SELF HOMOTOPY EQUIVALENCES WHICH INDUCE
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OR HOMOTOPY GROUPS
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ABSTRACT. For a based, 1-connected, finite CW-complex X, we study the following sub-
groups of the group of homotopy classes of self homotopy equivalences of X: E(X), the
subgroup of homotopy classes which induce the identity on homology groups, £*(X), the sub-
group of homotopy classes which induce the identity on cohomology groups and Siim"'r (X),
the subgroup of homotopy classes which induce the identity on homotopy groups in dimen-
sions < dim X + r. We investigate these groups when X is a Moore space and when X is a
co-Moore space. We give the structure of the groups in these cases and provide examples of
spaces for which the groups differ. We also consider conditions on X such that £,(X) = £*(X)
and obtain a class of spaces (including compact, oriented manifolds and H-spaces) for which
this holds. Finally, we examine Siim+T(X) for certain spaces X and completely determine

the group when X = S™ x 8™ and X = CP™ Vv 5§27,

§1. INTRODUCTION

If X is a based topological space, let £(X) denote the set of homotopy classes of self
homotopy equivalences of X. Then £(X) is a group with group operation given by compo-
sition of homotopy classes. The group £(X) and certain natural subgroups are fundamental
objects in homotopy theory and have been studied extensively. For a finite CW-complex
X, these subgroups include &,(X), the subgroup of homotopy classes which induce the
identity on the homology groups of X, £*(X), the subgroup of homotopy classes which
induce the identity on the cohomology groups of X and E;fm” (X), the subgroup of ho-
motopy classes which induce the identity on the homotopy groups of X in dimensions
< dim X + r. For a survey of known results and applications of £(X), see [Ar], and for a
list of references on the subgroups mentioned above, see [A-L, pp. 1-2].

In this paper we investigate the subgroups &.(X), £*(X) and Eiim”(X ). We give
examples for which the groups are different and present some general results which show
when they are the same. In addition, we completely determine these groups in several
specific cases.

We now briefly summarize the contents of this paper. Section 2 contains some useful
results which will be needed in later sections. We first state several classical theorems
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such as the universal coefficient theorem for homotopy groups with coefficients and the
Blakers-Massey theorem. We then consider Moore spaces, i.e., spaces with a single non-
vanishing homology group, and give some elementary results about them. In Section 3
we study £.(X), £*(X) and Eiim”(X ) when X is a Moore space and determine these
groups completely. In Section 4 we examine co-Moore spaces Y, i.e., spaces with a single
non-vanishing cohomology group, and calculate the groups £,(Y), £*(Y) and 5iim+7"(Y)
for r = 0,1. The results in Sections 3 and 4 provide us with many examples which show
the possibilities for the groups &,, £* and Eiim”. In Section 5 we consider spaces X such
that £,(X) = £*(X). We show that compact, oriented manifolds, H-spaces and spaces
with certain homological restrictions all have this property. In Section 6 we examine the
groups Siim“(X ) for specific spaces X in order to illustrate the varied behavior of these

groups. In particular, we completely determine Siim”(Sm x S™) and 5;;2”1”(013" vV §2n),

For the remainder of this section we present our notation and conventions. All topo-
logical spaces will be based and have the based homotopy type of a finite, 1-connected
CW-complex. All maps and homotopies will preserve base points. If f : X — Y is a
map, then f., : H(X) = H,(Y), fun @ mp(X) = m(Y) and f** : H*(Y) — H™(X)
denote respectively the induced homology, homotopy and cohomology homomorphism in
dimension n. The subscript or superscript ‘n’ will often be omitted. In this paper we do
not distinguish notationally between a map X — Y and its homotopy class in [X,Y].

If G is an abelian group and n > 3 an integer, then the Moore space M (G, n) is the
space, unique up to homotopy type, characterized by

aorem={ ;"

0 i#n.
If G is free-abelian, M (G, n) is just a wedge of n-spheres. In general, the construction of
M(G,n) is as follows: Let G = §/MR, where § is free-abelian and R C § is a subgroup.
The inclusion R C § induces a map j : M(R,n) - M(F,n), and M(G,n) is the mapping
cone of j. Thus we have the defining cofibre sequence of M (G, n):

M(F,n) = M(G,n) - M(R,n+1).
Note that when G is finitely-generated, M (G, n) is a finite CW-complex of dimension n if
G is free-abelian and of dimension n + 1 if G is not free-abelian. It is known [Ba, p. 268-
269] that 7,11 (M (G,n)) = G® Zy for n > 3 and that m,,2(M(G,n)) is an extension of
Tor(G, Zs) by G®Zs for n > 4. Since M (G, n) is a double suspension, the set of homotopy
classes [M (G, n), X] can be given abelian group structure with binary operation ‘+’. Then
T (G; X) = [M(G,n), X] is called the nth homotopy group of X with coefficients in G.
The group of self homotopy equivalences £(M (G, n)) of a Moore space has been studied
by Rutter in [Ru].
Finally, if A is an abelian group, we write

@A:AEB---EBA (r summands).

We also use ‘@’ to denote cartesian product of sets.
Acknowledgement. We would like to thank Gregory Lupton for having suggested Propo-
sition 6.3.
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§2 PRELIMINARIES

We begin with some well-known results. The first is the universal coefficient theorem
for homotopy with coefficients [Hi, p. 30].

2.1 Theorem. There is a short exact sequence
0 — Ext(G, Tni1(X)) = mn(G; X) D Hom(G, mn(X)) — 0,

where A(f) = fun : G = m(M(G,n)) = mp(X).
We obtain the following corollary.

2.2 Corollary. Let f,g: M(G,n) — M(G’,n) be maps and let G be free-abelian. Then
f=9< fin = gun-
Next we have the Blakers-Massey theorem [Hi, p.49].

2.3 Theorem. Given a cofibration X 5 E %Y with X (k—1)-connected and 'Y (£ —1)-
connected, k,¢ > 2. Then for any abelian group G and all m < k + {—2, there is an exact
sequence

Tm (G; X) it Tm(G; E) % Tm(G;Y) 2 Tm—1(G; X) — - .
If G is free-abelian, then the sequence is exact for m < k + £ — 2.
We also will need the following proposition.
2.4 Proposition. If X is (k — 1)-connected and Y is (¢ — 1)-connected, k,{ > 2, and
dim P < k + ¢, then the projections X VY — X and X VY — Y induce a bijection
[P, XVY] = [P, X]|®[PY].

Proposition 2.4 is a consequence of [Sps, p.405] since the inclusion X VY — X x Y is
a (k + ¢ — 1)-equivalence.
Now let M (G, n) and M(G’,n) be Moore spaces with defining cofibre sequences

M(3,n) - M(G,n) - M(R,n+1) and
M(F,n) - M(G',n) L M(R,n+ 1),

where § and §’ are free-abelian, RC §, R C §F, G =3F/R and G' = §F'/R.

2.5 Proposition. Let f : M(G,n) — M(G',n). Then f., = 0 <= there exists a :
M®R,n+1) - M(F',n) such that f = i'aq.

Proof. The implication ‘<=’ is obvious, so we show ‘=". Since (fi). =0: H,(M(F,n)) —
H,(M(G',n)), fi =0 by Corollary 2.2. Now consider the Barratt-Puppe exact sequence
of the defining cofibration of M (G, n)

*

MR, 1+ 1), M(G',n)] & [M(G,n), M(G",n)] S [M(3,n), M(G",n)].
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Since i*(f) = 0, there exists b : M(R,n+ 1) — M(G’,n) such that f = bg. Therefore
(¢'b)« = 0, and so ¢’b = 0 by Corollary 2.2. Then Theorem 2.3 applied to the defining
cofibration of M (G’,n) yields the exact sequence

Tt (R M(F ) 5 o (R MG, ) % i (9% MV, + 1)).

Since ¢}, (b) = 0, b = i’y (a) = i'a for some a € m,11(R; M(F',n)). Hence f = bg =1i'aq. [

Next we consider abelian groups G; and G3 and Moore spaces M; = M(G1,n1) and
My = M(Ga,n2). Let X = M1V My = M(Gy,n1)V M(G2,n2) and denote by i; : M; - X
the inclusions and by p; : X — M, the projections, j = 1,2. If f : X — X, then define

2.6 Proposition. The function 6 which assigns to each f € [X, X|, the 2 x 2 matrix

fir fi2
0(f) = ,
=1 5
where f;i, € [My, M;], is a bijection. In addition,
(1) 0(f +g) =0(f) +06(g), so 0 is an isomorphism [X, X] = D; ;—_; o [Mk, Mj].
(2) 6(fg) = 0(f)0(g), where fg denotes composition in [X, X] and 0(f)0(g) denotes
matrix multiplication.
(3) Under the identification H,.(My V M) = H,.(My) ® H.(Ms), we have fu.(z,y) =
(fll*r(x) + le*r(y)7 f21*r(x) + f22*r(y))7 for x € HT(Ml) and Yy € H’I’(M2)
(4) Under the identification H"(My V My) = H" (M) ©@H"(M>), we have f*"(z,y) =
(f17 () + f31 (), fi2 () + f35 (y)), for x € H"(My) and y € H"(Ms).
(5) Ifay : mp(My) @7 (Ms) — 7. (M1 V My) and By : mp(M1V Ma) — . (My) &7, (M)
are the homomorphisms induced by the inclusions and projections respectively,

then B, fuor(z,y) = (friwr(®) + frour (), forur(x) + foour(y)) for x € m.(My)
and y € m.(Ma).

Proof. Clearly [X, X]| ~ [M1, X| & [M2, X]. But [M;, X| ~ [M;, M| & [M;, M;] by Propo-
sition 2.4 for j = 1,2. The rest of the proof is straightforward and hence omitted. [J

Next let G be a finitely-generated abelian group and write G = F & T, where F is a
free-abelian group of finite rank and 7' is a finite group. Let i; and i5 be the inclusions of
F and T into G and let p; and ps be the projections of G onto FFand T. If ¢ : G — G is
a homomorphism, set ¢11 = p1¢i1 : F — F, ¢po1 = poiy : F — T, ¢p10 = p1¢is : T — F
and ¢oo = poia : T — T. Then for x € Fand y € T,

d(z,y) = (¢11(7), P21(x) + P22(y)),

since ¢12 € Hom(T, F') = 0. The proof of the next proposition is clear.

2.7 Proposition. With the above notation, ¢ : G — G is an isomorphism <= ¢1; and
¢92 are isomorphisms. Furthermore, ¢ =1 <= ¢11 = 1, ¢o0 = 1 and ¢1 = 0.
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§3 MOORE SPACES

In this section and the next we study the self homotopy equivalences of Moore and
co-Moore spaces by means of 2 x 2 matrices. This method was used earlier by Sieradski
to study the self homotopy equivalences of a cartesian product [Si]. Let G be a finitely-
generated abelian group and write G = F' & T, where F' is a free-abelian group of rank r
and 7 is a finite abelian group. We consider the Moore space X = M (G,n) = M(F,n)V
M(T,n) for n > 3. We set M; = M(F,n) which is a wedge of r n-spheres, and My =
M (T,n) which is a wedge of spaces of the form M (Z,,,n) = S™ U,, e"*1. Throughout this
section X will denote the Moore space M(G,n) = My V Ms.

We now let f € [X, X] and use the notation of §2 so that f;r = p;fir € [My, M;], for
Jj,k=1,2. Then f € £(X) < f.n is an isomorphism. By Propositions 2.6 and 2.7, we can
identify f € £(X) with the 2 x 2 matrix

fir fi2
for  foo
where f11 € E(My), fiz € [Ma, My], fo1 € [My, Ms] and foy € E(Ms). The group structure

in £(X) is then given by matrix multiplication.
Now we investigate the subgroup £*(X) = {f € £(X)| f** = 1, for all i} of £(X).

3.1 Theorem. Let f € £(X) be given as

_ fll f12
/= <f21 f22>
with f11 € S(Ml) and f22 € S(Mg) Then f € 5*(X) < f11 =1 and f22 € 8*(M2) If
f.g € E*(X), then

fg = 1L fio Lgi2) _ 1 Ji2 + 912
for fa2 ) \g21 922 fa1+921 forg12 + fo2g22 )
Proof. The cohomology of X occurs only in dimensions n and n + 1 and

H"(X)=H"(M,)® H"(M,) = H"(M;) = F and
H"WY(X) = H"™ (M) @ H" ™ (M) = H" (M) =T.

By Proposition 2.6, f*(z,y) = (f{1(z), fas(y)) for z € H*(M;) and y € H*(Ms). Thus
fP=1fork=n,n+1< f7 =1and fi7 =1. But £(M;) = 1 by Corollary 2.2, so
fit =1« f11 =1. Also f2*2n+1 =1 < foo4n = 1 by the universal coefficient theorem for
cohomology. This proves the first assertion.

To establish the formula for the product fg it suffices to show (1) fo1+ faogo1 = fo1+921,
i.e., foog21 = go1, and (2) g12 + fi2g22 = fi2 + g12, i.e., fi2922 = fi2.

For (1), note that (f22g21)« = g21+ since fao, = 1. But this implies foogo1 = go1 by
Corollary 2.2.
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For (2), let
M(F,n) 5 My & MOV, n+1)
be the defining cofibre sequence for My = M (T, n), where T' = §' /R’ and §’ free-abelian.
Since (goo — 1)« = 0: T — T, by Proposition 2.5 there exists a : M(R',n+1) - M(F',n)
such that goo =1+ 4'aq’. Then
fi2g22 = f12(1 +i'aq’)
= fi2 + fi2i'aq
= f12

since (f121')« = 0 and so fi2¢' =0. O

Next we consider £,(X) = {f € E(X)| fin = 1}. Let T = T' & P, where T is the
2-primary torsion subgroup of G and P is the sum of p-primary torsion subgroups of G
for all primes p # 2. Thus T’ = Zgas @ - -+ @ Zga., where ag > 1. We write M(T",n) as
My, M(P,n) as Mp and M(Zyas,n) as Ng, for =1, ...,s. Then

My = M(T,n) :M(T/,H)VM(P,H):MT/ V Mp and

My = M(Zsa1,n)V -V M(Z2as,n) = Ny V-V Ng.

Let j, : 8™ — M; be the inclusion of S™ onto the ath sphere of M; and let p, : M7 — S"
be the projection onto the ath sphere, = 1,...,r. Similarly let kg : Ng — M, and
rg : My — Ng be the fth inclusion and projection, respectively, for 8 = 1,...,s. Let

sn 2 Ng IR gn+1 he the defining cofibration of Ng and 7,, € m,41(S™) the non-trivial
class. Then we define u,g : M2 — M; to be the composition

My "8 Ny 98 grtt T gn Iy
a=1,..,rand 8 =1,...,s and we define v,5 : My — M> to be the composition
My ™8 Ny % gn+1 ™ gn 5N 5y
v,0=1,...,8.

3.2 Theorem. Let f € £(X) be given by f = (?1 ?2> with f11 € £(My) and
21 Jfa2

foo € E(M3). Then f € £.(X) <= fi1 =1, for =0 and fay € E(Ma2). If f,g € E.(X),

then
f :<1 f12>(1 912>:(1 f12+g12)
g 0 fa2 /\O g2 0 fa2g22 )~

Furthermore,
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where r the rank of G and s is the number of 2-torsion summands in GG. In addition,
generators of £,(X) consist of all

NS T (1 0
/U/aﬁ_ (O 1 > and ,U")/(S_ (O 1+’U75>,

where o = 1,...,r and 3,7, =1, ..., s.

Proof. We have f € £,(X) & f., = 1. By Proposition 2.7, this is equivalent to f1; €
E«(My) =1, fog € E.(M3) and fo14, = 0: F — T. But by Corollary 2.2 the latter implies
fo1 =0: My — M. This proves the first assertion. Thus &,(X) C £*(X) (which is easily
proven directly) and so the formula for fg follows from Theorem 3.1.

Next g*(X) ~ [MQ,Ml] @g*(MQ) But

[Ma, My] ~ 0 (T'; My)
~ Ext(T, mp+1(M1))
~ Ext(T, F ® Z5)

~ BExt(Zga1 @ - -+ @ Zgas, @ Z)

~ @Zz

Now consider E,(Ms). Let Z,(Mz) C [Ma, Ms] consists of all homotopy classes which
are zero on homology. Then by Theorem 2.1 we have the short exact sequences

0 — Z, (My) — [My, M) & Hom(T,T) — 0

| I

0 — Ext(T, mny1(Ma)) — 70 (T; Mz) = Hom(T, 7y (Ma)) — 0,

82
where H(h) = hyy,. Thus Z,.(Ms) ~ Ext(T, mp+1(Ms)) = Ext(T,T ® Zs) ~ P Zs.
We next see that £,(Ms) ~ Z,.(Ms). There is a bijection p : Z,(M3) — E.(Ms) defined
by p(g9) = g+1, for g € Z,(Ms;). We show that p is a homomorphism : p(¢9+h) =g+h+1
and p(g)p(h) = (g +1)(h+1) = gh+ g+ h+ 1. Thus it suffices to show gh = 0 for

g, h € Z,(Ms). Let M(F',n) LA My & M(9',n + 1) be the defining cofibre sequence of
M. By Proposition 2.5, there exist a,b: M(R',n+ 1) — M(§F',n) such that

g=1aq and h=1ibq.

(r+s)s
Thus gh = i'aq’i’'bq’ = 0 since ¢'i" = 0. This completes the proof that £.(X) ~ @ Zs.
Finally, it is straightforward to verify that the elements described in Theorem 3.2 are
generators. [
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3.8 Remark. Theorem 3.2 shows that £,(X) is always abelian and is the trivial group if

and only if G has no 2-torsion. We also note that the decomposition of &,(X) into a direct

sum of Zy’s could have been obtained directly using the isomorphism &,(X) ~ Z,(X).
We next compare £,(X) and £*(X). Let ¢ : £,(X) — £*(X) be the inclusion and define

p:E%(X) — Hom(F,T) by p <f11 gz) = (fo1)en: F = T.

3.4 Proposition. The following is a split short exact sequence
0— &(X) 5 £4(X) 2 Hom(F,T) — 0,

and so £*(X) is a semi-direct product of £.(X) by Hom(F,T).

Proof. By Theorem 3.1, p is a homomorphism. Furthermore, Kernel p = Image:. We
define a homomorphism o : Hom(F,T) — £*(X) such that pc = 1. Let a : FF — T be a
homomorphism and a : My — Ms be the corresponding homotopy class. Then we set

o(a) = (i g) 0

8.5 Remarks. (1) The order of the group £*(X) is given by |£*(X)| = |T|" x 2(r+*)s,
(2) Proposition 3.4 gives examples of Moore spaces X = M(G,n) such that £,(X) #
E*(X). Simply take any G = F & T with F' # 0 and T # 0.
(3) As a consequence we have the following partial realization result for £* : If A is any
finite abelian group without 2-torsion, there is a space X such that £*(X) ~ A.
Just set X = M(Z & A,n).
We next determine the extension in Proposition 3.4. We use the notation of Theorem
3.2 and Proposition 3.4. For a =1, ...,7 and 8 =1, ..., s, we define wg, : M; — M> as the
following composition

; k
M, %3 5™ B Ny 28 M,

1 0

If fﬁa S HOm(F7T) is WBaxn, then O'(fﬂa) - <w 1
Ba

) € £(X). Now let H C

E*(X) be the subgroup generated by the generators gz = ((1) ua{ﬁ’) and 0,5 =

10 /1 0 , ,
(O 1—|—v75>0f5*(X) a,ndwga—<wﬂa 1>,Wherea,a =1,..,7 and 3,3 ,v,0 =

1,...,s. Then the action of Hom(F,T') on &,(X) in Proposition 3.4 is given by

_ 1 U~ R
1 ~—1 ~ s D — a'B
( ) wﬁa Uq ,3 wlﬁa <O 1 _|_ wﬁaua’,@’ ) and
(2) W Bys Wpa = Trys-

In (1) if & # o, wgauwp = 0; if & = o/, wauap = vgp. Furthermore, Hom(F, P)
clearly acts trivially on &£,(X).
Recall that a group has nilpotency < 2 if all commutators of length > 3 are trivial.
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3.6 Theorem. The group £*(X) is isomorphic to H & @ P. Moreover, H is the semi-
direct product of £,(X) with Hom(F,T") with action of the latter group on the former
group given on generators by (1) and (2). In addition, nil £*(X) < 2, and £*(X) is abelian
if and only if r =0 or s = 0.

Proof. Only the last assertion requires proof. It easily follows from (1) and (2) that the

commutator
1 if a# o

[Garpr, Wa) = Tgyly Wy T pr W = { bop ifa=a,
and commutators of all other generators are trivial. The theorem now follows. [
We next give a simple illustration of Theorem 3.6 in the following corollary.

3.7 Corollary. E*(M(Z & Z3,n)) ~ Dy, the dihedral group with 8 elements.

Proof. Let A =E*(M(Z @& Z2,n)). By Remark 3.5(1), A has 8 elements which are repre-

sented by matrices
L fie
far fe2 )

where fo1 € m,(M(Za,n)), fiz € mn(Zo;S™) and fao € E.(M(Zo,n)). Consider the
defining cofibre sequence S™ LR M(Zy,n) L St of M(Zy,n) and define z,y € A by

(1 Mg (1 0
”’_(i' 1+img ) M v=ly 1)

(In the notation of Theorem 3.6, x = (i} (1)> ((1) 1{) and y = (i} (1)>) Clearly x

has order 4, y has order 2 and yxy = ~!. Therefore A~ D,. [0

Now we turn to the group Siim”(X) ={f e &(X)| fgi =1, for i <dim X + r}, where
r > 0.
3.8 Theorem. For the Moore space X = M (G,n),

(1) E4™(X) = E.(X) and

(2) ESTHX) =1, ifn>3.

Proof. If G is torsion-free, dim X = n and the theorem follows easily. Now assume 7" # 0
so that dim X =n + 1.

(1) If f: X — X, then fy, =1 < f.,, = 1 by the Hurewicz theorem. Therefore
it suffices to show f € £.(X) = funy1 = 1. Consider the defining cofibre sequence
Mg, n) > X N M®R,n + 1) of X. By Proposition 2.5, f = 1 + iag for some a :
MR, n+1) - M(F,n). But fany1 =14 ignt104n+19#n+1. However,

G®RZy=Tns1(X) 3wt (M(R,n+ 1)) = R,

and so qxp4+1 = 0.
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(2) We have giimH(X) C &.(X). First note that if G has no 2-torsion, then SiimH(X)
= 1 since &£,(X) = 1. Now suppose that G has s summands of 2-torsion, s > 1. We write

T =T & P, where T" is the 2-torsion subgroup and P is the sum of all other p-torsion
subgroups. Then 7" = Zgay @+ @ Ziga,. If f € EilmH(X), then

(1 fi2
f= <0 f22> ’
where fao € E,(Ms). Also mpio(MiV M) & m,y0(Mp) @ mryo(Ms) by Proposition 2.4.
Hence by Proposition 2.6,
(z,y) = ( + fr24(y), fa2(y)),
for every x € mp42(M;) and y € mp,42(Msz). Thus it suffices to prove

(i) (f12)#n+2=0 = fi12=0 and
(ii) (fgg)#n+2 =1 and f22 € 5*(M2) = f22 =1.
For (i), let My = M(T',n) and Mp = M(P,n) and so My = Mp: vV Mp. Then

fi2lmp € [Mp, My] = m,(P; M1) = Ext(P, F®Z3) = 0, and so fi2|n, = 0. Now let M7 =
Ny V.-V Ng, where Ny, = M (Zsgao,n) and let k, : N, — Ms be the inclusion. It suffices

to show fioka = 0 for a = 1,...;s. Let M(F',n) L My % M(9',n + 1) be the defining
cofibre sequence of My = M (T, n). By Proposition 2.5, there exists a : M (R, n+1) — M;
such that fio = aq’. Let j, : S™*1 — M(2R/,n + 1) be the inclusion onto the ath sphere,
a=1,..,s and let a, = aj, : S"T' — M. Then a, = (€17, ..., €,10,), Where €; = 0 or 1.

Since the diagram

N, e M,

lqﬁ lq/ of12
Sl Je AR n+1) S M,y
is commutative, it suffices to show that aq4n+2ga#n+2 = 0 implies a, =0, for a =1, ..., s.

Since n > 3, the following sequence is exact by Theorem 2.3

0 — Tnr2(S™) 2 mio(Na) 2% 7 0(S™H1) — 0.

Zg Z2
Choose x € m,12(Ny) such that ¢o4(z) = y+1. Then
0 = Ga#fas ()

= aa#(nn+1)

= (617In77n+1, ey ernnnn-i-l)'

Since N Npt1 € Tpa2(S™) in a generator of Zs, €; = 0 for all . Thus a, = 0.
The proof of (ii) is similar and hence omitted. [
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§4 CO-MOORE SPACES

Let G be a finitely-generated abelian group and write G = F&T, where F' is free-abelian
of rank r and T is a finite group. Let n > 3 and denote by C(G,n) the co-Moore space of
type (G, n) defined by
G i=n
0 i#n.

We note that C(G,n) = M(F,n)V M(T,n —1). We adopt the following notation in this
section: Y denotes C(G,n) withn > 4, My denotes M(F,n) and M} denotes M (T,n—1).
The prime in M} is to distinguish M} from My = M (T, n) of §3.

Given f € [Y,Y] = [My V M}, My V M| we obtain as in §3, f;r = p; fir , for j,k=1,2,
where fi1 € [My, M), fo1 € [My1, M3), fi2 € [M3, Mi] and fay € [Mjy, M;]. By Proposition
2.6 the identification of f with the 2 x 2 matrix

it fi2

far fa2
is a bijection compatible with multiplication (i.e., composition and matrix multiplication).
In this section we investigate £*(Y), £(Y) and £3™+(Y). The discussion of £*(Y)
and &,(Y) is completely analogous to that of £,(X) and £%(X) in §3. Therefore we state

most of the results without proof. However, see Remark 4.9 for another approach . Clearly
f € E(Y) corresponds to the 2 X 2 matrix

<f11 f12>
f21 f22

where fi1 € E(My), fa1 € [My, M), fio € [My, Mi] and fa € E(My).

G = {

4.1 Theorem. f € £.(Y) <= fi11 = 1 and fay € E.(M}) = E*(M3). Furthermore, if
frg € &(Y),

fg= 1 fi I g2 _ 1 fi2 + g12
for  fo2 921 922 fo1+ 921 fo1912 + fa2922 )
4.2 Theorem. f € £*(Y) < f11 = 1, fia = 0 and fyy € E.(M}). Furthermore, if

fge&x(Y),
()0 ) (e o)
I=\ far fao g1 g22) \far+g21 fa2g22 )

In addition,
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where r is the rank of G and s is the number of summands of the form Zs. in G.

Proof. We briefly comment on the last assertion. We have £*(Y) ~ [My, Mj] & E.(M}).
By Theorem 3.2, £.(M}) ~ é%Zg. Now [M;, M| = m,(F; M5) = Hom(F,m,(M3)) =
Hom(F, T ® Z3) = ésa Z;. The result follows. [

In the discussion preceding Theorem 4.8 we indicate the generators of £*(Y) in analogy
to Theorem 3.2. Also we discuss &,(C(G,3)) and £*(C(G, 3)) in Remark 4.10.

Next we consider ngm(Y). Note that Y = M; V M/, has dimension n and so SiimH(Y)
is the set of all f € £(Y) such that fu; =1 fori <n+t.

4.3 Lemma. Egjm(Y) C E.(Y).
Proof. Let f:Y — Y with fu,_1 =1 and fx, = 1. We have the commutative diagram

(YY) T )

lhi lhi
Hi(Y) —I Hy(Y),

where h; is the Hurewicz homomorphism. If ¢ = n — 1, h; is an isomorphism, and so
fin—1 = 1. If i = n, h; is an epimorphism and so f., =1. [

4.4 Proposition. Consider the element

(1 fi2
f= (f21 fzz) € &),

where fa; € E.(Mj). Then f € E§™(Y) & fo = 0. For f,g € E4™(Y), the product is

given by
fg:(l f12)<1 912): <1 f12+912>
0 fo 0 goo 0 fag22 )

Proof. If f € £,(Y), then

fun(@,y) = (T + fra(), fa14(2) + fa24(y)),

for x € m,(M1) and y € m,(Mj3) by Proposition 2.6. But fiox : m,(My) =T ® Zy —
Tn(My1) = F is zero. Moreover, foo € E(MS) = 5;}gm(M§) by Theorem 3.8. Therefore
f2o# = 1 and so

fan(2,y) = (2, far13(x) + ).

Hence fu, = 1 < (f21)#n = 0. Now we show (f21)x, = 0 < fo; = 0. Consider the
homomorphism of the universal coefficient theorem (2.1)

(M, M3 = 7, (F; M3) A Hom(7r,, (M), 7, (M3)) = Hom(F, 7, (My)),

where A(g) = gun. Since Ext(F, m,41(M3)) =0, A is an isomorphism. Thus fo14, =0 <
f21 = 0. This completes the proof. [
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4.5 Corollary. ngm(Y) R~ (@ T) ® (@ Zg).

82
Proof. By Proposition 4.4, Siim(Y) ~ [My, My] & E.(M3). However E,(M3) ~ @ Zy by
Theorem 3.2. Furthermore, [M3, M1] = m,—1(T; M1) ~ Ext(T,m,(M1)) ~ Ext(T, F) ~
DT. O

It follows that ngm(Y) and £*(Y') are distinct groups in general. This differs from
Moore spaces X since Eiim(X) =& (X).

By Theorem 4.2, £*(Y') C £,(Y) and by Lemma 4.3, giim(y) C &.(Y). We denote these
inclusion maps by ¢ : £*(Y) — £.(Y) and & : 5gjm(Y) — £«(Y). There are homomorphisms
p:E(Y)— Hom(F,T) and 7 : £,(Y) — Hom(F, T ® Zs) defined byp(f) = f{3 : F = T
and 7(f) = forpn : F = m(M}) =T ® Zs.

4.6 Proposition. The following are split short exact sequences

0—E(Y) S E(Y) B Hom(F,T) - 0 and
0= EL™(Y) 5 E.(Y) 5 Hom(F, T ® Zs) — 0.

We make some remarks on the preceding results.

4.7 Remarks. (1) By Theorem 4.2, £*(Y') is abelian, and £*(Y) = 1 if and only if G has
no 2-torsion.
(2) The order of the group &,(Y) is given by |£,(Y)| = |T| x 2(7+#)s. This follows from
either exact sequence of Proposition 4.6.
(3) We easily obtain examples from Proposition 4.6 of co-Moore spaces Y with £*(Y)
# E(Y) and EG™(Y) # E.(Y).
(4) We obtain a partial realization result from Proposition 4.6 : Given any finite abelian
group A without 2-torsion, then £,(C(Z ® A,n)) ~ Egjm(C(Z ®A,n))~ A

Next we determine the extension of the first exact sequence of Proposition 4.6 (the
second can be obtained similarly) in analogy with Theorem 3.6. We first define certain
generators of £,(Y). As in §3 we write T = 7" & P and set My, = M(T',n — 1) and
Mp = M(P,n—1). Furthermore, T’ = Zga, @ - - @ Zga. and we set Nj = M (Zyes,n—1).
Now let x5, : M1 — Mj and y.5 : M3 — M be defined as the respective compositions

My 23 8m "5t gt B NE B v and
M T3 NG 93 gn st gt Iy N B g

fora =1,...,r and 3,7, = 1, ..., 5. Note that the suspension of y,s is the map v,s of §3.
Then £*(Y') is generated by the elements

dgm=( 1 %) and go= (1  °
fa = Tga 1 e =1\ o 1+yys )
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Now define zg : M} — M; as the composition

My B NG 28 5 2
fora=1,...,7and g =1,...,s. In the split exact sequence

0 = &(Y) = &(Y) £ Hom(F,T) — 0,

e

the 2-torsion part of Image o is generated by all

~ o 1 Zaf
Zag—(o 1).

Let H C &,(Y) be the subgroup generated by all g/, Jys and Z,3. Then the action of
Hom(F,T) on £*(Y) is given by

1~ - 1 0
1 1 1oyt = d
(1) Zo3 Tpar Zap (mg/a/ 1+37ﬁ’a'2ag> an
(2) 2;51 3975 gaﬁ = g”y&
In (1), if o # &, g/a2a8 = 0; if @ =/, T 2ap = ypp. Furthermore, Hom(F, P) acts
trivially on £*(Y).

4.8 Theorem. The group E.(Y) is isomorphic to H & @@ P. Moreover, H is the semi-
direct product of £*(Y') with Hom(F,T") with the action of the latter group on the former
group given by (1) and (2). In addition, nilE,(Y) < 2 and E.(Y) is abelian if and only if
r=0o0rs=0.

4.9 Remark. It follows from §§3 and 4 that for n > 3,

E«(M(G,n))~E*(C(G,n)) and
EX(M(G,n)) =~ E.(C(G,n)).

We explain this by appealing to S-duality theory (for more details, see [Sp;| and [Sps,
pp. 462-63]). First note that under suspension

Q
Q

E«(M(G,3)) and

E*(M(G,3))

E(M(G,4))
EX(M(G,4) ~ -

Q

Thus we define stable groups of equivalences by £%%,(G) = E.(M(G,n)) and EXM(G) =
E*(M(G,n)), for all n > 3. Similarly for co-Moore spaces C(G,n) with n > 4, we obtain
stable groups £F(G) and £35(G). Now let X = M(G,n) be a Moore space and X*
be the N-dual of X. Then X* is a co-Moore space C(G, N — n). Furthermore, for any
spaces A and B, the group of stable homotopy classes {A, B} is isomorphic to the group
{B*, A*} under an isomorphism that reverses composition. From this we easily obtain that
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&2t ,(@G) is anti-isomorphic to £:C (G). Thus we conclude that &, (M (G, n)) ~ £*(C(G,n)).
By starting with a co-Moore space and taking its N-dual, we similarly conclude that

£.(C(G,n)) ~ E*(M(G, n)).

4.10 Remark. We comment on &,(C(G,n)) and £*(C(G,n)) when n = 3. Then Y =
C(G,3) = My V M}, where My = M(F,3) and M} = M(T,2). Theorems 4.1 and 4.2 and
Proposition 4.6 hold for Y = C(G, 3) with the exception of the direct sum decomposition
of £(Y) in Theorem 4.2. To obtain a decomposition for £*(Y) we proceed as in the
proof of Theorem 4.2 and conclude that £*(Y') ~ Hom(F, m5(M3)) ® Ext(T, w3(MJ)). But
m3(M4) = I'(T'), where T' is Whitehead’s quadratic functor (see [Wh] and [Ba, p.268]).
Thus we have

E5(Y) ~ (@ r(T)) & Ext(T, I(T)).

Next we consider EiimH(Y). Note that [N/,S"] = mu_1(Z2ea;S™) ~ Ext(Zzaa,
Z) ~ Zoeo, where N! = M(Zgaa,n — 1), and a generator of this group is the projec-
tion qo : N, — S™. Thus elements of [N/, S™] can be represented as mqyqq, Mo =
0,1,..., 2% — 1.

4.11 Proposition. If n > 4, then the group €iim+1(Y) consists of all f = ((1) ff),

where fi12 : My — My is such that pg fi2ka : N}, = S™ is magqa, for mag =0,2,...,2% =2,
anda=1,..,sand 8 =1,...,r.

1 .
Proof. Let f = <() £2> € EY™(Y), where fas € E.(Mj). Then for x € m,11(M;) and

RS 7Tn+1(Mé)7
fu(z,y) = (@ + fr2(y), fo2e(y)).

Thus f € YY) & fiouni1 = 0 and fosunt1 = 1. But the latter is equivalent to
# #n+ #n+

fa2 € EiimH(Mé). Therefore this is equivalent to foo = 1 by Theorem 3.8 since n > 4.
Now consider f12 : M5 — M and set h = f12. Then My = M7,V Mp = N{V---VN.V M
and we consider h|y, : Mp — M;. We have that 7,1 (Mp) = 0 since it is an extension
of Tor(P, Z3) by P ® Zy according to §1. Therefore (h|ps;,)4n+1 = 0. Hence hypy1 =0 if
and only if (pghka)sn+1 =0,

N 5ot B o P8 s

a=1,..s B3=1,..r. Now consider the defining cofibre sequence S™! Y N, I3 gn
and the corresponding exact sequence (2.3)

0 — mper(S™1) 2% o (ND) 2oy 1 (S™) —s 0.

(e

| Joseae |
ZQ 7Tn+1(Sn) ZQ
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We have pghky = mapqa for some myg = 0,1,...,2% — 1. It follows that (pghka)pias =
MaBGate = 0. Choose z € m,41(N}) such that gax(2) = 7, € Tp11(S™). Then

(Pshka)#(2) = Mapday (2)
= magnn.
Thus (pghkas)x = 0 if and only if mag is even. Therefore those maps fi2 : Mj — M;

such that (fi2)#n+1 = 0 are precisely those such that pgfiska = Magga for meg =
0,2,...,2% — 2 where a=1,...,sand § =1,...,7. U

We have T =T' & P, where T" = Ziya, & - - - ® Zsas, and we denote by 27" the subgroup
of T" which is represented in each component by an even integer.

4.12 Corollary. Forn > 4,

T T

5;1&im+1(y) ~ @(QT’ ®P) ~ @(Z2a1—1 @D Zgas—1 ®P).

For any space X, let £3°(X) = EiimH(X ). Then the following question is suggested
>0
by Corollary 4.12: Is £2°(Y)) =1 for every co-Moore space Y ?
Finally, we consider the co-Moore space C(Z @ Z2,n) to illustrate many of the results
of this section.

4.13 Corollary. If Y = C(Z®Z2,n), then &, (Y') &~ Dy, the dihedral group of 8 elements,
EXY) ~ ZyDZs, Eiim(Y) ~ Zy®Zy and EilmH(Y) = 1. Furthermore, £*(Y') and Egjm(Y)
are distinct subgroups of £.(Y).

85 SPACES WITH &, = &

Recall that a finite CW-complex X is called a Poincaré complex of dimension n if
(i) Hi(X) =0 for i > n.
(ii) H,(X) ~ Z generated by pu.
(iii) The homomorphism P : H4(X) — H,_,(X) defined by P(xz) = 2Ny is an isomor-
phism for all 0 < ¢ < n.

5.1 Proposition. If X is a Poincaré complex, then £,(X) = £*(X).
Proof. If f: X — X, then f.(f*(z)Np) =2nN fi(n). Now let f € £,(X). Then
P(f*(z)) = f*(x) Ny
=z N fi(p)
= P(x)

and so f*(z) = z. Therefore f € £*(X) and so, £(X) C £*(X). For the opposite
inclusion, we conclude from the universal coefficient theorem [Spo, p.248],

0 — Ext(H"™(X),Z) — H,(X) — Hom(H"(X),Z) — 0,
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that H,(X) ~ Hom(H"(X),Z). Thus if f : X — X and f*" =1, then f.(u) = p. Now
let f € &*(X). Then
fo(P(z)) = fu(z O p)
= [ (f7(x) N )
=z N fu(p)
= P(x).
Thus f, =1, and so £*(X) C &.(X). O

5.2 Corollary. (1) If X is an H-space, then £,(X) = £*(X).
(2) If X is a compact, oriented manifold, then £,(X) = £*(X).

Proof. (1) Browder proved that X is a Poincaré complex [Ka, p. 31].
(2) By the Poincaré duality theorem [Mas, p.365], X is a Poincaré complex. [

Now let X be a space and for every n > 0 write
H,(X)=F,oT,,

where F), is a free-abelian group and T, is a finite group.

5.3 Proposition. (1) If for every n > 0, Hom(F,,,T;,,—1) = 0, then £,(X) C £*(X).
(2) If for every n > 0, Hom(F,,,T;,) = 0, then £*(X) C £.(X).

Proof. (1) We have Hom(H,,(X),Z) ~ F,, and Ext(H,_1(X),Z) ~ T,,_1. Thus the uni-
versal coefficient theorem for cohomology yields the short exact sequence
0—T, 1 H"(X)> F, 0.

If fe&.(X), we have the commutative diagram with exact rows

0 — T, 1 — H"(X) = F, — 0

b
0 — T, — H"X) = F, — 0.
Then the difference f* — 1 = 07, for some homomorphism 6 : F,, — T, ;. Thus if
Hom(F,,T,-1) =0, f*=1, and so &(X) C £*(X).
(2) This is proved as in (1) using the universal coefficient theorem which expresses
homology in terms of cohomology (see the proof of Proposition 5.1). [

The following corollary gives two extreme cases of Proposition 5.3.

5.4 Corollary. (1) If H;(X) has no torsion for all i > 0, then &,(X) = £*(X).
(2) If H;(X) is a finite group for all i > 0, then &£,(X) = £*(X).
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§6 HomoTOPY EQUIVALENCES WHICH INDUCE THE IDENTITY ON HOMOTOPY GROUPS

From earlier sections it is not clear if there exist spaces X with £3°(X) # 1, where
EX(X) = Do S;me (X). We show that such examples exist.
t>

6.1 Proposition. If X = S™ x S™, with n > m > 2, then the group ngm(X) is abelian
and equals EiimH(X) for all t > 0.

Proof. We use the exact sequence of [Sa, p. 71]
Tmgn(X) 2 E(X) B £(S™ v 5™,

where p is given by restriction to the n-skeleton and A is defined as follows: Consider the
cofibre sequence

STV ST L X b S A St = §mn,
and the corresponding pinching map £ : X — X vV S™*". Then if z € 7 pn(X), A(2) is
the composition

x5 xvsm% xvx ¥x,

where V is the folding map. We first show p(éfggm(X )) = 1. Let f € ngm(X ) and let
71 : 8™ — S™VS™ and 79 : S — S™ V 5" be the inclusions. Then it suffices to show

p(f)ir = i1 and p(f)ia = is. But
ix(p(f)in) = fa(ita)
=i
=04 (i1).
Since iy : T, (S™ V S™) — m,(X) is an isomorphism, p(f)i; = ¢;. Similarly p(f)ia = io.

Thus _
Ei‘m(X) C Kernel p = Image .

Therefore any element of Siim(X) is of the form A(z) = V(1V 2)¢, for some z € Ty1p(X).
To complete the proof it suffices to show A(2)xr = 1 : mx(X) — m(X) for all k. It is
known that the following diagram commutes

Smy §n X

li J/jl
X s xvsm
where j; is the inclusion. Furthermore i4 : m,(S™ V S™) — 7, (X) is onto for all k. Thus
if y € mi(X), y = ix(x) for some x € m(S™ Vv .S™), and so
A2)#(y) = V(1 V 2)glyiy(z)
= V1V 2)phigizn(z)
= iy (x)
=y. U
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The proof shows that Image A = S;iimH(Sm x S™) for all t > 0. From [Sa, Thm. 2.6,
Lem. 4.1 and (5.1)] we obtain

6.2 Corollary. Ifn > m > 2, then

E;O(Sm x S™) & iim(Sm x S™)
~ (Tmtn (S™)/[tmy Tn41(S™)]) & (T (S™) / [tny Tm+1(S™)]),

where 1, € m(S*) is the identity map and the brackets denote Whitehead products. In
particular,

8;?(5’2 X S™) A Tp2(S?) @ Zy  and
g;&O(Ss X S'n,) ~ 7Tn+3(53) D 7Tn+3(5n).

Next we show that E;’Em (X) can be infinite while EiimH(X ) is trivial.
6.3 Proposition. If X = CP"V §?", then Eiim(X) ~ Z and EiimH(X) =1.

Proof. Let i; : CP™ — X and iy : S — X be the inclusions and p; : X — CP" and
pa : X — S?" the projections. If f € [X, X]|, we write f.; = p,fis, for r,t = 1,2. Let
u € H?(CP") = Z and v € H?"(S8?") = Z be generators and let z = p}(u) € H*(X) and
s = p3(v) € H*"(X). Then H*"(X) = Z&Z and is generated by «" and 5. If f € £4™(X),
then f*(s) = ka™ + s for k,¢ € Z. But fuo, =1 and so faa = 1. Thus £ =1 and hence

f*(s) = kz" + s.

Define 6 : Egjm(X) — Z by 0(f) = k. Note that if f € ngm(X), f*(x) =z since fuo = 1.
We now show 6 is a homomorphism: Given f, f' € Ei‘m(X), where f*(s) = kE'z™ + s.
Then

(ff)"(s) = f" (k™ + 5)
= ka" + (K'z" + s)
= (k+k)z" + s.

Thus 0(ff') = 0(f) + 0(f'). Now we show that 6 is a monomorphism: By Proposition
2.4 and the fact that [S?", CP™] = 0, we have that f, f' € [X, X] are equal & f.. = f,
for (r,t) = (1,1),(2,1),(2,2). But if f, f' € £4™(X), then fas = 1 = f3,. Furthermore,
f*(z) = x = f*(z) and so fi11 = fi;. Thus f, f' € ngm(X) are equal & fo; = f5; €
[CP™, S27]. But the latter holds if and only if £3;(v) = f5(v). Now f3;(v) = (pafi1)*(v) =
it f*(s) =i (ka™ 4 s) = ku™ and similarly f35(v) = k'u™. Therefore 6(f) =k =k’ = 6(f')
implies f = f’. Finally we show that 6 is an epimorphism: Given k € Z, let g € [CP", §*"]
be such that g*(v) = ku™. Then define f € ngm(X) by fir =1, fio = 0, fo1 = g and
faz = 1. Clearly 0(f) = k. Thus £$™(X) ~ Z.
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To see that SiimH(X ) = 1, we use the Sullivan minimal model M of X [G-M]. Let
M(k) € M be the subminimal algebra of M generated by all free algebra generators
of degree < k. Then EQ(M) is the group of homotopy classes of differential graded
algebra automorphisms ¢ : M(k) — M(k) such that for every free algebra generator z
of M(k), ¢(x) = = + x, where x is a decomposable element of M (k). With subscripts
denoting degree, the free algebra generators of M(2n + 1) are us, V2,41, T2, and Yopi1
with differential d given by du = 0, dz = 0, dv = «™*! and dy = zu. Then each element of
5;"“(./\/1) is represented by a differential graded algebra automorphism ¢, : M(2n+1) —
M(2n + 1) which is the identity on w, v and y and such that ¢4(x) = = + qu™ for some
rational ¢ € Q. Hence

xu = dy
= d(¢q(y))
= ¢qd(y)
= (z +qu")u

= zu + qu"!

Thus ¢ = 0, and so 5;”“(./\/1) = 1. But by [Mar], there is a rationalization homomorphism
E#mH(X) — 5;"“(./\/1). It fo.llows that SiimH(X) is a finite group. Since SiimH(X) -
Ei‘m(X) = Z, we have that EilmH(X) =1. O

We mention another example, taken directly from [A-L, Prop.6.3].
6.4 Example. If U(¢) denotes the unitary group and X is the homogeneous space

Un)/(U(ny) x --- x U(n)),

where n; <--- <mngand n—(n;+---+ng) > 2, then EiimH(X) is infinite for every ¢ > 0.

We close with a conjecture regarding the stability of the groups Siim“(X ).
6.5 Conjecture. If X is a finite CW-complex, then there exists an integer N such that

5iim—|—t (X) — giim—l—N(X)

for allt > N.

Clearly this is true if Eiiers(X ) is finite for some s.
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