
VECTOR BUNDLES OVER CLASSIFYING SPACES

OF COMPACT LIE GROUPS

by Stefan Jackowski & Bob Oliver

The completion theorem of Atiyah and Segal [AS] says that the complex K-theory
group K(BG) of the classifying space of any compact Lie group G is isomorphic

to R(G)̂ : the representation ring completed with respect to its augmentation ideal.
However, the group K(BG) = [BG,Z × BU ] does not directly contain information
about vector bundles over the infinite dimensional complex BG itself. The purpose of
this paper is to compare the Grothendieck group of vector bundles over BG, which
we denote K(BG), with both K(BG) and R(G). The main result is an algebraic
description of K(BG) in terms of the representation rings of certain subgroups of G.
As one consequence, we show that of the natural maps
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∼=

K(BG) v w
βG K(BG),

βG is always injective and ᾱG is surjective whenever G is finite or all elements of π0(G)
have prime power order (Corollary 2.11), but ᾱG is not surjective in general (Theorem
4.7). Also, for arbitrary G, any vector bundle can be embedded as a summand of a
bundle associated to a G-representation (Corollary 2.11); while if ᾱG is onto, then
any bundle is the difference of two bundles associated to G-representations.

More precisely, we show that for any compact Lie group G,

K(BG) ∼= RP(G)
def
= lim←−

P

R(P ),

where the limit is taken over all p-toral subgroups of G (i.e., subgroups which are
extensions of tori by groups of prime power order); and with respect to inclusion and
conjugation of subgroups. When G is itself a p-toral group, this says that K(BG) ∼=
R(G), and follows from results of Dwyer & Zabrodsky [DZ] (when G is a p-group)
and Notbohm [Nb] (when G is p-toral).

The “limit” groups RP(G) are descibed more precisely in Section 2 below (Def-
inition 2.2). The kernel of the map R(G) −→ RP(G) is easily determined: it is the
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set of elements whose characters vanish on all components of G of prime power order
in π0(G). The cokernel of this map is determined in Section 4 (Theorem 4.7). In
particular, we will see that RP(G) ∼= R(G) whenever π0(G) has prime power order.

Our results can be summarized by saying that the Grothendieck group of the
monoid of vector bundles over BG is very well behaved, and is quite close to the
representation ring of G. For a p-toral group G, this monoid itself is understood: it
is isomorphic to the monoid of representations of G [DZ] [Nb]. In contrast, for more
general groups, one can construct examples using the methods in [JMO, Section
7] to show that the monoid

∐∞
n=0[BG,BU(n)] can be extremely complicated. If

G is cyclic of order not a prime power, or if G = SO(3), this monoid does inject
into K(BG) (i.e., stably isomorphic vector bundles over BG are isomorphic), but
bundles do not have unique decompositions as sums of indecomposable bundles. For
larger groups G, one can find uncountable families of pairwise nonisomorphic vector
bundles over BG all of which are isomorphic after stabilizing (by arbitrary bundles).
One can also construct a pair of stably isomorphic vector bundles such that one
is indecomposable and the other decomposable. On the other hand, we do show
(Proposition 2.17 below) that two vector bundles over BG are isomorphic if they are
isomorphic after stabilizing by trivial bundles.

Although it is not stated there explicitly, Adams in his paper [Ad2] was clearly
motivated in part by this question of determining the subgroup generated by elements
of K(BG) which can be represented by vector bundles over BG (i.e., the image of
K(BG) in K(BG)). He considered there the subgroup FF (BG) ⊆ K(BG) gener-
ated by the “formally finite dimensional” elements in K(BG); i.e., those elements x
such that λk(x) = 0 for k sufficiently large (where λk(−) denotes the k-th exterior
power). Clearly, FF (BG) contains all elements represented by vector bundles over
BG. Adams studied the composite of the inclusions

αG(R(G)) ⊆ βG(K(BG)) ⊆ FF (BG),

and showed in particular that FF (BG) = αG(R(G)) (and hence that αG(R(G)) =
βG(K(BG))) whenever G is finite or π0(G) has prime power order. Hence, since βG
is always injective (Corollary 2.10 below), ᾱG : R(G) −→ K(BG) is surjective in these
cases. For an arbitrary compact Lie group G, our results in this paper, together with
those of Adams, imply that βG defines an isomorphism

βG : K(BG)
∼=−−−−→ FF (BG).

In particular, the subgroup generated by formally finite dimensional elements of
K(BG) coincides with the subgroup generated by vector bundles over BG.

For an arbitrary space X, K(X) is the group of connected components of the
topological group map(X,Z×BU). Since

∐∞
n=0 BU(n) is a topological monoid and

commutative up to homotopy, the space of maps from X into it (the “topologi-
cal monoid of vector bundles” over X) is also a homotopy commutative topological
monoid. Thus, we can take its topological group completion

K(X) = ΩBmap
(
X,

∞∐
n=0

BU(n)
)
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(where B is the classifying space functor applied to the monoid). When X is a finite
complex, this has the homotopy type of the mapping space map(X,Z× BU). The
group completion theorem (cf. [MS]) implies that K(X) ∼= π0(K(X)) for any X.

The Atiyah-Segal completion theorem [AS] also describes the higher homotopy
groups π∗

(
map(X,Z×BU)

)
. Here, in Proposition 2.15, we show that when G is finite,

the connected components of K(BG) have the same homotopy type as the components
of map(BG,Z×BU). In contrast, when dim(G) > 0, we will see (Proposition 2.16)
that the components of K(BG) are quite different from those of map(BG,Z×BU);
and in particular that their odd dimensional homotopy groups are nonvanishing.

The above discussion has focused on the case of complex bundles, but most of the
results also hold for real bundles. In particular, for any G, KO(BG) (defined anal-
ogously) maps isomorphically onto the subgroup FFO(BG) ⊆ KO(BG) generated
by formally finite dimensional elements. And αG : RO(G) −→ KO(BG) is surjective
whenever G is finite or π0(G) has prime power order.

The main ingredients in our computation of K(BG) are the theorems of Dwyer-
Zabrodsky and Notbohm on p-toral groups (Theorem 1.1 below), a decomposition
of BG at any prime p as a homotopy direct limit of classifying spaces of p-toral
subgroups of G [JMO, Theorem 2.1]; together with the vanishing of certain higher
derived functors of inverse limits. The vanishing of these higher limits depends in
turn (somewhat surprisingly) on the equivariant Bott periodicity theorem.

Section 1 contains some introductory material and examples involving the functor
K(−). The main results aboutK(BG) andKO(BG), and about K(BG) and KO(BG),
are all shown in Section 2. In Section 3, we prove using Smith theory a vanishing
theorem for higher inverse limits used in Section 2. And the representation groups
RP(G) and ROP(G) are studied in Section 4.

We would like to thank the Mittag-Leffler Institute for its hospitality while much
of this work was carried out. We would also like to thank Haynes Miller and Charles
Thomas for their very helpful suggestions.

Notation: For any homomorphism ρ : G −→ U(n), we let Vρ denote the corre-
sponding G-representation on Cn. Conversely, if V is any unitary representation of
G, we let ρV : G −→ U(n) (n = dim(V )) denote the corresponding homomorphism
(of course, only well defined up to conjugacy). Also, when convenient for simplicity
of notation, we write dV = dim(V ).

It will be convenient to state some of the results simultaneously for real and com-
plex vector bundles, or for orthogonal and unitary groups. In such situations, we set
F = C or R, and write U(n, F ) for U(n) or O(n), respectively. Also, KF (−) = K(−)

or KO(−), KF (−) = K(−) or KO(−), and RF (−) = R(−) or RO(−).

1. An introduction to K(X)

For any space X, we let VectCn(X) = [X,BU(n)] denote the set of isomorphism

classes of n-dimensional complex bundles over X, and VectC(X) =
∐∞
n=0 VectCn(X)

the monoid of all bundles. Then K(X) = Gr(VectC(X)), the Grothendieck group of
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VectC(X). When X is a finite complex, then of course K(X) ∼= K(X) by definition.
In general, K(−) is a functor from spaces to the category of λ-rings, and there is a
natural homomorphism β : K(−) −→ K(−). In this section, we give examples which
point out how many of the nice properties of ordinary topological K-theory fail for
K(X) when X is an infinite dimensional complex.

We start with a theorem of Dwyer-Zabrodsky and Notbohm, which implies a
description of K(BP ) for any p-toral group P . As noted in the introduction, this
result is our starting point for determining K(BG) for arbitrary G; and it will also
be useful for constructing some of the examples in this section.

For any group G, we let RepCn(G) and RepRn(G) denote the sets of n-dimensional

unitary or orthogonal representations of G, and RepC(G) and RepR(G) the monoids of
all unitary or orthogonal representations. In the statement of the following theorem,
when V is a unitary or orthogonal G-representation, we write AutG(V ) to denote the
group of G-equivariant unitary or orthogonal automorphisms of V (and Aut(V ) to
denote the group of all unitary or orthogonal automorphisms).

Theorem 1.1. [Dwyer-Zabrodsky and Notbohm] Set F = C or R. For any prime
p, any p-toral group P , and any n > 0, the natural map

RepFn (P )
∼=−−−−→ VectFn BP = [BP,BU(n, F )]

which sends V toBρV is a bijection. For any (unitary or orthogonal) P -representation
V , the homomorphism AutP (V )×P −→ Aut(V ) induces an Fp-homology equivalence

τV : BAutP (V ) −−−−→ map(BP,BU(dV , F ))BρV .

And if F = C or p = 2 or dim(V ) is odd, this in turn extends to a homotopy
equivalence

τ̂V : BAutP (V )p̂
'−−−−→ map(BP,BU(dV , F )p̂)BρV .

Proof. For any compact Lie group G′,

[BP,BG′] ∼= Hom(P,G′)/ Inn(G′);

and for any ρ ∈ Hom(P,G′) the adjoint map

BCG′(Im(ρ)) −−−−→ map(BP,BG′)Bρ (1)

is an Fp-homology equivalence. This was shown by Dwyer & Zabrodsky [DZ] when
P is a finite p-group, and by Notbohm [Nb] when P is p-toral. Also, if π0(G

′) is a
p-group, then (1) extends to a homotopy equivalence

BCG′(Im(ρ))p̂ −−−−→ map(BP, (BG′)p̂)Bρ

(cf. [JMO, Theorem 3.2(iii)]). The above formulation is now just the special case
where G′ = U(n), or where G′ = O(n) and p = 2, or where G′ = O(2k + 1) ∼=
SO(2k + 1)× {±1}. �

We next note that K(−) is not an exact functor. Let K̃(−) denote the reduced

functor K̃(X) = K(X)/K(pt) ∼= Ker[K(X)
dim−−→ Z].

4



Example 1.2. Fix a prime p, and let Cp ⊆ S1 denote the subgroup of order p. Then
the induced sequence

K̃(BS1/BCp)
proj−−−−→ K(BS1)

restr−−−−→ K(BCp)

is not exact.

Proof. For each n ∈ Z, let ξn↓BS1 denote the line bundle with Chern class n times
some fixed generator of H2(BS1). By Theorem 1.1, VectC(BCp) ∼= RepC(Cp) and

VectC(BS1) ∼= RepC(S1). In particular, a bundle over BS1 whose restriction to BCp
is trivial contains no summand ξn for p|-|n. So ξ1|BCp ∼= ξp+1|BCp, but [ξ1]− [ξp+1] ∈
K(BS1) is not in the image of K(BS1/BCp). �

The following lemma will be useful for computing K(−) for certain spaces with
retractions. For later use in Section 2, we state it here in the equivariant form,
and for real and complex bundles both. If X is any G-space, then we let KG(X)
and KOG(X) denote the Grothendieck groups of complex and real G-vector bundles,
respectively, over X.

Lemma 1.3. Set F = C or R. Fix a pair of G-complexes (X,A), together with a
G-retraction r : X −→ A. For n ≥ 1, let ∗ ∈ Sn be a base point, and consider the
relative suspension

ΣnA(X) = (Sn×X) ∪∗×r A ∼= (Dn×X) ∪Sn−1×r A.

Let A ⊆ ΣnA(X) be the obvious subspace, and write r̄ : ΣnA(X) −→ A to denote the

retraction induced by r. Let VectFG(A) denote the monoid of G-F -vector bundles
over A, also regarded as a category in the obvious way. For any G-F -vector bundle
η↓A, let VectFG

(
ΣnA(X), [η↓A]

)
denote the set of isomorphism classes of G-F -vector

bundles ξ over ΣnA(X) with given isomorphism ξ|A ∼= η (a group via the suspension
structure on ΣnA(X)). Then

KFG(ΣnA(X))/r̄∗KFG(A) ∼= lim−→
η∈VectFG(A)

VectFG
(
ΣnA(X), [η↓A]

)
.

Proof. Fix any vector bundle ξ↓ΣnA(X), and set η = ξ|A. Let r̄∗η↓ΣnA(X) denote the

pullback of η: the identity element in the group VectFG
(
ΣnA(X), [η↓A]

)
. Let ξ′ denote

the inverse of ξ in this group. Then, in VectFG
(
ΣnA(X), [η⊕ η↓A]

)
,

[ξ ⊕ ξ′] = [(ξ·r̄∗η)⊕ (r̄∗η·ξ′)] = [(ξ ⊕ r̄∗η)·(r̄∗η ⊕ ξ′)]
= [(ξ ⊕ r̄∗η)·(ξ′ ⊕ r̄∗η)] = [r̄∗(η ⊕ η)];

where the third equality holds since the monoids
∐∞
n=0 BU(n) and

∐∞
n=0 BO(n)

are homotopy commutative (via conjugation by an appropriate matrix
(

0
±In

±Im
0

)
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in U(n+m) or SO(n+m)). In particular, every G-F -vector bundle over ΣnA(X) is a
summand of a vector bundle pulled back from A.

For each bundle η↓A, let VectFG
(
ΣnA(X), 〈η↓A〉

)
denote the set of isomorphism

classes of G-F -vector bundles ξ over ΣnA(X) such that ξ|A ∼= η (but without a fixed
choice of isomorphism). This is a pointed set with basepoint r̄∗η (but not a group).
Then

VectFG
(
ΣnA(X)

) ∼= ∐
η∈VectFG(A)

VectFG
(
ΣnA(X), 〈η↓A〉

)
. (1)

Also, in the limit,

lim−→
η∈VectFG(A)

VectFG
(
ΣnA(X), 〈η↓A〉

) ∼= lim−→
η∈VectFG(A)

VectFG
(
ΣnA(X), [η↓A]

)
: (2)

since every bundle is a summand of a pullback. Hence, there is a homomorphism

KFG(ΣnA(X)) −−−−→ KFG(A)× lim−→
η∈VectFG(A)

VectFG
(
ΣnA(X), [η↓A]

)
which sends [ξ] to ([ξ|A], lim−→[ξ]). And this is an isomorphism by (1) and (2), and the
universality properties of Grothendieck groups. �

The following example illustrates the failure of two formulations of Bott periodicity
for K(−). At the same time, this gives a second example of the failure of exactness
for the functor.

Example 1.4. Fix a prime p and a finite p-group P 6= 1. Set r = rk(R(P )); i.e., the
number of conjugacy classes of elements in P . Then

K(BP ) ∼= R(P ) ∼= Zr,

K̃(Σ2(BP+)) = K̃
(
(S2×BP )/BP

) ∼= Z,
and

K(S2×BP )/K(BP ) ∼= Z× (Ẑp)r−1.

In particular, these groups are pairwise nonisomorphic.

Proof. The formula for K(BP ) follows from Theorem 1.1. By Lemma 1.3,

K̃(Σ2(BP+)) ∼= lim−→
n

VectC(Σ2(BP+), [Cn↓∗])

∼= lim−→
n

π2

(
map(BP,BU(n))null

)
.

Also, map(BP,BU(n))null ' BU(n) for all n: since

map∗(BP,BU(n))null ' map∗(BP,BU(n)p̂)null
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(spaces of pointed maps) is contractible by Theorem 1.1. Hence,

K̃(Σ2(BP+)) ∼= π2(BU) ∼= Z.

By Lemma 1.3 again (applied this time with X = A = BP ),

K(S2 ×BP )/K(BP ) ∼= lim−→
ξ∈VectC(P )

VectC(S2 ×BP, [ξ↓BP ])

∼= lim−→
V ∈RepC(P )

π2

(
map(BP,BU(dV ))BρV

)
∼= π2(K(BP )0) (Prop. 2.14)

∼= Z× (Ẑp)r−1. � (Prop. 2.16)

By Example 1.4, if P is a nontrivial p-group, then K(S2×BP )/K(BP ) ∼= Z ×
(Ẑp)r−1 (with r > 1), while K̃((S2×BP )/BP ) ∼= Z. In particular, excision fails for
K(−), even in cases where the subspace is a retract. Note also that for such P ,
K(S2×BP ) is not isomorphic to K(S2)⊗K(BP ).

The Atiyah-Segal theorem not only describes K(BG) as the completion of the
representation ring, but in fact for any finiteG-complexX it says thatK(EG×GX) ∼=
KG(X )̂ (the completion with respect to the augmentation ideal of R(G)). This,
together with our description of K(BG) as the inverse limit of representation rings
of p-toral subgroups of G, makes it natural to ask whether for any finite G-complex
X, K(EG×GX) is isomorphic to the inverse limit over p-toral subgroups P ⊆ G (for
all primes p) of the groups KG(G/P×X) ∼= KP (X). In fact, this relation fails even
in the simplest case where G 6= 1 is a p-group (and so the inverse limit collapses).
For any such G, let X = S2 with the trivial G-action, and set r = rk(R(G)). Then

K(BG × S2) ∼= Zr+1 × (Ẑp)r−1 by Lemma 1.4 (where r = rk(R(G))); while by
equivariant Bott periodicity [At, Theorem 4.3],

KG(S2) ∼= KG(pt)⊕K−2
G (pt) ∼= R(G)⊕ R(G) ∼= Z2r.

Now define, for any spaceX, VectCn(X) = map(X,BU(n)) (the “space” of complex
n-dimensional bundles over X), and

Vect
C(X) =

∞∐
n=0

Vect
C
n(X) = map

(
X,

∞∐
n=0

BU(n)
)
.

Since
∐∞
n=0 BU(n) is a topological monoid and commutative up to homotopy,

Vect
C(X) is also a homotopy commutative topological monoid. It thus has a classi-

fying space BVectC(X), and we define the “K-theory space” of X

K(X)
def
= ΩB

(
Vect

C(X)
)

:

to be the topological group completion of VectC(X) (cf. [MS]). The topological
monoid

Vect
R(X) = map

(
X,

∞∐
n=0

BO(n)
)

and its topological group completion KO(X) are defined analogously.
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Lemma 1.5. For any complex X,

K(X) ∼= π0(K(X)) and KO(X) ∼= π0(KO(X)). (1)

If X is a finite complex, then

K(X) ' map(X,Z×BU) and KO(X) ' map(X,Z×BO). (2)

Proof. The group completion theorem (cf. [MS]) says in particular that if M is
a homotopy commutative topological monoid and if Gr(M) = ΩBM denotes its
topological group completion, then π0(Gr(M)) ∼= Gr(π0(M)), and there is a homology
equivalence

hocolim−−−−−→
x∈π0(M)

(
Mx

)
−−−−→ Gr(M)0.

Statement (1) of the lemma follows immediately. If X is a finite complex, then

map(X,BU) ' hocolim−−−−−→
n

(
map(X,BU(n))

)
(and similarly for maps to BO(n)). And since the components of map(X,BU) have
commutative fundamental group (BU being a monoid), statement (2) follows by the
second part of the group completion theorem (and the fact that trivial vector bundles
are cofinal in Vect(X)). �

2. K(BG) for a compact Lie group G

We have already seen (Theorem 1.1) that K(BP ) ∼= R(P ) for any p-toral group
P . We are now ready to generalize this to a computation of K(BG) for an arbitrary
compact Lie group G. This will be based on a homotopy decomposition at each prime
p of BG as a direct limit of classifying spaces of p-toral subgroups of G; together with
the vanishing of the relevant higher inverse limits. The arithmetic pullback square
is then used to combine the p-adic calculations to get a global result. At the end of
the section, a similar strategy is used to study the group completed mapping spaces
K(BG).

Throughout this section, G will be a fixed compact Lie group, T = TG ⊆ G is
a maximal torus of G, and WG = N(T )/T is the Weyl group. We also fix Sylow
p-subgroups Np(T )/T ⊆ N(T )/T for each prime p

∣∣|WG|. When G is finite (T = 1),
we also write Sylp(G) = Np(T ) for the Sylow p-subgroup.

These subgroups Np(T ) are maximal p-toral subgroups of G, in the sense that any
other p-toral subgroup of G is conjugate to a subgroup of Np(T ) (cf. [JMO, Lemma
A.1]). The main idea in this section is to describe K(BG) and K(BG), by combining

Theorem 1.1 (the description of VectCn(BP ) and VectC(BP ) for a p-toral group P ),
with the decomposition in [JMO] of BG as a homotopy direct limit of classifying
spaces of p-toral subgroups of G.

For any prime p, we define the category Rp(G) to be the category whose objects
are the orbits G/P such that (1) P ⊆ G is p-toral, (2) N(P )/P is finite, and (3) there
is no normal p-subgroup 1 6= Q C N(P )/P . A morphisms in Rp(G) is any G-map
between objects.
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Theorem 2.1. For any prime p, there is an Fp-homology isomorphism

hocolim−−−−−→
G/P∈Rp(G)

(
EG/P

)
−−−−→ BG.

In particular, for any p-complete space X,

map(BG,X) ' map
(

hocolim−−−−−→
G/P∈Rp(G)

(
EG/P

)
, X
)
.

Furthermore, the category Rp(G) has the following properties.

(a) Rp(G) is a finite category, in that it has finitely many isomorphism classes of
objects and finite morphism sets.

(b) For any given G and p, there is an integer d = d(G, p) ≥ 0, with the following

property: for any functor F : Rp(G) −→ Ẑp-mod, lim←−
∗
Rp(G)

(F ) = 0 for all ∗ > d. If

G is connected and has Weyl group W , then we can take d = 0 if p|-||W |; or d = 1 if
p2|-||W |.

Proof. The first statement is shown in [JMO, Section 1], and the fact that Rp(G) is
a finite category in [JMO, Proposition 1.6].

In part (b), the existence of an upper bound d is shown in [JMO2, Proposition
4.11]. The last statement follows from [JMO3, Corollary 1.11 and Proposition 1.13].
�

We have already given, in the introduction, one definition of certain groups RP(G).
The following definition of these groups (and of the corresponding groups ROP(G)
in the orthogonal case) will be easier to use in practice.

Definition 2.2. (a) For any H ⊆ G, a (unitary or orthogonal) H-representation V
will be called G-invariant if χV (g) = χV (g′) for any pair of elements g, g′ ∈ H which
are conjugate in G.

(b) Define, for F = C or R,

RF (H)G-inv = {v ∈ RF (H) |χv(g) = χv(g
′) if g, g′ ∈ H are conjugate in G};

(c) Define, for F = C or R,

RFP(G) =
{

(vp)∈
∏
p||W |

RF (Np(T ))G-inv
∣∣∣ vp|T ∼= vp′ |T ∀p, p′

}

Recall (cf. [Br, Theorem 0.4.2]) that any finite dimensional H-representation is
contained in the restriction to H of some finite dimensional G-representation. Using
this fact, one sees easily that R(H)G-inv ⊆ R(H) and RO(H)G-inv ⊆ RO(H) are the
subgroups generated by all classes of G-invariant H-representations.

The next proposition characterizes RP(G) and ROP(G) as inverse limits of repre-
sentation rings of p-toral subgroups; thus showing that the above definition of RP(G)
is equivalent to the one given in the introduction.
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Lemma 2.3. Let Op(G) (for any prime p) and OP(G) denote the full subcategories
of the orbit category of G, where the objects of Op(G) are the orbits G/P where P
is p-toral, and where Ob(OP(G)) = ∪p||WG|Ob(Op(G)). Then for F = C or R,

RF (Np(T ))G-inv ∼= lim←−
G/P∈Op(G)

RF (P ) (∀p
∣∣|WG|) and RFP(G) ∼= lim←−

G/P∈OP(G)

RF (P ).

Proof. Since every p-toral subgroup of G is conjugate to a subgroup of Np(T ),
lim←−G/P∈Op(G)

R(P ) is the group of elements v∈R(Np(T )) with the following prop-

erty: for any p-toral subgroup P ⊆ Np(T ) and any g∈G such that gPg−1 ⊆ Np(T ),
the restrictions of v to P and to gPg−1 induce the same (virtual) representation of
P . In particular, v lies in the inverse limit if its character is constant on G-conjugacy
classes in Np(T ), i.e., if v∈R(Np(T ))G-inv. Conversely, if v lies in the inverse limit,
then consideration of the case where P is finite and cyclic shows that the character of
v must be constant on G-conjugacy classes of elements of p-power order. And since
such elements are dense in Np(T ), we see that v∈R(Np(T ))G-inv.

The argument in the orthogonal case is identical. And the descriptions of RP(G)
and ROP(G) as inverse limits now follow directly from their definitions. �

The next proposition describes how G-invariant representations of Np(T ) arise: as
algebraic invariants of maps BG −→ BU(n).

Proposition 2.4. For any map f : BG −→ BU(n), there is for each prime p a unique
G-invariant representation Vp (depending only on the homotopy class of f) such that
f |BNp(T ) ' BρVp . Similarly, for any map f : BG −→ BO(n), there is for each prime
p a unique G-invariant orthogonal representation Vp such that f |BNp(T ) ' BρVp .
In either case, the Vp all restrict to the same representation of T .

Proof. We prove this in the unitary case; the proof of the orthogonal case is similar.
By Theorem 1.1, for any p-toral subgroup P ⊆ G, [BP,BU(n)] ∼= Repn(P ). Thus
for any f : BG −→ BU(n), restriction to p-toral subgroups induces a map

[BG,BU(n)] −−−→ lim←−
G/P∈Op(G)

[BP,BU(n)] −−−→ lim←−
G/P∈Op(G)

R(P ) ∼= R(Np(T ))G-inv.

In particular, f |BNp(T ) ' BρVp for some Np(T )-representation Vp which is G-
invariant. And since [BT,BU(n)] ∼= Repn(T ), the restrictions Vp|T are all isomorphic
as T -representations, independently of p. �

Recall that for any space X, VectC(X) and VectR(X) denote the monoids of com-
plex and real vector bundles overX, andK(X) andKO(X) denote their Grothendieck
groups. For each prime p, restriction defines a homomorphism

ψp : K(BG) −−−−−−−→ K(BNp(T )) = Gr
(
VectC(BNp(T ))

)
∼= Gr

(
RepC(Np(T ))

)
(Theorem 1.1)

= R(Np(T )).
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By Proposition 2.4, for any f : BG −→ BU(n), ψp(f) ∈ R(Np(T ))G-inv, and the ψp(f)
agree after restriction to T . The ψp thus combine to define a homomorphism

ψG : K(BG) −−−−→ RP(G).

A homomorphism

ψG : KO(BG) −−−−→ ROP(G)

is defined in a similar fashion.

The main result of this paper can now be stated.

Theorem 2.5. For any compact Lie group G, the homomorphisms

ψCG : K(BG)
∼=−−−−→ RP(G) and ψRG : KO(BG)

∼=−−−−→ ROP(G)

are isomorphisms.

When G is p-toral for any prime p, RP(G) = R(G), and Theorem 2.5 follows from
Theorem 1.1. The general case will be reduced to this using the decomposition of
BG shown in Theorem 2.1. The next two lemmas are needed to deal with the higher
limits which come up during this reduction process.

In the following lemma, we want to take limits over all (finite dimensional) G-
representations of the homotopy groups of certain mapping spaces. The simplest
way to make this precise is to restrict attention to any cofinal sequence of G-
representations, and take the limit over the representations in that sequence. This is
clearly independent of the choices of basepoints and stabilizing maps (a priori defined
only up to homotopy). It is also independent of the choice of cofinal sequence: since
given any two cofinal sequences {Vi} and {Wi}, the functor applied to each sequence
can be applied to the functor mapped into the {Vi ⊕Wi}.

Set F = C or R. For each i > 0 and each finite G-complex X, we define a natural
homomorphism

ΦGi (X) : KF−iG (X) −−−−→ lim−→
V ∈RepF (G)

(
πi
(
map(EG×G X,BU(dV , F ))BρV

))

as follows. By Lemma 1.3,

KF−iG (X) = K̃FG(Σi(X+)) ∼= lim−→
V ∈RepF (G)

(
VectG,F

(
Si∧X+, [V ↓∗]

))
,

where, VectG,Fn (· · ·) denotes the set isomorphism classes of n-dimensional orthogonal
G-vector bundles over Si∧X+ whose fiber over the basepoint has a given isomorphism
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with V . We define ΦGi (X) to be the composite of this isomorphism with the following
homomorphism, induced by the Borel construction on G-vector bundles:

lim−→
V ∈RepF (G)

(
VectG,F

(
Si∧X+, [V ↓∗]

))
−−−−→ lim−→

V ∈RepF (G)

(
VectF

(
EG×G (Si∧X+), [EG×GV ↓EG×G∗]

))
∼= lim−→

V ∈RepF (G)

(
πi
(
map(EG×G X,BU(dV , F ))BρV

))
.

Here, in the last formula, the subscript BρV designates the connected component of
the composite

EG×GX
proj.−−−→ BG

BρV−−−→ BU(dV , F )p̂.

Lemma 2.6. Set F = C or R. Then for any i > 0, any prime p and any p-toral
subgroup P ⊆ G, ΦGi (G/P ) induces an isomorphism

Ẑp ⊗KF−iG (G/P )
∼=−−→ lim−→

V ∈RepF (G)

(
πi
(
map(EG×G G/P,BU(dV , F )p̂)BρV

))
. (1)

Proof. We show this in the orthogonal case. The unitary case is similar but slightly
simpler. For each V ∈ RepR(G),

VectG,R
(
Si∧(G/P+), [V ↓∗]

) ∼= VectP,R
(
Si, [(V |P )↓∗]

) ∼= πi
(
BAutP (V )

)
.

Also,

VectR
(
EG×G (Si∧(G/P+)),[EG×GV ↓EG×G∗]

)
∼= πi

(
map(BP,BO(dV ))BρV

)
.

So ΦGi (G/P ) is isomorphic to the map

lim−→
V ∈RepR(G)

(
πi(BAutP (V ))

)
−−−−→ lim−→

V ∈RepR(G)

(
πi
(
map(BP,BO(dV ))BρV

))
(2)

induced by the group homomorphism

AutP (V )× P (incl,ρV )−−−−−→ Aut(V ) = O(dV ).

Since odd dimensional representations are cofinal in RepR(G), Theorem 1.1 now
applies to show that (2) extends to an isomorphism

Ẑp ⊗ lim−→
V ∈RepR(G)

(
πi(BAutP (V ))

)
−−−−→ lim−→

V ∈RepR(G)

(
πi
(
map(BP,BO(dV )p̂)BρV

))
;

and hence that the homomorphism (1) induced by ΦGi (G/P ) is an isomorphism. �

We now combine Lemma 2.6 with results from Section 3 to give:
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Corollary 2.7. Set F = C or R. For each i > 0, let ΠF
i : Rp(G) −→ Ẑp-mod be the

functor defined by setting

ΠF
i (G/P ) = lim−→

V ∈RepF (G)

πi(map(EG/P,BU(dV , F )p̂)BρV ).

Then
ΠF
i
∼= Ẑp ⊗KF−iG (−) (1)

as functors on Rp(G), and

lim←−
j

Rp(G)

ΠF
i = 0 (2)

for all i, j > 0.

Proof. The isomorphism (1), as an isomorphism of functors on Rp(G), is immediate
from Lemma 2.6. And hence by Corollary 3.7 below,

lim←−
j

Rp(G)

(ΠRi )
∼= lim←−

j

Rp(G)

(
KF−iG (−)

)
= 0

for all i, j > 0. �

In general, of course, direct and inverse limits cannot be switched. The following
lemma describes one case where this can be done.

Lemma 2.8. Fix a finite category C and a directed category D, and let F : C×D −→
Ab be any functor to abelian groups. Then for any i ≥ 0,

lim←−
C

i
(
lim−→
D

(F )
)
∼= lim−→
D

(
lim←−
C

i(F )
)
.

Proof. The term finite category was used earlier to mean a category with finitely
many isomorphism classes of objects and finite morphism sets. But we can of course
assume here in the proof that C actually has only finitely many objects.

For any functor F ′ : C −→ Ab, the higher limits lim←−
C

∗F ′ of F ′ are the homology

groups of a cochain complex

0 −→
∏
c∈C

F ′(c) −−−−→
∏

c0−→c1

F ′(c1) −−−−→
∏

c0−→c1−→c2

F ′(c2) −−−−→ . . .

(cf. [BK, XI.6.2] or [O3, Lemma 2]). Since C is a finite category, all of the products
are finite, and hence commute with direct limits over the directed category D. And
since direct limits over D commute with taking homology, we now see that they
commute with inverse limits over C. �

Using Lemma 2.8, one can show that under certain conditions, homotopy direct
limits and homotopy inverse limits commute for functors C×D −→ Top. An example
of this is shown in the proof of Proposition 2.14 below, but the conditions for a
general result seem too complicated to be worth stating here.

We are now ready to prove the main theorem. At the same time, we will prove
the following result:
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Proposition 2.9. For any (unitary or orthogonal) G-representation V , let VG↓BG
denote the induced vector bundle VG = EG×G V . Then the following hold:

(a) Any element x ∈ K(BG) (KO(BG)) has the form x = [ξ] − [VG], for some
complex (real) bundle ξ↓BG and some unitary (orthogonal) G-representation V .

(b) If two complex (real) vector bundles ξ1, ξ2 over BG are stably isomorphic, then
ξ1 ⊕ VG ∼= ξ2 ⊕ VG for some unitary (orthogonal) G-representation V .

In particular, this says that for any G, it suffices to invert representations when
constructing the group completions of VectC(BG) and VectR(BG). This will be seen
in Proposition 2.14 below to also hold on the space level: K(BG) is obtained from

Vect
C(BG) by inverting G-representations.

Proof of Theorem 2.5 and Proposition 2.9. By Proposition 2.4,

ψG : K(BG) −−−−→ RP(G) and ψG : KO(BG) −−−−→ ROP(G)

are well defined homomorphisms. We must show that they are isomorphisms.

The following result will allow us to compare homotopy classes of maps BG −→
BU(n) with homotopy classes of maps to the p-adic completions BU(n)p̂. For any
compact connected Lie group G′ (for example, G′ = U(n) or SO(n)), and any homo-
morphism φ : T −→ G′, let [BG,BG′]φ and [BG,BG′p̂]φ denote the sets of homotopy
classes of maps whose restriction to BT is homotopic to Bφ. Then

[BG,BG′]φ ∼=
∏
p|n

[BG,BG′p̂]φ. (1)

This follows from Sullivan’s arithmetic pullback square for BG′; see [JMO3, Propo-
sition 1.2] or [JMO2, Proposition 3.4] for more detail.

We first consider the unitary case. For any G-invariant representation V , define
functors

ΠV
j : Rp(G) −−−−→ Ẑp-mod, (for all j ≥ 1)

by setting

ΠV
j (G/P ) = πj

(
map(BP,BU(dV )p̂)B(ρV |P )

) ∼= πj (BAutP (V )p̂) .

(Recall that we write dV = dim(V ) for short.) For any V0, the direct systems

ΠV0⊕V
i and ΠV

i are equivalent as functors for V ∈Rep(G): since V0 is a summand of
the restriction to Np(T ) of some G-representation (cf. [Br, Theorem 0.4.2]). Also,
Rp(G) is a finite category by Theorem 2.1(a). Hence by Lemma 2.8 and Corollary
2.7, for all i, j > 0,

lim−→
V ∈Rep(G)

(
lim←−

j

Rp(G)

ΠV0⊕V
i

)
∼= lim←−

j

Rp(G)

(
lim−→

V ∈Rep(G)

ΠV0⊕V
i

)
∼= lim←−

j

Rp(G)

(
lim−→

V ∈Rep(G)

ΠV
i

)
= 0. (2)
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Fix any element v =
(
vp
)
p||WG|∈RP(G). For any given p

∣∣|WG|, write vp = [V ′]−
[V ′′], where V ′ and V ′′ are Np(T )-representations. Since V ′′ is contained in the
restriction of some G-representation ([Br, Theorem 0.4.2] again), we can assume
after stabilizing that V ′′ is the restriction of a G-representation, and hence that V ′

is G-invariant. The successive obstructions to the existence of a map

fp ∈ [BG,BU(n)p̂] ∼=
[

hocolim−−−−−→
G/P∈Rp(G)

(
EG/P

)
, BU(n)p̂

]
such that fp|BNp(T ) ' BρV ′ lie in the groups lim←−

i+1

Rp(G)

ΠV ′

i for all i > 0 (cf. [Wo]).

Hence, by (2), each obstruction in turn vanishes after adding a sufficiently large G-
representation to V ′ (and V ′′). In addition, by Theorem 2.1(b), all of the higher
limits vanish in degrees above some fixed d(G, p) (which is independent of V ′); and
so there are only finitely many obstructions to constructing fp.

After carrying out this procedure for each prime p
∣∣|WG|, we can arrange, by sta-

bilizing further, that the same G-representation is subtracted for each p. In other
words, we end up with

(a) a G-representation V ,

(b) G-invariant Np(T )-representations Vp (for each p), and

(c) maps fp : BG −→ BU(m)p̂;

such that for each p
∣∣|WG|,

(d) dim(Vp) = m and vp = [Vp]− [V |Np(T )], and

(e) fp|BNp(T ) ' BρVp .
By definition of RP(G), the vp all restrict to the same element [VT ] − [V |T ]∈R(T ),
and fp|BT ' BρVT for all p. So by (1) there is a map f : BG −→ BU(m) whose
completion at each prime p is homotopic to fp. Since [BNp(T ), BU(−)] injects into
[BNp(T ), BU(−)p̂] (by (1) again), this implies that f |BNp(T ) ' BρVp for each p;
and hence that

v = ψG

(
[f ]− [BρV ]

)
.

This proves that ψG is surjective. In terms of vector bundles, it says that v =
ψG([ξ] − [VG]) (where (ξ↓BG) is the pullback of the universal vector bundle over
BU(m)). So Proposition 2.9(a) will follow once we have shown ψG to be injective.

To show that ψG is injective, and simultaneously prove Proposition 2.9(b), we will
show that for any n and any two maps f, g : BG −→ BU(n) such that ψG(f) = ψG(g),
there is some G-representation V for which f⊕BρV ' g⊕BρV . Since ψG(f) = ψG(g),
there is for each p a G-invariant representation Vp of Np(T ) such that f |BNp(T ) '
BρVp ' g|BNp(T ). By (1) again, it will suffice to find V such that f⊕BρV ' g⊕BρV
after completion at any prime p

∣∣|WG|. The obstructions to the maps

(f⊕BρV )p̂, (g⊕BρV )p̂ ∈ [BG,BU(n+dV )p̂] ∼=
[

hocolim−−−−−→
G/P∈Rp(G)

(
EG/P

)
, BU(n+dV )p̂

]
15



being homotopic lie in the groups lim←−
i

Rp(G)

Π
Vp⊕V
i for i ≥ 1 (cf. [Wo]). By (2) again,

each obstruction vanishes for V large enough; and by Theorem 2.1(b) there are only
finitely many nonvanishing obstruction groups.

When proving that ψG sends KO(BG) isomorphically to ROP(G), the only differ-
ence is that one has to restrict attention to odd dimensional representations: since
BO(n) ' BSO(n)×BZ/2 for odd n (while BO(n) is not nilpotent for n even). �

We now list some corollaries to Theorem 2.5. The first one follows immediately
from it together with the Atiyah-Segal completion theorem [AS]. We want to compare

the isomorphism K(BG) ∼= RP(G) just shown with the isomorphism K(BG) ∼= R(G)̂
of [AS].

Corollary 2.10. Set F = C or R. For any compact Lie group G, consider the
commutative diagram

KF (BG) v w
βG

u

ψG ∼=

KF (BG)

RF (G)

4
4
447

ᾱG

h
h
hhjαG

h
h
h
hk

rsG

4
4
4
46

λG

RFP(G) v w RF (G)̂

u

∼=

where ᾱG sends a representation V to its associated vector bundle (VG↓BG) (VG =
EG ×G V ), βG is the natural homomorphism, and λG is the completion homo-
morphism. In both the unitary and orthogonal cases, βG is always injective, and
Ker(ᾱG) ⊆ RF (G) is the subgroup of elements whose characters vanish on all ele-
ments in components of prime power order in π0(G). Also, ᾱG is surjective if G is
finite or if π0(G) has prime power order.

Proof. The diagrams commute by construction, ψG is an isomorphism by Theorem

2.5, and KF (BG) ∼= RF (G)̂ by [AS, Theorems 2.1 & 7.1]. The injectivity of βG
follows from the fact [Seg, Proposition 3.10] that R(P ) injects into R(P )̂ (and hence

that RO(P ) injects into RO(P )̂ ), for any P such that π0(P ) has prime power order
(in particular, for any p-toral group P ).

Since ψG is an isomorphism, Ker(ᾱG) = Ker
[
rsG : RF (G) −→ RFP(G)

]
, and this

by definition is the set of elements whose characters vanish on all elements which
lie in any p-toral subgroup of G for any prime p. And by Proposition 4.6(a) below,
for any prime p, any element in a connected component of p-power order in π0(G)
is contained in some p-toral subgroup of G. Alternatively, Ker(ᾱG) = Ker(αG), and
this was calculated (in the unitary case, at least) by Segal [Seg, Proposition 3.10].

Adams, in [Ad2], showed that αG(R(G)) = βG(K(BG)) whenever G is finite or
π0(G) has prime power order; and the surjectivity of ᾱG in these cases then follows
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from the injectivity of βG. Another proof of the surjectivity of ᾱG (or equivalently,
of rsG) in these and other cases is given in Corollary 4.8 below. In Proposition 4.9,
ᾱG is shown to be surjective in the orthogonal case whenever G is finite or π0(G) has
prime power order. �

In general, if dim(G) > 0 and π0(G) does not have prime power order, then the
maps ᾱG need not be surjective. The precise cokernel of ᾱG (in the unitary case)
will be computed in Theorem 4.8.

The following is just a reinterpretation of the above results in geometric terms.

Corollary 2.11. For any group G, any (real or complex) vector bundle over BG
is a summand of the bundle (VG↓BG) (VG = V×GEG) associated to some G-
representation V . If G is finite or if π0(G) has prime power order, then for any
(real or complex) vector bundle ξ↓BG, there exist G-representations V, V ′ such that
ξ⊕V ′G ∼= VG.

Proof. Let ξ↓BG be any bundle. By Proposition 2.9(a), we can write −[ξ] = [η]−[VG]
in KF (BG), for some bundle η↓BG and some G-representation V . Then ξ ⊕ η is
stably isomorphic to VG; and by Proposition 2.9(b) ξ⊕ η⊕V ′G ∼= (V ⊕V ′)G for some
V ′.

The second statement follows immediately from the surjectivity of ᾱG : RF (G)�
KF (BG) in the given cases. �

If G is finite, then the relation between K(BG) and K(BG) can be made more
explicit. For each p

∣∣|G|, let rp denote the number of conjugacy classes of elements
g∈Gr1 of p-power order. Then by Corollary 2.10,

K(BG) ∼= R(G)/Ker(ᾱG) ∼= Z×
∏
p||G|

Zrp .

In contrast,

K(BG) ∼= R(G)̂ ∼= Z×
∏
p||G|

(Ẑp)rp :

this follows from [Ja, proof of Theorem 2.2] (although not stated explicitly there).

We adopt the notation of Adams in [Ad2], and let FF (X) ⊆ K(X) (for any space
X) denote the subgroup of “formally finite” elements; i.e., the subgroup generated
by those elements x ∈ K(X) such that λn(x) = 0 for n sufficiently large. Similarly,
FFO(X) ⊆ KO(X) will denote the subgroup of formally finite elements in the real
K-theory of X.

Corollary 2.12. For any G,

βG(K(BG)) = FF (BG) and βG(KO(BG)) = FFO(BG).
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Proof. For each prime p, let Gp ⊆ G be a subgroup of finite index such that π0(Gp)
is a Sylow p-subgroup of π0(G). By [Ad2, Theorem 1.11], FF (BG) is the set of
those elements of K(BG) whose restriction to K(BGp) (for any prime p) lies in the
image of R(Gp). By Theorem 2.5 (and the definition of RP(G)), βG(K(BG)) is the
set of elements of K(BG) whose restriction to K(BNp(T )) (for any prime p) lies in
the image of R(Np(T )). Thus, βG(K(BG)) ⊇ FF (BG); and the opposite inclusion
follows immediately from the definitions.

To prove the corresponding result in the orthogonal case, the first step is to show
that KO(BG) is torsion free. This follows exactly the same lines as the proof in
[Ad2, Lemma 1.12] that K(BG) is torsion free. Hence, since the composite

KO(BG)
C⊗R−−−→ K(BG)

forget−−−→ KO(BG)

is multiplication by 2, we can regard KO(BG) as a subgroup of K(BG). It is then
clear that FFO(BG) = FF (BG)∩KO(BG). So given any element x ∈ FFO(BG),
we must show that x|BP ∈ Im(RO(P )) for any p-toral subgroup P ⊆ G; and we know
that x|BP ∈ Im(R(P )) ∩KO(BP ). Also, any representation of a p-toral subgroup
P whose restriction to all finite p-subgroups of P comes from real representations is
itself a real representation. Thus, it remains only to show, for any finite p-group P ,
that the square

RO(P ) w
v

u

KO(BP ) ∼= RO(P )̂
v

u

R(P ) w K(BP ) ∼= R(P )̂

is a pullback square. And this follows since the only torsion in R(P )/RO(P ) is p-
torsion (and only when p = 2); and since the I-adic completions are the same in
this case as the p-adic completions of the augmentation ideals (cf. [AT, Proposition
III.1.1]). �

We now turn to the problem of describing the individual components of the
group-like topological monoids K(BG) and KO(BG). This will be done by com-
paring them with the direct limits of the mapping spaces map(BG,BU(dV ))BρV or
map(BG,BO(dV ))BρV , where V runs over all finite dimensional unitary or orthogo-
nal G-representations. We will also have to consider the spaces of maps to localiza-
tions and completions of the BU(n) and BO(n), and so the following notation will
be useful.

Definition 2.13. Set F = C or R. Fix a G-space X. For any n ≥ 0 and any
V ∈ RepFn (G), set

Vect
F (EG×G X)V = map(EG×G X,BU(n, F ))BρV

(the connected component of the composite EG×GX
(X→∗)−−−−→BG BρV−−−→BU(n, F )),

Vect
F (EG×G X;Q)V = map(EG×G X,BU(n, F )Q)BρV ,
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Vect
F (EG×G X; Ẑp)V = map(EG×G X,BU(n, F )p̂)BρV (p any prime),

Vect
F (EG×G X; Ẑ)V = map(EG×G X,BU(n, F )̂ )BρV

∼=
∏
p

Vect
F (EG×G X; Ẑp)V

(where BU(n, F )̂ =
∏
pBU(n, F )p̂), and

Vect
F (EG×G X; Q̂)V = map

(
EG×G X, (BU(n, F )̂ )Q

)
BρV

.

Finally, define

Vect
F (EG×G X;−)∞ = hocolim−−−−−→

V ∈RepF (G)

(
Vect

F (EG×G X;−)V
)
.

The relationship between these spaces, and K(BG) and KO(BG), is described in
the next proposition.

Proposition 2.14. Set w = |WG|, and let F = C or R. There is a homotopy
pullback square

KF (BG)0 Vect
F (BG)∞' w

u

Vect
F (BG; Ẑ)∞

u

Vect
F (BG;Q)∞ w Vect

F (BG; Q̂)∞.

(1)

Furthermore,

Vect
F (BG; Ẑp)∞ ' holim←−−−

Rp(G)

Vect
F (EG×G −; Ẑp)∞ (2)

for each prime p. And for each i > 0,

πi
(
Vect

F (BG; Ẑp)∞
) ∼= lim←−

Rp(G)

πi
(
Vect

F (EG×G −; Ẑp)∞
) ∼= lim←−

Rp(G)

(
Ẑp ⊗KF−iG (−)

)
(3)

and

πi
(
Vect

F (BG; Ẑ)∞
) ∼=∏

p|w
πi
(
Vect

F (BG; Ẑp)∞
)
×
((∏

p-w

Ẑp
)
⊗KF−iG (G/T )WG

)
.

(4)

Proof. We prove this in the orthogonal case. The unitary case is similar, but slightly
simpler since BU(n) is simply connected for each n.
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If n is odd, then BO(n) ' BSO(n) × B{±I}. Hence, the arithmetic pullback
square for the simply connected space BSO(n) (cf. [BK, VI.8.1]) induces a homotopy
pullback square

map(BG,BO(n)) w

u

map(BG,BO(n)̂ )

u

map(BG,BO(n)Q) w map(BG, (BO(n)̂ )Q)

(5)

of mapping spaces. Also, the top row in (5) induces an injection on π0(−) (cf. [JMO,
Theorem 3.1]). Hence for any n-dimensional orthogonal G-representation V , (5)
restricts to a homotopy pullback square involving the components of BρV . Upon
taking the homotopy direct limit over all (odd dimensional) representations, and
using the exactness of direct limits and the 5-lemma, we see that the square in (1) is
a homotopy pullback square.

By Theorem 2.1 (the approximation at p of BG as a homotopy direct limit),

Vect
R(BG; Ẑp)V ' holim←−−−

Rp(G)

(
Vect

R(EG×G −; Ẑp)V
)

for each V . By Lemma 2.8 and Corollary 2.7, for each i, j > 0,

lim−→
V ∈RepR(G)

(
lim←−

j

Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)V
))

∼= lim←−
j

Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)∞
)

= 0. (6)

By Theorem 2.1(b), there is an integer d > 0 such that

lim←−
j

Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)V
)

= 0

for all V and all j > d. The obstruction theory of Wojtkowiak [Wo], or the spectral
sequence of Bousfield & Kan [BK, §XI.7 & §XII.4], now applies to prove that

πi
(
Vect

R(BG; Ẑp)∞
) ∼= lim−→

V ∈RepR(G)

πi
(
Vect

R(BG; Ẑp)V
)

∼= lim−→
V ∈RepR(G)

(
lim←−
Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)V
))

∼= lim←−
Rp(G)

(
lim−→

V ∈RepR(G)

πi
(
Vect

R(EG×G −; Ẑp)V
))

∼= lim←−
Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)∞
)
.
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This is the first isomorphism in (3), and the second follows from Corollary 2.7.

By (6), again, the space holim←−−−Rp(G)
Vect

R(EG×G −; Ẑp)∞ is connected, and

πi

(
holim←−−−
Rp(G)

Vect
R(EG×G −; Ẑp)∞

)
∼= lim←−
Rp(G)

πi
(
Vect

R(EG×G −; Ẑp)∞
)
. (7)

Together with (3), this proves point (2).

We next check formula (4). For each p-w=|WG|, Rp(G) contains the orbit G/T as
a representative of its unique isomorphism class of object. Hence (3) takes the form

πi
(
Vect

R(BG; Ẑp)∞
) ∼= Ẑp ⊗ (KO−iG (G/T )WG

)
.

Also, for each V (and p - w),

πi
(
Vect

R(BG; Ẑp)V
) ∼= πi

(
map(BT,BO(dV )p̂)BρV

)WG ∼=
[
Ẑp ⊗ πi

(
BAutT (V )

)]WG

is finitely generated; and so

lim−→
V ∈RepR(G)

(∏
p-w

πi
(
Vect

R(BG; Ẑp)V
)) ∼= (∏

p-w

Ẑp
)
⊗
(
K−iG (G/T )WG

)
.

Since direct limits commute with finite products, it now follows that

πi
(
Vect

R(BG; Ẑ)∞
) ∼= lim−→

V ∈RepR(G)

(∏
p

πi
(
Vect

R(BG; Ẑp)V
))

∼=
∏
p|w

(
πi
(
Vect

R(BG; Ẑp)∞
))
×
((∏

p-w

Ẑp
)
⊗K−iG (G/T )WG

)
.

By [MS], the natural map

Vect
R(BG)∞ −−−−→ [ΩBVectR(BG)]0 = KO(BG)0 (8)

is an equivalence of homology with any twisted coefficients. In particular, it induces
a surjection on π1(−), whose kernel is the commutator subgroup of π1(Vect

R(BG)∞)
and is perfect. But the pullback square (1), together with (3) and (4) above (and
the fact that BO(n)Q is a product of Eilenberg-Maclane spaces for n odd), show

that π1(Vect
R(BG)∞) is solvable. Hence π1(Vect

R(BG)∞) is abelian, and (8) is a
homotopy equivalence. �

Proposition 2.14 will first be applied to study the components of K(BG) and
KO(BG) when G is finite, and afterwards to study K(BG) (the unitary case only)
for arbitrary G.
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Proposition 2.15. If G is finite, then each connected component of K(BG) is ho-
motopy equivalent to map(BG,BU)0, and each connected component of KO(BG) is
homotopy equivalent to map(BG,BO)0.

Proof. We prove this in the unitary case; the orthogonal case is identical. Let κ :
K(BG)0 −→ map(BG,BU)0 be the map induced by the group completion of the
inclusion map

∐∞
n=0 map(BG,BU(n)) −→ map(BG,Z× BU). We will show that κ

is a homotopy equivalence by showing that each of the other terms in the homotopy
pullback square (1) of Proposition 2.14 maps via a homotopy equivalence to the
corresponding term in the pullback square

map(BG,BU)0 w

u

map(BG,BU )̂0

u

map(BG,BUQ)0 w map(BG, (BU )̂Q)0.

This is clear for the Q-local terms: since

Vect
C(BG;Q)∞ = hocolim−−−−−→

V

(
map

(
BG,BU(dV )Q

))
' hocolim−−−−−→

V

(
BU(dV )Q

)
' BUQ ' map(BG,BUQ)0.

It remains to show that κ̂ : VectC(BG; Ẑ)∞ −→ map(BG,BU )̂0 is a homotopy
equivalence. Since G is finite, K−iG (G/T ) is finitely generated for all i, and hence

Proposition 2.14(4) implies that VectC(BG; Ẑ)∞ '
∏
pVect

C(BG; Ẑp)∞. So it will
suffice to show that

κp̂ : VectC(BG; Ẑp)∞ −→ map(BG,BU p̂)0 (1)

is a homotopy equivalence for each p. Also,

Vect
C(BG; Ẑp)∞ ' holim←−−−

G/P∈Rp(G)

Vect
C(EG/P ; Ẑp)∞

by Proposition 2.14, and

map(BG,BU p̂) ' holim←−−−
G/P∈Rp(G)

map(EG/P,BU p̂)

by Theorem 2.1. So we are reduced to showing that (1) is an equivalence when G is
a finite p-group.

By the Atiyah-Hirzebruch spectral sequence for K-theory (and the fact that
K−i(BG(m)) is finitely generated for each i and each finite skeleton BG(m)),

πi
(
map(BG,BU p̂)0

) ∼= (K−i(BG)
)
p̂;
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i.e., the p-adic completion. Also, by Proposition 2.14,

πi
(
Vect

C(BG; Ẑp)∞
) ∼= Ẑp ⊗K−iG (pt).

And by the Atiyah-Segal theorem [AS], K−i(BG) ∼= K−iG (pt)̂ : the completion with
respect to the augmentation ideal IR(G) ⊆ R(G).

It remains only to check that Ẑp ⊗ R(G) = R(G)p̂ is complete with respect to its
augmentation ideal; or equivalently that IR(G)m ⊆ p IR(G) for some m. And this is
shown in [AT, Proposition III.1.1]. (Note that the same proof as that in [AT] also
applies to show the corresponding result for the real representation ring.) �

We now turn to the case dim(G) > 0, and consider only maps to BU(n). As will
be seen, the components of K(BG) are in this case very different from the components
of map(BG,BU).

Proposition 2.16. The even dimension homotopy of K(BG) is described by the
following pullback square (for any i > 0):

π2i

(
K(BG)

)
w

u

∏
p||WG|

Ẑp⊗R(Np(T ))G-inv

u

R(T )WG w
∏

p||WG|

Ẑp⊗R(T )WG .

(1)

Also, if dim(G) > 0, then for all i > 0, π2i−1

(
K(BG)

)
is an infinite dimensional

rational vector space.

Proof. The proof will be carried out in three steps. The homotopy groups of

Vect
C(BG;Q)∞ and of VectC(BG; Ẑ)∞ will be computed in Steps 1 and 2, respec-

tively. The homotopy groups of K(BG) will then be computed in Step 3, based on
the homotopy pullback square

K(BG) w

u

Vect
C(BG; Ẑ)∞

u

Vect
C(BG;Q)∞ w Vect

C(BG; Q̂)∞

(2)

of Proposition 2.14.

Step 1 We first consider the homotopy groups of Vect(BT ;Q)V , and in particular
their limit over V ∈Rep(T ). For any ϕ ∈ π2i(Vect(BT ;Q)V ), let f : S2i×BT −→
BU(dV ) denote the adjoint map to ϕ, and define

δ̃iV (ϕ) = C(f)/[S2i] ∈ H∗(BT ;Q)≤2(dV −i).
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Here, C(f) is the total Chern class, [S2i]∈H2i(S
2i) is the orientation class, and

/ : Hn(X × Y )⊗Hq(X) −−−−→ Hn−q(Y )

denotes the slant product. Since the map

∏
ci : BU(n)Q −−−−→

n∏
i=1

K(Q, 2i)

is a homotopy equivalence for any n, δ̃iV defines an isomorphism

δ̃iV : π2i (Vect(BT ;Q)V )
∼=−−−−→ H∗(BT ;Q)≤2(dV −i).

If W is any other T -representation, then for ϕ ∈ π2i(Vect(BT ;Q)V ) as above,

δ̃iV⊕W ◦ π2i(−⊕BρW )(ϕ) =
(
C(f)·C(W )

)
/[S2i] = C(W )·δ̃iV (ϕ).

So the δ̃iV can be combined to give an isomorphism

δi(T ) : π2i

(
Vect

C(BT ;Q)∞
) ∼=−−−→ ∆(T )

def
=

⋃
V ∈Rep(T )

1

C(V )
H∗(BT ;Q)≤2(dV −i)

∼=
⋃

V ∈Rep(T )

1

C(V )
H∗(BT ;Q);

where δi(T ) is the union of the maps 1
C(V ) ·δiV . The last isomorphism follows from

the fact that the Chern class of any representation with trivial action is 1. There is
an analogous isomorphism

δ̂i(T ) : π2i

(
Vect

C(BT ; Q̂)∞
) ∼=−−−−→ Q̂⊗∆(T ).

Now consider the map

τV : BAutT (V ) −−−−→ Vect(BT ;Q)V = map(BT,BU(dV )Q)BρV

which is the adjoint to the map induced by multiplication. The centralizer is a
product of unitary groups, one for each distinct irreducible representation occurring
as a summand of V . If an irreducible representation W occurs with multiplicity k,
then the centralizer contains a corresponding factor U(k), and τV restricts to a map

τWV : BU(k) −−−−→ Vect(BT ;Q)V .
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For any 1 ≤ i ≤ k, we let θi,W (V )∈π2i(Vect(BT ;Q)V ) denote the image of the
generator η∧i∈π2i(BU(k)). The elements θi,W (−) are consistent with respect to
stabilization, and hence define an element

θi,W ∈ π2i

(
Vect

C(BG;Q)∞
)
.

To calculate δi(T )(θi,W ), for any irreducible T -representation W , consider the
maps

S2i×BT η∧i×BρW−−−−−−→ BU(n)×BS1 µn−−−−→ BU(n)

for any n ≥ i, where µn is the product of the identity map with the inclusion of
the center. Let t ∈ H2(BS1) be a generator. If we identify H∗(BU(n)) as the
ring of Σn-invariants in H∗(BTn) ∼= Z[x1, . . ., xn] (and extend µ∗n accordingly), then
µ∗n(xi) = xi + t, and hence

C(µn) = µ∗n

( n∏
j=1

(1 + xj)
)

=
n∏
j=1

[(1 + t) + xj ] =
n∑
j=0

(1 + t)n−jcj .

Hence

δ̃iWn(θi,W ) =
[
(η∧i×BρW )∗

( n∑
j=0

(1 + t)n−jcj
)]
/[S2i]

=
n∑
j=0

〈cj(η∧i), [S2i]〉·(1 + c1(W ))n−j

= 〈ci(η∧i), [S2i]〉·C(W )n−i.

It now follows that

δi(T )(θi,W ) = 〈ci(η∧i), [S2i]〉·C(W )−i.

Write η = [H] − 1, where H is a line bundle over S2, and t
def
= c2(H) generates

H2(S2). Then ch(η) = ch(H) − 1 = (1 + t) − 1 = t; and hence ch(η∧i) = t⊗i ∈
H2i(S2i). This implies that ci(η

∧i) 6= 0; and in fact an easy computation with
Newton polynomials now shows that 〈ci(η∧i), [S2i]〉 = (−1)i−1(i − 1)!. See [Kar,
Proposition 2.1], or [Hu, Corollary 18.9.8], for more details.

Now define

γi : Q⊗R(T ) −−−−→ ∆(T )

by setting γi([W ]) = δi(T )(θi,W ) = 〈ci(η∧i), [S2i]〉·C(W )−i for any irreducible rep-
resentation W . Since ci(η

∧i) 6= 0, γi is always injective, and it is an isomorphism if
and only if T = 1.
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Step 2 Write w = |WG| for convenience. By Proposition 2.14,

πi
(
Vect

C(BG; Ẑ)∞
)
'
∏
p|w

πi
(
Vect

C(BG; Ẑp)∞
)
×
((∏

p-w

Ẑp
)
⊗K−iG (G/T )WG

)
;

where for each prime p,

πi
(
Vect

C(BG;Ẑp)∞
) ∼= lim←−

G/P∈Rp(G)

πi
(
Vect

C(EG/P ; Ẑp)∞
)

∼= lim←−
Rp(G)

(
Ẑp ⊗K−iG (−)

) ∼= { Ẑp ⊗R(Np(T ))G-inv if i is even

0 if i is odd.

In other words,

πi(Vect
C(BG;Ẑ)∞) ∼=

[∏
p|w Ẑp⊗R(Np(T ))G-inv

]
⊕
[(∏

p-w Ẑp
)
⊗R(T )W

]
if i is even

0 if i is odd.

Step 3 Since the odd dimensional homotopy groups of the spaces

Vect
C(BG;Q)∞, Vect

C(BG; Ẑ)∞, and Vect
C(BG; Q̂)∞

all vanish, the homotopy pullback square (2) above induces for each i > 0 an exact
sequence

0 −→ π2i(K(BG)) −−−−→ π2i(Vect
C(BG;Q)∞)⊕π2i(Vect

C(BG; Ẑ)∞)

−−−−→ π2i(Vect
C(BG; Q̂)∞) −−−−→ π2i−1(K(BG)) −→ 0.

Furthermore,

π2i(Vect
C(BG;Q)∞) ∼= π2i(Vect

C(BN(T );Q)∞) ∼= π2i(Vect
C(BT ;Q)∞)W

(and similarly for VectC(BG; Q̂)∞) since the inclusion BN(T ) ↪→ BG is a Q-
equivalence. So after substituting the groups computed in Steps 1 and 2, the lo-
calization exact sequence takes the form

0 −→ π2i(K(BG)) −→ ∆(T )W⊕
[∏
p|w
Ẑp⊗R(Np(T ))G-inv

]
⊕
[(∏

p-w

Ẑp
)
⊗R(T )W

]
−−−−→ Q̂⊗∆(T )W −−−−→ π2i−1(K(BG)) −→ 0. (3)

Here, the map to Q̂⊗∆(T )W is induced by the homomorphism γi : Q⊗R(T ) −→ ∆(T )
defined at the end of Step 1.
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The short exact sequence 0 −→ Z −→ Ẑ⊕Q −→ Q̂ −→ 0 is still exact after tensoring
with the free Z-module R(T )W , and hence induces an exact sequence

0 −→ R(T )W
(incl,γi)−−−−−→

(
Ẑ⊗R(T )W

)
⊕∆(T )W

γi−incl−−−−→ Q̂⊗Q∆(T )W

−−−−→ (Q̂/Q)⊗Q
(
∆(T )/γi(Q⊗R(T ))

)W −→ 0.

Upon comparing this with sequence (3), we see that

π2i−1(K(BG)) ∼= (Q̂/Q)⊗Q
(
∆(T )/γi(Q⊗R(T ))

)W
; (4)

and that the sequence

0 −→ π2i(K(BG)) −−−−→
(∏
p|w
Ẑp⊗R(Np(T ))G-inv

)
⊕R(T )W

−−−−→
∏
p|w
Ẑp⊗R(T )W −→ 0

is exact. In particular, π2i(K(BG)) sits in the pullback square (1), and π2i−1(K(BG))
is an infinite dimensional Q-vector space if dim(G) > 0. �

For example, when G = T is a positive dimensional torus, then for i > 0,
π2i(K(BT )0) ∼= R(T ), and π2i−1(K(BT )0) is a nonzero Q-vector space. In contrast,

π2i(map(BG,BU)0) ∼= R(T )̂ , a power series ring; and π2i−1(map(BG,BU)0) = 0.

It follows from the Bott periodicity theorem for K-theory that the map

πi
(
map(BG,BU)

) ∼= K−i(BG) −−−−→ K−i−2(BG) ∼= πi+2

(
map(BG,BU)

)
,

induced by multiplication by a generator of K−2(pt) = K̃(S2), is an isomorphism
for all i > 0. In contrast, the proof of Proposition 2.16 shows that the corresponding
map

πi(K(BG)) −→ πi+2(K(BG))

is not an isomorphism when i > 0 is odd. To see this, note that this “periodicity”
map commutes with the maps δi(T ) : π2i(Vect

CBT ;Q) −→ ∆(T ) and δi+1(T ) in Step
1 of the proof of Proposition 2.16. But the image of γi : Q⊗R(T ) −→ ∆(T ) depends
on i, and so the formula (4) in the proof shows that the periodicity map is not an
isomorphism.

It is not hard to construct examples to show that the monoid VectC(BG) is very
far from having any general cancellation property. To finish this section, we note
that in contrast, trivial summands of complex vector bundles over BG can always be
cancelled. Let ε denote the trivial 1-dimensional representation of G. Recall that for
any G-representation V , VG denotes the associated bundle over BG.
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Proposition 2.17. Two vector bundles ξ1, ξ2↓BG are isomorphic if ξ1⊕ε ∼= ξ2⊕ε.
For any vector bundle ξ↓BG, ξ splits as a sum ξ ∼= ξ′⊕ε if for each prime p

∣∣|WG|,
ξ|BNp(T ) ∼= VNp(T ) for some Np(T )-representation V which contains a trivial sum-
mand.

Proof. For any prime p and any G-invariant representation V of Np(T ), consider the
functors

ΠV
i ,Π

V⊕ε
i : Rp(G) −−−−→ Ẑp-mod;

where
ΠV
i (G/P ) = πi

(
map(BP,BU(dV )p̂)BρV |P

) ∼= πi(BAutP (V ))p̂

and similarly for ΠV⊕ε
i . The automorphism groups AutP (V ) and AutP (V ⊕ ε) are

both products of unitary groups, and differ only in the factor corresponding to the
trivial summand: a factor which for each orbit G/P is fixed by the action of N(P )/P .
Hence

ΠV
1 = ΠV⊕ε

1 = 0; (1)

and by [JMO, Lemma 5.4 & Proposition 5.5]:

lim←−
j
(
Ker[ΠV

i −→ ΠV⊕ε
i ]

)
= 0 = lim←−

j
(
Coker[ΠV

i −→ ΠV⊕ε
i ]

)
for all j > 0. It follows that

lim←−
jΠV

i
∼= lim←−

jΠV⊕ε
i (all j ≥ 2) and lim←−

1ΠV
i −−� lim←−

1ΠV⊕ε
i . (2)

Assume that f, g : BG −→ BU(n) are such that f⊕Bε ' g⊕Bε, and fix a homotopy
F̄ : BG×I −→ BU(n+1). We will construct a homotopy F : BG×I −→ BU(n) such
that F⊕Bε ' F̄ : homotopic relative to the edges. By Theorem 1.1, for each prime
p, f |BP ' g|BP for each p-toral subgroup P ⊆ G. Hence, since

[BG,BU(n)p̂] ∼=
[

hocolim−−−−−→
G/P∈Rp(G)

(
EG/P

)
, BU(n)p̂

]
by Theorem 2.1 (and similarly for [BG,BU(n+1)p̂]), the obstructions to constructing

some homotopy F ′ between f p̂ and gp̂ lie in lim←−
i

Rp(G)

ΠV
i for i ≥ 1 [Wo]; and the

obstructions to F ′⊕Bε being homotopic (relative edges) to F̄ lie in lim←−
i

Rp(G)

ΠV⊕ε
i+1 . At

each stage in constructing F , the obstruction to constructing some homotopy vanishes
by (1) or (2) (and the existence of F̄ ); and the homotopy can then be changed to a

lifting of F̄ since lim←−
iΠV

i+1 surjects onto lim←−
iΠV⊕ε

i+1 by (1) or (2) again.

The proof of the second statement (that a bundle over BG can be destabilized

under certain assumptions) is similar. In this case, we need to know that lim←−
jΠV

i
∼=

lim←−
jΠV⊕ε

i whenever j = i+ 1 or j = i, and this follows from (1) or (2) again. �
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3. Acyclicity of Mackey functors

The proof of the main theorem relies on the vanishing of certain higher inverse
limits (shown in Theorem 3.5). In [JM1] and [JMO, Theorem 1.7], it was noted that
higher limits of functors defined on orbit categories can be interpreted as equivariant
cohomology groups of certain spaces with group action. For this reason, we begin by
considering results related to Smith theory and equivariant cohomology.

One source of difficulties when working with actions of positive dimensional groups
is that (in contrast to the case of finite p-groups) not all subgroups of a p-toral group
are p-toral. Smith theory (among other things) implies that if a compact Lie group
G acts on a finite dimensional Fp-acyclic space X with finitely many orbit types,
then for any p-toral subgroup P ⊆ G, the fixed point set XP is also Fp-acyclic.
The main technical result needed in this section (Proposition 3.3) is that under the
additional assumption that all isotropy subgroups of the G-action are p-toral, then
XQ is Fp-acyclic for any subgroup Q ⊆ G which is contained in a p-toral subgroup of
G. Simple examples of circle actions make it clear that this extra assumption about
the isotropy subgroups is necessary.

For convenience, we define here a sub-p-toral subgroup of a group G to be a
subgroup which is contained in a p-toral subgroup. If Q ⊆ P ⊆ G, and P is p-toral,
then Q ∩ P0 is a normal abelian subgroup of p-power index in Q. By the “singular
subgroup” Qs of a sub-p-toral subgroup Q will be meant the (unique) minimal such
subgroup. Thus, Qs C Q is characterized by the properties that [Q : Qs] is a power of
p, and that Qs is the product of a torus with a finite abelian group of order prime to p.
Note that Qs is a characteristic subgroup of Q (invariant under any automorphism).

Lemma 3.1. Fix a compact Lie group G and a prime p.

(a) Assume that G acts smoothly on a compact manifold M . Then for any sub-p-
toral subgroup Q ⊆ G, χ(MQ) ≡ χ(M) (mod p).

(b) Let Q $ P ⊆ G be such that Q is sub-p-toral and P is p-toral. Then NP (Q)/Q
is p-toral and nontrivial.

(c) Let Q1 C Q2 be a pair of subgroups of the compact Lie group G, such that
[Q2 : Q1] = pm for some m. Then Q2 is sub-p-toral if and only if Q1 is.

Proof. (a) Let Qs C Q be the singular subgroup. By definition, there is a torus S in
G such that Qs ⊆ S. Then Q/Qs is a finite p-group and S/Qs is a torus. So for any
compact manifold M with smooth G-action,

χ(MQ) = χ((MQs)Q/Qs) ≡ χ(MQs)

= χ((MQs)S/Qs) = χ(MS) = χ(M) (mod p).

(b) We are given Q $ P ⊆ G, where P is p-toral. Let Qs C Q be the singular
subgroup. Then NP (Q) ⊆ NP (Qs), since Qs is characteristic in Q; and NP (Qs) is
p-toral since it contains the identity component of P . It follows that

NP (Q)/Q ∼= NNP (Qs)/Qs(Q/Qs)/(Q/Qs);
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and this is p-toral since the normalizer of one p-toral subgroup in another is p-toral
[JMO, Lemma A.3]. Finally, by part (a),

χ(NP (Q)/Q) = χ((P/Q)Q) ≡ χ(P/Q) ≡ 0 (mod p),

and so NP (Q)/Q 6= 1.

(c) Let Np(T ) ⊆ G be a maximal p-toral subgroup. Then a subgroup Q ⊆ G is
sub-p-toral if and only if (G/Np(T ))Q is non-empty. So by (a), Q is sub-p-toral if
and only if

χ((G/Np(T ))Q) ≡ χ(G/Np(T )) 6≡ 0 (mod p).

But if Q1 C Q2 and Q2/Q1 is a p-group, then

χ((G/Np(T ))Q1) ≡ χ((G/Np(T ))Q2) (mod p);

and so Q1 is sub-p-toral if and only if Q2 is sub-p-toral. �

It will be convenient here to write Op(Γ), for a finite group Γ and a prime p, to
denote the intersection of the Sylow p-subgroups of Γ. As in [JMO], for any compact
Lie group G and any prime p, a subgroup P ⊆ G will be called p-stubborn if P is
p-toral, N(P )/P is finite, and Op(N(P )/P ) = 1. In other words, P is a p-stubborn
subgroup of G if and only if the orbit G/P lies in the category Rp(G).

Lemma 3.2. Let G be any compact Lie group, and let Q ⊆ G be a sub-p-toral
subgroup. Assume that N(Q)/Q is finite and Op(N(Q)/Q) = 1. Then Q is p-toral.

Proof. Let Qs C Q be the singular subgroup. Set H =
(
CG(Qs)

)
0

(the identity
component of the centralizer), and Q′ = Q ∩H.

Recall that Qs is characterized by the property that p|-|[Qs:Q0], while Q/Qs is a
p-group. Since Q is sub-p-toral, this means that Qs is contained in some torus S ⊆ G,
and

Qs ⊆ S ⊆
(
CG(Qs)

)
0

= H. (1)

In particular, Q′ ⊇ Qs, and so Q/Q′ is a p-group.

Consider the group

K = {g ∈ H | [g,Q] ⊆ Q′} C N(Q).

Here, K/Q′ is finite (since |N(Q)/Q| < ∞); and so K/Q′ = CH/Q′(Q/Q
′) is a p-

group by [JMO, Proposition A.4] (the group of components of the centralizer of a
p-toral subgroup is a p-group). Thus, K/Q′ ⊆ Op(N(Q)/Q′) = Q/Q′ by assumption.
It follows that, K = Q′ = Q ∩H; and so

χ(H/Q′) ≡ χ
(
(H/Q′)Q/Q

′)
= χ(K/Q′) = 1 (mod p).

In particular, χ(H/Q′) 6= 0, and hence dim(H/Q′) = 0. By (1), this implies that
Qs = S is a torus, and hence that Q is p-toral. �

We are now ready to look at fixed point sets of sub-p-toral subgroups.
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Proposition 3.3. Fix a compact Lie group G and a prime p. Let X be any finite di-
mensional Fp-acyclic G complex with finitely many orbit types, such that all isotropy
subgroups are p-toral. Then for any sub-p-toral subgroup Q ⊆ G, XQ is Fp-acyclic.

Proof. Let S(G) be the compact space of all closed subgroups of G with the Hausdorff
topology (cf. [tD, Proposition IV.3.2(i)]). Let T ⊆ S(G) be the subset of all sub-p-
toral subgroups Q ⊆ G such that XQ is not Fp-acyclic.

Step 1 We first show that T contains a maximal element. Set

k = max
{
dim(Q) |Q∈T

}
.

If T does not contain a maximal element, then there exists an infinite chain

Q1 $ Q2 $ Q3 $ . . .

of k-dimensional sub-p-toral subgroups for which XQi is not Fp-acyclic. Let Q be
the closure of the union of the Qi. Then dim(Q) > k, and we will get a contradiction
upon showing that Q∈T . Since X has only finitely many orbit types, XQ = XQi

for i sufficiently large [tD, Proposition IV.3.4], and hence XQ is not Fp-acyclic. So
it remains only to show that Q is sub-p-toral.

Choose p-toral subgroups Pi ⊇ Qi. Since the space S(G) of closed subgroups of
G is compact, as noted above, we can assume (after restricting to a subsequence
if necessary) that the Pi converge to a closed subgroup P ⊇ Q. Then π0(P ) is a
p-group, since π0(Pi) surjects onto it for i sufficiently large. Also, by a theorem of
Jordan (cf. [tD, Proposition IV.6.4]), there exists some integer j such that each finite
(hence each p-toral) subgroup of P contains a normal abelian subgroup of index < j.
In particular, P contains a normal abelian subgroup of finite index, and hence has
torus identity component. Thus, P is p-toral, and so Q is sub-p-toral.

Step 2 Now let Q ∈ T be a maximal element. In other words, Q is sub-p-toral inG
and XQ is not Fp-acyclic, but XQ′ is Fp-acyclic for any sub-p-toral subgroup Q′ % Q.
Also, Q is not p-toral, since otherwise XQ would be Fp-acyclic by Smith theory (cf.
[Br, Chapter III]). So by Lemma 3.2, either dim(N(Q)/Q) > 0, or Op(N(Q)/Q) = 1.

Consider the action of N(Q)/Q on XQ. For any x∈XQ, the isotropy subgroup Gx
is p-toral by assumption; and Gx % Q since Q is not p-toral. Hence (N(Q)/Q)x =
NGx(Q)/Q is p-toral and nontrivial by Lemma 3.1(b). For any subgroup L/Q ⊆
N(Q)/Q of order p, L is sub-p-toral by Lemma 3.1(c), and hence (XQ)L/Q = XL is
Fp-acyclic by assumption. We thus have an action of N(Q)/Q on XQ with no free
orbits, with finitely many orbit types (since the action of N(Q) on any G-orbit has
finitely many orbit types), where all isotropy subgroups are p-toral, and such that
any order p subgroup has Fp-acyclic fixed point set. So XQ is Fp-acyclic: by [JMO,
Lemma 2.12] if dim(N(Q)/Q) > 0 or by [JMO, Lemma 2.13] if Op(N(Q)/Q) 6= 1.
�

In order to translate this to a result about higher limits over orbit categories, we
consider, for any full subcategory C of the orbit category O(G), the G-space

EC def
= hocolim−−−−−→

G/H∈C
(G/H).
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By [JMO, Theorem 1.7], the higher inverse limits of a functor F : C −→ Ab can be
interpreted as equivariant ordinary cohomology groups H∗G(EC;F ). See, e.g., [JMO,
appendix] for more details on equivariant ordinary cohomology.

Proposition 3.4. Fix a compact Lie group G and a prime p, and let Np(T ) be a
maximal p-toral subgroup of G. Then for any contravariant functor F : O(G) −→
Z(p)-mod,

Hi
Np(T )(ERp(G);F ) =

{
F (G/Np(T )) if i = 0

0 if i > 0.
(1)

Proof. Let X be a finite dimensional Fp-acyclic G-complex, all of whose isotropy
subgroups are p-stubborn: as constructed in [JMO, Section 2]. By [JMO, Proposition
1.1], ERp(G) is characterized by the properties that all isotropy subgroups are p-
stubborn, and that ERp(G)P is contractible for each p-stubborn subgroup P ⊆ G.
So there is a G-map f : X −→ ERp(G) which induces an Fp-homology equivalence
on the fixed point set of any isotropy subgroup. Then by [JMO, Lemma A.10], fH

is a G-Fp-homology equivalence for all subgroups H ⊆ G. For each Q ⊆ Np(T ),
XQ is Fp-acyclic by Proposition 3.3, so ERp(G)Q is also Fp-acyclic, and hence is
Z(p)-acyclic since its homology is finitely generated in each dimension (cf. [JMO,
Proposition 1.1]). Formula (1) now follows from [JMO, Lemma A.13]. �

We now consider the stable orbit category Ost(G): the category whose objects are
the orbits of G, and where

MorOst(G)(G/H,G/K) = lim−→
V ∈RepR(G)

[
SV ∧(G/H+), SV ∧(G/K+)

]G
∗ .

Here, [−,−]G∗ means pointed homotopy classes of pointed G-maps. Following the
notation of Lewis, May, and McClure [LMM], the term “Mackey functor” will be
used here to denote an additive contravariant functor defined on Ost(G). We want to
show that p-local Mackey functors (i.e., Mackey functors which take values in Z(p)-
modules) are acyclic over Rp(G). This is really a problem only when dim(G) > 0:
for finite G it follows from results shown in [JM2].

Theorem 3.5. Let F : Ost(G)op−→Z(p)-mod be any p-local Mackey functor. Then

lim←−
i

Rp(G)

(F ) = 0 for all i > 0.

Proof. Set N = Np(T ), for short. By [JMO, Theorem 1.7],

lim←−
∗

Rp(G)

(F ) ∼= H∗G(ERp(G);F ),

where H∗G(−;F ) denotes ordinary equivariant cohomology with coefficients in F .
Also,

Hi
G((G/N)×ERp(G);F ) ∼= Hi

G(G×NERp(G);F ) ∼= Hi
N (ERp(G);F ) = 0
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for i > 0 by Proposition 3.4. So the proposition follows from [LMM], which says that
the homomorphism

H∗G(ERp(G);F ) −−−−→ H∗G
(
(G/N)×ERp(G);F

)
(induced by projection) is a split monomorphism.

We sketch here one simple way to see this. Choose an embedding G/N ↪→ V , for
some G-representation V , and let

f : SV −−−−→ SV ∧(G/N+)

be the map given by the Pontrjagin-Thom construction. By [O1, Lemma],
f∧ERp(G)+ is homotopic to a map

g : SV ∧ERp(G)+ −−−−→ SV ∧(G/N×ERp(G))+

which preserves the skeleta of the spaces (under any G-CW -structure on the product
space G/N×ERp(G)). Thus, since F is defined on the stable category, any map
SV (G/H+) −→ SV (G/K+) induces a homomorphism F (G/K) −→ F (G/H), and so g
induces a chain homomorphism

g∗ : C∗G(G/N×ERp(G);F ) −−−−→ C∗G(ERp(G);F ).

This in turn induces a homomorphism in cohomology, and the composite

H∗G(ERp(G);F )
(pr2)∗−−−−→ H∗G((G/N)×ERp(G);F )

g∗−→ H∗G(ERp(G);F ) (1)

is induced by ϕ× Id, where ϕ : SV −→ SV is the composite

SV
f−−−−→ SV ∧(G/N+) −−−−→ SV .

We claim that for any p-toral subgroup P ⊆ G, ϕ|P is invertible in the localized
P -equivariant stable homotopy ring

(
ωP0
)

(p)
. To see this, note that ϕ corresponds to

the class of the orbit G/N under the isomorphism of ωP0
def
= lim−→V

[SV , SV ]P∗ with the

Burnside ring A(P ) (see [tD, §II.8]). Here, A(P ) is the ring of equivalence classes of
finite P -complexes X, where [X] = [Y ] if χ(XH) = χ(Y H) for all H ⊆ P . By [tD,
Theorem IV.4.2], any prime ideal of A(P ) has the form

q(Q, p) = {[X] |χ(XQ) ∈ p}

for some prime ideal p ⊆ Z and some Q ⊆ P . Also, by Lemma 3.1(a), q(Q, pZ) =
q(1, pZ) for all Q ⊆ G. So A(P )(p) is a local ring with maximal ideal q(1, pZ), and
(since p-χ(G/N)) [G/N ] is invertible in A(P )(p).
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Hence, for each p-toral subgroup P ⊆ G,

ϕ∧ Id : SV ∧(G/P+) −−−−→ SV ∧(G/P+) ∼= (SV ×P G)/(∗ ×P G)

is an isomorphism in MorOst(G)(G/P,G/P )(p). In particular, this applies to each
orbit in ERp(G), and so the composite in (1) is an isomorphism. �

Note that it does not necessarily follow, under the conditions in Theorem 3.5, that
lim←−

0

Rp(G)
F ∼= F (G/G). The functor KG(−) provides a simple counterexample.

As a first easy corollary of Theorem 3.5, we note:

Corollary 3.6. Fix a prime p, and let R be one of the rings Ẑp, Z(p), or Fp. Then
for any compact Lie group G,

lim←−
i

G/P∈Rp(G)

H∗(EG/P ;R) = 0

for i > 0.

Proof. By [LMM] (or [O1]), for any G-representation V , any G-map f : SV (X) −→
SV (Y ) induces a homomorphism f∗ : H∗(Y/G;R) −→ H∗(X/G;R) in a natural way.
In particular, the functor X 7→ H∗(EG×GX;R) is defined on the stable category,
and so Theorem 3.5 applies. �

The vanishing result needed directly for the results in Section 2 is the following:

Corollary 3.7. For any prime p and any compact Lie group G,

lim←−
j

Rp(G)

Ẑp ⊗K−iG (−) = lim←−
j

Rp(G)

Ẑp ⊗KO−iG (−) = 0

for all i, j > 0.

Proof. This follows from Theorem 3.5, once one shows that the functors K∗G(−)
and KO∗G(−) are defined on the stable category. And that follows from the Bott
periodicity theorem for equivariant K-theory [At, Theorems 4.3 and 6.1]. �

4. Representation theory

Recall the groups

RP(G) =
{

(vp)∈
∏
p||W |

R(Np(T ))G-inv
∣∣∣ vp|T ∼= vp′ |T ∀p, p′

}

and
ROP(G) =

{
(vp)∈

∏
p||W |

RO(Np(T ))G-inv
∣∣∣ vp|T ∼= vp′ |T ∀p, p′

}
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defined in Section 2, and shown to be isomorphic to the Grothendieck groups K(BG)
and KO(BG), respectively, of vector bundles over BG. In this section, we study more
closely the natural “restriction” maps

rsU
G : R(G) −→ RP(G) ∼= K(BG) and rsO

G : RO(G) −→ ROP(G) ∼= KO(BG).

The homomorphisms rsG are shown to split as a direct sums of homomorphisms
between finitely generated groups, one for each G/G0-orbit of irreducible G0-
representations, and the cokernel of each summand is computed (Theorem 4.7). In
particular, this yields necessary and sufficient conditions for rsU

G to be onto (Theorem
4.7 and Corollary 4.8). The orthogonal case seems to be much more complicated; but
we do at least show that rsO

G is onto whenever G is finite or π0(G) has prime power
order (Proposition 4.9), and then give some examples which show that rsO

G can fail
to be onto even when rsU

G is onto.

We first show that standard induction techniques can be used to study RP(G)
and rsU

G. When doing this, it is useful to define the “character” of an element of
RP(G). For any compact Lie group G, let GP denote the union of the connected
components in G of prime power order in π0(G). Then every element of GP is
conjugate to an element of Np(T ) for some prime p (see Proposition 4.6(a) below).
Hence, for any v =

(
vp
)
∈ RP(G), the characters χvp extend in a unique way to

define a “character” χv : GP −→ C which is constant on G-conjugacy classes. We can
thus identify RP(G) with the group of class functions χ ∈ Cl(GP) whose restriction
to any p-toral subgroup, for any prime p, is a character.

As usual, a finite group Γ is p-elementary if it is a product of a p-group and a
cyclic group, and is elementary if it is p-elementary for some prime p.

Proposition 4.1. Let G be any compact Lie group, with identity component G0.

(a) For any subgroup H ⊆ G of finite index, there is an induction homomorphism

IndGH : RP(H) −−−−→ RP(G),

with the property that for any v ∈ RP(H) and any g ∈ GP ,

χInd(v)(g) =
(
IndGH(χV )

)
(g)

def
=

∑
aH∈G/H
a−1ga∈H

χv(a
−1ga). (1)

(b) Let E(G) denote the set of subgroups E ⊆ G of finite index such that E/G0 is
elementary. Then restriction induces an isomorphism

Coker(rsU
G)

∼=−−−−→ lim←−
E∈E(G)

Coker(rsU
E)

where the limits are taken with respect to inclusion and conjugation in G.

Proof. We regard IndGH as a homomorphism Cl(H) −→ Cl(G) or ClP(H) −→ ClP(G),
defined via formula (1) (and only when [G : H] < ∞). Let K ⊆ G be any other
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subgroup (not necessarily of finite index), let g1, . . ., gr be representatives for the
double cosets in K\G/H, and set Ki = giHg

−1
i ∩K for each i. Let c(g−1

i ) : Ki −→ H

be the conjugation homomorphism (x 7→ g−1
i xgi). Then for any f ∈ Cl(H),

(
IndGH(f)

)∣∣K =
r∑
i=1

IndKKi
(
f ◦ c(g−1

i )
)
. (2)

This is the standard “double coset formula”, shown for representations of finite groups
in [Ser, §7.3, Proposition 22]. To prove it in this situation, write each KgiH as the
disjoint union of cosets bijgiH, where bij ∈ K and 1 ≤ j ≤ si. Then K =

∐si
j=1 bijKi

for each i; and so for any g ∈ K,

IndGH(f)(g) =
r∑
i=1

[
si∑
j=1

b−1
ij gbij∈giHg

−1
i

(f◦c(g−1
i ))(b−1

ij gbij)

]
=

r∑
i=1

IndKKi
(
f◦c(g−1

i )
)
(g).

(a) For any given v ∈ RP(H), let χ = χv ∈ Cl(HP) be its character. If P ⊆ G is any
p-toral subgroup (for any prime p), and if g1, . . ., gr are double coset representatives
for P\G/H, then Pi = giPg

−1
i ∩H is p-toral for each i (it has finite index in giPg

−1
i ),

so each χ|(g−1
i Pigi) is a character, and IndGH(χ)|P is a character by (2). And this

shows that IndGH(χ) ∈ Cl(GP) is the character of an element of RP(G).

(b) Let F(G) be the class of subgroups of G of finite index. The functor H 7→
R(H/G0) satisfies the double coset formula and Frobenius reciprocity relations for
induction and restriction, and hence is a Green ring over F(G) in the sense of Dress
[Dr]. Also, the double coset formula (2) for characters says that H 7→ RP(H)
and H 7→ Coker(rsU

H) are both Mackey functors over F(G) (again in the sense of
Dress); and both are modules over R(−/G0) satisfying Frobenius reciprocity. Since
R(G/G0) is generated by induction from the R(E/G0) for E ∈ E(G) [Ser, §10.5,
Theorem 19], the “fundamental theorem” of Mackey functors and Green rings says
that F (G) ∼= lim←−E∈E(G)

(F (E)) for any such module over R(−/G0). This is shown

in [Dr, Propositions 1.1’ and 1.2], and a more direct proof is given in [O2, Theorem
11.1]. �

For any torus T , T ∗ = Hom(T, S1) will denote the group of irreducible characters
of T . This will also be regarded as a lattice in L(T )∗ = Hom(L(T ),R), where L(T )
denotes the Lie algebra of T . The following definitions establish some of the notation
which will be used when dealing with irreducible characters and representations of
groups with torus identity component.

Definition 4.2. If G is a compact Lie group with identity component T , then the
support of a G-representation V is the (G/T -invariant) subset Supp(V ) ⊆ T ∗ of
all characters of irreducible summands of V |T . More generally, for any v ∈ R(G),
Supp(v) ∈ T ∗ is the union of the supports of the irreducible G-representations which
occur in the decomposition of v. For any G/T -invariant subset Φ ⊆ T ∗, Irr(G,Φ)
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denotes the set of irreducible G-representations with support in Φ, and R(G,Φ) ⊆
R(G) denotes the subgroup of elements with support in Φ. For φ ∈ T ∗, we write (φ)
for the G/T -orbit of φ (and write Irr(G, φ), etc., if φ is G/T -invariant). Finally, if
V is any G-representation, then V 〈Φ〉 and V 〈φ〉 denote the largest summands of V
with support in Φ or φ, respectively.

The descriptions of Coker(rsU
G) in Lemma 4.5 and Theorem 4.7 below will be given

in terms of a certain function δ(G), defined for compact Lie groups whose identity
component is a torus and central.

Definition 4.3. Assume that G lies in a central extension 1 −→ T −→ G −→ Γ −→ 1,
where T is a torus and Γ is a finite group. Then we define

δ(G) = lcm
{
δ(G, φ)

∣∣φ∈T ∗};
where for each φ∈T ∗,

δ(G, φ) = gcd
{
dim(V )

∣∣V ∈ Irr(G, φ)
}
.

The next lemma gives a partial description of this function independantly of rep-
resentations; and also lists some of its more technical properties which will be needed
in later proofs.

Lemma 4.4. Assume that G lies in a central extension 1 −→ T −→ G −→ Γ −→ 1,
where T is a torus and Γ is finite. Set e = expt

(
T ∩ [G,G]

)
. For each prime p

∣∣|Γ|, let
Gp be a maximal p-toral subgroup of G: an extension of T by a Sylow p-subgroup of
Γ. Then

(a) δ(G) = 1 if and only if e = 1, if and only if G ∼= T × Γ

(b) e
∣∣δ(G) and δ(G)2

∣∣|Γ|
(c) δ(G) =

∏
p||Γ| δ(Gp), and δ(G, φ) =

∏
p||Γ| δ(Gp, φ) for all φ∈T ∗

(d) δ(G, φ′) = δ(G, φ) for all φ′, φ ∈ T ∗ with φ′ ≡ φ (mod e)

(e) δ(G, nφ) = δ(G, φ) for all φ∈T ∗, and all n ∈ Z with (n, e) = 1.

Proof. Note first that for any H ⊆ G of finite index, and any φ ∈ T ∗,

δ(H,φ)
∣∣δ(G, φ)

∣∣[G : H]·δ(H,φ). (1)

The first relation holds since each G-representation with support in φ can be regarded
as an H-representation; and the second since IndGH(V ) has support in φ for any H-
representation V with support in φ.

(b) Fix any φ ∈ T ∗, and choose a ∈ T ∩ [G,G] such that φ(a) generates φ(T ∩ [G,G]).
Then for any G-representation V with support in φ, a acts on V via multiplication
by φ(a); and since a ∈ [G,G], φ(a)· IdV has determinant φ(a)dim(V ) = 1. Thus,
|φ(a)|

∣∣dim(V ) for all such V , and so

|φ(a)| = |φ(T ∩ [G,G])|
∣∣δ(G, φ). (2)
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In particular, e = expt(T ∩ [G,G]) divides δ(G).

Now fix any φ ∈ T ∗, and let Vφ be the corresponding 1-dimensional irreducible
T -representation. Let V1, . . ., Vk be the irreducible G-representations with support in
φ. Then for each i, the multiplicity of Vi in IndGT (Vφ) is

dimC
(
HomG(IndGT (Vφ), Vi)

)
= dimC

(
HomT (Vφ, Vi)

)
= dimC Vi.

Thus, |Γ| = dim(IndGT (Vφ)) =
∑k
i=1 dim(Vi)

2. And so δ(G, φ), the greatest common
divisor of the dim(Vi), is such that δ(G, φ)2

∣∣|Γ|.
(a) We prove here the slightly more general equivalence that

δ(G, φ) = 1 ⇐⇒ φ(T ∩ [G,G]) = 1 ⇐⇒ G/Ker(φ) ∼= T/Ker(φ)× Γ. (3)

The third statement clearly implies the first, and the first implies the second by (2).

By the universal coefficient theorem, H2(Γ;T ) ∼= Hom(H2(Γ), T ); and T ∩ [G,G]
is the image of the homomorphism ηG : H2(Γ) −→ T which corresponds to [G] as an
element if H2(Γ;T ). So G ∼= T ×Γ if T ∩ [G,G] = 1, and G/Ker(φ) ∼= T/Ker(φ)×Γ
if φ(T ∩ [G,G]) = 1.

(c) This formula follows immediately from (1), and the fact that δ(Gp, φ)
∣∣|Gp/T | is

a power of p for each p.

(d) If φ ≡ 0 (mod e), then φ(T ∩[G,G]) = 1, and so δ(G, φ) = 1 by (3). If φ′ ≡ φ 6≡ 0
(mod e), then the two composites

H2(Γ) w
ηG T w

φ

w
φ′

S1

are equal. Hence (G/Ker(φ), φ) ∼= (G/Ker(φ′), φ′) as pairs, and δ(G, φ) = δ(G, φ′).

(e) For any n ∈ Z and any G-representation V with support φ, ψn(V ) is a virtual
representation with support nφ: since χψnV (gt) = χV (gntn) = χψnV (g)·φ(t)n for
any g∈G and t∈T . Cf. [Ad1, Lemma 3.61] for details. Also, V and ψn(V ) have the
same (virtual) dimension, and hence δ(G, nφ)

∣∣δ(G, φ). So by (d), δ(G, nφ) = δ(G, φ)
if n is invertible mod e. �

Whenever G0 = T is a torus, R(G) splits as the direct sum, taken over all G/T -
orbits (φ) ⊆ T ∗, of the subgroups R(G, (φ)) of finite rank. In a similar fashion, rsU

G

splits as the direct sum over all (φ) ⊆ T ∗ of homomorphisms

rsG,(φ) : R(G, (φ)) −−−−→ RP(G, (φ)).

We are now ready to describe the cokernel of each of these summands for such G.
The key case to consider is that when T = G0 is central and φ is faithful.

Lemma 4.5. Assume that G lies in a central extension 1 −→ T −→ G
σ−→ Γ −→ 1,

where T is a torus of dimension 0 or 1, and where Γ is finite. Fix a faithful (injective)
character φ ∈ T ∗. Let S be the set of all conjugacy classes of elements g ∈ Γ such
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that no two elements in σ−1g are conjugate; and let SP ⊆ S be the set of conjugacy
classes of elements of prime power order. For each g ∈ SP , let η(g) be the largest
divisor of δ(CG(g), φ) which is prime to the order of g. Then

R(G, φ) ∼= Z|S|, RP(G, φ) ∼= Z|SP |, and Coker(rsG,φ) ∼=
⊕

1 6=g∈SP

Z/η(g).

Proof. Note first that a character χ of G has support in φ if and only if it satisfies
the relation χ(gt) = χ(g)φ(t) for all g ∈ G and t ∈ T . In particular, since φ is
injective, χ(g) = 0 for any g which is conjugate to gt for some 1 6= t ∈ T . Thus,
Cl(G, φ) is a complex vector space of dimension |S|; and by the Peter-Weyl theorem
(and the independence of irreducible characters) R(G, φ) is a free abelian group of
rank |S|. Also, RP(G, φ) is torsion free (it is detected by characters defined on GP),
and Ker(rsG,φ) is the set of elements of R(G, φ) whose characters vanish on GP . So
the image of rsG,φ is free of rank |SP |; and once we have shown that rsG,φ has finite
cokernel it will follow that RP(G, φ) is a free abelian group of the same rank.

The computation of the cokernel of rsG,φ will be carried out in two steps.

Step 1 Assume first that Γ is p-elementary for some prime p. Then we can write
G = Cn × P , where Cn is cyclic of order n prime to p, and where P is p-toral. In
particular, R(G) ∼= R(Cn)⊗R(P ) and R(G, φ) ∼= R(Cn)⊗R(P, φ). Let IR(−) denote
the augmentation ideal of R(−), and similarly for IRP(−). Consider the following
commutative diagram with split short exact rows:

0 w IR(Cn)⊗R(P, φ) w

u
rsCn⊗augm.

R(G, φ) wu

u

rsG,φ

R(P, φ) w

u
=

0

0 w IRP(Cn)⊗ Z w RP(G, φ) wu R(P, φ) w 0.

Here, IRP(Cn) is the product of the IR(Sylq(Cn)) for q|n, and any v ∈ IR(Sylq(Cn))
lifts to an element of IR(Cn) whose character vanishes on other Sylow subgroups.
Hence IR(Cn) surjects onto IRP(Cn), and so

Coker(rsG,φ) ∼= Coker(rsCn ⊗ augm.) ∼= IRP(Cn)⊗Coker
[
R(P, φ)

augm.−−−−→ Z
]
.

The cokernel of this augmentation map is by definition Z/δ(P, φ), and so

Coker(rsG,φ) ∼= IRP(Cn)⊗
(
Z/δ(P, φ)

)
. (1)

Step 2 Now assume that G is arbitrary. Let E(G) be the set of subgroups of G
of finite index such that E/T is elementary, and (for each prime p

∣∣|Γ|) let Ep(G)
be the set of those E ∈ E(G) such that E/T is p-elementary. By Proposition 4.1,
Coker(rsG,φ) is the inverse limit of the groups Coker(rsE,φ), taken over all E ∈ E(G).
By (1), Coker(rsE,φ) is a finite p-group for all E ∈ Ep(G). Hence Coker(rsG,φ) is
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finite; and (for each p) Coker(rsG,φ)(p) is the inverse limit of the Coker(rsE,φ) for
E ∈ Ep(G).

Fix a prime p
∣∣|Γ|; we want to determine the p-power torsion in Coker(rsG,φ). If

K ′ ⊆ K are finite cyclic subgroups of order prime to p, then the composite

IR(K ′)(p)
Ind−−−−→ IR(K)(p)

Res−−−−→ IR(K ′)(p) (2)

is multiplication by [K:K ′], and hence an isomorphism. Thus, if K is cyclic of order
prime to p, we can split

IRP(K)(p) =
⊕
q||K|

IR(Sylq(K)) ∼=
⊕

1 6=K′⊆KP

ĨR(K ′)(p)

(i.e., taking the second sum over subgroups of prime power order). Here, ĨR(K ′) ⊆
IR(K ′) is the kernel of the map given by restriction to the subgroup of prime index,
and is free with rank equal to the number of generators of K ′.

For each n
∣∣|Γ| prime to p, let Cycn be the set of all cyclic subgroups K ⊆ Γ of

order n if n is a prime power, and set Cycn = ∅ otherwise. By Lemma 4.4(c), for any
maximal p-toral subgroup P ⊆ H, δ(P, φ) is the largest power of p dividing δ(H,φ).
So with the help of (1) we now get

Coker(rsG,φ)(p)
∼= lim←−
E∈Ep(G)

Coker(rsE,φ)

∼=
⊕
p-n||Γ|

(
lim←−

K∈Cycn

(
ĨR(K)⊗ Z

/
δ(σ−1(CΓ(K)), φ)

)
(p)

)
. (3)

For each n = qk (where q 6= p is prime), set

Cyc′n =
{
K=〈g〉∈Cycn

∣∣ no two elts. in σ−1g conjugate in G
}
.

Fix some K ∈ Cycqk rCyc′qk , and let K ′ ⊆ K be the subgroup of index q. Then

there exists x ∈ NG(σ−1K) such that for each g ∈ σ−1(KrK ′), xgx−1 = gt for some

1 6= t ∈ T . The character of any element v ∈ ĨR(K) ∼= ĨR(σ−1K,φ) vanishes on
σ−1K ′; and hence (since χv(gt) = χv(g)·φ(t)) v is fixed by the action of x only if

v = 0. Thus, x acts on ĨR(K) with trivial fixed point set; and in particular such
terms contribute nothing to the limit in (3).

Formula (3) thus reduces to a sum, over conjugacy class representatives for all
K ∈ Cyc′n, of the groups

H0
(
NG(σ−1K); ĨRP(K)

)
⊗
(
Z
/
δ(CG(σ−1K), φ)

)
(p)
.

The first factor here is free of rank equal to the number of Γ-conjugacy classes of
generators of K. The formula for Coker(rsG,φ) now follows upon taking the product
over all primes p

∣∣|Γ|. �
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As an example, consider the group G = Cn× (S1×C2 Q(8)), where n is odd, Q(8)
is a quaternion group of order 8, and the second product is taken while identifying the
central elements of order 2 in S1 and Q(8). By Lemma 4.5, if φ ∈ T ∗ is a generator,
then rsG,kφ is onto for k even, while Coker(rsG,kφ) ∼= Z/2⊗ IRP(Cn) 6= 0 if k is odd.

We now turn to the case of groups whose identity component is not a torus. Recall
that a weight of a compact Lie group G is an irreducible representation (or irreducible
character) of its maximal torus T . The set of weights of G can thus be identified with
T ∗ = Hom(T, S1) ⊆ L(T )∗. If V is any representation of G, then by the “weights of
V ” is meant the set of characters of irreducible components of V |T .

Consider the partial ordering of the weights of G, where φ1 ≤ φ2 if φ1 is contained
in the convex hull of the WG-orbit of φ2 (cf. [Ad1, Definition 6.23]). One of the basic
theorems of representation theory says that if G is connected, then any irreducible
G-representation V has a unique WG-orbit of highest (maximal) weights, each of
which occurs with multiplicity one. Furthermore, distinct irreducible representations
have distinct orbits of higher weights. For more detail, see, e.g., [Ad1, Theorem 6.33]
or [BtD, Section VI.2].

Now assume that G is not connected, and let G0 denote its identity component. If
V is an irreducible G-representation, and V0 is any irreducible component of V |G0,

then V is an irreducible summand of IndGG0
(V0). Hence each irreducible summand of

V |G0 is obtained from V0 by conjugation by some element of π0(G). Thus, there is
still a uniquely defined WG-orbit of highest weights for V . In this case, however, the
highest weights can occur with multiplicity greater than one; and there usually are
several irreducible G-representations with the same orbit of highest weights.

We also recall the role played by the Weyl chambers in representation theory. Let
R ⊆ L(T )∗ denote the set of roots of G0: these are nonzero elements which occur in
pairs ±θ. Any choice of x0 ∈ L(T ) such that θ(x0) 6= 0 for all θ ∈ R determines a
choice of positive roots

R+ = {θ ∈ R | θ(x0) > 0}.
And this in turn determines a Weyl chamber

C = {x ∈ L(T ) | θ(x) ≥ 0 ∀θ ∈ R+} ⊆ L(T )

and a dual Weyl chamber

C∗ = {x ∈ L(T )∗ | 〈θ, x〉 ≥ 0 ∀θ ∈ R+} ⊆ L(T )∗.

Here, in the definition of C∗, 〈−,−〉 denotes any WG0-invariant inner product on
L(T )∗; and (since such an inner product is uniquely defined up to scalar on each
simple component of G0) C

∗ is independent of the choice of inner product. Then
WG0 permutes the Weyl chambers simply and transitively (cf. [Ad1, Theorem 5.13]).
Also, each Weyl chamber contains exactly one element in each WG0 orbit in L(T )
(cf. [Ad1, Corollary 5.16]), and hence each dual Weyl chamber contains exactly one
element in each WG0 orbit in L(T )∗. In particular, the irreducible representations of
G0 are in one-to-one correspondence with the weights of T in any given dual Weyl
chamber C∗.
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Proposition 4.6. Fix a compact Lie group G, a maximal torus T ⊆ G, and a Weyl
chamber C ⊆ L(T ). Set N = NG(T, C): the subgroup of elements in N(T ) which
leave C invariant under conjugation. Write C∗T = C∗ ∩ T ∗. Then the following hold.

(a) N ∩G0 = T , N ·G0 = G, and hence N/T ∼= G/G0. Also, any element of G is
conjugate to an element of N .

(b) A continuous class function f : G −→ C is a character of G if and only if f |N
is a character of N .

(c) Let Irr(G) be the set of irreducible representations of G, and let Irr(N,C∗T ) be
the set of irreducible representations of N with support in C∗T (i.e., whose weights
all lie in C∗). Then there is a bijection

βG : Irr(G)
∼=−−−−→ Irr(N,C∗T ) defined by βG([V ]) =

[
V 〈mxC∗(V )〉

]
,

where mxC∗(V ) ⊆ C∗T denotes the set of those maximal weights of the irreducible
summands of V |G0 which lie in C∗. In particular, βG(V ) is always an irreducible
summand of V |N having multiplicity one.

Proof. (a) By [Bo9, §5.3, Theorem 1(b)], any automorphism of G0 leaves invariant
some maximal torus and some Weyl chamber in G0. Hence, any element g∈G is
contained in N(T ′, C′) for some maximal torus T ′ and some Weyl chamber C′ ⊆ T ′.
Also, T ′ and T are conjugate in G0 (cf. [Ad1, Corollary 4.23]), and the Weyl group
NG0(T )/T permutes the Weyl chambers for T simply and transitively [Ad1, Lemma
5.13]. Hence there is a ∈ G0 such that T = aT ′a−1 and C = aC′a−1; and aga−1 ∈
N = N(T, C). This also shows that N ·G0 = G.

Since NG0(T )/T permutes the Weyl chambers of T simply and transitively, each
coset of NG0(T )/T in N(T )/T contains a unique element which leaves the given Weyl
chamber C invariant. Thus, N = N(T, C) has one connected component for each
component of G. And this finishes the proof of part (a).

The following statement will be needed in the proof of point (b):

∀φ ∈ T ∗ ∃w ∈WG such that w(φ) ∈ C∗T and wNφw
−1 ⊆ N. (1)

Here, Nφ ⊆ N denotes the subgroup of elements fixing φ. To show (1), fix φ ∈ T ∗,
and choose any ψ ∈ interior(C∗)N (N/T acts linearly on L(T )∗ and leaves the dual
Weyl chamber C∗ invariant). Then φ + Rψ is not contained in the wall of any
dual Weyl chamber (since ψ is not); and so there is a dual Weyl chamber C∗1 such
that φ + εψ ∈ interior(C∗1 ) for small ε > 0. Let w ∈ WG be any element such
that w(C∗1 ) = C∗ (WG0 permutes the Weyl chambers transitively). Then wφ ∈ C∗,
since φ ∈ C∗1 . And for any a ∈ Nφ, a(ψ) = ψ and a(φ) = φ by assumption, so a
leaves C∗1 invariant, and hence waw−1 leaves C∗ = w(C∗1 ) invariant. This shows that
wNφw

−1 ⊆ N , and finishes the proof of (1).

(c) Fix an irreducible G0-representation V0, and let φ be the maximal weight of V0

lying in C∗. Set Ψ = WG·φ, the WG-orbit of φ, and set Φ = Ψ∩C∗. For any φ′ ∈ Φ,
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φ′ = g(φ) for some g ∈ WG; and if g′ ∈ gWG0 ∩ (N/T ) then φ′ and g′(φ) are two
elements of C∗ in the same WG0-orbit. So g′(φ) = φ′ by [Ad2, Corollary 5.16] again.
This shows that Φ is the N/T -orbit of φ.

Let Irr(G, (V0)) denote the set of irreducible G-representations with support
in (V0); i.e., the set of those irreducible G-representations V such that all irre-
ducible summands of V |G0 lie in the G/G0-orbit of V0. For any irreducible G-

representation V , HomG0(V0, V ) ∼= HomG(IndGG0
(V0), V ) by Frobenius reciprocity;

and thus Irr(G, (V0)) is the set of distinct irreducible summands of IndGG0
(V0). Simi-

larly, if Vφ denotes the (1-dimensional) irreducible representation with weight (char-
acter) φ, then the set Irr(N,Φ) of irreducible N -representations with support in Φ

coincides with the set of distinct irreducible summands of IndNT (Vφ).

Since IndNT (Vφ) = IndGG0
(V0)〈Φ〉, any G-linear endomorphism of IndGG0

(V0) re-

stricts to an N -linear endomorphism of IndNT (Vφ). We thus get a commutative dia-
gram of restriction maps

EndG
(
IndGG0

(V0)
)

w
restr.

u

∼=

EndN
(
IndNT (Vφ)

)
u

∼=

HomG0

(
V0, IndGG0

(V0)
)

w
restr.
∼= HomT

(
Vφ, IndNT (Vφ)

) (2)

where the vertical maps are isomorphisms by Frobenius reciprocity. The one-to-
one correspondence between irreducible G0-representations and highest weights con-
tained in C∗ shows that HomG0(V0, V

′) ∼= HomT (Vφ, V
′〈Φ〉) whenever V ′ is a G0-

representation with support in the G/G0-orbit (V0) ⊆ Irr(G0), and in particular that
the bottom map in (2) is an isomorphism.

Thus, the map between the endomorphism rings in (2) is an isomorphism. In par-
ticular, for any [V ] ∈ Irr(G, (V0)), EndN (V 〈Φ〉) ∼= EndG(V ) ∼= C, and so V 〈Φ〉 is ir-
reducible. If [V ] 6= [V ′] ∈ Irr(G, (V0)), the same argument shows that V 〈Φ〉 6∼= V ′〈Φ〉.
And finally, any irreducible N -representation with support in Φ is a summand of
IndNT (Vφ) ∼= IndGG0

(V0)〈Φ〉, and hence has the form V 〈Φ〉 for some V ∈ Irr(G0, (V0)).

This shows that βΦ : Irr(G,Φ)
∼=−→ Irr(N,Φ) is a well defined bijection. Since the

restriction to G0 of any irreducible G-representation is a sum of representations in
just one G/G0-orbit of irreducible G0-representations, βG : Irr(G) −→ Irr(N,C∗T ) is
the disjoint union of the βΦ taken over all N/T -orbits Φ ⊆ C∗T and hence a bijection.
This proves point (c). At the same time, this shows that the homomorphism

β̄G : R(G) −→ R(N,C∗T ),

defined by sending [V ] to [V 〈C∗T 〉], is an isomorphism (its matrix with respect to the
basis of irreducible representations is triangular with 1’s along the diagonal).

(b) Fix a continuous class function f : G −→ C such that f |N is a character of N .
We must show that f is a character of G. Let v0 ∈ R(N) be such that χv0 = f |N ,
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let χ be the character of β̄−1
G (v0〈C∗T 〉) ∈ R(G), and set f ′ = f−χ. By construction,

f ′|N is the character of an element v ∈ R(N)G-inv such that v〈C∗T 〉 = 0. We will
show that v = 0. It then follows that f ′ = 0 (since every element of G is conjugate
to an element of N), and hence that f = χ is a character of G.

Choose N/T -orbit representatives φ1, . . ., φk ∈ T ∗ for the support of v, and write

Ni = Nφi (the subgroup of elements which fix φi). Then v =
∑k
i=1 IndNNi(v〈φi〉). For

any φ ∈ T ∗, we apply (1) to choose w ∈WG such that w(φ) ∈ C∗ and wNφw
−1 ⊆ N .

Then v〈wφ〉 = 0 ∈ R(wNφw
−1), since v〈C∗T 〉 = 0; and so v〈φ〉 = 0 ∈ R(Nφ) since v

is G-invariant. In particular, v〈φi〉 = 0 for all i, and hence v = 0. �

We are now ready to describe Coker
[
rsU
G : R(G) −→ RP(G)

]
for arbitrary G.

Theorem 4.7. Let G be any compact Lie group. Fix a maximal torus T ⊆ G and
a Weyl chamber C ⊆ L(T ), and set N = N(T, C) ⊆ G and C∗T = T ∗ ∩ C∗.

(a) Let E ′(N) denote the set of subgroups E ⊆ N of finite index such that E/T is
elementary but not of prime power order. Then

expt
(
Coker(rsU

G)
)

= lcm
{
δ(E/[E, T ])

∣∣E ∈ E ′(N)
}
. (1)

In particular, rsU
G is surjective if and only if rsU

N is surjective, if and only if T∩[E,E] =
[E, T ] for all E ∈ E ′(N), if and only if E/[E, T ] ∼= E/T ×T/[E, T ] for all E ∈ E ′(N).

(b) rsU
G splits as a direct sum of homomorphisms

rsG,(V0) : R(G, (V0)) −−−−→ RP(G, (V0)),

taken over all G/G0-orbits (V0) ⊆ Irr(G0).

(c) Fix any V0 ∈ Irr(G0), and set φ be the maximal weight of V0 in the dual
Weyl chamber C∗. Let Nφ ⊆ N be the subgroup of elements which fix φ, and set
Kφ = Ker(φ) ⊆ T . Then the assignment

(
[V ] 7→ [V 〈φ〉]

)
induces isomorphisms

R(G, (V0)) ∼= R(Nφ/Kφ, φ), RP(G, (V0)) ∼= RP(Nφ/Kφ, φ), and

Coker(rsG,(V0))
∼=−→ Coker(rsNφ/Kφ,φ);

where Coker(rsNφ/Kφ,φ) is described by Lemma 4.5.

Proof. (b) If G/G0 is a p-group for some prime p, then N is p-toral, and every
element of G is conjugate to an element of N (Proposition 4.6(a)). So any G-invariant
character of N extends to a unique class function of G, which is a character by
Proposition 4.6(b). In particular, rsU

G is an isomorphism in this case.

If G is arbitrary, and if Gp (for each prime p
∣∣|G/G0|) denotes an extension of G0

by a Sylow p-subgroup of G/G0, it now follows that

RP(G) ∼=
{(
vp
)
∈

∏
p||G/G0|

R(Gp)
G-inv

∣∣ vp|G0=vp′ |G0 ∀p, p′
}
.
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In other words, RP(G) is the inverse limit of the representation rings R(H), taken
over all H ⊆ G of finite index such that H/G0 has prime power order. Since each
R(Gp)

G-inv splits as a sum of finitely generated groups R(Gp, (V0))
G-inv, indexed by

the G/G0-orbits (V0) ∈ Irr(G0), we now see that RP(G) also splits as such a sum.
And hence rsU

G also splits as a direct sum of homomorphisms rsG,(V0).

(c) Write Φ = (φ) for short: the N/T -orbit of φ ∈ C∗T . By Proposition 4.6(c),
the assignment [V ] 7→ [V 〈Φ〉] defines a bijection from Irr(G, (V0)) to Irr(N,Φ), and

hence an isomorphism R(G, (V0))
∼=−→ R(N,Φ). Similarly, it induces isomorphisms

R(H, (V0))
∼=−→ R(H∩N,Φ) for each H ⊆ G of finite index, and upon taking the

inverse limit over all such H for which H/G0 has prime power order we get an

isomorphism RP(G, (V0))
∼=−→ RP(N,Φ). And this in turn induces an isomorphism

between the cokernels of rsG,(V0) and rsN,Φ.

The homomorphism R(N,Φ) −→ R(Nφ, φ) ∼= R(Nφ/Kφ, φ), defined by sending [V ]

to [V 〈φ〉], is an isomorphism: its inverse is the induction map [V ] 7→ [IndNNφ(V )]. This

same assignment also defines an isomorphism RP(N,Φ)
∼=−→ RP(Nφ/Kφ, φ) (whose

inverse is again the induction map); and hence defines an isomorphism between the
cokernels of rsN,Φ and rsNφ/Kφ,φ.

(a) It is clear from part (c) that the exponent of Coker(rsU
G) divides the number

given in (1). To show that these are equal, fix any prime p, and choose E ⊆ N
of finite index such that E/T is p-elementary but not a p-group. We must show
that δ(E/[E, T ])

∣∣expt
(
Coker(rsU

G)
)
. Choose any φ′ ∈ (T/[E, T ])∗ ⊆ T ∗ such that

δ(E/[E, T ], φ′) = δ(E/[E, T ]). Since N/T acts linearly on L(T )∗ and leaves C∗

invariant, the fixed set (C∗)E is a cone shaped subspace of (L(T )∗)E with nonempty
interior. Hence, we can choose φ ∈ C∗ ∩ (T/[E, T ])∗ = (C∗T )E such that φ ≡ φ′

modulo the exponent of T∩[E,E]
[E,T ] . If q 6= p is any other prime dividing |E/T |, then

δ(E/[E, T ], qφ) = δ(E/[E, T ], φ) = δ(E/[E, T ], φ′) = δ(E/[E, T ])

by Lemma 4.4(d,e). And finally, if gT ∈ E/T is the element of order q, then gT ∈ S
in the notation of Lemma 4.5: no two elements in gT/Ker(qφ) are conjugate. Thus,

δ(E/[E, T ]) = δ(E/[E, T ], qφ)
∣∣expt

(
Coker(rsE,qφ)

)∣∣ expt
(
Coker(rsU

G)
)

by Lemma 4.5; and this finishes the proof of formula (1). The necessary and sufficient
conditions for rsU

G to be surjective now follow from Lemma 4.4(a). �

Since the general condition for rsU
G to be surjective is rather complicated, we now

list some special cases which are simpler to formulate.

Corollary 4.8. For any compact Lie group G, Coker(rsU
G) has finite exponent, and

expt
(
Coker(rsU

G)
)2∣∣|π0(G)|. (1)

Furthermore, rsU
G is surjective if G satisfies any of the following conditions:
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(a) G is finite or connected.

(b) All elements of π0(G) have prime power order.

(c) π0(G) is a periodic group: all of its Sylow subgroups are cyclic or quaternion.

(d) Z(G0) = 1.

(e) G is a semidirect product of the form G = G0 o Γ, where Γ ⊆ G normalizes
some maximal torus T and leaves invariant some Weyl chamber in T .

Proof. Fix a maximal torus T ⊆ G0, and a Weyl chamber C. Set N = N(T, C). As
in Theorem 4.7, let E ′(N) be the set of subgroups H ⊆ N of finite index such that
H/T is elementary but not of prime power order.

By Lemma 4.4(b), δ(H/[T,H])2
∣∣|H/T |∣∣|π0(G)| for each H ⊆ N of finite index. So

(1) follows from Theorem 4.7(a).

(a) rsU
G is onto by Lemma 4.5 if G is finite, and by (1) if G is connected.

(b) If all elements of π0(G) = π0(N) have prime power order, then E ′(N) = ∅, and
so rsU

G is onto by Theorem 4.7(a).

(c) Note that H2(Γ) = 0 for any finite periodic group Γ. Hence, if π0(G) is periodic,
then for any H ∈ E ′(N), H/[H, T ] ∼= T/[H, T ]×H/T . So rsU

N and rsU
G are onto by

Theorem 4.7(a).

(e) The conditions on Γ imply that N is a semidirect product of T with Γ, and hence
that rsU

G is onto by Theorem 4.7(a).

(d) By [Bo9, §4.10, Corollaire], the surjection Aut(G0)� Out(G0) is split by outer
automorphisms which fix T and C. Let Γ ⊆ G be the subgroup of elements whose
conjugation action lies in the image of any given splitting map. Then G = G0 o Γ
(since G0 ∩ Γ = Z(G0) = 1); and so rsU

G is onto by (e). �

We remark here that G being a semidirect product G0oΓ does not in itself imply
that rsU

G is onto. As an example, set

G = C3 ×
(
SU(2)×C2Q(8)

)
,

where C3 is cyclic of order 3, Q(8) is a quaternion group of order 8, and the product
is taken by identifying the central subgroups of order 2 in SU(2) and Q(8). Then
Theorem 4.7(a) applies to show that Coker(rsU

G) has exponent 2. But SU(2)×C2Q(8)
is also a semidirect product of SU(2) with C2×C2: the splitting comes from the
diagonal subgroup

(C2)
3 ⊆ Q(8)×C2Q(8) ⊆ SU(2)×C2Q(8).

So far, we have dealt only with the case of unitary representations. The corre-
sponding problem for orthogonal representations seems to be much more complicated,
and we deal here only with some simple cases.

As usual, we say that a G-representation V (over C) has real type if it has the
form V = C⊗RV ′ for some RG-representation V ′; and that V has quaternion type
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if it is the restriction of an HG-representation. If V is irreducible and its character
is real-valued, then V has real or quaternion type, but not both [Ad1, Proposition
3.56]. By a real character will be meant the character of a virtual representation of
real type (i.e., the difference of two representations of real type).

For any G, any maximal torus T ⊆ G, and any Weyl chamber C ⊆ L(T ), we let
N(T,±C) denote the subgroup of those elements in N(T ) whose conjugation action
sends C to ±C. The N(T,±C) play a role in detecting real characters similar to the
role of N(T, C) in detecting (complex) characters.

Proposition 4.9. (a) For any compact Lie group G, a class function f : G −→ C is
a real character if and only if f

∣∣N(T,±C) is a real character.

(b) If G is finite, or if π0(G) has p-power order for some prime p, then rsO
G is

surjective.

Proof. (a) Fix a class function f : G −→ C such that f |N(T,±C) is a real character.
Then f is a character by Proposition 4.6(b), and f(G) ⊆ R since any element of G
is conjugate to an element of N(T, C) ⊆ N(T,±C) (Proposition 4.6(a)). So in the
decomposition of f as a combination of irreducible characters, all irreducible charac-
ters which are not real-valued occur in conjugate pairs. Hence f is a real character
if (and only if) the multiplicity in f of each irreducible character of quaternion type
is even.

We are thus reduced to considering the case where f = χV , V =
∑k
i=1 Vi, and the

Vi are distinct irreducible G-representations of quaternion type. Choose a WG-orbit
Ψ of maximal weights in one of the Vi — say V1 — which does not occur in any of
the others except possibly as maximal weights.

Write N = N(T, C) and N± = N(T,±C), for short. Set Φ = Ψ ∩ C∗ and
Φ± = Ψ ∩ (±C∗). By Proposition 4.6(c) (and the original assumption on Ψ), V1〈Φ〉
is irreducible as an N -representation, and does not occur as a summand of Vi|N for

any i 6= 1. So the N±-representation V ′1
def
= V1〈Φ±〉 is irreducible — since

V ′1 |N ∼= V1〈Φ〉 ⊕ V1〈Φ±rΦ〉

— and V ′1 does not occur as a summand of Vi|N± for any i 6= 1. Also, since V1 is self-
conjugate, the elements of Ψ, and hence of Φ±, occur in pairs ±φ. This shows that
V ′1 = V1〈Φ±〉 is invariant under the conjugate linear automorphism j : V1 −→ V1, and
hence that it also has quaternion type. Thus, V |N± contains with multiplicity one
the irreducible summand V ′1 of quaternion type, and this contradicts the assumption
that V |N± is a representation of real type.

(b) The proof of this point will be split into three cases. In all of them, rsU
G is onto

by Corollary 4.8(a,b). Hence, if we regard ROP(G) as a subgroup of RP(G), then
any element of ROP(G) is represented by an element x ∈ R(G) whose character is
real valued, and whose restriction to any p-toral subgroup of G (for any prime p) has
real type. We must show that x itself can be chosen to have real type.
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Case 1 If π0(G) is a 2-group, then N(T,±C) is 2-toral. Hence by part (a), any
G-invariant real character on N2(T ) extends to a unique real character on G. So rsO

G

is onto.

Case 2 Assume that p is an odd prime, and that π0(G) is a p-group. By Case 1,
rsO
G0

is onto. So it will suffice to show that a real-valued character χ of G is a real
character if its restriction to G0 is a real character. By induction on |π0(G)|, we can
assume that χ|G′ is a real character for some G′ C G of index p.

After replacing χ by its sum with some real character of G, we can assume that
χ = χV for some (complex) G-representation V = V1 ⊕ · · · ⊕ Vk, where the Vi are
distinct irreducible G-representations of quaternion type. We must show that V = 0.
If not (if k > 0), then by assumption, the G-representation

IndGG′(V |G′) ∼= C[G/G′]⊗C V ∼=
⊕

φ∈(G/G′)∗

Vφ ⊗C V

has real type. For each i, either C[G/G′]⊗CVi ∼= (Vi)
p (if the character χVi vanishes on

GrG′); or C[G/G′]⊗CVi is a sum of p distinct irreducible representations of which Vi
is the only one with real-valued character. Thus, each Vi occurs with odd multiplicity
in IndGG′(V |G′), which contradicts the assumption that this representation has real
type.

Case 3 Assume now that G is finite. Recall that G is called 2-R-elementary if it
contains a normal cyclic subgroup Cm of 2-power index such that any element of
G either centralizes Cm, or acts on it via (a 7→ a−1). By [Ser, §12.6, Theorem 27],
for any finite G, the real representation ring RO(G) is generated by induction from
elementary and 2-R-elementary subgroups of G. So by standard induction theory
(as in the proof of Proposition 4.1), Coker(rsO

G) is detected by restriction to such
subgroups. It thus suffices to prove that rsO

G is surjective when G is elementary or
2-R-elementary.

Fix an element
(
vp
)
p||G| ∈ ROP(G). In other words, vp ∈ RO(Sylp(G))G-inv for

each p, and by subtracting a constant character we can assume that χvp(1) = 0
for each p. We must show that each vp extends to an element v′p ∈ RO(G) whose
character vanishes on all Sylow q-subgroups for primes q 6= p. This is clear if Sylp(G)
has a normal complement, since in that case v′p can be taken to be the composite of
vp with the surjection G� Sylp(G).

The only case left to consider is that where G is 2-R-elementary and p is odd. In
this situation, if Sylp(G) is cyclic of order pk, then there is a surjection G� D(2pk),

where D(2pk) is dihedral of order 2pk. One easily checks that any vp ∈ RO(Cpk)

such that χvp(1) = 0 extends to an element v′′p ∈ RO(D(2pk)) such that χv′′p (g) = 0

for all g of order 1 or 2. And hence if v′p ∈ RO(G) is the composite of v′′p with the

surjection G � D(2pk), then v′p| Sylp(G) = vp and χv′p vanishes on all elements of
order prime to p. �

With a little more work, one can also show that if G is a central extension of a
torus by a finite group, then rsO

G is onto if and only if rsU
G is onto. In contrast, the
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following example provides a simple way of constructing groups G for which rsO
G is

not onto but rsU
G is onto.

Example 4.10. Fix any pair (G′, V ′), where G′ is a compact connected Lie group,
and V ′ an irreducible G′-representation of real type having the additional property
that some central element z∈Z(G′) of order 2 acts on V ′ by (− Id). Choose any odd
prime power n > 1, and set G = G′×C2Q(4n): the central product of G′ with the
quaternion group of order 4n, where z is identified with the central element of Q(4n).
Then rsO

G is not onto.

Proof. Let W be any effective irreducible representation of Q(4n), and set V =
V ′⊗CW . Then V is an irreducible G-representation of quaternion type, but its
restriction to any p-toral subgroup of G (for any prime p) has real type. In particular,
[V ] represents an element of ROP(G); but since rsO

G and rsU
G are injective (all elements

of π0(G) ∼= D(2n) have prime power order), it does not lie in the image of rsO
G. �

For example, we can take G′ = SO(2m) for any m ≥ 2, and let V ′ be the standard
representation on C2m. Then for any odd prime power n ≥ 3, G = G′×C2Q(4n) has
the property that rsU

G sends R(G) isomorphically onto RP(G) (Corollary 4.8(b)), but
rsO
G : RO(G) −→ ROP(G) fails to be onto.
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