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Abstract

In this paper, we compute the homology and cohomology of some
Hopf algebras and find a subspace of the cohomology of the Steenrod
algebra that include the representative for the Greek letter families.

In this paper, all discussions are based on a given odd prime p. Z, is the
group of integers modular p and ® means tensor product over Z,.

Let &, be the graded Lie algebra over Z, with basis {z;; | 0<i<j<n}
and Lie brackets defined by that [z, z; ;] = —[%ij, %] = @i for i<j<k
and [z;;, k)] = 0 otherwise. ||z; || = 2(p — 1)(p* +--- + p’~!). Then, &,
is a sub-Lie algebra of &,.; and we define & = U, &,. Let U(8,) be the
enveloping algebra of &,. Then U(®,) is an associative and co-commutative
Hopf algebra with z;; primitive for all 4,5. So is U(®). The subalgebra
of U(&,) generated by x}; is the center of U(&,) and we define U(n) to
be the quotient algebra of U(&,,) modular the ideal generated by its center.
U =U,U(n). We always regard U(n) as a subspace of U(&,,).
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In this paper, we give a minimal free resolution of U(&,) (Theorem 1.6)
and compute H**(&,1) and H"*1*(&) for n < p (Theorem 2.8) and com-
pute H**(U(n)) for n < p (Theorem 2.9) and prove that H™*(&) survives to
infinity in May spectral sequence for n < p (Theorem 2.10) and find a sub-
space of the cohomology of the Steenrod algebra (Theorem 3.7) that includes

the representative of the Greek letter families.

1 Hopf Algebra’s Free Resolution

Definition 1.1 Let G(U(n)) be the set of all upper triangular matriz

Qgp,1 Qo2 Qo3 - - Qon

0 a2 a13 -+ aip

(ai,j) = 0 0 0,2,3 e CLQ,n
0 0 0 - apno1p

with 0 < a;; < p fori < j. We use such a matriz A = (a;;) € G(U(n)) to
denote an element
p(;l,(iﬁl pﬁléz’ (;132 ...... pgjilﬁn . pl‘l;" (;“;L"

in U(n), where P{; = a3, (PY; = 1). Then, G(U(n)) is a basis of U(n).
The total degree ¢(A) of A is an (n+1)-tuple (¢o(A),- -+, Ln(A)) defined by
U(A) = X0 41 aps— S g ask for 0 < k < n. The weight of A is the n-
tuple w(A) = (ig,%0+%1, -, G0+ - +in_1) if L(A) = (40,01, -, 1n). The total
degree is a multi-degree of U(n) in the sense that let Uy(ig,- - -,i,) be the
subspace of U(n) spanned by those matrices A with £(A) = (ig, -+, in), then,
Un(io; -+ n)Un(jo, -+ Jn) C Un(io+jo, -+ in+in)-



Similarly, let G(U) be the set of all upper triangular matriz

Qp,1 Qo2 Go,3

o 0 12 01,3
(a’za]) 0 0 a2,3

with 0 <a; j<p for i<j and there are only finite number of a; ;’s with a; ;>0.
We use such a matriz A = (a; ;) € G(U) to denote an element
P PR PR P PRS-

in U. Then, G(U) is a basis of U. The total degree L(A) of A is an infi-
nite tuple ({o(A),41(A),---) defined by £p(A) = 352,11 Gk s— Sh5 as. The
weight of A is w(A) = (ig,i0+1i1,--+) if L(A) = (40,01, ). We also have
that as a multi-degree, €(ab) = £(a)+£(b) and w(ab) = w(a)+w(b) for all
a,bel.

It is easy to check that for a € U(n) and #(a) = (i, -+, i) and w(a) =
(J1s- 4 Jn), G0+ - -+ip=0and jy > 0fork=1,---,n. Fora € U and £(a) =
(10,1, -+) and w(a) = (Jo, j1, - - *), there is an n such that ig+ - - - +ix = jr =0
for £ > n.

Definition 1.2 Forn > 1, let 3(n) = {(io, %1, ", in) | (G0, +,in) s a
permutation of (0,---,n)}. For0<n <panda,B € Y.(n), a = (g, ,in),
B = (jo,- -+ Jn), we define D(ﬁ,a)zD( ;2::22 > € Un) Cc U(e,) as
follows. D(c,B) # 0 only if there are 0 < s <t <nand 0 < M < N < n
such that iy = j; = N and 1, = js = M and iy = ji otherwise.

D Na i3+1, i3+2, tt it—l: Ma
' Ma s41, lsy2, ct, U1, Na



As,s+1 As,s+2 o st

t—1

=> | I Z(M,N;iy,z,) Gstl,s+2 Gotrt | (0 omitted)

et eee
Qg1

where T, = zg;sl Ay and the sum is taken throughout all matrices (a; ;) €
G(U(n)) such that £y(a;;) = M—N and ls(a;;) = N—M and lg(a;;) = 0
otherwise. The coefficient is defined by (1 if t = s+1 )

, ~1
N—k—zx .
(M K > ifk< M
Z(M,N; k, 1) = E—N  (k=M—1\""
_1\N—-M—=zx : _
(-1) k—M( - ) iftk>N, < N-M
[ 0 otherwise

"aNa Zs+1a"'alt—laMa'

Notice that for N>M, D(_ o Myigp, i N, -

:)#Oﬂwdeﬁ

for all s < k < t, either i, < M or 7, > N and D(’é&’%’) :PS]YS:A/[.

Definition 1.3 For 0 < n < p, we define M(n) to be the free right U(n)
module generated by the set Y (n). For a € Y (n), we still use a to denote the
corresponding generator in M (n). The right U(n)-module homomorphism §
on M(n) is defined by 6(a) = Y(—1)<*#>BD(B, o), where the sum is taken
throughout all non-zero D(f3,«)’s and the degree is defined as follows. If
a= (ig, - +yin), B=(Jo, -, Jn) and for s < t, is=3j; > i;=js, then <a, f>=
the number of (u,v)’s such that u < v <t but iy > iy.

Similarly, we define M(&,) to be the free right U(&,)-module generated
by the set Y>(n). Since U(n) is a subspace of U(&,), ¢ also induces a right
U(&,)-module homomorphism on M(®,) which we still denote by .



The following theorems are to show that ¢ is a differential on M (&,,) and

Theorem 1.4 Suppose for i<M<N<j<n, the following D(a, B)’s are

all non-zero. Then, we have in U(&,,)

e M,i,o-+ N, coo N gy,
o N,i, -

c i N i
con i, N

=22

i M
N

N

-+, N,
M

)

< =&
S

=i
L
)

I y ot

T, y ot

. \'2 .

o N, M,
o M, 4, N, -
_ oo N oo M, g, o N, 5 M, -
- D( .. )D - N,---,M,j,--

Proof. It is easy to check that for k+/ < p and s < t < u, we have

\.®.:®

K+l in(k,l) pl—i pk—ipi -
Psk,tPsl,t = ( :)Pskjl and Ptlfupsl,t = Z@g( )Psl,tzpfu 'P;,, in U(8). So,

2

As+1,54+2 H0s+1,54+3 As+41,s5+t N—i
(P5+1,s+2 Ps+1,s+3 e Ps+1,5+t )Ps,s—l—l

_ N—i—x pls+1,5+2—T1 px .. POstlst+t—Ti—1 DTE—1
- Z Ps,s+1 Ps—|—1,s—|—2 $,5+2 Ps—|—1,s+t Ps,s—|—t

. -1
. N—i—zx
_ M—1 N—M—x pGs+1,s+2—%1 = pTt-1
- Ps,s—|—1 (Z ( M—i Ps,s—|—1 Ps+1,5+2 Ps,s+t



where the sum is taken throughout all 14 ---+x; ;1 = . This implies that

M—1 ) ) Uy ) ’ _ ) Uy ’ 3 ’ N—1 : C
}1#“1)--uA4J,~-,An--) _'D<~-,@A4,--,A@..>P;H4,thhlsnwt

the first equality .

Similarly, we have

N—1 Qs4t—1,84+t PDAUs+t—2,5+¢ As, s+t
Ps+t,s—|—t—|—1 (Ps+t—1,s+t Ps+t72,s+t o ‘Ps,s+t )

_ As4t—1,54t—T1 As,s+t—Tt HN—1—x T1 Tt
= Z Ps+t—1,s+t o 'Ps,s+t Ps+t,s+t+1 s+t—1,54+t4+1 """ Ps,s+t+1
) -1

. Z N—i—x Pas+t—1,s+t—w1 L. PN—M—w ... P PM—i

- M—i s+t—1,5+t s+t,s+1+1 8,8+t+ s+t,s+t+1
where the sum is taken throughout all 1+ ---+2z; = x. This implies that
D""N""’i’M""PM‘i _ pN—i D”"N"”’M’i"” which

v M, i N, e ) stbs st LU\ M N )

is just the second equality .

It is easy to check that for 0 < z < b—a, the following formula holds.
z b—k\ "' (2 af b-1\7'
—1)* = (=1)*=
Ser() ()=l

J—M ( DOs+1,54+2 DOs+1,5+3 Os+1,5+t
Ps,s+1(Ps+1,s+2 Ps+1,s+3 e P5+1,s+t )
_ T pPAs+1,s+2—T1 DTy As+1,5+t—Tt—1 pTt—1 pj—M—2x
- Z(_l) s+1,5+2 P s+2° 0 Ps+1,s+t Ps,s—l—tP s+1

S S,

. —1
_M— . ,
- {Z(—U””(j M) rm PPNM} P

_ o(I—M—z o T1+ Tt-11Yt—1\ pN-M—z—y
= Z(—l) . e Ps s+1
Jj—N Y1 Y1 ’

. Pas+1,s+27w1*y1 Pm1+y1 . Pas+1,s+twt1ytlpwt—lﬂli—l} Pj_N

So, we have

s+1,5+2 $,5+2 s+1,s+t 8,8+t $,5+1

> { (g)(—n’“(j Pt k)(k)) P



. pPOst+1,5+2—21 D2y ... POstls+t—2t—1 pZt-1 Jj—N
Ps+1,s+2 Ps,s+2 Ps+1,s+t Ps,5+t} Ps,s+1

- - _1
= S in (1) e
j_M NeM—z s,8+1
s+1,84+2— L TP b
) P5a+1_,13+-'_22 21 Pz’1s+2 e P;_i_’ils_:;t “ 1Ps:s+1t} Pg,s+1

S

where the sum is taken throughout all ui+---4u;—y = u, v = x,y,2. So,

o NGy My NN it 5 N M o
D ---,M,j,---,N,---)PS’S“_PS’S“D---,j,M,---,N,--- , which is just

the third equality .
We have

As4t—1,54+t DAs+t—2,5+¢ Qs s+t j—M
(Ps+t—1,s+t Ps+t—2,s+t o 'Ps,s+t )Ps—|—t,s—|—t—|—1
_ 1\ j—M—x Os+t—1,5+t =21 pls,s+t—Tt DI ... PTt
- Z( 1) s+t,s+t+1Ps+t71,s+t Ps,s+t Ps—|—t—1,s—|—t—|—1 Ps,s+t+1

. -1
_ j—N T ]—M—.’E N—M—x pls+t—1,s+t—T1 Tt
- Ps—|—t,s+t+1 {Z(_l) ( j—N Ps+t,s+t+1Ps+t—1,s+t e Ps,s+t+1

i M-\ ' (z +y1 Te+y
= Pg ]\; -1 T J . > < 1 t t
o ”“{Z( ) ( j—N Y1 Ui

Qs4t—1,8+t—T1—Y1 as,s+t—2Lt—Yt pN—M—x—y pri1+y1 Tt+Yt
: Ps+t—1,s+t o 'Ps,s+t Ps+t,5+t+1 Ps+t—1,5+t+1 Tt g st

. . -1
N j—N ([ j—M—-1
= st-f—t,s-f-t-f—l {Z(—l)"‘]_—M (N—M—z)
As+t—1,s+t—%2 s, s+t —% N—M-—
’ Ps—|—:5—ilts—|itt L 'Ps,s+tt tPs-}—t,s—{—t—{Z—l :—}—t—l,s—f—t—f—l o 'Ps,z,ts+t+1}
where the sum is taken throughout all ui+---4u; = u, u = z,y,2. So,

- o N M, - N Mg i .
P3+tﬁ+t+1D(... M- N ) :D<... M- N j...)PS]+t],\;[+t+1’Wh1Ch

is just the fourth equality . Q.E.D.
Theorem 1.5 § is a differential on M(®,) and M(n).
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Proof. We must prove that Y 5(—1)<7#><#>D(y, 8)D(8,a) = 0 for
any « and v. For given « and -, there are at most two ; and S, such that
both D(v, $1)D(B1,«) and D(v, B2)D(52, ) are non-zero (otherwise, they

are all zero). These are the following cases for i < j < k and s < ¢ and in

(6) and (7), either j < sori>1.
Jrik kyi, 7\ _ f¢
o) et =e()
J,k,i k,j,1 k,i,j
2) (zky) (],k’l) D(zkj>D
Jy ki k,j,i
o)) =e(5i)
1, k, 7 g, k1
o o)) o) A
R AN 1,9,1,8 7,1,t, 8
<,13t>_D<Zj,St) <Z_],t8>
7,8,1,t i1, 8 1,t,7, 3, t,1, 8
(6) (zsy,)D<,sit> (ZSj,>D<th,>
o) p{sa) (b of )
$,1,7,1 $,1,7,1 t,1,7,S

']."“’Z."“’t"“’s' to D]’Z’t and so on.
']a"'aza"'asa"'at' ],Z,S,t

(5) always holds by definition. Now, we prove (1) and (2). In (1) and (2),

(5) D(“ % t) D

1,7,8,t

t, 5,1,
S, 5,1, t

where we abbreviate D

there are only three degrees i, j, K whose positions in the permutations are
moved. We call them moving degrees and call other degrees fixed degrees.
We use induction on the number of fixed degrees that lies between the first
and second moving degrees to prove (1) and (2). If there is no fixed degree
that lies between the first and second moving degrees, then (1) and (2) are
respectively the first and third equality in Theorem 1.4. Suppose both (1)
and (2) holds if there are less than m fixed degrees between the first and

8



second moving degrees and regardless of u, the following permutations have
m—1 fixed degrees that lies between the first and second moving degrees. If

u < 1, we have

D<i,u',j:, )D(Z u, k, j>D<k U, 1, j)

u, 1,5, k iU, g k t,u,k,j

- Aaplrpi) e

= ot (ko) (o nduction on (1)
- D<Z‘Z;k>D<Z I;; £>D<i Z z ;) (by induction on (1))
= D(Zi;k>p<i ?;Z>D ’;;‘Zli) (by induction on (1))

= D<Z"‘f’].’k>D<]’“ L k>D<k. “’?’]> (by induction on (1))

1/’ u’ j’ k

Notice that U(®,) is a divisible ring. That is, ab = 0 implies a = 0 or b = 0.
So, by cancelling the left factor in the first and last line, we get (1) for u

between the first and second moving degrees. If u > k, then

,u,k, g k,u,i,j u,k,1,J
D(i,u,j,k>D<z u k, J>D<k,u,z‘,j

_ D(Z . ’; / )D(Z’Z: ’Iz: ;:)D(Z: f ; j) (by induction on (2))
= oy e(ieg) o

- D<?;;Z>D<Z‘Z;Z>D<Z ";Z ;i) (by induction on (1))
= D<‘z” Z;Z>D<; iii)D(Z ";Z ]Z) (by induction on (2))
_ D<‘g” Z; Z)D( I; w ; £>D<Z ) ) ;) (by induction on (2))



For the same reason as above, we may cancel the right factor in the first
and last line and get (1) for u between the first and second moving degrees.
Similarly, we can prove (2). By using induction on the number of fixed de-
grees that lies between the second and third moving degrees, we can similarly
prove (3) and (4).

Now, we prove (6). If j < s, we have

D<zsy,> (],szt>D< tzs)

1,7,8,t 1,8,7,1 s, 1,1

. 7,%,8,t 7,8,1,t 7,t,1,8

- D<z 7,8, t>D<j,zst>D<j szt) (by (4)
o 7,%,8,t ,0,1,8 7,t,1,8

- D(z 7, 8, t>D< zst>D<jzts> (by (1)
_DZ],tSD_]ZtSD]tZS (by (5))
- i,7,8,t i,7,t,8 j,1,t, 8 Y
_DZj,tSDltj, D],tzs (by (4))
N i,7,8,t i,7,t,8 i,t,7,8 Y

— /L’S’]’t Z’t’]’ ]’t7l’s
=D <u 5, t)D (z 5,7, t)D <z L. s) (by (1))

By cancelling the left factor, we get (6) for j < s. If ¢ < 7, the case is similar
by product with a right factor D(;’i : z
Now, we prove (7). For j < s, we have

D(S 37, %, t>D<t 57,1, s)
S’Z’jﬂ 8.772’t
t, 4,1,

S, 5,0,

D( t,z,s>D<t j,’L,S)
s,1,t 7,t,1,8

8, 5,8, 1
7, 8,1,



i7tﬂj58 t7r[:’j73 t7j7i58
D(i,s,j,t>D<z',t,j,s>D<t,i,j,s) (by (2))
s’i’j’t t’i7j78 t’j’i’s
b <z‘,s,j,t>D (s,z‘,j,t>D <t,m‘, s) (by (1))
By cancelling the left factor, we get (7) for j < s. The case t < i is similar

by product with a right factor D(i,’j: z:z )
Q.E.D.
This theorem implies that the dimension of H, (8,,) must be greater than
the number of generators of M (@&,,), since we may extend M (&,) to a larger
acyclic free right module chain complex M by adding new generators and
then we have that dim H, ,(&,) = dim M®u(s,)Zp > dim M (6,)®u(s,)Zp =
number of generators of M(&,). To compute homology, we have to compute

its dual cohomology.

Theorem 1.6 For n < p, M(8,,) is a minimal free resolution of U(®,,),
that is, Homy (e, )(M(&,), Z,) = H**(6,) and M(6,)Qu(e,)Zp = Hi(&5).

Proof. See the proof of Theorem 2.8. Q.E.D.

2 Symmetry in Cohomology

Let R = E(h;; | 0<i<j), where E is the exterior algebra over Z,. We
define R to be a bigraded DGA with cohomological degree |h; ;| = 1 and
internal degree ||h; ;|| = 2(p—1)(p"+- - -+p’~!) and the differential defined by
dhij = Y4 i1 hikhej (dhiip = 0). Forn > 0, let R, be the sub-DGA of R
defined by R, = E(h;; | 0<i<j<n). Then, by definition, H**(R) = H**(®)
and H**(R,) = H*"*(&,).

11



Definition 2.1 Let G(R,,) be the set of all upper triangular matriz

Gp,1 Qo2 Qo3 -~ Qon

0 Q12 Q13 -  Q1p

(aij)=1 0 0 a3 --- azn
0 0 0 - apn-1pn

with a;; = 0 or 1 for i < j. We use such a matriz A = (a;;) € G(R,) to
denote a monomial
(hO,l)ao’l (hm)al,z (ho,z)a°’2 ...... (h”_ljn)anfl,n ... (hl,n)al’" (ho,n)ao’"
in R, where (hij)' = hij, (hij)® = 1. Then, G(R,) is a basis of R,.
The total degree £L(A) of A is an (n+1)-tuple (€o(A),l1(A),---,4,(A)) de-
fined by Lp(A) = SF0(1 — agx) + > ki1 ks for 0 < k < n. We denote
R, (ig, 41, -, 1,) by the subvector space of R, spanned by those monomials
A € G(R,) with L(A) = (io, 01, -, 0n)-
Similarly, let G(R) be the set of all upper triangular matriz
Gp,1 Qo2 Qo3
@)=| o 5 o
with a;; = 0 or 1 for ¢ < j and there are only finite number of a;;’s such
that a;; = 1. We use such a matriz A = (a; ;) € G(R) to denote a monomial
(ho,1)" (h1,2)" (ho,2)**? (ha,3)*>* (h,3)™* (ho,3) " - - -
in R. Then, B(R) is a basis of R. The total degree £(A) of A is an infinite
tuple (Lo(A), 61(A), ) defined by e(4) = TE3(1 = aus) + Sk abs for
k> 0. We denote R(ig,11,---) by the subvector space of R spanned by those
monomials A € G(R) with £(A) = (4,41, -).

12



Theorem 2.2 Forn > 1, R, (i, %1, -, i) 1S a subchain compler of R,

and there is a chain complex isomorphism
RTL = @RH(ZOa ila e ain):

where (19,11, -,1,) s taken throughout all possible (n+1)-tuples such that
R, (ig,41,---,1,) is non-empty. So, there is a chain complex isomorphism
R = ®R(iy, i1, --) with (iy,11,---) taken throughout all possible tuples such
that R(ig, 11, --) is non-empty.

Proof. Direct checking. Q.E.D.

It is easy to check by induction that if R, (g, i1, - - -, ) is non-empty, then
io+11+--+14, = 3n(n+1) and that if R(ig, %1, - - -) is non-empty, then there

is an integer n such that iq+i; +-- -+, = %n(n—i— 1) and i; = j for j > n.
Theorem 2.3 We have the following four isomorphisms.

1. There is a vector space isomorphism from Ry, (ig, -+, i) to Ry(Jo, -, jn)

if (Jo,+*+,Jn) 1S a permutation of (ig, - -+, in).

2. There is a DGA isomorphism A, from R, to itself (we call it reflection
isomorphism) that induces graded vector space isomorphism

H*y*(Rn(r[;m il? e 77’n)):H*7*(Rn(n_ln7 n_in—la T n_ZO))

3. There is a chain complex isomorphism o, from R, to itself (we call it
rotation isomorphism) that induces ungraded vector space isomorphism

H*,*(Rﬂ(ioa 7;1’ e ainfl, zn)):H*,*(Rn(ZI: 7;27 Tty in; 20))

4. There is a chain complex isomorphism u, from R, to its dual complex

R} (we call it dual isomorphism) that induces ungraded vector space

13



1somorphism

H*’*(Rn(iOa 7;1’ U ain)):H*,*(R:(n_iOa n_ila T n_Zn))

Proof. For 0 < s < n, we define vector space isomorphism &, from R,
to itself as follows. For A = (a;;) € G(R,), ®s(A) = (b;;) € G(R,) satisfies
that a; ; = b; ; except the following cases. For ¢ = 0,---,s—1, b; s=b; s11=0a; s
if a;s=a;s+1 and b; s=1-b; sy1=1—a; s if a;#a;s1+1. For j = s4+2,---,n,
bs j=bsy1 =05, if a5 j=as11 j and by j=1—bsy1 j=1—as; if a5 jFas11;. bssi1 =
1 —as411. It is obvious that ®, interchanges the s-th and the s+1-th degree
of the total degree of R,,.

We define algebra isomorphism A, by An(hi;) = hn—jn—. It is obvious
that )\, is a DGA isomorphism and reverses the order of the total degree of
R,.

Since R,_; is a sub-DGA of R,,, we regard R,, as a left DGA-module over
this sub-DGA and denote this module by M;. By definition, M; is a free
left module over R,_; generated by the following elements hg',h7%, -« - by
gg=00rl,2=1,2,---,n.

Define DGA monomorphism j: R,_1 — R, by j(hs:) = hsi1441 for all
hst € R,_1. It is obvious that imj is another sub-DGA of R,,. We regard R,
as a left DGA-module over the sub-DGA imj and denote this module by M,.
By definition, M, is a free left module over R,_; generated by the following
elements hgl hg’s -« - hohy, €i=0o0r1,i=1,2,---,n.

Now define the left DGA-isomorphism o,: M; — M, by

Gu(ah bt - ) = (173 (@)l B - B,
where z € R, ; and 7 = . _; 2. It is a direct checking that o, is a DGA-

module isomorphism and rotates the total degree of R,,.

We still use upper triangular matrices to denote the dual basis of R;. In

14



this way, the total degree of R; is defined just in the same way as that of R,,.
Define p,: R, — R} by that for A = (a;;) € G(R,), un(4) = (bi;) € G(R})
satisfies that b; ; = 1 — a;; for ¢ < j. It is a direct checking that p,d = du,
(0 is the dual map of d) and u, changes the total degree as shown in the
theorem. Q.E.D.

Definition 2.4 For m,n > 0, if (ko, -, kmint+1) s a permutation of
(10, =y tm, Jotm~+1, -+, jn+m~+1) such that the order of (ig,- -, im) and
(Jo+m—+1,---,j, + m+1) is unchanged in (ko,- - -, kmint1), then we call
Roini1(ko, - - -, knymy1) reducible with lower factor Ry, (ig, - - -, i) and upper
factor R, (jo,- - -, jn) and we denote it by

Rpinii(kos - -+ kmin1) = B(io, - -+, im) % Buljo, -+ Jn),
where we define Z, = Ry(0) and thus have

RO(O)XRn(iO:"'ainfl) = Rn(i0+1a"':ik71+1a0aik+1a'"ain71+1)
R, (o, ,in_1) x Ro(0) = Ry(io,- -, ik_1,n+1, 0k, in_1)-

Notice that R; x Ry in fact represents a class of chain complexes but we

always use this symbol to denote a given chain complex.

Theorem 2.5 There is always an ungraded vector space isomorphism
H*,*(Rl x R2) — H*’*(Rl) ® H*’*(Rg)

Proof. If Ri=7, or Ry=Z,, the theorem is a direct checking.

Suppose m,n > 0 and R = Rpinii(ko,  ,kmins1) = R x Ry =
R (0,5 im) % Ru(Jo, -+, Jn) and for 0 < so < -+ < Sy < m4n+1,
ks, = 1,5 for 0 < tp < --- < t, < m+n+1, k;, = jo+m+1. Then for any
0 < u < m+n—+1, either u = s, or u = t,.

Define algebra monomorphism pu;: Ry — R and us: Ry — R respectively
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by p1(Puw) = hsy,s, and po(hup) = by, .- Let ¢ = [1,, he, s, € R, then it is
obvious that dc = 0. For a € Ry and b € R,, we define a x b = 1 (a)ua(b)c.
Then this x-product is a monomorphism from R; ® Ry to R. It is a direct
checking that d(pi(a)c) = pi(da)e and d(uz(b)c) = po(db)c and therefore,
d(axb) = (da) x b+(—1)1*la x (db). This means that x-product sends R; ® R,
to a subchain complex of R and to prove the theorem, we need only prove
that x-product is an epimorphism. For an upper triangular matrix C' =
(¢ij) € G(Rptnt1) such that ¢(C) = (ko, -, kmint1), define A = (a;;) €
G(Rn) and B = (bi;) € G(Rn) by auy = Csy,5, and by, = ¢, 1,. Suppose
L(A) = (i, --,i,) and ¢(B) = (j4,--,J)). Compare the total degree of C
with A x B and we have that ks, = ¢, (C) > 45, (Ax B) = {,(A) = i..,, but we
have that

1 n 1
r=0

so ks, = 1. for r = 0,---,m. Analogously, k;, = j.+m+1 for r = 0,---,n.
Therefore, C = £(A x B). Q.E.D.

Notice that by the above theorem, if (i, 4, --,4,) is a permutation of
(0,1,---,n), then R, (i, - -, iy,) is one dimensional and so H** (R, (ig, - -, in))
= Ry, (ig, - ,in). Thus, we have the following algebra which is always a sub-

space of the cohomology of &.

Definition 2.6 S, is a bigraded algebra over Z, defined as follows. As a
vector space, S, = ®R,,(ig," - ,in), where (i, --,4,) is taken throughout all
permutation of (0,1,---,n). That is, for e(ig,---,i,) € S, with total degree
(10, -, 1n), its bidegree is defined by

le(Zo,---,i,)| = the number of pairs (s, ) such that s<t but i5>i,

||€(’i0, Tty /Ln)” = 2(p_1)(a0+a1p+ e +an—1pn_1)
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where ayp = ig+---+iy—1—---—k. The product of S, is defined by that
e(io, -+, in)e(Jo, -+ Jn) 18 their product in Ry, if (i + jo,01+41 — 1, -, i +
Jn — n) is still a permutation of (0,1,---,n) and 0 otherwise.

We regard S, as a subalgebra of Spi1 by identifying e(ig, - ,4,) with
e(io, -« in,n+1). Thus, we have S = U,S, which has a basis of e(ig, i1, *)

with only finite number of is’s such that 13#s.

Lemma 2.7 If H**(R,) = S, and for all e = e(ig," - ,in) € S, with
iv = is+1 (s < t), the Massey product <e,hssi1,- -+, hi_1£> is non-trivial,
then H**(Rp41) = Spy1-

If H**(R,) = Sk* for k < p and for all e = e(ig,--,in) € SF* with
ir = is+1 (s < t), the Massey product <e,hssi1,- -+, hi_1> is non-trivial,
then H**(R,.1) = SE*y for k < p.

Proof. We prove that if H**(Ry,1 (0, ", ins1)) 7# 0, then (ig, -, int1)
is a permutation of (0,---,n+1). If the smallest of ig,--,i,,1 is 0, then
Ryi1(i0, <+ yiny1) = Ro(0) x R,(jo, -+, Jn)- by Theorem 2.5 and induc-
tion hypothesis, (jo,---,Jn) can only be a permutation of (0,---,n). So,

(0, -+, ins1) is @ permutation of (0, ---,n+1). Analogously, if the biggest of

i0y**, Ins1 is n+1, then (4, -, 4,41) is also a permutation of (0,-- -, n+1).

Now suppose R, ;1(ig,+-*,%ns1) is non-empty and 1 < i5; < n for s =
0,---,n+1. To prove that its cohomology is 0, we may suppose that i, is
the biggest of g, - -, 4,11, since there is the rotation isomorphism in Theo-

rem 2.3. Define factor degree | - |; on R, as follows. |h;pni1|f = n—i+1,
i=0,---,n, |h;;lf =0if j < n, and |ab|; = |a|f+|b|; for all a,b € R, ;1. De-
fine a filtration Ey C Ey C -+ of Ry by E, = {a € Ry11 | |a|f < 7}. Then,

we get a spectral sequence E*' converging to H**(R, 1) with a chain com-
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plex isomorphism E7"™" = R, ® E(hopnt1,- -, Anni1), Where E is the exterior
algebra and d; (h;n41) =0 for i =0,---,n. So, by the induction hypothesis,
Ey" =8, ®E(hont1, - hnnt1). Notice that for e(jo, - -, jn) € Sp,the total

degree of €(jo, -+, Jn) hont1 -+ Pinlnt1 18 (Jo+eo, -+, Jnten, nHl—gg—" - -—¢p).
So, if e(jo, 5 Jn) ot - Prlui1 € Rny1(do, -+ -, ng1) with the biggest of
40y, Int1 t0 b€ iny1, then there is only one e =1 and so (ig, -, ip41) is &
permutation of (1,1,2,---,n—1,n,n). Suppose for0 < s <t < n, iy =i, = 1.
Then E3”" restricted on R, 1(ig, -+, iny1) is two dimensional spanned by e; =
ety 05-1,0, 0541, in)hsni1 and es = e(lo, +* +, 541, 0, %441, * =+, in) et
By definition, d;_si1(e1hs nt1) = <€1, s st1, -+, hi—14> = cea, where ¢ € Z,
and ¢ # 0. Therefore, EX* restricted on Ry,1(ig,--+,int1) is 0 and so,
H**(Rp41(%0,- - ,in+1)) = 0. The proof of the second conclusion is just an
analogue. Q.E.D.

Before we prove the following theorem, we must point out the structure
of U(n)*, the dual of U(n). It a commutative coassociative Hopf algebra.
As an algebra, U(n)* = P(&; ;| 0<i<j<n)/(&F;), the truncated polynomial
algebra generated by &; ;. The dual basis G(U(n)*) of G(U(n)) is to substitute
P}, in U(n) with £¥, in U(n)*. The diagonal map of U(n)* is defined by
A(&) = 106,46, @1 + Yh, 1 &k®Eky. We have similar definitions for
U-.

Theorem 2.8 Forn < p, H**(6,,1) = Syy1 and H"1* () = SnHbx |

Proof. We use induction on n to prove that H**(&,) = S, for n < p. If
n =1, it is a direct checking that H**(&,) = S;. Suppose H**(&;) = Sy for
k < n. Then, H, ,(&,) = S} (* denotes dual space). Thus, the free resolution
M (8,,) in Definition 1.3 is a minimal free resolution of U(®,,). By definition,
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we have that for (ig,---,i,) a permutation of (0,1,---,n) with i, = i,+1,

. TSN P
(s<t),if Dl > >0 ¥ ) =cPl 4+ ... then
20,y lsyt 5ty ln ’

<€(i0, Ty i57 Ty ita T 7in): h5,8+17 Ty h’t—l,t>

= <€(i0a"':isa"':ita"'ain):gs,t>
= Ce(i():"'7it:"':isa"':in)
For n < p, we have that ¢ = +]J;, i77é0 where the product is taken
ks

throughout all s < k£ < t such that i > 4, (¢ = £1 if ¢ = s+ 1). Thus, by
Lemma 2.7, H**(&,4+1) = Sp+1. The proof of the second conclusion is just

an analogue. Q.E.D.

Theorem 2.9 Forn < p, H**(U(n)) = S,@P(b;

<n), where P

is the polynomial algebra and b; ; is represented in cobar complex by

Z T(l ) [gz ,51 i sk|€sl,j ’ sk,]

where the sum is taken throughout all 1<s1<---<sx<j and ri+---+ry = p,

k= ]-:"'at_si g’i,i :gj,J =1
Similarly, for n <p, H"*(U) = S®P(b;; | 0<i<j).

Proof. We only prove the first conclusion. By the May spectral sequence
(see [4]), there is a spectral sequence E™*! converging to H**(U(n)) with
ET™"" = R, @ P(b;; | 0<i<j<n). The differential d; restricted on R, is just
the differential of R, and d;(b;;) = 0. But b;; already have representative
as given in the theorem, so d,(b; ;) = 0 for all » > 1. So, we need only prove
that S, = H**(R,) has representative in the cobar complex and thus, the

spectral sequence collapse from r = 2.
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The dual space S; of S, is naturally a subspace of the bar complex

B(U(®,)) of U(®,) defined as follows. For e*(ig,---,i,) € S, we define
e (o, -, in) = D _(=1)=* 7 TT=9 D g, o) - -+ | D(ass, )],

where the sum is taken throughout all non-zero D(ay, c;41) such that oy =
(0,--+,n) and a = (ig, - -,i,). Let I = span{[ay|---|as] | a; € U(8,), there
is at least one 0 < 7 < s such that a; is in the ideal generated by the center
of U(&,)} (ie., a; has a factor 2% ;). Then, it is obvious that I is a subchain
complex of B(U(®,)) and I NS} = 0. Therefore, I can be extended to an
acyclic subchain complex J of B(U(®,)) such that B(U(&,)) = J @& S} as
chain complexes. Dually, the cobar complex C(U(&,)) of U(&,) also has
a direct sum decomposition C(U(&,)) = J* @ S,, where J* is the comple-
mentary space of S and S, is the complementary space of J. Since I C J,
we have that S, C I the complementary space of I. By definition, I¢ =
span{[a1| - - |ag] | every a; € G(U(n)*)}, where G(U(n)*) is the dual basis of
G(U(n)). I¢is a subchain complex of C(U(n)), the cobar complex of U(n)
which is also a subchain complex of the cobar complex of U(8,,). So, S, have
representatives in the cobar complex of U(n).

Similarly, we can prove that S™* has representatives in the cobar complex
of U. In fact, it has representatives in the cobar complex of the Steenrod

algebra. This is proved in the following Theorem 2.10. Q.E.D.

Theorem 2.10 For n < p, S™* in the May spectral sequence in [4] sur-

vives to infinity.

Proof. Notice that D(«, 3) in Definition 1.3 can be naturally generalized
for n > p if |a] < p with |a| as defined in Definition 2.6. Thus, the dual
space S* of S is naturally a subspace of the bar complex B(U) of U defined
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as follows. For e*(ig,1,---) € S*, we define
e (i, i1, +) = D_(=1)S0m>TT=0[D(ag, )| - - [ D(as, @],

where the sum is taken throughout all non-zero D(ay, a;41) such that oy =
(0,1,---) and « = (dg, %1, ). Let G = {a € U | w(a) = (ig,1,- - ), there is
at least one k£ > 0 such that i, > p} and let I be the subchain complex of the
bar complex B(U) of U defined by I = span{[a,|---|a] | a; € U, there is at
least one 0 < 7 < s such that either a; in the ideal generated by the center of
U (i.e., a; has a factor %), or a; € G}. Notice that for all non-zero D(«, ),
the weight w(D(«, 8)) = (4o, 11, - - -) satisfies that i, < p for all £ > 0. Thus,
it is obvious that I is a subchain complex of B(U) and I N S* = 0 (always
at cohomology degree < p from now on!). Therefore, I can be extended
to an acyclic subchain complex J of B(U) such that B(U)) = J & S* as
chain complexes. Dually, the cobar complex C(U) of U also has a direct
sum decomposition C(U) = J* & S, where J* is the complementary space
of S* and S is the complementary space of J. Since I C J, we have that
S C I° the complementary space of I. By definition, I° = span{[a1|- - - |ax] |
every a; satisfies that w(a;) = (40,41 ---) such that 7; < p for all £ > 0},
where the weight of element in G(U*) is just the weight of its dual element
in G(U). Notice that the cobar complex C(U) of U is just the cobar complex
C(A) of the Steenrod algebra A as vector spaces but the differentials of the
two cobar complexes are different. However, it is easy to check that the two
differentials coincides on €. So, S™* has representative in the cobar complex
C™*(A) of the Steenrod algebra for n < p. So, the May spectral sequence in
[4] satisfies that By = H™*(U) = S®P(b;; | 0<i<j) (Excluding the direct
sum component with factor 7,,) and S™* survives to infinity in the spectral

sequence. Q.E.D.
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We can only prove that part of S™* represents non-trivial cohomology

classes. This is done in the next section.

3 Subspace

Definition 3.1 We call such numbers p'+---+p’~! (0 < 1 < j) neat
numbers. An equality N = N1+ ---+Ny is call a neat decomposition for N if
N; is neat fori=1,---,s and s is called the length of this decomposition. For
a positive integer N, the rank r(N) of N is defined to be the smallest length
of all neat decompositions of N. Such a decomposition is called a shortest
decomposition of N. A positive integer N is called connected with component
(i,§) for some 0 < i < j if N = Y170 app® with every 0 < a < p. Two
connected integers M and N are called disjoint if their components are (i, j)

and (s,t) such that j < s.

Theorem 3.2 7r(a+b) < r(a)+r(b) for all positive integers. Every posi-
tive integer N has a unique decomposition N = N1+ -+ +Ns with every Ny
connected and Ny,---, Ny are mutually disjoint. For such a decomposition,

we have r(N) = > 5_; 7(Ng)-
Proof. Trivial direct checking. Q.E.D.

Theorem 3.3 For a connected integer N = 3 app® with0 < m < ap < p
fork =1,i+1,---,j—1 (0<i<j) and ar = 0 otherwise, r(N) = m+N', where
N' = N—m(p'+---+p'™1).

Proof. It is obvious that we need only prove the case m = 1. Suppose
m =1and N = N;+---+N, is a shortest decomposition for N. Since a; > 0,
there must be an N, such that Ny, = p“*+---+p~! with j; > 4; and 7, = 1.
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Similarly, since a;, > 0, there must be an Ny, such that Ny, = p2+ - - - +pi2~1
with jo > 45 and 73 < j;. Going on like this, we finally have an N;, such
that IN;, = pi*+---+p*~! with 5, > i, and j; = j and 4; < j;_1. Take
N, = pi+e4p L N = phtodpith k=2, tand N} = N,
otherwise. Then, N = N{+--- N is still a shortest decomposition for NV such
that Nj = p'+---+p/~'. We may suppose k; = 1, then, N' = Nj+--- +N.
is a neat decomposition for N’ and so s—1 > 7(N'). That is, r(N) > r(N')+1.
By Theorem 3.3, r(N) < r(N')+1. So, r(N) = r(N')+1. Q.E.D.

Definition 3.4 For N = X% axp® with every 0 < a, < p and only finite
number of non-zero ay’s, a pair (s,t) is call a peak if as_1 < as, ai—1 > ay, and
as = Qg1 = -~ = a1 (we define a_y = 0). The critical value for this peak
is defined to be csy = as. For two succeeding peaks (s,t) and (u,v) (i.e., there
is no peak (i,j) such that t < i and j < u), the pair (t,u) is called a valley.

The critical value for this valley is defined to be c;,, = min(ay, - - -, ay_1).

Theorem 3.5 For any positive integer N, 7(N) = Y. ¢s1— Y €y, where

the sum is taken throughout all critical values for peaks (s,t) and valleys

(u,v).

Proof. We use induction on N. When N = 1, it has one peak (0, 1) and
co,1 = 1. The theorem holds. Suppose the theorem holds for all 1 < £ < V.
Firstly, we prove the case N is connected. Suppose the connected integer
N =Y app* with 0 < a, < p for k = i,i+1,--+,j—1 and a; = 0 otherwise.
Take m = min(a;, -+, a;_1), and N' = N—m(p'+---+p’~'). By Theorem
3.3, r(N) = r(N')+m. IF N’ = 0, then N has one peak (7, j) and ¢; ; = m.
The theorem holds. If N' # 0, by definition, N’ and N have the same set of

peaks and valleys and all critical values of N’ are less than that of N by m.
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Notice that the number of peaks is always more than the number of valleys
by 1. So, the theorem holds by induction hypothesis. If N is not connected
and N = N;+---+N; is the unique connected component decomposition in
Theorem 3.2, then the set of peaks of NV is the union of the sets of peaks of
Ny's, k=1,---,s. So, the set of valleys of N is the union of the sets of valleys
of Np’s added with those new valleys between these connected components

with critical value 0. So the theorem holds by induction hypothesis. Q.E.D.

Definition 3.6 Let Y (n) be as defined in Definition 1.2. For a =
(i, -+, in) € X(n), we define the weight of a to be |lo|| = X5 (P° + p*+' +
-+« +p71), where the sum is taken throughout all pairs (s,t) such that s <t
and is > 1. The length of « is |a| = the number of pairs (s,t) such that
s <t andis > i;. The rank of a is r(a) = r(||al])-

Theorem 3.7 For e, € S such that |a| = r(a) < p, e, represents a

non-trivial cohomology class in the cohomology of the Steenrod algebra.

Proof. It is easy to check that the representative of e, = e(ig, i1, *)
in R is [] hs with the product taken throughout all pairs (s,t) such that
s < t and i; > i;. We will prove that there is no eg[1b;; € E3™" such
that d,(egI1bi;) = eq. If so, then |leg[1b; ;]| = |leall and so, ||| = ||8]] +
> 1bijll/a (g = 2(p—1)) is a neat decomposition for ||a|. So, 3 |bi;|+|8] >
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bij|+|B] = r(a) = |a|. That is, |eg [Thi | > |eq|- This is impossible.
QED.

Even if we can not prove that all S™* represents non-trivial cohomology
classes in the cohomology of the Steenrod algebra, this theorem is also very

important. In [10], we prove that if the n-th Greek letter family element
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ag”) exists, then its representative in the May spectral sequence is &g”) =
(sf—!n)!hn,lynhn,z,n - hon(tn)®™" (hij € Ry). Specifically, the total degree for
a™ is = (1,2,---,n,0). By Theorem 3.5, r(u) = |u| = n. So, for n < p,
a{™ represents a non-trivial cohomology class even if the geometric o™ does

not exist.
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