % < 2p" + n. By using
arguments similar to the proof of Lemma 10.7, we get the proof. (Here
we identify t = Q1...Q,_1(d).) O

Remark. Asexamples satisfying the assumption of the above propo-
sition, we can take the high dimensional local fields defined by Kato
and Parsin. Let k£ be a complete discrete valuation field with residue
field F'. Then it is well known that

KM(k)/p= KM(F)/p& K}X,(F)/p.

Let ko be a finite field, and let kq, ..., k, be the sequence of complete
discrete valuation fields such that the residue field of k; is k;_; for each
1 >4 > n. Then the field £ = k,, obtained in this way is called an
n-dimensional local field. (see [Kal]). Then

KM(k)/p=Z/p and KM(k,)/p=0 for m>n.
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11. ABP**(X) FOR THE NORM VARIETIES

Using the fact that H** (X,; Z/p) is a Q(n)-free module, we compute
AHss

E(ABP);™" 2= H*" (X4; BP*) = ABP"" (Xa).

Lemma 11.1. The E,-term of the above AHss is computed for r <
2p", namely, fori < n, the nonzero differentials are given by dopi 1 (x) =
v; ® Qi(x) and we have

E(ABP)," = BP" /1141 ® K[6] ® AMQit1, -, @n){Qo-.Qia'}
where K = KM (k)/(Ker(a)).

Proof. For ease of notations, let us write Q(i,n) = A(Q;, ..., @n). By
induction, we assume the result for E(ABP)y,i-1, 7 > 1. We note that
all elements in F(ABP),i-1 are (Qp-image and that

E(ABP),"" = K[&] © Q(i,n){Qo..Qi 1(d')}

C H* (%) C H*" (Xa; Z/p).
Moreover we can identify
E;:,’;fi’ C H" (Xa:Z/p) @ Z/plvs]  for " > —2p"*! 42 = |v;44].

Let E(Ak(i))*** be the AHss converging to Ak(i)** (X,). The nat-

r

ural map ABP — Ak(i) of spectra induces the map of AHss
J e B(AABP)2 — E(AK(D)555 = E(AK(@D);™ = H™ (%0 Z/p) @ k(i)

2p 2pi— 1 —

Then we see that the map j is injective for *” > —2p'*! 4+ 2. The first
nonzero differential for E(Ak(i)), is dopi 1(x) = v; @ Q;(x) in E(Ak(7))
and so in EF(ABP). In particular the image (dyyi 1 E(ABP)***) is
equal to

BP*/I{v;} @ K[&] @ Q(i + 1,n){Q;Qq..-Qi_1(a) }.

Since the sequence (p,vy,...,v;) is a regular sequence in BP*, we
have the result. O

The same fact holds for ABP(m)™" (=) theory with m > n. In par-
ticular , we have for m =n

Corollary 11.2. ABP(n)"" (%.) = KM (k)/(Ker(a))[¢]*
Conjecture. ABP** (Y,) = BP*/I,,, ® KM(k)/(Ker(a))[&]*.
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Lemma 11.3. Let E(xq)r (resp. E(Xa)r, E(pt.):) be AHss converging
to ABP** (x,) (resp. ABP**(Xa), ABP**(pt.)). Then

E(xa)r™" = E(Xa)7™" @ E(pt.) "
Proof. We consider maps of AHss

E(Xa)r <= E(Xa)r < E(pt.),.

We have the additive decomposition H** (x,) = A® B where A (resp.
B) is the d(x) > 0 (resp. d(z) < 0) parts of H**(Y,). Then we know
A= H(x,) and B = H** (pt.).

By induction on r, suppose that E(xa)r = E(Xa)r ® E(pt.), and
E(Xa)r (resp. E(pt.),) is isomorphic to the d(z) > 0 (resp. d(z) < 0)
parts of E(xq);-

Then there is no nonzero differential for x € FE(x,), such that
d,(z) =y with d(x) < 0 but d(y) > 0 because if d(z) < 0 then x is in
the image from E(pt.),, and so is y. Note that d(dys;1) = s is positive.
Hence the differential is closed in both d(z) > 0 and d(z) < 0 parts.
Therefore we have the decomposition of the spectral sequence. O

Now we consider the AHss
Ey*" = HY(V, : BP*) = ABP**(V,).
Here recall that (Cor 10.8)
Zin{l,co} ® Z/pler, oy en 1} C HY (Vi Zgy).-
Lemma 11.4. The element c¢; is I;-torsion in E%*0,
Proof. From L%mma 11.1, the element c; QU...Qi...Qn(a’) is I;-

torsion in E;pi (Xa) converging to ABP** (X,). Considering the map
of spectral sequences

E(Xa)r ¢ E(Xo)r < E(Va),
and the above lemma, we see that ¢; in F, is also [;-torsion. O
We note the following lemma.
Lemma 11.5. We have the filtration such that
grBP*{cy, ...ch_1}/(vic; + vc|i < ) = @o<i<cn—1 BP*/Li{c;}.

Proof. Let F; = BP*{cy,...,ci—1}/(vick = vpc|0 < j < k < i—1).
Then we have F,,_; D .... D F, and

F,/F,_, = BP*{¢;}/(v;&; = 0|j < i) = BP*/I;{c;}.

This induces the isomorphism of graded rings. O
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Lemma 11.6. Let ¢; € ABP**(V,) be a lift of ¢; € grABP***(V},).
There is the relation

v;6; — v;6; =0 mod(I2) for all i < j.

Proof. Since ¢; is a I;-torsion in grABP*(V,), it is a wvg-torsion for
k < i. From Corollary 3.7, there is z such that Q(z) = ¢;. Let
pr: M(V,) — M(V,) be the projector for M1 = pM(V,) and M' =
(1 — pr)M(V,) the orthogonal summand for pr. This z is uniquely
written in H** (V,;Z/p) as

2= Q0 Qpe Qi .Qn_1(c/) +b, be M
from Theorem 10.5 (by using w(z) = 1). Then

Here pr@;(b) = Q;(pr(b)) from Lemma 9.1 and so pr@;(b) = 0. More-
over prQ;j(z) =0 for j # k, j # i. It follows from Lemma 3.6 that we
get the relation v¢; + v;cx = 0 mod(I?). O

The following lemma is immediate by v; — ¢;.
Lemma 11.7.
Ideal(I,) =2 BP*{cy, ..., cn_1}/(vic; — vjc;).

Let k be the algebraic closure of k and X|; = X ®; k. Let i, :
ABP**(X) — ABP**(X|;) be the induced map. Of course we have
the isomorphism of BP*-modules

(11.1) ABP*™*(MP~'|;) = BP* @ CH*(M?~'|;) = BP*[f]/(#")
for deg(t) = (20, by,).
Lemma 11.8. i;(t/cy) = pt/ L.

Proof. First we prove i;(tP~2cy) = ptP~'. Here t*72¢, (resp. t*~!) gen-
erates Zg,y C ABP?%4(V,) = H**4(V,; Z,) (resp. ABP*4(V,|;) =
L)) where d = dim(V,) = p" — 1.

Since V} has no k-rational points,

degH*™(V, : L)) C pH*®(Spec(k); Zp)) = pZ ).
On the other hand, the fact tc(V,) = v, implies that

deg(ra,(=Tv,)) = deg(ra,(=Tv,p)) = p mod(p?).
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Hence we have degH***(Vy; Z(,)) = pZy), while degH**(V,|z; Z(y) =
L. Since the following diagram is commutative

de
H?*(Vy; L) — H"(Spec(k); Zp))

i;:J( %J{
de -
H* (V|55 L)) —— H™(Spec(k); L))
we see that i (t?2cq) = ptP~L.

Consider the commutative diagram
ABP? 2ot (M) <0 ABP? (Mifr) < ABP™*(xulz)
z‘,;T "ET i’ﬁ
ABP¥ Pusbu(Mfi-1) I ABPEs(MI) ———  ABP¥*(x,)

When (x,+") = (2b,i,b,7), we see that ji|; and j; are isomorphism
since ABP** (x,) = ABP*" (xa|z) = 0. Moreover 7, |;(#) = #'~! and
J1(cot™") = ¢t*~2. By induction starting iz (t#~2cy) = ptP~!, we have
the desired result iz (' 2¢cy) = pt* !, from the above diagram. O

Lemma 11.9. In ABP**(V,|z), we see if(c;) = v;t mod(I%).

Proof. By induction on 4, we assume iz(cy) = vt mod(I2), for k < i.
Since (Uiég — péz) S Igo{éo, ceey éi—l}a we have

i (vito — p&i) = p(vit — i () mod(I*{t}).

Hence iz(¢;) = vit mod(I?), since t generates a free BP*-module, that
is integral domain, indeed, BP* is a polynomial algebra. O

Theorem 11.10. The cohomology ABP*>*(V,) contains sub BP*-module
isomorphic to I,{t}.

Proposition 11.11. Suppose that the isomorphism in Lemma 10.7
is that of Q(n — 1)-modules. Then the map i : ABP?*>*(MP~') —
ABP**(MP~';) is injective and hence

ABP* (M7 ') = BP'{1} & Z,)[t]/(t" %) ® I{c}
where pc = ¢y and deg(c) = (2by, by,).
Theorem 11.12. Suppose that the projection of the motive
CH*(Valp) — CH (M7~ p) = Z[1]/ ()
induces the map of rings. Then

Im(ip : ABP**(MP~Y)) =2 BP*{1} @ L,[t]/("7?).
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Proof. From the above corollary we see I'm(i;) D I,t. By the commu-
tative diagram

ABP**(V,) —X— ABP*(MP 1)
i,;l i,;l
ABPY*(Vily) —s ABPY*(g~]p)
we see Im(p - i) D I,t. Hence
Im(i - p) = Im(p - i) D I’
In particular vi#? € i ABP?*(MP~1).

Suppose that v,#? & iy ABP?**(MP~!). Then v}f* is a BP*-module
generator of i ABP**(MP~'). Hence there is a nonzero element,

c € P (MPY) ®q- Z 2 CH*(MP™)

such that |¢| = [vif?| = 2b, — 4(p — 1). But such element does
not exist in CH*(MP~') form Corollary 10.8. Thus we have v,* €
i ABP* (M),
Similarly we see that
vit! € ifABP?**(MP™)

forall0 <2 <n—-—1and 1 < j < p-—1. Then we can prove the
theorem. O

12. SMITH AND TODA SPECTRUM V' (n)

The Smith and Toda spectrum V(n) is defined as a (topological)
spectrum such that

H*(V(n); Z/p) = Q(n), BP*(V(n)) = P(n+1)" = BP'/I,.

It is known that such V(n) exists forn =1ifp >3, n =2if p > 5 and
n =3 if p > 7. Suppose that V' (n) exists. Then V(n) is constructed
from V' (n — 1) by the cofiber sequence

S 2 (n—1) L V(in—1) = V(n)

where f is a map so that f* = v, identifying BP*(V (n—1)) = BP*/I,.
The Greek letter element is defined as the stable map

G(n)y: Sl 5ol (n—1) L vn—1) & 5% n

where ¢ is the projection map to the biggest cell. Usually G(n)y is
written as

G(l)s = Oy, G(Q)s - Bsa G(3)s ="7s
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and called the Greek letter elements. It is known that if V(n) exists
then the stable homotopy group of sphere

75 = limy 0[SV, 5]
is multiplicative generated by the Greek letter elements when ¢ <
|G(n + 1)1|.
We note here there exists analogous spaces in the stable A;-homotopy
category. First we consider the space defined by the cone

M,|; = M, — cone = MV (n —1).

Lemma 12.1. Let p = 2 or Suppose the assumption in Proposition
11.11. Then ABP**(MV (n — 1)) = P(n)*[t]T/(tP71).

Note that there are nonzero elements ABP** (MV (n — 1)) when
* £ 2%, )
Another candidate for V(n) is the reduced Ceck spaces.

Lemma 12.2. Let k be a field such that KM (k)/p =0 for * > n + 1.
Then ABP** (X,) = P(n + 1)*[&,] .

13. THE CASE MP~! EXISTS AS A VARIETY

In general, we can not identify the motive MP~! as an object in the
stable homotopy category and so we can not consider its generalized
cohomology theories. However we consider (hereafter of this section)
the cases that

(Assumption) There is a space U, and a map U, — V, such that
this map induces the isomorphism

Note when p = 2, this assumption holds (Theorem [Vi-Yal).
Define a space W, by the cofibering

Ui 5 Ya s cone = W, 2, U, (1).
Remark. When p = 2, we have the isomorphism of motives M (W,) =
M(xq)(2" — 1)[2"*! — 1]. However the A'-homotopy type of W, is
not that of $2"" 12" "1y . In fact, their A(Q,)-module structures are

different.
We consider some more easy theory

AR(X) = ABP(n = 1) (X), B = Zp[vr, ..vn-1]

and give a short another proof of the Ah**-version of Theorem 11.10.
By the arguments similar to the proof of Lemma 11.1 and Corollary
11.2, we get
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Lemma 13.1. A" (%) =2 KM(k)/(Ker(a))[€]{6a, @nds} where d, =
QO--'anlaI-

In particular, the above BP(n — 1)"-module is indeed a BP{n —
1)*/(I,) = Z/p module.

Lemma 13.2. For x < 2b,, we see gr Ah***" (W,) = 0 and
grARP® L (W) =2 BP(n — 1)5{6'}  with i*(8') = 6,.
Proof. Consider the exact sequence
— H** Uy Z)p) & H™ (xa; Z/p) & H** (Wo; Z/p) .

Since H**(U,;Z/p) = H** (x4;Z/p) for x < 2b, from Lemma 6.6,
we have H** (W,;Z/p) = 0 for these degrees. Moreover by the exact
sequence

0 szn+1,bn(Xa;Z(p)) =7Z/p <+ H2bn+1,bn(Wa;Z(p))

— H?"(Uy; L)) = L) = 0,

we see H2nth0n (W0 Z,)) 2 Z ) and write its generator by 4.

Consider AHss for Ah**(W,). Since w(d,) = —1, we see p*(d,) =
0 € Ah** (U,). Hence there is &' € Ah**(W,) with i*(§') = 6,. i.e.,
' is represented by ¢/ in AHss. By dimensional reason, there is no
nonzero differential which targets in

BP(n—1)*{¢'} C BP(n — 1)* @ H*" " (W,; Z,)) =2 B3 00,
Thus we have the lemma. O
We consider the map
AR (W) 5 AR (o), () = 60 = QoorQu_1(d).

Here &' € AR?"" ~12"~1(y,) is a free BP(n — 1)*-module but d, is a
I,,-torsion module. Thus we know

Ker(i*)|BP(n — 1)"{¢'} 2 I,{¢'}
which must be contained in Ah** (U,).
Proposition 13.3.
ABP(n—1)"*(U,) D I,{a} deg(a) = (2by,b,), 0" (v;ar) = v;0.

The element v;a corresponds ¢; in Lemma 11.6.
Remark. For the case ABP(n)™" (—), the situation is quite different.
The arguments for n — 1 does not work for this case, e.g., Q,0, #0 €
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H**(xa; Z/p) and hence 8, does not exist in ABP(n)*" (y,). Consider
AHss

E, = H* (W,; BP(n)") = ABP(n)"* (W,).
In £}, the differential is given by dopn_1(8") = v,@Q,0". Here Q0

Qpn—la
generates [,,- torsion module but §' generates a free BP(n)"-module.
Thus we have

Bt 5 1,{6').

Elements v;6' represent corresponding ¢; in ABP{(n)** (U,).

14. REAL CASE

In the last section of this paper, we restricted the case k = Rand p =
2. The mod 2 motivic cohomology is H** = H** (pt; Z./2) = 7./2[p, ]
with deg(p) = (1,1), deg(t) = (0,1). We want to study ABP** (U,)
for all bidegree. Recall that

H™ (xa;2/2) = H™ (pt2./2) © Z/2[p, &) © Q(n){a'}
here note &, = §2. We still know from [Ya]
H*(Uy; 2/2) = H" (x0; Z/2)/(f.deg > 2" = 2).
We write down it more explicitly.

Theorem 14.1. ([Yaj]) Let k =R and a = p"™'. Then

H™ Uy 2/2) 2 2./2[1, 0]/ (0" 1) ® Bepr,.)Z/ o Q(@) }/ (09 Q (o))
where k(e) = (2" — 1) — f.deg(Q(a')) = 2! — X1 (e(27F! — 1)) —

n— 2.
Now we recall some facts for cohomology operations.

Lemma 14.2. ([Ya4]) Letty, = 72 and let gr H>* = Z./2[p|@A(to, t1, ...).
Then Q,, acts on H>* as a derivation on grH** with

Qn(p) = 07 Qn(tn) = p2"+1—1, Qn(t]’) =0 fOT n 7£ j,
namely, Qu(IIt% p*) = (Iit?) (enp® " 1) p" for e; = 0 or 1.

~

Theorem 14.3. (/Yaj]) Let us write A(n) = A(to, ..., ty, ...). Then we
have

grAK (n)*(pt.) = K (n)[pl/ (0" ~') ® A(R)



44 N.YAGITA

Proof. From Lemma 3.4, the first nonzero differential is dan+1_y(z) =
Up ® Qn(z). The fact that Qut, = p>"" ! implies that E3% is iso-

1o

morphic to the righthand module in the theorem. Since E:** = 0
if * > 2"t — 1, we see that d, = 0 for all r > 2"*'. Thus E}, is
isomorphic to the infinitive term of AHss. O

Theorem 14.4. For 1 <i <n — 1, we have the isomorphism
AR (i) (U) 2 K@) [/ (0" ) @ (A@ B@ C)
where A = A1), B =A0){p*"" 2" t;}, and C = @, _oZ/2{p" 2" HQ(d)}.
Proof. Consider the motivic AHss
By = B (U K ()) = AK ()" (U,)

First consider elements of the dif ference < 0. The first nonzero
differential is doi+1_1(x) = v; ® Q;(x). From the fact Q;(t;) = &; ;p*
and from the above lemma, we have

H(Ey™ N (dif ference < 0);Q;) = (A B) ® Z/2[p]/(p*" ).

Since A C K (i)*(Spec(R)), elements in A are permanent cycles. By
the dimensional reason such as f.deg > 2"*! — 2*1 elements in B are
also permanent cycles.

Next consider elements of dif ference > 0. We can see that

=1 or

k 1 ;
iGe = 0 . .

Of course, ¢; = 1 case, Q(a’) is in the I'm(Q);), and hence we have
H(E;™ 0 (dif ference > 0);Q;) = C @ Z/2[p]/(p* ).
By also dimensional reason, all elements in C' are permanent cycles. [

It seems not so easy to compute ABP*(pt), ABP*(U,). Hence we
consider the more easy case

’

Ab (=) = Ah/p™* (=) = ABP(n — 1)/(p)™" (-),

namely, throughout this section, let h* = Z/p[vy, ..., v,_1]. Let us write
fori <y
N = Atiy o ty), V9= A(to, oo tisty, ...

)

Theorem 14.5. ([Ya4]) There is an isomorphism
grAR (pt.) = Ve @ W [pl{1, vixle € (AP T/ (ip?, o vmap™ 7).
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Proof. Consider AHss
E(AR)S™ = H™ (pt; h*) = AL™ (pt).
By induction on n, we assume
(+) By =V ® (A @ ([ ® ArE)) /(v vip” )
where A; is an h*-module with generators in E;‘;fl’mm“s, 0<% <20t —
1. The next nonzero differential is
dyi+2 1(2) = v;411Qiv1(x) mod(I;11) for x € E;’i;’(il.
In particular
i+271

d2i+2_1(ati+1) = Ui—|—1p2 a fOT a < Z/2[p] X AZTL—IjZI'

Moreover we can prove dyi+2_1(a) = 0 for a € A; considering the map
of spectral sequences induced from Ah — ABP(i + 2,..n — 1)/(2)
where BP(i + 2,..n — 1)/(2)* = Z/2[vit2, ..., vn—1]. (For details, see
[Ya4].) Thus we can prove the (i + 1)-version of (x).

Moreover we see that A; . is isomorphic to

A; ® BP*[pl{vitis1, ..., vitiz1} ® A?ﬁl (019 oy Up1p” )
because dgi+2_1(v;t;11) = 0 for all j < i+ 1. Thus we get
A = BP*[pl{viz|z € (AL )T (01p%, ooy vn 19”7 1).

Theorem 14.6. There is the isomorphism
grAR* (U) =2 (A B) Ve C  with

(1) A=nlpl{1vinle € (AL H (010 o vn g 0 ),
(2) B = EB?;OIh*/IZ_[p]{p2n+172i+1ti}/(p2i+171) ® A?—i—illa

(3) C =@y (b /TP Deo-t.ocrr=1.-00") 2 Q) }/ (0¥ ).
Proof. The proof is similar to the proof of Theorems 6.7 and 6.8. [
Next we also compute AK(n)** (U,) and Ah** (U,) by using the
cofiber sequence
Us — Xa SN W,

given in Section 13. The cohomology of W, is easily computed from
the long exact sequence induced from the above cofibering and the
cohomologies of M, and x,. Recall again that

H*" (xa; Z/2) 2 H* (pt;2./2) @ Z/2]p, &) ® Q(n){a'}
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H* (U,;Z)2) = H** (x0; Z/2)/(f.deg > 2"+ — 2)
here note &, = §2. Hence we have
H*’*,(WQ;Z/2) >~ {(f.deg > ontl _ 2) parts of H*’*,(Xa; Z/2)}

which is isomorphic to the ideal Ideal(Q,(a’),d,) of Q(n — 1)-algebra
H** (x4;Z/2). So it is written explicitly

Z/2[p) ® (Z/2[7]{d} ® Q(n — 1){Qn(a")} ® Z/2[57] ® Q(n){07a'}).
Next we consider just QQ(n — 1)-module structures ignoring @),,-actions.

Note deg(d,) = deg(Q,) and let us write @, also by d,, then we have
the isomorphism of @(n — 1)-modules

H* (Wo:Z)2) =2 (H* (pt.; Z.)2) ® Z./2[p, 0] @ Q(n — 1){a'}) {0}

>~ H** (Xa; 2/2){6,}

Corollary 14.7. There is the isomorphism H** (Wy; Z/2) = H* (x4; Z/2)
as Q(n — 1)-modules but not as Q(n)-modules.

Proof. Note Q,6, = QuQn_1..Qo(a') # 0 in H**(W,;Z/2) but of
course Q,(1) = 0 in H** (x4;Z/2). O

From Theorem 10.5, the cohomology H** (Y4;7Z/2) is Q(n)-free.
Hence

H(H** (Xa;Z/2),Q:) 20 for 0<i<n.
By the AHss converging to AK(i)** (Y,), we have
Lemma 14.8. For 1 <i < n, we see AK(i)** (Ya) = 0.
Corollary 14.9. For1 <i<n—1, we have
AK (i) (xa) = AK ()" (pt.),  AK ()™ (Wa) = AK (i)™ (pt.) {00}

Let us write

AK(i)W(X) _ AK(i)*_QnHH’*_W“(X).
Then we can write ;
Theorem 14.10. For 0 <i: <n — 1, we have ;

grAK (i)~ (U,) = AK (i)~ (pt.) @ AK(i)" (pt.).

Proof. We consider the exact sequence

AR (i) (Ua) ¢ AK (i)™ (xa) & AK (i)™ (W) & AK (i)™ (xa)

Since 0,(1) = Qo...Qn—1(a’) € Im(Q;) in H*(x4;Z/2), we have i*§,(1) =
0in AK(7)** (x,) by AHss. O
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Remark. The corresponding elements in Theorem 14.4 and Theorem
14.10 are given by the following

K)o/ (0" ™) @ A= AK (i)™ (pt.)
K(i)* ® B2 K(i)* ® A(@){tn, tns1, ...} € AK (1) (pt.)

on+1_ogi+l
P

by t; <> vit, (note t2 =t,,1)

K(i)* ®C 2 K(i)* ® Ato, ..., bs, ooy tu1) C AK (1) (pt.)

by pHOTTTIQ () & vt with 99 =Tt (1 — ).

The above corresponding is given by checking both first degree and
difference degree, by using d(Q;) = 27 = —d(t;) = —d(v;) — 1.
We also write Q;...Q,_1(a’) =07 so that Qyd! = d,.

Lemma 14.11. Writing Q,, also by 6, (see [Po2]), we have
AR (Ya) 2 Z/2]p] © AQo, Qn) 57185} = Z/2[p] © A(Qo)[8.){5, }-

Proof. Consider AHss for Ah™*(Y,). Since H**(Xa;7Z/2) is Q(n —
1)-free, we can see that the right hand side module is isomorphic to
E5"". Tt is I,-torsion and hence E2"* by dimensional reason. We note
Ah** (%,) is I,-torsion by also dimensional reason. O
Lemma 14.12. grAh™ (x,) = grAh™ (pt) @ grAL (Xa).
Proof. As Q(n — 1)-modules, we have the decomposition

H* (xa; Z/2) = H> (pt.; 7./2) © H™ (Ya; L/2).

We also get the decompositions of the F,.-term of AHss by induction
on r, and hence of grA** (x,). O

Since H*(xq; Z/2) and H*(W,; Z/2) are isomorphic as Q(n—1)-modules,
we can prove that

Lemma 14.13. grAh>" (W,) =2 grAh (xa){0.}.

Recall Theorem 14.5. If x > 2" —1 = f.deg(d,), then the fact that
vip*x = 0 in Ah** (pt.) implies

AR (pt) 2 Z/2[pl @ VI for + > 2" — 1.
Let us write
KAR™ (pt) = Ker(Ah™ (pt) — Z/2lp] ® V')
= 1*[p)(I {1} ® Z/2{vizlz € (A7) "}/ (vip” L <i<n-1) @V

= h*[pl{virlz € AL (v L < i <n - 1)@ 1
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Theorem 14.14.
AR (U,) =2 AR (pt) ) (07" 1) @ Z)2{6"} & K AR .
Proof. We consider the exact sequence
— AR (M) < AR (va) & AR (W,) « .
Using the facts that i*(0,) = 6,(1) =, 2"~ and pd” = 76,, we see
AR (Xa)/(Ja) = AR (pt.) /(071 @ Z/2{0"}.

The map x8, : AW (Ya) — AW (X,) is injective from Lemma 14.11.
The kernel Ker(i*) is isomorphic to the kernel

P AR (pt) — ARSY (pt) 2 Z/2[p] @ V'
for = > 2"*1—1. Thus from Lemma 9.11, we can prove the theorem. [

Remark. The elements v; € I,{1} C KAR for i > 1 correspond
¢; in Section 10 and ¢! corresponds ¢y. By isomorphisms given for
AK (i)*(U,), we also know the correspondence with Theorem 14.6 ;

AQ VI AR (pt)/(p* Y,

2n+1 72i+1

Be Vi =gr(I,{1})®Vy" by t; <> vitn,

C = W [pl{vizle € (AIZ) H (vip® ) @ Vg

by PHOETHQUd) & vt with 09 = TLti(1 — ¢).

In fact, we have the following relations. Since Qjt;t; = p? "1, and
Qitit; = p* " ~'t;, we see
) 2n+172i+1 ) 2n+172j+1

vjp ti =wvip t; mod(I2) in A (U,).

When €y = 1,...6;1 = 1,6 = 0, we consider operations Q. = Q;Q_a,
and Q;Qc—na; for j <. Then we have the relation

vjpk(f)ﬂiHHQc(a') _ Uipk(eJrAﬁA]—)qu+1Q€+AFAJ_ (a') mod(ffo),

since k(e) — 27 = k(e + A; — A;) — 277
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