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1 The main result
In [6], Milnor proved that the dual Steenrod algebra Aj has the following algebra structure
A;;:E(T(),'--,Tn,---)®P(§1,---,§n,-")

where F denotes the exterior algebra and P denotes the polynomial algebra and |7;| =
2 1, [&G[=2p" -2, p>3.
In [8], Smith proved that there exists a spectrum V'(n) for 0 < n < 2, p > 5 such that

as a comodule over the dual Steenrod algebra
H*(V(n)a Zp) = E(T(), Ty Tn)

In [9], Toda proved that there exists a spectrum V' (n) for 0 < n < 3, p > 7 such that

as a comodule over the dual Steenrod algebra
H*(V(n)a Zp) = E(T(), T Tn)

In recent years, the Smith-Toda spectrum V' (n) plays an important role in homotopy
theory. It is natural to ask that whether V(n) exist for n > 4. After long years of hard
work on this subject, we finally proved that V' (oco) exists for p > 5.

We first introduce some notations. For a graded module A, we use A™ to denote the

submodule of A generated by all elements of degree < n. Since any connected spectrum
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X may be considered as a 2 spectrum, we use E,(X) to denote the r-th space of X. The

following is the main result of this paper.

Main Theorem Let p > 5 be a fized prime and m be a non-negative integer, then
there exists a spectrum W (m) such that the following properties hold.

(a) As a comodule over the dual Steenrod algebra,
H, (W (m), Z,)™ Y = E(rg,- -, 7, - - -) ™+

(b) 7, (W(m)) =0 for n > m+1.

(¢c) W(m) is a ring spectrum with unit.

(d) W(m) is homotopy commutative.

(e) W (m) is homotopy associative.

(f) There exists a map py: W(m) — W(m—1) such that p,, is the (m—1) stage Post-
nikov decomposition of W (m) and py, is also an H map for m > 1.

(g9) There exists a map fm:k(Zy,1) — Ey(W(m)) such that Ey(p1) o -+ o Ei(pm) ©
fm = 1d:k(Zy,1) — k(Z,,1), where k(Z,,1) denotes the Eilenberg-Maclane space and
E.(pm): E,(W(m)) — E.(W(m—1)) denotes the natural map induced by pm,:W(m) —
W(m—1).

(h) fm:k(Z,,1) — Ey(W(m)) is an H map with respect to the loop multiplication
structure of Ey(W(m)).

In this paper, p is always assumed to be a fixed prime > 5.

Let X be a local finite connected spectrum, then it can be easily seen that there exists
a sequence of subspectrum X n =1,2 .. such that

(a) XV cXOc...cx®c...cX.

(b) X™ contains no i-cell with i>n.

(c) Every cell represents a cycle modp.

(d) The injection X (™ — X induces an isomorphism from H,(X™, Z,) to H,(X, Z,)™

The above sequence of spectra {X (™} are called the p standard CW-decomposition of

X and X™ is called the p standard n-skeleton of X. If there is no confusion, we simply



call them the standard decomposition and standard n-skeleton of X. We have that

H. (W (q(n)"™, Z,) = E(r0, -+, 70)

pn+171
p—1

where g(n) = |m -+ 7,| = 2 — (n+1). It is obvious that for p > 5, 3¢(n) < |T41| =
2pn+1_1'

We also have that for all ¢(n) < m < 2p"™ — 2,

Therefore, we have

Theorem 2. Let p > 5 be an odd prime, then for all non-negative integers n, V(n)

exists.

Since 3¢(n) < (2p™*!1—1), it can be easily seen that the multiplication map of
W (2p"t" — 2)%"7' =2 and the homotopy maps for the commutativity and associativity of
W (2p" 1 —2)%"" respectively map V (n) AV (n), V(r) AV (R)AIT, V(R)AV (R)AV (n) AT

into V(n), so we have

Theorem 3. Letp > 5 be an odd prime, then for all integers n > 0, the V(n) constructed
above 1s a commutative, associative ring spectrum with unit and the natural injection

V(n—1) — V(n) is an H-map.
Now let V(00) = UpgngooV () or 2 W (n), then it is easy to see that
H.(V(c0), Z,) = E(To,++*yTn -~ )

Since the injections V(m) — V(m+1) and W(m) — W(m—1) are all H-maps, V(00) is
also an ring spectrum with unit. Notice that V' (co) is an infinite spectrum and 7, (V (o0))
may be nonzero for infinite m’s. So we can not prove that V(oco) is a commutative or
assoclative ring spectrum.

Let E be an infinite ring spectrum. If homotopy commutativity and associativity hold

on any finite subspectrum of F, we say that E is a Q.C.A ring spectrum. We have



Theorem 4. Let p > 5 be an odd prime, then V(00) exists and is a Q).C.A ring spectrum

with unit.
Since

H*(K(ZP,O),ZP) = A;
= E(ro, Ty ) @ P(Er,+, &ny- )
= H*(V(OO), Zp) & H*(BP, Zp)

where BP denotes the Brown-Peterson spectrum and K(Z,,0) denotes the Eilenberg-

Maclane spectrum. So we have
Theorem 5. Let p > 5 be an odd prime, then
K(Z,,0) =V (c0) A BP.
So K(Z,,0) is decomposable.

Since Theorem 2 to Theorem 5 are all deduced from the main theorem, we need only
prove the main theorem. We shall prove it by induction. Suppose the main theorem
holds for m, we shall prove that it holds for m+1. We use the letter (a)mi1, -+, (€)ms1
respectively to denote (a), - -, (e) hold for m+1.

In the literatures, V' (n) is constructed from K(Z,,0) by killing all non 7;; - - - 7;,, terms.

The difficulty is that some 7;,---7;,, may not be killed in this process. It should be

noticed that all 7;,7>0 exist in k(Z,,1) and all the cohomology operationss (); are non-
trivial at the fundamental cohomology class of k(Z,,1). So, we reduce the problem of the
existence of V' (oc0) to the problem of lifting the natural map from the stable homotopy
type X" k(Z,,1) to K(Z,,0) to the Postnikov decomposition W (m) of V (co). If W (m)
is an associative and commutative ring spectrum with unit, then E(7;,---7;, ---) is a
natural subalgebra of H,(W(m), Z,). So V(00) exists. This is the main idea of the proof
of (a) to (e) which is also the first part of our paper.

If W(m) is a commutative and associativbe ring spectrum with multiplicative map

M,,, then it can be easily seen that there exists multiplicative map M,,; on W (m+1)
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such that W(m+1) — W (m) is an H-map. However, it can not be easily seen that M, 1
is commutative and associative. Notice that the difference of the different multiplicative
maps is a cohomology class of H*(W (m)AW (m)), so by studying the relations between
D(M,, 1, My, ;1) we prove the existence of a new associative and commutative multiplica-
tive map M,,.;. Since the computation needs a coefficient %, the result holds only for
p=5. The above computation is the proof of (f) to (¢g) and is the second part of our paper.

By the theory of maps from the stable homotopy type of CW-complex to spectra, we
reduced the problem of lifting the map from >"'%(Z,,1) to W (m) to the problem of
lifting the identity map of k(Z,, 1) to a map from k(Z,, 1) to E;(W(m)). The main toool
is to use Milnor’s construction B,(G) (r = 1,2) for a topological group G. To study the
relation between B, (k(Z,,1)) and B,(E;(W(m))), we introduce the minus product, plus
product and semi-mixed product of CW-complexes. Using this construction, we get the
proof of (h). This is the third part of our paper.

The next section introduces some preliminaries and notations used in our proof. We
use here twice the notion of Ext group of an algebra. Firstly, we use it to prove that
k(Z,,1) = E{(W(n)) is an H-map. Secondly, we use it to prove that W (m) is homotopy
associative. So we introduce the basic properties of Ext group of an algebra.

On page 289 of [7], D.C. Ravenal claimed in Theorem 7.5.1 that V(3) does not exist
for p = 5. His proof depends on the Toda’s result o; 37 = 0. In the appendix, we will show
that all the proofs of the statement o3 = 0 are incorrect. So, the prooof of Ravenal’s
result is also incorrect.

The author wishes here to express his gratitude to J.K. Lin and Q.B. Zheng and X.J.
Wang for their helps in our work. The author also wishes to express his gratitude to D.
Ravenal and J.P. Meyer for their pointing out some errors in our unpublished previous
works [11] and [12] about this subject.

2 Notations about spectra

Since any connected spectrum is equivalent to a {2 spectrum, any connected spectrum X

can be expressed in the following form {E,(X), A.: XE,.(X) — E,1(X),r>1} such that



(a) E.(X) is the Q space of E,.1(X) for r>1. We call E,(X) r-th space of X.

(b) A:XE (X) = E,y1(X), r=1 is the adjoint of Q(E,41(X)).

Let Y be a CW-complex. We use Y to denote the stable type] {ZY, X2Y, ..., 7Y, ...},
then there is a natural isomorphism between 7[X"Y, E,(X)] and 7Y, X], r>1. Let f: Y —
E,.(X) be a map, we use Y f:2"Y — X to denote the map of spectra determined by
f.

Let X;, X5 be two connected spectra, f: X; — X, be a map. For r>1, we use
E.(f): E.(X;) = E.(X3) to denote the map of space determined by f.

3 Properties of homology groups of algebras

Let M be a commutative and associative graded algebra over Z, with unit. We use M to
denote the kernel of the augmentation ¢ of M . We denote

C(M)=M®---@ M

n copies

We define 0, ;: C,(M) — C,,_1(M) by that for z,--,x, € M,
8n,,(x1®®xn)=$1®®xz_1®xzxz+1®®xn

and define 9,: C,,(M) — Cn_1(M) by 0, = X7 (=1)i719,; for n>2 and 9; = 0, then
Ci(M) = {Cy(M),0,,n> 1} is a chain complex. The dual C*(M) = {C:(M),0),n> 1}
is a cochain complex. We call H, ,(C.(M), 0,) and H**(C*(M), 0*) respectively the Tor
and Ext group of M and simply denote them by H, (M) and H**(M). Notice that
the tensor product from Cj, (M) ® Ci(M) — Cp, .. (M) makes C*(M) a DGA and thus
H**(M) is an algebra over Z, and H, (M) is a coalgebra over Z,.

For two commutative associative graded algebrs M and N over Z, with unit, the
tensor product (over Z,) algebra M @ N is also commutative and associative. By using

the tensor product of projective resolutions of M and N, we have that

Proposition 3.1



where the tensor products means the tensor product of coalgebras and algebras respectively.

Let E(7) be the exterior algebra generated by 7 with |7| an odd number. A direct

calculation shows that

Proposition 3.2 H, ,(E(7)) = P(1)*, where P(7)* is the dual of the polynomial algebra
P(7). P(7)* has a basis ™" = {7 ®---® 7,n>1} with the coalgebra map A defined by

. n—folds
A(Th) =St 1t @
Since E(1g,«*,Tn,*-*) = E(10) @ -+ - ® E(1,,) - - -, we have
Proposition 3.3 H, .(E(10, -+, Tn,+*)) = P(10)* @+ ® P(7,)* - - -

Let T(xz) = P(x)/zP be the truncated polynomial algebra generated by x, a known

result is that

Proposition 3.4 H, .(T(z)) = E(y)* @ P(z)*, where y is represented by x in C.(M)
and 2" in P(2)* is represented by 2 ® 3" @ -+ - @ x @ 2P~ in C(M).

;‘rlds
It is well-known that the algebra H,(k(Z,,0), Z,) = E(v)®(®ogi<ool (upi)*), where v €
Hi(k(Zy,1), Zy), upi € Hopi(k(Z,, 1), Zp), B(u1) =

So by the previous propositions, we have

v (5 denotes the Bockstein operation).

Proposition 3.5
He o (Ha(K(Z5, 1)) = P(3)" Qocicoo (E(w:) ® P(2)")

where y; is represented by u, in C.(H.(k(Zy,1))) and 2 in P(z;)* is represented by
upi®uﬁfl®---®upi®ugi_l-

n— folds

4 The case m =0

We prove that the Main Theorem holds for m = 0. In this case, we take W (0) = K(Z,,0),
then E,(W(0)) = k(Z,,1), and we take fo = id:k(Z,,1) = E1(W(0))=k(Z,1). It is
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obvious that (@) to (h)o hold.

5 Comodule H,(W(m), Z,)

From now on, we always assume that the Main Theorem holds for m. In this section, we
prove that H, (W (m), Z,) contains a subalgebra E(7g,-- -, T, - ).
Now fm:k(Z,,1) — Ei(W(m)) induces a map S~ f,:X"1k(Z,,1) — W(m). Let

(Fn)« (B (upi)) = 7. Since p;1 -+« pu S 1(fn)): 1 (k(Zp, 1) — W(0) is the fundamental

m

cohomology class of ¥1k(Z,,0), it follows from [6] that (p;---pm)«(7]) = 7. Since

7

Toy - ", Tn, - - - generate an subalgebra E(rq,---,7,,---), we have

Proposition 5.1

--- generate an exterior algebra E(7{,---,7},---).

(a’)T(I))"':TI s Tps

n?

() BOW (m), Z,)*) = E(rh, -+ ), - --)m4D).

)y Ino

6 The proof of (a)m11,(0)me15(¢)ma1

Let X,Y be two spectra and f: X — Y be a map. We use C(f) to denote the map cone
C(X)UY. For acH™(X, Z,), we also use o to denote the map from X to K(Z,,m)
determined by «.

Suppose the Main Theorem holds for m, it follows from Proposition 5.1 that there
exists a set of cohomology classes {a;€H™?(W (m), z,) | 1<i<s} such that

(a) < oy, E(rh, -+, 7l )™+ 5= 0,1 < < s,
where <, > denotes the Kronecker dual product.

(b) aq, - -, a are lineraly independent.

(c) dim(H. (W (m), Z,)™*D [ E(rg, - -+, 7, ) ")) = s

We call ay,---, a5 the Postnikov invariant of W (m + 1) (it is possible that s is 0),
then oy V- - -V ay define a map a: W(m) —>f((Zp,m+2) v---\/K(Zp,m—i—Q)J, we define

s—folds

W(m+1) = 210(«).



It can be easily seen that the following is a cofibration sequence

W(m+1) - W(m) > K(Zy,m+2)V---VK(Z,,m+ 2)

s—folds

Let pmi1: W(m + 1) — W(m) be the natural injection. It follows from the above

conclusion that

H, (W (m), Z,)"?)
= B(r,-qh, )

y» 'mo

~ E(T(),"',Tn,"')(m+2)

and 7, (W (m+1)) = 0 for n > m+1 and p,,4; is the (m+1) stage Postnikov decomposition
of W(m+1). So (a)m+1,(b)ms1 holds.

Now we prove that W(m + 1) is a ring spectrum with unit.

Let M,,:W(m) A W(m) — W(m) be the multiplication map of W(m) with unit.
Consider the following diagram

W (m+1) AW (m+1) ™8 W (m) AW (m)

7 M, |
W (m+1) gan W (m) 5 Vs copies K (Zp, m+2)

Since (M)« (pmi1 A pms1)sHmao (W (m+1) AW (m+1), Z,) C E(7, - --)™F2), we have
that ()« (M)« (Pms+1APm+1) s Himpo (W (m+1)AW (m+1), Z,) = 0, 0<i<s, that is, we have
map equality &o M, 0 (pm+1Apmi1) = 0. Therefore, there exists a map M), ;: W (m+1)A
W(m+1) — W(m+1) such that ppi1 0 M), ., = My o (pmi1APmi1). But we do not
know whether M] ., is a multiplication with unit. Since My |soaw(m) = id|w(m) and

M| wmyase = id|wm), we have that
P (M1 | soaw (ms1) — id|wma1)) =0
P My 1 lwmanse — 1dlwme1)) =0

Thus, there exist cohomology classes a, 3 € H" ™ (W (m + 1), Tyt (W(m + 1)) such
that



M;n+1 |SO/\W(m+1) —id = ja

M,,In+1‘w(m+1)/\50 —id = ]ﬁ

where j: K(7y41(W(m+1)), m+1) — W{(m+1) denotes the natural injection. Now we
define
M1 = My — §(S5 A a) = (B A Sp)

m

then it is easily seen that M,,; is a multiplication with unit and p,,,: W (m+1) — W(m)
is an H-map with respect to M, 1 and M,,. Thus, (¢)n+1 holds.

7 Differences of homotopy

First, we construct some spectrum.

Since S? is a co-H-group, let 6: S? — S?V S2% be the cogroup map. Let p: S? — S? be
the inverse —id of id: S? — S? and 7: 5% V S? — S? be the map such that the restriction
of it on every summand S? is the identity map. It is obvious that 7o (id V p) 0 §: $? — S?
is homotopic to the constant map, so it can be extended to a map L: C'(S?) — S2.

Let X be a spectrum. Since X = ¥?(X72X) = (X 72X A S?), X inherit a co-structure
from S2. We also use p to denote the map (id)Ap: X=X "2XAS5% — L 2XAS?=X. Then,
the map 7(id V p)d: X — X also can be extended to a map (id A L): 72X A C(S?) —
Y2ZXAS?=X.

Let f: X — Y ba a map of spectra. It can easily be seen that the following diagram

1s commutative

cx) 4 x
1 \J
cy) & v

As usual, we use ST to denote circle with an added base point *. Notice that X A ST

and X A S' = XX are two defferent spectra.

Proposition 7.1 X A S'* and XX V X are of the same homotopy type.
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Proof. Notice that X = (X7'X)AS?, so we need only prove that space S' A S'* and
S? v St are of the same homotopy type. This is a direct checking. Q.E.D.

Now let f,9: X — Y be two maps of spectra. If there exists a map H: X A I such
that H|xxo = f, H|xx1 = g, then we say that H is a homotopy from f to g. Let H, H'
be two homotopies from f to g, then H and H' define a T: X A S'* — Y as follows.

T‘X/\I;L =H
T|X/\I;r =H'

where we regard S' as the quotient space I} Ul,/ ~ (I, = I, = [0, 1]) by identifying {0, 1}
of I with {0,1} of I. Let F:¥X — X A S'* be the composite of the natural injection
from X to ¥X V X and the map from ¥X V X to X A S't, then TF is a map from
Y X to Y. We call TF the difference of H and H' and denote it by d(H, H'). Homotopy

extension theory shows that

Proposition 7.2 Let f,g: X — Y be two maps and H a homotopy from f to g, then for
any map a: X — Y, there exists a homotopy H' from f to g such that d(H, H') = «.

We also call H' the sum of H and a and denote it by H + a = H'.

If X is a CW-complex and Y is a topological group, f, g: X — Yare two maps and H
and H' are two homotopies from f to g, then we define d(H, H')(x,t) = H'(x,t)(H (x,t)) L.
It is obvious that d(H, H')(z,0) = f(z)f(z)™' = yo = g(z)g(z)~' = d(H, H')(x, 1) where
Yo denotes the unit of Y. So, d(H, H') can define a map from ¥X — Y which we still
denote by d(H, H').

Let X be a finite spectrum and Y be a connected spectra. It can be easily seen
that the problem about the homotopies from FE,(X) to Y can be reduced to the problem
of homotopies from F,(X) to E,(Y) for r sufficiently large. Since E,(Y") is homotopy

equivalent to a topological group, we can use d(H, H') to define d(H, H') and by this

definition, we have the following proposition

Proposition 7.3 Let X, Y be two spectra, f,g: X — Y be two maps. H and H' are two
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homotopies from f to g. 5,5:3XX — Y be two maps, then

d(H + B, H" + ') = d(H,H") + ' - B.

Proposition 7.4 Let X, Y be two spectra, f,g: X — Y be two maps. H and H' are
two homotopies from f to g. Then a necessary and sufficient condition for d(H,H) = 0
1s that one of the following condition holds.

(a) H=~ H' rel X AN{0,1}.

(b) The map T: X A S** defined above may be extended to a map from X A (C(S))*+
toY.

Let X, Y be two spectra and A be a subpectrum of X. f,¢g: X — Y are two maps
such that f|4 = g|a. If f =~ g relA, that is, there is a homotopy from f to g such that
H(ant) = f(a) for all a € A and 0 < t < 1, we say that H is a stationary homotopy from
f to g relA or f and g are stationary homotopic relA. We use f: AAIT to denote the
homotopy defined by f(aAt) = f(a) for alla € A and 0 <t < 1. Let H be a homotopy
from f to g such that f|4 = g|a, then d(H|an+, f) is defined and is a map from XA to

Y. If d(H|aar+, f) = 0, we say that H is a quasi stationary homotopy from f to g relA

or f and g are quasi stationary homotopic relA. Then, we have the following proposition

Proposition 7.5 Let f and g be two quasi stationary homotopic map relA, then
(a) f and g are stationary homotopic relA.
(b) The quasi stationary homotopy H from f to g relA is quasi stationary homotopic

rel XAOT U XAL1T to a stationary homotopy from f to g relA.

Proof. (a) follows from (b). (b) follows from the homotopy extension property with
respect to pair XAI™, the subspectrum XA0T U XA1T U AAIT and the map H Q.E.D.
Let H, H' be two quasi stationary homotopy from f to g, then d(H, H') is defined and

is a map from XX to Y. It can be easily seen that the following proposition holds.

Proposition 7.6 Let H and H' be two quasi stationary homotopies from [ to g relA,
then
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(a) d(H,H')|s4 =~ 0.
(b) Let a: XX — Y be a map such that a|s4 =~ 0, then H+« is also a quasi stationary
homotopy from f to g relA.

For the convenience of later use, we consider d(H, H') as a map from XX to Y.

Let H be a homotopy from f to f. In what follows, we use d(H) to denote the map
d(H, f): XX — Y, where f denotes the stationary homotopy from f to f relX. It can
be easily seen that for maps f,¢: X — Y and homotopies H, H' from f to g, we have
d(H,H') = d(H — H'), where H — H' denotes the homotopy from f to g defined by

o [ H(zn2t) 0<t<s
(H — H)(zAt) = { H'(zA2(1 —1t)) 3<t<1

8 Cochain of differences

Let X, Y be two connected spectra, {X™) m>0} be the usual CW decomposition of X.
Let f, g: X — Y be two maps and H a homotopy from f|x(m) to g|xem). As usual, we define
the cochain D(f, g, H) of difference of f and g as follows. Let a be a (m+1) cell in X(™+1),
using the ordinary orientation we have that aAOTUd(a)AIT UaAl™ is a (m+1) sphere, so
fla = flaro+s 9la = glanr+ and H|genr+ define an element D(f, g, H)|s € Tmy1(Y). Thus,
D(f,g,H)eC™ (X, mpmy1(Y)). It is obvious that D(f, g, H) depends on the homotopy
H.

Now we study the relation between D(f, g, H) and the difference of homotopies. Let =
be an (m+1) cell in X(™+1) then 2 may be considered as an element in 7,1 (X ™1, X (™).
As usual, we use 0: Tpy1 (XD, X)) — 7 (X)) to denote the boundary operation
of relative homotopy group. For z€C,,,1(X), we also use O(x) to denote the elements in
T (X ™).

It is obvious that D(f, g, H) is a cocycle. We also use D(f,g,H)* to denote the
cohomology class and call it the cohomology of difference of f and g with respect to H.
Obviously, D(f, g, H)* depends on the homotopy H. In the following, it is assumed that
pm.(Y) = 0. We call such a spectrum p spectrum. Let x€H,,11(X, Z,), then  may be

considered as a linear combination of (m+1) cells. Let H' be another homotopy from
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f to g, it may be assumed that o = d(H, H'). Since on z A 0", z A 1%, H and H'
coincide, so D(f, g, H) and D(f, g, H') differ only on Ox A I'*. It can be easily seen that
D(f,g,H')(z) = D(f,9,H)(z) + a.(0(z)). Tt should be noticed that d(x) is uniquely
determined modp in 7,,(X™). So, ., (0(x)) is also uniquely determined.

Let 0: (X)) — Y be a map. We define ¥(0) € H™ (X, w1 (Y)) by %(0)(z) =
0.(0()) € Tmy1(Y)) for z € Hypy i (X, Z,)-

Let G be the subgroup of H™ (X, 7,41 (Y)) generated by all ¢(8) with §: S X ™) — Y
We define D(f, g)* to be the set {D(f, g, H)*} with H taken over all the homotopies from

f to g. It can be easily seen that D(f, g)* is a coset modG. We have

Proposition 8.1 Let D(f, g)* be as defined above, then

(a) D(f, g)* is uniquely defined by the homotopy classes of f and g.

(b) A necessary and sufficient condition for f and g to be m+1 homotopy is that
D(f,g9)* =0 modG.

Let A be a subspectrum of X and f,¢9: X — Y be two maps such that f|4 = g|a. Let
H be a quasi stationary homotopy from f|ym) to g|xwm) relA™) then it can be easily seen
that D(f, g, H)|aom = 0. So D(f, g, H) € H""(X, A, Tppy1 (Y)) = HH(X/A, Ty (V).

Let f: X — Y be a map of spectra, H be a homotopy from f|ym) to f|xwm. It can

be easily seen that D(f, f,H)|. = d(H).(0(a)) for any (m+1) cell a in X. If d(H) =~ 0,
then D(f, f, H)|, = 0, so we have the following proposition

Propostion 8.2 Let f and H be as above. If d(H) = 0, then D(f, f,H) = 0.

Let A be a subspectrum of X, f|4 = g|a, and H be a quasi stationary homotopy
from f|xm) to g|xmm relA(™ then it can be easily seen that D(f,g, H)|sony = 0, so
D(f,g,H) € H" (X, A, w41 (Y)) = H"HX/A, g1 (V).

9 W(m+1) is a commutative ring spectrum

For any spectrum W, we use W AW — W AW to denote the map switching the two
factors. Then, the statement that M,, ., is homotopy commutative is equivalent to that
Mm+1OT = Mm+1- Since SO/\W(m+1) = W(m+1)/\50 = W(m+1), Mm—{—lT‘SO/\W(m—I—l) =
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Myialsoawmery = id and My (1T wmanase = Mpgi|wmenase = id. So we have
Mm+1T|W(m+1)/\50v50/\w(m+1) = Mm+1‘W(m—l—l)/\SOVSO/\W(m—H)-

In the following part of this section, we use X to denote W(m~+1) A W(m+1), A to
denote the subspectrum W(m+1) A S® Vv S® A W(m+1). Then, (d),;+1 is included by a

stronger proposition.

Proposition 9.1 Suppose (a) to (c) hold for m+1 and (d),, holds, then there exists a
multiplication My, 11: X — W(m+1) such that
(@) Mp,11 has a unit.

b) M,,+1 and M,, 1T are quasi stationary homotopic relA.
+ +

Using the standard CW decomposition, we have that W (m-+1)™+2) is obtained by
killing (m+2) dimensional cohomology classes v, - - -, ag. So W (m+1)™+D = W (m)(m+1),
It follows from the induction hypothesis that there exists a multiplication with unit
My i1: X — W(m+1) and a quasi staionary homotopy H from M, 1| xm) t0 My 1T xm)
relA™. So D(My,41, My T, H) is defined. In order to prove Proposition 9.1, we need
only prove that D(M,, 1, M, 1T, H) = 0.

First, we state some T-properties of homotopy. Let X, Y be two spectra, f,g,h: X —
Y be maps with H; a homotopy from f to ¢ and Hs a homotopy from g to h. We use
H,+H, to denote homotopy defined by
2% reX

(Hi+H)(z Ath) = { Hy(z A (20)7) Oj

Hy(z A (2t —1)T)
We use —H to denote the homotopy from ¢ to f defined by (—H)(z Att) = H(z A
(1 —t)*). Suppose H: (W (m+1) A W(m+1))™ A It — W (m+1) be a homotopy from
Mm+1 to Mm+1T, then H o T is also a homotopy from Mm+1 to Mm+1T, where T =
T A (id): (W (m+1) AW (m~+1))™ A TT — (W (m+1) AW (m-+1))™ A It. We have the

following proposition.

Proposition 9.2 There ezists a quasi stationary homotopy H from M |y m) to My 1T | xm)
relA™ such that d(H,—HT) =~ 0.
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Proof. Let H be a homotopy from M, 1|xwm) to My 1T|xwm. In general, we do
not know whether d(H,—HT) = 0. However, d(H,—HT) is a map from Z(W (m+1) A
W (m~+1))™ to W (m+1), so

d(H,—AT) o (ST) = d(AT, AT®) = d(AT, ).

It can be easily seen that d(HT,—H) are obtained from D(H,—HT) by moving the point
eo in S! to e;. Now the honotopy class of d(H,—HT) is independent of the choice of ey
and e;. It can be easily seen that H can be extended to a quasi stationary homotopy rel A
from M to MT on X. We define a new quasi stationary homotopy H from M, 1|xm) to
M1 T | xomy 1elA™ by H = H + 1d(H,—HT), then it is obvious that d(H,—HT) = 0.
Q.E.D.

Proposition 9.3 Let H be a quasi stationary homotopy from My, 11 to My T and
v € HOH (W (met 1) AW (M+1), Z,), D(Misr, My T, HY -z = =D (M, M T, H)*-
T,(z), then it is equivalent to the statement

D(Mm-l-l: Mm-l-lT: H)* =-T" (D(Mm-l-la Mm+1T7 H)*)

Proof. It follows by definition of D(M,,;1, My, 1T, H) and Proposition 9.1. Q.E.D.
Now we prove Propostion 9.1. For a general M, : (W (m+1) A W(m+1))1) —
W (m+1) with unit, we do not know whether D(M,,,1, M, 11T, H) = 0. However, we can

define a new multiplication M, ; with unit by
- 1 -
Mmy1 = Mmi1 —jo ED(MmH’ My 1T, H)
where j: K(WWH(W(m—i-l)), m+1) — W{(m+1) denotes the natural injection. It should

be noticed that W (m+1) is a p spectrum and 7,1 (W (m+1)) is a Z, vector space, that
is, €2y, 50 3D (M1, M1 T, H) is defined. It is obvious that

D(Mm-Ha MM-I-lTa H)
= D(Mm+1: MWH-IT: H) - D(MWH-la MTIH-ITa H)
=0
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10 W(m+1) is an associative ring spectrum

In this section, we always assume ¥ = W(m+1), X = YAYAY and A = S°AYAY U
YAS'AY UYAY AS.
Since SOASPAY =Y. SOAYAS? =Y, YAS°AS? =Y and that M,,,; is a multiplica-

tion with unit, so

M1 (A M, 11) | $0AS0AY USOAY ASOUY ASOASO
= Mpi1(Mmi1/AId)| 504500y USOAY ASOUY ASIASO

Similarly, we have Mm+1(id/\Mm+1)‘SO/\Y/\Y == Mm+1‘Y/\Y - Mm+1(Mm+1/\id)‘SO/\Y/\Y. SO
we have that M, 1(idAM11)|a = My (Myi1Aid)[ 4. Then, (€);,41 is reduced to a

more stronger proposition.

Proposition 10.1 Suppose (a)m+1 to (d)my1 hold and ()., holds, then there exists a
quasi stationary homotopy relA from M, 11 (1AM i) to M1 (M1 Aid).

Proof. We prove by induction. It is obvious that Proposition 10.1 holds for m=0.
Since in this case W (1) = W (0 = K(Z,,0), we may suppose that m>0. Let M,,,;: YAY —
Y be a commutative multiplication with unit. By the induction hypothesis, there is a quasi
stationary homotopy H from M, 1 (idAM,11)|xom) 10 My y1 (M1 Aid)| xomy Tel A So,
D(M 1 G(AAM y41), M1 (M1 Aid), H) is defined. For simplicity, we use zy to denote
Mi1(xAy) and analogously z(yz) to denote M, 1(xAMy.1(yAz)) and so on. Then
D(M 1 (dAM,41), My (M1 Aid), H) can be expressed as D(x(yz),z(zy), H). Be-
fore the proof of Proposition 10.1, we state the relation between D(x(yz), 2(zy), H) and
the action of the group Zs on the factors of X.

Let P,T: X — X be the maps defined by P(zAyAz) = yAzAz, T(zAyAz) = zAyAz,
z,y,z €Y. T:YAY — YAY be the map defined by 7(zAy) = yAz. Let G be the quasi
stationary homotopy from zy to yz relS°AY U YAS?. In what follows, we use z,vy, 2
respectively to denote the element of the first, second and third factor Y of X. Since
((xy)/\z) Aid is a map from XAI* to YAYAIT, so G o ((zy)Az)Aid is a homotopy from
(zy)z to z(zy) on X(™. Let

Ji = H—i—Go(((xy)/\z)/\id)
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Jo = Ho(P/\id)-i—Go(((:ry)/\z)/\id)
Jy = Ho(P?Aid) + Go(((zy)Az)Aid)

, then J is a homotopy from z(yz)|xm) t0 z(xy)|xm) and Jo is a homotopy from z(zy)| xm)
to y(rz)|xwm) and Jj is a homotopy from y(zz)|xm) to (yz)|xwm . Notice that G is defined

on YAYAIT, so we have the following proposition.
Proposition 10.2 D(z(yz), (zy)z, H) = D(x(yz), z(zy), J1)-

It is obvios that J;+Jo+J3 is a homotopy from z(yz) to xz(yz), we have the following

proposition.
Proposition 10.3 Ji+Jo+J5 is a quasi stationary homotopy rel A™

Proof. Since (SPAYAY )™ = (YAY)™ | we have

Ji + Jo + T3l (sony avymar+
= (Mm+1+G+Mm+1+Mm+1+GO(T/\id)+Mm+l) |y Ay AT+
= (G+GO(7—/\1d)) ‘Y/\Y/\]-i-

It should be noticed that the symbol M,,,; in the above equality is the stationary
homotopy from M, .1 to M, relY AY.

Now by Proposition 9.1, G + Go(TAid): SSAYAYAIT — Y is a stationary homotopy
from yz to yz rel(SASAY AITUSPAY ASPAIT), by the same argument as above we have
that (Ji4+Jo+J3)[Y A" YALT is a stationary homotopy from zz to zz rel(SOASCAY AT U
SOAYASOAI*) and that (Jy+Jp+J5)[YAYAS°MT s a stationary homotopy from zy to zy
rel(Y ASPASOATT U S°AY ASPAIT). Therefore, the sum of above mentioned homotopies
satisfies that d(Ji+Jo+J3]4m)) = 0 and J1+Jo+J3 is a quasi stationary homotopy from
z(yz) to z(yz) relA(™ on X,

Since (PAid) induces a map from XAI* to itself and (PAid) also induces a map from
Y X to itself, we also use P to denote the map induced by (PAid). We have the following

proposition.
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Proposition 10.4 The following diagram is homotopy commutative.

E(X(m)) d(J1+_J2)+J3) vy
| P Lid
E(X(m)) d(J1+_JZ)+J3) Yy

Proof. Since d(.J; + J,+ .J3)oP is obtained from d(J; + .J,+.J3) by removing the point
e of S in XASt, we have d(J; + Jo + J3)oP ~ d(J, + Jo + J3). We use T to denote
the map XX — XX to denote the map induced by the map TAid: XAIT — XAIT. Tt is
obvious that Jio(7Aid): XAIT — Y is a homotopy from z(yzx) to z(yz), so Ji+J10(TAid)

is also a homotopy from z(yz) to z(yz). By the same argument as above, we have

Proposition 10.5 The following diagram is homotopy commutative.

E(X(_m)) d(Jl—I—JlO T/\id)) Y
| T Lid
E(X(m)) d(.]1+J10 T/\ld)) Y

In what follows, for any homotopy H: X(™AIT — Y from z(yz) to z(xy), we always
use Ji, Ja, J3 to denote the homotopy defined above. We have the following proposition

Proposition 10.6 There ezists a homotopy H from z(yz) to z(xy) on X™ such that
(a) d(J1 + Jo + Jo) = 0.

(b) d(J1 + J1 o (T'Aid)) = 0.

(¢) Jy + Jo + Js is also a quasi homotopy from z(yz) to x(yz) relAT™.

Proof. For a general homotopy H from z(yz) to (zy)z on X we do not know
whether d(J; + J; + J;) &~ 0. Since p>5 and Y is a ring spectrum with unit, 7(2X ™) Y)
is also a Z,-vector space. Thus, %d(Jl + Jy + J5) is also a homotopy class from X to Y.
We define a new homotopy H' = H—3d(J; + J; + Jo). Let Ji, Jj, J§ be the homotopies
defined above for H', then

d(Ji + Jy + J3)
::ﬂh—?%&b+hﬂdréPWA+b+m+h—éWWA+h+M)

1
=dM+h+m—gWL+b+m+ﬂL+b+m+ﬂh+b+M)
=0
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Then we set H = H — d(H + H(TAid)). By the same argument as above, we have
d(J1 + Jio(TAid)) & 0. Tt is also easy to check that d(J;+Jo+J3) & 0.

It is obvious that Jy+Jo+J3 is also a quasi stationary homotopy from z(yz) to z(yz)
rel A(™) . Tt follows from Proposition 7.6 that

Proposition 10.7
(@) D(z(yz), 2(zy), J1)+D(2(zy), y(22), Jo)+D(y(27), z(yz), J3) = 0

(b) Leta€ Hyi(X,Zy), then
D(z(y2), z(zy), 1) ot D(z(y2), 2(2y), J1)

T.(a) = 0

It is obvious that (a) is equivalent to (1 4+ P* + P*)D(z(yz), 2(zy), J1) = 0 and (b) is
equivalent to (1 + 7*)D(z(yz), z(zy), J1) = 0.
It can be easily seen that all the homotopy from z(yz) to (zy)z on X (™ just mentioned

above are quasi stationary homotopy relA™. So we have

D(z(yz), z(zy), J1)
= D(z(yz), z(zy), H)
-0

H., (A7ZP)

H*(A,Zp)

since A — Z — (Y/SOA(Y/S®)A(Y/S?) is a cofibration sequence. By the collapsed exact
sequence mentioned above we have D(z(yz), z(xy), J1) C H*((Y/SY)A(Y/S®)A(Y/SY),
Tm+1(Y)). Since my,41(Y) is a Z,-vector space, we define 6,: C™*(H. (Y, mm41(Y)) —
C " o (H (Y, 1 (Y)) and D(x(yz), z(zy), J1) € C*>™ 2(H(Y), Tmi1(Y)), so we can de-
fine 03D(x(yz), z(xy), J1) and have the following proposition.

Proposition 10.8 63D(z(yz), z(xy), J1) = 0.
Let W = YAYAYAY and Ag,l, Ag,g, A3’3, A3’42 W — X be the map defined by

Ag1(anbAend) = (abAcAd)

Az a(anbAcend) = (aAnbeAd)
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Az z(anbAcAd) = (aAbAcd)

Ag 4(anbAeNd) = (danbAc)

where a, b, ¢, d respectively denotes the element in the first, second,third and fourth factors
of W. Then d3 = (A3, — A3, + A3 3),

Let a():W — W{(m+1) be the homotopy class of the map a(b(cd)). Since z(yz) =~
(zy)z holds on X ™ and W (m+1) is homotopy commutative, we have a(b(cd)) ~ a((bc)d) ~
a(b'(dd')) ~ (V(cd"))a holds on W™V Since 7, (W (m+1)) = 0 for n > m+1 > 0, we
have a(b(cd)) ~ a(t/(¢d")) =~ (V'(¢'d’))a on W for any permutation (¢',¢,d’) of (b,c,d).
Therefore, a(b'(cd')) and (¥ (c'd"))a both belong to the homotopy class af].

In the folowing part of this section, we use S to denote d3(D(z(yz), 2(zy), J1)). Then

S
= (A1 — A3, + Aj5)D(x(y2), 2(zy), J1)
= D((ab)(cd),d[], Jio(As1Aid))
—D(a[],d[], Jio(As2Aid))
+D((al], (ab)(cd), Jio(Ajz3Aid))
For simplicity, we omit the homotopies in D since there is no confusion. So S may be
expressed as D((ab)(cd), d[]) + D(d[], a[]) + D((a[], (ab)(cd)).

We use @ to denote the expression D(z(yz), z(zy))+D(z(zy), y(zz))+D(y(2x), x(yz)),
then @ = 0. So we have Agﬂ-(Q) = 0 for 1<i<4. So we have

D((ab)(cd), d[]) + D(d[], c[]) + D(c[]; (ab)(cd))

= 23:(Q) =0
D(a[], d[]) + D(d[], (bc)(ad)) + D((bc)(ad), al])
= A§2(Q) =0
D(a[], (a )( d)) + D((ab)(cd), b[]) + D(8[], a[])
= A33(@) =
D((be)(ad), C[])+D(C[] b1) + D(¥[], (bc)(ad))
= A§4(Q)
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Let L: W — W be the map defined by L(aAbAcAd) = (bAcAdAa), where a,b,c,d
respectively denotes the elements of the first, second, third and fourth factors of W.
Then,

L*(S) = D((be)(da), c[]) + D(c[], d[]) + D(d[], (bc)(da))
L*(8) = D((ab)(cd),b[]) + D[], c[]) + D(c[], (ab)(cd))
L*(8) = D((be)(da),a[]) + D(al],b[]) + D(b], (bc)(da))

It is a directing that

S+ L*(S)
= L*(S)+ L¥(S)
= D(c[]e, d[]) + D(d[],a[]) + D(a[], b[]) + D(b]],¢[])

((21 A3) = A34) (D((yz), 2(xy)) + D(2(zy), y(22)) + D(y(zz), 2(y2)))

= L*(S)+ LQ*(S) + L3*(S) -5
So we have

L*(S) 4+ L**(S) + L*>*(S) - S
= L™(S)+ L*(S)+ L™(S) - S
= S+ L*™S)+L*(S)-S
= 20%(S) =0

Since p>5, Tm41(W(m+1)) is a Z,-vector space, we have L*(S) = 0. Therefore, S =
L**L?*(S) = 0. Thus, Proposition 10.8 is proved. Q.E.D.

Now we state the relation between the changing of multiplication M,,,; and the
cohomology class D(z(yz),z(zy)). Let u € H" " YAY, mny1(Y)), u - H"(S°AY U
YASY Z,) = 0, that is, u € H*""H(YAY/SAY U YAS?, 7,11(Y)), then u represents
a map from (YAY) to the fibre K (7, 1(Y), m+1). Let j: K(mpme1(Y),m+1) = Y be the
natural injection, then we define My, 1: YAY — Y by M ., = M1 +jou: YAY — Y,
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Since u - H™(S°AY UYAS?, Z,) = 0, M}, is a multiplication with unit. If 7*(u) = u,
where 7:YAY — Y is the map defined by 7(zAy) = yAz, since M,,,; is commuta-
tive, then it can be easily seen that the new multiplication M, ., is also commutative.
It should be noticed that M, .|y ayym) = Mmi1lpyayym, so the value of multiplica-
tion M, ., only differs from M,,;; on the m+1 cell on YAY. To avoid confusion, we
use D(z(yz), 2(zy), Myuy1) to denote the cochain of difference with respect to the same
homotopy on W (m). We have the following

Proposition 10.9  D(z(yz), 2(zy), M}, 1)—D(z(yz), 2(zy), Mimi1) = —6a(u),
where 6y: C**(Hy (Y, Zp), Tms1(Y)) = C**(Ho (Y, Zp), Tms1(Y)) is the coboundary opera-
tion defined in section 2. So the cohomology class D(x(yz), z(xy), M;,.,) is independent
of the choice of M, ;.

Let T: X — X be the map defined by T(xAyAz) = (zAyAx), then we have the

following
Proposition 10.10 Let u € H" (Y, w0 1(Y)), then do7*(u) = —T*2(u).
Proof. Let o, 8,7 € H.(Y/S, Z,), |a|+|8|+|7| = m+1, then

T 02 (NBAY)
= (=DNPgyAq — (1) FIMyAaB

0o (ABAY)
= (=18 (yABAQ)
= (=17 (yABa —yBAa)
= (_1)|aH7\((_1)|allﬂ\7/\a5 — (—1)|’H”7|5’Y/\04)
= —T.02(aNBAY)

Therefore, 7,0, = —0,7*. Dually, we have do7*(u) = —=T*5(u). Q.E.D.
Now we prove Proposition 10.1. First, we prove that there exists a multiplication M,, 1
such that D(z(yz), 2(zy), Mymi1) = 0. Since H.(Y, Z,)™*? = E(7g,-++, T, -+ ) ™2 we
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(m+2) (m+2)

have H, , (H.(Y, Z,)) =H,.(E(ro, -+, 7m,--)) . Notice that

H*,*(E(To,---,fn,---)) =P(1)® - @P(7,) - - -

We divide the proof into the following cases.

If there is no integers 1,7, k>0 such that m+1 = (2p'—1)+(2p?—1)+(2p*—1), then
H3™2(E(70, Ty +)s Tmt1(Y)) = 0. So D(z(yz), 2(zy), Myi1)* ~ 0 in C*(H.(Y, Z,),
Tms1(Y)) = C*(E(70,**, Ty +)s Tma1(Y)) and there is u € H™(Y/SAY /S 71 (V)
such that D(z(yz), z(xy), Mmy1) = 02(u), then 7*(5(u+7*(u)) = 3 (u+7*(u)). We define
a new multiplication My, 1: YAY — Y by My, = My y14jog (u-+7(u)), then it follows

easily that M,,,; is also commutative. We have

D(z(yz), 2(zy), Mm41) — D(x(y2), 2(xy), Mmy1)

1 1,
= —62(§U+§T (u))
1

= - (8(u)+6(r*(u)))
1

= _<§D($(yz):z($y)a]\7fm+1)) - (—T*D(x(yz),z(xy),Mm+1))

= (300 (2). 2(a9), 1)) ~ (3 D(o(y2), 2(29), V1)

= —D(z(yz2), 2(2y), Mp11)

Therefore, we have D(z(yz), 2(zy), Myi1) =0

If there exist integers 4, j, k>0 such that m+1 = (2p'—1)+(2p’—1)+(2p*—1). For
any homogeneous element u = 7;,-- -7, € E(79,-+,Tp,--), we define the weight of u to
be w(u) = k. Let u1®- - -®u; be any homogeneous element, of ®; copiesE(To, ", Tny - - ),
we define w(u;®- - -®u) = L_jw(u;). We use U(l, k) to denote the subvector space of
Q1 copiesE (Tos +, Tn, - - ) spanned by all homogeneous elements with weight k. Let U(k) =
Yo<i<ooU (1, k). It is obvious that U(l, k) = 0 for I>k, that is, w(u1®- - -Quy)>l. It can be
easily seen that U (k) is a subcomplex of C,(H(Y'), Z,). Now that H, .(E (7o, +,Tn, ) =

P(10)®--®P(7,) - - -, we have the following proposition.

Proposition 10.11
(@) Hio(Ho(E(ro, -+, 7o, -+ 2))) = HEL(U (D).
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(b) Hy(U(1)) = 0 for n<l.

We also use U(l, k)* to denote the dual of U(l, k), U(k)* to denote the dual of U(k)
and (7, ---7;,)" to denote the dual of 7, - - - 7,).

Then D(z(yz), 2(zy), Myyy1) may be written in the form u+v with w(u) = 3 and
w(v) > 3. It follows from Proposition 10.11 that d3(u) = d3(v) = 0. Since v is a co-
cycle, there exists v € E(m-+-7,) ® E(7o+++Tn), w(v) > 3 such that §(v) = v. Then,
since T*D(z(yz), 2(xy), Myy1) = —D(2(y2), 2(zy), Mmy1), we have T*(u) = —u,T*(v) =
—v. So 30(0+70) = fv+3T*(v) = jv+3v = v. Now we define a new multiplica-
tion M), ., by M}, .+j(3(0+77)). It can be easily seen that D(z(yz), z(zy), M}, ) —
D(z(yz), 2(zy), Mpmi1) = v, so D(z(yz), z2(zy), M}, ;) = u. Thus, u can be expressed in
the following form ¥A(¢', j', k") 75 @7/ @74, where A(¢', j', k') € Z, and the set {¢',j', k', } =
{1, j, k} We also divide the proof into three cases

(a) i=j=k

(b) i=j, j#k.

(¢) i, 7, k are mutually different.

Case (a). Since i=j=k, U(3,3)™*1 contains only one m+1 cell ATAT;, we have
P (TiATiATy) = (TiATiAT;). Since D(x(yz), 2(xy), My 1) |(atp.+p2)(rinminn) = 0, we have
3D(z(yz), 2(xy), M}, 1) lrinrsnr = 0. Therefore, D(z(yz), 2(xy), M}, 1) |mamnm = 0.

Case (b). Since i=j, j#k, U(3,3)™)) contains three m+1 cells T, AT;AT;, TiATRAT; and
T;ATiNT, we have P, (Te AT AT;) = (iATATE), P2(TiATiAT;) = (TiATeAT;), Ty (TR ATiNT;) =

—(1iNTiATE). We define a new multiplication map M,, 1 by
| -] * * * *
M1 = Myln+1+§()\i,z',k TINTiATE)™ + Aiii (TiNTE)*AT; )

where A;;x = Apiq and Ay x+Aig i+ = 0. It can be easily seen that M, is commu-

tative and
D(x(yz), z(xy), M;n+1)|Tk/\Ti/\Ti
= D(x(yz), z(xy), Mfrln+1)|T¢/\Tk/\Ti
= D(x(yz), Z(ny), M;n+1)|‘f¢/\‘fi/\7k

= 0
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and so D("L.(yz)a Z(.’Ey), M’rln-l-l) = 0.
Case (c). Since i, j, k are mutually different, there are six cells

TiNTj AT, TiNTRNAT;,  TEATNT;,
Tk/\Tj/\’Ti, Ti/\Tk/\Tj, Tj/\Ti/\’Tk.

It follows from Proposition 10.5 that

D(z(yz), z(xy), My, 1) (AT AT +T ATEAT AT AT AT))
Akt A kit kg =0

Since T*D(z(yz), z(zy), M}, ) = =T*D(x(yz),z(zy), M), ;) and T, (;ATjAT) =
—(eATAT), To(TiATAT;) = —(TiNTRAT;), To(TeATiAT;) = —(T;AT;ATR), We also have

Aijk = —Apji and Ajr; = —A; ;. We now define a new multiplication M, by

Mysy = My 15 (i (7 (57)" + (73m)'7)) + Mg (1) 75 475 (7))

It is a direct checking that M, is also commutative and D(z(yz), z(zy), Mpm41) = 0.
Therefore, M,,,; is associative.

Since D(z(yz), z(zy), H) = D(z(yz), 2(xy), Mpmy1) = 0, the stationary homotopy H
from z(yz) to (zy)z relA™ on X(™) can be extended to a stationary homotopy from

z(yz) to (zy)z relA on XAI". So Proposition 10.1 is proved.

11 The proof of (g),+1-

In what follows, we will prove that p,,:k(Z,,1) — E;(W(m)) can be lifted to a map
st K(Zp, 1) = Ex(W (m).
Let (X 'E))* (1), -+, (X 1E1)*(as) € H™H(E (W (m)), Z,) be the image of ay, - - -,

o, in H"3(E (W (m), Z,). Since Ey (W (m+1), Z,) is the fibre space obtained by killing
the cohomology classes (X' E1)* (), -+, (X7 E1)*(ay), it is obvious that (X7'Ey)*(aq),
-+, (X7 E1)* () are additive cohomology classes in H*(E (W (m), Z,). By the induction
hypothesis (h)m, fm: k(Zy,1) = E1(W(m)) is an H-map, so [ (X '1E1)*(a1), -,
[5(Z1E))*(as) are additive cohomology classes. We have H*(k(Z,,1),7,) = E(a) ®
P(B(a)), so the only additive cohomology classes in H*(k(Z,,1),Z,) are multiples of
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a, B(a) and (B(a))P". Therefore, if m +3 = 2p", n = 1,2,---, by the assumption
of aq,--+, 05, a7}, = 0, 1<i<s. Since 7, is the image of u,» in H.(W(m), Z,), it
follows that (X 1E1)*(a;)(fm)«(Hopn (k(X,, 1), Z,)) = 0, so fE(Z1E) () = 0 -,
5 (E71E))*(as) = 0 and fy, can be lifted to a map fr41: k(Z,, 1) = E1(W(m+1)).

If m+3 # 2p", n=1,2,---, it is obvious that f* (71 (a;)) = 0, 1<i<s. So f,, can
also be lifted to a map f,41:k(Z,,1) = E1(W(m+1)).

12 Semi-product of CW complexes.

In order to prove (h),,41, we introduce the notion of semi-product of CW complexes.

Let X be a CW complex, as usual we use X to denote the suspension X A S*. Since
St =1/{0,1}, any point of XX can be expressed as = A t, 0<t<1. Let 1o€X be the base
point of X. It should be noticed that X A0 U xzqAI U XAl collapse to the base point of X.

Let Y be another CW complex, as usual we use X#Y to denote Join(X,Y'), the space
obtained by all the segment joining the point of X to the point of Y. All the point
of X#Y can be expressed as x At Ay with z€X, yeY, 0<t<l. We define two maps
O1,02: X#Y — (X xY) as follows 0, (z AyAt) = (x,y) AL, O (z Ay At) = (z,y) A (1-1).
In general, #; and #, are not homotopic.

It can be easily seen that X#Y = (X AY). We have the following proposition

Proposition 11.1 X(3) VE(j) V1, Z(1) VE(J) VO: EX VEY VX#Y — E(X xY) are
homotopy quivalences, where i and j are respectively the natural injections from X and

Y to X xY.
We define semi-product X <y and X <Y of X and Y as follows.

XxY = {(zAr,yns)|zeX, yeY, 0<rgs<l} C X XYY
XxY = {(zAryAs)|zeX, yeY, 0<s<rgl} C X xXY

We call X X Y the minus product of X and Y and X % Y the plus product of X and
Y. It can be easily seen that
«— —
(XX xXY =(X xXY)U(X xY).
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2) DX xY)= (X XY)n (X x Y).

We have the following proposition

Proposition 11.2
(1) X XY = C(6,).
(2) X X Y =C(6).

Proof. The proof is straightfowward. We define two homotopy equivalences v); and

1o respectively from C(6;) and C(f;) to X XY and X X Y by

bi(@AtAy),l) = (@A((1=Dt+0),gA(1-Dt) € X XY
Ga((@AEAY)D) = (@A ((1=t)(1—1),gA(1—)(1-D)+1)) X XY
reX,yey 0<t<1, 0gILl.
Q.E.D.
Let Z be another CW complex, since (X x V)#Z =S(X xY)AZ) = (EXVEY V
SXAVANZ=SXANZ)VEYANZ)VE(XAY)AZ, we have
(XXY) X Z
(X xY) x Z)UC((X x Y)#2)
= EXVIXYVEXAY)VEZVEXAZVEYANZVEXAY)ANZ)
UC(EXAZ)VEYAZ)VEXAY)AZ)
= SXVIYVIZV(E(XAZ)UC(EX A Z))
VEXAZ)UCEXAZ)VCEXAY)ANZAC(XAY)ANZ)) (I)

Similarly, we also have

X x (Y x Z)
= YXVYIYVEZV(EXAY)UC(EXAY))
VEXAZ2D)UCEXAZ)VCEXAYAZ)VANCKXAY AZ)) (D)
Since there is a natural topological isomorphism ® between (X x (Y x Z)) and

(X xY) x Z) such that ®(E(X A (Y AZ)) = E((X AY) A Z), we may identify
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the subspace L(X x (Y x Z)) of X M (Y x Z) with the subspace %((X x Y) x Z) of
(X x Y) x Z). With this identification ~, we define

W(X,Y,Z) =X x (Y x Z)U(X X Y) x Z)/ ~.
It follows from (I) and (II) and the following equalities

SN(X A Z)
= NXAZUC(SXAZUCSX A Z))
YE(XAYAZ)
= DX AY)AZUC(S(XAY)AZUCE(X A (Y A Z)))

we have the following proposition

Proposition 11.3 Let X,Y, Z be three CW complezes, then W(X,Y,Z) and (XX) V
XY)VEZ)VEE(XAZ)V (EE(X AY A Z)) are of the same homotopy type.

In what follows, we use ¥:EX(X AY A Z) — W(X,Y,Z) to denote the natural
injection. We call W(X,Y, Z) the semi-product of X, ¥ and Z.

13 The Milnor construction of topological group.

Let G be a topological group. J. Milnor introduce the notion B,(G), r>0, to study the
relation between G and its classifying space BG. In what follows, we need only B;(G)
and By(G).

As we know, B;(G) = XG. We have a map M:G#G — XG defined as follows.
M(gi At A go) = (giga At) € XG (g1go is the product of G), then By(G) is the mapping
cone C(M) = ©G U C(G#G) of M.

Since G x G = C(6,) = X(G x G) UC(G#G), we may define €,.: G x G — By (G) by

5—|—|E(G><G) = XM: E(G X G) — XG
5+‘C(G’#G) = ldC(G#G) — C(G#G) C BQ(G)
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where M is the product of G and define

— —
m:Gx (GxG)—-GxG
m: (GXxG) X G— G %G

by that for any g1, g2, 95 € G and 0<s<r<1,

(g1 A7, (92,93) N\ S)
= (g1 AT, 9295 N\ 3)
n2((91, 92) A 7,93 N\ 5)

= (g192 AT, 93N 5)

Since G is associative, we have that
e+mXE(G, (G, G)) = emE(G, G, G) = e1nX((G, G), G)
and so ,m; and €7 define a map n: W(G, G, G) — B3(G) by

anxQ(GxG) = &+h

n'(GxG)QG = &+

Let T be a topological group. t, € is the unit of 7. G is the loop space Q(7T) of
T with base point #3. The multiplication map M of G inherits from that of 7', that is,
MM, A2)(t) = Ai(t)Aa(t) for any Ay, Ay € Q(T). It is well known that M and the loop
multiplication of G are homotopic. We define o1: B1(G) = 3(G) = T, 09: Bo(G) — T as
follows. For any A € Q(T), ¢1, 92 € G, and 0<t, I<1,

o1 (ANAT) = A1)
O2lse = 01
o2((g1 At A g2), 1)
= q((1=0t +Dg2((1-D))

It can be easily seen that oy is an extension of oy.
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Now, let : XX (GAGAG) — W(G, G, G) be as defined in the last part of the previous

section, then
Proposition 11.4 (oony). = 0: H.(EX(GAG ANG), Z,) — H.(T, Z,).

In fact, Proposition 11.4 is the law of associativity for the relation between the ho-
mology group of loop space and its classifying space.

Since we only concern about the homology group of product of spaces, we use here
Serr’s cubic singular homology theory. Before the proof of Proposition 11.4, we introduce
the semi-product of singular cubes.

Let X, Y be two topological spaces, I, m positive integers, a: I' — X, B: 1™ — Y are
respectively [, m cubes in X and Y. We use « M B to denote the ({+m~+2) singular cube
defined as follows. Let A = (0,0), B = (1,0), C = (1,1) and 0: > — AABC be the map
that leaves the segment AB and BC invariant (we regard AABC as a subspace of I?)
and sends the segment from (1, 1) to (0, 1) linearly to C'A and collapse the segment from
(0,1) to (0,0) to point A. It is required that o is a topological map from the interior of
I, to the interior of AABC. Suppose o(r,s) = (r',s') € AABC, then 1>7r'>s'>0, and we
define

(a % B)(x,y,r,s)
= (az) AT, By)AS)EX XY

So a x B is a (I4+m~+2) cube of X X Y. We call it semi-product of o and f.

For chains a = ¥ \;o; and b = X8, where o; and 3; are respectively singular cubes
in X and Y, we define a X b= Y0 % B;-

Let v:I" — Z be a cube in Z, we define the semi-mixed product W(«, 8,7) by
W(a,8,7) = a x (8 x 7)=(axB) X v

We must point out that W (e, 3,) is not a cub but a ({4m-+2) chain in W(X,Y, 7).
We can similarly define the semi-mixed product of chains in X, Y and Z.

Let a, b, ¢ be respectively the [, m, n-cycles modp in X, Y, Z. It can be easily seen that
W (a,b,c) is also a cycle modp in W(X,Y, Z) and any homology class in ¥,H, (XXX A
Y ANZ,Z,) can be expressed in the form XAW (a, b, )., where as usual, we use W(a, b, ¢).
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to denote the homology class containing W (a, b, c).

Now we prove Proposition 11.4. Let «, 3, be respectively I, m, n singular cubes in G.
We define a singular (I+m+n+3) singular cube D(a, 3,7) by D(«, 8,7)(z,y, 2,7, 8,t) =
a(z)(r')B(y)(r't+s' (1-t))y(2)(s') € T, where r,s,t€l, z€l', yeI™, zel", o(r,s) =
(r',s"). Specifically, we have that D(«, 8,7)(z,y, 2,7,5,0) = a(z)(r") 5(y)(s")y(2)(s'), and
that
D(«, 8,7)(x,y, 2,1, 8,1) = a(z)(r")B(y) (r")y(2)(s"). Thus, D(e, B, 7) is a homotopy from
oam(e X (8 % 7)) to oama((a x ) X 7).

Let a, b, ¢ be as above, it follows from the construction of D(a, b, ¢) that 9(D(a,b,c)) =
(09)«n«W (a, b, ¢)+ some degerated chains. Since in singular cubic chain complex of topo-
logical space, degenerated chains = 0, we have (02).7.W (a, b, c) = 0. Since any homology
class in ¥, H,(XXG A G A G) can be expressed in the form AW (a, b, ¢)., we have that
(o2mh.)s = 0 QE.D.

Let e:G — go be the augmentation map. As usual, we use H(G, Z,) to denote the
subgroup £~'*(0). We also denote group homomorphisms induced by M respectively by
M,:1.(G, Z,) ® 0,(G, Z,) — H.(G, Z,) and M*:*(G, Z,) — H*(G, Z,) ® A*(G, Z,).

Consider the following sequence G#G Mov6 2, By(G) = ©(G#G) — where 7
denotes the natural injection and o denotes the natural map from By(G) = SGUC (G#G)
to X(G#G) = ¥XG A G. Since it is a cofibration, we have

Proposition 11.5

(a)

H.(B2(G), Zy)

= H.(3G, 2,)/M.(S(0.(G, Z,) ® H(G, Z,))) + M;*(0)
H*(By(G), Z,)

(6.5 016, 25) A ((56,) + 30

(b) onp = 05: LG AGAG — IX(GAG) = B(G#G), where 05 is the boundary map
in the chain complex C,.(H.(G, Z,)).
By this proposition and the definition of H, ,(H.(G), Z,), we have the following propo-
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sition

Propoition 11.6
(a) H.(XG, Z,) = H1 .(H.(G, Z,)).
(b) 0 = v HEZ(GAGAG), Zy) & 1.(H (26, Z,)) = H(B2(G), Z,) —

H, .(H.(G, Z,)) — 0 is an ezact sequence.

Let Y be a space, f,g9:Y — G be maps. Since G is a topological group, we can define
fg:Y — G by fgly) = f(y)g(y). We denote Xf,Xg:%(fg): XY — LG as usual. Since
3G is a cogroup, we can define X f V ¥g:3Y — Y G. We have the following proposition

Proposition 11.7 7(Xf V Xg) ~ 7(Z(fg))-

Proof. Let d:Y — Y xY be the diagonal map, then fg is defined to be Mo(f x g)od.
Since (Y xY) =XY VEY VEY#Y, we have 75(fg) = 7(Xf V Xg + X(f#g)). Since
By(G) =XGUC(Y#Y), so X(f#g) = 0. Thus 7(2f V 3g) = 7(2(f9g)). Q.E.D.

Let X,Y be two homotopy commutative H-space. For any x,,2, € X and y;,y, € Y,
we use z12T9 and y,ys to denote the their products of the H-spaces. Let f: X — Y be an
H-map, then there exists a homotopy H from f(z1)f(x2) to f(z122). We define a map
By(f,H): Bo(X) — Bs(Y) as follows.

fla) A (2t=1) A f(x2)
H(zy, 2o, 1-2t)

Ol
N IN
S+ o+
N N
N[ et

Bo(f, H)(z1 AtAzs) = {

By(f, H)lsx = X(/)

It can be easily seen that By(f, H) is uniquely determined by f and H. In what
follows, we simply use By(f) to denote Bsy(f, H).

14 The proof of (h),,,1 for m+2 # 2p'+2p’—2, 2p°, 2p'—1.

Since W (m) is an infinite loop space, E{(W(m)) = Q(Es(W(m)), Ey(W(m+1)) =
Q(Es(W(m+1)), E3(W(m+1)) = Q(E,(W(m+1)). We may assume that E4(W (m+1))

is a simplicial complex and E3(W(m+1)) is the Milnor’s simplicial loop space defined in
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[5] and is thus a topological group. Therefore, Eo(W(m+1)) = Q(E3(W (m+1)) inher-
its a multiplication map from that of E3(WW (m+1)) (see section 11) and E;(W(m)) =
Q(E2(W(m)) also inherits a multiplication map from that of Ey(W (m)), that is, they are
both topological groups. So all the conclusions in section 11 hold for G = E;(W(m)) and
T = Ey(W(m)).

For two H-spaces X, Y, we use X x Y to denote the H-space whose product is in-
duced by those of each factors. Suppose (a)mi1 t0 (¢)m+1 hold, we will prove (h)m.1,
that is, fmi1:k(Z,,1) — Ey(W(m+1)) is an H-map. We reduce the problem to the
property of H,(k(Z,,1), Z,). Let g,,: C(m) — W (m) be the universal covering of W (m),
then Ei(gm): E1(C(m)) — E1(W(m)) is also the universal covering of E;(W(m)). It
can be easily seen that f,, X Ei(gm):k(Zp,1) x E1(C(m)) — Ey(W(m)) and fp41 X
Ei(gm+1): k(Z,, 1) x E1(C(m~+1)) — E1(W(m+1)) are both homotopy equivalences. Since
fm is an H-map, so is f, X E1(gm). Thus, the statement that f,, 1 is an H-map is equiv-
alent to the statement that f,, 11 X Ei(gms1) is an H-map. Since By(G) = C(M) where
M:G#G — XG is induced by M:G x G — G, the homotopy type of By(G) is uniquely
determined by that of M. We may assume that E;(W(m)) = k(Z,,1) x E1(C(m)), then
fmik(Z,,1) — E1(W(m)) induces a map By(fn): B2(k(Z,,1)) = By(E1(W(m))). It can
be easily seen that the following diagram is commutative.

SSk(Zy, 1) A k(Zy, 1) AK(Z,,1) A Nm Sy B (W (m)) A Ey(W (m)) A Ey(W (m)
m G
By(k(Zy, 1)) =y By(E\ (W (m)))

We have the following proposition

Proposition 12.1 The following statements are equivalent.

(@) fms1:k(Zp,1) = Ey(W(m+1)) is an H-map.

(b) 09Ba(fm): Ba(k(Zy,1)) — Eo(W(m)) can be lifted to a map from Bs(k(Z,,1)) to
Eo(W (m+1)).

(¢) Ba(fm)*03E2(X%q;) = 0, 1<i<s, where ay,---,as € H"2(W(m), Z,)) are the
Postnikov invariants and Ey(X%«;) are the image of oy in H™" 4 (Ey(W (m)), Z,).

Proof. First, we prove that (a) implies (b). Suppose that (a) holds, then By(fr+1):
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By(k(Z,,1)) — By(E(W (m+1))) exists. It is obvious that Es(py+1)«Ba(fimt1) = 02Ba(fm),
where ppi1: W(m+1) — W (m) is the map in (¢) and Es(ppmy1): E2(W(m+1)) — Ey(W(m))
is the map induced by p,11. So (b) holds.

Now we prove that (b) implies (a). Let My:k(Z,,1) x k(Z,,1) — k(Z,,1) be the
multiplication of k(Z,,1) and M: E; (W (m+1)) x E; (W (m+1)) — Ey(W(m+1)) be the
multiplication map inheriting from Ey(W (m+1)), we will prove that the following diagram
is homotopy commutative.

k(Zy 1) x k(Z,,1) T2 B (W (m + 1)) x By (W (m + 1))
1 Mo M
k(Zp, 1) s E(W (m+1))

We have 090ToXMoX(fri1 X fmi1) = 020(Zfrns1VE fint1) = 010(Z frnr1VE frnr1) and
SMy = (idVidV Mo): S (k(Zp, 1) x k(Zp, 1)) = Sk(Zp, )V Sk(Zp, 1)V k(Zp, 1)k (Zp,1) —
Sk(Zpy 1), 80 (Zfrni1) (EMo) = S frmi1 V Efmir V (Efms1) (EMy). Since 09Bs(f,) can be
lifted to a map from By(k(Z,,1)) to Ex(W (m+1)) and so My = 0 in By(k(Z,,1)). Thus,
in Ey(W(m+1)), 7(Xfme1) (M) = 0. So we have

o1 (Efm+1)(EM0)
= 01X fmi1 VEfme1)
= O'2TME(fm+1 X fm+1)

Since E1 (W (m+1)) = QEy(W(m+1)), we have f,10M = Mo(fms1 X fims1). So
fm=+1 is an H-map, that is, (b) implies (a).

Since (b) and (c) are equivalent, (a), (b) and (c) are all equivalent. Q.E.D.

So to prove (h)m+1, we need only prove Bo(fn)*03(X?E)* (i) = 0.

According to Proposition 11.5, we discuss the problem in four cases;

(a) m+1 # 2p'+2p’—2,2p¢, 2p'—1 for any i, j>0.

(b) m+1 = 2p*+2p’—2 for some 1, j>0.

(¢) m+1 = 2p*—1 for some 1>0.

(d) m+1 = 2p* for some 7>0.

Now we prove the first case (a). In this case, m+1 # 2p'+2p’—2,2p’, 2p'—1 for any
i, >0, then it follows from Proposition 11.6 that Ha, mi2(H.(k(Z,,1))) = 0. So we have
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Hyp2(Bo(K(Zp, 1), Zy) = b Hy (SSE(Zp, 1) A k(Zy, 1) A k(Z,, 1), Z,). Therefore,

UQ*BZ(fm)*(Hm-I—?(B?(k(Zm 1)’ Zp)
= 0t SS(fm A i A i) Ho(SSk(Zy, 1) A k(Zy, 1) A K(Z,, 1), Z,)
= 0

So we have 03, (Hny2(Ba(k(Zp, 1), Z,))) = 0. That is, B((fn)*03(3X?Es)* (o) = 0. It
follows from Proposition 12.1 that fy,11:k(Zy,1) — E1(W(m+1)) is an H-map.

Now we prove the case (c). In this case, Hy,14(B2(k(Z,, 1)), Zp) = nutbuHpmia (k(Zp, 1) A
k(Z,, \)Nk(Zy, 1), Z) 4T (Hiny1(3k(Z, 1), Z,)). Since fr,41 exists, 7 (Ba(fin))* (22 F2)* ()
= 0. By the same argument as above and the reason that co, V(X fin A fin A fn)« = 0,
we have that Bj(f)03(32E2)*(a;) = 0 and s0 fmi1:k(Zp, 1) — E1(W(m+1)) is also an
H-map.

15 The proof of (h),.; for m+1 = 2p' + 2p’ — 2.

Since for @ # j, up ® upi — Upi ® uyi is a generater of Hy, (H.(k(Z,,1),Z,)), to prove
(h)m+1 we need only prove that uy ® upi — Uy @ uyi is the product of some homological
classes in H,(E2(W(m)), Z,). First, we deduce some properties of Pontrjagin product in
H(Ex(W (m)), 7).

First, we define a map from X E; (W (m)) x LE; (W (m)) to Ey(W(m)).

Let X be an arcwise connected Hausdorff space. A, B C X are two closed arcwise
connected subspaces of X such that X = AUB. Let C = ANB and T'(A4, B) = Ax{0} U
Bx{1}UCxI C XxI. We define p: T(A, B) — X by

pla,0)=a a€ A

pb,1)=b beB
ple,t)=c ceC 0gtgl

It can be easily seen that p is a weak homotopy equivalence and a homotopy equiva-

lence if X is a CW complex and A, B are sub CW complexes of X.
Let Y be another Hausdorff space and f:A — Y and f: B — Y be two maps, then
flc and g|c are two maps from C to Y. If f|c = g|c and H is the homotopy from f|¢ to
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glc, then we define a map s(f, g, H):T(A, B) — Y as follows.

s(f,9,H)(a,0) = f(a) a€A
s(f,9,H)(b,1) =g(b) beB
s(f,9,H)(c,t) = H(c,t) ceC 0<tgl

Let X be a topological group. Then X xIX = XxX U XXX, XXX N XXX =
(X xX) = (XxX)AS'. We define 6;: X xX — By(X) and f: X x X — By(X) by that
for any z,y € X,

bz Ar,yANs)=(x AT,y As) € By(X) r>s
iz AryyANs)=(zyNs) XX € Bo(X) r=s
Or(x AryyANs)=(yAs,zAr) € By(X) r<s
oz AryyAs)=(yz ANs) € XX € Bo(X) r=s

Suppose that X is a homotopy commutative topological group and H is a homotopy
from (X x X ) xI to X between the maps (zy)Aid to (yz)Aid, then s(6,, 0, H) is defined
and is a map from T(X;X, X(>_<X) to Bo(X). If X is of the same homotopy type with a
CW complex, then T(X;X, X(>_<X) and By (X) are both of the same homotopy type with
CW complexes. Thus, T(XQX, X<>_<X) and (XX xXY) are of the same homotopy type.
Therefore, (61,605, H) determine a homotopy class of maps from XX XYY to By(X).

Let T be a homotopy commutative topological group. X = Q(T') be the loop space of
T with the end point the unit e of 7. The multiplication of X is induced from that of T’
as we defined previously.

Let H: TxTxI — T be a homotopy from 1t to totq, t1,to € T and H: X x X xI — X
is the homotopy induced by H, that is, H(\1, A2, t)(s) = H(\1(s), A2(s), ) for 0<s, t<1.

Let p: T(X %X, X XX) — SXxZY be the map defined above and o: X = ¥Q(T) —
T be the map defined by o(A A s) = A(s). We have the following proposition

Proposition 14.1 The following homotopy relation holds.

090 8(01,00, H) ~ Mo (oxo)op

— —
T(XxX,XxX) L5 TXxEX
oxo
\L8(01,92,H) TxT
M
By(X) L T
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where oy 1s as defined in section 12 and M 1is the product map of T and p is the homotopy

equivalence defined in the beginning part of this section.

— — — «—
Proof. Since T(X xX, X xX) = X x X x{0}NX XX x{1}NE(X xY)xI, we construct
the required homotopy piecewisely on the three component X X x{0}, X X x{1} and
N(XxY)xI.

It is obvious that for z,y € X and 0<s<r<1,

095(01, 62, H Aid) ((w AT, YNS) X{O})
= obh(z AT, YANS)

= 2(r)y(s)
= M(oxa)p((a:/\r,y/\s)x{()})

So we define ﬁ:X;Xx{O}xI — T by H(z A7,y As,0,t) = z(r)y(s), 0<r<s<l, 0<t<l.
Now we have gy5(61, 92,H)((x AT, YA s)x{l}) =y(s)z(r) and M(oxo)p(x AT,y As) =
z(r)y(s), so we can define I:I:X;Xx{l}xf — T for z,y € X, 0<r<s<l, 0<tgl by

H(zAr,yAs, 1,t) = H(z(r),y(s),1—t). Now on L(X xY) = (X;X) N (X(>_<X) we have

H(x Ar,yAs,0,t)
= 2(r)y(s)
HxAryAs,1,t)
= H(z(r),y(s),1-1)
03501, 05, H) ((z A7,y A D), u)
= H(a(r),y(s),u)
= M(oxo)p(x Ar,y A s,u)
= z(r)y(s)

These maps can define a map from (X xY)x9(IxI) to T. It can be easily seen that
the map can be extended to a map H from X(X xY)x (IxI) toT. So oy05(61, 62, HAId) ~
M o (o%x0) o p. Q.E.D.

Since p is a homotopy equivalence, Proposition 14.1 says that the product M(oxo0)

can be determined by o95(61,6,, H).
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Let X, W be two homotopy commutative H-space, f: X — W be an H-map. We now

study that under what conditions the following diagram

— «— — «—
T(XxX,XxX) — T(WxW,WxW)

~ XX xYX ~XWxYXW
4 4

is homotopy commutative.

Since T(X XX, X X X) = (X xX)x0UE (X x X)xJU(X X X)x1, any point of T(X x X,
X<>_<X) can be written in the form (ziAsAzoAt)XxI, where x1,2,€X and if [=0, then
0<t<s<l and if [=1, then 0<s<t<1 and if 0<i<1, then 0gs=t<1. Thus, we can define
T(f): T(X XX, XXX) = T(WxW,WxW) by

T ((x1AsAzaAL)X1) = (f(21)ASAS (o) AE) X1).

Since X, W are homotopy commutative, there exist a homotopy H from z1x5 to zoxq
and a homotopy H from U1l t0 Usuy. Since f is an H-map, there exists a homotopy H
from f(z1)f(2) to f(z122). So both fH + H and H + H are homotopies from f(z1z5)
to f(z2)f(z1). Thus d(fH + H, H + H) is defined. If d(fH + H, H + H) ~ 0, we say
that f is a strong H-map with respect to H, H ,I_? . According to the construction of
T(X XX , X %X ) and T'(f), we can easily obtain the following result.

Proposition 14.2 If f is a strong H-map with respect to H, H, ﬁ, then the following
diagram is homotopy commutative;
T(XXX,X%xX) "W pwxw, wkw)

' )
By(X) 20 By (W)

Now we study under what conditions f can be a strong H-map.

Let 7: XXX — X xX be the map defined by 7(z1,22) = (z9,21). We also use T to
denote the similar map from WxW to W. If d(H,—H(TAid)) = 0, we say that H is a
7-homotopy from x;xs to zoz1. An H-space X is a p-H-space if pr[Q, X] = 0 for any CW
complex Q. It is obvious that E,.(W(m)) is a p-H-space for r > 1. We have the following

proposition
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Proposition 14.3 Let X be a homotopy commutative p-H-space, then there exists a

T-homotopy from x1xo to xoxy.

Proof. Let H be n homotopy from x;x9 to xox1, we define a new homotopy H by
H = H—d(H,(—H)(rAid)). It must be pointed out that (—H)(7Aid) is also a homotopy
from 12, to zo21. So d(H, —H(TAid)) is defined and is a map from ©(X x X) to X. Since
X is a p-H-space, %d(f[ . (—H)(TAid)) is defined . Therefore, we define a new homotopy
H = H - Ld(H,(-H)(TAid)). It is obvious that H is a T-homotopy. QED

Now we have

Propotition 14.4 Let W be a p-H-space and H be a T-homotopy from x5 to xox1 and
H be a T-homotopy from uius to usuy and f: X — W be an H-map, then there exists an
homotopy H from f(x1)f(z2) to f(x122) such that f is a strong H map with respect to
H HH.

Proof. Let H be a homotopy from f(z1)f(x3) to f(z122). In general, d(fH+ H, H +
H) # 0. We define a homotopy f(z1)f(z2) to f(z122) by

H=H-

]

d(fH+ H,H + H).

DN | =

It can be easily seen by simple calculation that d(fH + H, H + P:I) ~ 0. So f is a strong
H-map with respect to H, H, H. Q.E.D.

Apply the above theory to fn: X=k(Z,,1) = W=E(W (m))=QE5(W (m)), then any
homotopy from zix, to zsz; is a 7-homotopy. Let H be a homotopy from uius to usuy
(u1,uy € W) inheriting from a 7-homotopy from tity to tot; with t1,te € Eo(W(m)).

Then, H is also an T-homotopy. So we have

Proposition 14.5 Let X = k(Z,,1), W = E(W(m)), then there exists a homotopy H

from f(x1)f(x2) to f(z122) such that the following diagram is homotopy commutative;

T(XxX, X xX) W) WX W, Wwxw)
i8(91,92,H) i8(91,92,H)
By(X) Pl By(w)
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By Propotition 14.1 to Proposition 14.5, we have the following proposition

Proposition 14.6

0240 Ba(fm)s © 54(01, 03, H) (p7 ") (St x (St
= (01 (Sfm)e(uy)) - (012(S ) (1))

where p: T(k(Zy, 1) k(Zy, 1), k(Zy, 1) X k(Zp, 1)) — (Sk(Zy, 1)) % (Sk(Z,, 1)) denotes the
map defined at the beginning of this section and - denotes the Pontrjagin product of ho-
mology group in Eo(W(m)).

The following is the proof of (h),,;1 for m+1 = 2p'+2p’—2.

Since (X 72Fy)* (o) = 07 Y3 E3 (o) = 0, 1<i<s, where 01: S Ey (W (m)) — Es(W (m~+1))
denotes the adjoint map, we have (01*(me)*(upi)) : (01*(me)*(upj))E; (%) = 0. By
the same argument as above, we have (Bay(f,n)*03F3(X%;)) = 0. Therefore, f,,41 is an

H-map for m+1 = 2p°+2p’—2.

16 The N(Z,,0) action on spectra.

Before we prove (h)m+1, we state some properties of N(Z,,0) action on spectra. In what
follows, we always use N(Z,,0) to denote the Moore spectrum and n(Z,, 1) to denote the
Moore space, then N(Z,,0) = X7'n(Z,,1)

For X = W(m), fun:k(Zp,1) — E1(W(m)), and f,, denote the map from k(Z,,1)
to Ey(W(m)), then E,f, is a map from k(Z,,1) to YW (m) and FE,5, is a map from
By(k(Z,,1)) to X2W (m).

It may be assumed that W(m) =2 £ 7E, (W (m)) and £ "E,(W(m)) m = 0,1, - --
are all CW subspectra of W(m).

It can be easily seen that the following diagram is commutative.

Z,1) U sy ()

Sk(
| i
By(k(Z,,1)) 223 $2W(m)

NS

where 7 denotes the natural injection.

41



Since W (m) is a ring spectrum with unit, 7o(WW(m)) = Z,, m,(W(m)) = 0, N(Z,,0) =
V(0), N(Zp,0) may be considered naturally as a subspectrum of W (m). Let M,,: W (m)A
W(m) — W(m) be the multiplication of W (m), then P(m) = Mp|nz,0awm) is a
map from N(Z,,0) A W(m) to W(m). In general, any map S: N(Z,,0) A X — X that
satisfies S|gonx = S|x = id|x is called an action of N(Z,,0) on X. The map P(m) is an
action of N(Z,,0) on W(m) which we call the natural action of N(Z,,0) induced by the
multiplication M,,.

For the space k(Z,,1). Since k(Zp,,1) is a topological group, let d > 1, we use
e’ k(Z,,1) — k(Zp,1) to denote the map defined by e?(z) = 2%, z € k(Z,,1). It follows
from Proposition 11.6 that in the space Bs(k(Z,,1)), we have 7(d - idsk(z,,1)) ~ 7(Ze?).

Now in k(Z,,1), €’ ~ 0, so we have 7(p - idsy(z,,1)) ~ 0 in By(k(Zp,1)). So the
map 7:Xk(Zy,1) — By(k(Z,,1)) can be extended to a map S:n(Z,,1) A k(Z,,1) —
By(k(Zy,1)) (n(Z,,1) is the Moore space), then we have the following sequence of maps

#(Zy, 1) N k(Zp, 1) — BN(Z,,0) A By (W(m)) —
YN(Z,,0) AW (m)=%>N(Z,,0) AW (m) —
S2W (m) A f(Zyy 1) A k(Zy, 1) —25 Bo(k(Z,, 1)) 22 S2W (m)

So we have the following diagram

W Zy 1) AR(Z, 1) TS S2N(Z,,0) AW (m)
1S } ¥?P(m)
By(k(Z,, 1)) ™ 2w (m)

where F:n(Z,,1) — XN(Z,,0) is the natural injection. Then, we have the following

proposition

Proposition 15.1 Suppose (a)m to (h)m holds for m, then there exists a commutative
associative multiplication My,: W(m) A W (m) — W (m) such that the above diagram is
homotopy commutative for the natural N(Z,,0) action P(m) induced by M,,.

Proof. We prove it by induction. If m = 0, then in this case, W(0) = k(Z,,0) and
the conclusion follows easily from the fact that ©2P(0) o (FAE, fo) and EBy(f;)S induce
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the same homomorphisms on the first non-zero homology group modp. Suppose that the
Proposition holds for m, we will prove it for m+1.

Before we prove it, we introduce the notations which will be used later. Let X be a
spectrum, A be an Abellian group, a: X — K(A, m+2) be a map. Let P(X,«) denote
the map cone C(X) U K(Z, m+2). Then, we have the following cofibration sequence

YIP(X,0) 5 X % K(A,m+2)

where Yp is the natural identification map by collapsing K (A, m+2) to the base point.

Let B be a CW subspectrum of X, 0: B — X be the natural injection, \: X — X/B
be the natural identification map. Suppose that there exists a map a: X/B — K(A, m+2)
such that o = @), we define a map J(@): ¥B — P(X, «) as follows. J(&)(bAt) = (bAL) €
C(X) € P(X,a) for 0<tgl. It should be noticed that J(@)(bAO0) = J(&)(bA1l) = base
point. So J(&) define a map from B to P(X, «)

Let o/,a": X/B — K(A,m+2) be two maps such that o/A ~ oA, then P(X,a'))
and P(X,a")\) are of the same homotopy type. There exists a homotopy equivalence

I: P(X,a'\) - P(X,a")) such that the following diagrams are commutative

l

1) P(X,a'\) — P(X,ad"))
1 Xp
Sp Y X
2) K(A,m+2) ¢
lq

SP(X,0/\) - SP(X,d"\)

where ¢: K(A,m+2) — YP(X,a'\),EP(X,a")) denotes the natural injections of the
fibre.
From the conclusion that o/ and o”\ denote the same cohomology class if and only

if o'—a" € im H™"?(XB, A) we have the following proposition.

Proposition 15.2 J(a/) - J(") = g<a/ — /">, where <o/ — "> denotes the cohomology
class in H™"*2(X B, A) which is map to o — " by the map X/B — XB.
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Let o € H"2(X, A), then the homotopy type of P(X, ) is uniquely determined by
the cohomology class . Suppose that o*(a) = 0 and J: XX — P(X,«) be a map such
that X(p) o J & (o). It follows from Proposition 15.2 that

Proposition 15.3 There exists a o/ € H"?(X/B, A) such that a &~ o'\ and J(o') =~
J:£B — P(X,a/\) = P(X, ).

To prove Proposition 15.1, we must define a new map homotopic to P(m). Let
P(m): N(Z,,0) AW (m) — W (m) be the N(Z,,0) action induced by M,,. Let

W(m) = W(m) U (N(Z,, 0)AW (m)) A T

where (N(Zp, 0)AW (m ) AOT is identified with the subspectrum P(m )(N(Zp, O)/\W(m)),
that is, W (m) is the mapping cylinder of P(m).
In what follows, we set A = w1 (W(m+1)) = Z,®--- B Zp, o = aq+++-+a, €
~—— —

H™2(W (m), A). Since W (m) is a deformation retract (jf cljlpfzzn), we may also set a €
H™2(W(m), A) and alw@m) = a. Let P(m): N(Z,,0) A W(m) — W(m) be the map
defined by P(n A u) = nAuAl € W(m) for n € N(Z,,0), u € W(m). Let ¢: W(m) —
W (m) be the natural injection. It is obvious that ¥P(m) ~ P(m). Now, W (m+1) =
Y Y(P(W(m),a)), we may define W(m+1) = X Y(P(W(m),a)). It is obvious that
W (m+1) is a deformation retract of W (m+1). It follows from the definition of W (m+1)
that XP(m+1): N(Z,, 0) AW (m+1) = N(Z,,0)AP(W(m), o) = XW (m+1) = P(W(m),
«) may be constructed as follows. For any n € N(Z,,0), w € W(m),

YP(m+1)((nAw)At) = P(m)(nAw)A(2t—1) € C(W (m)) C P(W(m),a) s<tgl

N

L
2

o

Y P(m+1)((nAw)At) = H(nAw)A2t € K(A, m+2) <t

VAN
N —

where H: N(Z,,0) A\W(m)AI* is a homotopy from the composed map Mo(id|n(z,,0)A):
N(Z,,0) A\W(m) — N(Z,,0) N K(A, m+2) - K(A, m+2) to the composed map aP(m):
N(Z,,0)A\W (m) — K(A, m+2), where M denotes the natural N(Z,, 0) action of K (A, m+2)
and XP(m+1)|n(z,,0nK (4m+2) = M.

Now we define a map YP(m+1): N(Z,,0) A W (m+1) — LW (m+1) related to
YP(m+1).

44



Let G: N(Z,,0) A W(m) A IT be the homotopy from ¥ P(m) to P(m) defined by

G(nAwAs) = (nAwAs) € N(Z,,0) AW (m)AIT C W(m), 0<s<1. We define X P(m+1)
as follows. For any n € N(Z,,0), w € W(m),

SP(m+1)((nAw)At) = P(m)(nAw)A(2t—1) € C(W(m)) C P(W(m),a) i<it<l
YP(m+1)((nAw)At) = a(G(nAwAdt—1)) € K(A, m+2) 1<t
Y P(m~+1)((nAw)At) = H(nAwA4t) € K(A, m+2) 0<t<;

We also define XP(m+1)|n(z, 0ak(4m+2) = M.

It can be easily seen that the following proposition holds

Proposition 15.4 S P(m+1) ~ SP(m+1), where ¢: P(W(m),a) — P(W(m),a) =
YW (m + 1) denotes the natural homotopy equivalence.

Now we prove proposition 15.1. We prove it by induction. If m = 0, then in this case,
W (0) = K(Z,,0) and the conclusion follows easily from the fact that 32P(0) o (FAE fy)
and Fo0,S induces the same homomorphisms on the first non-zero homology group modp.
Suppose that the proposition holds for m # 2p%, i = 0,1,---, we shall prove that it
holds for m+1. Since fpy1:k(Zp,1) — E{(W(m+1)) is an H-map, oy: Bo(k(Z,,1)) —
E5(W (m+1)) is defined. For simplicity, we use J to denote the map Eyooy: By(k(Z,,1)) —
Y2W (m+1). Since Ho(N(Z,, 0)ABy(k(Zy, 1)), A) = H.(By(k(Z,, 1)), A)+H.,(By(k(Z,, 1)),
A)®T and o - ¥2H,(N(Z,,0) A By(k(Z,,1), A) = 0, By(k(Z,,1)) = S° A By(k(Z,,1)) C
N(Z,,0)ABy(k(Zy,1)) and By(k(Z,,1))AITUN(Z,,0)A1" is a CW subspectrum of W (m),
it follows from Proposition 15.2 that there exists a map o/: S2W (m)/ (32 (k(Zy, 1))NIT U
N(Z,,,O)/\ﬁ) — K(A,m+2) such that J ~ J(a/\) where A denotes the natural map
from S2W (m) to X2W (m)/(Ba(k(Z,, 1)) ATt U N(Z,, 0)ALY).

By induction hypothesis and homotopy extension properties with respect to the pair
N(Z,,0) A (EW (m), k(Z,, 1)), it may be assumed that S2P(m) | nz, 00k zo1) = E,5,5.

Since 7: £k(Z,,1) — LBy (k(Z,, 1)) is the natural injection, we have E} 41 = 717 =
Y=1%J (/). Therefore, By fri1k(Z,,1) is on the spectrum J(a!)(By(k(Z,, 1))). It follows
from the construction of P(m+1) and P(m+1) just mentioned.
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For t = 0,1, n € N(Z,,0), b € By(k(Z,,0)), we have P(m+1)(n AbAt) = the
base point of K(A,m+1), so P(m+1) induces a map o from XN (Z,,0) A By(k(Z,,0))
to K(A,m+2). It follows from the construction of P(m+1) and P(m+1), we have
P(mA+1) yz onbzon) = E»5,S 4+ (o). Since m # 2p', 7 = 0:H™?2(N(Z,,0) A
By(k(Zp,0)), A) — H™(N(Z,,0) A k(Zp,1), A), so we have P(m+1)|y(z oniz,1) =
FE565S. So Proposition 15.1 holds.

If m+1 = 2p’, by the induction hypothesis we have Es325 Py (F A Ey fr) on $2W (m),
o) E2525’ and 2P, (F /\El fm+1) are m+2 homotopic. Thus, we can define the cocycle of
difference D(Fy555, 52 Py 1 (F A By frng1)) € H™3(3(Zp, 1) A k(Zp, 1), Tyt (W (mA4-1))).
Since Pryiloawmr) = 1ds Slsiarz,1) = Slsk(z,1) = 7:3k(Zp, 1) — Ba(k(Z,1)), we
have D(Ey55S, 52 P2 (F A By 1)) g1k, 1) = 0-

Let D(E2635, %P1 (F A By 1)) lnnaye = 0 € S2mmy1(W(m+1))  (I). We define
a new multiplication M (m+1) from W (m+1) A W(m+1) to W(m+1) by M(m+1) =
M(m+1)+j (2_2(0) (Tz-*/\Ték—{—Tg/\Ti*)), where M (m~+1): W(m+1)AW (m+1) — W (m+1)
denotes the multiplication of W (m+1) and j: K(A, m+1) — W (m+1) denotes the natural
injection. It can be easily proved that M(m-+1) is also homotopy commutative and
homotopy associative. Let P, be the N(Z,,0) action defined by M (m+1). It can be
proved from (I) that F»525 ~ $2P,,,1(Fy A Ey f), that is, Prposition 15.1 holds for m+1
with respect to the multiplication M (m+1).

17 The proof of (h),,,; for m+1 = 2p".

It can be easily seen that

E2*62*S*(%5 N ﬂ,pq;)
~ ZQPm—i—l (F N Elfm)*(%o N ’Etpz)

where 7y € Hy(n(Z,,1), Z,) denotes the generater of Hy(n(Z,, 1), Z,) which sends X7, of
YK (Zp,0). So, Su(rg Auyi) # 0. Since H2+2pi(B2(k(Zp, 1), Z,) is generated by N, H2H2'
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(Er(W(m)) A Ex(W(m)) A Ex(W(m)), Z,) and s,(75 A upi) and o9.mp. = 0, by the
construction of & = (aq,---, ;) we have ax(7,7;) = 0, k = 1,---,s. Thus, we have
a(T,7;) = 0. Therefore, E5(X%a)s(r§ A up) = 0. So we have o3 E5(X%a) =). So,
fmy