EXTENSIONS OF FILTERED MRING STRUCTURES OVER
THE DUAL NUMBER RING

DONALD YAU

ABSTRACT. We study problems related to the existence and uniqueness
of filtered A-ring structures over the truncated polynomial ring Z[x]/z*
that extend a given filtered A-ring structure over Z[z]/x>.

1. INTRODUCTION

A M-ring is, roughly speaking, a commutative ring R with unit together
with operations A’ on it that act like the exterior power operations. It is
widely used in Algebraic Topology, Algebra, and Representation Theory.
For example, the complex representation ring R(G) of a group G is a A-
ring, where A’ is induced by the map that sends a representation to its ith
exterior power. Another example of a A-ring is the complex K-theory of a
topological space X. Here, A\’ arises from the map that sends a complex
vector bundle 17 over X to the ith exterior power of 7. In the algebra side,
the universal Witt ring W(R) of a commutative ring R is a A-ring. In fact,
in some sense, it is the universal A-ring that can be associated to R.

The A-operations impose severe restrictions on the structure of the un-
derlying ring, and not every commutative ring can be given the structure of
a A-ring. Given an arbitrary commutative ring R with unit, it is, therefore,
natural to ask whether it admits a A-ring structure. If so, how many A-ring
structures does it admit and is there a natural structure on the moduli set of
A-ring structures? If R is a A-ring and the underlying ring of R is a quotient
of another ring S, can the A-ring structure on R be extended to one on S?
If so, in how many ways can it be done and what is the structure of the
moduli set of such extensions?

Some of these problems have been studied before. In [2] Clauwens showed
that over the integral polynomial ring Z[x], there are essentially only two
A-ring structures. As far as the author is aware, this is the first paper in the
literature in which the question of how many A-ring structures a given ring
admits is studied explicitly. In contrast to the polynomial case, the author
[6] showed the existence of uncountably many pairwise non-isomorphic A-
ring structures on the power series ring Z[[x1,...,z]], k > 1. In fact, the
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uncountably many A-ring structures in [6] are the K-theory of some spaces
that are closely related to the classifying spaces of compact connected Lie
groups. It is probably not true that every A-ring structure over the power
series ring arises this way.

Sometimes it is more natural to think about filtered A-ring, which is just
a A-ring whose underlying ring is filtered by a decreasing sequence of ideals
that are closed under the A-operations. For example, the K-theory of a CW
complex is naturally a filtered A-ring. The uncountably many A-rings in [6]
mentioned in the previous paragraph are filtered A-ring structures over the
power series ring with a certain filtration, and they are non-isomorphic as
filtered A-rings. Since a filtered ring R has a topology on it, one is tempted
to ask if the moduli set of filtered A-ring structures on it has a natural
topology that is, in some sense, compatible with the topology on R. This
is indeed the case, as was shown by the author in [5]. Another result in
[5] classifies the set of isomorphism classes of filtered A-ring structures on
the dual number ring Z s [z]/ z? with the x-adic filtration over the J-local
integers, where J is an arbitrary set of primes. They are in bijection with
the set of sequences {b,}, p primes, where b, is divisible by p in Z ).

The main purpose of this note is to continue the work in [5] and study ex-
tensions of a filtered A-ring structure R over the dual number ring Z ) [z]/z?
to the truncated polynomial ring Z [z]/23. A necessary and sufficient con-
dition for such an extension to exist is that, for all odd primes g, the linear
coefficient b, of ¢%(z) in R is congruent to its square bg modulo a certain
power of 2, depending on by but not ¢ (Theorem 3.1). In particular, such
an extension always exists if either 2 is invertible (Corollary 3.2) or there is
exactly one factor of 2 in by (Corollary 3.5). It also implies that there are
uncountably many non-isomorphic extensions when by is equal to 0 (Exam-
ple 3.3) and that there are uncountably many filtered A-ring structures on
Z[x]/z? that do not admit any extension (Example 3.4).

Next we study when two extensions are isomorphic. Theorem 3.6 gives a
necessary and sufficient condition for two extensions of R to be isomorphic.
One formulation of it only depends on the coefficients in the Adams oper-
ation 2 when applied to z. There are several interesting consequences of
this result. First, over the 2-local integers, if by has exactly one factor of 2,
then R admits a unique extension to a filtered A-ring structure on Z ) [z]/z?
(Corollary 3.7). This last statement is not true over the integers (Example
3.8), but the additional assumption, by = 2, would make it true (Corollary
3.9). Moreover, over the integers, as long as bs is non-zero, there are always
at most finitely many extensions (Corollary 3.11). A version of this result,
with the integers replaced by the J-local integers, is given in Corollary 3.10.
Finally, we note that, although integrally the moduli set of isomorphism
classes of extensions is finite, it could be made arbitrarily large by taking
different filtered A-ring structures (Example 3.12).
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In the following section, we will review some basic results about A-rings
and observe that many truncated power series rings have uncountably many
non-isomorphic filtered A-ring structures (Theorem 2.2).

Here is a list of some of the notations that are used in this note.

® Z(;): The J-local integers, where J is a set of primes.

® 7Zy), v € Z(y: The subgroup of Z ;) consisting of elements of the
form rs for some s € Z .

. Z(XJ): The invertible elements in Z ).

e 0,(r), p prime, r rational: 6,(n) is the largest integer for which pfr(m)
divides n, when n is an integer; 8,(r) = 0,(m) — 0,(n) if r = m/n.
By convention, 6,(0) = —oo for all primes p.

2. FILTERED A-RINGS

The purpose of this section is to give a brief account of the basic defini-
tions about A-rings and their filtered analogues. The result in [5] about the
classification of filtered A-ring structures over the dual number ring is then
recalled. This section ends with a result that says that many truncated
power series rings have uncountably many non-isomorphic filtered A-ring
structures.

The reader may refer to [1, 3] for more discussions about the basic alge-
braic properties of A-rings. We should point out that what we call a A-ring
here is referred to as a “special” A-ring in [1].

By a A-ring, we mean a commutative ring R with unit that is equipped
with functions
M:R - R (i>0),
called A-operations. These functions are required to satisfy the following
conditions. For any integers 7,j > 0 and elements r and s in R:

1
e \(1) = O'for i > 1.
o« N(r+s) = Sjsg No(rAE(s). |
. )\1(7“5) = i()\l(r),...,Al(r);%l(s),...,Az(s)).
[} )\z(AJ(T‘ ) = P@j()\l(r), . ,)\”(T‘)).

The P; and P; ; are certain universal polynomials with integer coefficients,
and they are defined using the elementary symmetric polynomials. See the
references mentioned above for their exact definitions. A map f of A-rings is
a ring map of the underlying rings that is compatible with the A-operations,
in the sense that fA* = \'f for all i.
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There are some very useful operations inside a A-ring, the so-called Adams
operations
Y":R— R (n>1).
They are defined by the Newton formula:
PP (r) = A" () e (DTN ()Y () + (1) A (r) = 0.

The Adams operations have the following properties:

e All the ¢™ are ring maps.
o Yl =1Id.
° wmwn — ,(/Jmn — wnwm‘

e P(r) = rP (mod pR) for each prime p and element r in R.

A A-ring map f is compatible with the Adams operations, in the sense
that fy™ =" f for all n.

As one observes in the Newton formula, one can almost retrieve the A-
operations from the Adams operations. This is, in fact, possible provided
that R is Z-torsionfree. More explicitly, a theorem of Wilkerson [4] says that
if R is a Z-torsionfree ring equipped with ring endomorphisms ™ (n > 1)
satisfying the last three conditions above, then there exists a unique A-ring
structure on R whose Adams operations are exactly the given ¥". We will
refer to this as Wilkerson’s Theorem. In particular, over the truncated
polynomial ring Z [z]/2™, a A-ring structure is specified by polynomials
YP(z), p primes, such that

PP () = 4¢P (x))
and
W(@) = o (mod pZz]/a").
By a filtered ring, we mean a commutative ring R with unit together with
a decreasing sequence of ideals
R=1I1I'>1'orro.--.
such that I™I™ C I™*" A filtered \-ring is a A-ring R which is also a

filtered ring in which each ideal I™ is closed under A’ for i > 1. Suppose
that R and S are two filtered A-rings. Then a filtered A-ring map

fiR— S

is a A-ring map that also preserves the filtration ideals, in the sense that
f(Im™) C I™ for all n.

We can now recall the classification of filtered A-ring structures over the
dual number ring Z)[z]/2*. The variable x is given degree 1 here.
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Proposition 2.1 (Corollary 4.1.2 in [5]). Let J be a set of primes.
Then there is a one-to-one correspondence between the set of isomorphism
classes of filtered X-ring structures over Zy[z]/x* and the set [pgs Zesy <
Hpe 7PZ(y). This correspondence associates (by) to the filtered \-ring struc-
ture with Adams operations, YP(x) = bpx.

In particular, Zj)[z] /2% admits uncountably many isomorphism classes
of filtered \-ring structures.

Therefore, we can and will specify a filtered A-ring structure over
Z(j[z]/2* by a sequence of J-local integers {b,}, one for each prime p.
The J-local integer b, is the linear coefficient in ¢?(x).

Before we go any further, we would like to mention a simple but interesting
fact about the abundance of filtered A-ring structures over truncated power
series rings. Omne can think of it as a partial generalization of the above
proposition.

Theorem 2.2. Let x1,...,zp be algebraically independent variables of
degree 1 and let J be a set of primes. Let ny,...,ng be elements in
{2,3,...,00} with at least one nj < co. Then the truncated power series
ring R = Zp[x1,...,x]]/ (2], ..., 2*) admits uncountably many pair-
wise non-isomorphic filtered A-ring structures.

In the statement above, we take x7° to mean 0. So if n; = oo, then no
positive power of z; is equal to 0 in R.

Proof. Let N be the maximal of those n; that are finite. For each prime
p > N and each index j for which n; < oo, choose an arbitrary positive
integer by, ; € pZ. Consider the following power series in R:

(2.1) PP (zi) =

(1+2;)%i —1 if p> N and n; < oo,
(I+x)P—1 otherwise.

Here p runs through the primes and ¢ = 1,2, ..., k. Each one of these power
series extends to a filtered ring endomorphism of R.

We first claim that these power series are the Adams operations (applied
to the x;) of a filtered A-ring structure S on R. Since R is Z-torsionfree, by
Wilkerson’s Theorem [4], it suffices to show that

(2.2) PPt = TP
and that
(2.3) YP(r) = rP (mod pR)

for all primes p and ¢ and elements » € R. Both of these are verified easily
using (2.1). Equation (2.2) is true because it is true when applied to each
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x; and that the x; are algebra generators of R. Equation (2.3) is true, since
it is true for r = x;.

Now suppose that S is another filtered A-ring structure on R constructed
in the same way with the integers {l_)p,j € pZ}. (Here again p runs through
the primes > N and j runs through the indices for which n; < c0.) So in
S, P (x;) looks just like it is in (2.1), except that by, is replaced by by,;.
Suppose, in addition, that there is a prime ¢ > NN such that

{bg,;} U{q} # {bg;}U{q}

as sets. We claim that S and S are not isomorphic as filtered A-rings.

To see this, suppose to the contrary that there exists a filtered A-ring
isomorphism

c: S — S.

Let j be one of those indices for which n; is finite. Then
o(xj) = aiwy+---+apzrr (mod degree 2)

for some ay,...,ar € Z(;), not all of which are equal to 0. Equating the
linear coefficients on both sides of the equation

opl(z;) = Plo(zj),
one infers that
by = q or Bqﬂ-

for some ¢. In particular, it follows that

{045} U{a} < {bg;}U{q},

and therefore the two sets are equal by symmetry. This is a contradiction.

This finishes the proof of the theorem. U

3. THE DUAL NUMBER RING

Let R be a filtered A-ring structure over the dual number ring Z[z]/ z2.
A filtered A-ring extension of R to Z(y[z]/2? is a filtered A-ring structure
S over Z(y[z]/a® such that S/(z?) is identical to R as a A-ring. In other
words, when applied to x, the Adams operations in R are exactly those of
S truncated by z3. Sometimes we will just say that S is an extension of R.

First we would like to have a usable criterion that guarantees that an
extension of R exists.

Theorem 3.1. Let J be a set of primes and let R be a filtered A-ring struc-
ture over Zz)[x] /x? corresponding to the sequence (by). Then R admits a
filtered \-ring extension to Zy[x] /23 if, and only if, for all odd primes q,

by = bg (mod 202(b2)Z(J)).
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Proof. We will do the proof for Z, which corresponds to the case when J is
the set of all primes. The case when J is not the set of all primes can be
proved with essentially the same argument.

The existence of an extension of R is equivalent to the existence of integers
¢p, p primes, such that the polynomials ?(z) = b,z +c,x? in Z[z]/z® satisfy

(3.1) PPi(z) = (P (x))
and
(3.2) YP(x) = 2P (mod pR)

for all primes p and ¢q. The equation (3.2) is equivalent to co = 1 (mod 2)
when p = 2 and ¢, = 0 (mod ¢) when ¢ is an odd prime. In Z[z]/x3 one
computes

PP(W(z)) = by(bgx + Cq$2) + ¢p(bgx + qu2)2
= (bpbg)z + (bycq + bicy)z?.

Using symmetry and equating the coefficients of x2, it follows that (3.1) is
equivalent to

(3.3) (b2 = bg)ep = (b — bp)cq.

Let’s consider first the case by = 0. If an extension exists, then since
co # 0, (3.3) implies that b, = 0 for all odd primes ¢ because b,, being
divisible by ¢, is not equal to 1. This is exactly the condition stated in
the theorem when by = 0. Conversely, suppose that the stated condition is
satisfied, meaning that b; = 0 for all odd primes ¢g. Then (3.3) is a vacuous
statement, and therefore one obtains an extension of R by simply choosing
integers ¢, with ¢ =1 (mod 2) and ¢; = 0 (mod ¢) when ¢ is an odd prime.

Now let’s consider the case by # 0. Consider (3.3) with p = 2. If an
extension of R exists, then since cy is not divisible by 2, it follows that
202(b2) divides (bg — by). Conversely, suppose that (bg — b,) is divisible by
202(02) - We take

bo(bo—1) ..
. - 7{) %Zz(bz)l) if p=2
p\9p — .
90202) if p> 2.

Then (3.3) is clearly satisfied. Moreover, co is an odd integer, since both
by/2%2(2) and (by — 1) are. Likewise, for an odd prime p, (b2 —bp) is divisible
by p (since p divides b,) and therefore so is (b2 —bp)/ 202(52) " This shows that
R admits an extension. O

One consequence of this theorem is that there must be an extension when
2 is invertible, since in this case the congruence relation in the theorem is
automatically satisfied.
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Corollary 3.2. If J is a set of primes that does not contain 2, then ev-
ery filtered A-ring structure over Zj[x] /% can be extended to one over

Zj[z]/®.

Another consequence of the theorem is that integrally, when by = 0, the
moduli set of isomorphism classes of filtered A-ring extensions is uncount-
able.

Example 3.3 (62(by) = —00). In the proof of Theorem 3.1, we saw that
when by = 0 (and therefore b, = 0 for all odd primes g as well), an extension
of R to a filtered A-ring structure over Z[z]/2? is given by a sequence of inte-
gers (cp) satisfying ¢ =1 (mod 2) and ¢, =0 (mod q) if ¢ > 2. If (¢,) and
(€p) correspond to two such extensions, then a filtered A-ring isomorphism
between them is given by a polynomial

o(z) = ex+ az?

for some € € {+1} and some integer a. It is compatible with the Adams
operations in the sense that oyP = ¢Po, which is equivalent to

cp = €Gp

for all primes p. Therefore, the set of isomorphism classes of filtered A-ring
structures over Z[z]/z® extending R is parametrized by

((1 +22) x [ [ qZ) J{£1}

in which ¢ runs through the odd primes.

In the integral case, since by is an even integer, we have either 02(by) > 1
or = —oo. In contrast to Example 3.3, there are also many filtered A-ring
structures over the dual number ring for which the moduli set is empty.

Example 3.4 (63(b2) > 2). Over the dual number ring Z[x]/z?, there exist
uncountably many isomorphism classes of filtered A-ring structures that do
not admit any filtered A\-ring extension to Z[z]/2z3. Indeed, let by be any
even integer with 62(b2) > 2. For each odd prime g, let [, be any positive
integer and set
by = 2q'.

Denote by R the filtered A-ring structure over Z[z]/x? corresponding to (by).
Then 2%2(%2) does not divide b, for any odd prime ¢. Since (b, — 1) is an odd
integer, it is not divisible by 2¢2(2) either. Therefore, Theorem 3.1 implies
that R does not admit any filtered \-ring extension to Z[z]/z3.
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Observe that the product ba (b2 —1) is always divisible by 2 in Z ;). In par-
ticular, the congruence condition in Theorem 3.1 is automatically satisfied
if 03(b2) = 1, and so the moduli set is non-empty.

Corollary 3.5. Let R be a filtered A\-ring structure over Z) [z] /22 corre-
sponding to a sequence (bp) with 62(ba) = 1. Then R admits a filtered \-ring
extension to Z ) lx]/z>.

Of course, this result is only interesting if 2 € J, since otherwise we
already know from Corollary 3.2 that an extension exists.

We will see below that over Z, R admits a unique extension if by = 2.
Integrally the condition 03(b2) = 1 is not enough to guarantee the existence
of a unique extension. However, over the integers localized at 2, 05(by) = 1
does guarantee that the extension is unique.

In order to further understand uniqueness of extensions and the moduli
set of extensions, we would like to know when two extensions are isomorphic.

Let R be a filtered A-ring structure over Zj|[z] /x?% corresponding to a
sequence (b,), where J is a set of primes containing 2. Assume that by # 0.
Suppose that S and S are two filtered A-ring extensions of R to Z[z]/x?
corresponding to, respectively, (c¢;) and (). In other words, the Adams
operations of S is given by

wp(x) = bp.’.U + CP$27

and similarly for S. Denote the set of invertible elements in Z ) by Z(XJ).

Theorem 3.6. With the assumptions and notations as above, the following
statements are equivalent:

(1) S and S are isomorphic filtered A-rings.

(2) There ezist u € Z(XJ) and a € Zy) such that
2

aby(1 —by) = ucy —ucy

for all primes p.

(3) There exist u € Z(XJ) and a € Zy) such that

abg(l — bg) = UcCy — u202.

If one of these equivalent conditions is satisfied, then a filtered \-ring iso-
morphism

c:S— S
s given by
o(z) = uz+ az?,

extended linearly and multiplicatively to all of Z|x]/x?.
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Proof. (1) = (2). Let 0: S — S be a filtered \-ring isomorphism. Then
(3.4) o(z) = uzx+ ax?
for some J-local unit u and J-local integer a. Applying the map o9P to the
generator x, one obtains

oP(x) = by(ux + az?) + cp(ux + ax?)

= ubpz + (ab, + u’cy)z’.

2

Similarly, one has

YPo(z) = ubpr + (abf, + uéy)x?.

Condition (2) now follows by equating the coefficients of z2.
(2) = (3). This is trivial.

(3) = (1). Since 2 is not invertible in Z;), it follows that cy cannot be
0. Therefore, (3.3) implies that ¢, = 0 if and only if b, € {0,1}. For those
b, ¢ {0,1}, we infer from (3.3) again that
_ucp — u?cs . uUCp — uch
by — b3 by — b2
The argument for the proof of (1) = (2) now implies that the filtered ring

isomorphism o: S — S defined by (3.4) satisfies 0P = 9Po for all primes
p, since they agree on x. Therefore, o is a filtered A-ring isomorphism. [

We will discuss several consequences of this theorem.

Suppose that we are working over the 2-local integers and assume that
02(b2) = 1. Then
Co = co (mod 2Z(2)),
since both ¢y and ¢, are congruent to 1 modulo 2Z(2). Moreover, (1 — by) is
a 2-local unit, and therefore so is %2(1 — by). It follows that
Co — C2 o Co — C2 2
by—b2 2 by(l—by)
lies in Zy). This shows that the third condition in Theorem 3.6 is satisfied.

Corollary 3.7. Any filtered A-ring structure over Z ) [x]/z* with 02(by) = 1

admits, up to isomorphism, a unique filtered A-ring extension to Zs)[z]/ x5,

This corollary is not true over the integers, as the following example shows.

Example 3.8. Consider the filtered A-ring structure R over Z[z]/x? with
-2z ifp=2
YP(z) = ,
0 if p> 2.

We claim that R admits, up to isomorphism, exactly two filtered A-ring
extensions to Z[z]/z3.
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To see this, first note that, since b, = 0 for odd primes ¢, in any extension
corresponding to, say, {cp}, ¢, must be equal to 0 for all odd primes g.
In other words, in any extension of R, the Adams operation ¢ for ¢ odd
sends x to 0. Therefore, an extension of R determines and is determined by
a choice of an odd integer c;. Consider the two extensions S and S with
Adams operations

Vi(z) = —2z + 22
and

P (z) = —2z+ 327,
respectively. We will show that S and S are non-isomorphic and any exten-
sion of R is isomorphic to either S or S.

In order to see that they are not isomorphic, observe that by(1—by) = —6,
which divides neither 2 nor 4. Therefore, the third condition in Theorem
3.6 implies that S and S cannot be isomorphic as filtered A-rings.

Now let T be any extension of R with
Y (z) = —2x + ca.
Since c is an odd integer, it follows that
c =1,3 or5 (mod 6).

In particular, for some choice of € € {£1}, either (ec—1) or (¢—3) is divisible
by 6. Therefore, by the third condition in Theorem 3.6, T is isomorphic as
a filtered A-ring to either S or S.

We can achieve uniqueness of an extension over the integers if we insist
that b, = 2. Indeed, in this case, ¢y is an odd integer, and so ¢o — ¢y is
divisible by 2. In particular, the third condition in Theorem 3.6 is satisfied
with u =1 and a = (cg — ¢2)/2. Since Corollary 3.5 tells us that in this case
there is at least one extension, we infer that the moduli set contains exactly
one point.

Corollary 3.9. Any filtered \-ring structure over Z[z]/x? with ¢?(x) = 2x
admits, up to isomorphism, a unique filtered \-ring extension to Z[z]/x3.

We saw in Example 3.3 that the filtered A-ring structure over Z[z]/x>
with by = 0 admits uncountably many isomorphism classes of filtered A-ring
extensions to Z[z]/x3. It is natural to ask if there are other filtered A-ring
structures over the dual number ring that admit uncountably many, or at
least countably infinitely many, extensions to Z[z]/z3 up to isomorphism.
The answer, as we will see shortly, is negative. Employing Theorem 3.6
once again, we will prove a slightly more general result here and obtain the
integral result as an immediate consequence.
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Corollary 3.10. Let J be a set of primes containing 2 and let R be a filtered
A-ring structure over Zj) [z] /2% with ¢?(x) = byx. Assume that by & {0,1}
and that all the prime factors of the numerator of ba(by — 1), written in
lowest terms, lie in J. Then R admits at most finitely many filtered \-ring
extensions to Zy[z]/x®.

Proof. By the third condition in Theorem 3.6, it suffices to show that in
Z(j), there are only finitely many cosets modulo ba(bz — 1)Z ). This will
follow from two elementary facts about the integers.

First, if r is an element in Z ), write it in lowest terms as r = k /1. Then
there is a canonical isomorphism of groups

Indeed, since [ is a J-local unit, it follows that the two subsets, rZ ;) and
kZy), of Z ;) are equal. The isomorphism is given by multiplication by I.

Second, if k # 0 is an integer, all of whose prime factors lie in J, then the
natural inclusion
i: 4 — Z( J)
induces an isomorphism of groups

iv: Z/KZ — Z 5y /KZ(y).
To show that i, is surjective, it is enough to show that for every prime p
that does not lie in J, there exists an integer m such that % —m lies in kZ ).
Since p and k are relatively prime, there exist integers m and h such that

1 = mp+ hk.
This implies that

1 h

- m = k =,

p p

which of course lies in kZ 7). The argument for the injectivity of i, is equally
easy.

Now write by(be — 1) in lowest terms as k/I. Then there are isomorphisms
Z(J)/bQ(bQ — 1)Z(J) = Z(J)/k:Z(J) = Z/k:Z.

Therefore, there are only finitely many cosets in Z;y modulo by (b2 —1)Z ).
As mentioned above, this implies that there are at most finitely many filtered
A-ring extensions of R to Z[z]/z>. O

Over the integers, by is an even integer, so it cannot be equal to 1. In
particular, the hypothesis in the previous corollary is satisfied, provided that

by 2 0.
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Corollary 3.11. Let R be a filtered \-ring structure over Zlx]/x? with
Y2 (x) = bozx, by # 0. Then R admits at most finitely many filtered \-ring
extensions to Zx)/x3.

One might wonder if there is some uniform upper bound for the number of
elements in the moduli set of isomorphism classes of filtered A-ring extensions
of Z[x]/z%. The example below illustrates that there is no such upper bound.
This means that by allowing different filtered A\-ring structures on Z[z]/x?,
one can obtain (finitely) arbitrarily large moduli sets of isomorphism classes
of filtered A\-ring extensions to Z[z]/x3.

Example 3.12. Let | be a positive odd integer and let n; be (2] — 1).
Consider the filtered A-ring structure R on Z[x]/z? with Adams operations

20 ifp=2
PP(z) = .
0 if p> 2.
We claim that R admits exactly (n; + 1)/2 isomorphism classes of filtered
A-ring extensions to Z[z]/x3.

The argument here is very similar to that of Example 3.8. Consider
the following filtered A-ring extensions of R: For each odd integer i €
{1,3,...,n}, let S; be the filtered A-ring structure on Z[z]/x® with Adams
operations

P _

Wie) = 0 if p> 2.

Then each S; is an extension of R. We will show that (i) they are pair-

wise non-isomorphic filtered A-rings and that (ii) each extension of R is

isomorphic to some S;. To see (i), notice that for two distinct odd integers
i, €{1,3,...,n;}, we have

i # +j (mod 2020 —1)).

The third condition in Theorem 3.6 now tells us that S; and S; cannot be
isomorphic as filtered A-rings.

{%x+m2 if p=2

To prove (ii), one observes that if S is a filtered A-ring extension of R to
Z[zx]/z3, then in S,
Vi(z) = 2z + cx?
for some odd integer c. Since 2[(2] — 1) is an even integer, it follows that
there exists an element 7 € {1,3,...,n;} such that either ¢ or —i is congruent
to ¢ modulo 2{(2] — 1). Using Theorem 3.6 once again, we conclude that S
is isomorphic to S;.
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