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ABSTRACT. We consider a problem on the conditions of a compact Lie group
that its loop space of the p—completed classifying space be a p—compact
group, as well as some related problems. A previously obtained necessary
condition is shown to be not sufficient. Our counterexample is given by a
quotient group of a subgroup of the exceptional Lie group G2 at p = 3. The
K-theory of the space is isomorphic to K(BGz2;Z4 ), though its loop space
is not a 3-compact group.

The notion of a p—compact group X, [4], is a good generalization of a
compact Lie group G at the prime p. The structure of the classifying space
BX is similar to that of (BG)?/J\. Here we say that a space is a p—compact
classifying space if its loop space is a p—compact group. It is well-known that
(BG);, is p-compact if mo(G) is a p-group. In [14] the author has tried to
find the conditions on G that (BG);\ be a p—compact classifying space, and
obtained some results mostly for a special case. Theorem 2 of [14] implies
that the loop space Q(BG)I/)\ is a p—compact toral group if and only if the
compact Lie group G is p—nilpotent, [8]. Thus the connected component
of GG is necessarily a torus. For the general case, necessary conditions are
stated in [14, Proposition 3.1]. Our work in this paper has been motivated
by showing that the converse is false, even though the rational cohomology
of (BG); is expressed as an invariant ring of pseudoreflections. We will use
a subgroup of the exceptional Lie group G5 to find a counterexample and
to see simplicity of the p—completed classifying space of a non-connected
compact Lie group.

Suppose that G is simple and simply—connected, and that the order of
its Weyl group is divisible by a prime p. According to the results of [11]
and [12], a map f : BG — BX is essential if and only if Ker f is in-
cluded in the center of GG, except that G is the exceptional Lie group G4 at
p = 3. The Lie group G2 contains SU(3). Assume H = SU(3) x Z/2 is the
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subgroup of Go discussed in [11, p220, proof of Theorem 2]. The center of
SU(3), isomorphic to Z/3, is a normal subgroup of H. Let I's denote the
quotient group H/(Z/3). Then we see (BH)4 ~ (BG3)4 and the quotient
map induces a map f : (BH); — (BI'3)3 with f|pz/3 = 0. Note that
the center of Gy is trivial. According to [14, Proposition 3.1], if G is a
compact Lie group and (BG)?/J\ is p—compact, then myG is p—nilpotent and
m1((BG);) is isomorphic to a p-Sylow subgroup of moG. These two con-
ditions are satisfied if p does not divide the order of mo(G). Consequently
the 3—completed classifying space (BI'2)%, rationally equivalent to (BG2)3,
satisfies the necessary conditions.

Theorem 1. Let G =Ty, the quotient group of a subgroup SU(3) X 7Z/2 of
the exceptional Lie group Gs. For p = 3, the following hold:

(1) moG is p-nilpotent and m ((BG);) is isomorphic to a p-Sylow sub-
group of myG.

(2) (BG), is rationally equivalent to (BGs);,.

(3) (BG), is not a p-compact classifying space.

Next we discuss a minimality of this example. As usual, for a compact
Lie group G, the connected component with the identity is denoted by Gy,
and 710G = G/Gy. When rank(Gp) = 1, the following result implies the
converse of [14, Proposition 3.1] is true.

Theorem 2. Suppose G is a compact Lie group with rank(Go) = 1. If the
group oG is p—nilpotent, then (BG)Q is a p—compact classifying space.

We recall a few more examples. Suppose a compact connected Lie group
G is simple, and NT denotes the normalizer of a maximal torus 7' of G.
In [14] it is determined exactly when (BNT); is p-compact. The Weyl
group being p—nilpotent is sufficient except the following cases. At p = 2,
it is shown that (BNT)% is not 2—compact if the Weyl group is one of the
following four cases: W(Asz), W(B3) = W(Cs), W(Ds3), W(G2), though
mo(INT) is 2-nilpotent in each case.

We turn back to the subgroup H = SU(3) x Z/2 of G2 and its quotient
group I's = H/(Z/3). Suppose T) is a maximal torus of Hy = SU(3)
and T3 is the image of 77 under the quotient homomorphism H — I's.
Considering the normalizers, we obtain the following commutative diagram
of groups:



7/3 7)3 — x

i | i
Ty — Ng(T}) —— W,
i i |
Ty — Nr,(Ty) —— W»

Here W1 = Ny (T1)/Ty and Wy = Nr,(T3) /T3, and both groups are isomor-
phic to the Weyl group of G2. The map T3 — T5 is the admissible map, [1],
for SU(3) — PU(3). We notice that the Ws—action on 75 is the dual rep-
resentation of the Wi—action on Tj. The main result of [13] states that, in
general, if the dual representation of W (SU (n)) is denoted by W (SU(n))*,
then K(BPU(n);Z}) = K(BT"~1;Z)W(SU(M)™ a5 A-rings for any p, and
the integral representation of W(SU(n)) is not isomorphic to W (SU(n))*.

Since the exceptional Lie group Gs is 3—torsion free, the mod 3 cohomol-
ogy H*(BG+,TF3) is isomorphic to the ring of invariants H*(BT?;F3)W(CG2),
The Weyl group W (G2) is the dihedral group of order 12 presented as
D1y =<r,s5|r% =s%=1,srs =r° >. The matrix (integral) representation
can be taken as follows:

(1 -1 (1 -1
"Y1 o) "7 o 1
Consequently, if we write H*(BT?;F3) = F3[t1,t2] with deg(t;) = 2, then
the ring of invariants is the following polynomial ring:

H* (BT2; Fg)W(GQ) = Fg [33‘4, 1312]
where 14 = (t; — t2)? and z19 = t3t3(t; + t2)2.

The group G2 contains SU(3), and W (SU(3)) can be a subgroup of
W (G2) such that W(SU(3)) = {1,72%,7%, s, sr%, sr*}. Consider the following
invariant rings:

H*(BT?;F3)" V) = Fyya, yol

where y4 = (t; —t2)? and yg = t1t2(t1 +1t2), and for the dual representation
we have
H*(BT?;F3)"W SUE)" = F3[z9, 215

where 2o =t + t5 and 215 = t3t3(t; — t2)?. Recall [20, §3] and [21, Ch10]
that an unstable algebra is said to be realizable if it is isomorphic to the mod
p cohomology of a space over the Steenrod algebra. Obviously the unstable
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algebra H*(BT?;F3)" (SUG)) is realizable, however, H*(BT?;F3)W (SUE))"
is not realizable, [13]. As the following result indicates, the case of Gs
is different. In fact, we see H*(BT?;F5)W(G2) = H*(BT? F5)W(G2)" as
unstable algebras.

Theorem 3. Let I's be the compact Lie group as in Theorem 1. Then the
following hold:

(1) The 3-adic K-theory K(BT9;Z%) is isomorphic to K(BGa;Z%) as
a A-ring.

(2) Let I' be a compact Lie group such that I'y = PU(3) and the order
of mo(T") is not divisible by 3. Then any map from (BT')% to (BG2)%
is null homotopic. In particular [(BT'3)%, (BG2)3] = 0.

We recall that if a connected compact Lie group G is simple, the following
results hold:

(1) For any prime p, the space (BG); has no nontrivial retracts. ( [9])

(2) Assume |[W(G)| =0 mod p . If a self-map (BG), — (BG);, is not
null homotopic, it is a homotopy equivalence. ( [18])

(3) Assume |W(G)| =0 mod p . For a compact Lie group K, if a map
f:(BG)) — (BK); is trivial in mod p cohomology, then f is null
homotopic. ( [11])

Replacing G by T's at p = 3, we will see that (3) still holds. On the other
hand it is not known if (1) and (2) hold, though on the level of K-theory
they do.

The author would like to thank Clarence Wilkerson for his comments.

1. The p—completion of BG and p—compact groups.

We will prove Theorem 1 and Theorem 2 in this section. Our proof
of Theorem 1 uses a result of [15]. This result implies that there is no
fibration of the type BZ/3 — (BG2)3 — Y, despite the existence of a
map f : (BGa)y — Y with f|gz/3 = 0. The proof of Theorem 2 uses
a result of [7], which determines topology and algebra of the non-modular
unstable polynomial algebras at any odd prime.

Lemma 1. Suppose G is a compact Lie group such that a prime p does not
divide the order of mo(G). Then (BG);, is 1-connected.
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Proof. Recall that there exists a Postnikov fibration FF — (BG); s
Br where m = 71((BG);) and ¢, : 71 ((BG);) — m1(Bm) is isomorphic.
Consider the following diagram:

BGy F

| ]

BG — (BG))

| ;

Bmy(G) — Bm

The map Bmo(G) — B is induced from BG — (BG);), since the com-
posite BGy — B7 is null homotopic. We note that p does not divide
|m0(G)], and that 7 is a finite p—group, [3]. Consequently the composite
BG — B is null homotopic. So there is a map r : BG — F' such
that the p—completion (i - r);\ is homotopy equivalent to the identity map
of (BG);. Thus m(F) = 0 implies 7 ((BG);) = 0. This completes the
proof. [

Lemma 2. Let I'y be the compact Lie group as in Theorem 1. Then we
have 71 ((BT'2)5) = 0 and mo((BT2)3) = Z/3.

Proof. Without 3—completion, we have 71 (BI'y) = Z/2 and 7o (BI'2) = Z/3
from the exact sequences of homotopy groups for the following commutative
diagram of groups:

7/3 7/3 — x
l P
SU®3) —— H — 7,/2
l .
PU(3) » Iy - 7./2

Thus Lemma 1 shows 71 ((BT'2)%) = 0.
Next consider the Postnikov system {X,,} of the space BT'; so that

x 0 ifi >n
mi(Xn) = {m(Bl“z) if i <n

and we have the fibrations K (m,(BIl'2),n) — X,, — X,_1. We note
that X1 = K(Z/2,1) and Xy = K(Z/3,2) x X;. For n > 2, we see
m2((Xn)4) = Z/3. Tower lemma [3] implies, therefore, that mo((BI'2)%) =
lim 3((Xn)4) = Z/3. O

n
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Proof of Theorem 1. From the definition of I'y together with Lemma 2, it
is easy to see that the first two conditions are satisfied. Consequently it
suffices to show that the space (BT'2)% is not 3-compact.

If X = Q(BI'y)% is a 3-compact group, Lemma 2 implies that there is a
Postnikov fibration BZ/3 —» BX — BX where X is a 1-connected 3-
compact group, [19]. Notice that the projective group PSU(3) is a subgroup
of I'y, and that the map (BH )4 — (BG2)4 is homotopy equivalent.

Consider the following diagram:

BZ/3 ~ BX

| H

(BGa)s ~—— (BH)3 (BI2)3

| |

BSU(3) — BPSU(3)

where the map (BH)j —» BX is the lift of (BH)} —» BX, since (BH)}
is 2—connected. B

First, suppose that the 3—completion of the composite BSU(3) — BX is
a monomorphism of 3-compact groups. Since the composition of monomor-
phisms is also a monomorphism, the map (BG3)} —» BX is a monomor-
phism. According to a result of Mgller, [18, Lemma 2.5], this map is an iso-
morphism. This means that there is a fibration BZ/3 — (BGs2)5 — BX.
The result [15, Theorem 4] shows that this is a contradiction, since the cen-
ter of the exceptional Lie group G5 is trivial.

Next, suppose that the 3—completion of the composite BSU(3) — BX
is not a monomorphism of 3—compact groups. If we consider the upper
right of the previous diagram on the level of the maximal tori of 3—compact
groups, we obtain the following diagram:

BZ/3 — (BT?)y — (BT?)}
T TW |

B~y (BT?), —— (BT?)}
T T T
Ba ——= Ba *

where ¢ and 1 are the admissible map for BX — BX and (BH)%

BX respectively, and « and  are suitable finite 3—groups. Since B is
not a monomorphism, the group « is non-trivial, [4, Proposition 9.11].
Consequently the kernel of the map BSU(3) — BX contains Z/3 as a
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proper subgroup. This is a contradiction, since a map f : BSU(3) —
BX is essential if and only if Ker f is included in the center of SU(3).
Consequently Q(BT'2)% can not be a 3-compact group. [

Proof of Theorem 2. First assume p [ |moG|. Then H*(BG;F)) is isomor-
phic to H*(BGo;F,)™%. Since rank(Gy) = 1, the connected compact Lie
group is one of S*, §3 SO(3). Recall that, if H*(BS*;F,) = F,[t] with
deg(t) = 2 and H*(B(Z/2)?;Fy) = Fa[z,y| with deg(x) = deg(y) = 1, then
for odd p, we see H*(BS?;F,) = H*(BSO(3);F,) = F,[t]*/? = F,[t?], and
for p = 2, H*(BS®;Fy) = Fy[t?] and H*(BSO(3);Fy) = Fy[z, y]FL(2F2) =
Fs[ea, c3]. The mod p cohomology of each of classifying spaces of these Lie
groups is a polynomial algebra, and H*(BG;F)) is also a polynomial alge-
bra. If p is odd, a result of Dwyer—Miller—Wilkerson [7, Theorem 1.2] shows
(BG)Q is a p—compact classifying space. For the case p = 2, the unstable
algebra H*(BG;F3) must be one of the following:

H*(BS";Fy), H*(BS% Fz), H* (BSO(3); F)

It is known [6] that, in these cases, the mod 2 cohomology determines the
homotopy type of each of the classifying spaces. Thus (BG)% is homotopy
equivalent to one of (BS')%, (BS?)2, (BSO(3))5.

Next consider the general case. Since the group mG is p—nilpotent, if
v = moG, then v = v Xy, where v is the subgroup generated by all elements
of order prime to p, and where vy, is the p-Sylow subgroup. We obtain the
following commutative diagram of groups:

Go - H 7
ol
Gy -G > oG
oo
¥ Yp = Tp

where H is the subgroup of G induced by the inclusion v — 7yG. Since p
does not divides |v|, the previous argument implies (BH);, is a p-compact
classifying space. Notice that the fibration BH — BG — B, is pre-
served by the p-completion, since 7, is a finite p-group. Consequently
(BG)Q is a p—compact classifying space. [
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2. Invariant rings and some properties of BI'; and BG, at p = 3.

We will prove Theorem 3 in this section. Suppose G is a compact
connected Lie group. The Weyl group W(G) acts on the maximal torus
T™, and the integral representation W(G) — GL(n,Z) is obtained. If
such Lie groups are locally isomorphic, the representations of the Weyl
groups are equivalent over (. They need not be, however, equivalent as
Z-representations. For instance, as mentioned before [13], the integral
representation of W (PU (n)) is not equivalent to W(SU(n)), since the Q-
equivalence is induced by admissible map as follows:

2 1 ... 1

1 . . .
o=\ .

: . o1

1 ... 1 2

with det ¢ # +1. Turning to the rings of invariant, we note that an iso-
morphism of cohomology rings need not imply the equivalence of the two
representations. Such an example will be given by W (G2) and W (G2)*.

Lemma 3. There is ¥ € GL(2,Z) such that YW (Ga)y ™1 = W(Gz)*.

Proof. As mentioned before, the representation of the Weyl group W (G2) is

generated by r = (1 701> and s = ((1) j) Let ¢ = (711 (1)> A calculation

shows

Yryp~t =t and syt =t(sr)

where ‘r = (_11 é) and ‘(sr) = (_01 701 ) This completes the proof. [

Remark. From Lemma 3 we see that, over the Steenrod algebra,
H*(BT2, F3)W(G2) o~ H*(BT2, Fg)W(GQ)*
We notice, however, that the mod 3 reductions of the integral representa-
tions of W(G2) and W (G3)* are not equivalent. In fact, the composition
series for the W(G3)-module V' is
0—F3 <ty —ty >V —F3 <[t; +t2] >0,

while the composition series for the W (G2)*—module U is

0—F3 <ty +to >—>U—F;3 < [tl—tg] >—0.
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The actions on F3 < t; +t5 > and F3 < [t; +t2] > are trivial, and those on
F3 <t —ty > and F3 < [t; — t2] > are non-trivial.
As in [13], the Q-representations of W (G3) and W(G3)* are equivalent.

21
12

under the projection Z — F, for p # 3, the mod p reductions of the
integral representations are equivalent. For p = 2, the kernel of each of
the reduction is Z/2, and the image is GL(2,F3). Otherwise the kernel is
trivial.

The equivalence is given by the admissible map Consequently,

Proof of Theorem 3. (1) Recall [2] that if G is a compact connected Lie
group and T is its maximal torus, we have K(BG;Z}) = K(BT;Z))"(©)
for any prime p. Hence K(BGsq;Z4) = K(BT?74)"(G2). Next, for the
group extension PU(3) — I's — Z/2, applying the spectral sequence
H*(BZ/2; K(BPU(3);Z%)) = K(BT9;Z%) we see the following:
K(BTy;Z4) =~ K(BPU(3); Z4)*/? = K(BT?; 74)W(¢2)"

Lemma 3 shows K (BT?;Z4)W(G2) = K(BT?;74)V(G2)" In fact, the map
1 is the admissible map between the two A\-rings, [23].

(2) A map «a : (BT — (BG2)% is null homotopic if and only if so is
the restriction of & on BPU (3), since PU(3) contains all 3-toral subgroups
of I'. Let f = a|gpy(s)- It suffices to show that the induced homomorphism
of mod 3 cohomology

f*: H*(BGo;F3) — H*(BPU(3);F3)
is trivial. We note that
H*(BGz; F?,) = IF3[£’34, 3312]

and that

H*(BPU(3);F3) = Fa[y2, ys, y12) @ A(ys, y7)/J

where J is the ideal generated by y2ys, y2y7, and y3y7 + y2ys, [16, Theorem
3.10] . For the map f, there is ¢ : BT? — (BT?)} which makes the
following diagram commutative:

BPU(3) —L+ (BG»))

o

BT? —% + (BT?)}
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If f was not null homotopic, then Ker f should be trivial and hence the
map ¢ would be mod 3 homotopy equivalence. Consequently we obtain the
following commutative diagram:

H*(BGa; F3) —— H*(BPU(3); Fs)

) |

H*(BT* ;) = H*(BT?;Fs)

Since (Bi)* is a monomorphism, so is f*. Thus we have f*(z4) = +y3
and f*(x12) = +y12 + ay$ for some a € F3. Thus the image of f* would
be included in the algebra generated by ys and y;2. According to [16,
Theorem 3.20] , however, we see that P!(y12) = 92 + y12y5. This means
that Im f* would not be closed under the action of a Steenrod operation.
This contradiction implies the desired result. [

REFERENCES

1. J.F. ADAMS and Z.MAHMUD, Maps between classifying spaces, Inventiones Math.
35 (1976), 1-41.

2. M. F. ATIYAH and F. HIRZEBRUCH, Vector bundles and homogeneous spaces,
Proc. Sympos. Pure Math., AMS 3 (1961), 7-38.

3. A. BOUSFIELD and D. KAN, Homotopy limits, completions and localisations, LNM
304 (1972).

4. W.G. DWYER and C.W. WILKERSON, Homotopy fized—point methods for Lie
groups and finite loop spaces, Ann. of Math. 139 (2) (1994), 395-442.

5. W.G. DWYER and C.W. WILKERSON, Centers and Cozxeter elements, Preprint.

6. W.G. DWYER, H. R. MILLER and C.W. WILKERSON, The homotopic uniqueness
of BS3, Proc. of 1986 Barcelona conference, LNM 1298 (1987), 90-105.

7. W.G. DWYER, H. R. MILLER and C.W. WILKERSON, Homotopical uniqueness
of classifying spaces, Topology 31 (1) (1992), 29-45.

8. H.W. HENN, Cohomological p—nilpotence criteria for compact Lie groups, Théorie
de I’homotopie, Astérisque 191, Soc. Math. France (1990), 211-220.

9. K. ISHIGURO, Classifying spaces and p-local irreducibility, Journal of Pure and
Applied Algebra 49 (1987), 253-258.

10. K. ISHIGURO, Rigidity of p-completed classifying spaces of alternating groups and
classical groups over a finite field, Transaction of AMS 329 (2) (1992), 697-713.

11. K. ISHIGURO, Classifying spaces of compact simple Lie groups and p—tori, Proc. of
1990 Barcelona conference, LNM 1509 (1992), 210-226.

12. K. ISHIGURO, Retracts of classifying spaces, Adams memorial symposium on alge-
braic topology volume 1, London Math. Soc. Lecture Notes 175, Cambridge Univ.
Press (1992), 271-280.

13. K. ISHIGURO, Projective unitary groups and K-theory of classifying spaces,
Fukuoka Univ. Sci. Rep. 28 (1) (1998), 1-6.

14. K. ISHIGURO, Toral groups and classifying spaces of p—compact groups, Preprint.



15

16.

17.

18.

19.

20.

21.

22.
23.

11

K. ISHIGURO and D. NOTBOHM, Fibrations of classifying spaces, Transaction of
AMS 343 (1) (1994), 391-415.

A. KONO and N. YAGITA, Brown-Peterson and ordinary cohomology theories of
classifying spaces for compact Lie groups, Transaction of AMS 339 (2) (1993), 781—
798.

J. MOLLER, Homotopy Lie groups, Bull. of AMS 32 (4) (1995), 413-428.

J. MOLLER, Rational isomorphisms of p—compact groups, Topology 35 (1) (1996),
201-225.

J. MOLLER and D. NOTBOHM, Centers and finite coverings of finite loop spaces,
J. reine angew. Math. 456 (1994), 99-133.

D. NOTBOHM, Classifying spaces of compact Lie groups and finite loop spaces,
Handbook of Algebraic Topology, North-Holland (1995), 1049-1094.

L. SMITH, Polynomial invariants of finite groups, A K Peters, Ltd., Wellesley, MA
(1995).

C.W. WILKERSON, Self-maps of classifying spaces, LNM 418 (1974), 150-157.
C.W. WILKERSON, Lambda-rings, binomial domains, and wvector bundles over
CP*°, Comm. Algebra 10(3) (1982), 311-328.

Fukuoka University, Fukuoka 814-0180, Japan
e-mail: kenshi@ cis.fukuoka-u.ac.jp



