COMPARING HOMOTOPY CATEGORIES
DAVID BLANC

ABSTRACT. Given a suitable functor 7 : C — D between model categories, we
define a long exact sequence relating the homotopy groups of any X € C with
those of T X, and use this to describe an obstruction theory for lifting an object
G € D to C. Examples include finding spaces with given homology or homotopy
groups.

0. INTRODUCTION

A number of fundamental problems in algebraic topology can be described as mea-
suring the extent to which a given functor 7" : C — D between model categories
induces an equivalence of homotopy categories: more specifically, which objects (or
maps) from D are in the image of 7', and in how many different ways. For example:

a) How does one distinguish between different topological spaces with the same
homology groups, or with chain-homotopy equivalent chain complexes? How
can one realize a given map of chain complexes up to homotopy?

b) When do two simply-connected topological spaces have the same rational ho-
motopy type?

c¢) When is a given topological space a suspension, up to homotopy? Dually,
how many distinct loop space structures, if any, can a given topological space
carry?

d) Isa given IT-algebra (that is, a graded group with an action of the primary ho-
motopy operations) realizable as the homotopy groups of a topological space,
and if so, in how many ways?

Our goal is to describe a unified approach to such problems that works for functors
between spherical model categories, for which several familiar concepts and construc-
tions are available. These include a set A of models (to play the role of spheres, in
particular determining the corresponding homotopy groups 7€), Postnikov systems,
and k-invariants. If a functor 7 : C — D respects this additional structure, we

obtain a natural long exact sequence of the form:
(0.1) oo TR X S X b AP ST, XL

which generalizes the EHP sequence, J.H.C. Whitehead’s “certain exact sequence”,
and the spiral exact sequence of Dwyer, Kan, and Stover. See (4.4) below.

Under these hypotheses, given an object G in D, we want to find an object X in C
with TX ~ G. The key step is to choose 7¢X which fits into (0.1). We describe
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an inductive procedure for doing this, using the Postnikov systems in both categories,
together with an obstruction theory for lifting G to C, along the following lines:

Theorem. Giwen T : C — D and G € D as above, for each X € C with
TX ~ G, there is a tower of fibrations in C:

(nt1) . (O (n—1) © .
P R 1) P Xy B P oy
called the modified Postikov tower for X (Def. 5.21), with G mapping compatibly to
TX(n) for each n, and X =~ holim, X (n).
Conversely, given such a tower up to level n, the obstrucéion to extending it to level
n+1 liesin HYP*(G; Ty X(n)), and the choices for X{n+1) are classified by:
o aclass in HY(G; Tpn X(n));
e a classin HYP*(X(n); Kny1), where K, = Coker m,2p™, for p™ .
Pn+2G — Pn+2TX<TL>

See Theorem 6.8.

0.2. Related work. The comparison problems discussed above are familiar ones in
algebraic topology:

a) The question of the realizability of a graded algebra as a cohomology ring was
first raised explicitly by Steenrod in [Ste], but it goes back to Hopf (in [Ho])
in the rational case. The “Steenrod problem” of realizing a given m-action
in homology has been studied, for example, in [T, Sm)].

b) The comparison between integral and rational homotopy type was implicit in
the notion of a Serre class (cf. [Se, AC]), although an explicit formulation was
only possible after the construction of the rationalization functors of Quillen
and Sullivan in [Q2, Sul].

c) Possible loop space structures on a given H-space were analyzed extensively,
starting with the work of Sugawara and Stasheff (cf. [Sug, Sta]). The dual
question on identifying suspensions has also been studied (see, e.g., [BH]).

d) The question of the realizability of homotopy groups goes back to J.H.C. White-
head, in [W2] (see also [W5]), and has reappeared in recent years in the context
of IT-algebras (cf. [DKS1, DKS2]). The relationship between homology and
homotopy groups, which is relevant to the realization problem for both, was
studied in [W3, W4] (in which the “certain exact sequence” was introduced).

In [Bad4], H.-J. Baues gave what appears to be the first general theory covering
a wide spectrum of such realization problems. This was an outgrowth of his earlier
work on classifying homotopy types of finite dimensional CW complexes in [Ba2, Ba3]
(which in turn builds on [W1]).

His initial setting consists of a homological cofibration category C (corresponding
to, and extending, the notion of a resolution model category) under a theory of
coactions T (corresponding to the category II4 of §1.2). Baues then constructs
a generalized “certain exact sequence” similar to (0.1), and provides an inductive
obstruction theory for realizing a chain complex (or a chain map) by a T-complex
(corresponding to a CW complex, or more generally a cofibrant object in C) — see
[Bad, VI, (2.2-2.3)]).

These results apply inter alia to the problem of realizing a chain complex by a
topological space (the motivating example for Baues’s approach), as well as to the
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realization of a Il-algebra (cf. [Bad, D, (7.9)]). However, here we consider functors
between two different model categories that are not covered by [Bad]. In particular,
our original motivating example — the realization of a simplicial Tl-algebra (by a
simplicial space) — shows that in the relative context a more refined obstruction
theory may be necessary: compare Theorem (2.3) of [Ba4, VI] with Theorem 6.8
below.

0.3. Remark. Another set of closely related questions — which do not quite fit into
the framework described here, though they can also be stated as realization problems
— arise in categories of structured ring spectra; see for example [R] and [GH, Cor.
5.9].

0.4. Notation and conventions. 7, denotes the category of pointed connected
topological spaces; Set, that of pointed sets, and Gp that of groups. For any
category C, grC denotes the category of non-negatively graded objects over C, and
sC the category of simplicial objects over C. s8et is denoted by S, s8et, by &,
and sYp by G. The constant simplicial object an an object X € C is written
c(X) € sC.

If C has all coproducts, then given A € S and X € C, we define X®A € sC
by (X®A), :=[I,cq, X, with face and degeneracy maps induced from those of A.
For Y € sC, define Y ® A €sC by (Y ®A), :=]],, Yo (the diagonal of the
bisimplicial object Y®A) — so that for X € C we have X®A = ¢(X) ® A.

The category of chain complexes of R-modules is denoted by Chaing (or simply
Chain, for R=17).

0.5. Organization: In Section 1 we define spherical model categories, having the
additional structure mentioned above. Most examples of such categories are in par-
ticular resolution model categories, which are described in Section 2; we explain how
to produce the needed structure for them in Section 3. We define spherical functors
between such categories, and construct the comparison exact sequence for them, in
Section 4. This is applied in Section 5 to study the effect of a spherical functor on
Postnikov systems. Finally, in Section 6 we construct an obstruction theory as above
for the fiber of a spherical functor. In Section 7 we indicate how the theory works for
the above examples.

0.6. Acknowledgements. I would like to thank Paul Goerss for many hours of
discussion on various issues connected with this paper, and especially for his essential
help with Sections 5-6, the technical core of this note. I would also like to thank Hans
Baues for explaining the relevance of his work in [Ba4] to me.

1. SPHERICAL MODEL CATEGORIES

Before defining the additional structure we shall need, we briefly recapitulate the
relevant homotopical algebra:

1.1. Model categories. Recall that a model category is a bicomplete category C
equipped with three classes of maps: weak equivalences, fibrations, and cofibrations,
related by appropriate lifting properties. By inverting the weak equivalences we obtain
the associated homotopy category hoC, with morphism set [X,Y]=[X,Y].. We
shall concentrate on pointed model categories (with null object x). See [Q1] or [Hi].
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1.2. The set of models. The additional initial data that we shall require for our
model category consists of a set A of cofibrant homotopy cogroup objects in C, called
models (playing the role of the spheres in 7,). Given such a set A, let 114 denote the
smallest subcategory of C containing A and closed under weak equivalences, arbitrary
coproducts, and suspensions. Note that every object in Il4 is a homotopy cogroup
object, too.

1.3. Example. Let C =G be the category of simplicial groups, S* = A[k]/OA[k]
the standard simplicial k-sphere in S,, G : S, — G the Kan’s loop functor (cf. [May,
§26.3]), and F :S, — G the free group functor. For each n >1, 8" :=GS™ € G =
FS™1 will be called the n-dimensional G-sphere, with ¥*¥8" ~ §"*+*  These, and
their coproducts, are cofibrant strict cogroup objects for G. Here A := {8' =¢(2)};
in fact, throughout this paper A will be either a singleton, or countable.

1.4. Remark. The adjoint pairs of functors:
S G

559

w

induce equivalences of the corresponding homotopy categories — where W : G — S,
is the Eilenberg-Mac Lane classifying space functor, S : 7, — S, is the singular set
functor, and || —|| : S; — 7. 1is the geometric realization functor (cf. [May, §14,23]).
Thus to study the usual homotopy category of (pointed connected) topological spaces,
we can work in G (or S,), rather than 7,.

1.5. Definition. If A is a set of models for C, then given X € C, for each A € A
let 75, (X) = [E%A, X", where X' — X is a (functorial) fibrant replacement.
We write 7 X for (79,X)aca, and 7{X = (7fX)p2,.

1.6. Theories and algebras. Recall that a theory is a small category © with finite
products (so in particular, an FP-sketch — cf. [Bor, §5.6]), and a ©-algebra (or model)
is a product-preserving functor © — Set. Think of © as encoding the operations
and relations for a “variety of universal algebras”, the category O-Alg of ©-algebras
(which is sketched by ©).

For example, the obvious category &, which sketches groups, is equivalent to the
opposite of the homotopy category of (finite) wedges of circles. An &-theory © (cf.
[BP, §2]) is one equipped with a map of theories [[¢ & — © (coproduct taken in
the category of theories, over some index set S) which is bijective on objects. This
implies that each ©-algebra has the underlying structure of an S-graded group, so
that ©-Alg can be thought of as a “variety of (graded) groups with operators” (cf.
[Bad, I, (2.5)]).

c

1.7. Remark. We will assume that all the functors 75, (n > 0) take value in a category
[Ie-Alg sketched by a &-theory ©, and thus equipped with a faithful forgetful functor
Ue : Tle-Alg — 9pA into the category of A-graded groups. The objects of Tl.-Alg
are called Ilq-algebras.

For topological spaces, with A = {S'}, the Tl¢-algebras are simply groups. If we
use rational spheres as the models, then Ilz-Alg is the category of Q-vector spaces.
A more interesting example appears in §2.9 below.

1.8. Constructions based on models. There are a number of familiar construc-
tions for topological spaces which we require for our purposes. We can define them
once we are given a set of models A as above, although they do not always exist (see
§3.10 below).
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1.9. Definition. A Postnikov tower (with respect to A) is a functor that assigns to
each Y € C a tower of fibrations:
() (n=1)
= PY I opAYE S Pty
(n)
as well as a weak equivalence r:Y — PAY :=lim, PAY and fibrations PAY —
PAY such that =1 = p® or™ forall n. Finally, (r™or)y:alY — n$(PAY)
is an isomorphism for k <n, and 7{(PAY) is zero for k > n.
When A is clear from the context, we denote P simply by PB,.

1.10. Example. For a free chain complex C, € Chaing of modules over a ring R, we
may take C) := P,C, where C;=C; for i <n+1, C) ., = Z,,1C,), and Cj =0
for i > n+3. Themap ™ : C, — C" is defined by rf[QZ = Opt2 ' Chia = Zpi1Cl.

1.11. Definition. Given an [lc-algebra A, a classifying object BeA (or simply
BA) for Aisany B € sC such that B~ P)K and 7§B = A.

The name is used by analogy with the classifying space of a group, which classifies
G-bundles. One can interpret BeA similarly, though perhaps less naturally (see,
e.g., [BJT, §4.6]).

1.12. Definition. A module over a Ilg-algebra A is an abelian group object in
[Ie-Alg/A (cf. [Q3, §2]), and the category of such is denoted by A-Mod.

1.13. Remark. Since any Ilc-algebra is in particular a (graded) group, if p:Y — A
is a module, then Y = K x A (as sets!) for K := Ker (p), with an appropriate Il¢-
algebra structure (cf. [BI3, §3]). We may call K itself a A-module (which corresponds
to the traditional description of an R-module, for a ring R).

1.14. Example. For any object X € C as above, the A x N-graded group 7¢X
has an action of the A-primary homotopy operations, corepresented by the maps in
hoIl4 (see §2.9 below). In particular, one of these operations, corresponding to the
action of the fundamental group on the higher homotopy groups, makes each 7¢X
(n >1) into a module over 75X (see Fact 3.6 below).

1.15. Definition. Given an abelian Il.-algebra M and an integer > 1, an n-
dimensional M -Eilenberg-Mac Lane object E.(M,n) (or simply FE(M,n)) is any
FE € sC such that 7¢E~ M and 7n{E =0 for k # n.

1.16. Definition. Given a Il¢-algebra A, a module M over A, and an integer n >
1, an n-dimensional extended M -Eilenberg-Mac Lane object E5(M,n) (or simply
EA(M,n)) is any homotopy abelian group object E € sC/A, equipped with a
section s for p® : B — PyE ~ BA, such that 7CE = M as modules over A; and
TeE =0 for k#0,n.

1.17. Definition. Given a Postnikov tower functor as in §1.9, an n-th k-invariant
square (with respect to A) is a functor that assigns to each Y € C a homotopy
pull-back square:

(n+1)
(1.18) PAY 2

PAY
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for A:=afy and M := 7Y, where p™*V): P, ;Y — P,Y is the given
fibration of the Postnikov tower.
The map k, : P,Y — E*(M,n +2) is the n-th (functorial) k-invariant for Y.

1.19. Example. If C, is a chain complex of R-modules, and P,C, = C! asin §1.10,
we may take F(H,.1Ci,n+2)=FE,, where E; =0 for i <n+2, E, o= 7,,1C,,
and E,.3 = B,{1C,. Then k,:C, — E, isdefined by 1d:C] , = E,;;.

Of course, if R is a principle ideal domain (or a hereditary ring), such as Z, then
the k-invariants for C, are trivial, since in that case any two free (or projective)
chain complexes with the same homology are homotopy equivalent, by [D, Prop. 3.5].

But this need not hold for an arbitrary ring R.

1.20. Spherical models. A set of objects A := {A}4c4 in a model category C is
called a collection of spherical models if the following axioms hold:

Ax 1. Each ¥"A (A€ A, neN) isa cofibrant homotopy cogroup object in C.

Ax 2. Forany X € C and n > 1, 7°X has a natural structure of a module over
m$X.

Ax 3. Amap f: X — Y is a weak equivalence if and only if Wi’nf is a weak
equivalence for each A € A and n e N.

Ax 4. C has Postnikov towers with respect to A.

Ax 5. For every Ilc-algebra A and module M over A, the classifying object BA
and extended M-Eilenberg-Mac Lane object E*(M,n) exist (and are unique
up to homotopy) for each n > 1.

Ax 6. C has k-invariant squares with respect to A for each n > 0.

If each model Y¥A (A € A, k € N) is a cofibrant strict cogroup object — which
implies that every object in II4 is such, up to weak equivalence — we call A a
collection of strict spherical models.

A pointed simplicial model category C equipped with a collection A := {A}aca
of spherical models is called a spherical model category, and we denote it by (C;.A).
Such a category is stratified in the sense of Spalinski (cf. [Sp]).

1.21. Example. The category S, of pointed simplicial sets, as well as the category
T, of pointed connected topological spaces, have spherical model category structures
with A = {S'}. (Functorial k-invariants in these categories are provided by the
construction of [BDG, §5]; in both cases Ilc-Alg ~ Sp). Similarly for the category
Chaing of chain complexes over R, with the constructions indicated in §1.10 and
§1.19.

In the examples we have in mind, our model categories enjoy additional useful
properties, which we can summarize in the following:

1.22. Definition. A spherical model category (C;.A) as above is called strict if the
following axioms hold:

Ax 1. C is a pointed right-proper cofibrantly generated simplicial model category
(cf. [Hi, 11.1, 13.1]), in which every object is fibrant.

Ax 2. Cis equipped with a faithful forgetful functor U : C — D, with left adjoint F
— where D is one of the “categories of groups” D = YGp, ¢grSp, G, R-Mod,
or sR-Mod, for some ring R.
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Ax 3. The adjoint pair (U, F) create the model category structure on C in the sense
of [BI1, §4.13] — so in particular U creates all limits in C.

Ax 4. A is a collection of strict spherical models, each of which lies in the image of
the composite FoF’:8 — C, where F':S — D is adjoint to the forgetful
functor U': D — S, with the group structure on Hom¢ (A, X) induced from
that of U(X).

2. RESOLUTION MODEL CATEGORIES

Many examples of spherical model categories fit into the framework originally con-
ceived by Dwyer, Kan and Stover in [DKS2] under the name of “E? model categories,”
and later generalized by Bousfield (see [Bou, J]. A slightly different generalization is
given by Baues in [Ba4, Ch. D, §2] under the name of spiral model categories.

First, some preliminary concepts:

2.1. Definition. The n-th matching object for a simplicial object X over C is defined
by

M, X = {(IL’O, e ,l‘n) € (Xn_l)n+1 | difL'j = Aj-1T; forall 0 <1 < j < TL}

(see [BK, X,84.5]). Note that each face map dj : X,, — X,, 1 factors through the
obvious map 6, : X,, = M,X.

2.2. Definition. The n-th latching object of a simplicial object X over C is defined
L, X :=[1ycjcp_1 Xn-1/ ~, where forany z € X,_,_; and 0<i<j<n-—1 we
set $j,Sj,...5;,2 in the i-th copy of X,_; equivalent to s; s, ...s;« in the j-th
copy of X, _; whenever the simplicial identity s;s;,sj, ...5;, = 55, 5i, ... 5, holds.

The map o, : L, X — X,, is defined o,(x); = s;z, where (z); € (X,_1);.

There are two canonical ways to extend a given model category structure on C to
C:=sC:
2.3. The Reedy model structure. This is defined by letting a simplicial map
f: X =Y in C:=sC be:
(i) a weak equivalence if f, : X,, — Y, is a weak equivalence in C for each
n > 0;
(ii) a (trivial) cofibration if f,Ilo, : X, 11, x L,Y — Y, isa (trivial) cofibration
in C for each n > 0;
(iii) a (trivial) fibration if f, x &, : X, = Y, Xar,y M, X 1is a (trivial) fibration
in C for each n > 0.
See [Hi, 15.3].

2.4. The resolution model category. Let C be a pointed cofibrantly generated
right proper model category (in our cases, every object will be fibrant, though this
is not needed in general — cf. [J]). Given a set A of models for C (§1.2), we let
A= {C(Ekfl)}keN,AeA (the constant simplicial objects on $*¥A € C) be the set of
models for C. Note that E"¢(SFA) := ¢(SFA)®S" (§1.2), so we shall generally
reserve the notation X* for (internal) suspension in C, and —®S" for the (simplicial)
suspension in C = sC.

2.5. Remark. 1f we do not assume that each Ae A isa homotopy cogroup object
in C, we take A := {(X*A) ® S'}aca as our collection of models for C.
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2.6. Definition. Amap f:V —Y in C = sC is called homotopically /l—free if for
each n >0, there is

a) a cofibrant object W, in II; C C, and
b) amap ¢, : W, — Y, in C inducing a trivial cofibration (V,, Il v L,Y) Il
W, —Y,.

We define the resolution model category structure on sC determined by /l, by
letting a simplicial map f: X — Y be:
(i) a weak equivalence if Wi’n f is a weak equivalence of simplicial groups for
each A€ A and n > 0. R
(ii) a cofibration if it is a retract of a homotopically A-free map;
(iii) a fibration if it is a Reedy fibration (§2.3(iii)) and #,f is a fibration of
simplicial groups for each A € A and n >0

2.7. Definition. Given a fibrant X € sC, define its n-cycles object Z,X to be
{reX,|dx=0fori=0,...,n} (the fiber of 6, : X, — M, X of §2.1). Similarly,
the n-chains object for X is C, X ={r € X, |dx=0fori=1,...,n}.

If X is fibrant, the map dy = dj := dylc, x: Cr, X — Z, 1 X fits into a fibration
sequence:
jr)f+1 daptt
(2.8) QX = 7,0 X — Conn X — 7, X
(see [DKS2, Prop. 5.7)).

2.9. Definition. A I14-algebra is a product-preserving functor from (holIl4)°" to
sets. The category of Il 4-algebras is denoted by II4-Alg.

Equivalently, we can think of an IT 4-algebra A as an Nx A-graded group equipped
with an action of the A-primary homotopy operations (corepresented by the maps in
ho HA).

Thus we can think of the functor 7¢ as taking value in II4-Alg. This explains the
additional Ic-algebra structure on the A-graded groups 76X, mentioned in §1.7:

when C = sC, we have Ie-Alg:= IT 4-Alg.

2.10. Example. When C = G, and A = {8'} - so II4 is the category of
wedges of G-spheres (§1.3) — then (up to indexing) II4-Alg is the usual category
of TI-algebras (see [Sto, §2]): graded groups equipped with an action of the primary
homotopy operations (Whitehead products and compositions).

2.11. Examples of resolution model categories. In this paper we shall be inter-
ested mainly in the following instances of resolution model categories:

(a) Let C = Gp with the trivial model category structure: i.e., only isomorphisms
are weak equivalences, and every map is both a fibration and a cofibration.
Let A= {Z} consist of the free cyclic group (whose coproducts are the
cogroup objects in  Gp). The resulting resolution model category structure
on G:=sC is the usual one (cf. [Q1, I1,§3]. Here Ile-Alg ~ Gp — there is
no extra structure on the individual homotopy groups of a simplicial group.

Note that if we tried to do the same for C = Set, there are no nontrivial
cogroup objects, while in S not all objects are fibrant. Note also that the
category 7T, of pointed topological spaces, which is one of the main examples
we have in mind, has a spherical model category structure which is not strict
(§1.22). This explains the significance of Remark 1.4 in our context.
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(b) The previous example extends to any category C of (possibly graded) universal
algebras with an underlying group structure — such as rings, R-modules,
associative algebras, Lie algebras, and so on — so that C is corepresented by
a B-theory O, in the language of [BP, §4]. Here A consists of free monogenic
algebras (one for each isomorphism class), and thus once more Il.-Alg ~ C.

(c) We can iterate the process by taking G for C, and letting A := {8"}22, (§1.3).
We thus obtain a resolution model category structure on sG (or equivalently,
on the category of simplicial spaces).

In this case the homotopy groups WZ?HX , denoted briefly by 77X, are
the “bigraded groups” of [DKS2], and Proposition 5.8 there shows that, for a
fibrant simplicial space X € sG, we have ﬂf],nX = 1 map(A ® S™, X).

(d) If C is a resolution model category and I is some small category, the category
C! of I-diagrams in C also has a resolution model category structure, in which
the models consists of all free I-diagrams F[A,i] for i € ObjI and A € A,
where F[A,i](j) := [Huom, 5 A See [BJT, §1]).

2.12. Remark. In all these examples, if Y € C = sé, is fibrant, then for each n > 0
we have an exact sequence:

~ n+1 N ~
(2.13) RLTCAID G ML N3 G N N}

3. CONSTRUCTIONS IN RESOLUTION MODEL CATEGORIES

Not all spherical model categories are resolution model categories (see §1.21), but
all known examples appear to be Quillen equivalent to such. Conversely, the examples
of resolution model categories (C = sC; A) we are interested in are spherical (though
this does not hold in general — see §3.10 below). We briefly indicate why this is so.

3.1. Postnikov sections. Given Y € sC, for each n > 0 define Y™ € sC by
setting Y™ := Y, for k<n+1 and Y™ = Mp(Y™) (§2.1) for k > n+2.
Note that for any X € sC, M;X depends only on X through dimension (k — 1),

so this definition is valid inductively. Denote the obvious maps by ™ : Y — Y®
and p™ Y+ v (see [DK2, §1.2]).

~

Now for any X € sC, choose a functorial fibrant replacement Y, and set P, X :=
Y™ with ¢™ : X — P,X defined to be the composite of ™ with the trivial
cofibration i: X =Y, and p™ : P,.; X — P,X defined as above.

3.2. Remark. The functor —™ : C — C is right adjoint to the (n + 1)-skeleton
functor sk,,i, so P,X depends only on sk,.; X, even if X is not fibrant. If X is
fibrant, we can find Y ~ P, X with sk, Y =sk,; X.

3.3. Fact. In each of the examples of §2.11(a-d), the tower:

(n)
X>.. P Xt PX .. 5 PX

is a functorial Postnikov tower for C = sC with respect to A (§1.9).

Proof. From §2.3 and §3.1 it follows that if Y € sC is fibrant, then so is each Y™
and for each n, YY) — V(™ g a fibration, Z,Y™ =0 and C,Y®™ Do, Zp_ 1Y
is an isomorphism for k& > n+ 2. The claim then follows from (2.13). 0]
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3.4. Fact. In each of the examples of §2.11(a-d), there is a classifying object BA
for any Il 4-algebra A, and it is unique up to homotopy.

Proof. In the algebraic cases of §2.11(a-b), we may take BA to be (a cofibrant
model for) the constant simplicial object on A. For simplicial spaces, BA may
be constructed as for topological spaces, using generators and relations (see [BDG,
§8.9]). The extension to the diagram case of §2.11(d) is objectwise. O

3.5. Fact. In each of the examples of §2.11(a-d), for each n > 1 there is an n-
dimensional M-Eilenberg-Mac Lane object E(M,n) for any abelian II 4-algebra M,
and there is an n-dimensional extended M-Eilenberg-Mac Lane object E*(M,n) for
any Il 4-algebra A and module M over A. Each of these is unique up to homotopy.

Proof. In the algebraic cases of §2.11(a-b), we may take E(M,n) to be the iterated
Eilenberg-Mac Lane construction W on BM, while E*(M,n) is a semi-direct
product E(M,n)x BA (see [BDG, Prop. 2.2]). For simplicial spaces, use the explicit

construction of [BDG, §8.9] The extension to the diagram case is again objectwise.
O

3.6. Fact. In each of the examples of §2.11(a-d), foreach n >1 and X €C, 7¢X
has a natural structure of a module over m§X.

Proof. Note that by [Q1, II,l,( )] we have map(A ® S™, X) = mapg(S™, map(A4, X))
(unpointed maps), so 7¢X — w$X associates to each f:A®S" - X its
component in map(A, X). This defines an abelian algebra over 7§ X by [BP, Prop.
6.26)). O

3.7. Fact. In each of the examples of §2.11(a-d), for each X € sC, A := 75X
and n > 1, the commutative square obtained by applying the functor P, to the

pushout diagram:
p(n+D)

P, X X
kn
l l
BA Y
is an n-th k-invariant square (Def. 1.17) — that is, P,y,Y ~ EA(n§, X, n+2).
Proof. See [BDG, §5]. O

We may summarize these facts in the following:
3.8. Theorem. The following resolution model categories (cf. §2.11) are strict spher-
tcal model categories:
i. The category C = sO-8et, of simplicial ©-algebras for any &-theory ©, with
A consisting of monogenic free ©-algebras;
ii. In particular, the category C =G of simplicial groups, with A= {Z};
iii. The category sG of bisimplicial groups (“simplicial spaces”), with A =
{8 ® S*}e,.
iv. The category C! of I-diagrams in a strict spherical model category C.
3.9. Theorem. The following are spherical model categories (which are not strict):
i. The category S, of pointed simplicial sets, with A = {S'};
ii. The category T, of pointed topological spaces, with A = {S'};
iii. The category sT. of simplicial pointed topological spaces, with A= {S!®
SEHL-
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3.10. Non-spherical model categories. Consider the trivial model category struc-
ture on C = Gp, with A := {4 = Z/p} (for p an odd prime). This defines a
resolution model category structure on G — or equivalently, on 7, (see Remark
2.5). Note that — ® S™ corresponds to suspension of simplicial sets, not simplicial
abelian group, so the model A ® S™ € G corresponds to the n-dimensional mod p
Moore space S" 'U, e".

Thus Wika = [A® S*, X] is by definition the k-th mod p homotopy group of X
— denoted by 7(X;Z/p) in [Ne, Def. 1.2] — which fits into a short exact sequence:

(3.11) 0— mX ®Z/p— mp(X;Z/)p) — Tork(m, 1 X,Z/p) — 0
for k> 2 (see [Ne, Prop. 1.4]). In particular, for Y := A® S™ (n>4) we have

Z/p for i=n—1,n,
0 for 2<i<n—1lor i=n+1,

(Y5 Z/p) = {

with the two non-trivial groups connected by a Bockstein (cf. [Ne, §1]).

However, the resolution model category structure on G determined by A is not
spherical: if it were, in particular there would be Postnikov functors P, = P,;“ for
all £ > 1 (Def.1.9). From (3.11) we see that, disregarding torsion prime to p, because
of the Bockstein we must have P, Y ~ E(Z,n—1) and P,Y ~ E(Z/p,n—1) (for
Y =S 1tU,e"). But then there is no non-trivial map P,Y — P,_;Y.

3.12. Cohomology in spherical model categories. Note that the k-invariants of
a simplicial object actually take value in cohomology groups, as expected:

3.13. Proposition. For each Il 4-algebra A and module M over A, the functors D™ :
C/BA — AbSp (n > 0), defined D™(X) := [X, E*(M,n)|pr, are cohomology
functors on C — that is, they are homotopy invariant, take arbitrary coproducts to
products, vanish on the spherical models X" A, except in degree n, and have Mayer-
Vietoris sequences for homotopy pushouts.

We therefore denote [X, EA(M,n)py by HY(X; M).
Proof. See [BP, Thm. 7.14]. O

Fact 3.5 then follows from Brown Representability, since E*(M,n) represents the
n-th André-Quillen cohomology group in C; see [BDG, §6.7] and [BI3, §4].

4. SPHERICAL FUNCTORS

Our objective is to study functors between model categories, and investigate the ex-
tent to which they induce an equivalence of homotopy categories. Our methods work
only for functors between spherical model categories which take models to models, in
the following sense:

4.1. Definition. Let (C;A) and (D;B) be two spherical model categories. A
functor T : C — D is called spherical if

i. T defines a bijection A — B;

ii. T, preserves coproducts and suspensions;

iii. 7 induces an equivalence of categories Ilc-Alg ~ [Ip-Alg (in fact, it suffices
that I[Ip-Alg be a full subcategory of Il¢-Alg).
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4.2. Examples of spherical functors. In the cases we shall be considering (those
mentioned in the introduction), C and D will be strict spherical resolution model
categories, with C = sC and D = sD, and T will be prolonged from a functor
T:C—D.

The four examples:

(a) For (C;A) = (Sp;{Z}) and (D, B) = (AbSp; {Z}), let T = Ab: Gp — AbSp
be the abelianization functor.

Here C = sC = G, so hoC is equivalent to the homotopy category of
pointed connected topological spaces (§1.4), while D = sD, the category
of simplicial abelian groups, is equivalent to the category of chain complexes
under the Dold-Kan correspondence (see [D, §1]). Thus 7 : C — D represents
the singular chain complex functor C, : T, — Chain.

Note that Il¢z-Alg = Gp, while IIp-Alg = AbSGp, in this case, so strictly
speaking T does not induce an equivalence of categories. But since AbSGp
is a full subcategory of Gp, we can in fact think of 7% as taking values in
groups.

(b) For (C; A) = (Sp;{Z}) and (D,B) = (Hopf;{H}), where Hopf is the
category of complete Hopf algebras over Q, H is the monogenic free object in
this category, let Q : Sp — Hopf be the functor which associates to a group
G the completion of the group ring Q[G] by powers of the augmentation
ideal. R

Again, C = sC is a model category for connected topological spaces,
while D = sD is a model category for the rational simply-connected spaces
(see [Q2]); @ (when restricted to connected simplicial groups) represents the
rationalization functor. Once more, Il.-Alg = Gp, while IIp-Alg is the
subcategory of vector spaces over Q.

(c) For (C, A) = (Set,;{S°}) (so that (C,.A) = (S;{S'}), by Remark 2.5), and
(C: A) = (Sp: {Z}), let F :8et, — Gp be the free group functor.

Again, we think of both C = sC =G and D = sD = S, as model
categories for pointed topological spaces, (under the respective equivalences
of §1.4) — so F here represents the suspension functor ¥ : 7, — 7, (rather
than Y, as one might think at first glance).

(d) For (C;A) = (G;{8"}22,) and (D,B) = (II-Alg; {m.8¥}2,), let 7 : G —
[I-Alg be the graded homotopy group functor X — 7, X. Here C = sG is
a model category for simplicial spaces.

4.3. Theorem. Let (C;A) and (D;B) be spherical model categories, and let T :
C — D be a spherical functor. Then for each X € C and A € A there is a natural
long ezxact sequence of Ilc-algebras:

SX X X
(4.4) Lo TEX S aS o x B g o Tx B T X

a,n—1 cee

We call (4.4) the comparison exact sequence for T. Compare [Bad, V, (5.4)].

Proof. If X — X is a functorial fibrant replacement, the functor 7 induces a natural

transformation 7 : mapg(A, X) — mappy(TA,TX), which we may functorially
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change to a fibration of simplicial sets, with fiber F(X). Setting 'L, = m,F(X),
the corresponding long exact sequence in homotopy is (4.4).

Note that the map A = h* is also natural in the variable A, so the graded map
hY 7wt X — 7PTX is a morphism of IIc-algebras (i.e., II j-algebras). O

*

4.5. Applications of Theorem 4.3. The Theorem is not very useful in this gen-
erality. However, in all the examples of §4.2, we obtain interesting (though mostly
known) exact sequences:

(a) For T = Ab: Gp — AbSp the abelianization functor, where T : G — sAbSp
represents the singular chain complex functor C, : T, — Chain (cf. §4.2(a)),
the sequence (4.4) is the “certain exact sequence” of J.H.C. Whitehead:

(4.6) oo DX X I Hy(X;Z) 5 Ty X

(See [W4]). In particular, the third term in this sequence, T/A(X), is simply
the n-th homotopy group of the commutator subgroup of GX.

(b) For @ : G — sHopf of §4.2(b), representing the rationalization functor,
we obtain a long exact sequence relating the integral and rational homotopy
groups of a simply-connected space X. The third term in (4.4) may be de-
scribed in terms of the torsion subgroup of 7, X together with 7.X ® Q/Z.

(c) The free group functor F : Set, — Gp of §4.2(c) represents the suspension
Y : 7. — 7., and indeed for K € S, the map A, which is the composite:

T, K = mymapg (S",K) — my mapg(F'S", FK)
= 1 mapg (25", LK) = 1 BK

is the suspension homomorphism, so (4.4) is a generalized EHP sequence (cf.
[Bal, G, Noj).

(d) For m, : sG — sll-Alg as in §4.2(d), it turns out that for any simplicial
space X € sG, the induced map A is the “Hurewicz homomorphism”
hy : X — m,m, X of [DKS2, 7.1], while T?7X isjust Qz% , X — that is,
rr.X= WEH’TFIX for each i. Thus (4.4) is the spiral long exact sequence:

8*
(4.7) . ompam X =St X 2 pf X Pny X = - X 2oy rom X — 0

of [DKS2, 8.1]. Of course, 7, X =0, so hy is an isomorphism.

Note that for T : C — D as above, the homotopy groups 72TX for any X €
C = sC may be computed using the Moore chains C,TX as in §2.7; each 7PTX
is a Ilp-algebra, abelian for n > 1.

4.8. Explicit construction of the spiral exact sequence. It may be helpful to
inspect in detail the construction of last long exact sequence, since it is perhaps the
least familar of the four. Specificializingto C =G and T = 7,, we have:

4.9. Lemma. For fibrant X € C, the inclusion ¢ : Cp, X — X, induces an
isomorphism 1, : m.Cp, X =2 Cp(m,X) for each n > 0.

Proof. See [BI2, Prop. 2.11]. O
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Together with (2.13), this yields a commuting diagram:

) A
(4.10) 1 Copn X 27X X

Ly l% l/lt* hn
d7r*X \

Crir (M X) = Z, (1. X) 2 i, X

which defines the dotted morphism of II-algebras h,, : 72 X — 7, (7.X). Note that
for n =0 the map i, is an isomorphism, so h is, too.

If X € sG isfibrant, applying 7, to the fibration sequence (2.8) yields a long exact
sequence, with connecting homomorphism 0, : Qm, 2, X = 7,07, X — 7.7Z,11X;
(2.13) then implies that

(4.11) Qi X = Q Coker (dj 1), 2 Im 0, = Ker (joy1) 4 € meZn1 X,

and the map s,.; : Qi X — 7%, X in (3.11) is then obtained by composing the
inclusion Ker (ji, )4 <> m.Z,11X with the quotient map Opyr @ ol X — 7TEH_1X
of (2.13).

Similarly, h, : 73X — 7im, X is induced by the inclusion (jX)4 : mZ,X —
Zym, X C C,m, X, and 0F,,: 7r51+27r*X — Q?TELX is induced by the composite

(dg™)4

Zntom X C Cppom, X = 1,010 X L1 X,

which actually lands in Ker (55X )z = QriX by the exactness of the long exact
sequence for the fibration.

Moreover, for each n > 0, (4.10) may be extended (after rotating by 90°) to a
commutative diagram with exact rows and columns:

0 0 0
0 —— Ker s, —— Bn+1X m*» Bn+17r*Xn+2 0
0—Orf X+ Z,X 9 7 X Coker hy, — 0
In In =
0 —— Ker hy, t WELX fin Ty T X Coker h,, —= 0
0 0 0 0

in which B, X :=1Im (d)"**)s C 1, Z,X and By, 17 Xpyo :=Im dj**"** are the
respective boundary objects.
The maps 9}, s,, and h,, asdefined above, form the spiral long exact sequence.

4.12. Inverse spherical functors. We may sometimes be interested in functors
between spherical model categories which are not quite spherical. Thus, if T :
(C; Ay — (D;B) is a spherical functor as in §4.1, a functor V : D — C equipped
with a natural transformation  : Ide — V'T' is called an inverse spherical functor
to 1"
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4.13. Example. For the free group functor F' : Set, — Gp of §4.2(c), the forgetful
functor U : Gp — Set, (right adjoint to F') with the adjunction counit n:1d - UF
as the natural transformation 9, yields the inverse spherical functor U : G — S,.
Here we do not think of G as a model for 7, — rather, U represents the forgetful
functor from loop spaces (topological groups) to spaces.

Similarly, the adjoint to the abelianization functor Ab : Gp — AbGp is the inclusion
I: AbSp — Gp, and the corresponding functor [ : sAbGp — G represents the
factorization of the Dold-Thom infinite symmetric product functor SP> : 7T, — 7.
through Chain.

4.14. Proposition. If V : D — C s an inverse spherical functor to T, then for
each Y € D and B € B there is a natural long exact sequence:

(4.15) —>AgnY—>7anY—>7rV( paVY = AL Y

Proof. If V' is an inverse spherical functor, because T'|4 is a bijection onto B, there
isan A € A such that B = TA As before, V' induces a natural transformation

v : mapp(B,Y) — mapp(VB, VY) and the natural transformation ¢ : A —
VTA yields 9% : mapD(VTA VY) — mapp (A4, VY) so we get a composite map

mapp(B,Y) — mapp(A, VY), with homotopy fiber E(Y). If we let A} Y :=
T E(Y), the fibration long exact sequence is (4.15). O

4.16. Remark. Note that in contradistinction to Theorem 4.3, V. of (4.15) need not
respect any operations, since we only have a bijection T'|4: A — B, not a functor.

For U:G — S, asin §4.13, we may assume X € G is of the form X ~ GK for
K € S,, and then Vy is the identity:

K = WELX: o mapg(FS”_l,GK) — maps*(UFS"_l,UGK)
(4.17)
, m mapg (S ', UGK) = 7,K ,

0 (4.15) is not interesting in this case.

5. COMPARING POSTNIKOV SYSTEMS

The basic problem under consideration in this paper may be formulated as follows:

Question. Given a spherical functor T : (C; A) — (D;B) and an object G € D,
what are the different objects X € C (up to homotopy) such that TX ~ G?

As shown in the previous section, such a pair (X,G) must be connected by a
comparison exact sequence. Thus, in order to reconstruct X from G, we first try to
determine 76X, and its relation to 7P@.

In order to proceed further, we must make an additional assumption on 7', con-
tained in the following:

5.1. Definition. A spherical (or inverse spherical) functor 7" : C — D is called
special if:
i. C=sC and D = sD are spherical resolution model categories, and T is
prolonged from a functor 7 :C — D.

ii. For any II 4-algebra A and module M over A, T induces a homomorphism of
(graded) groups ¢r: A — 72T BcA.
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iii. This ¢7 induces a functor 7' : A-Mod — ¢rA-Mod which is an isomorphism
on A-modules (see Remark 1.13).

iv. For each n > 1 and n-dimensional extended M-Eilenberg-Mac Lane object
E = E}(M,n), there is a natural isomorphism 7P°TFE = M which respects
T in the obvious sense.

v. The natural map

(5.2) (X, B (M, n)]per = [TX, BN (M, )] 7,
defined by composition with the projection
p: TEMM,n) = P,TEXM,n) = E5NM,n) ,
is an isomorphism.

5.3. Example. All the functors we have considered hitherto, except for the rational-
ization functor @ : G — sHopf of §4.2(b), are special:

(a) For the singular chain functor T : G — sAbGp, induced by abelianization,
this follows from the Hurewicz Theorem (recall that 7§ X is the fundamental
group, in our indexing for X € G).

(b) For the suspension ¥ : 7, — 7,, induced by the free group functor F' :
Set. — Gp, this follows (in the simply connected case) from the Freudenthal
Suspension Theorem.

(c) For the homotopy groups functor ., : sG — sIl-Alg, (i)-(iii) follow by
inspecting the spiral long exact sequence (4.7), while (iv) is [BDG, Prop. 8.7].

(d) For the inverse spherical functor U : G — S, of §4.13, induced by the forgetful
functor U : Gp — Set,, this is immediate from (4.17).

5.4. Lemma. Any special spherical functor T :C — D as above respects Postnikov
systems — that is, for any X € C and n >0 we have:

(5.5) PPTPCX = PPTX —

so that W,fTX ~ ﬂ'kaPnX and TWw X 2Ty P,X for k<n.

Proof. This follows from the constructions in §3.1 and the proof of Theorem 4.3. [
5.6. Postnikov systems and spherical functors. From now on, assume 71 :C —
D is a special spherical functor. Ultimately, for each object G € D, we would like
find any and all X € C such that TX ~ (. First, however, we try to discover

what can be said about 7X and its Postnikov systems for a given X € C. Using
the comparison exact sequence for T and Lemma 5.4, we see that:

TP TX for k <mn,
(5.7) o TP, X = Coker {h , : 7., X — a2\ TX} for k=n+1,
I._.P,X for k>n+2.

5.8. Fact. If T : C — D is a special spherical functor, applying 7r2+2 to the

n-th k-invariant k, : P,X — E5 (¢ ,X,n+2) yields the homomorphism s, :

C
Ty X = 78, X,
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Proof. Since T is special, 72, ,TE;M % X, n+2) = 7 X, and 7rn+2TP X
[, X from (5.7), so this follows from the naturality of the comparison exact s
quence, applied to the maps in (1.18).

O%

5.9. Lemma. If T :C — D is a special spherical functor, for any X € C,

Pn-l—lTPnX Pn—l—lTPn—lX

| |

PorTBeA =2 P TEMCX 0 + 2)

is a homotopy pullback square in D/TBcA, where A :=7$X.

Proof. Set E := TE}(J,n+1), M"'!:= TP, X, and M" := TP,X. The
naturality of the comparison exact sequence, applied to the maps in (1.18), combined
with Fact 5.8, imply that the vertical maps in the following commutative diagram are
isomorphisms:

7Py E ——=aP M? — gD Mt D g gDy Dy
n42 n+l n+l n+l U U

l~ l~ l~ . l~ l~ l~

hX
0 — Coker hX , —T,X ¢ X —> 7PTX — Coker hT

n+1

and since the bottom row is part of the comparison long exact sequence, and the rest
of the top sequence to the right is exact for by (5.5), the k-invariant square (1.18)
induces a long exact sequence after applying 7% (except in the bottom dimensions).
The obvious map from M"™ to the fiber of Tk,_; is thus a weak equivalence in
D/TB¢A through dimension n + 1. O

5.10. Corollary. For T : C — D as above, for any X € C and n > 1 the
natural map ™ : X — P, X of §3.1 induces an isomorphism Ty X = TP, X for
kE<n-+1.

Proof. For each A € A, take fibers vertically and horizontally of the commutative
square:

thX

mapp, (4, P,X) mapp (TA,TP,X)
l(kn)* l(Tkn)*

(A, BA(C, X n +2)) 5> (TA, TEMN7C,, X, n +2))
machA ) HC 7Tn+1 y 1 mapBDA ’ C 7Tn+1 y ’

and use Lemma 5.9 and §5.1(iv). O
5.11. Remark. For C = sG this follows from the fact that ', X = Qwile, while for

the algebraic cases of §2.11(i-ii), this follows from the fact that H, (K (m,n);Z) =0
for n> 1.
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5.12. The extension. The map 7™ : X — P,X induces a map of comparison
exact sequences:

(5.13)

hX hX,
n+2 n+2 Sn+1 n+1
7C o X gl JTX T X 0l X a2 TX T, X

| | | e |

~

0 —— 72, M" —= T, P, X 0 72 M" —= T, P, X

so that 7¢ ;X fits into a short exact sequence of II s-algebras:

(5.14) 0 — Coker 72 ,Tr™ — 75, X — Ker 72, Tr™ — 0,
where
(5.15) Coker 72, ,Tr™ = Ker h.Y,, and Ker 72, , Tr(™ = Im h).,.
Since h;Y,, is a map of modules over A := 75X, by Theorem 3.8, (5.14) is

actually a short exact sequence of modules over A, and we can classify the possible
values of J € A-Mod (the candidates for 75, ,X) using the following:

5.16. Proposition. Given Tr™ : TX — TP, X, a choice for the isomorphism class
of m¢ 1 X wuniquely determines an element of

Ext A nvoa (Ker (Tr )nH,Coker (Tr( ))n+2).

Proof. Since  A-Mod is an abelian category, with a set {A,, ® S™ II BpA} sc 4 nen
of projective generators, the argument of [Mc, III] carries over to our setting. 0]

5.17. Remark. Observe that given P,.X, we know the comparison exact sequence (4.4)
for X only from s, : 1 X — 76X down. However, if 72Tr™ : 7PTX — 7P M"
(for ¢ > 0) and the extension (5.14) are also known, all we need in order to determine
(4.4) for X from 0%, : 7). sTX — I',11 X down is the homomorphism

ml Tr ) 7P TX — 7l TP, X,
which is just 0},4, as one can see from (5.13).

5.18. Proposition. For any A € D, J,J" € A-Mod, and n > 2, there is a
natural isomorphism Extp (], J') & HY ™ (ES(J" n); J').

In particular, this implies that HY"'(EA(—,n); —) is stable — i.e., independent
of n.
Proof. By Proposition 3.13ff. there is a natural isomorphism
HX+1(E%(J”7 TL), Jl) = [E’g(‘]ua TL), Eg((]la n—+ ]-)]SD/BDAa

and given a map ¢ : EX(J",n) — E5(J',n +1), we can form the fibration sequence
over BpA (that is, pullback square as in (1.18)):

QEA(J" n) 25 QEA(J ,n+1) ~ EAJ' n) = F — ES(J",n) 5 BEA(T' n+1).

From the corresponding long exact sequence in homotopy for this sequence in D, we
obtain a short exact sequence of modules over A:

(5.19) 0—>J —=J—=J" —0.
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On the other hand, given a short exact sequence (5.19) in A-Mod, we can construct
amap : E5(J",n) — ENJ',n+1) over BpA as follows:

Assume E := E5(J",n) is constructed starting with sk, | E5(J",:) = sk, | BpA,
and E, ~ W II L,BpA (cf. §2.2), where W is free, equipped with a surjection
¢ : W — J'. Because J —»J" is a surjection, and W is free, we can lift ¢ to
¢ : W — J, defining a map ¢' : Z,EN(J",n) — J. Since wPEAN(J",n) = J",
the restriction of ¢ to B,EN(J",n) = Ker{Z,EA(J" n) — J"} factors through
Y : BoEMJ" n) — J = Ker{J — J"}. Precomposing with dg : Cp,41E5(J", n) —
Bn,E5(J",n) defines o : EN(J",n) — EJ(J',n+1), which classifies (5.19) as
before. O

5.20. Corollary. For A, .J', and J" as above, there is a natural isomorphism:
Extaneoa(J", J) =2 HY Y (EXJ" n); J').
Proof. This follows from (5.2)-(5.7) and the naturality of P2 . O

5.21. Definition. Given X € C, its n-th modified Postnikov section, denoted by
P, X, is defined as follows:

Let K:={f: AQS"' = X | A€ A, [f] € Ker hl,, c ¢, , X}, and let C be the
cofiber of the obvious map @ :\/ ;5 A® S"™ — X (so that ;,,C = Coker @),
with an := P, 1C. There are then natural maps pntl) P, X — PnX (induced
by X — C), aswellas p™ : P,X — P,X (which is just p{) : Py C — P,C =
P,X), with p®op™ = p% . P, X - P,X. Note that 7, P, X = Im A, ,
and P,P,X = P,X.

The map Fn) = ﬁ(") or® . X — an induces a map of comparison exact
sequences:

8n+1

hX ox hX
C n+2 D n+2 Spn41 cC n+1 D
TppoX ——— T T X L1 X ——m, X Tl X r,X

L lﬂgﬁjﬂf(n) l: l :lﬁg+lT,ﬁ(n) l:

0 w2, TP, X —>T,, P,X ——>nC, P, X —> 7P, TP, X —T,P,X
so that:

TP TX for kK <n+1,
(5.22) PTP,X 2T, X  for k=n+2,
T 1P, X for k>n+3.

Thus 7 induces a weak equivalence P, TX ~ PnHTPnX, which, together

() 5(n)
with the existence of the appropriate maps P, ;X 2L PX 25 P, X, determines
P,X up to homotopy. In fact we have:

5.23. Proposition. P,X is determined uniquely (up to weak equivalence) by P, X
and the map p:= P, ,Tr™ :P,,,TX — P,,,TP,X.

Proof. Note that I, := Ker n2 ,p is isomorphic to Im h;,, and Cpyy :=
Im 72, ,p is isomorphic to Coker h,, by (5.15).

We construct Y ~ P,X as follows, starting with sk, Y := sk,;1 P,X; by
Remark 3.2, we may assume sk, 17X =sk,; TP, X, sothat P,7X = P, TP, X.
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By Fact 3.7), the lower right hand square in Figure 5.24 commutes in D, thus inducing
the rest of the diagram, in which the rows and columns are fibration sequences over
BpA.

F oo P = Py TP, X L E% (In+1; n —+ 2)
~| A pg,fbl); X Uy
(n) | " LTX |
Py TX P,TX = P, TP, X —— EN7D, TX,n+2)
kTPnX s
BpA EANChi1,n+2) — EA(Cryr,n+2)

FIGURE 5.24

In particular, the induced map k, P, TP, X — E*I,;1,n+2) provides a
canonical lifting of:

KIX o plt) i Pop TP X — EA(xP TX,n +2)
to EA(I,11,n + 2). Composing it with the natural map »™+": TP, X — P, ,TP,X
defines an element in:
(TP, X, EN(Iny1,n+2)] =2 HVW(P, X Iy
which we call the n-th modified k-invariant for X.

If k,: P,X — EXI,.1,n+2) is the map corresponding to k, under (5.2)),
then its homotopy fiber YV is (weakly equivalent to) P, X , as one can verify by
calculating 7°Y. Note that Lemma 5.9 implies that F ~ P, ,TP,X, so that
A is the homotopy inverse of the weak equivalence P, p : TX — TF,X, which
completes the construction. O

5.25. Remark. Note that there is a certain indeterminacy in our description of lAcn,
and thus of Rn, since we must make the lower right corner of Figure 5.24 into a
strict commuting diagram of fibrations, rather than one which commutes only up to
homotopy. However,

5.26. Fact. The indeterminacy for k, as an induced map is contained in the inde-
terminacy for k, as a k-invariant for P, TX = P,,TY.

Proof. Let M :=TPF,X. Making the lower right corner of Figure 5.24 commute on
the nose (assuming ¢, is already a fibration) requires the choice of a homotopy
H:P,TX — QFENChy1,n+2) = E5(Cpi,n+1),
so the indeterminacy for k, as defined above is 1,p* [P, TX, EN(Chy1,n +1)], where
Y EN(Chii,n+1) = E5(Iy1,n +2) classifies the extension
0— Iy = 721X = Cpig — 0
(Proposition 5.18), and p=p\” : P, ;M — P,M = P,TX.

On the other hand, the k-invariant k : Py M — EA(Iyyi,n+2) for Py TP, X
(which is P,1TX) is determined only up to the actions of the group haut, (P, M)
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of homotopy self-equivalences of P, 1M over BpA, and of Auty(/,41), the group of
automorphisms of modules over A of I,,,y, in [P, 1M, E5(I,41,n + 2)]. Thus given
amap f:P,M — EXNC,i1,n+1), we obtain a self-map ¢ : P, M — P, M
such that P,g = Idp,ny and =29 = Id, by letting ¢ = Id+i.p*(f), for
i1 EA(Cpy1,n+1) = P,y M the inclusion of the fiber. It is readily verified that g
induces the identity on 72P,1 M, so [g] € hauty (P M), and that k, +1b.p*(f)
is obtained from k, under the action of [g] on HIT2(P,  M; I,.y). O

5.27. Notation. Given W ~ P, X and p: P, TX — P, TW, Proposition 5.23
allows us to write pn(I/V, p), or simply P,W for P,X €C, which they determine
up to homotopy. This comes equipped with a weak equivalence p : P,/ TX —
P, TP,W lifting p.

5.28. Corollary. The weak equivalence p : P, TX — Pn+1TPnW s well-defined
up to homotopy.

Proof. The map p is inverse to A in Figure 5.24, which is induced by the upper
right hand square, which is determined by k, and thus up to a self-equivalence
g: P, TW — P, TW, according to Fact 5.26. But such a ¢ induces a canonical
self-equivalence ¢ : F' — F, where F':= Fib(l%n og), and the resulting X\ : F' ~
P, TX satisfies Aog' ~ \. O

5.29. Definition. For W ~ P, X and p : P, /TX — P, TW as above, an
extension

(5.30) 0 — Coker 72, ,p < J—»Ker w1 1p — 0
is called allowable if its classifying cohomology class

(] € HYP3(EN(Coker mpyop,n + 2); Ker Ty p)
(cf. Proposition 5.18) satisfies [t)] o k, = 0.

5.31. Proposition. For any X € C, the extension (5.14) is allowable.

Proof. Writing V ~ P,,1 X and Y =~ P,X, by naturality we have a commutative
square:

kn

PV Eé\(ﬂnglV,n—FQ)

- lq*

PY —2o BA(Ker mpp Tr™, n + 2).

Lemma 5.9 and (5.2) then yield the following commuting diagram in D in which
the rows and columns are all fibration sequences over BpA:
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EA(Ker hy,n+ 1) BpA EA(Ker hyyq1,n + 2)
TT(n) k 4
TP, X TP, X EA#C,, X, n+2)
T(n+2) - G«
TY TP,X EA(Im hyyr,n +2)
(8

EX(Ker hyqq,n + 3)

The map k£ is induced by £k,, and k is induced by k,. The claim then follows
from the universal property for fibrations. 0

6. THE FIBER OF A SPECIAL SPHERICAL FUNCTOR

Let T : C — D be a special spherical functor. We would like to use the results
of Section 5 in order to determine whether a given G € D is (up to homotopy) of
the form TX for some X € C — and if so, how we can distinguish between such
realizations, or liftings.

6.1. Lifting objects of D. Let us assume for simplicity that A := 7J’G is a
[lc-algebra, and that the map ¢7 : A — aPTBcA of §5.1(i) is an isomorphism.
[In the general case, we are faced with an additional, purely algebraic, problem of
determining the fiber of the functor T, : Ilc-Alg — IIp-Alg (compare [BP]); we
bypassed this question in §4.1(iv).

We want a map ¢ : TX — G inducing isomorphisms 7°TX — 7PG for i > 0.
Our approach is inductive: we are trying to define a tower in C:

(n+1) A (n) A (n—1) [COEPN
(6.2) P R ) P Xy 2 X00) ~ BeA

which are to serve as the modified Postnikov tower of the (putative) X € C — so
that in the end we will have X := holim,, X (n).

At the n-th stage (n > 0), we have constructed X (n) as our candidate for P, X
~ so in particular if we let X (n) := P,X(n), (our candidate for the ordinary n-th
Postnikov section of X), then TX(n) satisfies (5.7), TX(n) satisfies (5.22), and
of course X (n) = P, 1 X (n).

Assume also, as part of our inductive hypothesis, a given weak equivalence:

(6.3) p™ PGS Py TX (n).

We start the induction with X(0) := BeA. The natural map r® : G —
P\TBeA = BpA allows us to define X(0), together with p© : PG = P TX(0),
as in Definition 5.21 (see §5.25).
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6.4. Llftmg p™. The first stage in the inductive step occurs in D: we must lift p™
to p™ . n+2G — P, ,TX(n). Note that by Remark 5.17 and Fact 5.8, we already
know the comparison exact sequence (4.4) for the putative X from h,,; down; the
lifting p := p™ will determine o : 72,,G — Ty 1 X (n) in addition, since this
is just m,12p, so that Cpio:=1Im 72, ,p is our candidate for Coker h;,, while
K, 11 := Coker 72 ,p is our candidate for Ker h;,.

From (5.22) we see that the obstruction is the class:

(6.5) Xn 1= ™ 0 p™ € HYF(G Toa X)) |
and the different liftings are classified by HP2(G; Tpyy X (n)).

6.6. Constructing X (n+ 1). The next step is to choose a cohomology class k,

in H'*2(X(n); K,41). This fits into a commutative diagram with rows and fibers
all fibration sequences over BcA:

BeA E¢(Ing1,n+1) —= E¢ (Iny1,n + 1)

R

X(n+1) X(n) — E}MKyq1,n +2)

| l }

X(n+1) X(n) o R - EM(J,n+2)

for the bottom fibration sequence X (n
(though we shall not need this).

Note that J, our candidate for 7r5+1X, fits into the short exact sequence of modules
over A:

+1) = X(n) — E}(J,n+2) as indicated

0= Kpyg = J—=>»1,11 —0,
as in (5.14), and is classified by ¢ =k, 0i € H'2(E}(In41,n+1); Kny1), as in
Corollary 5.20. Moreover, this extension is obviously allowable in the sense of §5.29.
6.7. Lifting p. To complete the induction on (6.3), we must lift p : G — P 2T X (n).
This will be done in two steps:

First, note that we obtain a commuting diagram:

p A
Pn+2G Pn+2TX<n>
(n+1) P, xTX{n+1) i)
" TX(n)
(n+1)
pTX(n+1)
PG ~ Py TX{n+1) Pn+1TX<7’L>
TX{n+1
kn+1< +1)
" | X (n)
kn+ qx .7 E%(OnJrZ; n+ 3) K k‘n+1
(’/TEH—QP)* Y

EAr,Gin+3) - EA(D,, TX,n +3)
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in which the columns are fibration sequences over B¢A, since by definition
D _.._D D O D
7Tn+2p . 7rn+2G — 7Tn+1TX<n> - 7Tn+1TX

factors through Cpyo :=Im 72, ,p, so that the bottom triangle commutes.

Since the natural K-invariant kS, is given, the other two k-invariants in the
diagram above are determined by inverting the given homotopy equivalences f :
P, G = P, TX(n+1) and ¢ : PyyG — P, TX(n) (assuming all objects in
D are fibrant and cofibrant), and letting k:fl = g, 0 k¢ o f7' and k:fl "=
ixo kS, 0g7", using Fact 3.7.

Therefore, the map p: G — Pn+2TX(n> lifts to p: PoyoG — P, oTX(n+1)
(which is induced by g¢.). In fact, the lifting p is unique up to homotopy. Moreover,
from the proof of Proposition 5.23 we see that this suffices to define X (n + 1), as well
as determining a lifting of p to a weak equivalence Pt : P, G — PoioT X (n + 1).

We may summarize our results in:

6.8. Theorem. Given G € D, there is an object X € C such that TX ~ G if
and only if there is a tower as in (6.2), serving as the modified Postnikov tower for
X. If we have constructed X( ) satisfying (6.3) for n, a necessary and sufficient
condition for the ezistence of an X (n+ 1) satisfying (6.3) for n+1 is the vanishing
of Xn € HVP(G; T  X(n)). The choices are classified by:

o HYWXG; T, X(n)) (distinguishing the liftings of p™ to PnoTX(n));
and

o k, € HY(X (n); Kyy1), where K,y := Coker m,,0p™, up to self-homotopy
equivalences of X{(n) over BcA and AutA(Kn+1) In particular, this dis-
tinguishes the class of 7€, X in Extyaga(Ker (Tr™), 1, Coker (Tr(™), ).

Note that T, 1 X(n) =1 X(n+1) =T, 1 X, by Corollary 5.10.

6.9. Moduli spaces. It is possible to refine the statement of our fundamental prob-
lem of lifting G € D to C in terms of moduli spaces:

Given a model category C, let 20 be a homotopically small subcategory of C, such
that all maps in 20 are weak equivalences, and if f: X — Y is a weak equivalence
in C with either X or Y in 20, then f € 20. Recall from [DK1, §2.1] that the
nerve B of such a category is called a classification complex. Its components are
in one-to-one correspondence with the weak homotopy types (in C) of the objects of
20, and the component containing X € C is weakly equivalent to the classifying
space Bhaut X of the monoid of self-weak equivalences of X.

6.10. Definition. Given a spherical functor 7': C — D and G € D, we denote by
M(G) the category of objects in D weakly equivalent to G' (with weak equivalences as
morphisms), and by TM(G) the category of objects X € C such that TX € M(G)
(again, with weak equivalences in C as morphisms). The “pointed” version is denoted
by R(G) — the category of pairs (X,p), where X € C and p: G —TX isa
specified weak equivalence.
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In all our examples the obvious functors R(G) L TM(G) L M(G) preserve
fibrant and cofibrant objects, and thus induce a homotopy pullback diagram:

BR(G) 2% BTM(G)

| |

{ldg} —— BM(G)

and there are weak equivalences BTM(G) ~ [[ ¢ g (q) B haut X, where BM(G) ~
B Aut(G) for Aut(G) the monoid of self weak equivalences of G.

6.11. Towers of moduli spaces. Although BTM(G) is the more natural object of
interest in our context, it is more convenient to study BR(G) by means of a tower
of fibrations, corresponding to the Postnikov system of X € R(G):

Let R,(G) denote the category whose objects are pairs (X (n), '), where X (n) €
C has P, X(n)~ X(n) and p': P,\yG — P, ,TX(n) is a weak equivalence.
The maps of R,(G) are weak equivalences compatible with the maps p,

As in [BDG, Thm. 9.4], one can show that BR(G) ~ holim,, BR,(G), so we may
try to obtain information about the moduli space TM(G) by studying the successive
stages in the tower:

BF, 1

(6.12) ... BRu1(G) 2 BR,(G) ...— BR(G).

However, from the discussion above we see that we need several intermediate steps
in the study of BR,;1(G) - BR,(G), corresponding to the additional choices
made in obtaining P, X and p™tY : PG = PpioTP, 1 X from P, X and
p™ PGS Pn+1T]5nX. As a result one obtains a refinement of the tower (6.12),
where the successive fibers F' are either empty, or else generalized Eilenerg-Mac Lane
spaces, whose homotopy groups may be described in terms of appropriate Quillen
cohomology groups. We leave the details to the reader; compare [BDG, Thm. 9.6].

7. APPLYING THE THEORY

The approach to the lifting problem for a spherical functor 7 : C — D described
in the previous section is somewhat unwieldy. However, in specific applications it
may simplify in various ways. We illustrate this by a number of examples:

7.1. Singular chains. Consider the singular chain functor C, : 7, — Chain, which
in the form T : G — sAbSGp is induced by abelianization (see §4.2(a)). Thus, given
a chain complex G,, we would like to find all topological spaces X (if any) with
C.X ~ G,. Over Z, this is equivalent to the question of realizing a given sequence
of homology groups.

Our approach uses Whitehead’s exact sequence (4.6) to relate the (trivial) Post-
nikov system for the chain complex G, to the modified Postnikov system for the
space X, in which we attach at each stage not a single new homotopy group, but a pair
of groups in adjacent dimensions, corresponding to the image and kernel respectively
of the Hurewicz homomorphism.

It should be observed that the functor 7" involves only “algebraic” categories C =
sé, where C — in our case, Gp or AbYp — has a trivial model category structure, as
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in §2.11(a-b). The analysis in Section 6 then simplifies considerably, in as much as the
categories of Il¢-algebras and Ilp-algebras are simply Gp and AbSGp, respectively.

As noted in the Introduction, Baues’s [Bad, VI, (2.3)] is actually a generalization
the obstruction theory described here for this case. His earlier approach in [Ba3| (as
well as that of Benkhalifa in [Be] is parallel to this, though not framed in the same
cohomological language. See [Man] for another viewpoint.

7.2. Rationalization. On the other hand, the rationalization functor (=)o : 7T —
7o, induced by the completed group ring functor Q : Sp — Hopf (cf. §4.2(b)), is
spherical but not special (Def. 5.1), and so the theory described here does not apply
as is. In fact, one can see why if one considers the comparison exact sequence for

~

Q) (84.5(b)): given a (simply-connected) rational space G € Tg, for each Q-vector
space m,(G, we need an abelian group A = 7, X such that A®Q = 7,G, and then
lift the rational k-invariants for X to integral ones. Thus, much of the indeterminacy

for X is algebraic.

7.3. Suspension. The suspension functor X : 7, — 7., induced by the free group
functor F' : 8et, — Gp asin §4.2(c), is similar to singular chains, with the generalized
EHP sequence replacing the “certain long exact sequence”, and the modified Postniov

systems involve the kernel and image of the suspension homomorphism FE : 7, X —
Tn+1 r¥X.

7.4. Homotopy groups. The motivating example for the treatment in this paper

— and the only one which requires the full force of Section 6 — is the functor
7. : T — [I-Alg, prolonged to simplicial spaces (as in as in §4.2(d)). However, even
this case simplifies greatly if we want to realize a single II-algebra A — that is, we

take G € slI-Alg to be the constant simplicial II-algebra BA.

Indeed, given a simplicial space X with 7, X ~ BA (which implies that || X|| =
G), from the spiral exact sequence (4.7) we find that 72X = Q"A for all n > 0,
so that h, : 75X — 7im, X is trivial for n > 0. We do not need the modified
Postnikov system in this case: the obstructions to realizing A (or G) are just the
classes x, € H"™3(A; Q"'A), and the difference obstructions distinguishing between
the different realizations are 4, € H""?(A; Q""'A) (n > 1). See [BDG| and [BJT,
§5] for two descriptions of this case.

7.5. Remark. Our obstruction theory is irrelevant, of course, for the inverse spherical
functor U : G — S, (see §4.13) — that is, in determining loop structures on a given
topological space. Nevertheless, from (4.17) we can easily recover the well-known fact
that X ~ QY is a loop space if and only if its k-invariants are suspensions of those
of Y (cf. [AHK]).

7.6. Lifting morphisms. In all of the above examples, one can ask the analogous
question regarding the lifting of maps, or more complicated diagrams, from D to C.
This can be addresses via Theorem 6.8 by transfering the spherical structure from C
and D to the diagram categories C' and D’ (cf. §2.11(d)). See [BJT, §8] for a
detailed example.

Note that the k-invariants for a map of chain complexes are not trivial (cf. [D,
(3.8)]), so the theory for realizing chain maps in 7, is correspondingly more compli-
cated.
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