FROM ELLIPTIC CURVES TO HOMOTOPY THEORY

MIKE HOPKINS AND MARK MAHOWALD

ABSTRACT. A surprising connection between elliptic curves over finite
fields and homotopy theory has been discovered by Hopkins. In this
note we will follow this development for the prime 2 and discuss the
homotopy which developed from this.

A preliminary report

1. INTRODUCTION

The path which we wish to follow begins with elliptic curves over finite
fields and in particular over F4. From such a curve we get a formal group
which will have height 2. The Lubin-Tate deformation theory constructs a
formal group over the ring W [[a]][v, u~!]. Tt can be shown that this ring
is the homotopy of a spectrum, Fs, which is MU orientable. The group of
automorphisms of the formal group over F4acts on this ring. The Hopkins-
Miller theory constructs a lift of this action to an action on the spectrum Fj.
This group is a profinite group, called the Morava stabilizer group Sz. There
is a finite subgroup G of S5 of order 24 which is the automorphism group of
the elliptic curve. This finite group acts on Ey and we define EFOy = EQG.
It is the torsion homotopy of this spectrum which illuminates much of the
homotopy of spheres in the known range.

We begin with the curve, 23 4+ y% +y = 0 in P?(FF). In the elliptic curve
literature this is called a supersingular curve. It is non-singular and has one
point on the line at infinity. If we represent Fjas the set {0,1, p, p>} where
1+ p+ p* = 0, then the solution set in the affine plane consists of eight
points. If z = 0 then y = 0 or 1. If x € F4* then y = p’ for i = 1,2. The
group of the elliptic curve is F3 @ F3.

The group of affine transformations of F42 consists of matrices

a b c T
d e f Y
0 01 1
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Those which leave the equation of the curve alone satisfy

(1.1) a = aclF,"
(1.2) b = 0
(1.3) ¢ = f+f
(1.4) d = ac
(1.5) e = 1

It is easy to verify that this group G has order 24 and is SL(F3,2). If we
include the Galois action we get a Z/2 extension of this group. Let G be
the 2 primary part. We have the following result, which is well known. It
will illuminate the latter calculations.

Theorem 1.1. If we suppress the topological degree, then
H*(G16,2)2) ~ ExtA (Z/Q 7]2).

Our program will be to construct a formal group from the group of this
elliptic curve. Then G will be a group of automorphisms of this formal
group. We will lift the curve to the ring Wy, [[a]] as

v 4azy+y =2’

We can lift G as a group of automorphisms of this curve. Then the formal
group associated to this curve will be the universal formal group given by the
Lubin-Tate theory. The F5 term of the Adams-Novikov spectral sequence
to calculate EQs, will be H*(G; Wy [[a]][u, ut])ee,

2. THE FORMAL GROUP

The material of this section is standard. We will include it for complete-
ness for the homotopy theory reader who might not be familiar with the
algebraic theory of elliptic curves.

The formal group constructed from an elliptic curve is constructed by
resolving the multiplication on the curve around the point at infinity which is
taken as the unit of the group. First we construct a parametric represention
in terms of an uniformizer at infinity. Let

(2.6) w o= y !
(2.7) z = z/y

Then the equation of the curve becomes w = 23 + w?. We have not noted
signs since we are working over Fy.

Proposition 2.1. (i) w(z) = 8;>¢2> 2,
(ii) z(2) = z/w(z) =22+ z+ 24 + 210 + ...
(i) y(2) =l/w(z) =23+ 1+ 23+ 29+
This is an easy calculation. At this point one can follow the discussion in

Silverman [14] page 114. This discussion is considerably simplified by the
fact that the field has characteristic 2. This gives the following result.
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Proposition 2.2. The formal group constructed from the elliptic curve,x3+
y? +y = 0 over Fyhas as the first few terms

Fu,v) = u+ v+ u?v? + v’ + ufv* + uto'? + u?o? + uBo® + -

The next term has degree 22. This is a formal group of height 2 and the
2-series is 2*(Di>02 22 ~D).

Next we want to lift this formal group to a formal group over the ring
W, [[a]][w, u~1] which gives the above curve under the quotient map to Fy.
We will do this by just lifting the elliptic curve. The formal group is then
constructed in the usual way as is done in [14]. The equation of the lifted
curve is

z3 :yQ—i—aux y+u3y.

We want to lift our group as a group of affine transformations which leave
the curve alone. Thus we want to make the substitutions

(2.8) r — ar+u’r
(2.9) y — y+usztudt

In order to preserve the curve we require that the coefficient of 2, z, and
the constant term all be zero. This gives

(2.10) 3r = s2+sa

(2.11) s = 3r’—2ast—a(rs+t)
2.12 t = 1 —art—t?

(

The group G is generated by o € F4+ and a pair (3,7) which satisfies the
equation 3%+~ +~% = 0. We can take two generators, a = p, (3,7) = (0,0)
and o = 1,(8,7) = (1, p) and lift these. The rest of group will be various
products of these. It is clear how to lift the first. We will concentrate on
the second. We want to find infinite series for r,s and ¢ which reduce to
1,1, and p modulo the maximum ideal. We begin with these equations and
successively substitute into the above equations giving

r(a) = (1/3)(1+a)
1/3)(1 4 2a + a?) — 2ap — a((1/3)(1 + a) + p)
1/3)°(1 +a)* = (1/3)a(1 + a)s(a) — p°
1/3)(s(a)® + as(a))

r(a)? — 2as(a)t(a) —

2.18)  tla) = r(a)®—ar(a)t(a) —t(a)?

Each time we substitute the formula for the classes on the right hand
side from the formulas above. After each process we have correct liftings
modulo the maximum ideal raised to one higher power. That this works is
just Hensel’s Lemma. Compare [14], page 112.

(
= (
(

a(r(a)s(a) +t(a))
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What we have constructed is a map G — WF4[[CL]][U,U_1]. This is the
beginning of a co-simplical complex

W, [lall[u, u™"] = Hom(G, W, [[a]][u,u™"]) -

The action of G on W [[a]][u, u~1] is the only additional part to add. That

defines
(2.19) a — a+2s
(2.20) wd = ud ar + 2t

The homology of this co-simplical complex is the E5 term of the Adams-
Novikov spectral sequence to calculate the homotopy of the Hopkins-Miller
spectrum EFOy. We will do this calculation in several ways but the key will
be to show that it is something which is already known.

3. THE ELLIPTIC CURVE HOPF ALGEBROID
The Weierstrass form of an elliptic curve is usually written
y2 +ai1xy + azy = 3+ a2x2 + aqsx + ag.
A change of coordinates does not change the curve and so substituting
r=x +r
y=vy +sz' +¢
gives us the same curve. The coeflicients transfer according to the following
table. (Compare [14].)
al = ay +2s
ah = ay — say + 3r — s°
ay = as+ra; + 2t
aly = ay — saz + 2rag — (t +rs)a; + 3r2 — 2st
ag = ag + ras + r2ay + 13 — tag — t2 — rta

These formulas are very suggestive of the structure formulas which result
from MU, resolutions. Indeed, we can take these formulas to be the defini-
tion of nr and get a Hopf algebroid

(A? A) = (Z[al’ as, as, a4, aﬁ]) Z[al) as,as, 4,06, S,T, t])

The two maps from A — A are the inclusion and the one given by the table
above. In books such as [14] the classes ¢4 and ¢g are usually given and they
represent classes in the homology in dimension zero of the simplical complex
constructed from the above Hopf algebroid. The formulas for them are

cy = (a3 + 4as)? — 24(2a4 + a1a3)
ce = —(a? + 4as)® + 36(a? + 4az)(2a4 + ayaz) — 21(a2 + 4ag)
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Notice that ¢j — cZ is divisible by 1728. Let A = (¢ — c2)/1728. The zero
dimensional homology of the above chain complex is

Zlcs, cg, A/ (c3 — c2 — 1728A).

One of our questions is the computation of the rest of this chain complex.
We will do this by getting another interpretation of the chain complex. For
this interpretation we will have a complete calculation. Before we do this
we want to connect this resolution with the Lubin-Tate theory.

In section 2 we consider the elliptic curve over W [[a]][u, u~!] given by

the equation y? + a u 2y + w3y = z3. Thus we have a map f : A[p]/(p?® +
p+1) = Wy [[a]][u, u~1] defined by

aj au
ag +—r ’LL3
a; — 0, otherwise

Theorem 3.1. After completing Alp]/(p*> + p+ 1) at the ideal (2,a1) and
inverting A, the map f induces an isomorphism between the two chain com-
plezes.

Corollary 3.2. The Es term of the Adams-Novikov spectral sequence to
compute the homotopy of EOs is the homology of the Hopf algebroid (A, A)
completed at the ideal (2,a1) with A inverted.

In the next section we will show that this computation is well known.

4. RING SPECTRUM RESOLUTIONS

Using Bott periodicity we have a map « : QSU(4) — BU. Let T be the
resulting Thom complex. As is the case with any ring spectrum we can
construct a resolution T

o — —
S'—=T TANT STANTANT---.
— —
This is acyclic from its definition. The first step in understanding such
resolutions is the following version of the Thom isomorphism theorem.

Proposition 4.1. There is a homotopy equivalence T ANQSU(4) =T AT
This homotopy equivalence is induced by a map between the base spaces

A, id id
QSU(4) x QSU(4) _: QSU(4) x QSU(4) x QSU(4)" _’f‘ QSU(4) x QSU(4).
Here, A is the map which sends x — (x,—x) and p is the loop space multi-
plication.

The map in Thom complexes induce by this composite is T AQSU(4) 4+ =
T AT. Let T be the cofiber of the unit map. Then TAT = T AQSU(4). Tt
is the T} homotopy of QSU(4) which describes the 7" Hopf algebroid. One
of the main results of [12] is following.
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Proposition 4.2. The map d = nr — nr can be viewed as a map T —
T NQSU(4) which is induced by the diagonal

A : QSU(4) — QSU(4) x QSU(4).

Let b; € Hy;(CP) be the homology generators. We will identify these
classes with their image in H,(25U(4)). Thus

H,(QSU(4)) = Z[by, by, bs).

The homotopy classes in 7,(7") which are in the Hurewicz image are multi-
ples of primitive classes. On the other hand the classes b; are not primitive
for ¢ > 1. We have:

Abi=b®1+1®b
Abs=bo®1+b @b +1& by
Ab3:b3®1+b2®b1+b1®b2+1®b3

Thus we can define primitive classes as follows:
my = b
my = 2by — b?
ms = 3(b3 — biby) + b3
This allows us to define homotopy classes

a) = 2m1

as = 3mg — m%

as = 2m3
We define additional classes

ag = 3m§ — 2mims
ag = ms —m3
Then we calculate da; by the following rules:

compute Aaq;

drop each class of the form z ® 1.

classes of the form x ® m; are written as xs

classes of the form x ® mgy are written as xr

classes of the form x ® ms are written as xt

classes of the form z ® y must have x € Z[ay, as, as]. We write them as
xy.

If QSU (4) stably split as a wedge of spheres, then T'AQSU (4) would give the
free splitting of T'A T into a wedge of T”s. This is what Als, r,t] represents.
But Q25U (4) does not split in this manner. It would be enough if the pieces
into which QSU (4) does split would be trivial T, modules but that is not true
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either. The further splitting produces an extra term, air in the expression
for nras. This gives us:

Nra1 = a1 + 2s

Nras = ag + 3r — a;s — s°

nras = a3 + 2t + air

Aag=3(my ®1+1®my)?
—2(m3®1+1®m3+m1®m2)(m1®1—i—1®m1)

NRG4 = a4 + 2097 + 3r? — azs — st — ait — a1 sr

NRrRaGs = ag + aq7 + a2r2 + 73— ast — 2 — art

Thus, we have reproduced the formulas constructed in the previous section
from the change of variables formulas. We still need to get the setting where
the polynomial algebra Z[ai,as,as,as,ag] does represent the homotopy of
something.

Let E be any spectrum. If we smash the resolution T with E, we still
have an acyclic complex with augmentation E. If we apply homotopy, we
get a complex whose homology is the Fy term of a spectral sequence to
compute the homotopy of E. We need a spectrum FE so that m,(E AT) =
Z[ai,as3,as,a4,a6]. Hopkins and Miller [7] have constructed a spectrum

which almost works. In a latter section a connected version of the Hopkins-
Miller spectrum eos is constructed. It has the key properties:

Theorem 4.3. Let D(A;) be a spectrum whose cohomology, as a module
over the Steenrod algebra is free on Sq? and Sq*. Then localized at 2, eoy N
D(A;) = BP(2). Let X be the spectrum whose cohomology, as a module
over the mod 3 Steenrod algebra is free on P, the localized at 3, eoy A X =
BP(2) A (589 Vv S8)
Corollary 4.4. m.(eos ANT) = Zlay, a2, a3, ag,a6] and

me(eoa NT ANT) = Zlay, az, a3, aq, ag] @ Z[s,r,t].

An easy calculation gives us the following.

Theorem 4.5. If we apply the functor Ext o(2)(-,Z/2) to the resolution T,
we get

Z/2[U0, V1, a2,73,04, Cl6] — Z/2[U0, V1, a2,v3,04,06,S,T, t] —
where a; has filtration 0. This chain complex will compute Ext 4(2) (2/2,7.]2).
In particular, this implies H*(eo,Z/2) ~ A ® 52y Z/2.
5. AN OUTLINE OF THE CALCULATION

In the rest of this paper we will discuss the homotopy of the spectrum
constructed by Hopkins and Miller [7] which they labeled EO5. We will also
be quite interested in the Hurewicz image in 7. (S?).
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Theorem 5.1. The action of Sy on Es, lifts to an Es ring action of S on
Es. Furthermore, So has a subgroup of order 24, GL(F3,2). This group can
be extended by the Galois group, Z/2. The group of order 48 acts on EOs
and the homotopy fized point set of this action defines EO5y. In addition,

EOy N D(Al) = Fy

We will take this result as an axiom for the rest of this paper. We will
calculate the homotopy of EFOsy in two ways. First we will construct a
spectral sequence which untangles the formula FOs A D(A;) = E3. This
is done in the next section. Next we will consider the connected cover of
EO; and show that it essentially has A ® 49 Z/2 as its cohomology. We
then have an Adams spectral sequence calculation which has been known
for about twenty years. This approach allows one to have available a rather
large collection of spaces whose FO2, homology has been computed. See for
example [2].

These results also give a counter example to the main result of [3] which
asserted that A ® 4(2) Z/2 could not be the cohomology of a spectrum. The
error in that paper can be traced to a homotopy calculation in [4] which was
in error. The correction of the appropriate homotopy calculation is done in
[9].

In the last section we discuss homotopy classes in the spheres which can
be constructed by this spectrum.

6. THE HOMOTOPY OF EOy

Our first calculation of EQOs, uses the formula
EOy A D(Al) = Fy

The CW complex D(A;) is constructed by the following lemma where we
use the notation M, = S° U el@l+1,

Lemma 6.1. There is a map
v : P M, A M, — M, A M,
Proof. This is a straightforward calculation in 7, (S?). O

We can use the definition of D(A;) and the formula in (2.1) to construct
a spectral sequence. Abstractly, we think of D(A;) as constructed out of
three mapping cones, M,, M, and M, where «y is defined in the Lemma.
Thus we have a contracting homomorphism in P(hy, hg, ho o) ® H.(D(A1))
with d hy = e;, d ho = e, and d ha o = e,. We will use the defining equation
(2.1) to give us a free Ey resolution. For the moment we want to think of
this as an unfiltered but graded object. There is a total differential whose
homology is FOas,. If we assign filtration 0 to h; and v; and filtration one to
each of hg, ha g, v then the corresponding Ey will be boy|hg, koo, v2]. If we
recognize the bo structure of the set < hg, ho,v2 > then the corresponding
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resolution is just the Kozul resolution of [2], section 5 (page 319ff). Of
course, vy should be inverted and 2 = vy. This gives the following result.

Theorem 6.2. There is a spectral sequence with

Ey' = vy 'Bxt’, (2/2,2/2)
which converges to Ey(EOay).

We will explore this in more detail in latter sections. In particular we will
want to understand the differentials.

Using the Adams Novikov differentials from the same starting point we
get another spectral sequence. In this case we assign filtration 0 to v; and
vy, filtration 1 to hi, he and hg . We will also work over the integers.

In order to state the answer in a compact form we introduce several
homotopy patterns.

Figure 6.3. The following diagram defines A. The solid circles represent
Z/2’s and the open circles represent a Z/8 ( Z/4) in stem 0 (stem 3). In
stem 3 there is an extension to the 7/2 giving a Z/8 in this case too.

. 7
4/ " /

-3 0 3

Figure 6.4. The following diagram defines B. The diagram starts in filtra-
tion (0,0). The starting circle represents a Z and the circle in dimension 3
represents a Z/4 with an extension to the Z/2 giving a Z/8.

/ . S

Theorem 6.5. There is a spectral sequence which converges to EQOa, and
the Eo is given by

h3 0P (h30,v3,v3 ) ® A® (P(v3,v5 ") ® B) @ vibo[vy, vy ]
where A is the module of Figure 6.3 and B is the module of Figure 6.4.

7. THE BOCKSTEIN SPECTRAL SEQUENCE

In this section we will give the proof of theorem 6.5. We start with the
following resolution, Z[vq,va, h1, ha, ha o] where the classes v; have filtration
0 and the other classes have filtration 1. The dimension of the classes is
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(2,6,1,3,5) respectively. The Novikov differentials give the following for-
mulas:

(7.21) vy = vitd 4 voty + Vit
(7.22) v = Vitvg + vivaty + vith
(7.23) hap — hihg

(7.24) h3o — hi+uvh}

It is worth noting how the formulas in the Hopf algebroid give these
formulas. The class vy corresponds to ag. The differential on ag = 2t + aqr.
When we substitute the differential on as which sets 3r = ays + s? we see
that the differential on ag = 2t + a?s/3 + a1s%/3. Setting a1 = vy, s = t;
shows that the two formulas are the same. The class ho is represented by
to here and ¢ in the Hopf algebroid.

We will break the calculation into several steps introducing various classes
one at a time.

Step 1. We first look at just Zlhg, hoo| and apply the h%,o differential.
This leaves

(1, ha, h3, hao, ha oha, h2,0h3>Z[h%,0]-

Much of the rest of the calculation is free over hé,o and we will drop mention
of it until we need it again. We can write this calculation pictorially as the
following figure.

Figure 7.1. Each dot represents a Zlvy,va, hy, h%,o]-

t | | |

Step 2. Next we want to add h;. This amounts to taking the above
figure and tensoring it with Z[h;]. We then feed in the differential defined
by ho. This gives us:

Figure 7.2.

t | | |

Each circle represents a class which is free on Z[h;] and the dots represent
a Z. Of course the picture is free over Z[v1,va, hj o).

Step 3 Next we will tensor this picture with Z[v;] ® Afva]. We use the
differential defined by wve to kill v1hs. We also use the differential on wo
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and hg to construct the Massey product, a = viha o + hiva. The starting
picture is:

Figure 7.3.

f | i | | |

We have hao — hiho and vo — viha. This defines a Massey product
a = 1)1h270 + hlvg. Now hghg,o — hlh% and Ughg — Ulh% leaving hga. But
vaha o — hoa. Also, hgph% — hlhg’ = h:{’a and Ugh% — vlhg’ = vlh%a and
these leave h%a which is the target of hovahgo. This leaves the following
picture.

Figure 7.4. The open circles represent P(hy,v1) free classes. The dots
represent Z. The x classes represent Z[vi] classes.

t | | | | | |

Step 4. Next we add a copy of the above based on v3. The starting

picture gives:

Figure 7.5.

t | | | i | | | |

We have v3 — v?a leaving h3v3 ® P(hy,v1). Also vahg oh3 — hiv3 leaving
h2v2P(v1)(1, h1). Finally via — h3v3v? leaving just v3h?a. This gives

Figure 7.6. The open circles represent P(hy,v1) and the dots represent Z.

t | | | | | | | |

Step 5. The torsion Bocksteins are now easy. a — 2h3, v; — 2hy,
v3hy — 2h3v3 and v3h3 — 2h3v1v3. This leaves:
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Figure 7.7. The open circles represent P(hyi,v1) free classes. In addition
the class corresponding to hy and v3h3a represents a Z.

t | | | | | | | |

Step 6. Next we add h%,o and we have v3hgoh3 — vf‘hé,o and v3h?a —
8h‘2170. This last formula uses several substitutions to complete.

vahia — 4hg gvoah?
= 4hj gviahy = 4h3 gvihy = 8hj .
The first formula is a consequence of the calculation in the bo, spectral
sequence. See, for example, [10]. This completes the calculation and the
proof of Theorem 6.5.
It is interesting to compare the filtration of the differential which Kkills
v%hg‘,o. It is an Adams-Novikov d; but it would be and Adams differential

ds. As we shall see later, it requires the Adams spectral sequence to use
dy’s,d3’s and dy’s to recover from this.

8. THE ADAMS-NOVIKOV SPECTRAL SEQUENCE

In this section we will compute the Adams-Novikov differentials and thus
calculate the associated graded homotopy of FOy. The starting point is the
following. We will show latter that it is a d; in the usual Adams spectral
sequence.

Proposition 8.1. In the Adams-Novikov spectral sequence for EOs we have
6151)51 = hghé{o.

Proof. We begin with a calculation in stable homotopy.
Lemma 8.2. %k € (n40,7,21).

We will first use this lemma to complete the proof of the proposition.
We note that h%hé{o is the Adams-Novikov name for v?%. By checking
the above calculation, we see that nyo0 = 0 in EOs,. Thus the bracket of
the lemma must go to zero in £O>. Hence the class of h%h;{o must be in
the indeterminacy of the bracket. It is easy to see that only zero is in the
indeterminacy and so h3 h%,o must project to the zero class. The only way this
can happen is for dsvhy = h%hé,o. dividing by hs gives the proposition. [

Now we will prove the Lemma. This is essentially an Adams d;. First
recall that n4o is represented by hihgcy in the Adams Es. In order to form
a bracket such as (40,7, 2t) we need to know why h3hsco = 0. The easiest
approach is to use the lambda algebra and the calculations of [15]. We see
that )\2)\3)\5)\7)\7 = h1h4C(). Then from [15] we see that )\8)\9)\3>\3>\3 hits
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)\1)\2)\3)\5)\7)\7. Thus )\0)\8)\9)\3)\3)\3 € <h1h460,h1,h0>. Up to the addition
of some boundaries, this is just AgAgAsA3AzA3. This is equivalent to the
leading term name of v?&. This completes the proof.

The following figure illustrates this first differential. We place the chart
for v3 in filtration 3 so it is easier to see just what is happening.

Figure 8.5 A/i A
N /M/\ Y

17 20 23

2

We can collect the result of this computation in the following chart. We
have listed some exotic multiplications which we will prove in the rest of
this section.

Figure 8.4. The class in dimension 4 is a Z/4. Lines which connect ad-
jacent elements but are of length 2 represent exotic extensions. There are
three such. One is multiplication by 2 in stem 27. The other two are mul-
tiplications by n, one in stem 27 and the other in stem 39. The complete
calculation has this chart multiplied by Z[R)].

A///

25— 30 35 40 45

We need to establish some of the compositions which are non-zero in this
homotopy module. We introduce some notation. We let ¢, 7, v, to represent
the generators of the 0, 1, and 3 stems. This is consistent with the traditional
names of these classes in the homotopy of spheres. The elements in the 8, 14
and 20 stem we will label ¢, k, & respectively. For other classes, we will use
the symbol a; for an element in the ith stem. The exotic extensions referred
to above then are covered by the following proposition.

Proposition 8.5. The following compositions are non-zero: nasy, 2as7,Nasg-

Proof. First note that 2a97 is just the standard extension which comes from
the 3 stem where 4v = n3. Next, the class ass = e&. This is a filtration
preserving calculation. The definition of € forces € € (v,2v,7). When we
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multiply this bracket by & we see that ek = (&, v, 2v)n. This bracket clearly
represents ao7. Notice that we can not form this latter bracket in spheres
but need the differential on v3 in order to form the bracket.

In the homotopy of spheres we have the bracket relation (v, kn,n) = 2k.
This follows easily from the Adams spectral sequence where there is a ds
which makes myQ = 0. In the usual naming, we have doey = h%do. We also
have hoey = hgg. This establishes this relationship. Now if we multiply
both sides by & we have (v, kn,n) = 2k. But k(v, kn,n) = (k,v,nk)n. This
is the relation we wanted. O

Next we want to establish the special v multiplications.

Proposition 8.6. We have the following compositions: vass = asg,vazs =
ags, Vazg = a42.

Proof. A bracket construction for ags is ass = (R, v,n). If we multiply this
on the right by v we have (k,v,n)v = k(v,n,v) = Ke = ags. In a similar
way we see that asy = (R,v,€). If we multiply both sides by v we get
(R, v, e)v = K(v,€,v). But in spheres (v, €, v) = nk and this gives the relation.
In the above proposition we showed asg = (&, v,nk). Multiplying this by v

we have aggv = K(v,nk,v) = K2n? and this is the relationship we wanted. [J

In a very similar fashion we establish the following. We will skip the
proof.

Proposition 8.7. We have the following € compositions. eass = ass, €asy =
ass, €azy = 2040, €434 = 42, €A39 = Q47 = Ka25, €040 = A48.

With these extensions established, the rest of the spectral sequence is
quite easy. We have the following theorem.

Theorem 8.8. We have the following differentials:
dsv§ = Ragr (= 2vRvs = 2d5v5)

and
16 2 _ 8 8; 8
d7vy° = n“agskvy (= 2v5d5v5)
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16 MIKE HOPKINS AND MARK MAHOWALD

9. THE CONNECTED COVER OF FEQO,

In this section we will construct the connected cover of EOy and get some
of its properties. We begin with the following which is proved in [7].

Theorem 9.1. v] ' EOy = KO[[v2/v}]][v3, vy ]

Our strategy to construct the the connected cover of EOs will be to
construct the following map.

I bo[v%/v}Q] — vflEOg[O, ee 00

With this map we will consider the pull back square as defining the spectrum
Y

Y — bo[v%/v%Q]
EOs[0,--- ,00] —— vl_lEOg[O,--- , 00]

‘We will show:

Theorem 9.2. The cohomology of Y is H*(Y) = A® 4(2) Z and the Adams
spectral sequence to calculated 7.(Y') is that given by Theorem 2.2.

The first step is the following Lemma.

Lemma 9.3. There is a map g : bo — v] *EO3[0,--- ,00] such that g.(t) =
L, the unit in vflEOg[O, e, 00].

Proof. We begin with ¢ : S© — v;'EO;[0, - - - ,00]. We recall that there is a
short exact sequence

»*-1B(k) — boj, — bog11

where B(k) is the integral Brown Gitler spectrum [1] and boy, is the bo Brown
Gitler spectrum. This sequence is constructed in [5]. The K theory of B(k)
is easily computed and it is zero in dimensions of the form 4k — 1. Thus we
can proceed by induction starting with the map ¢. This constructs one copy
of bo into v; LEO,[0, - - -, 00]. O

To continue with the proof of the Theorem we next construct a map of
Q5% — v ' EO,[0, - , 00] which gives the polynomial algebra on vj. Using
the ring structure we have the desired map f of the diagram. This completes
the construction of Y.

Next we want to compute the homotopy of Y. The Fs term of the Adams
spectral sequence for Y is Ext 4(9)(Z/2,Z/2). This has been calculated by
many people. The first calculation is due to Iwai and Shimada [6]. Extensive
Ext 5(2)(M,Z/2) calculations are given in [2]. We refer the reader there to
find the details of the calculation. The answers given there are in a compact
form which is quite useful. It is based on the following definition.
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Definition 9.4. An indezxed chart is a chart in which some elements are
labeled with integers. A unlabeled x receives the label

max{label (y) : z = hjyy or x = hly, some i > 1}

or 0 if this set is empty. If C' is a labeled chart then (C) denotes the chart
consisting of all elements vi'z such that i + label(z) > 0.

The following is an example of an indexed chart.

Let this chart be called Ey. Then the following is proved in [2]. (Actually,
the chart in [2] has a dot missing in dimension (30,6).)

Theorem 9.5. Exty(9)(Z/2,Z/2) is free over Z/2[v3] on
(Eo) ® Z/2[v1,w] - gss,7-

We have the following differentials in the chart Fy. We use the notation
gt—s,s to refer to the dot in position (t — s, s).

Proposition 9.6. d2g207 = g19,9-

Proof. When translated to more familiar notation this is a consequence of
the following Lemma.

Lemma 9.7. In the Adams spectral sequence of Theorem 2.1 the first dif-
ferential occurs in dimension 12 and hits the class vihs.

Proof. First we need to construct the element. Using the above formulas
which are filtration preserving we see that

2 2 2
VoVy + ’U2h2 + Ulh270

is a cycle and it generates an vy tower in the 12 stem. When we use the
filtration increasing part of the differentials we see this class is not a cycle
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but its boundary is
2 2 4 2 2
’Ulvohlvg + Uovzhz’o + vovy ho + V] h1h2

We can begin to try to complete this into a cycle. The first class we would
add is vivy. The boundary on this class is

v%vohlvg + U%hg + Uov%hg,o + U?hl

There is nothing we can add to get rid of the v{hy class and this gives the
differential of the Lemma. O

O
Using ho multiplications we have the following additional differentials.
d2go37 = g22,9
dagos,7 = 9259
d2g297 = 9289

dagog s = 9277
We have the following ds.

PI’OpOSitiOl’l 9.8. d3924,6 = §23,9-
This differential implies the following in addition.
d3gos,8 = 924,11

d3g30,6 = 929,9
We have the following dy.

PI’OpOSitiOl’l 9.9. d4931,8 = 1)1192278.

We wish to collect the result of these differentials. The pattern which is
left from the upper left corner of the figure generates a copy of bo starting
in dimension (8,4). The second pair of Z towers generates a bo in dimension
(32,8). This second bo uses 0%92575 and h; times this class and the class in
dimension (32, 7) which has hg none zero on it. The picture looks as follows:
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This picture leaves a copy of bo, after some extensions, which starts in

filtration (32,7). It represents vivs. There is an extra dot in the above

picture in filtration (35, 10) which we still have to account for. The following
chart lists everything which is left because the source of a differential is not
present.

In addition to this part we have the polynomial algebra on the two gen-
erators and v} free on the following.

o

t= 32

The following result gives the differentials for this part of the picture.

Proposition 9.10. Among classes in Z/2[vy, w|-gss 7 and between this poly-
nomial algebra and classes in the above diagram we have the following dif-
ferentials:

dag3s,7 = 936,9
d4v1935,7 = 938,12
d _ .4
4V1WG35,7 = V19358
2 4
dsviwgssr = V193510
2.2 8
dyviw®gss; 7 = v1g32,7
3 2 8
dyviw®gss7 = V79348
3 7
dqw”g3s,;7 = v1935,7

3 3 10
dqviwgss 7 = vy 9357

If we combine the above diagram, the polynomial algebra and the differ-
entials above we have the following figure.



m Wmmm?w$
r &\\ w\/ X\

This allows us to write the vy torsion part of the answer out though the
42 stem. The following is the correct chart.

To compute the next 48 groups we need to put the earlier calculation

together with the first 42 groups above multiplied by v5. This gives the

following chart.

o Ay

This gives the following homotopy starting in dimension 45.
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JIE

Y iy

Beyond 95 this differential pattern leaves a class every 5 dimensions. Be-
cause the differential on v§ is a da, the polynomial algebra v8§Z/2[vy, w] is
mapped monomorphically into Z/2[vy,w] leaving just w’gss7Z/2[w]. To
complete the calculation we need to take into account vi®. We do this by
putting our calculation so far together with this pattern and writing in the
new differentials. This gives the following pattern. The first chart calculates

the homotopy from 95 to 140. W
\[/. s /
\V/[ . ~ e

Here is the picture for 141 to 180.

ool
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We can now collect the final charts and write in one place the v; torsion
homotopy. Dots correspond to Z/2’s and circles correspond to Z’s. Vertical
lines indicate multiplication by 2 and slanting lines to the right indicate
multiplication by 7. There are a large number of multiplications by v but
they are not indicated on these charts.

) /.1/0/1//

/I .

10 20 30 40
4 / o [ ]
45 95 65 75 85

&.I/O/W

Yo

96 100 110 120 130

AV

o

144 150 160 170
Theorem 9.11. The homotopy of eos is given by the following:

vibo[vs] & Ev3’]

where E is the homotopy described in the above charts.

140
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10. SOME SELF MAPS

Let Ay be the suspension spectrum of one of the complexes whose coho-
mology is free over A(1), the sub algebra of A generated by Sq' and Sq?. Let
M (ig,i1) be the mapping cone of X2 M (2/) — M (2%) which induces an
isomorphism in K-theory. In [4] it is claimed that A; and M(1,4) admitted
a self map raising dimension by 48 and inducing an isomorphism in K(2),.
This result is false as the results here have shown. The argument in [4] is
correct in showing the following.

Theorem 10.1. There is a class representing v§ € Exti%(A(l), A(1)).

Consider a resolution by Eilenberg-Mac Lane spaces constructed as follows
for any suspension spectrum X with the property that there is only one class
a € 7, (X) which is non-zero in mod 2 homology. We begin with a map fy
so that the composite

SO 2, x 0, k@2

is non-zero. Now we construct a tower inductively. Suppose we have

x Ly x, 2L 2 K(7)2)
with go---gs—1fs = fo. Let hs : x5 — K(ker(H*(fs))) and let X 11 be the

fiber. Clearly, f; lifts to give fsi1.
Each such resolution defines a spectral sequence with

By =ker(H*(f,)) 1!

As with the usual Adams spectral sequence we have convergence to the 2-
adic completion and we can define Fy(X, X) as equivalence classes of maps
between these resolutions.

In this language [4] showed the following result for M (1,4). A very similar
argument works for M(2,4).

Theorem 10.2. For X = M(1,4) or X = M(2,4) there is a class
of € By™(X, X)

Using an eoy resolution we see that v§ commutes with the possible targets
of the differentials on v§. Thus in each case if d2(v§) # 0, which is the case,
then v3% will be a class in E, and for dimensional reasons, dqv3> = 0. This
proves the following theorem.

Theorem 10.3. For X = Ay, X = M(1,4) or X = M(2,4), there is a
map
vy SPX - X
which is detected in K (2),.
Thus the results discussed in [13], [11] and possibly other places which

used the maps of [4] are established in this modified form. We will discuss
some of these classes, particularly those of [11] in the next section.
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11. THE HUREWICZ IMAGE AND SOME HOMOTOPY CONSTRUCTED FROM
EO,

Using the results of the last section we can construct many ve-families.

Theorem 11.1. If o € 7.(S%) is represented by a € Exta(Z/2,7/2) and
under the map Exta(Z/2,72/2) — Exta)(Z/2,7/2) a maps to a non-zero
cycle then v3**a # 0.

Proof. This is the standard Greek letter proof. There is an o so that the
following composite is a.

#*
slel — plel+102 4) %5 A0(2,4) — SO

Then

glol+192 — 5 rlal+202 v, Mlal+10

Sa# a#/ SO E02
192 ~ MO
is non-zero in m, £ O5. O

Corollary 11.2. We list the classes which this is known to apply to

stem 6 8 9 14 15 17 28 32 33 34 35 39 40 41 42 45

name V2 e ne K MNK VK €k g Ng 6(2) r]eg u R2,2R nRQ r]2n2 w

stem 52 53 59 60 65 66 80 85

name Rq FRnq FRu R3,2R® Rw nRw RY* R2w

Next consider k. The only problem is that it has order 8 and so the
argument does not quite work.

Proposition 11.3. & is v32-periodic.

Proof. We look at map &7 which makes this diagram commute.

M2(2,4) MO(2,4)
M*(2) — M°(2)

We do the Greek letter construction and get
MN20+192 (2’ 4) M29+192 (2’ 4) M29(2, 4) M0(2)

! | !

* M1o? — MY(2,4) —— MY(2) A EO,

46
nw
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This composite is non-zero. We can break apart the calculation and get
that % as an element of order 8 is v32-periodic. Of course we get easily
4k = vk is v32-periodic. O

The next problem class is vk.
Proposition 11.4. vk is v32 periodic.
Proof. Suppose not, that is, suppose v&(v32) = 0. Then we have a map f

G20+192 | | ,24+192 I g0

Y

524+192

g9 E2

in the diagram, the map g is v3%. Thus f would have oo order. This
contradiction completes the proof. O

Next we have classes in £Oy which do not come from the sphere. Since
there should be nothing extra in homotopy we use these to detect something
also.

Proposition 11.5. The classes 04, M4, n°ns and %7}2774 are vg-periodic.
Proof. 1t is an easy Ext calculation to show that in the following diagram
#
n
M?(1,4) = M°(1,4)
SO
5§25 —— M?(1) —— EO;
the composite along the bottom row is non-zero. M(1,4) also has a v3? self
map and this gives the diagram

5208

M26+192(1’ 4) M26(1, 4)

MY2(1,4) S0 EO;

The map M?51192 — FO, is essential. Suppose the composite 16192 —
M+92 5 Ar26(1,4) — SO was zero. Then M?Z20+192/G16+192 factorg
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through S giving M?26+192 /g16+192 5 G0 _» BO,. This map is vi-periodic
and this contradicts the vi-structure of S°. Thus v32n, is essential. nm4
works the same way and also 1?1,/2. O

It is interesting that each extra class in EOs detected something in the
sphere.

The next place to study is the 47 stem. Here the differential on v§ elimi-
nates homotopy classes which are in the sphere. Similar to Proposition 11.4
we have

Proposition 11.6. The classes {eor} and n{eor} are va-periodic.

Proof. We have established that 2v32%? = nu32{u} by Theorem 11.1. Thus
we can form the bracket (v32&2,2v,v). Suppose this bracket contains zero.
Then

S4O+192 U e45+192 U e48+192 - SO

|

S48+192

——— BP(2)
2

is a commutative diagram. This gives a class of oo-order in Im,S°, a
contradiction. Thus the bracket is essential and defines v32{eor}. Now
n{eor} = v{w}. Suppose vi?vw = 0. Then we could form the bracket
(V3 {w},v,n) € T192449(S?) and this class maps to v3°n% in EO2, which is

a v1 periodic class. This contradiction establishes the result. O
We also get some mileage out of the failure of the v§ self map.

Proposition 11.7. There is a family of classes of order 4 in 38+ k192 stem
detected by v§+32k i BP.

Proof. Here we use the centrality of our self map. We have established
{eor} is v3? periodic and the failure of the proof of v§ self map shows that

the composite M47(2,4) % M*7(4) — S° is null. This gives the following
diagram

M47+192 (2 4) M58+192(2 4)

M*7(2,4) M58(2,4) MO°(2)

Going around the top is the same, by centrality, as going around bottom.
The top represents v32g and so is null which implies that there is a class 3

4
such that MA7+192(2) 2 139+192(2) 5 G0 is p32{eor}. As before, 3 must
be on the bottom class or we would get a vi-periodic class. O

Following closely the proof of Proposition 11.5 we get,
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Proposition 11.8. vins, uns, nuns/4 are v3? periodic. The class 04 is vo
to some power periodic but we don’t know the power.

Proof. First we look at nsu. We have M°!(1,4) — SO extending ns5u. The
map is detected in EO2 by {v5h3}. Thus we have an essential composite
MPOY92(14) — 8% — EO;

detected by v3'h3.

Suppose the composite 411192 — Af514+192(1 4) — SO is zero. Then it
factors through M®1T192(1 4)/841+192 5 G0 s F(O,. This map would be
v1 periodic. This completes the proof. The argument is similar for the other
cases. We look at 64. We have the following

U8
M*Y(1) = M3 (1) % 80 is essential and detected by {eor}.

Thus we can consider the composite M47(1,8) — M?(1,4) — S°. This is
null. We have

M47+2i-6(1 8) ., M56+2i~6(1 4)

M*Y(1,8) M®(1,4) S0
The map from M47+2i'6(1,8) — 8% is null so the map M47+26(1) factors
through M312°6 As before, it must be on the bottom cell or we get a

vi-periodic class. O

Some of these homotopy classes were discussed in [1 |. The proofs there
are valid for 32k replacing 8k. In that note pyn; was also studied and shown
to be non-zero. We first discuss n40. In the sphere we are looking at the
classes {h4h2}, h3, hscg, hshicy and V2.

Proposition 11.9. The classes {h4h3}, h3, hsco,hshico and vk are v3?

periodic.

Proof. We begin with v?&. The M?7(1) VQ—H># 8% — EO, is detected by
M?* (1) — S§%" — FEO,. Thus the map of M?7(1) — S is vp-periodic. Sup-
pose S20F192 o pr27H192(1) — GO is null. Then S*"T192 — EO, factors
through S°. This class has finite order and so extends to M?28+192(2¢) —
SY — EO,. The composite is vi-periodic, a contradiction. Next note that

l/ll‘i

the composite M26(1,4) — M?6(1) — $26 £ SO is null since M?5(1) —
SO factors through M26(1) — M8(1) — S8 thahad go, By centrality
21/2R

3
M26H192(1 4) —y N26+192(1) 2 §26+192 2 57 60 45 )] This gives v32{hohy}.

2_
v o {hyhy} = o3. This gives §26+192 "L pr22+192(1) 5 G0 i5 12kv3? and so
all the in between classes are non-zero too. |
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We start with {p'hohs}. There is an extension of M*?(1) — $42 —
pthihs SO to MP5(1,4) — S° and the composite is detected by v§v and
so this gives a v3? family. As before, this class must live in the §42+k192

stem. Composing with v to get M?5(1,4) {thl—hth} SY and this is detected
by V2v§. This gives v - {plhahs}, pns, p A ns, as vg’% periodic classes. The
same family of arguments works for ns and related classes. The approach
in [1] is different since EOy was not available but complimentary.

The remaining task is to show all the classes in EOy come from the sphere
in the above sense. This requires constructing new homotopy classes. These

classes are covered by the following propositions.

Proposition 11.10. The class of order 4 represented by {hshoi} in the 54
stem is v32 periodic and 2{hshgi} = k{e3}.

Proof. We first note that &{e3} is {e2g} and this class fits 11.1. This com-
pletes the proof since {hshpi} must map essentially to EQOo,. ]

Proposition 11.11. The class corresponding to {Phshieo} is v32 periodic.

Proof. In EO4, we have v{hshgi} # 0. Since haohshoi = h1hsPeg in Ext we
are done. O

Proposition 11.12. The class in the 65 stem with Adams spectral sequence
name Phsj maps to a non zero class in EQaqy. Thus it represents a homotopy
class which is v3% periodic.

We remark that this is the first class beyond Kochman’s calculations that
was not covered by 11.1.

Proof. In EOs, the Toda bracket (&%,n,v) # 0. we can form the bracket
in the sphere too and so it must be non-zero there. Since dyPG = gz and
k*n = {2} we see that (&®,n,v) € {ha PG} = 0. Thus it has filtration > 12.
The only other class of higher filtration not in J, is K<{w} and this is also
present in FOs,. This gives the result. O

Corollary 11.13. The class Phshok in the 63 stem maps to a class in
EOs, and thus is v3% periodic.

Proof. In EOs, we have v(E®,n,v) # 0. We also have ho Phsj = Phshok in
Ext. This completes the proof. O

We remark that in the E, term of the May spectral sequence the class
Phshgk is divided by only hg. Brunner’s calculation of the Ext shows that
it is actually divided by hg. In particular, we have thgl = Phshyk.

Proposition 11.14. The bracket (¢, k3, n) is detected in EOq,. In the Adams
spectral sequence it is in the coset {P?G}. In addition 1 on this class is di-

visible by 4 which is represented by the bracket (kK3 ,v,2v,v) and is in the
coset {Qs}. We also have n* (3, v,2v,v) # 0.
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Proof. In EOo, it is easy to see that (e, &3, 1) # 0. It is also straightforward
to see that it is in {P2G}. In Ext we have h; P?G = h3Qs. This is verified
by Brunner’s calculations. Now ()5 is a permanent cycle because there is
nothing of higher filtration for it to hit. It has order eight for the same
reason. It is in the four fold bracket (g3, v, 2v,v) by construction. The other
claims follow by easy arguments except we need to show that )5 is non-zero.
To this end consider the following diagram.

572 EO2

M72 (8) 9 SO
\ {Qs/
571

Since n(e, &3,n) = 4{Qs}, f.(i) = {hgvi?, the generator of Z; in the the 72
stem. Thus )5 must be a non-zero cycle. O

Proposition 11.15. The composition v{Qs} is a class of order 4 with the
generator having Adams spectral sequence name {PD'}. This class is also
R{th,iho}.

Proof.
575 EO2
75 g
M™(2) S0
N
571

The map f is v§n?b where b is the FOa, class of order 2 in dimension 27.
Thus the map g can not be null but f can not factor through S° since it would
have Adams filtration at least 16 and there is nothing there. Thus k&> # 0
in 7,(S°) and we have 2 {h; Phseg} = k&3 by 11.11. Thus &{Phsiho} # 0
and generates a Z/4. We need to show that it is v{Qs}. This follows from
the bracket constructed for {Qs} in 11.14. O

Proposition 11.16. The remaining classes through the 95 stem detected by
EOy, are &, B3 {w} and (&3{w},v,n) = {v§Pldyg}.
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