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ABSTRACT. In this paper we study the relationships between operations
in K-theory and ordinary mod p cohomology. In particular, conditions
are given under which the mod p associated graded ring of a filtered
A-ring is an unstable algebra over the Steenrod algebra. This result
partially extends to the algebraic setting a topological result of Atiyah
about operations on K-theory and mod p cohomology for torsionfree
spaces. It is also shown that any polynomial algebra that is an algebra
over the Steenrod algebra can be realized as the mod p associated graded
of a filtered A-ring. Another observation is that Atiyah’s result gives rise
to a K-theoretic analogue of Kuhn’s Realization Conjecture concerning
the size of spaces in cohomology.

1. INTRODUCTION

A filtered ring is a ring R which comes equipped with a multiplicative
decreasing filtration {I"} of ideals: R =I° > I' D I?.... A A-ring is a ring
R equipped with functions \*: R — R (i > 0), called A-operations, satisfying
certain properties similar to those satisfied by exterior power operations.
(What we refer to as a A-ring is what Atiyah and Tall call a “special” A-
ring.) A filtered A-ring is a filtered ring R which is also a A-ring for which
the filtration ideals are all closed under the operations A’ for i > 0. Adams
operations in a A-ring are denoted, as usual, by ™.

Let X be a torsionfree space; that is, a space which has no torsion in
integral cohomology. Then its integral cohomology ring H*(X;Z) can be
identified with the associated graded ring of its K-theory:

(1) Gr* K(X) = H*X;Z)

The filtration on K (X) arises from a skeletal filtration on X: Letting X,
denote the nth skeleton of X, the ith filtration ideal of K (X) is the kernel
I'(X) = ker(K(X) — K(X;_1)) of the restriction map. With this filtration
the K-theory of a space is a filtered ring. Actually, the relationship between
K-theory and ordinary cohomology goes deeper. A well-known result of
Atiyah [1, Proposition 5.6 and Theorem 6.5] says that for a torsionfree space
X, its K-theory with A-operations determine its mod p cohomology (for any
prime p) as an algebra over the mod p Steenrod algebra A:
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Theorem 1.1 (Atiyah). Let p be a prime and let X be a torsionfree space.
If « € K(X) lies in filtration 2q, then there exist elements o; € K(X)
(1=0,1,...,q) in filtration 2q + 2i(p — 1) such that

q
(2) PP (a) = Z p7a;  where ay=aP ifq>0.
i=0
This yields well-defined functions

P!: (Gr* K(X)) @ F, — (Gr*™20-) k(X)) ® F,,

sending & (the image of o in the mod p associated graded) to a;. With the
identification of eq. (1) mod p, these functions P; are precisely the Steenrod
operations (with Ph = Sq* when p = 2).

Here and for the rest of this note, tensor product is taken over the ring
of integers Z, unless otherwise stated. The field of p elements is denoted by
F,.

This result of Atiyah is a very effective tool when studying K-theory.
Here are a few examples. (1) Using the fact that Adams operations and
Chern character determine each other for a torsionfree space, Atiyah [1,
§7] used Theorem 1.1 to reprove a result of Adams about p-integrality of
Chern character for torsionfree spaces. (2) Theorem 1.1 is a key ingredient
in the proof by Notbohm and Smith [7] of the theorem that K-theory -
ring applied to the classifying space detects those fake Lie groups of type
G (a fixed connected compact Lie group) admitting a maximal torus. (3)
The author used Theorem 1.1 in [12] to relate Adams operations and Rector
invariants [8], classification invariants for the genus of BSU(2), and then to
give a classification of spaces in the genus of BSU(2) that are detectable by
CP.

It is customary to think of the mod p cohomology of a space as an object
in either the category of A-modules or the category of A-algebras, where A
denotes the mod p Steenrod algebra . We take the latter because we want to
consider the ring structure as well. Similarly, since every K-theory operation
is in a unique way a polynomial in the A-operations, one can think of the
K-theory of a space as an object in the category of filtered A-rings. From
this perspective, it is natural to ask if Atiyah’s Theorem 1.1 is actually a
purely algebraic fact about filtered A-rings and A-algebras. In other words,
we ask the question:

When is the mod p associated graded, R; = Gr* Rz F,, of
a filtered A\-ring R an algebra over the mod p Steenrod algebra
with Steenrod operations induced by Adams operations on R?

The first few results of this paper give an answer to this question.

Before we describe our results, let us first discuss another reason as to
why it is interesting to consider this question. The author is interested in
obtaining K -theoretic refinements of results about topological realizations of
A-algebras. As mentioned above, for nice spaces X, its mod p cohomology
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can be obtained from its K-theory through the process of taking mod p
associated graded. It seems plausible and natural to “split” the realization
problems of A-algebras into two separate problems:

(1) An algebraic realization problem about existence and uniqueness of
filtered A-rings that give rise to a given unstable A-algebra via the
process of mod p associated graded.

(2) A topological realization problem about existence and uniqueness of
spaces with K-theory a given filtered A-ring.

The following diagram is a schematic presentation of this program.

(Spaces)
K(-) W;)
(Filtered A-rings) T (A-algebras)

The first step in such a program concerning the algebraic realization prob-
lem is to find out how one can pass from filtered A-rings to A-algebras, in
a way compatible with Atiyah’s Theorem. Of course, the mod p associated
graded R; is an F,-algebra. So the main questions are (i) how one obtains
operations on R; from the operations on R, and (ii) whether such opera-
tions (if exist) behave like Steenrod operations. In Atiyah’s Theorem 1.1,
the Steenrod operations P;, arise from the Adams operation ¢? via eq. (2).
We encapsulate this in the following definition.

Definition 1.2 (Atiyah formula). Let r be an element in a filtered A-ring R
in filtration 2g and let p be a prime . We say that r satisfies Atiyah formula
at p if there exist elements r; € R (i = 0,1,...,q) in filtrations 2¢+2i(p—1)
such that

q
3) YP(r) = Y p"'r; where rg=17 if¢>0.
i=0

We say that R satisfies Atiyah formula at p if every element in R satisfies
Atiyah formula at p.

We call eq. (3) an Atiyah formula for r, usually leaving the prime p
implicit.

For example, Atiyah’s Theorem 1.1 tells us that if X is a torsionfree space
with I?"*1(X) = I?"*2(X) for any n (for instance, if X has cells only in
even dimensions), then every element in K (X) satisfies Atiyah formula at
any prime.

We now make some remarks about this definition. Note that an element
r € R can be considered to lie in different filtrations, since if r lies in
filtration n > 1 then it also lies in filtration n — 1. Thus, the condition that
R satisfy Atiyah formula at p means that every element in R, regardless of
what filtration (say, 2q) it is considered to be in, has an Atiyah formula at
p for that filtration. When we say that “r satisfies Atiyah formula at p”,
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what we mean is that whenever ¢ > 0 and r lies in filtration 2¢, r has an
Atiyah formula at p when it is considered to be in filtration 2q. Also, if r
lies in filtration 2¢ with ¢ > 0, then an Atiyah formula for r also yields an
Atiyah formula when r is considered to be in filtration 2(¢ — 1), since we can
rewrite eq. (3) as

YP(r) = pTH(pro) + - + p(pro-3) + p(pro-2 +re-—1) +1P.
In particular, when R is Hausdorff in the topology induced by the filtration
(that is, Np>1 I™ = (0)), R satisfies Atiyah formula at p provided that every
non-zero element r in R has an Atiyah formula at p when it is considered to
be in its “maximal” filtration.
As an algebraic analogue of Atiyah’s Theorem 1.1, our first result shows
that Atiyah formula implies the existence of operations on the mod p asso-

ciated graded algebra. We will use the terminology evenly filtered A-ring to
denote a filtered A-ring R = (R, {I"}) for which I?"*! = I?"*2 for every n.

Theorem 1.3. Let p be any prime and let R = (R,{I™}) be an evenly
filtered A\-ring which satisfies Atiyah formula at p. Then there exist well-
defined operations

(4) PR, - RV (> 0)

on the mod p associated graded of R defined as follows. Given any element
T E Rﬁq lift it to any element r € R in filtration exactly 2q whose image
in Eﬁq is T, write down any Atiyah formula ¥P(r) = YL p?r; for r (in
filtration 2q) as in eq. (3), and then take

pi ") = {ﬂ' c Rﬁ(qﬂ(p—l)) if0<i<gq
P 0 ifi>q.

Proofs will be given in §4

Since given any element 7 € Rﬁq there always exists a lift to an element
r € I%4\ I%4%2 the point of the above theorem is that, despite the ambiguity
in the different choices of lifts r and the possibly different ways of expressing
YP(r) (for each lift r) in Atiyah formula, the elements 7; are well-defined in
the mod p associated graded.

To answer the question posed above, we need to know whether the op-
erations in eq. (4) behave like Steenrod operations. The next result shows

that, as a formal consequence of Atiyah formula, they at least satisfy the
Cartan formula, the additivity, “top square”, and “unstable” conditions.

Theorem 1.4. Let the notations and hypotheses be the same as in Theorem
1.3. Then the operations Pj, in eq. (4) satisfy the following properties.
(1) Each P}, is additive.
(2) If ¢ > 0 then P}: R;q — R;pq is the pth power map.
(3) Ifre Eﬁq then PLT = 0 for every i > q.
(4)

4) If7 ands are two elements in E;, then PL(75) =3, (PLT) (PES).
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Two additional properties are still needed in order that the mod p asso-
ciated graded R; be an A-algebra, namely, Pg = Id and the Adem relation.
One might first suspect that these two properties are also consequences of
Atiyah formula. This, however, is not true. Examples can be constructed
easily to show that these two properties are not necessarily satisfied even in
the presence of Atiyah formula.

Example 1.5 (Atiyah formula does not imply Pg = Id). For any prime p,
there exists an evenly filtered A-ring R which satisfies Atiyah formula at p
but whose operation Pg is not equal to Id. The underlying ring of R is the
ring Z[e] (¢2 = 0) of dual numbers with the e-adic filtration, where ¢ lies in
filtration precisely 4.

Example 1.6 (Atiyah formula does not imply the Adem relation). For any
prime p > 2, there exists an evenly filtered A-ring R which satisfies Atiyah
formula at p but whose operations P; do not satisfy the Adem relation. The
underlying ring of R is the filtered polynomial ring Z [z] with the z-adic
filtration, where z lies in filtration precisely 2(p — 1) and Z,) is the ring of
integers localized at p.

Examples 1.5 and 1.6 tell us that in order to make the mod p associated
graded of R into an A-algebra, we should add extra assumptions so that R;
satisfy the Adem relation and Pg = Id. Since the Adem relation is about
composition of certain Steenrod operations, we need to assume something
about ¥P applied to elements appearing in Atiyah formula. The following
result should now come as no surprise. (We will use the notation [m/n] to
denote the integer part of m/n.)

Theorem 1.7. Let p be a prime and let the notations and hypotheses be
the same as in Theorem 1.3. Then the mod p associated graded E; with the
operations P;', (Sq® = P} if p=2) in eq. (4) is an unstable algebra over the
mod p Steenrod algebra, provided that the following two additional conditions
hold:

(1) Pg =1Id.
(2) For each element r € R in filtration 2q, there exist Atiyah formulas

q+i(p—1)

q
(5) W) = D pTi gP(r) = Y ptT e
=0 j=0

such that whenever i,j > 0 and i < pj, the following equality holds
n Rt e-1)

P
g (=1 —1) -1
Tji = Z (‘UZH( i~ pt )Ft,iﬂ'—t if p>2
=0
o 4
B 2L (25 —2t—1\_ .
Tji = oi _ 4y ) Ttiti=t if p=2.

t=0
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It is worth pointing out that, in view of Examples 1.5 and 1.6, Theorem
1.7 is a best possible result in the sense that the conclusion will no longer
hold if either one of the two stated conditions is removed.

Having given conditions under which the mod p associated graded of a
filtered A-ring is an A-algebra, we now turn to the realization question:

Which A-algebras can be realized as the mod p associated
graded of a filtered A-ring via Atiyah formula?

While we do not know whether every A-algebra can be realized, we do
have the following result showing that polynomial algebras are realizable.

Theorem 1.8. Let p be any prime and let H* be an unstable A-algebra of
the form

H' = Fy[{ra}aes]
where S is an indexing set and the x, are algebraically independent variables
in even, positive dimensions. Then there exists an evenly filtered A\-ring R
satisfying Atiyah formula at p such that the following statements hold.

(1) The wunderlying filtered ring of R is the power series ring
Z ) [[{ Xa}aes]] where the X, are algebraically independent variables
and in which X, lies in filtration equal to exactly the degree of x.

2) R, with the operations P! in eq. (4) is an unstable A-algebra.
D p

3) R, is isomorphic to H* as unstable A-algebras.
i

We remark that in this result, the p-adic integers could also have been
used in place of Z, as the coefficients of R.

Our last result is a K-theoretic analogue of a conjecture of N. Kuhn. In [5]
Kuhn made an interesting conjecture, the Realization Conjecture, about the
size of the mod p cohomology of topological spaces: The mod p cohomology
of a space should be either finite as a set or infinitely generated as a module
over the mod p Steenrod algebra. Kuhn verified this conjecture in the case
when the Bockstein is zero in sufficiently high degrees [5, Theorem 0.1].
Using reduction steps in Kuhn’s paper [5], the Realization Conjecture was
proved recently by L. Schwartz [9].

One naturally wonders if there are analogous results concerning the size
of spaces in other cohomology theories. Using Atiyah’s Theorem 1.1 and
Kuhn’s original result, we will see that there is such an analogue for K-
theory. To generalize the result of Kuhn and Schwartz, we first introduce a
K-theoretic notion which corresponds to a module over the Steenrod algebra.

Filtered 1P -module. Let p be a prime. We define a filtered 1P -module to be
an ordered pair ((M, {I,}),¥P) (or simply (M, 1)P) or even just M) consisting
of a filtered abelian group (M, {I,}) and a distinguished endomorphism 9?.
For example, the K-theory of a space X is a filtered ¥P-module with the
usual filtration and the Adams operation ?; this is the only way in which
we make K (X) into a filtered )P-module. We say that an element « in a
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filtered ¥P-module M in filtration 2q satisfies Atiyah formula if there exists
elements a; (1 =0,...,q) in filtration 2q + 2i(p — 1) such that

q
PYla) = Y p
i=0

Such an expression is referred to as an Atiyah formula for . The filtered
¥P-module is said to satisfy Atiyah formula if every element in it satisfies
Atiyah formula. For example, the filtered ¢¥P-module K(X) satisfies Atiyah
formula (at least when X is torsionfree).

Now we can ask what a K-theoretic analogue of a finitely generated A-
module is. The A-linear multiples of an element in an A-module are the
finite sums of iterated Steenrod operations acting on that element. Since
Atiyah’s result above tells us that the Steenrod operations on H*(X;F),)
come from Atiyah formula decomposition (eq. (2)) of P, a K-theoretic
analogue of A-linear multiples should involve iterated applications of ¥ on
Atiyah formula. We arrive at the following K-theoretic finiteness condition,
which corresponds to H*(X; F,) being a finitely generated A-module.

YP-finitely generated. Let (M,¢P) be a filtered )P-module. We say that
it is YP-finitely generated by the elements mq,...,my, in M if the following
condition is true: There exist Atiyah formulas

q1
YPmy = E pq1—31m(17j1)
Jj1=0

qn
VPm, = Z an_]lm(nyjl)
j1=0
q1+j1(p—1) . .
wpm(lyjl) = Z pqri_]l(p_l)_hm(l,jl,jz) (0 <j< Q1)
j2=0

gn+j1(p—1) ) )
wpm(nvjl) = Z an-l‘]l(p—l)—sz(n’jhjz) (0 <1 <gn)
J2=0

etc. etc. such that M is generated as an abelian group by the elements
) (1 <4 < myr > 0). The filtered ¢P-module M is said to be
1P-finitely generated if there exists a finite set of elements m1,...,m, in M

with the above property.

Having a K-theoretic analogue of a finitely generated A-module, we are
now ready for the promised generalization of Kuhn’s Realization Conjecture.

Theorem 1.9. Let X be a torsionfree space of finite type whose integral
cohomology is concentrated in even dimensions. If there exists a prime p
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for which the filtered P-module K(X) is ¥P-finitely generated, then the
underlying abelian group of K(X) must be finitely generated.

As in the case of modules over the Steenrod algebra, purely algebraic
counterexamples are easily constructed. For example, let p be an arbitrary
prime, and consider the abelian group A = ©72, Z(zP") with zP" in filtration
2p™ and the endomorphism ¥P sending zP" to 2" Tt is readily checked
that this filtered ¥P-module is ¢P-finitely generated by {z}, and yet it is not
finitely generated as an abelian group. Thus, Theorem 1.9 says that many
algebraically allowed filtered ¥P-modules cannot be realized as the K-theory
of spaces.

This finishes the presentation of the results of this paper. The rest of this
paper is organized as follows. In §2 some basics of A-rings and algebras over
the Steenrod algebra are recalled. Section 3 contains an observation about
Atiyah formula for a sum of elements. This will be used in §4, in which
proofs of the theorems and examples above are given in the order in which
they were presented.

2. A-RINGS AND ALGEBRAS OVER THE STEENROD ALGEBRA

The purpose of this section is to recall the definitions and basic properties
of a A\-ring and of an (unstable) algebra over the Steenrod algebra. All rings
considered in this paper are commutative with unit. The reader can consult
[2, 4] for more information on A-rings.

2.1. A-rings and Adams operations. A A-ring is a commutative ring R
with unit equipped with functions A*: R — R (i > 0) such that for any
elements r and s in R, the following conditions hold:

e \(r)=1.

o \(r)=r.

e \"(1) =0 for every n > 1.

o X0 5) = X0 X(r)AT(s).

e N (rs) = P,(AL(r), ..., AP (r); AL(8), ..., A"(s)).
o A (AX(r)) = Ppn(AL(r), ..., AT (r)).

The last three statements are required to hold for every n and m > 0. Here
the P, and P, , are certain universal polynomials with integer coefficients
(see Atiyah and Tall [2] or Knutson [4] for detail). The functions A are
called A-operations. A A-ring map f: R — S between two A-rings is a
ring homomorphism f: R — S which is compatible with the A-operations,
FAL = X\t f for each i.

A filtered A-ring is a filtered ring R = (R, {I™}) for which the filtration
ideals I™ are all closed under the operations A* for i > 0. A filtered A-ring
map is a A-ring map which is also a filtered ring map (that is, it preserves
the filtrations).
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Given a A-ring R, there are Adams operations ¢)": R — R (n > 1) defined
by the Newton formula

(8) 9" (r) =AY )" T () -+ (1) TN ) (1) + (1) A (r) = 0.
The Adams operations satisfy the following properties:

o Yl =1Id.

e All the 9™ are A-ring maps.

o YY" =™ for any n,m > 1.

e P(r) = rP (mod pR) for every prime p and every element r in R.

It follows from the Newton formula eq. (8) that any A-ring map also com-
mutes with the Adams operations. If R is a filtered A-ring, then the Adams
operations are filtered A-ring maps. Also note that any Adams operation
can be computed from the operations ¥P, p prime.

For a A-ring R, one might wonder whether or not the Adams operations
actually determine the A-ring structure. According to a result of Wilkerson
[11, Prop. 1.2] this is, in fact, the case provided the ring R is torsionfree as a
Z-module. We now recall this result, since we will use it several times later
on in this paper.

Theorem 2.1 (Wilkerson). Let R be a torsionfree ring (as a Z-module)
equipped with ring homomorphisms ¥™: R — R for n > 1 satisfying the
properties:

(1) ¥ =1d and Y™™ = ™" for every m and n.

(2) ¥P(r) =rP (mod pR) for every prime p and every element r in R.

Then there is a unique \-ring structure over R with the given ¥™ as Adams
operations.

2.2. Unstable algebras over the Steenrod algebra. Here we briefly
recall the definition of an (unstable) algebra over the Steenrod algebra. The
reader can consult the books [3, 10] for more information on this subject.
The field of p elements is denoted by F,,.

Let p be a prime. Denote by A the mod p Steenrod algebra. It is the
graded associative F-algebra generated by the Bockstein 3 in degree 1 and
the Steenrod operations P? in degree 2i(p—1) (resp. Sq* when p = 2) (i > 0).
They are subject to the conditions P® = Id (resp. Sq° = Id when p = 2),
(3% = 0 and the Adem relation. A module over A is assumed to be Z-graded.

An A-module M is called an A-algebra if both of the following conditions
hold:

e The Steenrod operations satisfy the Cartan formula on products,
P'(mm/) = > Pi(m)PI(m)
1+j=n
for any n > 0 and elements m,m’ € M (similarly when p = 2).
e Pi(m) = mP (resp. Sq*(m) = m? when p = 2) if 2i (resp. i when
p = 2) is equal to |m|, the degree of m.
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An unstable A-algebra is an A-algebra M which satisfies the unstable
condition: P{(m) = 0 if 2¢ > |m| (resp. Sq’(m) = 0 if i > |m| when p = 2).

3. AN OBSERVATION ABOUT ATIYAH FORMULA

The purpose of this section is to record an observation about Atiyah
formula on sums of elements. This will be used a few times in the next
section.

Proposition 3.1. Let p be any prime and let R = (R,{I"}) be an evenly
filtered \-ring. Suppose that r and s are elements in R with r € I?"\ I?"+2
and s € I*™\ I*™*2 for some integers n < m. If both r and s satisfy Atiyah
formula at p, then so does r + s.

Proof. Write t = r+ s and note that ¢ lies in 12"\ I2"*2. The proof is easy if
n = 0, so we assume from now on that n > 0. Write down Atiyah formulas
YP(r) = S0 o p" iy, YP(s) = Dot p™'s; for r and s, respectively. Define
the following elements

3/ = Pm_nso + 0+ PSm—n—-1 + Sm—n
_

r+sP — P — sP
¢ p
ro + s ifi=0
b = Ti + 8; fl1<i<n-2

Tpe1+8p_1—c ifi=n-—1
r+s if i =n.
Then we have that

(9)
YP(t) = D> p" i+ Y 0" s
1=0 =0

n—2

= p"(ro+s) + > p" ' (ri+tsi) + plrn1 + sno1—¢) + £

i=1
n
=0

It is now easy to check that eq. (9) is an Atiyah formula for t = r + s (in
filtration 2n). Therefore, by the remarks after Definition 1.2, eq. (9) also
yields an Atiyah formula for ¢ when it is considered to be in any filtration
< 2n.

This finishes the proof of the proposition. O

The previous proposition admits the following variant involving not the
sum of two elements but an infinite sum.
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Proposition 3.2. Let p and R be as in Proposition 3.1. Assume in addition
that R is complete Hausdorff in the topology induced by the given filtration
on R. Suppose that {r;} is a sequence of elements in R with r; € [?7\ [2"i+2
and ny < ng < ---, and that each r; satisfies Atiyah formula at p. Then the
element ) ;< 1 also satisfies Atiyah formula at p.

Proof. This proposition can be proved by a slight modification of the proof
of the previous result, so we will not give the details. One has to use the fact
that, for any sequence of elements {a;} in R with the a; in strictly increasing
filtrations, the infinite sum ) .., a; makes sense and is in the same filtration
as that of a;. - O

4. PROOFS

Proof of Theorem 1.3. It suffices to prove the following two statements:

(1) IfyP(r) = Y%, p?~r} is another Atiyah formula for r (in filtration
2q), then

_ — +2q+2i(p—1
Ty = 7"; S Rp 1)

(i=0,...,q).

(2) Suppose that s =r + ph + f € R for some h and f in filtrations at
least, respectively, 2¢q and 2q 4 2n for some n > 1. Then there exists
an Atiyah formula ¢?(s) = Y% | p?~'s; for s (in filtration 2¢) such
that

_ — 52q+2i(p—1
T, = 8 € qu P=1)

(1=0,...,9).

In fact, Statement 1 says that the elements 7; are independent of the choice
of an Atiyah formula for a fixed lift r at p. Statement 2 says that if s is any
other lift of 7, then there exists a particular choice of Atiyah formula for s
at p so that 5; coincides with 7; for each i. But then Statement 1 implies
that any choice of an Atiyah formula for s at p will give rise to the 5; = 7;.
Therefore, the theorem is proved once we show that these two statements
hold.

For the first assertion, the case ¢ = 0 is straightforward, so we assume
that ¢ > 0. In this case we have that r, = 7P = rg, and in particular 7, = F;.
Now if m is an integer, 0 < m < g— 1, then in the quotient R/I%d+2m(p—1)+2
one computes

= Tm +P7°m—1 +"'+me0
= T+ Dy + -+ DT

Thus, the images of 7, and 7/, in the associated graded Gr2at2m(p—1) B
can only differ by an element that is divisible by p. Therefore, they must
coincide once we reduce modulo p. This proves the first assertion.
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For the second assertion, the case ¢ = 0 is again easy, so we assume that
g > 0. First write down Atiyah formulas for h and f:

q—1 g+n—1
YP(h) = Y pT e + WP, P(f) = Y ptT o+ fP
i=0 1=0

with h; in filtration 2(¢ + i(p — 1)) and f; in filtration 2(¢ +n +i(p — 1)).
Define elements s; in R as follows:

ri + ph; + p"f; if 0<i<qg-—2
si = {ram1 + Phey + DIE5 PN by 0 i=g -1
sP if i=gq

Also, define an element v in R by the equation
P+ ph? + fP =" + py = (r + ph + f)’ + pv.

Now one calculates

YP(s) = ¥P(r) + pYP(h) +¢°(f)

q—1 q—1 g+n—1
= > T+ py PR+ Y P P phP [P
1=0 =0 1=0

q
—i
= E pI™s;.
i=0

It is not hard to see that the elements s; satisfy the required properties. For
instance, $,_1 = T4—1 in R§q+2(q—1)(p—1) because ~ lies in filtration at least
2pq, f; (for j > ¢ —1) lies in filtration at least 2(¢ +n+ (¢ —1)(p— 1)), and
phg—1 is p-divisible. This proves the second assertion.

This finishes the proof of Theorem 1.3. O

Proof of Theorem 1.4. The first three statements are immediate from the
definitions of the P! eq. (4) and that of Atiyah formula eq. (3).

Now we consider the last statement. Let 7 and 5 be in degrees 2m and 2n,
respectively. Without loss of generality we may assume that m < n. The
case when both m and n are equal to 0 is immediate. We will denote by r
and s (arbitrary) lifts of 7 and 3, respectively, to R in filtrations precisely
2m and 2n.

Let us now consider the case when m = 0 and n > 0. We write down
Atiyah formulas:

W) = ro = 7+ pr

n
YP(s) = p"so + o+ + psportsF = Y p'ls;
=0
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Here rg and r’ are some elements in R. Therefore, using the fact that the
Adams operation 9P is multiplicative, we have that

YP(rs) = ro(p"so + -+ + psn—1+ )

= p"roso + -+ + prosp—1 +ros’
n—2

= Zp”_lrosi + p(rosn_1 + sPr’) + (rs)P
i=0

Since Pzﬁ (T) =Tp if 4 = 0 and is 0 if ¢ > 0, and since sPr’ lies in filtration at
least 2np, the last statement of the theorem when m = 0 and n > 0 follows.

Finally, we consider the case when both m and n are positive. The Atiyah
formula for s is as above, but that for r looks like

m
W) = pTro + o+ prmea + P = ) P
i=0
Therefore, we have that
m—+n
YP(rs) = Z p" Tl where ¢ = Z TSk
i=0 l+k=i
The case when m,n > 0 for the last statement of the theorem follows.
This finishes the proof of the last statement of the theorem. O

Proof of Example 1.5. Fix a prime p and let R be the filtered ring Z[e]
(¢2 = 0) of dual numbers with the e-adic filtration, where ¢ lies in filtration
precisely 4. Let k be any integer and define the filtered ring endomorphisms
¥? (g prime) on R by specifying

0 ifg#p
Pie) = 4 5, .
pke if g =np.

Then it follows from Wilkerson’s Theorem 2.1 that there is a unique filtered
A-ring structure on R with these Adams operations. Using Proposition 3.1 it
is easy to check that R satisfies Atiyah formula at the prime p with ¢ = ke,
and so P)(g) = kg which is equal to £ if and only if k = 1 (mod p). In other
words, PY = Id if and only if k = 1 (mod p).

It is worth pointing out that the Adem relation is satisfied in E;,
only PI? can be non-zero. O

since

Proof of Example 1.6. Fix a prime p > 2 and let Z,) denote the ring of
integers localized at p. Let R be the filtered polynomial ring Z ) [x] with
the z-adic filtration, where z lies in filtration precisely 2(p — 1). Define
filtered ring endomorphisms ¥? (¢ prime) on R by specifying

0 ifg#p
—pp_2:v2 + Zle pPixt if g = p.
Then they satisfy the following properties:

¥i(z) =
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o YUYV = ¢Y¥yY* for any primes u and v.
e If ¢ # p then q is invertible in R, and so it is trivially true that
Y1(f) = f? (mod ¢R) for any element f € R. It is also clear that
YP(f) = fP (mod pR), since it holds for f = x and every element

a € Zp,) satisfies o = a (mod pZy)).
Therefore, by Wilkerson’s Theorem 2.1, there is a unique filtered A-ring
structure on R with these ¥? as Adams operations. Moreover, it follows from
the argument in the next-to-the-last paragraph of the proof of Theorem 1.4
(Cartan formula) and Proposition 3.1 that R satisfies Atiyah formula at p.

Now the operation sz (0<i<p—1)takes T € Ei(p—l)

Piz) = {z’*l ifi#1

to

0 if i =1.
In particular, we have that
PyP)(T) = Py(0) = 0,
which is not equal to 2P1? (%) = 273, since p > 2. In other words, PZ}Pp1 +
2P2.
In summary, R is a filtered A-ring that satisfies Atiyah formula at p, but
the operations P! on E; do not satisfy the Adem relation (Py Py = 2P7). O

Proof of Theorem 1.7. Since we are dealing with a fixed prime, we will omit
the subscript p.

In view of Theorems 1.3 and 1.4 and the hypothesis P° = Id, we only
need demonstrate the Adem relation. With the notations as in eq. (5), we
know that P'PJ(F) = 7,, for any i and j. Therefore, the Adem relation is
satisfied by the hypothesis eq. (6). O

Proof of Theorem 1.8. We will give the proof only when S is a finite set; the
proof of the general case requires only a slight modification of the argument
below but is more tedious.
So we have H* = Fy[z1,...,z,] for some n > 1. Let X; (1 <i < n) be
independent variables and define the evenly filtered power series ring
R = Zy)[[X1,. .., X4]]

with X; in filtration exactly the degree of x;, say, 2d;. Then it is clear that
there is an isomorphism of graded F,-algebras

(10) o: Ry = Fy[X1,..., X, = H

with ¢ sending X; to x;, where X is the image of X; in R;di.
To define Adams operations on R, we first look at the Steenrod operations
applied to the x;. For every i (1 <i < n)and j (1 <j <d; —1), there
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exists an n-variable polynomial f; ; = f; j(y1,...,yn) with coefficients in F,,
such that

P](a:,) = fiyj(xl, . ,xn).

Moreover, if y; has weight 2dj, then f;; is homogeneous of weight 2d; +
2j(p —1). We can lift f;; to a polynomial over Z by replacing each non-
zero coefficient in it by an integral lift; denote such a lift by Fj ;. Then F; ;
is also a homogeneous polynomial over Z (and hence over Z(p)) of weight
2d; +2j(p — 1).

We now define Adams operations on R. Define filtered ring endomor-
phisms ¥? (g prime) on R by specifying

0 ifq#p
VX)) = § .

p“Xio+ -+ pXig-1+Xig, ifqg=p,
in which the X; ; are defined as

X; ifj=0
Xi; = (Fj(X1,...,Xn) 1<j<di—1
XP if j = d;.

These filtered ring maps have the following properties:
o YUYV = ¢¥y" for any primes u and v.
e Y4(r) = r? (mod gR) for any prime ¢ and element r in R. This is
clear if ¢ # p, since in this case ¢ is invertible in R. This is true
for ¢ = p because it holds for r = X; and every element « in Z,)
satisfies o = a (mod pZy)).
Since R is Z-torsionfree, Wilkerson’s Theorem 2.1 now implies that there is
a unique filtered A\-ring structure on R with these ¥? as Adams operations.
Since X; ; lies in filtration 2d; +2j(p—1), each X; satisfies Atiyah formula
at p. Combined with the fact that any non-zero element o in F,, satisfies
aP = «, the argument for the last statement of Theorem 1.4 now shows that
any monomial in R satisfies Atiyah formula at p. It then follows immediately
from Proposition 3.1 that R satisfies Atiyah formula at p as well. Therefore,
by Theorem 1.3 there are operations P* = sz: E; — R;+22(p_1) (with P} =
Sq¢*). We will omit the subscript p. These operations have the following
properties:
e PY =1d, since P°(X;) = X; for each i.
e For each 7 and j with 1 <i<n, 1< 75 <d; — 1, one has that
e - - —2d;+2j(p—1
P](Xz) = fi,j(le---,Xn) € Rp i(p )
We will make use of the following algebra to show that o is actually an
A-algebra isomorphism. Let

Ay = FplQ1, Q%]
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be the graded F,-algebra freely generated by the QF (k > 1) in degree
2k(p —1). Then H* is naturally a graded A,-algebra with

Q*z; & Pr(a,).

Similarly, one can regard E; as a graded Zp-algebra with QF acting as PF.

We now claim that o as in eq. (10) is an Aj-algebra isomorphism. To
prove this claim it suffices to show that

oQF = QFc
for every integer k, for which it is enough to demonstrate that the equality
holds when applied to each X;. But we have that

Q" (X)) = o(fin(X1,..., Xn))
= fi,k(ayl, e 0X )
= fi,k(a:l, Ce. ,mn)
= Qkﬂ?i
So ¢ is an Ajp-algebra isomorphism.
Now consider the ideal J in f_lp generated by the elements
[£]
o . — D —1) =1\ _.,.
LD DI Tl G P R
1 —pt
t=0
H 2j — 2t —1
inj —at— Hi-tot  ifp — 9
Q'Q ;( o at )Q Q" ifp
in which 4,5 > 0 and 7 < pj. Since H* is actually an A-algebra, when
considered as an Zp—algebra it is annihilated by J. Therefore, since o is an
flp—algebra isomorphism, E; is also annihilated by J.

But we already know that the operations P? on R; satisfy the properties in
Theorem 1.4 with Py = Id. Together with the previous paragraph, therefore,
we conclude that E; with the operations P? is, in fact, an unstable A-algebra
and that o is an isomorphism of unstable A-algebras.

This finishes the proof of the theorem. U

Proof of Theorem 1.9. We begin with three reductions.

Reduction step 1. To show that K(X) is a finitely generated abelian
group, it suffices to show that its associated graded Gr* K(X) = H*(X;Z)
is such. To see this, first note that K(X) with the topology induced by
the filtration {I" = ker(K(X) — K(X,-1))} (X;—1 the n — 1 skeleton of
X) is Hausdorff; that is, the intersection N,I™ is 0. Indeed, an element «
in N,I"™ is represented by a map a: X — BU whose restriction to each
skeleton X,,_1 is nullhomotopic, i.e. « is a phantom map from X to BU.
But since H"(X; Q) and 7,41 BU ® Q cannot be simultaneously nonzero for
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any integer n, there can be no essential phantom maps from X to BU (see
[6]). Therefore, & must be 0 and so N, I"™ = 0; that is, K (X) is Hausdorff.
Now if Gr* K(X) = H*(X;Z) is a finitely generated abelian group, then
there exists an integer N > 0 such that H*(X;Z) = H<N(X;Z) and
HZN(X;Z) = 0. It follows that K (X) admits the finite filtration

Moreover, in this filtration of K (X) both IN~1 = HN=1(X;Z) and each
successive quotient are finitely generated abelian groups. Thus an easy
(reverse) induction argument implies that K (X) itself is a finitely generated
abelian group.

Reduction step 2. To show that the associated graded Gr* K(X) =
H*(X;Z) is a finitely generated abelian group, it suffices to show that the
mod p associated graded (Gr* K(X)) ® F, = H*(X;F,) is a finite dimen-
sional F,-vector space. This is because of the torsionfree hypothesis on
H*(X;Z).

Reduction step 3. By Kuhn’s theorem discussed above, to show that
H*(X;F)) is a finite dimensional F,-vector space it suffices to show that it
is a finitely generated A-module.

Now suppose that K(X) is t¢P-finitely generated by the elements
mi,...,My. The image of an element in the mod p associated graded is
in general given by the same name with a bar above it. We claim that the
elements my, ..., my, generate H*(X;F,) as an A-module. What this means
is that every element in H*(X;F,) can be written as a finite sum of elements
of the form

(12) Pir...Pitim; (PP =8q¥ if p=2)

which is equal to m; ;.. This is, of course, implied by the hypothesis

that K (X) is ¢P-finitely generated by myq,...,m,.
This finishes the proof of Theorem 1.9. O
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