DIAGONALS ON THE PERMUTAHEDRA, MULTIPLIHEDRA
AND ASSOCIAHEDRA

SAMSON SANEBLIDZE! AND RONALD UMBLE?2

ABSTRACT. We construct an explicit diagonal on the permutahedra {P,}.
Related diagonals on the multiplihedra {J,} and the associahedra {K,} are
induced by Tonks’ projection 0 : P, — Kp41 [19] and its factorization through
Jn. We use the diagonal on { Ky, } to define the tensor product of Aso-(co)algebras.
We introduce the notion of a permutahedral set Z, observe that the double
cobar construction Q2Cy (X) is a naturally occurring example and lift the
diagonal on {P,} to a diagonal on Z.

1. INTRODUCTION

A permutahedral set is a combinatorial object generated by permutahedra {P,}
and equipped with appropriate face and degeneracy operators. Permutahedral sets
are distinguished from cubical or simplicial set by higher order (non-quadratic)
relations among face and degeneracy operators. In this paper we define the notion
of a permutahedral set and observe that the double cobar construction Q2C, (X) is
a naturally occurring example. We construct an explicit diagonal Ap : Ci(P,) —
C.(P,) ® C.(P,) on the cellular chains of permutahedra and show how to lift Ap
to a diagonal on any permutahedral set. We factor Tonks’ projection P, — K, 1
through the multiplihedron J, and obtain diagonals Ay on C,(J,) and Ag on
C.(K,). We apply Ak to define the tensor product of Ao-(co)algebras in maximal
generality; this solves a long-standing open problem in the theory of operads. One
setting in which the need to construct the tensor product of two A.-algebras arises
is the open string field theory of M. Gaberdiel and B. Zwiebach [7].

We mention that Chapoton [4], [5] constructed a diagonal on the direct sum
®n>2C, (K;,) of the form A : C, (K,,) — @itj=nCx (K;) ® Cs (K;) that coincides
with Loday and Ronco’s diagonal on binary trees [13] in dimension zero. While
Chapoton’s diagonal is primitive on generators, ours is not.

The paper is organized as follows: Section 2 reviews the polytopes we consider
and establishes our notation and point-of-view. The diagonal Ap is introduced in
Section 3; related diagonals A; and Ak are obtained in Section 4. Tensor products
of As-(co)algebras are defined in Section 5 and permutahedral sets are introduced
in Section 6.
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2. PERMUTAHEDRA, MULTIPLIHEDRA AND ASSOCIAHEDRA

We begin with a review of the relevant polytopes and establish our notation. Let
Spn+1 denote the symmetric group on n+1 = {1,2,...,n+ 1} and recall that the
permutahedron P, is the convex hull of (n + 1)! vertices (o(1),...,0(n+1)) €
R 6 € S,41 [6], [15]. As a cellular complex, P, 11 is an n-dimensional convex
polytope whose (n — k)-faces are indexed either by (planar rooted) (k 4 1)-leveled
trees (PLT’s) with n + 2 leaves or by permutations M;|---|My11 of (ordered)
partitions of n 4+ 1. Elements of these two indexing sets correspond in the following
way: Let T3 denote a (k + 1)-leveled tree with root node in level &+ 1 and n + 2
leaves numbered from left to right. For 1 < m < n+1, assign the label m to the node
at which branches containing leaves m and m + 1 meet (a node can have multiple
labels) and let M; = {labels assigned to nodes at level j}; we refer to M; as the set

of j-level meets in T,’f_'&l Then M| -+ |Mp41 is the partition of n 4 1 corresponding

to Tffi; (see Figure 1). In particular, vertices of P, are indexed either by binary
(n + 1)-leveled trees or by partitions M| - - |M, 1 of n+ 1, i.e., elements of S, ;.
The map from S, 1 to binary (n + 1)-leveled trees was constructed by Loday and
Ronco [13]; its extension to faces of P,;1 was given by Tonks [19].

The associahedra {K,, 12}, which serve as parameter spaces for higher homotopy
associativity, are closely related to the permutahedra. In his seminal papers of 1963
[18], J. Stasheff constructed the associahedra in the following way: Let Ky = x; if
K,,+1 has been constructed, define K, 12 to be the cone on the set

U (K, x Ky), .

r+s=n+3
1<k<n—s+3

Thus, K42 is an n-dimensional convex polytope.

1 — d(0,2)d(0,1)d(1,1)(4,2)
34
— (w1 (w2w3)) 24 (T5T677))
Figure 1.

Stasheff’s motivating example of higher homotopy associativity in [18] is the
singular chain complex on the loop space of a connected CW-complex. Here asso-
ciativity holds up to homotopy, the homotopies between the various associations
are homotopic, the homotopies between these homotopies are homotopic, and so
on. An abstract A.-algebra is a dga in which associativity behaves as in Stasheff’s
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motivating example. If ¢? : A ® A — A is the multiplication on an A, -algebra
A, the homotopies ¢" : A®" — A are multilinear operations such that ¢? is a
homotopy between the associations (ab) ¢ and a (bc) thought of as quadratic com-
positions (2 (<p2 ® 1) and 2 (1 ® <p2) in three variables, ©? is a homotopy bound-
ing the cycle of five quadratic compositions in four variables involving ¢? and 2,
and so on. Let C, (K,) denote the cellular chains on K. There is a chain map
Cy (K,) — Hom (A®", A), induced by the natural correspondence between faces of
K, and all possible compositions of the ©™’s in r-variables (modulo an appropriate
equivalence), which determines the relations among the compositions of ¢™’s. A
detailed discussion of A,-algebras and their tensor product appears in Section 5.

Now if we disregard levels, a PLT is simply a planar rooted tree (PRT). Quite
remarkably, A. Tonks [19] showed that K, is the identification space P, 1/ ~
obtained from P,;; by identifying all faces indexed by isomorphic PRT’s. Since
the quotient map 6 : P,11 — K12 is cellular, the faces of K,,;2 are indexed by
PRT’s with n + 2 leaves. The correspondence between PRT’s with n + 2 leaves
and parenthesizations of n + 2 indeterminants is simply this: Given a node N,
parenthesize all indeterminants corresponding to all leaves on branches that meet
at node N.

Example 1. With one exception, all classes of faces of Ps consist of a single
element. Tonks’ projection 6 sends elements of the exceptional class

[1]3]2,13]2,3(1/2)

to the vertex on Ky represented by the parenthesization ((ee) (ee)). The permuta-

tions 1]3|2 = d(1,1yd(0,1) and 3[1|2 = d(o,1)d(2,1) insert inner parentheses in the oppo-

site order; the partition 13|2 = do,1y(2,1) represents a homotopy between them. The

classes of faces of Py with more than one element and their representations on K
1214|3,124(3,4]12|3

are: ] ( )
1/3|24, 13|24, 3[1(24] = ((oe) (o
114/23,14]23,4]1]23] = ((ee) ® (ve))
=
=

(o0

2|4]13, 24]13, 4[2]13] = (e (we) (ee))
[1134]2, 134/2, 34|12

[1]3(2[4, 13]2[4, 3[1]2[4] = (((ee) (ee))
(2[4[3]1, 24|3[1, 4[23[1] = (e ((ee) (ee)))
[1]2]4]3,1|24]3, 1]4|2]3, 14]2/3, 4|1|2|3
[13]4]2, 13]4]2, 3[1|4]2, 3]14]2, 3|4|1|2
[1]4]3]2, 14]3]2, 4]1|3]2, 4]13]2, 4|3|1]2
[2]1]43, 2|14]3, 2[4|1]3, 24/1]3, 4|2|1]3

A~ N

Elements of the first five classes above correspond to faces and edges that project
to an edge; elements of the next six classes correspond to edges and vertices that
project to a vertex.

Whereas the correspondence between PRT’s and parenthesizations allows us to
insert parentheses without regard to order, the analogous correspondence between
PLT’s and parenthesizations constrains us in the following sense: First, simultane-
ously insert all level 1 (inner-most) parentheses as indicated by the 1-level meets
in My; second, simultaneously insert all level 2 parentheses as indicated by the
2-level meets in B, and so on. This procedure suggests a correspondence between
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partitions M| ---|Mgy1 of n+ 1 and k-fold compositions of face operators acting
on n + 2 indeterminants, which we now define.

For s > 1, choose pairs of indices {(iy,¢r)}; <, <, such that 0 < i, < i1 < n
and i, + ¢, + 1 <i,41. The face operator T

iy 1) (i t2)
acts on x123 - -+ Tp4o by inserting s disjoint (non-nested) pairs of parentheses in the
following way: The first pair encloses the ¢; + 1 indeterminants z;, 41 - - iy 44,41,
where i1 + ¢ +1 < is. The second pair encloses the /3 + 1 indeterminants z;, 41 - - -
Tiy 10,41, Where ig + f5 + 1 < i3, and so on. Thus, d;, ¢,)...¢i,,e.) Produces the
parenthesization

1 (@ig1 o Tigre 1) 0 (Tig1 0 Tige41) - T

A composition of face operators
21) G009 it ) (it 05,) Uk,
continues this process inductively. If the j** operator has been applied, apply
the (5 + I)St by treating each pair of parentheses inserted by the j** as a single
indeterminant. Since each such composition determines a unique (k+ 1)-leveled
tree, the (n — k)-faces of P, are indexed by compositions of face operators of the
form in (2.1) above (see Figure 1). For simplicity we usually suppress the left-most
operator dq ¢y, which inserts a single pair of parentheses enclosing everything.

Conversely, given an operator d(ijl' ) (1,60 with pairs of indices defined as

above, let M; = U1<r<s {

(2.1) acting on n + 2 indeterminants corresponds to the partition M| .- |M) of
n+1.

i1, &} . Then a composition of the form in

Example 2. Refer to Figure 1 above. The composition dg2yd(0,1)d(1,1)(4,2) acting
on xy -+ x7 corresponds to the partition 256|1|34 of 6 and acts in the following way:
First, the operator d(1,1y(4,2) inserts two pairs of parentheses

21 (xows) x4 (T5x6TT) -

Note that {2,5,6} decomposes as {2} U {5,6}, i.e., the union of subsets of consec-
utive integers with mazimal cardinality. Next, the operator d 1) inserts the single
pair

(21 (wox3)) g (T5T627) -
Finally, d( 2) inserts the single pair

((z1 (wo3)) x4 (x52677)) -
We summarize this discussion as a proposition.
Proposition 1. There exist one-to-one correspondences:

{Faces of P11} <« {Leveled trees with n + 2 leaves}

— {Partitions of n+ 1}

Compositions of face operators
acting on n + 2 indeterminants.
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In the discussion that follows, we choose to represent the permutahedra and
related polytopes as subdivisions of the n-cube. Although our representations differ
somewhat from the classical ones, they are inductively defined and possess the
combinatorics we need.

The permutahedron P, ;1 can be realized as a subdivision of the standard n-
cube I in the following way: For ¢ = 0,1 and 1 < i < n, let e?;l denote the
(n—1)-face (z1,...,%i—1,€ Tit1, -..,Tn) C I™. For 0 < i < j < o0, let I[; ; =
[1 —2711— 2_j] C I, where 27 is defined to be 0, and let () = £1 + -+ + lg.
Set P = x and label this vertex dg,1). To obtain P41, n > 1, assume that P,
has been constructed. Subdivide and label the (n — 1)-faces of P, x I as indicated
below:

Face of P, 11 Label
eno d(0,n)
e’ dn,1)

i 02) (i) X 0=ty | dlin ) (i)

iy, 00) (i lx) X In—t),00

{ iy 00) (i ) (n1)s Tk F Ll <70

A(iy 00) (i lu+1)s ekt Lle=mn
d(0,1)d(2,1) d2,1) d(1,1)d(2,1)
d(0,1)(2,1) da,2)
d1,1)d0,1) ¢ Py ® da1,nd)
do,1) di,)
d(0,1)d(0,1) d(o,2) do,1)d(1,1)

Figure 2: P; as a subdivision of P, x I.

(1,1,1)

<\\“ {

(0,1,0)

(0,0,0) (1,0,0)

Figure 3a: Py as a subdivision of P5 x I.
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d(s,1)
(1,1,1)
d(1,1)(3,1) d(2,2) d(0,1)(2,2) | 40,1)(3,1)
q d(0,2)(3,1) d(1,3)
[ ]
d d do,1
(1,1) (2,1) d(O,l)(?,l) (0,1)
d0,2) d(1,2)
(0,0,0)
d0,3)

Figure 3b: P, as a subdivision of P3 x I.

The multiplihedra {J,, 11}, which serve as parameter spaces for homotopy multi-
plicative morphisms of A,.-algebras, lie between the associahedra and permutahe-
dra (see [18], [8]). If f! : A — B is such a morphism, there is a homotopy f? between
the quadratic compositions fl¢?% and ¢% ( f'ef 1) in two variables, there is a ho-
motopy f2 bounding the cycle of the six quadratic compositions in three variables
involving f1, f2, %, ¥%, ¥% and ¢%, and so on. The natural correspondence be-
tween faces of .J,. and all possible compositions of f?, <pf4 and ¢% in r-variables (mod-
ulo an appropriate equivalence) induces a chain map Cy (J,.) — Hom (A®", B).

The multiplihedron J, 1 can also be realized as a subdivision of the cube I in
the following way: For n = 0,1, 2, set J,41 = Pp+1. To obtain J,,41, n > 3, assume
that .J,, has been constructed. Subdivide and label the (n — 1)-faces of J,, x I as
indicated below:
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Face of J,41 Label
eno d(o,n)
eny d(n.1)

d(0,01)(in,00) X Lon—k | d0,01)--(in 1)

d (i n1)s <n-—/{
do.tsy i) X Lot { (0.60) (i li) (n,1) Tk k

d(ovzl)"'(ik,ekJrl)? i =n— L
dip) x I diey, 1<i<n—{
dii0) % Lo,i dig, 1<i=n-—-{¢
deiey X Lioo diiesr)y, 1 <i=n—1¢
ds,1)
(1,1,1)
d0,2)(3,1) d(2,2) do,1y2,2)|d(0,1)3,1)
da,3)
d(0,2) d(1,1) ; ]
d 1 donen| “OY
(1,2)
(0,0,0)
d0,3)

Figure 4: J; as a subdivision of J3 x I.

Thus faces of J,41 are indexed by compositions of face operators of the form
(2:2) A0, i) " Dy tay) -G tiey) " Dl )

In terms of trees and parenthesizations this says the following: Let T be a (k + 1)-
leveled tree with left-most branch attached at level p. For 1 < j < p, insert level
J parentheses one pair at a time without regard to order as in K, 49; next, insert
all level p parentheses simultaneously as in P,y1; finally, for j > p, insert level j
parentheses one pair at a time without regard to order. Thus multiple lower indices
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in a composition of face operators may only occur when the left-most branch is
attached above the root. This suggests the following equivalence relation on the
set of (k+ 1)-leveled trees with n + 2 leaves: Let T and T’ be p-leveled trees with
n + 2 nodes whose p-level meets M, and M contain 1. Then 7'~ 7" if T" and T"
are isomorphic as PLT’s and M, = M;,. This equivalence relation induces a cellular
projection 7 : P,11 — J,,+1 under which J,,41 can be realized as an identification
space of P, 1. Furthermore, the projection J, 11 — K, 2 given by identifying faces
of J,41 indexed by isomorphic PLT’s gives the following factorization of Tonks’
projection:

s
Pn+1 — Jn+1

0\ !

Kn+2

It is interesting to note the role of the indices ¢; in compositions of face operators
representing the faces of J,41 as in (2.2). With one exception, each M; in the
corresponding partition M| ---|M,,11 is a set of consecutive integers; this holds
without exception for all M; on K, ;2. The exceptional set M, is a union of s
sets of consecutive integers with maximal cardinality, as is typical of sets M; on
P, +1. Thus the combinatorial structure of J,y1 exhibits characteristics of both
Kn+2 and Pn+1-

In a similar way, the associahedron K, 5 can be realized as a subdivision of the
cube. For n = 0,1, set K42 = P,41. To obtain K, 12, n > 2, assume that K,
has been constructed. Subdivide and label the (n — 1)-faces of K, 42 as indicated
below:

Face of K, 5 | Label

e dogp, 1<L<n
62,711 d(n,l),

diiey x I dip, 1<i<n—{¢
diey X Tosi dip, 1<i=n-—1¢
diigy X Lo | diiyry, 1<i=n—{

0,1)  den  (1,1)

do,1) Ky *

(Oa 0) d(0,2) (la 0)

Figure 5: K4 as a subdivision of K3 x I.
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d(3,1)
(1,1,1)
d(2,2)
d1,3)
do,2) d1,1) dou) do,1)
2,1
d(1,2)
(0,0,0)
d(o,3)

Figure 6: K5 as a subdivision of Ky x I.

3. A DIAGONAL ON THE PERMUTAHEDRA

In this section we construct a combinatorial diagonal on the cellular chains of
the permutahedron P,;1 (up to sign). Issues related to signs will be resolved in
Section 6. Given a polytope X, let (Cy (X)), 9) denote the cellular chains on X with
boundary 0.

Definition 1. A map Ax : C.(X) — Cu(X) ® Ci(X) is a diagonal on C, (X) if

(1) Ax (Ci(e)) C Ci(e) @ Ci(e) for each cell e C X and
(2) (C.(X),Ax,0) is a dg coalgebra.

A diagonal Ap on C, (P,41) is unique if the following two additional properties
hold:

(1) The canonical cellular projection P,y1 — I™ induces a dge map Cy (Pyy1) —
C. (I") (see Figures 7 and 8).

(2) There is a minimal number of components a @ b in Ap (Cy, (Pyt1)) for
0<k<n.

Since the uniqueness of Ap is not used in our work, verification of these facts is
left to the interested reader.

Certain partitions of m + 1 can be conveniently represented in a tableau, the
simplest of which are the “step” tableaux. A step tableau is a matrix whose non-zero
entries form a “staircase path” connecting the lower-left and upper-right corners;
entries decrease when reading upward along a “riser” and increase when reading
from left-to-right along a “tread” (see Example 3 below). More formally,
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Definition 2. A g x p matriz E7P = (e; ;) is a step tableau if and only if

(1) {ei,j € Faxp | €i,j 75 O} =p+q— 1.
(2) €q,1 7’é 0.
(3) If ei; # 0 then
(a) ei—1,j-1 = €iy1,5+1 = 0 and either e;—1; = 0 or e; 11 = 0, exclu-
sively.
(b) If €;; =epe then i =k and j = (.
(c) If ei—1,; =0 then e;; < €; j41.
(d) If eijt1 =0 then e;—1,; < e ;.

Definition 3. A partition Ai|---|A, of n is increasing (resp. decreasing) if min A;
<maxAj; (resp. max A;_; > minA;) for all j.

Given an increasing partition A;|---|A, of n+ 1, order the elements of each A;
so that A; = {a1; <+ <an,;}; then min A; = ay ; and max A; = ay, ;. There
is a unique ¢ x p step tableau E associated with A]---|A, determined as follows:
Fill in the first column from the bottom row upward, beginning with a,, ; first,
then a,, 1.1, and so on. Inductively, if the (j — 1)** column has been filled with
min A;_; in row k, fill in the j'* column from row k upward, beginning with A j
first, then a,, 1, and so on. This process terminates after p steps with the ¢ x p
step tableau E. For 1 < i < g, let B; = {non-zero entries in row g—i+1 of E}; then
Bi|---|By is a decreasing partition uniquely determined by A;|---|A,. Similarly, a
given decreasing partition Bj|---|B; uniquely determines a q x p step tableau £’
and an increasing partition A4f|---[A}, with A} = {non-zero entries in column j of
E'}.

Definition 4. Given a step tableau E?*P, let a = Az|---|A, be the increasing
partition given by the columns of E; let b= Bi|---|B, be the decreasing partition
given by the rows of E. Then a®b is a (p, q)-strong complementary pairing (SCP).

The discussion above establishes the following:
Proposition 2. There is a one-to-one correspondence
{Step tableaux} — {Strong complementary pairings} .

Example 3. The (4,6)-SCP 179|3|48]256 ® 9|7|138|46|5|2 is associated with the
6 x 4 step tableau

2
5
716
113]8
7
9

Let a®b be a (p, q)-SCP with p+ ¢ = n+2. The components of Ap (Cy, (Pr11))
range over all such SCP’s and their “derivatives” produced by right-shift operations
on a and left-shift operations on b.

Definition 5. Let a = A4|---|A, and b = Bq|---|By be partitions of n+ 1. For
1<i<pandl <j<gq, let M C A; and N C B; be proper non-empty subsets
such that min M > max A; 41 and max B;_; < min N. Define

Ry (a) = Ay|---|A; \ M|Ai  UM]|---|A,
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and _
Ly (b) = By| -+ |Bj—1 UN|B; \ N|--|B,.
Also define RE = LE = Id, for all k.

The operators R and L can be thought of as “adjacency” operators on the faces
of Ppy1. A partition a = Aq|---|A, of n+ 1 corresponds to an (n — p + 1)-face
of Pp,y1; if M is non-empty, the partition R, (a) corresponds to an (n —p+ 1)-
face adjacent to a. Thus, given a partition a3 = A]|---|4, of n+ 1, the sequence
{al, ey Qg1 = R?wk (ak),--. ,ap} corresponds to a path of adjacent (n —p+ 1)-
faces from a; to a,.

Definition 6. Let a®b be a (p,q)-SCP. A pairing u v is a (p, q)-complementary
pairing (CP) related to a®b if there exist compositions R’Jgpl_l e R11\41 and L?Vz ...

L?vq such that u = Rﬁ;pl_l - Ry, (a) andv = L%, --- L?vq (0).

Let a ® b be a (p,q)-SCP with associated step tableau E?*P. A related CP
R’;;p: - Ry, (@) @ LY, -+ LY, (b) can be represented by a g x p tableau derived
from E?*P in the following way: Set Fy = E?*P. Inductively, for 1 < k <p—1
assume that Ej has been obtained. Since lewk is defined, M}, C {non-zero entries in
column k of Ei} and either min M}, > max{column k+1 of Fy} or My = &. Define

Eypt1 = Ry B

to be the tableau obtained from FEj by shifting Mj right to column k + 1 and
replacing the cells previously occupied by M, with zeros. The induction terminates
with the tableau

E, =Ry, , - Bam E.
Now continue the induction as follows: For 1 < k < g —1, assume that E,;_; has
been obtained. Since L’ka is defined, Ny, C By_k+1 = {non-zero entries in row k of
Ept+k—1} and either min N, > max{row k + 1 of E,;_1} or Ny = &. Define

Eprk = Ly Epyr—1
to be the tableau obtained from FE, ;_1 by shifting /N, down to row k£ + 1. The
induction terminates with the tableau
Ly, - Ln, R, - R, E,
referred to as a g X p derived tableau, and determines a (p,q)-CP with one of the
following forms:

Ry, - Ry (@) @ Ly, --- L, (b), M; # @ and N; # & for some 4, j
Ry, --- Ry, (@) @b, M; # @ and N; = @ for some i, all j
a®Ln, Ly, (b), M;=2and N; # @ for all i, some j
a®b, M;=N;=0 foralli,j.

For each n > 1 and p+ ¢ = n + 2, let A, ; = {(p, ¢) -complementary pairings} .
Since a ¢ X p derived tableau uniquely determines a (p,q)-CP and conversely, we
conclude that

Proposition 3. There is a one-to-one correspondence:
Ay o {q x p derived tableaux} .
We are ready to define a diagonal on C, (P,11) up to sign.
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Definition 7. Define Ap (1) = 1 ® 1. Inductively, assume that Ap : C; (Pit1) —
Cy (Pig1) @ Ci (Pi41) has been defined for all i < n. For i = n, define Ap (up to
sign) by

(3.1) Ap(ntl)= > udv

URVEAp n—p+2
0<p<n

Multiplicatively extend Ap to all of Cy (Pn11) using the fact that each cell of P14
is a Cartesian product of cells Piy1, © < n.

Example 4. Four tableauz can be derived from the step tableau

213
E= 1|5
4
213
4
218
LyLsRisyRoE= | 1 5 —  14]2|35 @ 4/15]23
4
218
LisyLoRsRyE = |1 o 14]25[3 ® 45]1]23
415
218
Ly LoRs RoE = |1 — 14]2]35 ® 45|1|23
5

Up to sign, four components of Ap (5) arise from E, namely,
(14)2]35 4 14]25|3) ® (4]15]23 + 45|1|23).

Definition 8. The transpose of a pairing A1|---|A, ® Bi|---|By is the pairing

(A |4y ® Bi| -+ |By)" = By| -+ [BL® Ay| -+ | AL

Note that the transpose of a step tableau is another step tableau. In fact, Aq|---|A4,
®Bi|---|By is the (p, q)-SCP associated with the ¢ X p step tableau E if and only
if its transpose Byl ---|B1 ® A,|---|A; is the (g, p)-SCP associated with the p x ¢
step tableau ET. In general, the transpose of a (p, q)-CP is a (g, p)-CP.

Example 5. On Ps, all but two of the eight derived tableauz are step tableaux:
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112 1|2
2 Ry — 2
3
2 1 [ T
113 2 2 {3} 3
Up to sign,
Ap(3) = 123®123 + 123®3|21

+ 123®132 + 2/13®23|1
+ 132®3/12 + 12]3®2/13

+ 123@3[12 + 12]3®23[1.

Note that each component in the right-hand column is the transpose of the compo-
nent to its left.

Example 6. Up to sign,

Ap(4) =1234@ 4321
+123]4 ® (3]2]14 + 3[24]1 + 34]2|1)
112034 ® (2[14]3 + 24/13)
1234 @ 14|32
+23|14 ® (3|24]1 + 34/2|1)
+13124 ® (3]14]2 + 34/1]2)
+ (13124 + 1]234 + 14]23 + 134]2) @ 4/3[12
+(12]34 + 124]3) @ (4]2]13 + 4]23|1)
+3]124 ® 34|2]1
12[134 @ (24]3|1 + 4/23[1)
+24[13 ® 4]23|1
+(1]234 + 14)23) ® 4]13]2
+(all transposes of the above).

We conclude this section with our main theorem:

Theorem 1. The cellular boundary map 0 : Cy (Pry1) — Ci(Pny1) is a Ap-
coderivation for all n > 1.

Theorem 1 is an immediate consequence of Lemmas 1 and 2 below. Let A;|--- |4,
be a partition of n + 1. For 1 < k < p and a proper non-empty subset M C Ay,
define a face operator d%, : Cp,_pi1 (Pos1) — Crp (Pay1) by

iy (Aa] -+ [Ap) = A [Ap1 [M] Ay \ M|--- |Ay;
then (up to sign) the cellular boundary 0 : Cp—pt1 (Ppt1) — Cr—p (Pry1) decom-
poses as

O(Ail---|Ap) = D diy (Aa]--|4,).
1<k<p
MCAg
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In particular, 9 (n+1) = > 51|52, where So = n+1\ S; and ranges over all
non-empty proper subsets of n 4+ 1. Thus, Apd(n+1) = > Ap(S1)|Ap (S2) =
> (u @ ;) | (ufF @) =3 wi|u® @ vj|vf, where u; ® v; and uF @ v range over all
CP’s of partitions of S; and Sa, respectively. Note that although u;|u* @ v;|v’ is
not a CP, there is the associated block tableau

0 E£><k

(3.2)
Eixi 0

in which E7*% and E**F are the derived tableaux associated with u; ®v; and uF@u;
in fact, the components of Apd (n + 1) lie in one-to-one correspondence with block
tableaux of this form. Now consider a particular component (u; ® v;) | (uk ® v") ,
where u; ® v; = Uy|---|U; @ V4| ---|V; is a CP of partitions of S; and b @t =
Ul |U* @ V.- |Vt is a CP of partitions of Sy. Let a; ® b; = Aq|---]|A4; ®
By|--+|Bj and a* @ b* = AY|---|A* @ BY|---|B* be the SCP’s related to u; ® v;
and u* @ vf; then

B; B

A ] A =] and | A || AF | =

B B!

are step tableaux involving the elements of S; and So, respectively, and the block
tableau associated with the component (a; ® b;) | (a* ® b*) can be expressed in the
following two ways:

BE
0
0 Al Ak: Bl
A1 s Ai 0 Bj
0
B,
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Lemma 1. Fach component of Apd(n + 1) is also a component of
(10+0x®1)Ap(n+1).

Proof. Let (u; ® v;) | (u* @ v*) be a component of Apd(n+ 1) and consider its
related component of SCP’s (a; ® b;) | (a* ® b*) . There are two cases.
Case 1: Assume min (A;) > max (A') .

Then min (U;) = min (4;) > max (A') > max (U') and

0 Ut Uk

u, |- U; 0

is the derived tableau associated with the CP Uy|---|U; UUY|---|U* @ v;|v* of
partitions of n 4+ 1. Hence

diy (Ur] -+ |U; WU -+ |UR) @ v 0" = uslu? @ v;]of
is a component of (1®J+90®1)Ap(n+1).
Case 2: Assume max (B;) < min (B).

Then max (V;) < max (B;) < min (B') = min (V') and

VZ
0
v, | v
0
1

is the derived tableau associated with the CP w;|u* @ Vi|---|V; U V|- |V¥ of
partitions of n + 1. Again,

wilu* @ dl, (Vil -+ [V; UV [VE) = wifu® @ w0

is a component of (1® 9+ d® 1) Ap (n+ 1) and the conclusion follows. O
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Lemma 2. Each non-vanishing component of (1@ 9+ 9 ® 1) Ap (n+1) is a com-
ponent of Apd (n+1). Specifically, let a @ b = Aq|---Ap, @ Bi|---|Bq be a SCP
of partitions of n+1, let u @ v = Uy|---|Up, @ V4|--- |V be a CP such that u =
R’j/[_p: . -R}wl (a) and let M be a proper non-empty subset of U, 1 <k < p. Then
d% (W) @v (and dually for uxdy, (v) with M C V, and 1 < k < q) is a non-vanishing
component of Apd (n+1) if and only if Ax "M # &, min (U \ M) < max Agy1
when k < p, max(Uy \ M) < min M and M, = @.

Proof. Let My = M, = @; then clearly, U; = (4; U M;_1)\ M, for 1 <i <p. Under
the conditions above, d%,(u) ® v is a component of
Ap(A1U---UAp 1 UM|(Ag \ M) U A1 U---UA).

In particular, a @ b = ay, |ap, ® by, |bg, where a,, = A1+ |Ag_2|Ax_1 U (A N M)
and ap, = A\ M|Agi1]|- - |A,. The dual u®dk; (v) follows by “mirror symmetry.”
Conversely, if the conditions above fail to hold, we exhibit a unique CP a®o distinct
from v ® v such that u @ v — 4 ® ¥ € ker (0 ® 1+ 1 ® J) Ap. For uniqueness, note
that if u®v— T ®T € ker (O ® 1+ 1 ® ) Ap, then exactly one of the the following
relations hold:

(1) d%,(u) = d (a) and v = © for some M C Ug, N C Uy, 1 < k, € < p;

(2) d%,(u) = @ and v = d¥(v) for some M C U, 1 < k < p,and some N C V,
1<i<qg-1;

(3) u=w and d¥,(v) = d4 (v) for some M C Vi, N C V;,1 <k, 0 <q.
For existence, we consider all possible cases.
Case 1: Assume A, N M = &.
Then M C My, \ My and My, C A, U My_1 \ M. Let
a=U1] U1 UM|Ug \ M| ---|Up;
then
dgy, !, (@) = d (w).
Furthermore, since min (My_1 \ M) > min My_; > max Ay, we may replace lew_]c:
with R%:\M and obtain
a=Ry Ry R Riy, (@)

Therefore @ @ v is a CP related to a @ b and (u — %) Qv € ker (0@ 1+1® 9) Ap,
i.e., the component d,(u) ® v vanishes.

Case 2: Assume Ay N M # & and min (U, \ M) > max Ap1 when k < p.
Let

u=Ui| - |Up—1|[M[(Ux \ M) U Uk41|Ug2| -+ |Up;
then

diy (@) = dy ().
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Furthermore, min [(Uy \ M) U My] > max Ap11 by assumption and the fact that
min M}, > max Apy1. Hence we may replace Rﬁ/[k with Rﬁﬁwku(Uk\ M) and obtain

_ -1 k+1 pk

u=Ry, " Ry Riowen o RBig, (a)
so that 7 ® v is a CP related to a ®b. Again, (u — %) ®@v Eker (0®1+1® 9) Ap.

Case 3: Assume Ay N M # &, min (U \ M) < max Ay, when k < p, and either
min M < max(Uy \ M) or M, # @.

Let
p=min{zr € (A UMi_1)\ M | x> minM}.

Subcase 3A: Assume pn ¢ Ay \ M.

Then either p € A; N (U \ M) for some i < k or p € A; NU; for some ¢ < k and
some j > k.

Subcase 3A1: Assume min A;_1 > max (A; \ p) with 1 <i < k.

First consider 1 < ¢ < k. Then p = max A; > max Ay, since p € U; with j > £,
and it follows that A;|---|A;—1 UA; \ plAiga] - |[Ak Up|Ags1] - - - |Ap is increasing.
Now min (A N M) < max[(Ar \ M) U p] and furthermore max Ay, € M (if not,
either max Ay € U \ M, which is impossible since u ¢ A, or max Ay € My,
which is also impossible since this would imply max Ay > min M}, > max Axq1 >
min (Ux \ M) > p = max A; > max Ag). Thus min Ay_; < max Ay = max(A; N
M) and

a= Al A UAN\ plAipa |- [Ap 0 M[ (A \ M) U plAgqa| - |Ap
is increasing and uniquely determines a SCP @ ® b. Let
u=Ul- - |Uisg UUi|Uiga| - - [M|U \ M|Upga] - - - |Up;

note that p ¢ M U M; and p € M, for i <s < j—1. Thus

_ -1 k pk—1 k—2 i—1 pi—2 1=

U= wapﬂ "'RMkRMk,l\u\MRMk,l\u .. .RMi\llzRMi—Z ...RM1 (a)
and % ® v is a CP related to @ ® b. Finally,

diy (u) = dy; !, ()
so that (u —4) @ v € ker (0 ® 1+ 1® J) Ap. On the other hand, if 1 < ¢ =k, set
a=A1| - [Ap—1 U (A N M)[Ap \ M[Agsa]- - |Ap

and
tp = U]+ [Up—1 UM|U \ M|Ug 1]+~ |Up.

Subcase 3A2: Assume min A; 1 < max (4; \ p) with 1 <3 < k.
Again, first consider 1 <i < k. Let

and
a=dy(u) = Up| -+ | M|U \ M|Ups1| - U,



18 SAMSON SANEBLIDZE' AND RONALD UMBLE?

By the argument in Subcase 3A1, a is increasing and uniquely determines a SCP

a®b. Furthermore, since min Mj,_1 = min Mj,_; \ M = p > max Ay, both R%{l\u

and R’(kafl\ W\ aTe defined and we have
- _ pp—1 k+1 pk k—1 i i—1 1 /=
u= Rﬁﬂpq e RMk R(Mkfl\ﬂ)\MRMk—l\# o Mz‘\MR3\4i—1 o RMl (@).
Choose r such that 4 € B, and let
8= Vil Vet [V UV [Vigal -+ [V
Then df, (7) = v and @ ® ¥ is a CP related to @ ® b. Therefore u @ v — 4 Qv €
ker (0 ® 14 1® 0) Ap. Finally, when ¢ = k, define 7, as above and set

a= Ay |Ag N M[AR \ M|Agia]---|Ap.

Subcase 3B: Assume pn € Ay \ M.
Note that min M < p < max (Ui \ M) whether or not M = @.
Subcase 3B1: Assume either j1 < max A, or min Ap_; < max(Ay \ p).

Note that when k=1, p € Ay \ M. Let
Dy={ze A \M| z<u}.
If 4 < max Ay, then max (Ag \ D) = max Ag. On the other hand, if p = max Ay,
then max (A \ 1) ¢ Dy (otherwise max (A \ p) € (Up \ M) U (A, UU;) for some
j >k, and min M < max (A4 \ 1) < p contradicting the choice of ) and it follows
that max (A \ Di) = max (Ag \ 1) . In either case, min Ax_; < max(Ag \ Dg) by
assumption, and furthermore, min(A4y \ Di) = min(Ax N M) = minM < p =
max Dy. Finally, either min Dy = min A;, (when min Ay < min M) or min Dy, =
p =min(U, \ M) (when min Ay, = min M ), and in either case min Dy, < max Ay41.
Let
a=A1|-[Ap_1| Ak \ Dr| Dyl Apsa] - - [Ap.
Then a is increasing and uniquely determines a SCP @ ®b. Since min {[(Ay \ Dy)U
M1\ M)} > p = max Dy, the operator Rl(c(Ak\Dk)uMk,l)\M is defined and we
have
R%pfl o -RﬁclRﬁAk\Dk)UMk—1]\MR§\/EC1_1 e R}Wl (d) = d%(“)
Choose r such that ¢ € B, and let

o=Vl - [Vooa|Ve U Vet [Vigo| - - - | V.

Then df, (v) = v and 4 ® © = df;(u) ® v is a CP related to @ ® b. Therefore
URUV—URUEker(0®1+1®09)Ap.

Subcase 8B2: Assume p = max Ay and min Ap_q > max(Ag \ n), 1 <k <p.

Let
a=Uq| U1 UM|Ug \ M| ---|Up;
then
dg,*, (@) = dfy(u).
Let

a = A1‘~'-|Ak,1 U(AkﬁM)|Ak \M|Ak+1||Ap
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We have that min(A;_1 U (A N M)) = min A1 < max A, = max Ay \ M. Also
min(A; \ M) < min(U, \ M) < max Ap4+1. Then a is increasing and uniquely
determines a decreasing partition b such that @ ® b is a SCP. In particular, b can
be obtained from b by successively shifting p to the left. Since min(Mjy_; \ M) >
min Mj_; > max Ay, the operator R%:\M is defined and we obtain

- -1 ko pk—1 k—2 _
u=Ry " Ry Ry Rt Ry, (@)
Then 4 ®v is a CP related to a®b. Therefore (u — ) ®@v Eker (0 ® 1 +1® ) Ap.

By “mirror symmetry” the case of u ® d" (v) is entirely analogous and the proof is
complete. O

4. DIAGONALS ON THE ASSOCIAHEDRA AND MULTIPLIHEDRA

The diagonal Ap on C, (P,,11) descends to diagonals Ay on C, (J,11) and Ag
on Cy (K,,+2) under the cellular projections 7 : Py y1 — Jpp1 and 0 : Py — Kpjo

discussed in Section 2 above. This fact is an immediate consequence of Proposition
5.

Definition 9. Let f : W — X be a cellular map of CW-complexes, let Aw be
a diagonal on C, (W) and let X" denote the r-skeleton of X. A k-celle C W
is degenerate under f if f(e) C X with r < k. A component a ® b of Aw is
degenerate under f if either a or b is degenerate under f.

Let us identify the non-degenerate cells of P, 1 under 7 and 6.

Definition 10. Let Aq|---|A, be a partition of n+1 withp > 1 and let 1 < k <
p. The subset Ay, is exceptional if for k < j < p, there is an element a; ; € A; such
that min Ay, < a; ; < max Ay.

Proposition 4. Given a face e of P11, consider its unique representation as a
partition Aq|---|A, of n+ 1 or as a composition of face operators

d(O,é)d(if—l751;—1).“(1'5;}1/zé—?;jl) o d(i%,f%)w(iilvfil)(en)'
(1) The following are all equivalent:

(1a) The face e is degenerate under .

(1b) min A; > min (A;11 U---UA,) with A; exceptional for some j < p.

Ic) ¥ >0 and s > 1 for some k < p.

1

(2) The following are all equivalent:

(2a) The face e is degenerate under 6.

(2b) A;j is exceptional for some j < p.

(2¢) s, > 1 for some k < p.

Proof. Obvious. O

Example 7. The subset Ay = {13} in the partition 13|24 is exceptional; the face
e of Py corresponding to 13|24 is degenerate under 6. In terms of compositions of
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face operators, e corresponds to do,2)d(0,1y(2,1) (4) with s; = 2. Furthermore, since
i1 =0 (or equivalently min A; < min Ay) the face e is non-degenerate under .

Next, we apply Tonks’ projection and obtain an explicit formula for the diagonal
Ak on the associahedra.

Proposition 5. Let f : W — X be a surjective cellular map and let Ay be
a diagonal on C, (W). Then Aw uniquely determines a diagonal Ax on C, (X)
consisting of the non-degenerate components of Aw under f. Moreover, Ax is the
unique map that commutes the following diagram:

C, (W) 2% ¢, (W)®C, (W)
fl lref
C. (X) = Ci(X)®C,(X).
Proof. Obvious. O

In Section 2 we established correspondences between faces of the associahedron
K42 and PRT’s with n 4 2 leaves and between faces of the permutahedron P,
and PLT’s with n + 2 leaves. Consequently, a face of K, ;2 can be viewed as a face
of P,y1 by viewing the corresponding PRT as a PLT.

Definition 11. Forn > 0, let Ap be the diagonal on Cy (Pp41) and let 0 : Pyyq —
K42 be Tonks’ projection. View each face e of the associahedron K, 2 as a face
of Ppt1 and define Ak : Cy (Kp12) — Cu (Kpy2) @ Cy (Kpa2) by

Ag(e) = (0 ®@0)Ap(e).

Corollary 1. The map Ak given by Definition 11 is the diagonal on Cy (Kpnt1)
uniquely determined by Ap.

Proof. This is an immediate application of Proposition 5. O

We note that both components of a CP u ® v are non-degenerate under 6 if and
only if 4 ® v is associated with a SCP a ® b such that b is non-degenerate and
u = RZX/E, 171 -+ R} (a) with each M; having maximal cardinality.

Choose a system of generators e” € C), (K,42), n > 0. The signs in formula
(4.1) below follow from formula (6.12) in Section 6.

Definition 12. Define Ak (eo) = e'®e". Inductively, assume that A : Cy (Kiy2) —
Cy (Kiy2) ® Cy (Kiy2) has been defined for all i < n and define
(4.1)
Ag (e") = Z (=1 dy 1y 1) o diy e ®dar ey di e (" ® e,
0<p<p+qg=n+2

where

p—1 —1

e=) (i +1)+ ) (ix+k+aq),
j=1 1

2

ol
Il

and lower indices ((i1,¢1), ..., (ip—1,lp—1); (&5, 04) ..., (7,

solutions of the following system of inequalities:

_1,521_1)) range over all
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1<d) <y <n+1 (1)
" 1<l <m+1—if—l_, (2)
4.2 ) o
0<iy < e II)1<I1 {zr, iy, — K(O/(tk))} (3)
1<l =ex —ir — L1y, (4) ) 1<k<p-1
15j<g—1
where

{en < <egr}={L....on}\ {il,....i\_1 };
€0 = Lo =Ly =ip =iy = 0;
io =1y = €q = ) = Ly =n+1;

(u) = ol for 0 <u<g;

= min {r | i)+ £, =l > u > 00}
o(u) = max{r | i. > ¢e,}; and

o' (u) =max{r|e <i}.

Multiplicatively extend Ak to all of C.(K,+2) using the fact that each cell of K19
s a product of cells K;yo with i < n.

Theorem 2. The map Ak given by Definition 12 is the diagonal induced by 6.

Proof. If v = Lg(v') is non-degenerate in some component u ® v of Ap, then so is
v, and we immediately obtain inequality (1) of (4.2). Next, each non-degenerate de-
creasing b uniquely determines a SCP a®b. Although a may be degenerate, there is
a unique non-degenerate u = Ry, , - - - R, (a) obtained by choosing each M; with
maximal cardinality (the case M; = @ for all j may nevertheless occur); then u®b is
a non-degenerate CP associated with a®bin Ap. As a composition of face operators,
straightforward examination shows that u has form u = d(;,_, ¢, )~ d(i; e,)(€")

and is related to b=d(;r o )<+ dgg e (") by
i = s iy — Lo 1<k<p;
=i i i~ bow ) P

and equality holds in (4) of (4.2). Finally, let b = Lg(b). As we vary b in all
possible ways, each b is non-degenerate and we obtain all possible non-degenerate
CP’s @ ® b associated with @ ® b (& = v when b = b and 8 = @). For each such
U = dg, 0, ) da,e)(€") we have both inequality (3) and equality in (4) of
(4.2). Hence, the theorem is proved. O

Example 8. On K, we obtain:
A (%) = {do,do,1) ® 1+ 1@ dandez) +dog) @ da,yy
2 2
*d@”®d@m+d@n®d@m—dmn®d@n}@ ®e%).
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5. TENSOR PRODUCTS OF Aoo-(CO)ALGEBRAS: AN APPLICATION OF Ag

In this section, we use Ak to define the tensor product of A..-(co)algebras in
maximal generality. We note that a special case was given by J. Smith [17] for
certain objects with a richer structure than we have here. We also mention that
Lada and Markl [12] defined a A tensor product structure on a construct different
from the tensor product of graded modules.

We adopt the following notation and conventions: The symbol R denotes a
commutative ring with unity; all R-modules are assumed to be Z-graded. The
reduced R-module V/V; of a connected V is denoted by V. All tensor products
and Hom'’s are defined over R and all maps are R-module maps unless indicated
otherwise. The symbol 1 : V' — V denotes the identity map; the suspension and
desuspension maps, which shift dimension by +1 and —1, are denoted by T and
1, respectively. We let VO™ =V ® --- @ V with n > 0 factors and define V&9 =
R; then TV = ®,50V®" and T°V (respectively, T°V) denotes the free tensor
algebra (respectively, cofree tensor coalgebra) of V. Given R-modules Vi,...,V,
and a permutation o € S,,, define the permutation isomorphism o : Vi ®---QV,, —
Vo1(1) ® - @ Vi) by o(m1---2n) = £ Tg-1(1) "+ To-1(n), Where the sign is
determined by the Mac Lane commutation rule [14] to which we strictly adhere. In
particular, o, : (V1 ® V2)®m — VE™ ® V2™ is the permutation isomorphism
induced by o, = (13 --- 2m—1) 24 --- 2m). If f : V& — V® is a map,
we let fin—poi = 197 ® f @ 19"7P=t ;. VO VO where 0 < i < n —
p. The abbreviations dgm, dga,and dgc stand for differential graded R-module, dg
R-algebra and dg R-coalgebra, respectively.

We begin with a review of A.-(co)algebras paying particular attention to the
signs. Let A be a connected R-module equipped with operations {pF €
Homk=2 (A®* A)};>1. For each k and n > 1, linearly extend ¢* to A®™ via

n—k

k . AN ®n—k+1
Z Pinp—it AT — A )
=0

and consider the induced map of degree —1 given by

k
(1" 1%8), s (1A = (1)

n

®n—k+1

I
=3

Let BA=T¢ (T Z) and define a map dj , : BA — BA of degree —1 by
(5.1) dps = Z (T o* l®k)z’,n—k—i'

1<k<n
0<i<n—k

The identities (—1)"/% 18n|@n— 191 and [n/2]+[(n + k) /2] = nk+ [k/2] (mod 2)
imply that

(5.2) dy, = Z (_1)[(n—k)/2]+i(k+1) p@n—k+l @f,n_k—i L&

1<k<n
0<i<n—k

Definition 13. (A4, ¢"), s, is an Ax-algebra if d%A =0.
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Proposition 6. For each n > 1, the operations {©™} on an A -algebra satisfy the
following quadratic relations:

(5.3) Z (_1)€(i+1) " é‘ﬂftl -1 =0
0<t<n-—1
0<i<n—£—1

Proof. Forn > 1,

n—=k)/2]+i(k+1 n— n— n— n
0= Z (71)[( )/21+i(k+1) T okt | @n—k+lyp@n—k+l o i 1®
1<k<n
0<i<n—k
n—k+i(k+1
= Y (ryrhED gkt
1<k<n
0<i<n—k
n L(i+1 n—~0 ¢
=—(-D" Y ()Yt
0<e<n—1
O<z<n -1

It is easy to prove that

Proposition 7. Given an Ax-algebra (A, cp”)nzp (EA, d[éA) is a dgc.
Definition 14. Let (A, <p”)n21 be an Aoo-algebra. The tilde bar construction on A
is the dgc (EA, dBA) .

Definition 15. Let A and C be Ay -algebras. A chain map f = f': A — C is a
map of Aoo-algebras if there exists a sequence of maps { f* € Hom"*~! (A‘X’k, C’) He>2
such that

~ on N
f= Zn21 (Zk21 T fk l®k> : BA — BC
s a dgc map.

Dually, consider a sequence of operations {¢)* € Hom*=2 (A, A%*)};>1. For each
k and n > 1, linearly extend each % to A®™ via

. ®n+k—1
sznlz' n_,A’n ’

and consider the induced map of degree —1 given by
— —\ ®n —\ ®@n+k—1
Z J’®k 1/)]9 1 n—1—1z : (J’ A) - (‘L A) :
=0

Let QA4 = T (l Z) and define a map dg , : QA — QA of degree —1 by
deyy = Z (l®k wk T)i,nqﬂ"

n,k>1
0<i<n—1
which can be rewritten as
(54) dsz _ Z (_1)[n/2]+i(k+1)+k(n+1) l®n+k—1 zk,nflfi T®n ]

n,k>1
0<z<n 1
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Definition 16. (A,9"),~, is an A-coalgebra if d%A =0.

Proposition 8. For each n > 1, the operations {z/;k} on an As-coalgebra satisfy
the following quadratic relations:

) > e =0
0</<n-—1
0<i<n—0—1
Proof. The proof is similar to the proof of Proposition 6 and is omitted. O

Again, it is easy to prove that
Proposition 9. Given an A -coalgebra (A,9"), ., (§~2A, dfm) s a dga.

Definition 17. Let (A,9"),~, be an A-coalgebra. The tilde cobar construction
on A is the dga (ﬁA,dﬁA) .

Definition 18. Let A and B be Ao -coalgebras. A chain map g=g' : A — B is a
map of As-coalgebras if there exists a sequence of maps {gF € Hom*~! (A, B®k)}k22
such that

~ ®n  ~ ~
(5.6) =01 (Tor 196" 1) 1024 - 0B,
is a dga map.

The structure of an A..-(co)algebra is encoded by the quadratic relations among
its operations (also called “higher homotopies”). Although the “direction,” i.e.,
sign, of these higher homotopies is arbitrary, each choice of directions determines a
set of signs in the quadratic relations, the “simplest” of which appears on the algebra
side when no changes of direction are made; see (5.1) and (5.3) above. Interestingly,
the “simplest” set of signs appear on the coalgebra side when 3™ is replaced by
(—1)[(”_1)/2] Y™, n > 1, i.e., the direction of every third and fourth homotopy is
reversed. The choices one makes will depend on the application; for us the appro-
priate choices are as in (5.3) and (5.5).

Let Asw = @n>2C4 (Ky) and let (A4, ¢™),~, be an A, -algebra with quadratic
relations as in (5.3). For each n > 2, associate e" 2 € C,,_5 (K,,) with the operation
" via
(5.7) "2 (=1)" "

and each codimension 1 face d; ¢ (e”*Q) € Cp_3 (K,,) with the quadratic compo-
sition

(5.8) diiey (€"7%) @n%%#—eq—r
Then (5.7) and (5.8) induce a chain map
(5.9) Ca: A — @nngom* (A®n, A)

representing the A.c-algebra structure on A. Dually, if (A,¢™), ., is an As-coalge-
bra with quadratic relations as in (5.5), the associations

e g™ and dii g (€"7%) — Tt

induce a chain map
(5.10) €4t A — ®p>oHom™ (A, A®™)
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representing the A..-coalgebra structure on A. The definition of the tensor product
is now immediate:

Definition 19. Let A and B be Ao, -algebras with structural representations (4 and
(. The tensor product A ® B is the As-algebra whose structural representation
CagB 18 the sum of the compositions

C.(Kn) Ca0z Hom((A® B)®", A® B)
Ap T (on)
Ci(Ky) ®@ Cu(Ky) s Hom(A®", A) ® Hom (B®", B),
A B
where (0,)" = Hom(o,, A® B), n > 2; the operations on A ® B are
{Cagp (€"7?) = (00)" (Ca ® (B) Ak (en_Q)}nzz'

Similarly, let A and B be As-coalgebras with structural representations £4 and
&p. The tensor product A ® B is the A -coalgebra whose structural representation
Eawp 1S the sum of the compositions

C.(K,) taes Hom(A® B, (A® B)®")

Ax l f (o).
C.(K,) ®C.(K,) — Hom(A, A®°")® Hom (B,B®"),
£A®Ep

where (0;1)* = Hom (A ® B, 0;1) , n > 2; the operations on A® B are

{§A®B (en72> = (07:1)* (€a ®&B) Ak (en72> }nzz :
Example 9. Let (A,9"),~, be an Ay -coalgebra. The following operations appear
on A® A: a

Viga= V' @1+1ey!

Viga = 02 (V2 @19?),
Vioa = 03 (V§vd @ v® +9* @ viy]),

Viga = 01 (V3VRYE @ ¥ + ¥t @ 3933 + Ydyd ® vivd
+P3u8 @ Yivd + iyl @ Yivd — v3ud ® Yivg)

Whereas Ak is homotopy coassociative, the tensor product only iterates up to
homotopy. Furthermore, given an arbitrary family of operations {¢" € Hom(A®",
A)}, one can form the quadratic compositions in (5.8) and make the same formal
identifications with the codimension 1 faces of the associahedra that one would
make if they were A.o-algebra operations. Since Definition 19 makes sense whether
or not the quadratic relations in (5.3) hold, we may apply Definition 19 to the ¢™’s

and obtain iterated operations {<I>" € Hom ((A®k)®n 7A@’k) } . The ®™’s define an
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Ao-algebra structure on A®¥ whenever d2B 4er = 0. We make extensive use of this
fact in the sequel [16].

6. PERMUTAHEDRAL SETS

This section introduces the notion of permutahedral sets, which are combina-
torial objects generated by permutahedra and equipped with the appropriate face
and degeneracy operators. Naturally occurring examples include the double cobar
construction, i.e., the cobar construction on Adams’ cobar construction [1] with
coassociative coproduct [2], [3], [10] (see Subsection 6.5 below). Permutahedral sets
are similar in many ways to simplicial or cubical sets with one crucial difference:
Whereas structure relations in simplicial or cubical sets are strictly quadratic, per-
mutahedral sets have higher order structure relations. We note that the exposition
on polyhedral sets by D.W. Jones [9] makes no mention of structure relations.

6.1. Singular Permutahedral Sets.

To motivate the notion of a permutahedral set, we begin with a construction
of our universal example-singular permutahedral sets. For 1 < p < n, let p =
{1,---,p} and D = {n—p+1,--- ,n}, ie., the first p and last p elements of n,
respectively. Note that p = {q, -+ ,n} when p+¢=n+1. Define 0 =0= . If M
is a non-empty set, let XM denote its cardinality and define X = 0. The inductive
procedure for labeling the (n — 1)-faces of P,y given in Section 2 is conveniently
expressed in the following set-theoretic terms:

Face of P,y1 | Label

n—1
en,() ﬂ|n+ 1
n—1
€n,1 n+ 1|ﬂ

A‘B X IO,NB A‘BU{TL‘Fl}
A‘B X INB,oo AU {n + 1}‘B

For 1 <p<mn, let
Q, (n) = {partitions A|Bofn | pC Aorp C B}

QP (n) = {partitions A|Bofn |pC AorpC B},

Qi(n)= @Q,(n)uQi(n), where p+q=n+1,
For 1 <r <nand r+ s=n+ 1, define canonical projections
Ay P, — P.ox Py,
mapping each face A|B € Q2 (n) homeomorphically onto the (n — 2)-product cell

A\s—1|B\s—1x3 A|Be€ Q%n),
rx A\r—1|B\r—1 A|Be Q,(n),

and each face A|B ¢ Q%(n) onto the (n — 3)-product cell
A\s—1|B\s—1x A\r—1|B\r—1,
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where A\ s —1| B\ s—1is a particular partition of r and A\r—1|B\r—11is

a particular partition of s (see Figures 7 and 8).

3|12 12 x 3|2
13[2 23/1
2,2
] 123 ] — 1]2x23 12 x 23
123 2113
12/3 12 % 2/3

Figure 7: A canonical projection on Pis.

2/1 x 23

Ag 3

1234 _— 12 x 234

A372 1 x A272

123 x34 —m™mM 12 x 23 x 34
A272><1

Figure 8: Some canonical projections on Pj.
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Given an (n — 1)-face of A|B C P, 1, choose a homeomorphism h 4 : P x Py —
A|B. The singular coface operator associated with A|B

6A\B:Pn_>Pn+1

is the composition hqp o Ay s : P, — P. x P; — A|B. Unlike the simplicial or
cubical case, d4|p is not an inclusion in general. There are two kinds of singular
codegeneracy operators

aivﬁj Py — Py

«; is the cellular projection that identifies the faces iln\i and n\ i, 1 <i<n-—1;
and 3; is the cellular projection that identifies the faces jln\j and n\jlj, 1 <j < n.
Note that oy = 51 and a,—1 = By; the projections §; were first defined by R.J.
Milgram in [15] and denoted by D;.

Definition 20. Let Y be a topological space. The singular permutahedral set of Y
is a tuple (SinglY, da|B, 0i,S;) in which
Singl Y = {continuous maps P41 — Y}, n >0,

singular face operators

daB: Singf;_lY — SinglY
are defined by

dap(f) = fodan

for each A|B C P11 and singular degeneracy operators

0i,Sj Sing,fY — SingfﬂY
are defined by

0i(f) = f o Bi and ;(f) = f o q;

foreach1<i<nandl1<j<n-—1.

Pn—l _.-PTXPS _— Pn

f
m~ l

Y

Figure 9: A singular face operator

Although coface operators 0 4| : P, — Pn41 need not be inclusions, the top cell
of P, is always non-degenerate under ¢ 4/ (c.f. Definition 9). However, the top cell
may degenerate under compositions of coface operators d4pdc|p : Pn—1 — Pny1.
For example, 01234013)2 : P — P4 is a constant map, since digj34 : P53 — P X
P, — Py sends the 1-face 13|2 to a vertex.

Definition 21. A quadratic composition of face operators dc\pdap acts on Py i1
if the top cell of P,_1 is non-degenerate under the composition

da1BSc|D * Pno1 — Pay1.
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For comparison, compositions 9;0; of face operators in a simplicial set always act
on the n-simplex A™ and compositions dids of face operators in a cubical set always
act on the n-cube I". When dc|pda p acts on P41, assign the label dopdap to
the n — 2 face d430c|p (Pr—1) (see Figure 10).

daj1diz)2 = dyj2d3)12 d3|12 daj1das)y = daj1d3)12
dis)2 da3|1

dijady3j2 = dojidies ¢ 123 ?  dypdoz = dyjadaspn
dyj23 da|13

dijadi23 = dij2di)23 di2|3 dijada13 = daj1diz3

Figure 10: Codimension 2 relations on Ps.

It is interesting to note that singular permutahedral sets have higher order structure
relations, an example of which appears in Figure 11 below. This rich structure
distinguishes permutahedral sets from simplicial or cubical sets whose structure
relations are strictly quadratic.

P2 X P1
h13\2
h2\1 A172
PQ > P1 > P1><P1 —P-PQ — P1XP2 —P-Pg
Qg 1/23
d2\1d1\23d12|34(f) d1|23d12\34(f) l A2’2

S1da|1dyj23diz)aa(f) =
di3)2d12(34(f)

Figure 11: The quartic relation §1d2|1d1|23d12‘34 = d13‘2d12|34.

Now Sing”Y determines the singular (co)homology of Y in the following way:
Form the “chain complex” (C.(Sing?”Y),d) of Sing?’Y with

d= Y. (=1)"sgn(A[B) dap,
A|BEP,. ,(n+1)

where sgn(A|B) denotes the sign of the shuffle (A and B are ordered). Note that if
f € Cu(SinglY) and dizjadiojza (f) # 0, the component dyg)2diaj34 (f) of d? (f) €
C.(Singl’Y) is not cancelled and d? # 0 (see Figure 11). Thus d is not a differential
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and (C,(Sing?”Y),d) is not a complex in the classical sense. So form the quotient
CP(Y) = C. (Sing"Y) /DGN,
where DG N is the submodule generated by the degeneracies; then (C’fﬂ> (Y), d) is the
complex of singular permutahedral chains on Y. The sequence of canonical cellular
projections
Py —1I"— A"
induces a sequence of homomorphisms
C.(SingY) — C.(Sing'Y) — C,(Sing"Y) — CL(Y)
whose composition is a chain map that induces a natural isomorphism
H.(Y)~ HZ(Y) = Ho(CP(Y), d).

Although the first two terms in the sequence above are non-normalized chain com-
plexes of singular simplicial and cubical sets, the map between them is not a chain
map. In general, a cellular projection between polytopes induces a chain map be-
tween corresponding singular complexes if one uses normalized chains in the target.
This does not cause a problem here, however, since df = fd and d? = 0 are indepen-
dent. Finally, we note that Sing”Y also determines the singular cohomology ring
of Y since the diagonal on the permutahedra and the Alexander-Whitney diagonal
on the standard simplex commute with projections.

6.2. Abstract Permutahedral Sets.

We begin by identifying each (n — k)-face Ay|---|Ags1 of Pnyq with a composi-
tion of face operators dys,, |, ** dary | a, acting on P, yq. First make the identi-
fications A|B « d4p (see Figure 10), where A|B ranges over the (n — 1)-faces of
P11 (see Section 2). Motivated by Definition 21, the conditions under which a qua-
dratic composition dg|pd 4 p acts on P, 11 can be stated in terms of set operations,
which we now define. Given a non-empty ordered set M = {m; < --- <my} C Z,
let Ips : M — XM be the index map m; — i;forz € Zlet M+z={m1+2<--- <
myg + z} with the understanding that addition takes preference over set operations.
Now think of P,y as the ordered set n+1={1<---<n+1}.

Definition 22. Given non-empty disjoint subsets A, B C n, define the lower and
upper disjoint unions

AUB = { Lya (B) +RA— TURA, if minB = min (n\A)
o L 4 (B)+RA -1, if min B > min (n\ 4) ;
and
ATB = { Iy 5 (A)URB —1, if max A = max (n\B)
I B (A), if max A < max (n\B).

If either A or B is empty, define AUB = AUB = AU B.
In particular, if A|B is a partition of n, then
AUB = AUB =n—1.

Given a partition Aj|---|Apy1 of n+4 1, define A = AF+2 = & inductively,
given AW 0 < j <k, let
AG+D — A(j)HAjH;
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and given AUl 2 <j <k 42, let
A1 = Aj,lﬁAm.
And finally, for 1 <j <k+1, let
Agjy=A1U---UA;.
Now to a given (n — k)-face A1|---|Ag41 of P11, assign the compositions of face
operators

d d

A®[AF=DU(n+1\A)) ~ T CADAOU(n+1\A(1))

(6.1) = dA(1>UA[3]\A[2] e dA(k)EA[k+2]‘A[k+l]
and denote either composition by da,|...|a,,,-

Note that both sides of relation (6.1) are identical when k = 1, reflecting the
fact that each (n — 1)-face is a boundary component of exactly one higher dimen-
sional face (the top cell of P,11). On the other hand, each (n — 2)-face A|B|C is
a boundary component shared by exactly two (n — 1)-faces. Consequently, A|B|C
can be realized as a quadratic composition of face operators in two different ways
given by (6.1) with k& = 2:

(6.2) dau|auc dajpuc = date|soc dauB|c-

Example 10. In Py, the 5-face A|B|C = 12|345|678 = 12|345678N112345(678. Since
AUB = {1234}, AUC = {567}, AUC = {12} and BUC = {34567}, we obtain the
following quadratic relation on 12|345|678 :

d1234)567d12345678 = d12|34567d12345/678;
similarly, on 345|12|678 we have
d1234]567d345(12678 = d34567|12012345(678-
Similar relations on the six vertices of P3 appear in Figure 10 above.
Given a sequence of (not necessarily distinct) positive integers {n;}, ;. such that
n = an, let
Phrs,...ni (n) = {partitions Aq|---|Ay of n | RA; = n;}.
Theorem 3. Let A|B € P, q(n+1) and C|D € P (n). Then doipdajp denotes
an (n — 2)-face of Ppy1 if and only if C|D € Qi(n).
Proof. If doypd s\ denotes an (n — 2)-face, say X|Y'|Z, then according to relation
(6.2) we have either
A|B = X| YUZ and C|D = XUY|XUZ
or
A|B=XUY|Z and C|D = XUZ|YTZ.
Hence there are two cases.

Case 1: A|B = X|Y U Z. If minY = minY U Z, then p € XLY; otherwise
minY UZ =min Z and p € XUZ. In either case, C|D=XUY|XUZ € @, (n).

Case 2: A|IB = X UY|Z. If maxX = maxX UY, then § C XUZ; otherwise
max(XUY) = maxY and 7§ < YUZ In either case, C|D=
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XUOZ|YUZ € Q% (n).
Conversely, given A|B € P, 4(n+ 1) and C|D € Q% (n), let

AlS(C)|S(D), CID € Q,(n)
[AlB; C|D] =
T()T(D)|B, CIDeQ(n),

where
S(X)=1Ig5'(gNnX—p+1) and T(X) =1;" (pNX).
A straightforward calculation shows that
(XY UZ; XUWY|XuZ]=X|Y|Z=[XUY|Z; XUZ|YUZ].

Consequently, if X|Y'|Z = [A|B; C|D], either

APB=X|YUZ and C|D = XUY|XUZ
when C|D € Q,(n) or

AB=XUY|Z and C|D = XUOZ|YUZ
when C|D € Q4(n). O

On the other hand, if C|D ¢ Qg(n), higher order structure relations involving both
face and degeneracy operators appear.

We are ready to define the notion of an abstract permutahedral set (c.f. [9]).
The relations in an abstract permutahedral set are set-theoretic analogues of those
in the singular case. For purposes of applications, only relation (6.3) is essential;
the other relations may be assumed modulo degeneracies.

Definition 23. Let Z = {Z,,11}n>0 be a graded set together with face operators
daB 't Znt1 — Zn

for each A|B € P (n+ 1) and degeneracy operators
0i:Sj : Zn — Zny1

for each 1 < i <n+1,1<j <n such that o1 = ¢1 and 911 = <. Then
(27 da|B, 0i, gj) 18 a permutahedral set if the following structure relations hold:

For all A|B|C € Pryx (n+1)

(6.3) daup|auc dajpuc = dageipoc daus|c-

For all A|IB € Prs(n+1) and C|D € Py (n) \ QF (n)
(6.4) doipdaip = SjduNdi|rdajp  where

K|L=n\(rND)|rND,

MIN = CU (1 D) [ (DN (" D)) T (1 D),
j=RC+RX(rND)—1whenreC

either or

K|IL=rNnCla\(zNC),

MIN = (znC)U(C\ (zn(C)) | (zNC)uD,
j=R(rNC) whenr e D.
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For all AIB€Pu(n+1) and 1 <j<n (forj=1,n see (6.6) below)
(6.5)

1, if A=j or B=},
d o delm\l, ZfAlBGQJ(?’L—f—l), A#ZO’}”B#L
AIBSI T Goadyag o1, i AIB € QU (n 1), A#j or B #j,

Gsdandgi,  if AlB ¢ QT (n+ 1) where

K|L=AT(j N B)|[B\ (in B)] D (i B).
MIN =R (jNA)ln—=1\R(jNA4),

when j € A

either or
KIL=(jnA)uU(nB)|(jnA)UB,

MIN =5 —1jn—1\j — 1,

when j € B.
For all AIB€Pu(n+1)and1 <i<n+1
1 if A={i} or B={i},
(66) dA|BQZ — { Q]dC\Da where
CID = Lo i (ANI) Iy (B)
J=1Ia(1) when {i} G A
either or
CID = I 1o i (A) [Lny2n i (B\3),
j =1Ip (i) + RA when {i} G B.
For alli <j

0i0j = 05+104,
(6.7) SiSj = Sj+1Sis
S0 = 054+1Si,
0iSj = Sj+105-

6.3. The Cartesian product of permutahedral sets.

Let 2’ = {Z;,d;‘IB,gf,g;»} and Z" = {Z;’,dfj“B,qg’,Q;-’} be permutahedral sets

and let
Z'xz2"= {(Z’xZ”)n: U z;ng’} /N,
r+s=n+1 n>1

where (a,b) ~ (¢,d) if and only if a = ¢/(¢) and d = ¢{'(b), i.e.,
(sl(c),b) = (c,sy (b)) for all (¢c,b) € Z] x Z.
Definition 24. The product of Z' and Z", denoted by Z’' x Z", is the permutahedral
set
{2"x 2", dap,sis 05}
with face and degeneracy operators defined by

Q) (0):0) ifAIBEQ (n),
6.8)  dap(a,b) = a,dgm(km)‘ém(&nm(b)), if A|B € Q, (n),

Sidyndir (@, b), otherwise, where
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K|IL=rnA|(rnB)Us—1+r

MIN = (0 A)L (BN (r0 B) | (1 A) LB
i=N(rnNA) whenr € B,

either or

KL= AU(B\ (N B))|rn B

MIN = AT(z B) | (BN (N B) T (N B)
i=NA+XN(rNB)—1 whenr € A;

69 sn={ G@O,1sicr

a2 (@), <<
(6.10)  0;(a;b) = { (@, 0] 11 (D), r<j<n+l.

Remark 1. Note that the right-hand side of the third equality in (6.8) reduces to
the first two; indeed, if r € B, then K|L € Q°(n) and M|N € Q.(n); if r € A,
K|L € Q°(n) and M|N € Q,(n) if mg+7r—1C A\ (r=1NA), my =X(rNB),
while for mg + 7 —1¢ A\ (r=1NA) one has K|L € Q°(n), M|N ¢ Q,(n) and
r—1elL.

Example 11. The canonical map 1 : Sing” X x Sing”’Y — Sing? (X xY) defined
for (f,g) € Singl X x Singl’Y by

ufi9) = (f xg)olrs

is a map of permutahedral sets. Consequently, if X is a topological monoid, the
singular permutahedral complex Sing” X inherits a canonical monoidal structure.

6.4. The diagonal on a permutahedral set.

Let Z2 =(Z,41,d A|B> Si 0;) be a permutahedral set. The explicit diagonal
A:Cu(2) = Cu(Z2)® Cu(2)

defined for a C 2,4, is given by the formula

(6.11) Ala)= Y e dy(a)@dy(a),

URUVEA, 4

pHq=n+2
where the sign € is defined as follows: For an (n—m)-face u = A1| - |Am+1 C Pay1,
define

sgnu= [] (~1M"sgn(AD|ATIUn £ 17\ A))).
1<i<m
If u ® v is a complementary pair, consider the related strong complementary pair
Uy ® Uy, where z is the vertex of P11 defined by max u, = x = minv,. The cellular
projection ¢ : P11 — K412 — I™, i.e., Tonks’ projection followed by the “healing
map,” preserves diagonals in the following way: For a vertex x € P, 11, define a func-
tion g : {vertices of P11} — {vertices of P, that coincide with those of I} by

g(x) = min I"(®),
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where I™(*) C I™ denotes the minimal n(x)-dimensional face of I" containing z, i.e.,

if z = a1|- - |aps1 then g(z) can be obtained from x as the composition g, - - - g2 ()
where
bl -+ lbura—jl -+ bisalbuso—jlbil -+ - b,
gi(b1] -+ |bny1) = if byy1—js bns—js -5 big1 <bpga—j < by
1, otherwise.

Assign € to the vertex y of P, 1 that coincides with the vertex of I™ determined
by

co(y) = sgn(uy) - sgn((d(uy), o(vy)) - sgn(vy),
where ug ® vy is a CP related to the SCP u, ® v, at vertex y, i.e., maxu, =y =
min vy, ug = Rug,_, -+ R, (uy) where each M; has maximal possible cardinality,
and sgn(q&(ug), ¢(vy)) is the sign of the shuffle, i.e., the sign of the orthogonal pair
¢(u)) ® ¢(vy,) in the Serre diagonal on the cube. Define

(6.12) e=sgn u-e(g(x)) - sgn v.

Remark 2. The components of (¢(uj)), ¢(vy)) are non-degenerate under Tonks’

projection 0 : Pyi1 — K, 2. Furthermore, the sign € defined above is compati-
ble with the Serre diagonal on I" since the components of (u,v) = (ul,v,) are
non-degenerate under ¢; thus € = sgn(u) - sgn(ul) - sgn((d(ul), ¢(vy)) - sgn(vy) -
sgn(vy) = sgn((¢(u2),¢(vy)) Finally, while the sign € for Ap is geometrically
motivated, we leave the proof of this fact to the interested reader.

Remark 3. The composition of cellular maps
(1 X A272) cee (1 X A2,n—1)A27n : Pn+1 — I

is compatible with diagonals but does not factor through K, 2; hence this composi-
tion differs from ¢.

6.5. The double cobar-construction Q2C,(X).

For a simplicial, cubical or a permutahedral set W, let C,.(W) denote the quotient
C.(W)/Cxso(x), where * is a base point of W, and recall that a simplicial or cubical
set W is said to be k-reduced if W has exactly one element in each dimension < k.
Let QC denote the cobar construction on a 1-reduced dg coalgebra C. In [10] and
[11], Kadeishvili and Saneblidze construct a functor from the category of 1-reduced
simplicial sets to the category of cubical sets and a functor from the category of
1-reduced cubical sets to the category of permutahedral sets for which the following
statements hold (c.f. [3], [2]):

Theorem 4. [10] Given a 1-reduced simplicial set X, there is a canonical identifi-
cation isomorphism

0C,(X) ~ C(QX).

Theorem 5. [11] Given a I-reduced cubical set Q, there is a canonical identification
isomorphism

QCl(Q) ~ CY(0Q).

For completeness, definitions of these two functors appear in the appendix.
Since the chain complex of any cubical set @ is a dg coalgebra with strict coas-
sociative coproduct, setting Q = QX in the second theorem immediately gives:
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Theorem 6. For a 2-reduced simplicial set X there is a canonical identification
isomorphism
020, (X) ~ C2(Q2%X).

If X = Sing'Y, then QC,(X) is Adams’ cobar construction for the space Y [1].
Consequently, there is a canonical (geometric) coproduct on Q2C,(Sing'Y). In the
sequel [16] we show that this coproduct extends to an A.-Hopf algebra structure.

7. APPENDIX

For completeness, we review the definition of the functor from the category of
1-reduced simplicial sets to the category of cubical sets and the definition of the
functor from the category of 1-reduced cubical sets to the category of permutahedral
sets given by Kadeishvili and Saneblidze in [10], [11].

7.1. The cubical set functor 2X. Given a 1-reduced simplicial set X = {X,,, 9;,
Sitn>0, define the graded set QX as follows: Let X° be the graded set of formal
expressions
Xﬁ-&-k = {Ni, - M Mio () |7 € Xn}nZO;kZO’

where

Nig =101 < <ig, 1 <5 <n+j—-1,1<j<Kk,
and let X¢ = s71(X<,) be the desuspension of X¢. Define {’X to be the free
graded monoid generated by X¢ and denote elements of 'X by Z; - - - Z;, where
z; € X;, 1 < j < k. Define the (strictly associative) product of two elements
Zy+--Tp and g - - - Gp by concatenation Z - - - Ty Yy - - - Yo (there are no other relations
whatsoever between these expressions). The total degree of an element Zp - - - Ty, is
the sum myy = my+- - -+my, where m; = |z;|, and we write Z; - - - T € (' X)
Let QX be the monoid obtained from 'X via

QX =X/~ |

M(k)*

where 7,1(x) - § ~ T -mi(y) for 2,y € X¢, |z| = p+ 1, and 1,(Z) ~ s, (x) for
z € X~q. Clearly, there is an inclusion of graded modules M X C Q' X, where M X
denotes the free monoid generated by X = s71(X+).

Apparently Q' X canonically admits the structure of a cubical set. Denote the
components of Alexander-Whitney diagonal by

|23 Xn — Xi X aniv

where v;(z) = Oiy1-+-On(x) X Op---0i—1(x), 0 < i < n, and let ™ denote an
n-simplex simplex, i.e. 2™ € X,,. Then

vi(z") = (&), (@")"7") € Xi X X
for all n > 0. Define face operators d?,d} : (2X),—1 — (2X),_2 on a (monoidal)

- R

generator % € (X),_1 C (X°),_1 by

@) =@) - @), 1<i<n-—1

df (@) = 9; (am), 1<i<n-—1I;
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and extend to elements Z; --- T € M X by

where m,_1) < i < mg), Jg =1 —m-1), 1 <q <k, 1 <i<n—1 Then the
defining identities for a cubical set that involve d? and d} can easily be checked
on M X. In particular, the simplicial relations between the 9;’s imply the cubical
relations between d’s; the associativity relations between v;’s imply the cubical
relations between d?’s, and the commutativity relations between 9;’s and v;’s imply
the cubical relations between d}’s and d(}’s. Next, define a degeneracy operator
7+ (QX),_1 — (2X), on a (monoidal) generator T € (X¢),,_1 by
mi(T) = ni(x);
and extend to elements Z; - - - T € QX by

7 (flfk) :xl"'njq(fq)"'fkv

Tn (Tl o 'xk> =T - 'ka—1 *Tmy+1 (Tk) )

where m,_1) < i < Mg, Jg =1t —Mg-1), 1 < q¢ <k, 1 <i<n-—1 Finally,
inductively extend the face operators on these degenerate elements so that the
defining identities of a cubical set are satisfied. Then in particular, we have the
following identities for all 2" € X,,:

d(l) (l,_n) — (x/)l . (x//)nfl —e- (z//)nfl — (x//)nfl =0p (mn)’

d%—l (ﬁ) — (:L")"_l . (:E”)l — (:L’”)n_l e = (xl)n—l — an (:E”)

It is easy to see that the cubical set {QX,d?,d},n;} depends functorially on X.

7.2. The permutahedral set functor QQ.
Let Q = (Qn,d?,d},m;)n>0 be a 1-reduced cubical set. Recall that the diagonal
A:CU(Q) — C(Q)® CL(Q)
on C,(Q) is defined on a € @, by
A(a) = 2 (-1)°dp(a) ® dy (a),

where dy = df ---d) , dyy = dj, ---dj , summation is over all shuffles {A, B} =

{i1 <+ <ig,j1 < -+ < jp} of n and € is the sign of the shuffle. The primitive

components of the diagonal are given by the extreme cases A = @ and B = &.
Define the graded set Q) as follows: Let QS be the graded set of formal expres-

sions

7cz+k = {gik ** Siy Sig (a‘)| ac Qn}nzo%kZO’
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where

Sip=1,41 <+ <ig, 1 < <n4+5-1,1<j <k,
and let Q° = s71(Q%,) denote the desuspension of Q°. Define £2'Q) to be the free
graded monoid generated by Q°. Let QQ be the monoid obtained from £'Q via

QQ =90/~ ,

where ¢,11(a) b~ a gl_(b) for a,b € Q°, |a| = p+ 1. Clearly, there is an inclusion
of graded monoids MQ C QQ, where M@ denotes the free monoid generated by
Q=s"(Q>0)

Then Q@ is canonically a permutahedral set in the following way: First, for a
monoidal generator @ € @, define the degeneracy operator s; by ¢;(a) = ;(a); next,
for a € Q C Q° define p;j(a) = W; and finally, if @ is any other element of Q¢
define its degeneracy accordingly to (6.7 ). Use formulas (6.9 ) and (6.10) to extend
both degeneracy operators on decomposables. Now for @ € Q11 C anﬂ, define
the face operator d4|p by

dap(a) = d%(a)-dYy(a), A|B € Pii(n+1),

while for other elements of Q¢ and for decomposables in £'Q use formulas (6.4
)-(6.6) and (6.8 ) to define d4|p by induction on grading. In particular, we have
the following identities:

dijps1vi (@) = df(a), 1<i<n,
dpi1vifi (@) = dY(a), 1<i<n.

It is easy to see that (QQ, da|p, i, 0j) a permutahedral set, which depends func-
torially on Q.

Remark 4. Note that the definition of QQ uses all cubical degeneracies. This is
justified geometrically by the fact that a degenerate singular n-cube in the base of
a path space fibration lifts to a singular (n — 1)-permutahedron in the fibre, which
is degenerate with respect to Milgram’s projections. We must formally adjoin the
other degeneracies to achieve relations (6.4) (c.f., the definition of the cubical set
QX on a simplicial set X ).
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