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ABSTRACT. Let F;, denote the field with p elements and F, its algebraic clo-
sure. We show that the singular cochain functor with coefficients in Fp, induces
a contravariant equivalence between the homotopy category of connected p-
complete nilpotent spaces of finite p-type and a full subcategory of the homo-
topy category of Foo Fp-algebras. Draft: January 26, 1998, 17:28

INTRODUCTION

Since the invention of localization and completion of topological spaces, it has
proved extremely useful in homotopy theory to view the homotopy category from
the perspective of a single prime at a time. The work of Quillen, Sullivan, and others
showed that, viewed rationally, homotopy theory becomes completely algebraic.
In particular, Sullivan showed that an important subcategory of the homotopy
category of rational spaces is contravariantly equivalent to a subcategory of the
homotopy category of commutative differential graded Q-algebras, and that the
functor underlying this equivalence is closely related to the singular cochain functor.
In this paper, we offer a similar theorem for p-adic homotopy theory.

Since the non-commutativity of the multiplication of the F, singular cochains is
visible already on the homology level in the Steenrod operations, it would be naive
to think that any reasonably useful subcategory of the p-adic homotopy category
could be equivalent to a category of commutative differential graded algebras. We
must instead look to a more sophisticated class of algebras, Fo, algebras [12]. In
fact, it turns out that even the category of E, Fj-algebras is not quite sufficient;
rather we consider E,, algebras over the algebraic closure F, of F,,. We prove the
following theorem.

Main Theorem. The singular cochain functor with coefficients in F, induces a
contravariant equivalence from the homotopy category of connected nilpotent p-
complete spaces of finite p-type to a full subcategory of the homotopy category of
E. F,-algebras.

The homotopy category of connected p-complete nilpotent spaces of finite p-type
is a full subcategory of the p-adic homotopy category, the category obtained from
the category of spaces by formally inverting those maps that induce isomorphisms
on singular homology with coefficients in F,,. We remind the reader that a connected
space is p-complete, nilpotent, and of finite p-type if and only if its Postnikov tower
has a principal refinement in which each fiber is of type K(Z/pZ,n) or K(ZQ, n),
where Z7 denotes the p-adic integers.
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By the homotopy category of F., algebras, we mean the category obtained from
the category of algebras over a particular but unspecified E., F,, operad by formally
inverting the maps in that category that are quasi-isomorphisms of the underlying
differential graded F,-modules, the maps that induce an isomorphism of homology
groups. It is well-known that up to equivalence, this category does not depend on
the operad chosen. We refer the reader to [12, I] for a good introduction to operads,

FE operads, and E, algebras.

Comparison with Other Approaches. The papers [9, 11, 20] and the unpub-
lished ideas of [6] all compare p-adic homotopy theory to various homotopy cate-
gories of algebras (or coalgebras). We give a short comparison of these results to
the results proved here.

The first announced results along the lines of our Main Theorem appeared in
[20]. The arguments there are not well justified, however, and some of the results
appear to be wrong.

More recently, [9, 11] have compared the p-adic homotopy category with the
homotopy categories of simplicial cocommutative coalgebras and cosimplicial com-
mutative algebras. In particular, [9] proves that the p-adic homotopy category
embeds as a full subcategory of the homotopy category of cocommutative simpli-
cial Fp-coalgebras. It is straightforward to describe the relationship between this
theorem and our Main Theorem. There is a functor from the homotopy category
of simplicial cocommutative coalgebras to the homotopy category of E, algebras
given by normalization of the dual cosimplicial commutative algebra [10] (see also §1
below). Applied to the singular simplicial chains of a space, we obtain the singular
cochain complex of that space. Our Main Theorem implies that on the subcategory
of nilpotent spaces of finite p-type, this refined functor remains a full embedding.
This gives an affirmative answer to the question asked in [11, 6.3].

The unpublished ideas of [6] for comparing the p-adic homotopy category to the
homotopy category of E. ring spectra under the Eilenberg-MacLane spectrum
HF,, would give a “brave new algebra” version of our Main Theorem. A proof
of such a comparison can be given along similar lines to the proof of our Main
Theorem. We sketch the argument in Appendix B. A direct comparison between
this approach and our Main Theorem would require a comparison of the homotopy
category of E., HF, ring spectra and the category of E., Fp-algebras, and also
an identification of the composite functor from spaces to E., differential graded
F,-algebras as the singular cochain functor. We will provide this comparison and
this identification in [14] and [15].

1. OUTLINE OF THE PAPER

Since the main objects we work with in this paper are the cochain complexes,
it is convenient to grade differential graded modules “cohomologically” with the
differential raising degrees. This makes the cochain complexes concentrated in
non-negative degrees, but forces E., operads to be concentrated in non-positive
degrees. Along with this convention, we write the homology of a differential graded
module M as H*M. We work almost exclusively with ground ring F,; throughout
this paper, C*X and H*X always denote the cochain complex and the cohomology
of X taken with coefficients in F,. We write C*(X;F,) and H*(X;F,) for the
cochain complex and the cohomology of X with coefficients in F,, or C*(X; k) and
H*(X; k) for these with coefficients in the field k.
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The first prerequisite to the Main Theorem is recognizing that the singular
cochain functor can be regarded as a functor into the category of £-algebras for
some F, Fp—operad E. In fact, for the purpose of this paper, the exact construc-
tion of this structure does not matter so long as the (normalized) cochain complex
of a simplicial set is naturally an £-algebra. However, we do need to know that
such a structure exists. This can be shown as follows.

The work of Hinich and Schechtman in [10] gives the singular cochain complex of
a space or the cochain complex of a simplicial set the structure of a “May algebra”,
an algebra over an acyclic operad Z, the “Eilenberg-Zilber” operad. Unfortunately,
Z is not an F, operad since it is not YX-free and since it is non-zero in both positive
and negative degrees. Nevertheless, when we take coefficients in a field, both these
deficiencies are trivial to overcome. Let Z be the “(co)-connective cover” of Z:
Z(n) is the differential graded F,-module that is equal to Z(n) in degrees less
than zero, equal to the kernel of the differential in degree zero, and zero in positive
degrees. The operadic multiplication of Z lifts to Z, making it an acyclic operad.
Tensoring Z with an E,, operad C gives an E,, operad £ and a map of operads
& — Z. The cochain complex of a simplicial set then obtains the natural structure
of an algebra over the E., operad £.

We write & for the category of £-algebras. Since we are assuming that the func-
tor C* from spaces to £-algebras factors through the category of simplicial sets, we
can work simplicially. As is fairly standard, we refer to the category obtained from
the category of simplicial sets by formally inverting the weak equivalences as the ho-
motopy category; this category is equivalent to the category of Kan complexes and
homotopy classes of maps and to the category of CW spaces and homotopy classes
of maps. Since the cochain functor converts F,-homology isomorphisms and in
particular weak equivalences of simplicial sets to quasi-isomorphisms of £-algebras,
the (total) derived functor exists as a contravariant functor from the homotopy
category to the homotopy category of £-algebras. We prove in Section 2 that this
functor has a right adjoint U. The functor U provides the inverse equivalence in
the Main Theorem.

Precisely, the adjoint U is a contravariant functor from the homotopy category
of E, Fp-algebras to the homotopy category, and we have a canonical isomorphism

Ho(X,UA) = h&(A,C*X)

for a simplicial set X and an £-algebra A. Here and elsewhere J#0 denotes the
homotopy category and hé& denotes the homotopy category of £-algebras. We write
ux for the “unit” of the adjunction X — UC*X. For the purposes of this paper,
we say that a simplicial set X is resolvable by E., Fp-algebras or just resolvable if
the map ux is an isomorphism in the homotopy category. In Section 3, we prove
the following two theorems.

Theorem 1.1. Let X be the limit of a tower of Kan fibrations - -- — X,, — -+ - Xo.
Assume that the canonical map from H*X to Colim H*X,, is an isomorphism. If
each X, is resolvable, then X is resolvable.

Theorem 1.2. Let X, Y, and Z be connected simplicial sets of finite p-type, and
assume that Z is simply connected. Let X — Z be a map of simplicial sets, and
let Y — Z be a Kan fibration. If X, Y, and Z are resolvable, then so is the fiber
product X Xz Y.
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These theorems allow us to argue inductively up towers of principal Kan fibra-
tions. The following theorem proved in Section 4 provides a base case.

Theorem 1.3. K(Z/pZ,n) and K(Z]),n) are resolvable for n > 1.

We conclude that every connected nilpotent p-complete simplicial set of finite
p-type is resolvable. The Main Theorem is now an elementary categorical conse-
quence:

Ho(X,Y) = A#o(X,UC*Y) =2 h&(CHY,C*X)
for X, Y connected nilpotent p-complete simplicial sets of finite p-type.

We mention here one more result in this paper. This result is needed in the proof
of Theorem 1.3 but appears to be of independent interest. The work of [17] provides
the homology of F., algebras in characteristic p with operations P® and GP* (when
p > 2) for s € Z. It follows from a check of the axioms and the identification of 3P°
as the Bockstein that when these operations are applied to the cochain complex of
a simplicial set they perform the Steenrod operation of the same names, where we
understand P?® to be the zero operation for s < 0 and the identity for s = 0. The
“algebra of all operations” 9B therefore surjects onto the Steenrod algebra 2 with
kernel containing the two-sided ideal generated by 1 — P°. The following theorem
describes the precise relationship between 8 and 2.

Theorem 1.4. The left ideal of B generated by (1 — P°) is a two-sided ideal whose
quotient B/(1 — P°) is canonically isomorphic to .

The analogue of the Main Theorem for fields other than F, is discussed in
Appendix A. In particular, we show that the analogue of the Main Theorem does
not hold when F,, is replaced by any finite field.

2. CONSTRUCTION OF THE FUNCTOR U

In this section, we construct the functor U whose restriction provides the inverse
equivalence of the Main Theorem. In fact, U is constructed as the derived functor
of a functor from the category of £-algebras to the category of simplicial sets that
we also denote as U. We begin by observing that the cochain functor C* from
simplicial sets to £-algebras is an adjoint.

Consider the cosimplicial simplicial set A = A[-] given by the standard sim-
plexes. Then C*A[-] is a simplicial £-algebra. For an arbitrary set S, write
P(S,C*Aln]) for the product of copies of C*A[n] indexed on S. Then for a simpli-
cial set X, P(X,C*A[-]) is a cosimplicial simplicial £-algebra. Write M (X, C*A)
for the end, the equalizer in the category of £-algebras of the diagram

[1P(Xn,C*An) —= [l P(X,, C*Alm)).
n f:m—n
f in A°P
By construction M (X, C*A) is an E-algebra, contravariantly functorial in the sim-
plicial set X.

Proposition 2.1. The cochain functor C* is canonically naturally isomorphic to
M(—,C*A) as a functor from simplicial sets to £-algebras.

Proof. For each element of X,,, there is a canonical map Alm] — X,,, and the
collection of all such maps induces a map of £-algebras

C*X — [] P(Xm, C*Alm)).
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By naturality, this map factors through the equalizer to induce a map of £-algebras
C*X — M(X,C*A). The underlying differential graded k-module of an equalizer of
E-algebras is the equalizer of the underlying differential graded k-modules. It follows
that the induced map C*X — M(X,C*A) is an isomorphism of the underlying
differential graded k-modules and therefore an isomorphism of £-algebras. O

The description of C* given by Proposition 2.1 makes it easy to recognize C*
as an adjoint. For an E-algebra A, let UA be the simplicial set whose set of
n-simplices U, A is the mapping set &(A4,C*A[n]). Clearly UA is a contravari-
ant functor of A. For a simplicial set X, the set of simplicial maps from X to
UA, A°PSet(X,UA) is by definition the end of the cosimplicial simplicial set
Set (X, UA) = Set(X,,,U,A) that in cosimplicial degree m and simplicial degree
n consists of the set of maps of sets from X, to U,A. Consider the cosimplicial
simplicial bijection

Set(Xom, UpA) = Set(X,,, £(A,C*Aln)))
=~ &(A, [] C*An]) = &(A, P(Xm, C*Aln))).

Xm

Passing to ends gives a bijection
A°PSet(X,UA) = &(A,C*X)
natural in A and X. Thus, we have proved the following proposition.

Proposition 2.2. The functors U and C* are contravariant right adjoints between
the category of simplicial sets and the category of €-algebras.

In [13, §5], we studied the homotopical properties of adjoint functors between a
closed model category and a category of F algebras. Since the discussion there
was in terms of covariant functors, we apply it to U, C* viewed as an adjoint pair
between the category of £-algebras and the opposite to the category of simplicial
sets. As such, U is the left adjoint. Taking the closed model category structure on
the opposite category of simplicial as the one opposite to the standard one [19] on
the category of simplicial sets, the “fibrations” are the maps opposite to monomor-
phisms and the “weak equivalences” are the maps opposite to weak equivalences.
It follows that the functor C* converts “fibrations” to surjections and “weak equiv-
alences” to quasi-isomorphisms. It then follows from [13, 1.9,1.10] that the left
derived functor of U: & — (A°PSet)°P exists and is adjoint to the right derived
functor of C*: (A°PSet)°P — &. When we regard U as a contravariant functor, this
derived functor is the right derived functor, and we obtain the following proposition.

Proposition 2.3. The (right) derived functor of U exists and gives an adjunction
h&(A,C*X) =2 Ho(X,UA).

Applying [13, 1.10] again, we obtain the following proposition, which is needed
in the proofs of Theorems 1.1 and 1.2 in the next section.

Proposition 2.4. The functor U converts relative cell inclusions of £-algebras to
Kan fibrations of simplicial sets.

According to [13, 1.9], the derived functor of U is constructed by first approxi-
mating an arbitrary E-algebra with a cell £-algebra [13, 1.2] and then applying U.
This gives us the following proposition.
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Proposition 2.5. Let X be a simplicial set and A — C*X a quasi-isomorphism,
where A is a cell £-algebra. The unit of the derived adjunction X — UC*X is
represented by the map X — UA.

Instead of using the standard model structure on the category of simplicial sets,
we can use the “H,(—; Fp)-local” model structure constructed in [1]. In this struc-
ture, the cofibrations remain the monomorphisms but the weak equivalences are
the Fp-homology equivalences. Since the functor C* has the stronger property of
converting F)-homology isomorphisms to quasi-isomorphisms, the derived adjunc-
tion factors as an adjunction between the homotopy category of £-algebras and the
p-adic homotopy category. Although we do not need it in the remainder of our
work, we see that the functor U has the following strong H,(—; Fp)-local homotopy
properties.

Proposition 2.6. The functor U converts relative cell inclusions to H.(—;Fp)-
local fibrations. For a cell E-algebra A, UA is an H.(—; Fp)-local simplicial set.

3. THE FIBRATION THEOREMS

In this section, we prove Theorems 1.1 and 1.2 that allow us to construct resolv-
able simplicial sets out of other resolvable simplicial sets. The proofs proceed by
choosing cell £-algebra approximations and applying Proposition 2.4 of the previous
section.

Proof of Theorem 1.1. By [13, 2.1], a map of £-algebras can be factored as a relative
cell inclusion followed by an acyclic surjection. Applying this to the £-algebras
C* X, we can construct the following commutative diagram of £-algebras.

Ao A A,
C*Xo C* X, C*X,

¢ « 7

Here as in [13] the arrows 7 denote acyclic surjections and the arrows “—
denote relative cell inclusions. Let A = Colim A,,. From the universal property, we
obtain a map A — C*X. The assumption that H*X = Colim H*X,, then implies
that the map A — C*X is a quasi-isomorphism.

Applying the functor U, we see that UA is the limit of UA,. We have the
following commutative diagram.

X, X, X,

The bottom row is a tower of Kan fibrations by Proposition 2.4 and the vertical
maps are weak equivalences by Proposition 2.5 and the assumption that the X,, are
resolvable. It follows that the map of the limits X — UA is a weak equivalence,
and we conclude that A is resolvable. O

The proof of Theorem 1.2 is similar, but needs in addition the identification
given in [13, 1.5] of the homology of the pushout of cell £-algebras over relative cell
inclusions in terms of the E, torsion product of [12]. To apply this, we need the
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following result proved in Section 7 relating the F, torsion product to the usual
differential torsion product.

Lemma 3.1. Let X, Y, and Z be as in Theorem 1.2. The Ey torsion product
Torf z (C*X,C*Y) is canonically isomorphic to the usual differential torsion prod-
uct Torf*Z(C’*X, C*Y). Under this isomorphism, the composite

TorC Z(C*X,C*Y) — H*(C*X lg-z C*Y) — H*(C*(X xzY)) = H* (X xzY)
is the Filenberg—Moore map.

Proof of Theorem 1.2. Using [13, 1.7], we can choose cell -algebras A, B, C, quasi-

isomorphisms A — C*Z, B — C*X, C — C*Y, and relative cell inclusions A — B,
A — C such that the following diagram commutes.

B A c
c*X c*z Yy

Let D = B4 C and consider the map D — C*(X xz Y). By Lemma 3.1

and well-known results on the Eilenberg-Moore map (e.g. [21, 3.2]), the map

D — C*(X xzY) is a quasi-isomorphism. It follows that the unit of the derived

adjunction is represented for X Xz Y as the map X xz Y — UD. We have the
Z

following commutative diagram.
X X VA Y
UD e
Y \

UB UA

The assumption that X, Y, and Z are resolvable implies that all four maps between
the top and bottom squares are weak equivalences, and we conclude that X xz Y
is resolvable. O

‘ X

4. A MODEL FOR C*K(Z/pZ,n)

In this section, we prove Theorem 1.3 that K(Z/pZ,n) and K(Z;,n) are re-
solvable for n > 1. We prove the resolvability of K(Z/pZ,n) by constructing an
explicit cell £-algebra model of C*K(Z/pZ,n) that lets us analyze the unit of the
derived adjunction. The case of ZQ follows easily from the case of Z/pZ and the
work of the previous section.

The construction of our cell model requires the use of the generalized Steenrod
operations for F., algebras [12, §1.7], [17]. The theory of [17] gives F,-linear (but
not F-linear) operations on the homology of an E-algebra. In this section, we
only need the operation P°. This operation preserves degree and performs the p-th
power operation on elements in degree zero. Using this fact, naturality, and the fact
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that the operations commute with “suspension” [17, 3.3], the following observation
can be proved by the argument of [17, 8.1].

Proposition 4.1. For any simplicial set X, the operation P° on H*X induced
by the E-algebra structure is the identity on elements of H*X in the image of
H*(X;F,).

In Section 5, we describe all of the £-algebra Steenrod operations on H*X in
terms of the usual Steenrod operations on H*(X;F,).

For n > 1, let K, be a model for K(Z/pZ,n) such that the set of n-simplices of
K, is Z/pZ, e.g. the “minimal” model [16, p. 100]. Then we have a fundamental
cycle k, of C™K, which represents the cohomology class in H"K, that is the
image of the fundamental cohomology class of H"(K(Z/pZ,n);F,). Write F,[n]
for the differential graded F,-module consisting of F,, in degree n and zero in all
other degrees, and let F,,[n] — C* K, be the map of differential graded F,-modules
that sends 1 € F), to k,. Let E denote the free functor from differential graded F-
modules to £-algebras. We obtain an induced map of £-algebras a: EF,[n] — C*K,
that sends the fundamental class ,, of EF,, [n] to the fundamental class k,, of C* K.

The operation P° is not the identity on the fundamental homology class of
EF,[n]. We obtain our cell £-algebra model of C*K,,, by forcing (1 — P°)[i,] to
be zero as follows. Let p, be an element of EF,[n] that represents (1 — P°)[i,].
Since (1 — P%)[k,] is zero in H*K,, a(p,) is a boundary in C"K,,. Choose an
element g, of C" 1K, such that dg, = a(p,). Write CF,[n] for the differential
graded Fp-module that is F, in dimensions n — 1 and n and zero in all other
dimensions, with the differential F,, — F,, the identity. We have a canonical map
¢n: CFp[n] — C*K,, sending the generators to g, and a(p,). We have a canonical
map F,[n] - CF,[n], and a map p,,: F,[n] — EF,[n] that sends the generator 1
to the element p,. The diagram of differential graded k-modules on the left below
then commutes.

Fp[n] —— CFy[n] EF,[n] —ECF,[n]
Pn L an Pn L an
EF,[n] — C*K, EF,[n] —— C* K,

It follows that the diagram of £-algebras on the right above commutes. Let B,
be the £-algebra obtained from the following pushout diagram in the category of
E-algebras.

EF,[n] — ECF,[n]

EF,[n] B,

a

We therefore obtain a map a: B, — C*K,. We prove the following theorem in
Section 6.

Theorem 4.2. The map a: B, — C*K,, is a quasi-isomorphism.

Corollary 4.3. K, is resolvable.
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Proof. Applying U to the pushout diagram that defines B,,, we obtain the following
pullback diagram of simplicial sets.

UB, UECF,[n]

| |

The vertical maps are Kan fibrations since the inclusion EF,[n] — ECF,[n] is a
relative cell inclusion. The following two propositions then imply that UB,, is a
K(Z/pZ,n).

By the theorem, the unit of the derived adjunction K, — UC* K, is represented
by the map K,, — UB,,. To see that it is a weak equivalence, it suffices to see that
the induced map on m, is an isomorphism. The p distinct homotopy classes of maps
from S™ to K, induce maps C*K, — C*S™ that differ on homology. It follows
that the composite maps B,, — C*S™ differ on homology and are therefore different
maps in h&. We conclude from the adjunction isomorphism A& (B,,C*S™) =
Ho(S™,UB,,) that the map K,, — UB,, is injective on 7,, and is therefore an
isomorphism on 7,. O

Proposition 4.4. UECF,[n] is contractible.

Proof. ECF,[n] is a cell £-algebra and so UECF[n] and the map F,, — ECF[n]
is a quasi-isomorphism, so the map UECF,[n] — UF, =  is a weak equivalence
of Kan complexes. O

Proposition 4.5. UEF,[n] is a K(F,,n) and the map Upn induces on m, the map
1 — ®, where ® denotes the Frobenius automorphism of Fy,.

Proof. We have canonical isomorphisms
UEFP [n] = éD(EFp [n],C*A) = ///(Fp [n], C*A),

where .# denotes the category of differential graded F,-modules. Thus UEF,[n]
is the simplicial set which in dimension m is the set of cocycles in C™ A[m]. This is
the minimal K (F,,n) [16, p. 100-101].

The map of simplicial sets A[n] — A[n]/0A[n] induces a bijection

&(EF,[n],C*Aln]) & &(EF,[n], C*(Aln]/0A[n])).
On the other hand, since C"~!(A[n]/dA[n]) = 0, we have a canonical identification
&(EFp[n], C*(A[n]/0A[n])) = .4 (Fp[n], C*(A[n]/0A[n])) = H" (Aln]/0A[n]).

By naturality, the map H"(A[n]/0A[n]) — H"(A[n]/0A[n]) induced by p, must
be 1 — PY. Under the isomorphism

H"(A[n]/0A[n]) = H™(Aln]/0An]; Fp) @ Fp = Fp,

we can identify the operation 1 — P% as 1 — ® by Proposition 4.1 and the Cartan
formula [17, 2.71f]. O

We complete the proof of Theorem 1.3 by deducing that K (Z;é\v n) is resolvable
forn > 1.
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Proof of Theorem 1.3. We see by induction and Theorem 1.2 that K(Z/p™Z,n) is
resolvable for n > 1 by considering the following fiber square

K(Z/p™Z,n) — PK(Z/pZ,n+1)

K(Z/p™'Z,n) — K(Z/pZ,n + 1),

where PK(Z/pZ,n + 1) is some contractible simplicial set with a Kan fibration to
K(Z/pZ,n +1). Since K(Z;,n) can be constructed as the limit of a tower of Kan
fibrations

_>K(Z/pmz,’n) — s — K(Z/pzﬁl),

and the natural map H*K(Z;,n) — Colim H*K(Z/p™Z,n) is an isomorphism, we
conclude from Theorem 1.1 that K(Z7,n) is resolvable. O

5. THE ALGEBRA OF GENERALIZED STEENROD OPERATIONS

The key to the proof of Theorem 4.2 is a study of the algebra of all generalized
Steenrod operations of [17]. Precisely, let B be the free associative F,-algebra
generated by the P* and (if p > 2) the SP® [17, 2.2,85] for all s € Z modulo the two-
sided ideal consisting of those operations that are zero on all “Adem objects” [17,
4.1] of “€(p,0)” of [17, 2.1]. The Adem objects of € (p, 00) include all E, algebras
over any F., k-operad for any commutative Fj-algebra k. We refer to ‘B as the
algebra of all operations. In this section, we prove Theorem 1.4 and provide the
main results needed in the next section to prove Theorem 4.2. We use the standard
arguments effective in studying the Steenrod and Dyer-Lashoff algebras to analyze
the structure of B.

Definition 5.1. We define length, admissibility, and excess as follows

(i) p = 2: Consider sequences I = (s1,...,8;). The sequence I determines the
operation P1 = P*1 ... P%  We define the length of I to be k. Say that I is
admissible if s; > 25541 for 1 < j < k. We define the excess of I by

k—1 k
e(l) = sk + Z(sj —2sj41) =81 — ZSJ
j=1 j=2
(ii) p > 2: Consider sequences I = (€1, 81, ... , €k, Sk) such that ¢; is 0 or 1. The

sequence I determines the operation P! = €1 Pst...3% Psk_ where 3°P*
means P* and 3'P°® means SP°. We define the length of I to be k. Say that
I is admissible if s; > psji1 + €;41. We define the excess of I by

k—1 k
e(l) =2s,+ e + Z(2Sj — 2PSjt1 — €j41) = 251 + €1 — Z(Zsj(p —1) +¢;)
j=1 =2

In either case, by convention, the empty sequence determines the identity operation,
has length zero, is admissible, and has excess —oco. If I and J are sequences, we
denote by (I, J) their concatenation.

Proposition 5.2. The set {P! | I is admissible} is a basis of the underlying F,-
module of 5.
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Proof. 1t follows from the Adem relations [17, 4.7] that the set generates B as a F,-
module. Linear independence follows by examination of the action on H*(GFp[n])

as n gets large, where G denotes the free G-algebra functor for some FEo, Fp-operad
G. This follows for example from [18, 2.2 or 2.6]. O

Proposition 5.3. If s > 0 then P~5(P°)* = 0 and (if p > 2) BP~5(P°)* = 0
(P~ or BP~* composed with s factors of P°).

Proof. The Adem relations [17, 4.7] for 3¢P~*P° when s > 0 are given by
oo
BP P = Y (=1)*(pi—s,5—i— 1) P TIP
i=—00
where we understand € = 0 when p = 2, and the notation (j, k) denotes the binomial
coefficient (5 + k)!/(j'k!) when j > 0 and k£ > 0 and zero if either j < 0 or
k < 0. The coefficient (pi — s,s — 4 — 1) therefore can only be non-zero when
s/p<i<s—1. Then P~1P% =0 and BP~*P° = 0 since the binomial coefficients
are zero for all values of i. Assume by induction that P~(P°)! = 0 for all ¢ such
that 1 <t < s; we see that P~*PY and SP~*P° are both in the left ideal generated
by {P7t |1 <t < s} and hence by the inductive hypothesis are annihilated by
(P%)5~1; therefore, P~%(P%)* =0 and BP~*(P%)* = 0. O

We can now prove the first half of Theorem 1.4.
Proposition 5.4. The left ideal of B generated by (1 — P°) is a two-sided ideal.

Proof. By the previous proposition it suffices to show that for every admissible
sequence I, (1 — P°)P! is an element of the left ideal generated by (1 — P°). Let

I = (e1,51,...,€k,Sk) be an admissible sequence (where if p = 2 each ¢; = 0 and
we think of this sequence as (si1,...,sk)). If sy <0 then by what we have already
shown,

Pl =PI(1—(P") ") =P/ 1+ P+ -+ (P11 - P%)

is in the ideal and hence (1— P°) P! is as well. We can therefore assume that s; > 0,
and it follows from admissibility that s; > 0 for all j. We proceed by induction on
k, the length of I.

The statement is trivial for k& = 0 (the empty sequence); now assume by induction
that the statement holds for all sequences J of length less than k. We can write I
as the concatenation ((e, s),J) for some sequence J of length k — 1. If s = 0, the
Adem relation for P°SP° is P°SP° = BP°P, and we see that

(1- PP =(1-P"BP'P/ =pP°(1- PP’
is in the ideal by induction. For s > 0, the Adem relation for P°P* takes the form
POP* = (=1)"(~pi,(p— 1)s+i— 1)P*"'P".

When i > 0 the binomial coefficient is zero, when i = 0 we get the term P*PY,
and when i < 0 we get terms of the form binomial coefficient times P*~*P? that
we know from the work above are in the ideal; therefore, we can write POP* =
P*P? + (1 — P°) for some a. An entirely similar argument shows that P°3P* can
also be written P°BP* = 3P$P° 4 a(1 — PP) for some «. It follows that

(1— PP =(1— P%pPP’ = (B°P* +a)(1 — P°)P’

is in the ideal by induction, and this completes the argument. O
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For the other half of Theorem 1.4, we need a canonical map from B to the
Steenrod algebra 2[. It can be shown [17, 10.5] that the Steenrod operations on the
cohomology of a simplicial set arise from the action of B from a % (p, c0) structure
on the cochains with coeflicients in F),. However, it is important for our purposes
to relate the action of 28 obtained from the £-algebra structure to the Steenrod
algebra. The previous proposition implies that if x is an element of a left 2B-
module that is fixed by P° then the submodule Bz generated by z is fixed by
PO, Tt follows from this observation and Proposition 4.1 that for any simplicial set
X, the Fp-submodule H*(X;F,) of H*X is a B-submodule. It then follows from
the axioms that uniquely identify the Steenrod operations that the action of P® on
H*(X;F,) coincide with the Steenrod operations of the same name. Furthermore,
by looking at C* K, it is possible to identify SP? as the composite of the operation
P? and the Bockstein. Thus, we understand the canonical map 8 — 2 as follows.

Proposition 5.5. Let k be a commutative Fj-algebra and let G an E, operad
of differential graded k-algebras. For any G-algebra structure on C*(X;k) that is
natural in the simplicial set X, the operations P® and (for p > 2) BP* act on an
element of H*(X;Fp) C H*(X; k) by the Steenrod operations of the same name.

Remark 5.6. The previous proposition and the Cartan formula [17, 2.2] allow the
identification the operations on H*X in terms of the Steenrod operations. When
X is of finite p-type, H*X = H*(X;F,) ®F, F,, and so every element of H"X can
be written as a linear combination a;x1 + - - - 4+ @ T, for some elements z1, ... , Tm,
in H*(X;F,) and ay,... ,a,, in F,. Then

B°P%(a1x1 + - + am@m) = P(a1)B°P°x1 + - -+ + O(am)B Py,
where @ denotes the Frobenius automorphism of F,. In general H*X is the limit

of H* X, where X, ranges over the finite subcomplexes of X.

Proof of Theorem 1.4. The map % — 2 is clearly surjective. Since the relation
P° = 1 holds in 2, the map B — 2 factors through the ring B/(1 — P°) and
certainly remains surjective. To see that it is injective, observe that by what we
have shown, B/(1 — P°) is generated as an F,-module by those P! for admissible

sequences I = (€1, 81, .. ,€k, Sg) such that s; > 0 for each j; the image of these
elements in 2 form an F,-module basis, and in particular are linearly independent.
O

6. UNSTABLE MODULES OVER ‘B

In this section, we prove Theorem 4.2. The proof is based on a comparison of
free unstable modules over 2 with free unstable modules over B.

Definition 6.1. A module M over 9B is unstable if for every x € M of degree d,
and for every admissible sequence I with e(I) > d, P'z = 0.

Observe that a module over the Steenrod algebra is unstable if and only if it
is unstable as a module over 8. Also observe that if M = H*A for an object of
€ (p, ), e.g. an Eo, k-algebra A for a commutative F,-algebra k, then M is un-
stable [17, 5.(3)—(4)]. In the statement of the following proposition, the enveloping
algebra of an unstable 2B-module is the free graded commutative algebra modulo
the relation that the p-th power operation (the restriction) of any element is its
p-th power under the multiplication in the ring.
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Proposition 6.2. If G is an Es F,-operad, then H*GF,[n] is the enveloping al-
gebra of the free unstable B-module on one generator in degree m. H*EF,[n] is
the extended F,-algebra on the enveloping algebra of the free unstable B-module on
one generator in degree m.

Proof. The argument of [18, 2.6] applies to prove the first statement. The second
statement follows from the first. O

We denote by An™ and Bi" the free unstable 2 and B-modules on one generator
in degree n. In the following proposition, (1 — P°) denotes the map of B-modules
Bun — BUN that sends the generator to 1 — PO times the generator.

Proposition 6.3. For n > 1, the sequence

un (1_P0) un un
0— B —>B""—=A;"—=0

is exact and split in the category of restricted F,-modules.

Proof. The fact that Br* — AL" is onto is clear since it is a map of B-modules and
AR™ is generated as a B-module by the image of the generator of B". Similarly,
exactness in the middle is clear from examination of the Fp-module bases of 8 and
A. Thus, it remains to show that the map B}" — BI" is injective and split in the
category of restricted Fp-modules.

We proceed by writing an explicit splitting f: By® — B)" in the category of
restricted F,-modules as follows. It suffices to specify f on Pb,, for each admissible
I=(e1,s1,...,€k 8) with e(I) < n. If s <0, choose

F(Pb,) = P1(1 4+ P° + (P°)2 + - )b,.

This is well-defined by Proposition 5.3. If € + s > 0 or if I is empty, then choose
f(Pb,) to be zero. Let n(I) denote the largest number n such that the subsequence
(Ek—n-+1sSk—n+1,--- s €k, Sk) 1s all zeros; if € # 0 or s # 0 then n(I)=0. We have
chosen f(PT) when n(I) is zero, we now proceed by induction on n(I) to choose
f(PT) for n(I) > 0. When n(I) > 0, we can write I as the concatenation (.J, (0,0))
where n(J) = n(I) — 1; choose

f(PIbn) = _Pan + f(Pan>

It is immediate from the construction and the fact that p-th power operations do
not change the excess that f is a map of restricted F,-modules. We need to verify
that the composite of f and the map (1 — PP) is the identity. Let us denote by
M_ the F,-submodule of BU" generated by P!b,, for those I = (e1,51,. .. , €k, Sk)
with s < 0; let us denote by M, the Fp-submodule generated by PTb,, for those
I=(e1,81,...,€x,8;) with s > 0 or k = 0; clearly BI" is the internal direct sum
M_@® M. The map (1— P%) sends Pb,, to PI(1— P°)b,; it clearly sends M into
M, and it follows from Propositions 5.2 and 5.3 that it sends M_ to M_. Since
on M_, f sends ab, to a(l + P° + (P%)? + ---)b,, it follows that the composite
on M_ sends ab, to a(l — P%)(1 + P° + (P%)?2 +-..)b, = ab,. To see that the
composite is the identity on M, it suffices to check it on a standard basis element,
P7b,,, where J = (e1,51,... ¢k, S;) is an admissible sequence with e(J) < n and
s > 0. Write I for the concatenation (J, (0,0)). Observe that I is admissible and
e(I)=e(J) <m, so

f(P7(1 = P%b,) = f(Pb,) — f(P'b,) = f(P7b,) — (=Pb, + f(P7b,)) = P7b,.
It follows that the composite is the identity. O
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Proof of Theorem 4.2. Let V denote the composite of the enveloping algebra func-
tor and the functor F, ®g, (—). Since this is the free functor from restricted
F,-modules to graded commutative ]?‘p—adgebras7 it preserves colimits. To avoid
confusion, let us note the (isomorphic) image of B in BY* under the map (1 — P?)
discussed above by I,; by Proposition 6.3, B))" is isomorphic as a restricted F,-
module to the direct sum I,,  A.", and it follows that the ring VB"" is isomorphic
to the ring VI, ® VAI". We therefore obtain isomorphisms

Tor) " (F,, VBU) = F, @y, VBI" = VA

where the first map is the projection from the torsion product to the tensor product
and the second map is induced by V applied to the quotient map Bi* — AN™.

On the other hand, Proposition 6.2 identifies H*EF,[n] as VBI™. Tt is well-
known that H*K,, = H*K(Z/pZ,n) can be identified with VA". We see from
Proposition 5.5 that the map a from EF,[n] to C*K,, in the construction of B,
induces on homology groups the map VBI" — VA" obtained by applying V to
the quotient map BY* — AU, Likewise, the map p,: EF,[n] — EF,[n] in the
construction of B,, induces the map VB:* — VBI" obtained by applying V to the
map (1—P?): BU® — BUn: in other words, we can identify the map induced by p,, on
homology as the inclusion VI,, — VB!, By [13, 1.5], the spectral sequence of [12,
V.7.3] calculates the homology groups of the pushout B,,. This spectral sequence
has E? term TorXI*" (FP,V%‘,‘LH). From the discussion of the last paragraph, we see
that this spectral sequence degenerates at E? with no extension problems and that
the map from B,, to C*K, is a weak equivalence. O

7. THE Eo TORSION PRODUCT AND THE EILENBERG-MOORE MAP

In this section we prove Lemma 3.1. The proof consists of an adaptation of the
results of [13] to compare a bar construction in the category of £-algebras to the
cochain complex of the cobar construction of spaces.

Recall that for maps of simplicial sets X — Z and Y — Z, the cobar construction
Cobar®(X, Z,Y) is the cosimplicial simplicial set that is given in cosimplicial degree
n by

Cobar™(X,Z,)Y)=X X Z x -+ x ZxY
—_——
n factors
with face maps induced by diagonal maps and degeneracies by projections. The
cochain complex C*(Cobar®(X,Z,Y)) is then a simplicial £-algebra. The nor-
malization N (C*(Cobar®(X, Z,Y))) is a differential graded F,-module; there is a
canonical map from the (usual) differential torsion product to the homology

TorC*Z(C*X, C*Y) —» H*(N(C*(Cobar®* (X, Z,Y)))),
which is an isomorphism when X, Y, and Z are of finite p-type. On the other hand,
considering X Xz Y as a cosimplicial simplicial set constant in the cosimplicial
direction, the inclusion X Xz Y — X x Y induces a map of cosimplicial simplicial
sets X xz Y — Cobar®*(X,Z,Y) and therefore a map of differential graded F,-
modules
N(C*(Cobar®*(X,Z,Y))) —» C*(X xzY).
The composite map
Tor® Z(C*X,C*Y) — H*(N(C*(Cobar®(X, Z,Y)))) = H*(X x5 Y)

is the Eilenberg—Moore map.
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The corresponding construction in the category of £-algebras is the bar construc-
tion. For £-algebra maps A — B and A — C, the bar construction 3, (B, A, C) is
the simplicial £-algebra that is given in simplicial degree n by

Bn(B,A,C) =BILAIL--- 11 AIIC.
—_—

n factors

Regarding B 114 C as a constant simplicial £-algebra, the map BIIC — B4 C
induces a map of simplicial E-algebras (e (B, A,C) — B1I4 C and therefore a map
of differential graded F,-modules N(3.(B,A,C)) — B1l4 C. According to [13,
1.6], when A is a cell £-algebra, and A — B and A — C are relative cell inclusions,
the natural map

N(,@.(B,A,C)) - BHA c

is a quasi-isomorphism.
The proof of Lemma 4.2 is a straightforward comparison of these two construc-
tions.

Proof of Lemma 4.2. Using [13, 1.7], we can find cell E-algebras A, B, C, relative
cell inclusions A — B, A — C, and quasi-isomorphisms A - Z, B - X, C — Y,
such that the following diagram commutes.

B A c
c*X c*z c*Y

The various projection maps of X X (Z x .-+ x Z) x Y induce a map
BO(Al---IAIOC—>C'XU(C*ZLI---UIC*Z)LLC'Y
- C"(X X (Zx---xZ)xY).

By [13, 1.4] and the Kiinneth theorem, the composite above is a quasi-isomorphism.
We obtain a degreewise quasi-isomorphism of simplicial £-algebras

Be(B, A, C)) — C*(Cobar®* (X, Z,Y))
and therefore a quasi-isomorphism of differential graded F,-modules
N(Be(B,A,C)) = N(C*(Cobar®(X, Z,Y)))
that makes the following diagram commute.

N(B.(B, A, C)) —~~ N(C*(Cobar®(X, Z,Y)))

~

Blis C C*(X xzY)

By [13, 1.5], H*(B 114 C) is the E torsion product TorC*Z(C*X, C*Y), and un-
der this identification, the map BIl4 C — C*X IIg+z C*Y is the canonical map
Tor® Z(C’*X, C*Y) —» C*X lg+z C*Y. The lemma now follows. O
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APPENDIX A. OTHER FIELDS

We use the techniques developed in the body of the paper to discuss when the
analogue of the Main Theorem holds for a field k. We prove the following theorem.
In this theorem, ® denotes the Frobenius endomorphism on a field of positive
characteristic.

Theorem A.1. Let k be a field. The singular cochain functor with coefficients
in k induces an equivalence between the homotopy category of H.(—;k)-local [1]
nilpotent spaces of finite k-type and a full subcategory of the homotopy category of
E k-algebras if and only if k satisfies one of the following two conditions

(i) k = Q, the field of rational numbers.
(ii) k has positive characteristic and 1 — ® is surjective.

It follows in particular that the analogue of the Main Theorem does not hold
when k is a finite field. The smallest field of characteristic p for which 1 — & is
surjective is the fixed field in F), of Z)) <t Gal(Fp/F),).

For an arbitrary field k, there is no difficulty in providing a natural &-algebra
structure on the cochains of simplicial sets, for some E, k-operad &. For example
the work of [10] and the construction described in Section 1 produce such a struc-
ture. Write &) for the category of &;-algebras. We can form the adjoint functor
U(—; k) from Eg-algebras to simplicial sets by the simplicial mapping set

Us(A; k) = £(A, C*(A[-]; k).
Arguing as in Section 2, we obtain the following proposition.

Proposition A.2. The functors C*(—;k) and U(—; k) are contravariant right ad-
joints between the category of E-algebras and the category of simplicial sets. Their
right derived functors exist and give an adjunction between the homotopy category
of Er-algebras and the homotopy category.

We say that a simplicial set is k-resolvable if the unit of the derived adjunc-
tion X — U(C*(X;k);k) is an isomorphism in the homotopy category. As an
elementary consequence of the previous proposition, we see that C*(—;k) gives
an equivalence as in the statement of the theorem if and only if every connected
H,.(—;k)-local nilpotent simplicial set of finite k-type is k-resolvable. The base
field Fp is irrelevant in Sections 3 and 7, and the arguments there apply to prove
the following propositions that allow us to argue inductively up principally refined
Postnikov towers.

Proposition A.3. Let X = Lim X,, be the limit of a tower of Kan fibrations. As-
sume that the canonical map from H*(X;k) to Colim H*(X,,; k) is an isomorphism.
If each X,, is k-resolvable, then X is k-resolvable.

Proposition A.4. Let X, Y, and Z be connected simplicial sets of finite k-type,
and assume that Z is simply connected. Let X — Z be a map of simplicial sets,
and let Y — Z be a Kan fibration. If X, Y, and Z are k-resolvable, then so is the
fiber product X xz Y.

A connected space is nilpotent H,(—;k)-local and of finite k-type if and only if
its Postnikov tower has a principal refinement with fibers:

(i) K(Q,n) when k is characteristic zero.
(ii) K(Z/pZ,n) or K(Z;,n) when k is characteristic p > 0.
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By the argument in Section 4, K (Zﬁ,n) is easily seen to be k-resolvable when
K(Z/pZ,n) is. The theorem is therefore a consequence of the following two propo-
sitions.

Proposition A.5. Let k be a field of characteristic zero. K(Q,n) is k-resolvable
if and only if k = Q.

Proof. Write E for the free £i-algebra functor. Let a: Ek[n] — C*(K(Q,n); k) be
any map of £;-algebras that sends the fundamental class of k[n] to the fundamental
class of H*(K(Q,n); Q) C H*(K(Q,n);k). Since k is characteristic zero, it is
easy to see that a is a quasi-isomorphism, so the unit of the derived adjunction
is represented by the map K(Q,n) — UEk[n]. It is straightforward to check that
UEk[n] is a K(k,n) and the map K(Q,n) — K(k,n) induces on 7, the inclusion
Qc k. n

Proposition A.6. Let k be a field of characteristic p > 0. K(Z/pZ,n) is k-re-
solvable if and only if 1 — ® is surjective on k.

Proof. We can construct a model B, for C*(K,, k) exactly as in Section 4 and
prove that the map ay: B, — C*(K,;k) is a quasi-isomorphism just as in Sec-
tion 6. We are therefore reduced to checking when the map K,, = UB,,; is a weak
equivalence. Again, we have UB,,.;; given by a Kan fibration square

UByx —— UECk|n]

]

UEk[n] T UEk[n)].
The argument of Proposition 4.5 then applies to show that UEk[n] is a K (k,n) and
the map Up,, induces on 7, the map 1 — ®. It follows that UBy is a K(Z/pZ,n)
if and only if 1 — ® is surjective. When 1 — ® is surjective, it is straightforward to
verify that the map K,, — UB,,; is a weak equivalence. O

APPENDIX B. E, RING SPECTRA UNDER HF),

We sketch how the arguments in this paper can be modified to prove the following
unpublished theorem of W. G. Dwyer and M. J. Hopkins [6] comparing the p-adic

homotopy category with the homotopy category of E., HF), ring spectra.

Theorem B.1. (Dwyer-Hopkins) The free mapping spectrum functor F((—)4,F,)
induces an equivalence between the homotopy category of connected nilpotent spaces
of finite p-type and a full subcategory of the homotopy category of Eoc HF, ring
spectra.

By the homotopy category of E, HF, ring spectra, we mean the category ob-
tained from the category of E ring spectra under the (cofibrant) Fo, ring spec-
trum H Fp by formally inverting the weak equivalences. The free mapping spectrum
F(X,, HFp) is naturally an E, ring spectrum with an F., ring map

HF, = F(xy,HF,) —» F(X,,HF))
induced by the collapse map X — . The functor F((—),F,) therefore takes

values in the category of E,, HF, ring spectra. This functor is the spectrum ana-
logue of the singular chain complex. Its right derived functor represents unreduced
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ordinary cohomology with coefficients in F,, in the sense that there is a canonical
map H*(X;F,) — m_.(F(X;,F,)) that is an isomorphism if X is a CW complex.

It is convenient for us to use a modern variant of the category of Eo, HF, ring
spectra, the category of commutative HFp-algebras, a certain subcategory intro-
duced in [8]. The forgetful functor from commutative HF,-algebras to E,, HF,
ring spectra induces an equivalence of homotopy categories. We have a commuta-
tive H Fp—algebra variation of the free mapping spectrum functor, given by

FX =S Az F(X, HF)).

There is a natural map FX — F(X,, HF,) that is always a weak equivalence, and
so it suffices to prove that the functor F' induces an equivalence between the homo-
topy category of connected nilpotent spaces of finite p-type and a full subcategory
of the homotopy category of commutative HF,-algebras. We denote the category
of commutative HFp-algebras as €. By [8, VIL.4.10], ¢ is a closed model category
with weak equivalences the weak equivalences of the underlying spectra; we denote
its homotopy as h%.

The commutative HF,-algebra F X is the “cotensor” of HF,, with X [8, VIL.2.9].
In general, the cotensor AX of a commutative HF-algebra A with the space
X is the commutative H Fp—algebra that solves the universal mapping problem
C(—,A%) = Y (X,€(—,A)), where % denotes the category of (compactly gen-
erated and weakly Hausdorff) spaces. Similarly, the tensor A ® X of A with the
space X is the commutative HF-algebra that solves the universal mapping prob-
lem ¥(A® X,—) = % (X,%¢(A,-)). Clearly, when they exist AX and A ® X are
unique up to canonical isomorphism, and [8, VII.2.9] guarantees that they exist for
any A and any X. The significance of the identification of FFX as the tensor is in
the following proposition.

Proposition B.2. The functor T: € — % defined by TA = €(A,HF),) is a
continuous contravariant right adjoint to F. In other words, there is a homeo-
morphism % (X,TA) = € (A, FX), natural in the space X and the commutative
HF,-algebra A.

We have introduced the notion of tensor here to take advantage of [8, VII.4.16]
that identifies the tensor A ® I as a Quillen cylinder object when A is cofibrant.
This allows us to relate the homotopies in the sense of Quillen with topological
homotopies defined in terms of (—) ® I or in terms of paths in mapping spaces. In
particular, since all objects in € are fibrant, it follows that the natural transforma-
tion mo(¢' (A4, —)) — h% (A, —) is an isomorphism when A is cofibrant. Since the
adjunction isomorphism % (X,TA) = € (A, FX) is a homeomorphism, letting X
vary over the spheres, we obtain the following proposition.

Proposition B.3. The functor T preserves weak equivalences between cofibrant
objects.

As a slight generalization of the proof of [8, VII.4.16], it is elementary to check
that when A is a cofibrant object of ¥ and A — B is a cofibration, the map
(A®I)1I4 B — B®I is an acyclic cofibration and therefore (since every object is
fibrant) the inclusion of a retract. Applying 7" and using the tensor adjunction, we
obtain the following proposition.

Proposition B.4. The functor T converts cofibrations to fibrations.
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The functors F' and T are therefore a model category adjunction. In particular,
we obtain the following proposition.

Proposition B.5. The (right) derived functors F and T exist and give a con-
travariant right adjunction #o(X,TA) =2 h€ (A, FX).

For the purposes of this section, let us say that a space X is HF-resolvable if
the unit of the derived adjunction X — T F X is a weak equivalence. Thus, we need
to show that if X is a connected nilpotent p-complete space of finite p-type, then X
is H Fp-resolvable. Again, we work by induction up principally refined Postnikov
towers. The following analogue of Theorem 1.1 can be proved from Proposition B.4
by essentially the same argument used to prove Theorem 1.1 from Proposition 2.4.

Proposition B.6. Let X = Lim X,, be the limit of a tower of Serre fibrations.
Assume that the canonical map from H*X to Colim H*X,, is an isomorphism. If
each X, is HF ,-resolvable, then X is resolvable.

We have in addition the following analogue of Theorem 1.2.

Theorem B.7. Let X, Y, and Z be connected spaces of finite p-type, and assume
that Z is simply connected. Let X — Z be a map, and let Y — Z be a Serre
fibration. If X, Y, and Z are HF p-resolvable, then so is the fiber product X xzY .

The proof of the this theorem is essentially the same in outline as the proof of
Theorem 1.2. The analogue of Lemma 3.1 can be proved by observing that the bar
construction of the cofibrant approximations in ¢ is equivalent to the (thickened)
realization of F' applied to the cobar construction of the singular simplicial sets on
the spaces X, Y, and Z. Some fiddling with the filtration induced by the cosim-
plicial direction of the cobar construction and the filtration induced by the skeletal
filtration of the singular simplicial sets allows the identification of Tor *Z (FX,FY)

as Tor*c*Z(C*X, C*Y) and the composite map
Tor¢ 2(C*X,C*Y) 2 Torf 2 (FX,FY) 5 n_ F(X xz Y) 2 H*(X xz Y)
as the Eilenberg—Moore map. B
To complete the proof of Theorem B.1, we need to see that K (Z/pZ,n) is HF -
resolvable. It then follows as in Section 1.3 that K (Z;),n) is HF -resolvable and by
induction up principal Postnikov towers that every connected nilpotent p-complete

space of finite p-type is HF-resolvable. The remainder of the appendix is devoted
to sketching a proof of the following theorem.

Theorem B.8. Forn > 1, K(Z/pZ,n) is HF,-resolvable.

The homotopy groups of a commutative H Fp—algebra have an action by the
algebra B, and it is elementary to show that the “free” commutative HFp-algebra
on the spectrum S~", denoted ]P’S;I;—ip in [8] is the extended Fp—algebra on the
enveloping algebra of the free unstable B-module on one generator in degree n. We
construct a commutative HF,-algebra B, as the commutative HF ,-algebra that
makes the following diagram a pushout in %.

PS;" —~ PCS,"

I

PSg B,
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Here p,, is any map in the unique homotopy class that on homotopy groups sends
the fundamental class of 7, S, 5 to 1 — PO applied to the fundamental class.
P

Choosing a map a: PS;"™ — FK(Z/pZ,n) that represents the fundamental class
of H"(K(Z/pZ,n)), and a null homotopy PCS."™ — FK(Z/pZ,n) for the map
pnoa: PSE" — FK(Z/pZ,n), we obtain an induced map B,, — F'K(Z/pZ,n).

Proposition B.9. Forn > 1, the map B, — FK(Z/pZ,n) is a weak equivalence.

The proof uses the Eilenberg—Moore spectral sequence of [8, IV.4.1] in place of
the Eilenberg—Moore spectral sequence of [12, V.7.3], but otherwise is the same as
the proof of Theorem 4.2.

Since B, is a cofibrant commutative HF-algebra, the unit of the derived adjunc-
tion is represented by the map K(Z/pZ,n) — T B,, adjoint to the map constructed
above. Since B, is defined as a pushout of a cofibration, Proposition B.4 allows
us to identify T'B,, as the pullback of fibration. Looking at the mapping spaces
and using the freeness adjunction, we see that T'B,, is the homotopy fiber of an
endomorphism on K (Fp,n). Write «,, for the induced endomorphism on Fp. To
see that T'B,, is a K(Z/pZ,n), it suffices to show that a,, is 1 — ®. Once we know
that TB,, is a K(Z/pZ,n), the argument of Corollary 4.3 shows that the map
K(Z/pZ,n) — TB, is a weak equivalence, completing the proof of Theorem B.8.

Unfortunately, the simple algebraic argument given in Proposition 4.5 to identify
an as 1 — @ in the algebraic case does not have a topological analogue. Here we
must use the topology to make this identification. The key observation is that the
commutative H Fp-algebras B,, are related by “suspension”. We make this precise
in the following proposition. For this proposition, note that the definition of B,
makes sense for n = 0, although the map By — FK(Z/pZ,0) may not be a weak
equivalence.

Proposition B.10. For n > 0, B,_1 is homotopy equivalent as a commutative
HF,-algebra to the pushout of the following diagram

B, B, ® St

HF,

where the map B,, — HF,, is the augmentation B,, — FK(Z/pZ,n) — Fx = HF,
induced by the inclusion of the basepoint of K(Z/pZ,n) and the map B, — B® S*
is induced by the inclusion x — S1.

For an augmented commutative H Fp—algebra A, denote the analogous pushout
for A as Xy A. If we give ]P)S;I;—ip the augmentation induced by applying P to the
n+1
FP
us a canonical suspension homomorphism o: 7_, A — T_,+13¢ A, where 7, is
the kernel of the augmentation map m,A — m.HF,. The following proposition is

closely related to and can be deduced from [17, 3.3].

map SZFP — %, then EchP’SI;%p is canonically isomorphic to PS ™. This gives

Proposition B.11. The suspension homomorphism o commutes with the opera-
tion P® for all s.
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We can choose the map p,, in the construction of B,, to be augmented for the
augmentation described on PST, . above. Then it follows from the previous propo-
p

sition that Y¢p, is homotopic to p,_1. This observation can be used to prove
Proposition B.10.

It follows from Proposition B.10 that T'B,,_1 is the loop space of T'B,,. In fact,
we see from the discussion above that the fiber sequence for T B,,_1

TB,-1— KF,n—-1)— K(F,,n—1)

is the loop of the corresponding fiber sequence for T'B,. In particular, a; and
an—1 are the same endomorphisms of F,,. Since PY performs the p-th power map
on classes in degree zero, g is 1 — ®. We conclude that «a,, is 1 — ®.
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