
Math 530

Homework 4
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2. If f is analytic on the unit disc and |f(z)| ≤ 1/(1 − |z|), find the best
estimate of |f (n)(0)| that the Cauchy Estimates will yield.

3. Show that the successive derivatives of an analytic function at a point a can
never satisfy |f (n)(a)| > n!nn.

4. Suppose that f is analytic on a disk Dǫ(0) and satisfies the differential
equation f ′′ = f . Prove that f is given by A cosh z+B sinh z, where A and
B are constants.

5. If f(z) =
∑
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n in terms of f and its derivatives.

6. Prove that an entire function f such that Re f(z) > 0 for all z must be
constant.

7. Prove that there is no analytic function f on the unit disk such that
f(1/n) = 2−n for n = 2, 3, 4, . . .

8. Show how the Basic Polynomial Estimate and the Maximum Principle imply
the Fundamental Theorem of Algebra.

9. Show that
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around

the counterclockwise boundary of {z = reiθ : 0 < r < R, 0 < θ < π/4} and
letting R → ∞. (You will need to write out the integral on the circular part
of the boundary to get an estimate that shows it goes to zero as R → ∞.
The basic estimate for path-integrals is not sufficient here.)


