NOTE ON MOTIVIC COHOMOLOGY OF
ANISOTROPIC REAL QUADRICS

NOBUAKI YAGITA

ABSTRACT. In this paper, we compute the mod 2 motivic coho-
mology H*’*'(X;Z/2) for the anisotropic quadric X over R the
field of real numbers.

1. INTRODUCTION

Each anisotropic quadratic form of dimension n over R is written
uniquely by ¢, = 23 + ... + 22. Let X, be the d-dimensional projective
quadric defined by qgi2 = 0. Let H** (Xy;Z/2) (vesp. H%(X4;7/2))
be the mod(2) motivic cohomology (resp. etale cohomology) con-
structed by Suslin and Voevodsky [Vol,2]. It is shown in [Yal] that

(1) H™(XsZ/2) C HoY(Xa; Z/2)[r, 7]

where 7 is the nonzero elemant in H%!(Spec(R);Z/2) =2 Z/2.

The above fact is showed by using the decomposition of its motives,
i.e., M(X4) = @;M;, for some i; > 0. Here M;, is the Rost motive (over
R) of dimension 2% — 1. The cohomology H** (M;,;Z/2) is computed
in [Yal] by using arguments by Voevodsky [Vol,2]. Hence we know
the additive structure of H** (X4; Z/2) completely. Moreover, the ring
structure of CH*(X4)/2 = H***(X4;7Z/2) is given in [Ya2] by using
the algebraic cobordism theory Q*(Xj).

On the other hand, there is the homeomorphism X,;(C)/Z/2 =
G5(R42). Here X4(C)/Z/2 is the quotient space of the manifold X4(C)
of C-rational points of X, by the free Gal(C/R) = Z/2 action, and
G5(R?*4) is the Grassmannian of 2-planes in R4*2. Hence we know as
cohomology rings

H (X4 7Z)2) =2 H (Go(R2); Z/2).
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Let w; € H*(G5(R*);Z/2) be the i-th Stiefel-Whitney class of the
canonical 2-dimensional bundle. Define f; € Z/2[w;, ws] inductively

fo=w1, fi=wi+twy, and fop1=wifo+wafu formn = 0.
Then by Borel, Hiller [Bo], [Hi] there is the isomorphism
H*(G2(R™?); Z/2) = Z/2[wy, wo] / (fa, w2 fa-1)-
Hence we can write down H** (Xy;Z/2) as a subring of
Z)2lwr, wsl/(fa, wafar) @ Z)2[r, 77]

as follows.
Let us write the alternating 2-adic expansion of d + 2 by

d+2=2mt —gmtl 4 4 (—1)r2mt!
for ng >mny > ..ny_y >n, +1>0. For 0 < j <r, let s; = sj(d) be
the number defined by
2m0 —2m 4 4 2M-2 — 2M-1 4 even
s; =
’ M0 — oM 4 —9ni-2 4 9mi-1 — oyt g (1) tl 5 odd.
We identity w; € HY'(X4;Z/2) and wy € H**(X4;Z/2). Moreover let

h =wyr™' € H*(X4;Z/2). Let a(n) be the number of 1 in the 2-adic
expansion of n, e.g., a(d) =ng —n; + ...(—1)"n,. Let us write

QT = {Z T w! |f > 2n 4 a(n)} € Z/2[77, w).

Theorem 1.1. For d > 1, the motivic cohomology H** (Xy4;7/2) is
isomorphic to the Z/2[h]-subalgebra of

Z/Q[wlv h7 T, T_l]/(fd7 hfd—l)
generated by Z,)2[7] and QT w ' hi for 0 < j <r.

By using the above embedding, we will give the ring structure of
CH*(X,)/2 without using the algebraic cobordism theory.

2. CHOW RINGS OF EXCELLENT QUADRICS

Let k be a field of ch(k) = 0 and X the smooth variety. We consider
the Chow ring CH*(X) generated by cycles modulo rational equiva-
lence. For a non zero symbol a = {ayg, ...,a,} in the mod 2 Milnor
K-theory K}, (k)/2, let ¢, = ({ao, .., ay)) be the (n + 1)-fold Pfister
form. Let X, be the projective quadric of dimension 2" — 2 defined
by ¢4. The Rost motive M,(= M,,) is a direct summand of the motive
M(X,) representing X, so that

(2.1) M(X,,) = M, ® M(P*"1).
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The Chow ring of the Rost motive is well known. Let k be an
algebraic closure of k, X|; = X ® k, and i, : CH*(X) — CH*(X|;)
the restriction map.

Lemma 2.1. (Rost [R1]) The Chow ring CH*(M,) is only dependent
on n. There are isomorphisms

CH*(M,) 2 Z{1,coo} ®Z/2{Cn1, s Cnm1}  |cnil =2" =2,

and CH*(M,|z) = Z{1, &,} with |a,| = 2" — 1. The restriction map
is given by ig(cno) = 20, and ig(cy;) =0 for i > 0.

Here we consider the quadrics defined by a subform £ of the Pfister
form ¢,. Recall that T is the Tate motive i.e., M(P') = T° & T. By
using results of Rost and Hoffmann, we see the following theorem.

Theorem 2.2. (Rost, Hoffmann [Ro],[Ho],[Ka-Me],[Vi-Ya]) Let £ be a
subform of the Pfister form ¢, = ((ag, ..., an)) of dim(§) = 2"+m, 2" >
m > 0 (i.e., £ is a neighbor of ¢,). Let n be a complementary form
(pa =€ B n). Then

M(X¢) = M, @ M(P™ ") & M(X,) @ T®™.

The typical example of this theorem is the isomorphism (2.1) which
is the case m = 2".

Now we recall the definition of excellent quadrics ([Kn],[Ka-Me]). A
quadratic form & over k is called excellent if for every field extension
K /k, the anisotropic part of {f is defined over k. An anisotropic form
is excellent if and only if it is a Pfister neighbor whose complementary
form is excellent also (Knebusch [Knl,[Ka-Me]). It is known (see §3
bellow) that all quadrics over R is excellent.

Suppose that & = & is excellent. Then we have a decreasing sequence

To DT O ... DTy

of embedded Pfister forms such that the class [§] in Witt ring is given

by [&x] = [me] = [mea]+-..+(=1)""F[m,], namely, £ = & and [£;]+[41] =
(3]
Let us write dim(m;) = 2", Then ng > ny; > .... >n, +1 >0 and

(2.2) dim(&) = 2mott —omtl 44 (—1)m2m

Thus n; is the places changing zero to one (or one to zero) in the 2-adic
expansion of dim(X¢) +2 = d + 2. Let us write

(2.3) my = 1/2(dim(&)—dim(&j11)) = 2 =2t (—1)rI2mr
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o )2ne—=2m 44202 =20t g even

S 2me —2m = 2me e —omtl (—1) 2t odd,
Note that s,,1 = [1/2dim(£)]. Tterating Theorem 2.2, we can see ;

Lemma 2.3. (Rost [Ro], [Ka-Me]) There is an isomorphism of mo-

tives
M(Xe) = ®_gMr, @ M(P™71) @ T,
When dim(§) = odd, we see m, = (1) and dim(X,,) = —1. So the

respective term should be omitted.

Corollary 2.4. Let ' = r for d = even and ' = r — 1 otherwise.
There is an additive isomorphism

CH*(X¢) & SI_aCH" (My,)[t]/ (") {t*}.

Here t' is a generator of CH'(T*) (but it does not mean the real
product of t in CH'(X;).) Let e = d/2 for d = even and e = (d—1)/2
for d = odd. Recall that s,y3 = 1/2deg(§) = e + 1 for d = even,
and s = 1/2(deg(§) — 1) = e+ 1. Hence we have the additive
isomorphism

B Lt]/ (™) {t} 2 ZIh]/(hH)  deg(h) = 1,
B LIt] /(") {t*icno} = Z[A]/ (hTH){t°}
where € = 0 or 1 for d = even or d = odd respectively. Let us write

tsicm’o’ =S; + 2™ — 1.

I
S; =
We write the picture for s;, s; and m; for small 7's.

/ / /
O=sgo mo S1 mp S2moS3 e+1 SamsoS1 my So mo d+1

In fact, we can compute s,_, — s, = m,.

Let 1 be a (not assumed to be excellent) quadratic form. For each
quadric Xy, the Chow ring of X,|; = X, ® k is given by Rost.

Let dim(Xy,) = d. Let h (resp. @) be an element of CH*(Xyl;)
which is represented by a hyperplane section (resp. a maximal projec-
tive space) in Xy|;. So |h| =1 and |a| = e if d = even (|a| = e+ 1 for
odd).

Lemma 2.5. (/Ro2]) There is an isomorphism of rings
CH*(Xy|p) 2 Z{1,h, ..., b} @ Z[h]/(htH){a}.
The multiplication of CH*(Xy|z) is given by
(1) h*™ =2ha for d=even (h*' =2a for d = odd),
(2) a®*=h%=2na if d=0mod(4) (a*=0 otherwise).
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Recall that X, is an excellent anisotropic quadric with 2" —1 <
dim(Xe) = d < 2" — 2. Let h € CH'(X¢) be represented by a
hyperplane section. Of course iz(h) = h. It is known that if(c,, ot*)
can be written by h* = 2h%a&. Moeover we have :

Theorem 2.6. ([Ya2]) There are elements ¢, ...,c,_y (and ¢, when
d =2 mod(4)) in CH*(X¢) and positive integers dy > ... > d,,—1 such
that there is the Z[h]-algebra isomorphism

CH*(X¢) = F & &2, Z/2[h]/ (h"){c}

Z[h) (kY @ Z{c,}  for d =2 mod(4)

h F =
were {Z[h]/(hd+1) otherwise

with multiplication cic; = 0 for all i,j and hcy = hd/2+1 mod(c;|1 <
j<mn). The degree is given as follows ; if ni1 < j <n; then d; = si1
and |cf| = 2™ — 27 + 8; = s} — 2/ + 1.

3. COHOMOLOGY OF REAL ROST MOTIVES

Hereafter we always assume k£ = R the field of real numbers. Recall
that H**(X;Z/2) (vesp. H}(X;7Z/2)) is the mod 2 motivic (resp.
etale) cohomology defined by A.Suslin and V.Voevodsky [Vol,2]. It is
well known that

H(pt:2/2) = KM (R) /2= 2/2])

where p = {—1} € KM(R)/2 =2 R*/(R*)?. The motivic ohomology of
a point is

H*"(pt.; Z/2) = H},(X;2/2)[r] = Z/2[p, 7]

with 0 # 7 € H% (pt.; 2.2) 2 Z/2.

It is also well known that KM (R)/2 = griW*(R) ; graded ring from
the Witt ring W(R) of constructed from anisotropic forms. Hence
all anisotroic form is written as ¢ = (d + 2)(1). Therefore they are
excellent. Let Xg = X¢ = X(gpo)1y of dim(Xy) = d. We will study
H (X4, 7)2).

At first we study the cohomology of the Rost motive for a = p"*!.
Recall that

Qi : H*(X;7/2) — H*** 7 -1 +2-1(X.7,/9)

is the Milnor operation in the motivic cohomology defined by Voevod-
sky [Vo3]. Let us write Q(n) = A(Qo, .., Qn)-
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Theorem 3.1. (/Yal1]) The cohomology H** (My;7/2) is isomorphic
to the subalgebra of H*(M,;Z/2)[r, 7Y = Z/2]p, 7,7 ]/(p*"" 1),
that is isomorphic to

(Z/2[p, 7] @ Z/2[p) © Q(n — ){ar ™' }) /(5" 1)
identifying with Q(at™') = QL...Q"(ar™") = 77174 pf g where

n—1

e#(1,..,1) and f(e) = >, (27 = 1), d(e) = >, €2
The sequence ¢ is the 2-adic expantion of d. So write € = ¢(d) and
/= f(e(d)) = f(d). Then
Fle(d) = a2 = 1) = 2d — a(d)

where «(d) is the number of 1 in the expantion of d. We can identify
the algebra of operations Q(n) by the Z[p]-submodule

Z)2pl@Qn) ={ Y 7 >2d—a(d)} CZ/2[p, 7]
0<d<2n -2
In the above theorem Q(n — 1){a7™'} = Q(n — 1) - (a7™!) in the last
ring. (The - in the last term means the multiplication in the ring
Z)2[p, 771], while the first one means the actions Q¢ on ar~!)
Corollary 3.2. Let f(d) = f(e(d)) = 2d—a(d) ford > 0 and f(—1) =

—n — 1. Then there is the isomorphism
H*" (My; Z/2)/ (1) & @ocasan1Z/2{7~p" | f(d=1) < m < f(d)}.
The element ¢, ; € CH*(M,;Z/2) = H**(M,;Z/2) in Lemma 2.1
is represented by
(3.1) o= QoQi.Qurar—t = (71?2
In particular, for the cycle map
cl: H' (My; Z/2) — H}(M,; Z)2)

+1_9it+1
we have cl(c,;) = p*" 2.

Corollary 3.3. There is an additive isomorphism
H™(X4;2/2) = ®i_gH™ (My; Z/2) ] / (W™){t:}
where t; = h* mod(c;h*) in H**(Xq;Z/2).

For ease of notation, let 2(i) = 2" — 1. Since we have the similar
etale motives decomposition, from Corollary 3.3, we get ;

Corollary 3.4. There is an H},(pt.;Z/2) = 7Z/2[p]-module isomor-
phism .
H;\(Xa; 2)2) = ©_Z/2[p, h]/ (07, h™){t:}.



MOTIVIC COHOMOLOGY OF REAL QUADRICS 7

Next we recall the coniveau spectral sequence. Let X be a smooth
variety over k = R. The filtration coniveau is given by

NCHH(X;Z[p) = Uz Ker{HZ(X;Z[p) — HZ (X — Z;Z/p)}

where Z runs in the set of closed subschemes of X of codim = c.
We consider its associated (coniveau) spectral sequence. Bloch-Ogus
[BI-Og] showed that the Ey-term is given by

Ey" = Hy, (X, H;),) = HG (X;Z/p)
where HZ/p is the (Zarisky) sheaf assopciated to the presheaf U —
H*(U;7Z/p). From Corollary 2.4 in [Yal], we see the following lemma.
Lemma 3.5. If the cycle map cl - H** (X;Z/p) — H(X;Z/p) is
injective for each *, %', then
Ey" = Hy,(X; Hyy,) = H (X2 /p) /(7).

Moreover the spectral sequence collapses from the Es-term.

Note deg(Q¥) = (2d — a(d),d — a(d)) in H**(M,;Z/2) but it is
represented (d,d — a(d)) in H}," (M,; HE'/Q). From Corollary 3.2, we
can write down the Es-term for X = M, explicitly.

Lemma 3.6. There is the Z/2[p]-module isomorphism

Hy,, (Mo; H o) 2= Z/2[p)/(p") @ Go<acan2Z/2[p)/ (p°){qa}
where eg = 1+ a(d) —a(d+1) and deg(qq) = (1 +d,n+ 14+ d— a(d)).
(Here g3 = QD (ar™1) in H* (M,;Z/2)/(1).)

Corollary 3.7. The coniveau spectral sequence for X = Xy and p = 2
collapses from the Es-term and

H}ar(XCh HE//Q) = GBH;(M‘(MTZN H%;Q)[h]/(hmz){t’l}

4. BOREL SPECTRAL SEQUENCE

Let X be a smooth variety over R. The manifold X (C) of C-rational
points X (C) is a Z/2-equivariant space by the Galois group Gal(C/R)
action. By Cox [Co], it is known that there is a natural weak homotopy
equivalence

[X}5 2 (X(C) xz/2 BZ/2)"
where {—}.; means the etale homotopy type, {—}" means the profi-
nite completion and EZ/2 is a contractible space with free Z/2-action.
Then we have

HY(XG2/2) = H (X (C): 2/2) = H(X(C) xz2 EL/2 Z/2).
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Here the right hand side is called the Borel cohomology or Z/2-equivariant
cohomology. Thus we have the following Borel spectral sequence

Ey* = H'(BZ/2; H*(X(C); 2/2)) = H:(X;Z/2),
dr . E:,*/ N E’:‘FT‘FI,*/*T'

Since the Borel spectral sequence is the topological one, it is multiplica-
tive, in particular, the differential is a derivation. For the case X = pt.,
we see H*(X(C);Z/2) = Z/2 and the Borel spectral sequence is trivial

H},(pt; Z/2) = EX) = H*(BZ/2;7/2) = 7/2[x].
Hence we can identify p =z € HL(pt.;Z/2) 2 Z/2.

Lemma 4.1. The E-term of the Borel spectral sequence for H(Xq;7/2)
18 given by

E** 2= 7,/2[x, b)) (x* D% 0 < i < 1.
Proof. From Lemma 2.5, we have
H'(Xa(C);Z/2) = Z/2[n]/(h**") ® A().

Let 0 # o € Gal(C/R) = Z/2. Then it is known o(a) = a + h° (resp.
o(a) = a) if d =0 mod(4) (resp. otherwise). Let d = 0 mod(4). (The
other cases are similar but more easy.)

The Es-term of this spectral sequence is

By = (22 H (X (C); Z/2))
N {H*'(X(C);Z/2)<"> £ =0
(Ker(1 —o)/Im(1 + o)|H*(X(C);Z/2) * > 0.
The nontrivial case is ¥ = d = 2e. Since o(a) = o + h®, we see
Ker(1—o0)=Im(l1+0)=27Z/2{h}.
Hence E37%" = 0 and E5* 22 Z/2{h¢}. Thus we have the isomorphism

By = Z/2[x,h]/(h*+ k) ® Z/2[x, h]/ (h*){ah}
which is additively isomorphic to
Z)2[x,h]/(h°) @ A(ah) ® Z/2{h°}.

Note that n, = 0 and 2(r) = 2! —1 = 1. We can decompse the
above term as

By = @2} A(i) @ A(ah) @ A(r)/(a*)
with A(i) = Ey* =<0 o 7/902]{1, .. hmi— {1},
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The element h is a permanent cycle and the first nonzero differen-
tial must be di(ah). From Corollary 3.3 (or Corollary 3.2), we see
2 r=Dps—1 = 0 in E%*. Hence t = 2(r — 1) and

dQ(T‘fl) (Oéh) = x2(7‘_1)h5'r71‘
Note here that
dQ(rfl)(hmT_1CK> — xQ(rfl)hsr_1+mr—1 — x?(rfl)heJrl —0.
Thus we have the isomorphism
By 1y = @5, AG)/(@9) @ @i AG) @ Alah™ ),
Similarly, by decsending induction on j, we can prove
By = @127 A1)/ (220) @ @A) @ A7),
dQ(j)(ahsr’+1_Sj) — 20 psi
In particular , we get the desired result
EY = @A) /(@) = oL Z/2[a] / («*0) {p*, ..., o1
= 7,/2], h]/(e* b, b+

Remark. In §3 in [Sa-Li|, the integral Borel spectral sequence
IEy™ = H*(Z)2; H (X4(C); Z) o) = H*(X;Z3))

is studied, while I E::é*/ seems not given there. By the filtration of
multiplying 2, we have the isomorphism

griEy™ = E3* @ 2H" (X4(C); Z) <.

Since all elements in 2H* (X4(C); Z()) are permanent cycles, we also
get the isomorphism grlE%" = B4 @ 2H* (X4(C); Z)) <.

Lemma 4.2. Let t; be an element in H} (X4 7Z/2) such that t; =
k%t mod(p) and p*Dt; = 0. Then such t; exists uniquely.
Proof. We still know the existence. From the above corollary, if s; <
k < sj41, there is the isomorphism E%%* = 7,/2[x]/(229){h*}. So the
map =™ : E%?F — EXFm2F g injective if * +m < 2(j).
When * + 2k = 2s; and * > 0 (i.e., j < i), we see
x+2(1) = 28; +2(1) — 2k =28, + 1 — 2k

<28, +1— 2k < 25+ 1 —2s; = 2(j).

Hence the map 22®) : £%%F — Ei202k 5g injective when # + 2k = 2s;.
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Suppose t; is the another element which satisfies the assunption of
the lemma. For 0 # ¢t € H* (X4 7Z/2), let us write by 0 # [t] € E%*
the corresponding nonzero element. Then

0#[t;—t)] € E;Z*, with * < 2s;, and * +* = 2s;

which must be 22(®-free by the above dimensional reason. However
t;, t; are p*-torsion and so is t; — t;. This is a contradiction. O

5. COHOMOLOGY OF GRASSMANIANN Gy(R?*9).

Let X be a smooth variety over the real number field R. Let
X(R) = (. Then Gal(C/R) acts on X(C) freely. Hence we have
the isomorphism

22(X(C); Z/2) = H*(X(C)/Z/2; Z/2)
from the triviality of the spectral sequence induced from the cofibeing
E7/2 — X(C) xz/2 EZ/2 — X(C)/Z/2.

Now we consider anisotropic quadrics over R. Each anisotropic qua-
dratic form ¢ of dimension n over R is written by

n{l) = q, =27 + ... + 22,

Reacll that X, is the projective quadric defined by ¢412 = 0 so that
dim(X,) = d. Let Gx(R**") be the Grassmannian of k-planes in R¥™.
It is well known that there is the homeomrphism

X4(C)/Z)2 = Gry(R*™)

via the map from (z; = z; +iy;) € X4(C) C CP** to the plane
generated by (z;), (y;) in R**. (In fact, ||(x;)|| = ||(v:)]| and (z;) L ()
in R¥2 for (z; +iy;) € X4(C).) Thus we see that

Lemma 5.1. H:,(Xy;7Z/2) = H*(Gro(R*"); Z,/2).
The mod 2 cohomology of Gry,(R"**) is computed by Borel
H*(Gk(RnJrk)ﬂ Z/Q) = Z/Q[wla vy Wiy, W,y ey u_}n]/jn,k

in fact, w;(resp.w;) is the i-th Stiefel-Whitney class of the universal k-
plane bundle (its complementary bundle). Hiller [Hi] write down this
relation explicitly.

Theorem 5.2. (/Hi/) There is the isomorphism
H*(Gri(R™™), 2/2) =2 7/2[w1, .., wi] [ (finy s frm)
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n

Jin w; 10 . .0 w,
W2 0 1 0
where ) =
0 1
frm w, 0 . . .0 Wy,

We also note the following fact.
Lemma 5.3. The sequence (fin, ..., fen) is a reqular in Z/2[wy, ..., wg).

Proof. Let V,, 111 be the variety of orthogonal k vectors in R™™ and
O(k) be the Orthogonal group. Then we have the principal bundle

O(k) = Vo — Ge(R™F)
and the induced spectral sequence
By = H*(BO(k); H*(Voyix: 2/2)) = H*(GR(R™"); Z/2).
Of course H*(BO(k);Z/2) = Z/2]ws, ..., wi] and (by Borel)
grH (Voik i Z/2) = Nep, ooy €nyp—1)

with deg(e;) = 1.

Hence the differential must be d(e,+;) = fn,i+1 from the above the-
orem. Moreover H*(Gry(R™"**);Z/2) is multiplicatively generated by
w;. This imlies that the sequence is regular. 0

Let P(t) be the Poincare series Y., H*(Gry(R"*);Z/2)t'. Since
dim(w;) =i and dim(f;,,) = n + i, we get ;

Corollary 5.4.
(1 _ tn+1)(1 _ tn+2)...(1 _ thrk)
(1 —0)(1—2)...(1—th)

In particular, the case k = 2 of Theorem 5.2 is stated as follows by
letting f1, = f, and for = wafn_1

Corollary 5.5. There is the isomorphism
H}(Xa; 2)2) = 7/ 2[wy, wo] /(fa, wafa—1)
Here fo = w1, fi = wi 4+ wy and frp1 = wifo + wafaoy for n >0,

namely,
d+1-5b B
fa= g ( b )wil+1 %wg.

Proof. The last equation follows from induction on d. The first iso-
morphism is immediate from Theorem 5.2. 0

P(t) =
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Corollary 5.6. The elements p, h in H(X4;7Z/2) correspond to wy, wsy
respectively in H*(Gy(R?*1%);Z,/2).

Proof. We only need the proof for h. By dimensional reason, h cor-
responds to wy or wy + w} = f;. But in HY(X;Z/2) we know
p?=h#0. O

Let P = P(t, E%) be the Poincare series of the infinite term of the
spectral sequence in lemma 3.4. Of course from above corollaries
P(t)= (1=t (1 —t"2)/1—t)(1 - t?).
This fact is also computed directly, infact (1 —¢)(1 — ¢?)P is written

Z(l _ t?(z)) (1 _ t?mi)tQSi — Z(tQSi _ t28i+2mi + t28i+2(i) _ t28i+2mi+2(’i)>

_ Z(tzsi _ tQ‘”“) + Z(t2s;+1 _ t28§*1+1) ] gl g2 2043

Remark. In [Hi], Hiller computed some relations for wy, wy by using
above fy in the corollary. Most of them are natural consequences from
the cohomology theory of quadrics. For example, Proposition 4 in [Hi]
is w§ # 0, which corresponds h? # 0 in CH*(X,)/2. One of the main
results of [Hi] is about the Lusternik-Schnierlmann category, that is,

Cat(Gry(R* ) = dim(Gry(R* 1)) = 2"+ — 2

following from w2 +£ 0. This corresponds the fact p?""' 2 =
h*' =1 =£ 0 in the norm variety (the smallest neighbour of the Pfister
form) Xon_;.

6. p*)-TORSION ELEMENTS

In this section, we look for ¢; in Corollary 4.5. That ist; € Z/2[w;, ws]
such that t; = ws' mod(w;) and wf(z)ti € (fa, fha—1) where

d+1-10 _ d+b\ 4
deZ( ) )wf-i-l 2bw12;7 w2fd—1:Z( N )wf 2bwg+1‘

b b

We first recall the famous relation about the binary coefficient

Lemma 6.1. ([Ep-St]) If n = > n;2" and m =Y _m;2" for m;,n; =0

or 1, then
() T1(3) e
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Recall that
(6.1) d+2=2mF —omt 4 4 (—1)2m Tt pe
where e = 0,1 or —1. For k <7/, let us write
(6.2) d(k)+2=2"t —2m 4 4 (—1)F2™.

Lemma 6.2. In Z /2wy, ws|, we can take

t = Jago fwi® if d(k) > d
fawywy ™ jwi®if d(k) < d.

Proof. We first prove k = 1’ and € = 0. Let d = 2d'. Of course (d;/d,) =

1, we see wy fy_1 = h¥T' mod(w,). Hence we can take t,q = wafy_;.
Next look for ¢,.. Let d — b =10". Then

d+1-b\  (2d+1—(d—=V)\ [(d+1+V\ (d+1+V
b N d — v S\ =y )\ 2r+1

Here d' + 1 = 0 mod(2") from (6.1). Hence the above number is zero
for each ¥ < 2™ — 1 from the above lemma. (See also the proof of
Lemma 9.1 bellow.) For ¥ = 2" — 1, the nonzero value of the above
binomial coefficients is one and

20r")  q o 200"y s 2(r')+1
fy= wl(T)wg 2™ 41 _ wl(r)w2w mod(wl(T) )

Therefore we can take
te = fo/ I in Z/2[wy, wy).

Next consider the case k > 1. (The case k = " and € = £1 is also

proved similarly.)
Let k = even so that d(k) > d. Let s;(d(k)) (resp. r'(d(k)), t;(d(k))
be the number s; (resp. 1/, t;) for Xy). Then from (2.3), we see

sE(d(k)) = s =20 — 2™ 4 | 4 2M-2 — 2Mk-1,
Since 1'(d(k)) = k, we still know
tie(d(k) = fago /(™) = w4
Let iy, : X4 C Xqu) be the natural embedding. Then we can take
e = diti(d(k)) = (Faw)/ (w ™).
Let k = odd so that d(k) < d. Then
s; — si(d(k)) = 2m+tt — 4 (=1)72m T = d — d(k).
Let ¥ : Xam) C X4 be the embedding. For the Gysin map ik, we see

K/ a. b a, btd—d(k)

(1) = wsid(k): and i (wiws) = wiw, :

7/*
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(Note we = h is the hyperplane section.) Thus we can take

) 2k d—d(k) ; 2(k
b = Zf(fd(k))/wl( ) = fd(k)w2 ( )/wl( )'

From the Borel spectral sequence (Lemma 4.1), we see
wf(kﬂ)w;n’“tk = wf(kﬂ)w?k“ =0 mod(witj|j <k).

Moreover wfktk is nonzero and it is written as wit;_; by the following
reason by using Theorem 2.6. Recall that each element ¢;t% (with the
notation in §2, see Corollary 2.4, Corollary 3.2,) is represented by

(r1p?)2 =2,

In particular ¢,, _1t°* is represent by 2l p*"*t,. Using Theorem

2.6, we can prove that h™c,, _1t; must be written as p*c,, —1tk—1.
However we show the following lemma by direct computation of fy.

The proof is just a computation of binomial coefficient but not so short,

hence we give it in the last section.

Lemma 6.3.

oMk —1  my, o 2(k—1)—2"k
wy Wy "t = w; th—1.
Lemma 6.4.
Ng—1 41
2(k) oPk—1+1_oj+1 g 9Mk-149] 2(k)42"k-1
Fagy = wi (Y wi w; ) mod(w: ),
j:nk+1

. ng—1 _onk—1—1
ie., tp=wi+w? " wy

7. MOTIVIC COHOMOLOGY
In this section, we study the motivic cohomology. Take element
wy € Hl’l(Xd;Z/Q), and Wy € H2’2(Xd,Z/2)

such that the images of the cycle map cl are the same letter elements.
(So wy = p and we = 7h in the notation §2 and §3.) Hence deg(f;) =
(d+1,d+1). Take t, € H**(XyZ/2) = CH*(X4)/2 such that
cl(ty,) = tx, namely,

oV awy /PO if d(k) > d
: Fayht=4®) [ 2B s f d(k) < d.
Since we still know

H (X4, 72)2) € HY\(Xg;Z/2)[r, 771,
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the following theorem is the immediate consequence of Theorem 3.1,
Corollary 3.2, and Lemma 5.2

Theorem 7.1. Given d > 0, the motivic cohomology H** (X 4;7,/2) is
isomorphic to the Z/2[p, h|-subalgebra of the algebra

Z/2lp, 7,77 b/ (fas hfa-1)
generated by Z/2[t] and
Z/2[p) @ Q(n; — D{p" 77} 0<i<y
where Z/2[p] ® Q(n; — 1) = {zzogmgni_lf2 7ol |f > 2m — a(m)}.
Here we can take h® instead of ¢;.

Corollary 7.2. The motivic cohomology H** (Xy4;7./2) is isomorphic
to the 7/2|p, h]-subalgebra generated by Z/2[1| and

Z/2[p] ® Q(n; — D{p" 77} 0<i <o
Proof. By inductin on k for k < 7/, we assume
Z/2[p) ® Q(n; — {7 ' p" T} 0<i<k
is generated by
(1) Z/2[p] ® Q(n; — V{77 tpmThIY 0<i<k.
From Lemma 6.4, we see
E]g — hsk +p2nk71h5k*2nk71_1 +
Of course 2™~ +n; + 1 > ni_1 + 1. Hence
Z)2]p] ® Q(rp_y — D){(r " prt 42 =2y
is contained in (1). O

Now we consider the proof of Theorem 2.6 without algebraic cobor-
dism theory (for the field R).

Proof of Theorem 2.6. The additive structure of CH*(X,)/2 is still
known. Hence we only need the h-divisibility of element ¢;. Recall
that each element ¢;t°* (with the notation in §2, see Corollary 2.4,
Corollary 3.2)) is represented by

(7_1p2)2nk_2ifk.
Consider the element
R (cit™) = W™ (77 1) 2 = (771 p) et
Here we see
w =2 — 2" 4 (2(k — 1) —2™)/2 — (2™ — 1)/2
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= 2™ — 20 4 M=t 4 1 /2 — 2mkml _gmeTl /9 = Q-1 O,
Thus we get h™*kc;t°k = ¢;t+1. O

8. EXAMPLE
We consider the case d = 8. Since d + 2 = 2* — 23 + 21 we see
ng=3,n=2n=0 mg=2,m; =2,m3=1.
Hence the infinity term E;‘o* of the Borel spectral sequence is

Z/2{h"} & Z/2[x]/(2){h*, h°} & Z/2[x] /(+'*){1, h}
Wt oo

h e o oo © @ o
h? e o o o o @ o
h! e o e 06 0606 606 0606 060 0 0 o

1...............

1 x 22 28 x4

On the other hand
fs = w) +wiwi +wiwy,  wafr = wiws + wlwi + wiws 4+ wi
are zero in H,(Xs; Z/2). From the first equation, we have ty = fs/w; =

wy + wiw? + ws. We also know that

f6w§ = wIw% = wyfs —wwafr, fie = w1 =w f8 + w1f6 + w2w2f6

are zero in HY,(Xs;7Z/2). Thus we can take t; = few3/w] = w3 and
to = 1 of course.
The statement of Lemma 6.3 is described

6, 2 5,,2
Waly = WywW; = wltl, w1w2t1 = wl + wiwy = wlto

Now we consider the motivic cohomology H**(Xg;Z/2). It is a
subalgebra of

Z)2[p, 7,7, h]/(fs, waf7)

(identifying wy = p,wy = h7) generated as a QT ® Z/2[h]-module by
1, plv' and pPr7tRA

(Here pr=th* = 771p° does not need as generators.)

Let us write 0 = 771 p2. Then the Chow ring C H*(X3)/2 is described
as

Z{1,h,...h*} ©Z/2{1,h} @ {c* 0% 0", o*h?, o*h?}.
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Here the (); actions are
ot =QuQi(p't7"), ®=QuQa(p't"), of =Q:1Q2(p'T),
o*h? = Qu(p’t7'h?),  o’h® = Qi(p* T h?).
Its multiplicatin is given by
h® = o'h + o®h? + o?h3, K=o+ PR3,
h7:(77+0'6h+0'5h2, h8:U7h.
Moreover let ¢; = 02h? and ¢y = o*. Then h%c; = 0*h* = 6%, Thus we
have the isomorphism
CH*(Xs)/2 = Z/2[h]/(h") @ Z/2[h]/(h*){e1} © Z/2[h]/ (h*){c2}-
9. PROOFS OF LEMMAS IN §5

Proof of Lemma 6.4. Let d = even and d = d'. Recall that
d+14+V / 'y
fi= ( o+ 1 )w%bﬂwg b

as described in the proof of Lemma 6.2. We will prove the case k =
even and the odd case is proved similarly. Let

d(k) 42 =2rott —omtl 4 oMty gl

Here let d(k) = 2d’ and 0 < &' < d’. We want to compute the 2-adic
expansion €(—) of &'+ 1,0,2V + 1, namely,

1 n n
e(d+1)=(0,..,0,1,0,..,0, 1,1,..)
e(V)) = (%, +", %" ), €20 +1) = (1,*,«", %" ... ).
Note that the expansion of 20’ 4+ 1 is the shiftting of that of b’ to the
right and adding 1 at the first entry.
Assume (©,550) # 0 mod(2).

2/ +1
Suppose b’ < 2. Then

ed +1+b) = (x, %", .. 1,0,..,0,1,1,...)

The fact €;(26' + 1) = 1 imlies € (d'+ 1 +b') = 1, which means € (0') =
1. That implies e3(26' + 1) = 1, and so e(b') = 1,... Thus we see
b =2m —1.

Next consider the case b’ > 2™, By the same argument as above we
see €1(V) = ... =€, 1 (V) = 1.

Suppose €,, (V') = 1. Since €,, (d'+1) = 1, we know €,, (d'+1+0) =
0. This implies €,, (20’ + 1) = 0, and so €,,_1(0') = 0. This is a
contradiction. Hence €,, (b') = 0. Thus we can write

e(v) = (1,.., 1,73,*,*’, 0., e(d+1+0b)=(1,., 1,nlk, kK L).
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Suppose that there is i such that
Gi(b/) = 1, but €i+1(b/) =0 fOT' 1< MNp_1— 1, 1.€.,

Nk—1

e() = (1, .., 1,787 *, % i,O, o1 "),
Then €1(d +1+b) =0 but 120 + 1) = (V) = 1. This is a
contradiction.
Thus if b < 2™-1_ then we get

ny ng—1—1 ng_1

W) =(1,..,10,0,...,0,1,; 1 , 0,0,.) ie.,
V=2 —14+2"1 -2 forn, <j<ng.

Lemma 9.1.

k
k1l oj41 ] k1
Jarorn = (Z wi T ) ) fa+wi T wafaa
=0

2£+1_2j’+1 ok+1_oj+1 i _9l+1 o4
E w - Wo ) fat

fayorsr_geen = ( i

0<j/<t<j<k
k

2l+1+2k+1_2j+1_1 2j_2£+1+1
( Z Wy Wy Va1

j=t+1

Proof. Inductively we easily see that

Pi—b\ P 1B\ g
fati :Z( b )wi wagfd+2( b )w1 2 1wg+1fd71

= ficifa+wafiafioa.
First consider the case i = 2¥t!. Then we note (’_i_b) = 0 for
k:Jrlil

b # 0. Hence we see fyioni1 = afy +w} wa fq—1. We will study the

coefficient a of f,.

Let i = 2d" and Suppose (*,") = (%)) #0.

Here we consider the 2-adic expansions.

k
e(d)=1(0,..,0,1), €)= (x+",...,0), €2b)=(0,x,%..).
Hence there is not ¢ such that
(b)) =1, but €. (V)=0 fori<k—1.

Indeed, if such i exists, then €;,1(d' + ') = 0. Hence €;11(20') = 0 and
so €;(V') = 0, and this is a contradiction. Thus we know

e(V)=1(0,...,0,11....1), d.e., b =28—-29
This shows the first equation.
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Next we show the second equation. Let i = 2F — 2¢ = 24’ and
b =d —1—10b. Then

Z—l—b i—2%b— d/+b/, 17 I’ Il
( , )w1 2-1yb+l = (%// B 1) w2 Tl ="

‘ k—1
Here ¢(d') = (0,...,0,1 ..., 1,0). By the arguments similar to the
proof of the preceding lemma (or the above arguments), we get
‘ ‘ k
) =(1,..,1,0,..,0,1,..,1,0)

That is b’ = 2 —142F—27 for £ < j < k. This show the the coefficient
of fy_1 of the second equation.
For that of f;, we study

 — b 4 d+V , o
(z ) )wi%wg _ ( 2'; )w%b ng b

By the arguments similar to also the proof of the preceding lemma, we
can prove

7’ L J k
e =(0,...,0,1,...,1,0,0,...,0,1,1, ..., 1,0),

that is, ' = 20 — 27" 42k — 27 for 0 < j' < ¢ < j < k. This shows the
coefficient of f; in the second equation. 0

Proof of Lemma 6.3 for the case k = odd. For this case
d+2= 2n0+1 — ...+ 2nk71+1 — 2"’“+1 + 2"k+1+1 -
Then we see
d(k —1) =d(k) + 2™ and d(k+1) = d(k) + 2"m+1+1

From the preceding lemma, we have

n+1__oj+1 j k
faw—1) = (Z wi T W) fag + ! )w2fd(k)—17

n +17 41 1 k
Jae+1) = (Z wi w3 ) fagey + wf( +1)w2fd(k)—1-

Eliminate the terms wiws fau)—1

ny
_ np+l_ oj+1 i
(1) fagemr) — w72 Ly = ( > ) fa
J=ng4+1+1
n n ng— n +1
= (wy " 4w w; " R + wiw? " ) fag)-

Here note

el > et - (C1y = g d(k)



20 N.YAGITA

Also note my, = 2} + d(k) — d, and t;_; = wa(kfl)fd(k,l), tr =
wy Q(k)wg_d(k). Hence the equation (1) is rewritten
wf(kfl)td(kq) - w%(k)72(k+l)fd(k+l)
mk_2nk71

o 2mk+1H gy d(k 2(k
= (wy™* + wy “wy + ..+ wrwy ( ))tkwl( ),

Dividing by w?™ the above equation, we have

2(k—1)—2"k K=
Wy

* n 1 2(k
th_1 — wlfd(kﬂ) = wf wy *ty + wl( )atk.

Since fyr+1) = O, w®t, =0 in H}(X4;Z/2), we get the desired

formula wf(k_l)_wk teey = w? T hwh ™y, for k = odd. O

Proof of Lemma 6.3 for the case k = even. For this case
d(k) =d(k —1) + 2" d(k+1) =d(k — 1) 4 2Tt — 2meeatl
From the preceding lemma, we have

n k
d(k) = Wy * w1y d(k—1) wf W2 Jd(k—1)—1,
fawy = (@™ + wi)) fage—y + 0y Pws f
ng
2(k+1)+2(k)—27 1141 2j_9mk+1+!
Jae+1) = (%) fage—1)+( Z wl( Hw " ng 2 —H)fd(k—l)—l'
Jj=ng4+1+1
Let us write the coefficient of fg1—1)-1 of the second equation by
2(k+1)
w; wsyb, namely,
b — wg"k72"k+l+l +w%”kw; + . +w%”k+172"k+1+2'

Eliminate the terms of fgqp_1)—1 and we get

— _ _ n _on —+1
(2) w; 2(k)bfd(k)+w1 2(k+1)fd(k+1) = w; Q(k)(w% e+l _onkt1 +w16)fd(k71)-
Note that fyu) =0 € H}(Xq;Z/2), and we see

—2nk 41 o —omk4] onk—2"k+1t!
wy bfag) = wy w3 fack)-

Recall that
d—dk+1)=d—d(k—1) —2mT 4 2meetl = oy 27k 4 oMkt

g d—d(k+1
2 +1w2 (k+1)

Hence wj X (2) is written by

—2Mk 41 My 2"k —1-2(k+1) d—d(k+1)
Wy wy * fa + wy Wy Jak+1)

_on d—d(k—
= wy " (wy k=1 w1C) fa(k-1)-
This induces the almost the desired result

onk 1 w%(kfl)fﬂk

my _ 2"k
w1 Wy “Tf = t—1 + wji Cfd(k—l)-
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But the last term is zero because this term is also w%nk*l—torsion but

there is

no such nonzero elemnts except for wit,_, by the same argu-

ments in the proof of the preceding lemma. (The element ¢ does not

d—d(k—1

contain ws, ) by dimensional reason. ) O

[El-La]

[Yal]
[Ya2]

[Ya3]
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