TOWER TECHNIQUES FOR COFACIAL RESOLUTIONS

ASSAF LIBMAN

ABSTRACT. Let J be a continuous coaugmented functor on spaces. For every
space X one constructs a cofacial resolution X — J*X (namely a cosimpli-
cial resolution without its codegeneracy maps) in the usual way. Following
Bousfield and Kan, one defines Js X = totsJ®X.

Suppose D is a small category and that X is a D-diagram of J-injective
spaces, namely X (d) — JX(d) admits a left inverse for every object d in D,
but in a way which need not be compatible, namely a map JX — X cannot
be constructed out of this data. We show that for many free diagrams F',
the spaces homp (F, X) are Js-injective for s < oo. Thus, the functors Z, of
Bousfield and Kan capture a large class of polyGEMs as their injective spaces.
This generalises earlier results by the author. Our methods use pro-object
arguments, which are originally due to Farjoun.
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1. INTRODUCTION

1.1. Recall that a cofacial space X* is a cosimplicial space without its codegeneracy
maps. A cofacial resolution (or simply a resolution) is an augmented cofacial space
X~1 — X* (compare [2, pp. 271]). Such a resolution is called trivial if it admits a
left contraction, namely maps X™ = X"~! which function as a codegeneracy map
571, namely sd® = id and sd’ = d*~'s for all i > 0. Trivial or not, such a resolution
admits maps
X! 5 tot, X* n < oo

where tot,, is the cofacial analogue of the classical cosimplicial tot,, in [2]. It is, in
fact, the homotopy limit of the truncation of X*® in codimension n, denoted (X*)<".

If D is a small category then the notion of resolution of D-diagrams is the obvious
extension of the above. Of interest are such resolutions which are termwise trivial,
namely X ~!(d) — X*(d) is a trivial resolution of spaces for all objects d in D, but
they do not combine to give a map X*® — X L.

Theorem A. [15, Theorem 3.2] Suppose that D is a small category such that
dim N(D) < oo. Let X~! — X* be a termwise trivial resolution of (fibrant)
spaces. Then

holimp X~ — {totsholimp X*} ;>0
is a pro-equivalence in the homotopy category of spaces. In particular holimpX !
is a retract of totsholimp X°.

Suppose that J is a coaugmented functor on spaces which satisfies the mild
assumption of being simplicial (alternatively, continuous [3, pp. 20], [14, 3.2],[13]).

Date:

1991 Mathematics Subject Classification. 55U35,55T'15,55P60,18A25.
1



The functor J can be used to construct cofacial resolutions X — J*X and then,
following Bousfield and Kan, to define

J,X := tot,J*X = holim (J*X)=°.

A space X is called J-injective if X — JX admits a left inverse. For such spaces,
the resolution X — J*X are easily seen to be trivial. Examples of this situation
are described bellow. Theorem A was exploited to prove

Theorem B. [14, Theorem 4.7]. Suppose that D is a small category whose nerve is
finite dimensional, and that X : D — Spc is a diagram of J-injective spaces. Then
there exists s < 0o such that holimp X is up to homotopy a retract of Jsholimp X .
In fact s = dim(D).

1.2. The motivation for this discussion lies in the study of polyGEMs. Recall from
[3, pp. 87,101] that a space is called a GEM (Generalised Eilenberg MacLane space)
if it is homotopy equivalent to a product of abelian Eilenberg MacLane spaces. It
is a well known fact (due to J. Moore) that a space X is a GEM if and only if it is
SP-injective, namely if and only if X — SP*°X admits a left homotopy inverse.
It is also known that a space is a GEM if and only if it is equivalent to an abelian
topological group.

A space X is called a polyGEM if it is homotopy equivalent to a space in a tower
{-+ = Xy = X1 — Xy = x} of principal fibrations, all of whose fibres are abelian
topological groups. Thus, the construction of a polyGEM is an iterative process, in
which one starts with a GEM and repeatedly obtain the next space by taking the
total space in a principal fibration in which the fibre is abelian and the base is the
given space.

When D is a finite dimensional category and X is a D-diagram of GEMs, it is
not hard to see that holimp X is a polyGEM by appropriately filtering the category
D (see [14, 5.4]). We call such spaces thin-polyGEMs. The simplicial analogue of
SP* is Bousfield Kan’s functor Z, and Theorem B implies

Theorem C. If X is a thin polyGEM then X is up to homotopy a retract of Z ;X
for some s < oco.

1.3. The purpose of this note is to extend these results. The main tool that we use
is the notion of strong pro-equivalence which is introduced and explored in Section
2. Tt is essentially due to Farjoun [5]. The main technical result of this paper is
4.11

Theorem D. Let X~! — X* be a trivial resolution of (fibrant) spaces. Then the
tower map
Xt = {tot; X* Y550

is a strong pro-homotopy-equivalence.

The concept of strong pro-homotopy equivalence is much stronger than the more
familiar weak-pro-equivalence ,see [2, pp. 76]. Its power is in enabling inductive
arguments. This enables to transform the painfully complicated proof of Theorem A
given in [15], into a much softer and conceptual one. It also enables us to generalise
it in 5.11 and 5.6 as follows.

Theorem E. Let D be a small category and that either

(a) D is finite dimensional and F:D — S is a free diagram [4], or
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(b) F:D — S is a poly-free diagram (5.5).

Then if X! — X* is a termwise trivial resolution of fibrant D-diagrams, then
homp (F, X ") — {totshomp(F, X*)}s>0

is a strong pro-homotopy equivalence. In particular homp (F, X 1) is up to homo-
topy, a retract of totshomp (F, X®) for some s < oo.

Theorem A is recovered by plugging in a weakly contractible F'. Consequently,
we deduce (6.4)

Corollary F. Suppose that D and F' are as in Theorem E, and J is a simplicial
coaugmented functor. If X : D — Spc is a diagram of fibrant J-injective spaces,
then there exists s < co such that homp (F, X) is a retract of Jshomp(F, X).

1.4. Applying Corollary F to the case when J is the functor Z, we see that we
have extended the class of polyGEMs which are detected by Z; in the sense that a
polyGEM X in this class is a retract of Z,X for some s < oo.

Firstly, if D is finite dimensional, F' is any free D-diagram, and X a diagram of
GEMs, then homp(F, X) is a retract of Zshomp (F, X) for some s < oo. The older
Theorem C is recovered by choosing F' to be weakly contractible. Better, when D
is any small category (even as not homologically finite as a finite group) and F is
poly-free (5.5), then homp(F, X) is a retract of its Z, for some s < oo.

The class of poly-free diagrams is the smallest class of diagram which contains
the diagrams [[;.; A; x D(d;,—) for (cofibrant) spaces A;, and is closed under
pushouts along cofibrations. It is, in some sense, a dual construction to polyGEMs
which consist the smallest class of spaces which contain GEMs and is closed under
pullbacks along fibrations between GEMs.

We still don’t know if all polyGEMs are retracts of their Zg.

2. TOWERS

2.1. Throughout, & denotes the category of simplicial sets. The standard n-
simplices are denoted A™. These spaces are the objects in the standard cosimplicial
space A®. We let d': A" — A™ and s?: A™t! — A" be the standard cosimplicial
coface and codegeneracy maps (0 <7 < n).

2.2. Let C be a simplicial closed model category (cf. [9, Ch.I1.2]). This, in partic-
ular means that there is a pairing bifunctor

®:CxS->C
which has partial right adjoints
map: C’* xC = S and hom: 8°® x C — C.
Explicitly, the first functor is given by
map(X,Y), =C(X @ A™,Y).

It is worthwhile noting that

(a) X ® A% =X for all X € C.
(b) If f: A — B is a (trivial) cofibration in S and if X € C is cofibrant, then
X ® f is a (trivial) cofibration in C (see [9, 11.3.4]).
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(c) For every X,Y € C and A € S, there is a map, natural in these objects
map(X,Y) x A - map(X,Y ® A)
which is the adjoint of
X ® (map(X,Y) x 4) = (X ®map(X,Y)) 9 A 224 v g 4

2.3. Recall that a tower of objects in C is a functor X, :N°®? — C where N is the
category {0 = 1 — 2 — ... }. These objects form the usual functor category N
which we denote tow—C. It is, however, useful to treat towers as pro objects (cf. [1,
Appendix]). Morphism sets of towers as pro-objects are by definition

pro—C(X,,Y,) = lim co%imC(Xt,Ys).
S
The convention will be that towers are denoted by the symbols X,,Y,,... etc.
Morphisms of towers as diagrams over N°P are denoted by a,f3,... or f,g,....
Morphisms of towers though of as pro objects will be denoted by &, 3, ... or f,g,...
etc.

Evidently, every pro-morphism of towers can be represented by a sequence of
morphisms

{fs: Xt(s) - )fs}SZO; (t(S + 1) > t(s))
which render the following squares commutative (s > 0).

fs
Xis41) —— Yiqa

! !

Xi(s) sy,
Evidently, a level map {fs}s:Xe — Ys, namely a morphism in tow—C, represents a
pro-map f.

2.4. Given a tower X, and a simplicial set K, we denote by X, ® K the obvious
tower which at level s is X; ® K.

2.5. Given towers X, and Y,, let
map(X,,Ys) := lim co%sim map(Xy, Y;)

be the function complex (an object in S). Evidently,
map(X,,Ye)n = pro—C(X, ® A", Y,).

Moreover, this construction is natural in the sense that a morphism (of pro-objects)

f:As — B, defines simplicial maps
map(B,, X,) TN map(A,, X) and
map(X,, As) ELN map(X,, B,).

This is done in an obvious way by choosing a representative for the morphism f
(2.3). We leave it to the reader to check that this is independent of the represent-
ative, and remark that when f is represented by a level map {fs} then
map(f, X,) = limcoiimmap(ft,Xs) and
s

map(X,, f) = lim co&im map(Xg, fs)-
s
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2.6. Definition. (cf. [5].) A tower X, is called fibrant if all the objects X, are
fibrant and cofibrant and the maps X1 — X, are fibrations for all s > 0.

2.7. Remark. This is different than the terminology in [10] or [11]. The termino-
logy and results that will follow in this section, are very reminiscent of the ones in
(simplicial) model categories. However, we do not know how to endow the category
tow—C with a model structure that correspond to our notion of fibrations etc.

2.8. Proposition. Let X, be a fibrant tower. Then for every tower W, of cofibrant
objects, the mapping space map(W,, X,) is a fibrant space (i.e. a Kan complex).

Proof. Observe that map(Wy, X) is a fibrant space for every s and ¢, and that se-
quential colimits preserve fibrations in S. Hence {colimymap (W, X,)} if a fibrant
tower in S , and its inverse limit is fibrant. O

2.9. Definition. Tower maps fo, fi:Xe — Y, are called homotopic, if as vertices,
they belong to the same component of map(X,,Y,). We call them simplicially
homotopic if there exists a 1-simplex, namely a pro-map

h: Xe® A' =Y,
such that 9;(h) = f;.
By 2.8, when Y, is fibrant and X, is levelwise cofibrant, then both notions
coincide.

2.10. Proposition. Let &g, a1: X, — Y, be simplicially homotopic pro-maps (2.9)
between fibrant towers. Then
(a) For every fibrant tower T,, the induced maps (a;)* = map(a;,Ts) are simpli-
cially homotopic (as maps between Kan complexes).
(b) For every tower W, of cofibrant objects, the induced maps

(@;)« = map(W,, a;)
are simplicially homotopic (as maps between Kan complezes).

Proof. Let h be a simplicial homotopy (2.9). That is, the compositions
0 —
Xo == X.0A +—Y,
d
are precisely ag and a;.

To prove (a) it suffices to show that map(d®,T,) ~ map(d!,T,). Consider the
projection map 7 : X, ® A! — X,. Since 7 - d* = id, it suffices to show that
map(m, T, ) is a homotopy equivalence. This will follow if we show that, for instance,
map(d®, T,) is one. Observe that d° is a levelwise trivial cofibration, and since T,
is fibrant, it follows that the maps

dO *
map(X; ® A, T,) i} map(Xy, Ts)
are all trivial fibrations. Using the fact that sequential colimits preserve trivial
fibrations and fibrations in S, we see that the induced map

{co&im map(X; ® AL, T,)}, — {co%im map(Xy, Ts)}s

is a levelwise homotopy equivalence of fibrant towers in S. Since the inverse limit of
a tower of fibrations is equivalent to its homotopy limit, it follows that map(d®, T,)
is an equivalence of Kan complexes, and the result follows.
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Point (b) is even easier since the natural map (2.2(c))
map(W,, X,) x A = map(W,, X, ® A),
composed with map(W,, h) gives the desired simplicial homotopy. O

2.11. Definition. Let a: X, — Y, be a morphism of fibrant towers. We call & a
strong pro-homotopy equivalence, and write s.p.h.e. for short, if one of the following
equivalent conditions hold.
(a) There exists a pro-map 3:Y, — X, such that & -3 and 3 - @ are simplicially
homotopic to the identity maps (2.9).
(b) For every fibrant tower T,, the induced map

map(Yy, To) 25 map(Xs, Ty )

is a homotopy equivalence of fibrant spaces.
(c) For every tower W, of cofibrant objects, the induced map

map(W,, X.) = map(W¥,, Ys)
is a homotopy equivalence of fibrant spaces.

Proof. Evidently (a) implies both (b) and (c) using Proposition 2.10. For the
converse we use the commutative diagram of fibrant objects in S.

map(Y,, X,) a_*) map(Xe, Xe)

| |

map(Ys,Y,) —— map(X,,Y,).

If one assumes (b) then the horizontal arrows are homotopy equivalences between
Kan complexes, hence one can choose 3 : Yy, — X, such that a*(8) = Ba is
simplicially homotopic to the identity on X,. Applying a* to these vertices, and
using the fact that the bottom arrow is a homotopy equivalence, it follows that

a - ~idy,, so (a) holds.
If one assumes (c), then the vertical arrows are homotopy equivalences, and the
argument is similar. O

2.12. Lemma. Let f : Xo¢ — Y, be a levelwise homotopy equivalence between
fibrant towers. Then f is a s.p.h.e.

Proof. If W, is a tower of cofibrant objects, then for every ¢,s > 0, the map

map (W, X,) L% map(WW;, V)

is a homotopy equivalence of Kan complexes because X; and Y; are fibrant and
W, cofibrant. Since sequential colimits (indexed by t) carry equivalences between
fibrant spaces (resp. fibrations) to an equivalence of fibrant spaces (resp. fibra-
tions), it follows that

{co}tim map(Wy, Xs)}s — {co&im map(Wy, Y5)}s

is a levelwise equivalence of fibrant towers in S. The result follows because in this
case the inverse limit (indexed by s) is the same as the homotopy inverse limit. O
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2.13. Lemma. Consider the following pullback diagram in tow—C of fibrant towers
(and level maps).

{9:}s

U, Y,

(2.13.1) i 22
Zy — X.
{9s}s
Suppose that gs are fibrations in C. Then for every tower Wo of cofibrant objects,
applying map(W,, —) to (2.13.1) yields a homotopy cartesian square of fibrant ob-
jects in S.

Proof. Let Ps denote the pullback square of (2.13.1) at level s. Since map(W;, —)
and sequential colimits carry pullback squares (resp. fibration) to pullback squares
(resp. fibrations), it follows that

(i) For every s, the diagram coltim map (W, Py) is a pullback square of fibrant
spaces, and co&im map(W;, gs) is a fibration.
(ii) The induced maps between these pullback squares
co%im map(Wy, Ps11) — co&im map(Wy, Ps)
are objectwise fibrations.

Since sequential inverse limits (indexed by s) of fibrations are equivalent to homo-
topy limits, the result follows. O

2.14. Corollary. Consider the diagram of fibrant towers commuting in pro—C

Assume that both squares are cartesian in tow—C (so all vertical and horizontal
arrows are level map), and that the horizontal arrows are levelwise fibrations. If
a, B and 7 are s.p.h.e. then so is .

Proof. Immediate from 2.13 and 2.11(c). O

2.15. (Loop objects and fibres.) Suppose now that C is also pointed, namely it has
an object * which is both initial and terminal.
Given a fibration f: X — B in C, we define its fibre F' as the pullback of

X !, B« *.
Clearly, when B is fibrant, then so is the fibre of f. We call the resulting sequence

Fihx4 B
7



a fibre sequence in C.
The loop object of every X € C, denoted QX is the pullback of

hom(A!,; X) —— hom(0A!, X) +—— hom(9A!, *) = *.
Observe that given objects W and X in C, the function complex map(W, X) is nat-
urally a pointed simplicial set. Using this basepoint, there is a natural isomorphism
(2.15.1) Qmap (W, X) = map(W, QX)

which follows from the fact that map(W, —) preserve pullback squares and from the
isomorphism (cf. [9, I1.2.3])

mape (W, home (A4, X)) = mapg (A, map. (W, X)) = homs(A, map. (W, X)).

2.16. Lemma. Suppose that F, SN Xo D B, is a level map of fibrant towers in
a pointed simplicial closed model category C. Assume further that at every level s
the maps form a fibre sequence. Then for every levelwise cofibrant tower W,, the
sequence

map(W,, Fy) — map(W,, X,) — map(W,, B,)

is a homotopy fibre sequence of Kan complexes in S.

Proof. Follows immediately from Lemma 2.13. O

2.17. Corollary. Let C be a pointed simplicial closed model category in which all
objects are cofibrant. Consider the following diagram of fibrant towers which com-

mutes in tow—C.
F, > Fe >y B,

/| ol
E! — E. — B..

Suppose that the vertical arrows form levelwise fibre sequences. Then

(a) If g, h are s.p.h.e., then so is f.
(b) If f, g are s.p.h.e. then so is Qh.
(c) If f,Qh are s.p.h.e. then so is Qg.

Proof. (a) is immediate from 2.14. Point (b) follows by looping the resulting homo-
topy fibre sequences in 2.16, and using (2.15.1), and the fact that Qb is a level map
of fibrant towers because B, and B, are. Point (c) follows by looping this sequence
once more. (|

3. COHERENT FUNCTORS

3.1. The concept of ”coherent functors” is devised to give a uniform proof for our
main results in both the pointed and unpointed categories. The unpointed case
is more fundamental, and the reader who is happy with this case only may safely
ignore the term ”coherent” throughout the paper.

In this section we restrict attention to the categories of unpointed and pointed
simplicial sets, denoted S and S, denoted by Spc.

These categories are related by the pair of adjoint functors u — the forgetful
functor, and (—); — adjoining a disjoint basepoint functor.
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3.2. Recall that Spc is a closed symmetric monoidal category (cf. [12]), and is,
thus, enriched over itself. We lat “Map” denote the internal hom-spaces. It follows
that if D is a small category, then the functor category Spc? is also an Spc-category
with hom-spaces given by the end formula

Mapp(X,Y) = en Map(X(d), Y (d)).

Similarly, the pairing ® on Spc (see 2.2)has an obvious prolongation to a pairing
®: Spe x SP — Spc?, and the latter has an adjoint hom: (SP)°P x Spc” — Spe
given by

homp(K, X) = / hom (K (d), X (d)).
deD
It is easy to see that

Mapp(K,X) Spc=S

(3:2.1) homp (16,3) = { 0o Shes s,

3.3. Given a small functor f: C — D, there is an induced restriction functor
f*:Spc? = Spc’. By [16, pp. 229], this functor has a left adjoint, the left Kan
extension of f, denoted Lany. It is not hard to verify that this adjunction prolongs
to a natural isomorphism of spaces

Mapq (X, f*Y) =2 Mapp(Lany X, Y).
Moreover, since Lan; (K ) = (LansK); for every K € S, then
home (X, f*Y) 2 homp(Lan; X,Y).

3.4. Definition. A coherent functor F : Spc? — Spc is comprised of a pair of
functors — one for each of the categories S and S,, which are related by

uF = Fu
3.5. Example. Our prime examples of coherent functors are given by
Fy(—) :=homp(A4,-)
where A € SP. Indeed, if X € SP, then
uF4(X) = uMapp(A4,X) = Mapp(4,uX) = Fa(u(X)).

3.6. Definition. Let F,G:Spc” — Spc be coherent functors. A coherent natural
transformation ¢: F' — G is a pair of natural transformations between the unpointed
and pointed functors, which are subject to the condition

tu = ut.
The set of coherent natural maps is denoted CNat(F, G).

3.7. Example. If A and B are D-diagrams in S, then any map ¢: B — A induces
a coherent map (3.5)

homp (i9, ) Fa(=) = Fa(-).
Indeed, for all pointed diagrams of spaces,
uhomp(p, —) = uMapp (¢4, —) = Mapp(p,u(—)) = homp(p,u(-)).

This is, in fact, the only example:



3.8. Proposition. Consider the functors Fs and Fp above (3.5). Then t:Fy —
Fg is a coherent map if and only if t = homp(p, —) for some ¢:B — A. That is,
there is a natural bijection

SP(B,A) = CNat(Fy4, Fs).

Proof. The “if” part was proved in 3.7. Conversely, assume that ¢ is coherent.
Consider the unpointed t. Since SP is an S-category, and hom = Map (3.2.1),
Yoneda’s Lemma in enriched categories (see [12, pp. 45]) implies that the unpointed
t is given by

t= MapD(‘Pa _) = homD(S07 _)
for some unique ¢ : B — A. Similarly, when Spc = S, then by (3.2.1), and by
Yoneda’s Lemma again, the pointed ¢, denoted ¢, is induced by a map

’(p : B+ — A+.
By assumption ¢ is coherent, so for all objects in SP,

uMapp, (o4, —) = Mapp, (p, u(—)) = tu(—) = ut.(—) = uMapp (¢, —).
But since the forgetful functor w is faithful, it follows that, ¢4+ and v induce the
same representable functor on SP, hence 1 = ¢, and we have established that, as
a coherent natural map, t = homp(p, —). O

3.9. The set CNat(F, @) is naturally the vertex set of a simplicial set CNat(F,G),
called the space of coherent maps. By definition
CNat(F,G),, = CNat(F @ A™,G)
Observe that 1-simplices of CNat(F,G) correspond to simplicial homotopy of co-
herent natural maps F' — G.
3.10. Proposition. Given A,B € SP, there is a natural isomorphism of simpli-
cial sets (3.5,3.9)
Map,(B, A) = CNat(Fy4, Fp).
Proof. Immediate from the following natural isomorphisms and 3.8
Spc(hom (4, —) ® A" hom(B, —)) =
Spc(hom(A4, —),hom(A™ hom(B, —)) =
Spc(hom(A4, =), hom(B x A™, —)).

4. THE TOWER ASSOCIATED TO A RESOLUTION OF SPACES

4.1. We let Spc denote either the unpointed or pointed categories of simplicial
sets. See 3.1. Objects in these categories are called spaces.

4.2. For every n > —1 we let [n] = {0, ... ,n} be linearly ordered in the usual way.
By convention [—1] is the empty set.

Let A denote the category whose objects are the sets [0],[1],[2],... and whose
morphisms are the strictly monotone maps between these sets. Obviously, A is a
subcategory of the usual cosimplicial category A, and is generated by the morphisms
d*:[n] = [n+ 1] where 0 < i < n+ 1, subject to the relation d’d’ = d*~'d/ if i > j.

We further let Ag denote the category A adjoined with the initial object [—1].
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Obviously, A is the category underlying “reduced cosimplicial objects” namely
cosimplicial objects without their codegeneracy maps. Likewise, Ag is the category
underlying augmented such objects (cf. [2, pp. 271]). See bellow.

4.3. Definition. A cofacial space is a A-diagram of spaces. We shall denote cofa-
cial spaces by X*,Y*® etc. An extremely important cofacial space is A®, which is
the restriction of the standard cosimplicial space A® to A. Other useful variations
are sk, A® which is the simplicial n-skeleton of A°.

4.4. We note that the maps (-1 <n <m < 00)
sk,A® — sk, A®
are free, and hence cofibrations in S* equipped with the usual model category

structure (see [7]). In particular, sk,A® are cofibrant.

4.5. Definition. A cofacial resolution (or merely “a resolution®) of a space X, is

a cofacial space X*® together with a map X 5 X such that d°d® = d'd®. We
usually write X ! for X, and a resolution is thus noting but a functor X: Ay — Spc.
We shall use boldface capitals X,Y etc. to denote resolutions. Given such X, we
let X* be the cofacial part, and X! its augmentation.

4.6. Definition. Given a cofacial space X°®, we let
tots X * = homy (sksA®, X*).
Clearly, if X is a resolution, then there is a natural map
0
XL ot X,
Furthermore, from 4.4 it follows that if X*® is a fibrant cofacial space, namely

objectwise fibrant, then tot; X ® is a fibrant space, and when s = oo, it is homotopy
equivalent to holim X*°.

4.7. Definition. A left contraction for a resolution X ! iﬂ) X* is a collection of
maps s: X" — X! for all n > 0, such that sd® = id and sd’ = d*~!s for all i > 0.
Compare this with [8].

A resolution which admits a left contraction is called trivial. Notice that a
resolution may be trivialised in more than one way.

4.8. It is useful to define a category of trivial resolutions. More precisely, we let A
be the category whose objects are Obj(Ag), and whose morphism sets are generated
by the (abstract) morphisms
d':[n—1] = [n] 0<n, 0<i<n
s:[n] = [n —1] n>0
subject to the relations
dd =d'd i>7
(4.8.1) sd® =id
sd'=d"'s 1> 0.
One can, in fact, embed A, as the subcategory of A which consists of the objects
[1],[2],[3], ... and morphisms are those order preserving maps ¢ : [n] — [k] such
that 0 € »~1(0) and ¢ is strictly monotone outside ¢ ~1(0). We shall, however, not

need this description.
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It is evident that trivial resolution are precisely diagrams over A.

4.9. Consider the small functors

A—tep <t

where % denotes the trivial category,
i) = [-1]
and k is the inclusion functor, namely (4.8)
k() = [n],  k(d') =d".
Given a trivial resolution (a A;-diagram) X, then X* = k*(X) and X! = j*(X).
4.10. For every space Y we let ¢*Y denote the constant cofacial space.

0
Suppose that X is a trivial resolution. Then the augmentation map X ! 4, xo0
and the contractions s induce natural cofacial space maps

d:c*X '3 X* and o:X* X!
given by
(@)t x5 X" and st xm o XL
These maps give rise to natural maps (see 4.9)
d°:j*(X) = totpk*(X) and o :tot, k*(X) = 5*(X).
Explicitly,

0 -1 (] -1 ° -1 do °
d’: X7 =hom(x,¢*X7") = tot,c* X~ — tot, X
01 t0tp X® = tot,c® X1 — totoc® X! = X1,
We make the observation that these maps are coherent maps between coherent

functors Spc™*+ — Spe (3.4,3.6). The rest of this section is dedicated to the proof
of

4.11. Theorem. Let X be a fibrant trivial resolution, i.e. a Ai-diagram of fibrant
spaces. Then the natural map of fibrant towers

d°: {X_l}szo — {tOtsX.}szo
is a s.p.h.e. (2.11). In fact, o defined in 4.10, is a pro-homotopy inverse.
4.12. Remark. The point of this theorem is in the strength of the relation between
the towers involved. It is immediate that X ! is a retract of tot,, X*® for all n, and

that X! ~ tote,X*®. But these facts are very weak statements compared to 4.11.
It is also much stronger than the pro-equivalence in [15, Theorem 3.2].

4.13. The strategy of the proof is to show that both composition od® and d°c are
s.p.h.e. Clearly, od® = id, and so we are only left with d®¢. The naturality in X of
these maps, enables us to show that id and d°c belong to the same component of
the function complex map({totsX*}s, {tot;X*};).

4.14. Proposition. For every fibrant trivial resolution X, od® = id.
Proof. This is true on the level of cofacial maps (see 4.10). O

To establish the fact that d°c is a s.p.h.e. we need some preparation.
12



4.15. Definition. For every n > 0, let v, denote the collapsing map of A™ onto
the vertex 0 of A"tL. Specifically, v, is the composition

0\ n
v A" (7, N0 a2 £t

4.16. Proposition. There exist maps (n > 0)
T A" x Al — AP
such that
(@) mp - (1 xd%) =d°: A™ — A"t
(b) 7, - (1 x d') = v, (see 4.15)
(c) The following diagram commutes for everyn >0 and 0 <i<mn+ 1.

Amx Al Tmy Antl

d"xll ld"“

AL A 5 APFZ

Tn41

Proof. Consider the linearly ordered sets [n] = {0,1,...,n} (see 4.2) as categories.
Let ¢, :[n] = [n + 1] be the functor (s°)", and let j,:[n] = [n + 1] be the functor
d°. Upon taking nerves, ¢, induces v, and j, induces d°. There is a unique natural
transformation ¢, : ¢, — j, which induces the map 7,,. We leave the rest to the
reader. O

4.17. Given s,q > 0 we let ®; ; denote the composition of natural maps (4.10,4.9)

®, ¢ totsk (=) 25 5% (=) L tot k*(—).
Observe that the tower map
d® - o: {totsk*(X)}s = {tot k*(X)}s

is in fact represented by the level map {®; (X)}.
We remark that @, , is natural in X as well as in s and g and that it is also
coherent 3.6 (as a composition of coherent maps).

4.18. Proposition. Let X be a trivial resolution, namely a A -diagram of spaces.
There is a map of simplicial sets, natural in X

Map(A®, k*Lan;A®) — map({tot;k* X}, {tot:k*X}5)
whose image contain the vertices id and d’c (see 4.10). In fact
(a) The unit of adjunction n:A* — k*LanyA® is a preimage of id and
(b) A preimage ¥ for d°c is given by

n, n (So)n 0 n(0) * ° _ Y (do)n+1s Y
g A L0 A0 O GeTan, A%)(0) = (LangA®)(0) 2% (LangA®)(n).

Proof. Observe that (3.3)
(4.18.1) tot,k* (=) = hom(sk,A®, k*(—)) = hom(Lansk,A°®, —)

is a coherent functor (3.4,3.5). If X is a trivial resolution, then there is an obvious
map
CNat(tot,k*(—), totgk* (—)) = map(totp,k™(X), tot k*(X)).
13



From 3.10, 3.3 and (4.18.1)
(4.18.2)  CNat(totpk™(—), totgk™(—)) = Map(Lany, skqA®, Lany, sk,A®) =
Map(skqsA®, k*Lang, skp,A®).
We thus obtain natural maps (in S)
Map(sk,A®, k*Lany, sk,A*) — map(tot, k" (X), tot, k" (X)).

Now, sequential colimits (indexed by p) commute with map(sk,A®,—) (because
skyA® is finite) and with k* and Lang. Therefore, we obtain the desired map

(4.18.3) v: Map(A®, k*Lan;A*) — map({tot,k*X},, {tot.k*X},).

Since id and d°c = {®, 5} (4.17) are levelwise coherent maps, they correspond to
vertices in the LHS of (4.18.3). In fact there is an effective way to compute these
vertices by setting p = ¢, plugging Langsk,A® into (4.18.2), computing the image
under id and d°¢ of the vertex

7 € tot, k*Langsk,A® = Map(sk,A°®, k" Lany, sk,A®)

where 7 is the unit of adjunction, and letting p — oo.

Evidently, id corresponds to the unit map n : sk,A® — k*Lang (sk,A*®), and when
p tends to oo, we obtain the unit 7 of A®, which is point (a).

By the same method, the vertex ¥ := d% (1, a+) in the L.H.S of (4.18.3)
corresponds to d’c. Using the explicit description of these maps (4.10), we see that
P" is given by the composition

n (So)n 0 77(0) * Y _ Y (dO)n+1S Y
A" —— A’ — (k*Langsk,A®)(0) = (Langsk,A®)(0) ——— (Langsk,A®)(n)
Letting p — oo we obtain point (b). O

4.19. Proposition. The vertices n and ¥ defined in 4.18 belong to the same com-
ponent of Map(A®, k*Lan,A®). In fact, they are the vertices of a 1-simplex in this
space.

Proof. We shall construct a 1-simplex h such that do(h) = n and n = 61(h) = .
Curiously, the data for this homotopy is contained in 7.
We first define maps 7, for n > 0,

(4.19.1) Tp: A" — (Lang A®)(n)
by the composition
Tz AP D Lo A% (4 1)
= (LangA*)(n + 1) (Lo A7) (o), (LangA®)(n).
Observe that
(4.19.2) T - d° = 1(n)
by the commutativity of the following diagram (use 4.8; the bottom row is 7;,)

n(n)

A" —— (k*LangA®)(n) =———= (Lan;A°®)(n)
dOl (k*LankA')(dO)l (LankA')(do)l \
Artl — (k*LangA®)(n + 1) == (LanyA*)(n + 1) —= (LangA®)(n).

n(n+1) (LangA*®)(s)
14



Furthermore,
(4.19.3) Tn - Up = T"
due to the commutativity of (again use 4.8)

(0)

AO n > (k*LankA°)(0) _ (LankA.)(O)
anipA®)(d™...d°%s
d"+1___d1l dn+1md1l (Lank/\')(d"*'l...dl)l W d°s)
Atz (R LangA®) (n + 1) == (LankA )(n+(1L)ams)(LankA )(n).

We now define the 1-simplex h = {h"} in Map(A®, k*Lanj A®) by the composition
R A™ x AY Ity AP 1% (Lang, A®) (n).

First, we claim that {h"} is indeed a cofacial space map (namely, an 1-simplex).
This follows from the commutativity of the following diagram for every n > 0 and
every 0<i<n+1.

A" x Al = s An+1 (LangA®)(n)

dixll ldi+1 l(LankA°)(di)

AL Al ——> A™2 —— (LangA®)(n +1).

1

The left square commutes by 4.16 while the right one by

ANl n(n+1) (LankA')(n + 1) M (LankA.)(n)
dH'll (LankA')(dH'l)l l(LankA')(dO)
A™? — (LangA®)(n +2) 2226, LangA%)(n + 1)

n(n+2)

which commutes by the identities in (4.8.1).
It follows that {h™} is a 1-simplex in Map(A®, k*Lan;A®) and moreover, using
4.16 and (4.19.2)

do(h™) =h" - (1 x d°) = 7ymn(1 x d°) = 7,d° = n(n).
Using (4.19.3)
(W) =h"-(1 xd") =1,m(1 x d") = 10, = ™.
[l

Proof of Theorem 4.11. First, notice that, since X is fibrant and sk,A® are all free
diagrams then the tower {tot;X}; is fibrant (2.6).

Since od® = id (4.14), it suffices to show, by 2.11, that id and d°c belong to the
same component of map(totek*X, totek*X). Using 4.18 it suffices to show that 5
and ¥ belong to the same component of Map(A®, k*LangA*®), which is precisely the
assertion of 4.19. O
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5. RESOLUTIONS OF DIAGRAMS

5.1. Definition. Let D be a small category. A cofacial D-diagram X* is a cofacial
object in the functor category Spc”, namely a functor X*:A — Spc?. A cofacial
resolution, or simply a resolution, of D-diagrams is a functor X : Ay — Spc?.
Compare this with 4.3,4.5. This data is the same as a functor X: D x Ay — Spc,
and we will usually prefer this description.

As before X*,Y*, ... denote cofacial D-diagrams (D should be understood from
the context) and boldface letters X,Y,... denote resolutions of D-diagrams.

5.2. Definition. We call a resolution X of D-diagrams termwise trivial, if for
every object d in D, the resolution of spaces X(d) is trivial (4.7).

Observe that the trivialisations for every X(d) are not assumed to be compatible,
namely, a termwise trivial resolution X is not a diagram X: A, — Spc? and, in
general, cannot be turned into one by a different choice of the trivialisations.

5.3. Given a cofacial resolution X as in 5.1, and a diagram F : D — S, we will
consider the obvious cofacial resolution homp (F,X) which in codimension i > —1
is homp (F, X?).

5.4. Definition. Let D be a small category. A diagram Y : D — § is called a
relative free extension of a diagram X if there is a family {d,}aca of objects in
D and a family {4y, = Ba}aca of cofibration in S which fit into the following
pushout square

Hoca Ao x D(da,—) —— X

! !

Haca Ba X D(do,—) —— Y

Here D(dqy, —) is the free diagram at d,, (cf. [4]) considered as a diagram of discrete
spaces.
Observe that the vertical arrows are cofibrations.

5.5. Definition. Let D be a small category. A diagram X : D — S is called
poly-free if
X=X,2Xn1 :_)QXOZ@
where X; C X1 is a relative free extension (5.4).
Clearly X is cofibrant.

5.6. Theorem. Let D be a small category and F : D — S a poly-free diagram.
Then for every termwise trivial (objectwise) fibrant resolution X of D-diagrams,
the tower map

homp(F, X™') = {totshomp(F, X*)}s>0

is a s.p.h.e. In particular there exists s < oo such that homp(F, X1) is up to
homotopy a retract of totshomp(F, X*).

Proof. By definition there exists a filtration
F=F,DF, 12...0F =10

where F; C F;y is a free relative extension (5.4). We prove the theorem inductively
for the F}’s.
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To start with, the case 4 = 0 is trivial because homp (@, —) = *. By definition
(5.4) of relative free extension we obtain a pullback square of fibrant resolutions

hOHlD(F;'+1,X) e HaeAhomD(BaaX(da))

l !

homp (Fj,X) ——— [[ac 4 homp(Aq, X(da))

where the vertical arrows are fibrations. Since X is termwise trivial, then the
resolutions of spaces in the right corners of the square are also trivial, so by Theorem
4.11 they induce a s.p.h.e. upon taking the tot, tower. By induction hypothesis the
same happens with the resolution in the bottom left corner of the square. By 2.14
the induction step is complete. O

5.7. Remark. The same proof works for diagrams F' which are elements in the
smallest class of diagrams which contain the diagrams [],.; A; x D(d;, —) and is
closed under pushouts along cofibrations.

i€l

5.8. Corollary. Suppose that F — F' is a cofibration between poly-free diagrams
over a small category D. Let X be a termwise trivial fibrant resolution of pointed
spaces. Then

Map,(F'/F,X™") = {tot;Map,(F"/F, X*)}s>0

is a s.p.h.e. where F'[F is pointed in the obvious way.

Proof. Use the Theorem 5.6, 2.17(a) and the fibre sequence
Map(F'/F,X) — homp (F', X) — homp(F, X).
O

5.9. Examples of poly-free diagrams include
(a) Classifying spaces ED = D/— (see [2, pp. 292]) of finite dimensional categor-
ies D, i.e. ones whose nerve is finite dimensional.
(b) R with the usual Z action. More generally, if G is a group which has a
finite dimensional classifying space, then its universal cover is an example of
a poly-free diagram.
For (a) we can do even better:

5.10. Suppose that D is a finite dimensional small category, namely the nerve of
D has dimension n < oo. Then D is obviously a direct category. More explicitly,
define a height function | - |:Obj(D) — N by the assignment (cf. [2, pp. 292])

\d| = dim N(D/d).

Then obviously, if d % e is a morphism in D, then h(d) < h(e), and equality holds
if and only if ¢ = id.

5.11. Theorem. Let D be a finite dimensional small category. If X is a termwise
trivial fibrant resolution of D-diagrams, then for every cofibrant diagram F:D — S,
the tower map
homp (F, X ) = {tot;homp(F, X*)},
is a s.p.h.e. In particular, there exists s < oo such that the natural map
homp(F, X ") = tot;homp (F, X*)
17



admits a left homotopy inverse, and holimpX ! is, up to homotopy, a retract of
totsholimp X ® for some s < oo.

Proof. Let D* denote the full subcategory of D consisting of the objects d, such
that |d| < k, and let j: D*¥ — D denote the inclusion. By inspection, the natural
map Lan;j*(F) — F is injective (for this use the description of left Kan extensions
in [16, pp. 236], and the definition of free diagrams in [4] or [7]). Let F* denote its
image. It is easy to see that F* is the subdiagram of F generated by the simplices
of F(d) for all objects d such that |d| < k.

Our proof proceeds by induction to show that for all ¥ > —1

(5.11.1) homp (F*, X~') = {totshomp(F¥, X*))},

is a s.p.h.e. The conclusion of the theorem is obtained from k& = dim(D).
The case k = —1 is trivial as F*¥ = (). For the induction step we consider the
following commutative diagram in Spche.

homp (F*,X) " homp (F*~1,X)

(5.11.2) l l

T4 hom(F(d), X(d)) —— TT 4y_y hom(F*~1(d), X(d))

This square is cartesian because D is direct and homp (F*, X) = hompx (j* F, j* X).
All the resolutions in the vertices of the squares are fibrant because X is fibrant
and F7 are cofibrant for all j. Moreover, the horizontal maps are clearly (termwise)
fibrations because F*~1(d) — F*(d) are cofibrations for all d € D. Now use the
induction hypothesis for the top right vertex of the square, and Theorem 4.11 for
the resolutions at the bottom vertices, together with 2.14. O

6. APPLICATIONS TO SIMPLICIAL FUNCTORS AND POLYGEMS

6.1. Recall that a coaugmented functor J on spaces (pointed or not) is one with
a natural map X — JX for every space X. Coaugmented functors J give rise to
cofacial resolutions

X —=JX
for every space X, in the usual way (cf. [14, Section 2]).

We say that a space X is J-injective if the map X — JX admits a left homotopy
inverse. Our main example is when J is the Bousfield Kan [2] functor R:S — S
where R is a unitary ring. Then the R-injective spaces are those which are homotopy
equivalent to the product of Eilenberg-MacLane spaces of R-modules, known as
GEMs (see [3, p. 87]).

For a J-injective space, the resolution X — J*®X is easily seen to be trivial.

6.2. We remark that by a simple manipulation which does not alter the homotopy
types, J can be assumed to satisfy

(a) the coaugmentation X — JX is a cofibration

(b) JX is fibrant (Kan complex) for all X. This will be assumed throughout. In
that case, the coaugmentation X — JX admits a left homotopy inverse if and only
if it admits a strict left inverse.

6.3. We say that J is simplicial if for every A € S there is a natural map

(JX)® A = J(X ® A).
18



It is easy to show that a continuous coaugmented functor J, namely one which
induces a continuous map for all spaces X and Y

Map(X,Y) = Map(JX, JY)
is simplicial.
The force of simplicial functors is in the existence of a natural map of resolutions
(compare [15])
J*homp(F,X) < homp(F, J*X).
So in particular the composition
homp(F, X) — J*homp (F, X) = homp(F, J*X)
is induced by X — J*X.

6.4. Theorem. Let D be a small category and assume that either
(a) F:D — S is poly-free (5.5) or
(b) D is finite dimensional and F:D — S is cofibrant.
If X:D — Spc is a diagram of fibrant J-injective spaces, then
homp (F, X) = Jshomp (F, X)

admits a left homotopy inverse for some s < oo. In particular, when F is chosen
weakly contractible (always possible in case (b)), then it follows that holimp X is up
to homotopy a retract of Jsholimp X .

Proof. The resolution X — J*X is fibrant and termwise trivial (6.1). The result
follows from Theorems 5.11, 5.6 using the composition (see 6.3)

homp(F,X) — Jshomp(F, X) = tot,J*homp(F, X) = totshomp(F, J*X).
O

Recall from the introduction the concepts of GEMs and polyGEMs. Recall also
that X is a GEM if and only if it is up to homotopy Z-injective where 7Z is the
Bousfield Kan functor [2].

6.5. Corollary. Assume that D and F are as in 6.4. If X :D — Spc is diagram
of fibrant GEMs, then homp(F, X) is a polyGEM and is up to homotopy a retract
of Zshomp(F, X) for some s < oo.

Proof. The first assertion is implicit in the proofs of 5.6 and 5.11. The second
follows from 6.4 and the remarks in 6.2. O

REFERENCES

[1] M. Artin and B. Mazur. Etale homotopy. Lecture Notes in Mathematics, 100. Springer-Verlag,
Berlin, 1986

[2] A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations. Lecture
Notes in Mathematics, Vol. 304. Springer-Verlag, Berlin-New York, 1972.

[3] Emmanuel Dror Farjoun, Cellular spaces, null spaces and homotopy localization. Lecture
Notes in Mathematics, 1622. Springer-Verlag, Berlin, 1996

[4] E. Dror Farjoun, Homotopy and homology of diagrams of spaces. Algebraic topology (Seattle,
Wash., 1985), 93-134, Lecture Notes in Math., 1286, Springer, Berlin, 1987.

[5] Emmanuel Dror Farjoun, Two completion towers for generalized homology. Une dégustation
topologique [Topological morsels]: homotopy theory in the Swiss Alps (Arolla, 1999), 27-39,
Contemp. Math., 265, Amer. Math. Soc., Providence, RI, 2000.

[6] W. G. Dwyer, P. S. Hirschhorn, D. M. Kan, Model Categories and more General Abstract
Homotopy Theory. in http://www-math.mit.edu/ psh/.

19



[7] W.G. Dwyer and D. M. Kan, Function complexes for diagrams of simplicial sets. Nederl.
Akad. Wetensch. Indag. Math. 45 (1983), no. 2, 139-147.

[8] W. G. Dwyer, H. Miller, J. Neisendorfer, Fibrewise completion and unstable Adams spectral
sequences. Israel J. Math. 66 (1989), no. 1-3, 160-178.

[9] Paul G. Goerss and John F. Jardine. Simplicial homotopy theory. Progress in Mathematics,
174. Birkh&user Verlag, Basel, 1999

[10] Jerrold W. Grossman, A homotopy theory of pro-spaces. Trans. Amer. Math. Soc. 201 (1975),
161-176.

[11] Daniel C. Isaksen, A model structure on the category of pro-simplicial sets. Trans. Amer.
Math. Soc. 353 (2001), no. 7, 2805-2841 (electronic).

[12] G. M. Kelly, Basic Concepts of Enriched Category Theory. London Mathematical Society
Lecture Notes Series 64, Cambridge University Press, Cambridge-New York, 1982.

[13] A. Libman, Homotopy limits of triples. Preprint.

[14] A. Libman, Universal Spaces for homotopy limits of modules over coaugmented functors I.
To appear.

[15] A. Libman, Universal Spaces for homotopy limits of modules over coaugmented functors II.
To appear.

[16] S. MacLane, Categories for the working Mathematician. Graduate Texts in Mathematics,
Springer Verlag, 1971.

[17] C. L. Reedy, Homotopy theory of model categories. Preprint, 1973. Available from http://
math.mit.edu/ psh.

DEPARTMENT OF MATHEMATICAL SCIENCES, KING’S COLLEGE, UNIVERSITY OF ABERDEEN, AB-

ERDEEN AB24 3UE , ScoTtLaND, U.K.
E-mail address: assaf@naths.abdn.ac.uk

20



